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NPEAHCJIOBHE

JlaHHasl KHUra sIBJASeTCS TPeTbel 4acCThlo
KOMIIJIeKCa YyueOHBIX TNOCO6UH moa O6uiHM
HassaHdeM «CGOPHUK HHAUBUAYAJbHBIX 3a-
JNaHH{ 1o BbICWIE MaTeMaTHKe», HallUCaHHO-
ro B COOTBETCTBHH C AEHCTBYIOILUMHU IPO-
rpamMMamMi Kypca BbICIIeH MaTeMaTHKH B
o6beme 380—450 uacoB aJ151 HHKEHEPHO-TEX-
HHUECKHX ClellHaJbHOCTEH BY30B. DTOT KOMII-
JIEKC TAKXKe MOXKeT ObITb HCIOJb30BAaH B BY-
3ax APYrUX npoguiaei, 8 KOTOPLIX KOJHUECT-
BO 4aC0B, OTBEJAeHHOe Ha U3yueHHe BbiCLIel
MAaTeMaTHKH, 3HauWTeabHO MeHblie. ([das
3TOrO M3 NMpeAJaraeMoro marepHaJsa ciaenyer
caenate HeoOxoaMmylo BbIGOpPKY.) Kpome
TOro, OH BIIOJIHE NOCTYIEH AJs CTYAeHTOB
BEUEPDHHX M 3a0UHbIX OTAeNeHHH BY308B.

Hacrosiugnéi komnaeke nocoGHil anpeco-
BaH NpenoaaBaTelaM M CTYAEHTAM M npen-
HasHauyeH AJs1 M[POBENEHHS MNPAKTHUECKHX
3aHATHI, CAMOCTOATEAbHBIX (KOHTDPOJIbHBIX)
pa6oT B ayaHUTOPHH W BbIAAUYH UHANUBHAYAJb-
HbIX AOMAlIHMX 3agaHuil o BCceM pa3nenam
Kypca BhbICLIEH MaTeMAaTHKH.

B Tperbeii uactu «C60pHUKA HMHAMBHU-
NyaJabHbIX 3aaHUH N0 BbICLIEH MATeMaTHKE»
COAEPIKUTCH MaTepHasd MO PAAaM, KPATHBIM
U KPHBOJIMHEHBbIM UHTErpajaM W 3JeMeHTam
Teopuu moasi. Ee cTpykrypa- -auajornuta



CTPYKTYpe mpeabiiyuiux uacrteil, a Hymepa-
uusi raas, naparpa¢)oB U PUCYHKOB NPOAOJI-
JKaeT COOTBETCTBYIOLLYIO HyMepalHIo.

ABTopbI BBIpaXKalT HCKpeHHIOW Gaaro-
AAapHOCTb pelleH3eHTaM — KOJJIEKTHBY Ka-
¢enppl Beicuied maTeMaTHKH MOCKOBCKOrO
HepreTHYECKOro HHCTHTYTA, Bo3rjaaBasiemMofl
uneHoMm-KoppecnoHaedTom AH CCCP, noxro-
pom (pHU3UKO-MaTeMaTHUeCKHX HaYK, Mpodec-
copom C. WM. TloxoxKaeBbiM, U 3aBeayLIEMY
Kacdeapoll Bbiclwedi mMaTeMaTHKH MuHcKoro
pPaAHOTEXHHUECKOrO  HHCTHUTYT4, MOKTOPY
(HU3NKO-MaTEMATHUECKUX HAYK, mpodeccopy
JI. A. Uepkacy, a Takxke COTPYAHHKAM 3THX
Katdenp KaHauaatam (U3HKO-MaTeMaTHye-
cKHX Hayk, poueHtam JI. A. KysHenosy,
I'l. A. llImeneny, A. A. Kapnyky — 3a lieHHbie
3aMeuaHHsi ¥ COBeThi, CMOCOGCTBOBABILIHE
yAyULIEeHHI0 KHUTH.

Bce or3biBbl ¥ moxenaHust npocb6a mpu-
cbl1aThb o aapecy: 220048, MuHck, npocnekT
Mauweposa, 11, usnarennctBo «Boimaiimas
LIKOJA».

Asropot



METOAHNUYECKHUE PEKOMEHIALUHWH

Oxapakrepusyem CTPYKTYpy M0cOGUsl, METOAUKY €ro uC-
NOJb30BAHUS, OPraHMU3alMIO TMPOBEPKH H OLEHKH 3HAHUL,
HABbIKOB H YMeHHIl CTY/eHTOB.

Becp nmpaktudeckuil matepuas no Kypcy Beiciuieli maTe-
MaTUKH pasiesieH Ha TJaBbl, B KAaXXAOH M3 KOTOPHIX JalOTCs
Heo6Xo/lUMble TeOpeTHUecKHe CBeAeHHUsi (OCHOBHbe ompeje-
NeHus, (QOpMYyJUPOBKH TeopeM, (POPMYJb), HCHONb3yeMbie
NPpH pelieHHH 3allay W BLITIOJNHEHUU YIIpaxkHeHu . Manoxenue
3TUX CBeAEHHUA HJJTIOCTPUPYETCS DeLUeHHBIMH [PUMEPaMHU.
(Hauano pewenuss npumMepoB 0603HauaeTcss cUMBOJIOM P, a
KoHel— «.) 3aTem RaOTCs NOAGOPKH 3a4a4 C OTBETAMHU AJI51
BCeX NMPAKTHYECKUX ayAUTOPHBLIX 3aHATUH (A3) u ans camo-
CTOSITE/IbHBIX (MHHHUKOHTPOJIbHEIX) paGoT Ha 10—15 munyt
BO BpeMsi 3THX 3aHATHUH. M, HakoHel, NPUBOASITCH Hededb-
Hble HHAMBUAYyaJbHble AoMawinue safanus (MJ3), kaxnoe
U3 KOTOPHX cofepXuT 30 BapuaHTOB M CONPOBOXKAAETCH
pelleHHeM THUNOBOro BapuaHTa. YacTb 3agau us U3 cHa6-
XKeHa oTBeTamHd. B KoHUe Kax10#i riaBel npegnaramoTcs
LOMOJIHUTENbHbIE 3aRaud MOBLILLIEHHOR TPYAHOCTH.

B npunoxenuu npuBeseHbl AByXYacOBbie KOHTPOJIbHBIE
pa6orbl (Kaxaas — no 30 BapMaHTOB) MO BaKHeHLIUM Te-
MaM Kypca.

Hymepauusi A3 ckBO3HAasi W COCTOMT M3 ABYX uHCes:
nepBOe U3 HUX YKA3biBAET Ha rnasy, a BTOPOe — Ha TOPsA-
KoBbiil HOmep A3 B stofl rnase. Hanpumep, wupp A3-12.1
03HauaeT, uTo A3 OTHOCHTCS K ABEHAALATOH rJaBe U siBJs-
eTcsi NmepBbiM nNo cueTy. B Tperbeit uactu mocobusi cogep-
x)urtest 21 A3 u 10 U13.

s U3 raxkxke npunsita Hymepauusi no raasam. Ha-
npumep, wudp MA3-12.2 osuauvaer, uro U3 ocuocurcs K
ABEHANLATOH [JaBe W fIBJSETCST BTOPHIM. BHYTpPH KaKgaoro
W13 npunsta crepyiomast Hymepauus: nepBoe YUCJI0 03HA-
YaeT HOMep 3ajayud B NAHHOM 3aJaHUH, a BTOPOE — HOMep
Bapuauta. Takum o6pasom, wudp MA3-12.2:16 osuauaer,
4TO CTYAEHT QOJIXKeH BbINOAHATL 16-1 Bapuaur us U13-12.2,
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KOTOPLIil conepKUT 3anaun 1.16, 2.16, 3.16 u 1. a. Ilpu Bu-
nave WMJA3 cryneHram Homepa BbINOJAHSEMbIX BapHaHTOB
MOJKHO MEHSITb OT 3aJaHusl K 3alaHHIO MO KakKo#-nubo cu-
cTeMe WM cayuafiieiM o6pa3om. BoJjee Toro, moxHo fmpu
Bbifaue MJ13 no6omy CTYNEHTY COCTaBHThL €r0 BAPUAHT, KOM-
GHHUDYS OQHOTHOHbIE 3ajayd W3 pa3HbiXx BapuaHToB. Ha-
npumep, wudpp MUA3-12.2:1.2; 2.4; 3.6; 4.1; 5.15 ozHauaer,
yto cryneHty cienyer pewats B M[13-12.2 mepsyto sanauy
M3 BapuauTa 2, BTOPYIO — U3 BapuaHta 4, TpeTbio — U3
BpapuanTa 6, 4eTBepTYIO — M3 BapuaHta | u nOaTyio — U3
Bapuanta 15. Takoil KoMGuHHpoBaHHbif MeTon Beiaaud M3
nospoasteT u3 30 BapHaHTOB NMOAYUHTb 00/bUIOE KOJNUECTBO
HOBbIX BAPHAHTOB.

Bueapenne M3 B yue6ublfi mpoliecc HeKOTOPbIX BTY30B
(BesopyccKHi HHCTHTYT MeXaHM3alHH CeJbCKOro X03siCTBa,
Besopycckuii nostureXHHUeCKHit HHCTUTYT, JlaabHeBOCTOUHBIA
NOAHTEX HHUECKUIl MHCTHTYT W Ap.) TNOKa3ado, 4TO [eseco-
o6pastee BoinaBaTbh MJ13 He nocie kaxnaoro A3 (KoTopbix,
KaK 0paBuJjo, 1Ba B Heledil0), a OAHO HeaelbHoe MUA3,
BkJOUapliee B ceGs OCHOBHON marepuan aByx A3 naHHOM
Hexen.

Hazum HekoTopble o6liye peKOMeHAAluH [0 OpraHu3a-
uuM paGoOTHl CTYAEHTOB B COOTBETCTBHUHU € HACTOSILIHM MO-
cobHeM.

1. B By3e cTyaeHuecKue rpynisl no 25 uesoBeK, MPOBO-
AsTesl aBa A3 B Henedio, MAAHHPYIOTCS €XeHelesbHble He-
o6f3aTe/bHbe J5 TOCELieHHST CTYNeHTAMH KOHCY/AbTalHH,
Bhinatorest Hepeabubie 3. Tlpu 3tux yeaoBusix Aas cucte-
MATHUYECKOro KOHTPOJS ¢ BBICTABJEHHEM OleHOK, yKadaHueM
OlWHGOK ¥ NyTell X UCTPABJ/AEHNHST MOTYT GbITb HUCIIO/1b30BaHbI
BbilaBaeMble KaXXIOMy MpelNoAaBaTeNI0 MATPHUBI OTBETOB
M GaHK JHCTOB pelieHui, KOTOpble Kagelpa 3aroraBjiuBaer
ans U3 (cryneHtam oHHM He BblpatoTes). Ecin matpuud
OTBETOB COCTABAAITCA A5 Beex 3anau n3 WMIA3, To JaucTH
pelieHHi paspabaTHiBalOTCS TOJNbBKO ISl TeX 3aaady u Ba-
pHaHTOB, T'le BaXXKHO TPOBEPHTb NPAaBHABHOCTL BhHIGOpa Me-
TOAa, NOCAeAOBATENbHOCTH JeficTBHI, HABLIKOB H yMeHHH
npu BbluucaeHnsix. Kagenpa onpeneasier, naa kakux WIA3
HYXHbl JWCTH pelieHHl. JlncTwl peiuennfi (0fMH BapHaHT
pacnojaraercsi Ha ONHOM JIHCTe) HCIO/AB3YIOTCS NMPH CaMmo-
KOHTpPOJIe TPABHJABHOCTH BbIMOJHEHHs 3aJaHUH CTYHLEHTaMH,
npY B3aHMHOM CTYZE€HUECKOM KOHTpO.Je, a ualie Npu KomOu-
HUPOBAHHOM KOHTpOJe: mnpenojaBaTeNb I[POBepsieT Julib
NpPABHJBLHOCTL BbIGOpPA MeTOAa, a CTYAEHT 1o JHCTY pelle-
HUH — CBOM BBIYUCJAEHHS. DTH METOMLLI IT0O3BOJSRIOT IPOBEPHTH
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M3 25 cryaentos 3a 15—20 muHyT ¢ BbICTaB/JACHHEM OLE-
HOK B JKypHaJ. :

2. Crynenyeckue rpynmel B By3e mo 15 yenoBek, npoBo-
aArcst nBa A3 B Hemed0, B pacliucaHue AAsl KaKAOH FPymiibt
BKJlOYeHb 00sizaTe/ibHble JABa 4aca B Hejlealo camononro-
TOBKH [OA KOHTpoJem npenogasareas. Ilpu stux ycnaoeusx
(KoTopbie cospaHbl, Hanpumep, B DBenopycckom wuHeTHTyTE
MeXaHW3alHH CeJbCKOro XO35HCTBAa) OpPraHW3alusi WHAWUBH-
JAyasibHOM, €aMOCTOATE/NbHON, TBOPYeCKOH paboThl CTYREHTOB,
OnepaTHBHOr0 KOHTPOJSI 32 KayecTBOM 3TOH PaGOTHI 3HAyH-
TeNbHO yayyluiaeTcsi. PeKoMeHI0BaHHbIE Bbillle METOAL MPH-
FOJIHbl W B JAHHOM CJ/lyyae, OJAHAKO MOSIBJSIOTCH HOBBLIE BO3-
moxkHocTH. Ha A3 6bicTpee npoBepsiioTesi W OLEHHBAIOTCS
M3, Bo Bpemsi 005i3aTeNbHOH CaMOMOATOTOBKH MOXHO
IPOKOHTPOUPOBATL NMPopaboTKky Teopuu u pelenwe M3,
BbICTABHTb OLEHKH YaCTH CTYLEHTOB, NPUHATb 3aA0JKeH-
Hoctu no M3 y orcramoujux.

HakanniusaHte 604blLOr0 KOMHYeCcTBA OLEHOK 3a W3,
CaMOCTOSAITE/AbHBIE W KOHTDOJbLHBIE paloThl B ayaHTOPUH
N03BOJISET KOHTPOJAUPOBATh y4eOHBIH mpolecc, yNpaBasiTh
UM, OLEHHMBATh KA4EeCTBO YCBOEHHSI U3yyaeMoro mare-
pHasa.

Bee 310 naer BO3MOXKHOCTb OTKA3aTbesl OT TPaAHILHOH-
HOTO HWTOrOBOro CeMecTPOBOro (rof0BOr0) 3K3aMeHa Mo Mma-
Tepuany Bcero cemectpa (yyeGHOro roga) M BBeCTH TakK
HasbiBaeMblfl 6/104HO-UHKAOBOHA (MOAYAbHO-UHKAOBOH) MeTOa
OuEHKH 3HAHWH W HaBBIKOB CTYAEHTOB, COCTOSILIHN B C/eLyIO-
uiem. Martepuan cemectpa (yueGHoro roga) pasbuaercs
Ha GJIOKH (MOAY/IH), N0 KaXKAOMY H3 KOTOPBIX BBIITOJHSIOTCSH
A3, 13 u B KOHIEe KaXKAOr0 HK/IA ABYXUACOBAs MUCbMEH-
Hast KOJLJIOKBHYM-KOHTPOJibHAsi paboTa, B KOTOPYIO BXOAST
2—3 TeopeTHYECKUX BONMpOca U 5—6 3a1ay. YYeT OUEHOK M0
A3, 13 u KOJOKBHYMY-KOHTPOJABLHOH M03BOASIET BHIBECTH
OGBEKTHBHYIO OGLLYI0 OLEHKY 3a KaxAbl 60K (MOAy/b)
M UTOrOBYIO OLEHKY M0 BceM 6J0KaM (MOAy/siM) cemecTpa
(yue6Horo roaa). ITono6ueiii meTox BHeapsieTcsi, HAaNpHMep,
B besopycckom HHCTHUTYTE MeXaHH3auUM CeJbCKOrO X03$iii-
CTBA.

B sak/iouetne oTMeTHM, 4TO NOcOGHe B OCHOBHOM OpHeH-
THUPOBAHO Ha CTyAeHTa CpPeAHHX clocoGHOCTEH, U yCBOEHHE
CoAepKalerocsi B HeM mMaTepuafa rapaHTHPyeT YI0B/eTBO-
pUTeNbHBIE U XOPOLLHe 3HAHUS 1O KYPCY BbICillel MaTeMaTHKH.
st opapeHHBIX ¥ OTJIMYHO yCleBAIOU{HX CTYAEHTOB Heo6XO0-
AuMa MOAroTOBKA 3aJaHHUH MOBBIWIEHHOH CAOXHOCTH (HHAM-
BuayasibHbIA MOAXOA B 06yyeHHH!) ¢ MEPCHEKTHUBHBIMH MO-
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OULpUTEIbHBIMM Mepamu. Hanpumep, moxHo paspa6oraTb
AJI TAKHX CTYJEHTOB ClleliHa/bHble 3aJaHis Ha BECh CEMeCTp,
BKJIOYAIOLIHME 3a]ayul HACTOSLEro mocobus M AoNoJHUTENb-
Hpie Gojlee C/0XKHbIE 3a1a4d U TEOPETHYECKHE yIPaKHEHHs
(1151 9TOMH Ue/IH, B 4ACTHOCTH, NPEAHA3HAYEHbBI AOMOMHUTE/b-
Hble 3371244 B KOHLlE KaXAo# raasnt). I'lpenonasatens moxer
BbIJAThH 3TH 3alaHusl B HAYaJe CEMECTPa, YCTAHOBUTD rpaduk
UX BBITOJIHEHHSI MO CBOMM KOHTDO/IEM, PaspeiliuTb cBoGOA-
HOe MOocelleHHe JEeKUHOHHBIX WU NPAKTHUECKUX SaHATHH no
BbiClIe# MaTeMaTHKe ¥ B CJydae yChneluHoll paGoThl BbiCTa-
BUTb OT/HYHYIO OLEHKY J0 3K3aMeHALMOHHOH ceccuH.



12, PAAbI

12.1. YUCJOBBLIE PAAbl. NPU3HAKH CXOILHUMOCTH

YHCJIOBLIX PAIOB

Buipakenue Bulia

N R e N T — b Un,

n=1

rie u, € R, HasmBaercs 4ucaogoim padom. Yncna uy, ug, ...
BAIOTCA “/AeHAMU PAOA, YNCIO U, — OOWuM 4AeHoM palda.

Cymmbr

Si=u, Ss=u+uy, ..., Sa=ui + us + ... + uy,

(12.1)

Uy, ... Ha3bI-

HA3LIBAIOTCH 4ACTUHHbIMU cymmanmy, a S, — n-i wacruunoi cymmoil pada
(12.1). Ecnn lim S, cymwectByer u paBen udciay S, 1. e. S = lim S,, To

n— oo

n—r oo

paa (12.1) waswBaercn cxodawumcs, a S — ero cymmoid. Ecan lim S,

n—» oo

He cyulectByer (B 4acTHocTH, GeckoHeded), to psaa (12.1) wnaswmBaercs

pacxodswumcs. Cymma
Fn= Un4 + Upnt 2 + + Un 4k +

Ha3LBaeTCH n-M ocTarkom pada (12.1).
Ecan paa (12.1) cxoaures, To

lim r, = lim (§ — S,)=0.

n— oo n— oo

oo

1

Mpumep 1. Hau psa Z —————. YCTaHOBHTb CXOAMMOCTb .3TOrO

nin41)
n=1
psiza ¥ HalTH ero cymMmy.

P 3anuiwem n-10 4aCTHYHYIO CyMMy JaHHOIO psija M NpeobpasyeM ee:

1

1 1
=Tyt et

IMockonbky |
S = lim S, = lim 1___>=1,
n—» 0o n—»oo( n + | )
TO AaHHbIH PAA CXOAMTCH U ero cymMma S =1, o
Psan Buaa

atagtag®+..+agt 4

(n+1

(F= (=3 () -

L
n41°

(12.2)



fipeACTaBaser coB6OH CyMMy U/IeHOB I'COMETDHUECKOH MPOTrpecCHH €O 3HaMe-
taredem ¢. M3sectro, uto npu |g) << 1 paa (12.2) cxoauTcs i ero cymMma
S=a/(l —¢q). Ecau Ig| =1, 10 pan (12.2) pacxoautcs.

Teopema 1 (neobxodumeidi npussax cxodumoctu pada). Ecau uucaosou
psad ({2.1) cxodurcs, to  lim u, = 0.

> 00

OGpataoe yrsepxaenne wesepro. Hanpumep, B capuonu«eckon pade

l 1 1
n=I

GOWMI uaed CTPEMHTCH K MYJI0, OfHAKO Pfd PACXOAHTCH.

Teopema 2 (docraroumsui npusnax pacxodumoctu pada). Ecau
lim u, =a+0, ro pad ({2.1) pacxodurcs.

11— 00
CXOﬂHMOCTb WiH PACXOAUMOCTh UYHCAOBONO pPAla HE Hapyulaercd, €Ciu
B HeM OT6pOCHTb a060e KoHeulioe uucao daenos. Ho ero CymMmMa, €Cad oHa

CYHICCTBYET, MpH 3TOM H3MEHAETCH.,
o0

n

ﬂ uMme 2. Hccaeposath Ha CXOAHMOCTbL b2} -
pumep f0BaThL it psx T

no=1
p 3auuuiem o6LLHil unreH AaHHOrO psaa:

n

YT
Toraa
n |
lim u, = lim s——re = — £ 0,
-+ oo 31 + 1 3 7

T. €. pAA pacxoauTca. <
PaccMoTpuM HekoTopbie docTaroyrnsie ApU3HAKI CXOOUMOCTU 4UCAO-
861X PROOB € NOAONCUTEALHOIMU YACHAMU.

Teopema 3 (npuanaxu cpasnenus). Ecau Odanur dsa pada
Uy 4t (12.3)
Ul +Uz+.,.+vn+... (124)
t: Oan 8cex 1> ng B6inoAnsioTCR HepaseHcTBa 0 < u, < U, TO:
1} us cxodumocru psada (12.4) caedyer cxodumocre pada ([2.3);

2) us pacxodumoctu psda (12.3) caedyer pacxodumocts psda (12.4).
B kauecTBe pnaoB aas cpaBHeHus lesecooGpas’HO BbIGHPATbL psn,

b . \]
PEACTaBAAIOULIIH  CyMMY WIECHOB reoMeTpHuecKkon fIporpeccHH ZA aq”,
=0

& TAKKe rapvMoHuueckuil (pacxoasiutuficst) psa.
Npumep 3. Joxasate CXOAUMOCTb pafa
oo

| 1 | |
Z n-3" 1-3+2-3”+"'Jr u-3"+"' ()

n=i




» Has ycranosienusa cxoanMocTs paaa (1) Bocnoabayemcs Hepa
BEHCTBOM
1

Up == ———— <[ —
ne3" 3"

(n=2)

1 I
M CPaBHHM JAaHHLIH PAA €O CXORALLMUMCA pPALOM 3—”, g = §< 1.

>3

n=|I
Coranacno npusnaky cpasnenun (cm. Teopemy 3, n. 1), pan (1) cxonuten. o

(e o}
1
Hpumep 4. Hccaeaosath Ha €x0auMOCTh pAa —
/ 2
i | w2 VT —1
p Tak Kak ———— > — 138 1w06oro # 2= 2, TO ujeHbl AAHHOIO
1

Vit —1
paaa Goablue COOTBETCTBYIOWHX YICHOB PACXOIAIICrOCA TFapMOHHUECKOro
paaa. 3HAUHT, HCXOAHBIH PAL PACXORHTCA. <
Teopema 4 (npusnax [H’'Arambepa). [Tycre das pada (12.1) u, >0
(HQUUHAA € HEKOTOPO20 N = Ny) U CywecTayer npedea

. Hyy
tim ———

n—oo Hp 9
Toeda:

1) npu g <1 dannsur pad cxodurcs;

2) npu q > 1 pad pacxodurcs.

Ilpn g =1 npusnax I’AnamGepa ue naer oTBeTa Ha BOTIPOC O CXO-
AUMOCTH MJM PACXOAWMOCTH PRIA: OH MOMKET H CXOMNTLCA, H PACXOLHTLCA.
B 370M cayuae cX0anMOCTL PRIA HCCACAYIOT ¢ NOMOULLIO APYTHX IIPH3HAKOB,

I

o

Mpumep 5. Llccrenosarb wa cxoznMocth pag Z

2:1—1 N
n=1
. n’ (n+1)
» Tlockoavky u, = pvend [T o TO
) n ) 2 2/171 . 2
Jim nt = lun (”—f_],) =]—Ilm<l—f—]—)=~]—<]
n—oo Uy n— oo n- .2t H— 0o n 2

CaenoBaTenbHo, 1aHHbI pAa CXOaHTCA. <
Teopema 5 (padukaavneri npusnarx Kowu). Ecau, nawunas ¢ nexoto-
. H
poco n=no, u, >0 u lim ‘\/IZ: g, To npu g << 1 pad (12.1) cxodurca,

H— 00

a npu q > 1 pacxodurcs.

Iipn g =1 paaukaabnbii npnsnak Kown nenpumenny.
o
n41\"
Mpumep 6. Mccacaosath na cxonimocTb psl Fr—
n—

=1
P Bocnoabsyemen paankadbibim npu3dnakom Kown:

. n ] # N
g = lim (i) = lim L{»]__“ml—h%]ﬁ__ ! < 1.

8n — 1 nooo 8 —1 T, 08— 1/ 8

1H—> 00

CJIE‘LLOBaT(‘JIbHO, DAalilblii pAL CXOANTCS. <4



Teopema 6 (unrezpanvuvii npusnax Kowu). ITycre uneno psda (12.1)
MOHOTOHHO Y6misaroT u Qyukyus y = [(x), Henpepusras npu xza =1,
o

Takosa, uto f[(n)= u,. Toz0a pad (12.1) u unrecpar S f(x}dx oOnospemen-
a

HO CXO0ATCA UAU PACXOOATCA.
oo
I
Hanpumep, nockonabky S—adx (a € R) cxoantes npn o > 1 u pacxo-
¥

1

(e o}
I
mtes npu a < 1, 10 pad Hdupuxae ZF CXOAHTCH NpPH a >> 1 u pacxo-
n=1
AUTCA Npn a < L.
CXOAMMOCTb MHOTHX pPRIOB MOXHO HCCJeaoBaTh NyTeM CpaBHeHUs
MX C COOTBETCTBYIOWMM psiaoM Jlupnxie.

ﬂp ep 7. Hccner aTb Ha CXOAHWMOCTL P E —_—

RM . JIENOBe a OaANMO a1 .
(112 1)2
n=1

p Ilonoxum, uto f(x)= (—:l——x_l)T Ata (yHKUHMs ypoBJeTBOpAET
X
BCeM TpeGoBaHUAM HHTerpaabHoro npusnaka Kown. Torna HecoGeTBeHHbIH
unTerpaJ
oo B
2 . 1 B 1
S%d}(: lim sz)c—dxz— tim — T = T
(% + 1) Booo ) (£ 4 1)? Broo (X4 1)11 2
1

T. €. CXOANTCA, @ 3HAUNT, AaHHLI paA Takxke CXOAHTCA. €

Yucnosoit psaa (12.1), unenst u, koroporo nocne Jjo6oro Homepa
N (n > N) umeioT pa3Hble 3HAKH, HA3blBACTCH 3HAKONEPEMEHHOIM,

Ecnu pan

fun] 4 Haol o A Lttal 4 oo (12.5)

cxoantes, To paa (12.1) Takxke cxoantcs (3TO JIerko A0Ka3piBAeTCs) M Ha-
aniBaerca abcoaorno cxodawumcs. Ecau paa (12.5) pacxoantes, a paa
(12.1) cxoamutcs, to pan (12.1) naspiBaercs yca08HO (HeabcoaoTHO) CXO-
OAWUMCA.
IMpu nccnepoBannn psaga Ha aGCONOTHYIO CXOAHMOCTb HCMOAL3YIOTCR
NPU3HAKH CXOAMMOCTH C MOAOKHTE/bHBIMH U/eHAMH PALOB.
o

sin na
Npumep 8. HccaenoBath Ha CXOAMMOCTL pAld —— (2 €R).
n

n=1
p Paccmorpum psia, cocTaB/ieHHb M3 aGCOMIOTHBIX BeJMUHH wielioB
(e o}

\ |sin nol| .
AAHHOTO paaa, T. e. pad Z —— (x € R). Tax kak |sin nal <1, T0
n

n=1

o
I
ufieHbl HCXoaHore psaa He Gosblue uneHoB psaa Hupuxae Z — (@=2),
n
n=1

12



KOTOPBbI#, KaK H3BeCTHO, cxoantcs. CneloBaTesbHo, HA OCHOBAHHM NpH-
3HaKka cpaBieHHaM (cm. Teopemy 3, m. 1) nanublii psn cXoautcs aGco-
JIIOTHO. 4§

Psn Buna

w— g+ g — . +(— 1" 4 ., (12.6)

rae u, =z 0, Ha3biBaeTCn 3HaKOUepedyrouumcs padom.
Teopema 7 (npusnax Jled6nuya). Ecau das 3naxowepedyiowezocs
pAda (12.6) w1 > us > ... > ts > ... u lim u, =0, 10 pad (12.6) cxodurcs

n— oo
u e2o cymma S ydosaersopser ycaosuwo 0 << S << uy.
Caedcrsue. Ocrarok r. pada (12.6) scezda ydosiersopseT ycaoeuswo
lrnl << Un .
Hanpuwmep, psan

1 1 1 ar 1
e i ahl ol SRR S Gl DAl S

CXOANTCst, TAK KaK BLINOJHEHbl YCA0BUst Npu3Haka JleiGunua. Ou cxoantcs
1 I 1
yc1oBHO, TakK Kak paa |+ 5 -+ 3 ~+ ... 4 Y -+ ... pacxoauTcs.

AGconoTHO cxoasimecs paabl (B OTJHUHE OT YCJAOBHO CXOARUWUXCSH)
06/1a1a10T CBOHCTBAMH CyMM KOHEUHOrO YMC/Ia CJaraemMblx (Hanpumep, oT
nepeMenbl MeCT CJlaraeMbiX CyMMa He MeHseTcs).

Bepna caenywouwasn

Teopema 8. Ecau wucaosoi pad cxodurcs ycaosxo, 10, 3adas Awboe
HUCAO @, MOXCHO TQK NEpecTasurb 4AeHb. pada, 4TO e20 CymMma OKaxceTcs
pastoil a. Boree 1020, MOXCHO Taxk nepecTasuTb wAeHbL YCAOBHO CXoOAuye-
eoca pada, 470 pAd, noAydeHHbil nocae nepectanosku, Gyder pacxods-
WUMCS.

llpounmiocTpupyem Teopemy 8 Ha npuMepe. PaccMoTpuM ycaoBHO cxo-
aswmniics pan .

P I T oy | B
l—gtg—gt+tg gt (T — =5

[epectaBum ero uneubl Tak, 4ToGH MOC/Ae KaXKAOTO MOMOMHTENLHOTO UACHA
CTOSJIN ABa OoTpHuaTenbHbX., [Toayunm

kT T m—z " ar T

CnoxuM Tenepb KaKAabiif NOJOMHTETLHBIA YJIell ¢ NOCaeAyIOWHM OTPH-
UATEABHbIM:

i
h—g s te=
=LO_L+L_L+___++
2 3 TE T3 tE T T
i i g
+%—l_ﬂ+»=7'
OuesnaHo, 4TO CyMMa HCXORZHOTO DSAA YMenblUMJAach BABoe!

13



MNpumep 9. MccnenosaTe Ha CXOAMMOCTH Pall

2n 2n41 I
—1) 1
Z ( nin—+ ECE N )
p Tak Kak usieHsl ﬂaHHOFO 3HAKOUEPEAYIOLEerocs pAna MOHOTOHHO
2n41
GuiBatot M lim = (0, To, corjacuo npusznaxky Jlei6 , psa
y nwoo A{n 4 1) P y MoRMua, paa

(1) CXOAUTCH. :
" PaccMorpuM Tenepb psij, COCTaBAeHHbIH H3 aGCO/MOTHBIX BEJIHYHH WieHOB
psaaa (1), T. e pan

2n 41
Z nn+1)" 2
n=I
o6umMit usen Kotoporo 3aaaerca QyHKuueid [(x)= 2x 41 . _
p i yHKuHedt f( CEE) pH x=n.
Haiipem
oo B
2x+ 1 o i 1 _
S 4x+w>d**;f;8(x + x+l)dx_
L

1}
= lim (In)x} 4+ Inlx+11) f’=Bnm (In BB+ 1) —1In 2) = oco.
B—co — 00

CuaenoBartesbno, paf (2) pacxoautes, u nostomy paa (1) cxomurcs
yCJIOBHO. 4

fpnumep 10. Buiuncante cyMmy p;uxa-

L, e ?+ i + RS 1 " i
2 21\ 2 3r
¢ touHoctbio & = 0,001.

» Bcesikas n-s uacTHuHasi CyMMa CXOAAUIETOCH psila ABJSETCA MPH-
GauAeHHeM K €ro CyMMe € TOUHOCTbIO, He mpeBocxoasuiell aGCOMIOTHOMR
BeJIMUMHBL OCTATKa 3TOro psifia. BLisICHHM, NpH K2KOM KoJIHUecTBe W/ICHOB
n-# 4acTHUHOM CYMMbl BbIIOJHSIETCSi HepaBeHCTBO |r,| < 6.

s panHoro psjfa

= (D () e

Taxk kak (n 4+ D <(2n  2)! << (2n 4 3)! < ..., TO

et (@ (5 () (8

_t
120- 16
710BaTeJbHO, CyMMa paHHoro psina (¢ TouHoctbio § = 0,001)

L 1
S~&=?+§+E+§g=wm<

[lyteM nopGopa Jierko HalTH, 4TO rn << < 0,001 npn n=4. Cne-



Npumep 11. Briuneants cymmy paaa

i
_lﬂ‘l .
Z( ) n*.2"

n=1

¢ TouHoeTsio & = 0,001.

» Tak kak nauubli pPaA — 3HaKouepeayiOLHIACH, CXORRUINHCH, TO
Be/JMUMHA OTGPOLIEHHOTO TNPH BHUMC/IEHHH OCTATKA DRAA, KOTOPHH TaKXe
ABJACTCH 3HAKOUEPEAYIOWIMCR PAAOM, He DpPeBOCXOAHT MepBOro OT6po-
WEHHOTO WieHa (HA OCHOBAHHN CNEACTBUR u3 Npu3HakKa JlefiGuuua). Hysx-

HO€ UWCJO UNEHOB n HaiileM nyteM noaGopa H3 HepaBeHCTBA

<

n'z . 2/1
<< 0,001, Ilpn n =6 nocneanee HepaBeHCTBO BHIOJIHAETCH, 3HAUHUT, ecJid

OTGPOCHTb B AAHHOM pRAfe BCe UJieHbl, HAUNHAR € WeCTOro, To TpeGyemasn
TOuHOCTh GyneT ofecnevena. CaeaoBaTebuo,

I I
: 16

N N T P

t75 o T3

A3-12.1

1. JlokasaTb CXOAMMOCTb Psiia H HAaHTH €ro Cymmy:

= 1 . 5 4 2"
a) Z (3n —2)(3n + 1)’ 0) Z w0

n=1 n=1

(Orser: a) 1/3; b) 5/4.)
2. HccnenoBaTh Ha CXOAHMOCTb CJEAYIOWIHE DPAAbI

DYy 0yl

n=1 n=1

i " > n’42n
0 Y i 0 Y ()
2%(n +2) 2\ n41

n=1 n=1

1) intgg—"ﬁ—,; e) Z:*‘

n=1 n=1

3. Jlokasarb, 4TO:

a) lim %L =o; 6) lim 28U —0 npu a> 1.
n—>oo n! n—soo a'l

4. C noMolblo HHTerpasbHOro npusHaka Kowu Hece-
J0BaTb Ha CXOAHMOCTb CJEIYIOUIHEe PsAbI:

15



| . n_.
D) e 9 L

n=1

I
B .
) Z nln’n
—9

CamocrositeabHas padora

oo

1. 1. Jloka3aTb CXOAMMOCTb psia Z 3145;5 ¥ HailTu

n=1

ero cyMmmy. (Orger: 3/4)

2
2. HcesepoBaTh Ha CXOAHMOCTb DAL Z n i’l .
P

n=I1

oo

1
2. 1. JoxasaTb CXOAMMOCTb psiaa Zm

i=1

HaliTy ero cymmy. (Orser: 1/2.)
2. HUccaepoBaTb Ha CXOAMMOCTb Psl Z — .
A ) paa T

n=1

- |
3. 1. [Joka3aTb CXOoAHMOCTb psaa Z BT H

n=1

raitu ero cymmy. (Orger: 1/6.)

2. UccaenoBaTbh Ha CXOAMMOCTb Psf Z 3:" .
n:

n=1

A3-12.2

1. MccaenoBaTh Ha YCJAOBHYIO H aGCOMIOTHYIO CXOAHMO-
CTH CJeiyiolHe psabl:

oo

a) Z(—l)"“'Jﬁ; 6) i(—l)“"n-?'";

n=1

n=1{

16



cos(2na S (=1
H)Zn-i—l’ e)Zn——lnn'

n=1 n=1

2. CocCTaBHTb pa3HOCTb JABYX pacXoasiluuXxcss psaAoB

oo oo

i
Z Wl_—l_ H Zﬁ H HCCIe10BaTh HAa CXOAUMOCTD MOJYYeH-
n=1 n=
Hblil psn.

oo

3. Haiitu cymmy psina Z 2"‘ — ¢ TourocTbio § = 0,01.
n

n=1\
{Orsger: 0,58.)
4. CKOJbKO TepBbIX UJEHOB pfifa HYXXHO B3fITb, YTOGbI
HX CyMMa OTJIH4aJ/Jach OT CyMMbl psiia Ha BEeJHYHHY, MEHb-
wywo, yem 107°:

a) Z b 6) Y (—1ytL?

n=lI n=1

(Orger: a) n=10% 6) n=10°)

CamocTtosiTeabtan pabora

1. 1. MccnegoBath Ha ycioBHYIO H alCO/IIOTHYIO CXOLH-

MOCTH PSiA Z(——I)”—lz-—.
nlin®n
n=1

2. Ha#itu cymMmy psaa Z (—1y ! (S’j)"l , Orpasu-
n

n=1
YHBILUHCL TPEMS €ro yaeHaMH. OueHUTb aGCONIOTHYIO NOTpeL-
HOCTb BbluHcaeHH#A. (Orger: S = 0,266, § = 0,01.)
2. 1. MccnenoBath Ha yc/a0BHYIO H aBGCOMIOTHYIO CXOIH-

oo

MOCTH pfiZ Z(—I)“M—.

n
n=1
2. Haiitu cymmy psza Z(—-l)"_'—(,(loiT)T, OrpaHH-
n=1
YHBLIHCL TPeMsl €ro NepBbIMH ujaeHaMH. OueHuTb abcomioT-
HY!O DOrpelHocTb BhluucaeHud. (Orger: S =0,56, § =0,1.)

17



ans Bcex x€ D, To paa (12.7) nasbiBaercs pagromepro cxodsuumes ¢ I).
B cayuae paBHOMEpHOH CXOAMMOCTH (YHKUMOHANBLHOrO pfaa €ro A-f ua-
CTHYHAA CyMMa ABJAETCA NPUOJIMIKEHHEM CYMMbl Psila C OAHOH U TOft XKe
TOYHOCTbIO AJIA Bcex x € D. :

®ynkuuonanbubiil pia (12.7) Ha3bBaeTCH MaANKOPUPYEMbIM B HEKOTOpOii
oGnacti D, ecan cyuiecTByeT CXOASiMACA 4MCJIOBOH pPsij

2 a, (o, >0), (12.9)
n=1
Takoi, uTo AJs BceX X € D cnpasepsuBbl HepaBeHCTBa:
e () <o (k=1, 2, ).

Psa (12.9) naspiBaetcs MaxcopantHpm (maxcopupyrowum) padom.
Hanpumep, GyHKuHOHANBHBIH psg

cos X cos 2x cos 3x cos nx
+ + 7t
3 n

1 = +

I 1
maxopupyercs psinom 1 -+ = + % + ..+ — + .., Tak Kak [cos nx] < 1.
H

[auubift GyHKUMOHANLHLIA PAX DaBHOMEPHO cXOMuTcA Ha Beeli ocu Ox,
NOCKOJ/IbKY OH MaXKOPHPyeTcs Npu JioGoM X.
PaBnomepno cxoasuecs psanl 06/12a1a10T HEKOTOPLIMH OGLUHMH CBOH-
CTBaMH:
1) ecnu uneHbl paBHOMEPHO CXOASIEroCH DAAA HeNpepubiBHLI Ha He-
KOTODOM OTpe3Ke, TO er0 CyMMa TaKiKe HenpephiBHA Ha 5TOM OTpe3Ke;
2) ecan uwienst psipa (12.7) HenpepuiBHW Ha oTpeske [a; b] u paa
PaBHOMEPHO CXOAMTCH HA 5TOM OTPe3ke, TO B Cayuae, Koraa [a; Bl (a; b],
B o
{smdr= 2 {u.(vax,
a n=1 a

rae S(x) — ¢ymma psna (12.7);

3) ecan pan (12.7), cocTaBieHHHit W3 (yHKuMil, MMEOWHMX Henpe-
PBIBHBIE IPOU3BO1HBIE HA OTpe3Ke [a; b], CXOAHTCH HA ITOM OTPE3KE K CyMMe
S(x) u pan uf(x)+ ui(x) + ...+ wi(x) + ... paBHOMEPHO CXOAHTCH Ha TOM
*e OoTpeske, TO

Wi(0) + a9 + . + wh(x) + .. = 5 (x).

Crenerinbim psadom Ha3sblBAETCH (QYHKUHOHAJLHBIH PAA BHAA

oo
2 a.(x— x0)",
n=0
rae do, A, Qy, ..., Qp, ... — MOCTOSIHHLIE YMCIA, 1a3bIBaEMble KO3puyuen-

Tanu paca, xXo — pukcuposanuoe yucno. Ilpu xo = 0 nonyuaem creneHHoi
paa Buaa

2 a.x, (12.10)

Teopema 1 (Abean). |. Ecau crenennoii psad (12.10) cxodurcs npu
HeKoTOpom 3Haueruly X ==Xy 7 0, 70 01 abcoaOTHO €x0OUTCA npu BCAKOM
3naqenuu x, ydosaersopsawotjen ycaosurwo x| << |xi.
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2. Ecau crenennotl psad (12.10) pacxo0urcs npu HexKoTOpOM 3HAHEHUU
X = x3, TO OH pacxodurcsa npu aw0bix x, 045 koropeix x| > |xal.

Heorpuuarenntoe uuciao R, Takoe, uto npu Bcex |x| << R crenedHoi
paa (12.10) cxoautcs, a npu BceXx |x| > R — pacxomuTcs, HasbiBaercs
paduycom cxolumocru psada. Murepsan (—R; R) Ha3bBAeTCHA UHTEPBAAOM
cxolumoctu pada (12.10).

Paauye cxoanmoctu crenentoro psiaa (12.10) onpenensercs dopmyJdioi

9| yam R = lim —l—, (12.11)

nr oo Nla,

R = lim

n— oo

Qn 4

€CJIM, HauuHasi C HEKOTOpOTo N 2= My, BCe a, = 0. (Ilpeanonaraercs, uto
yKa3aHHble Tpelejs CYWECTBYIOT HJM OeckoHeuwb.) Popmyant (12.11)
JIETKO TNOJIYYHTb, BOCMOJNb30OBABUIMCL COOTBETCTBeHHO npu3Hakom [I'Anam-
Gepa HaM paluKaJbHbM npusaiakom Kotun.

n

n
. < X
Mpumep 2. Hafitn 06sacTh CXOAMMOCTH CTENEHHOrO PAla %

2
n=137. \n
p Tak kak
2n 2n+l

Opy) = e,

3n 3+ e+ 1

ooon 3ttt n 41 3 1 3
R=Ilim ———————— = — lim — -
n—oo 2n+| .3n\/; 2 n—» oo n 2

3HauuT, CcTeneHHod pPAA CxoduTcs B uHTepBase (—3/2; 3/2). Ha kowpax
3TOrO MHTEPBaJla Pl MOXET CXOAUTLCS MJM pacXoluTtbesi. B nawem npu-
oo

a, =

TO

Mepe npu x = —3/2 naHHBIA pAA NpPHHUMAET BHUA (—l)"L. On

n=1] n

., . 1
CXOAMTCA Mo npusdaky Jlei6unua. I'lpu x = 3/2 nonyuaem psn Z N
Vi
n=1
ujieHs KoToporo Godibile COOTBETCTBYIOMMX UJEHOB PAacXOASIErocss rapMo-
HUUECKOro psafa. JHauut, npu x = 3/2 creneHuolt psia pacxoantess. CJeno-
BaTeJbHO, 00J1ACTLIO CXOAMMOCTH HCXOAHOrO CTENEHHOro psilla sIBJASIETCSE
nonyunrepsan [—3/2; 3/2). 4
oo
Ecnu nau psa suaa 2 a.(x — xp)', TO €ro paamyc CXOAHMOCTH R
n=0
onpeneasiercss Takxe no ¢opmyne (12.11), a uHTepBaiOM CXOAMMOCTH
6yaeT MuTepBaJ C LEHTPOM B TouKe X = X! (xo — R; xo -+ R).
Npumep 3. HaitTh o6sacTb CXOAMMOCTH CTeNeHHOro psna

Y
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» Haiinem paanyc cxoauMoeTH QaHHOrO psaa:

. 2"t n 2 . n-2
R = lim (—————):21!m _— =2,
n—»o0 2"*/n+l f—> 00 n -4

T. e. panx cxoautcs B uHTepBase (0; 4). Ilpn x=0 nonysaem psan
o

Z —————, KOTOPbIl PaCXOAMTCH, TaK KaK ero uieHs GoJiblie 4jeHOB
n -+ 1

n=1
oo

I
Vn 41 ’

. 1
rae  lim ———= =10, cxoaswmiica no npusnaky Jlei6unua. OGnacTe
= yn 41
cXoaMMoCTH aauHoro psaa (0; 4]. 4

pacxoasilerocsi rapMOHHYECKOro psiaa, a npu X =4 — psan Z(-— 1y

n=0

o
. x"
Npumep 4. Haiith o6aactb cxoauMocTH pana Z .

n!
n=0
» Haxoanm paanyc ¢XomauMmMocTH pana:
I i
= tim (—:———— Y i -
R nl”l,(nz (n—f—l)!) Jim (1 + 1) = oo.

CnepoBaTesibHO, naHHbBEA paa CXOANMTCA HA BCEH uncioBoi npamoii. OTtciona,
B Y4aCTHOCTH, € Y4€TOM HEOGXOAMMOFO NpH3HAKA CXOAMMOCTH psaa (CM.

n

.X
§ 12.1, Teopemy 1) noayuaem, uto lim — =0 /15 M10GOro KOHeHOTo X. <
fi>oco NI

Ha Bcakom otpeske [a; B], Jexaiem BHYTpH HHTEpBasia CXOAMMOCTH,
€TeneHHOH pAA CXOAWTCA DPABHOMEPHO, NMO3TOMY €ro cymMma B HHTepBaJe
CXONHMOCTH ABJsIETCH HenpepbtBHOH dyHkuueli. CTencHHble PAAbl MOXHO
NOUJIEHHO WHTerpupoBaTh W aAnddepeHlUpOBaTL B MX HHTepBaJLax CXOIH-
mocTH. Paauyc CXOAHMOCTH NMPH 3TOM He H3MEHsieTCA.

Npumep 5. Haiith cymmy psna

2n—1

x3 xu
x—f——3—+—5—+---+'—‘—2n_l + .

» Ilpn lx| <<l pauuntéi pan cxoautces (Tak Kak R = 1), 3uaunt, ero
MOXHO NOWICHHO anddepeHunposaTbh B nuTCcpsate cxoaumoctd. O603Hauus
CyMmy pana uepes S(x), uMmeem

S'(x)=1 + 27 4 5 _f___._f_x?/l—?_f_“

Tax kax |x| <C 1, noayyeuublil pAa ecTb cymMa u4ieHOB y6biBaolei
o 2
reOMeTPHYECKON TIPOrpeccny CO 3HaMeHaTe/eM § = x~ U ero cymma S’ (x) =

[

= T TlponnTerpupoBaB psia U3 NPON3BOAHBIX, HalilcM CYMMY IaH-
—x

HOTO pAaaa:

S(x)= S —dx = -;—ln

1y
i—j—d (Ixl < 1). 4
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A3-12.3

1. HaiiTn o6aacTb CXOAHMOCTH Ka)[OTO U3 CAeNyIOWHX
pAAOB: = "

X . n x\".
a) (n+1)-2° 0) Z P (?) ’

n=0 1

"=
B) Z 2/ixli . r) Z 4V|x”. .
n==t ,lz + l n=y 3 (fl + ])3
= : n ot a—1,2n—1)
2 — 1) 4" O
n=

9

n=1
(Orger:a) —2<x<2;6) —l<x<<l;B) —1/2<x<
<1/2;1) —3/2<x<3/2,2) —8<x<2ie) —/2/2<
< x<\/2/2)
2. HaiiTh o6s1acTb paBHOMEPHOI CXOAHMOCTH CJIeAYIOLIHX
pPSiLOB:

o0

o0
sin nx | Ccos nx
a) ; 6) Loonx
n! 2
n=0

n=1

3. Ilpumenns nousneHHoOe HHTErPUPOBaHUe H AudgepeHin-
poBaHue, HaliTH CYMMBbl YKa3aHHbIX PSRIOB:

a) —’;—; 6) Z (n 4 x".
=1 n=1

(Oraer: a) —In(l—x)(—1<<x<1); 6) (x‘ll),_) (|x|<1).)

Camocrosrenbnas paGora

o
7" ]X/z

1. 1. Hafitn o6aacTb cxoammocTn psiaa T
=, 5"t —1
(Oreer: - 7’ < x < %)
2. Haittn cymmy psapa - + = 4 —‘i— o
X x° x X"

(Oreer: — (x> 1).)

22



3)"
5”1//1 —0,5

M MCC/eN0BaTh CXOAMMOCTb Ha KOHLAX 3TOr0 WHTepBaJaa. (O7-
ger: (1/2; t1/2), pan cxomurca npu x=1/2 v x=11/2))

2. 1. Hafitu uHTEpBaJ CXONHMOCTH psiaa Z

—H:A’)

2

2. Haiitu o6sactb CXOAHMOCTH pfAa Z
n

n=I1

3. 1. Haiitu uHTepBa] CXONHMOCTH psiaa Z 10"x" ="' u
n=|

HCC/Ae10BaTh CXONHMMOCTb Ha KOHLlAaX 3Toro WHtepsaJa. (Ot-
ger: (—1/10; 1/10), pan pacxoautrca npu x==-+1/10.)

. |
2. Haiitu obJsacTb CXOAWMOCTH psAaa —_—

X"

n=>0

12.3. ®OPMYJIbl H PAAbI TEHJIOPA H MAKJIOPEHA.
PA3JIOKEHHE ¢YHKUHHA B CTENEHHbIE PSAbl

Ecan dpyuxuus y = f(x) HMceT npon3BosHbIE B OKPECTHOCTH TOUYKH X == Xo
10 (n 4 l)ro nopsuika BKAOUATEIbHO, TO CYLULECTBYeT TouKa € = x, +
4+ 0(x — x0) (0 << 6 < 1), Takas, uro

I (x0) f”(xo)

) =F00) + 7= (= %) + 5= (¢ — x0) + ..+
(M
‘f%(x—xo)" + Ra(x) (12.12)
f("+l)(c) "
rae R.{x)= ! e (x — x)t L

DPopmyra (12.12) naseiBaercs gopmyaot Tedropa dyuxuun y= f(x)
oA Toukn Xo, R.(x) — ocrarounoim usenom opmyasr Teitiropa e gopme
Jlaepauxca. Muorowien

y {n} X
f E'“) i (' 0) (X—Xn)”

Po(x)=f(x0) + (x — x0) + ...+

HasbiBaeTcss muoeousenom Telaropa dyuxinu y = f(x).
[ipn xo = 0 npuxoaum K uyactHomy caydawo dopmyaer (12.12):

7 " (n)
F(x)=F0)+ f(o x4 7—2@—x?+u.+ f”E X' Ru(xy, (12.13)
(n+1)
rae Ru(x) = %;—f%x”; c=0x (0<<b <)

Dopmyna  (12.13) wuasbiBaetcs gopmyaoii  Maxsopena  dyuxumu

g=f(x)
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ﬂpuMep i. Pa3ioxuTh Nno cTeneHsM pasHOCTH X — | QyHKUHIO =
=4t — 3% 204 2.

» as toro utobbl Bocnoab3oBaTbest opmyaon Tedaopa npu xo = I,
HatieM:

y(h=2, ¢y(H={1x" —6x"+2)|,_, =0,

y'()=(12"—120)},_, =0, g (1) = (24x — 12)},_, = 12,

g (1)=24, y¥(x)=0
uT A

CaenoBartesbHo,

=324 2=242— 1V 4+ (x— 1) 4

. I
Mpumep 2. 3amucats MHorounen Teljopa dynkuuu y= B TOuKe

Xy = 1|.
p HaxoauMm npousBoianbie AaHHOI (YHKIHK M HX 3HAUEHHA B TOUKE
Xo=1:

I
Yoy =1y (== —| =-—1,
X x=1
2

1-2.3
(1) = —— :2’11//1:
g’ (1) e g (1) —

, 1.2.3.4 n . n!
= S o= (=1 S
x=1

=(—1Ynl
=1
CiieloBaTedibHO,
6 .
—(x— 1P = ar —_— =1+

+(—l)"%(x—-l)”= F— (=D (= 1P (x— 1P o (= Y (x— 1)

OcratouHulfl unen dopmyabl Telliopa Aas fanHoN QyRKUMK HMECT BUA
(x — 1y +! (

(14 0(x — 1y+?

ChopMyaupyem ycrosue padaoncumocti ¢ynxyuu 6 pad Tedropa. Ecau

pynkyusn [(x) Ouppepenyupyema 8 0KpecTHOCTU To4Ku Xo a06oe 4uca0
pas u 8 HeKoTopoll okpecTHoCTU 3706 Todku lim R,(x)=0 uau

Ru(x)=(—1y*! 0<0<1) <

i Lt (o
ro
= i)+ L eyt LD gy 2
B uacthoct, npH xo =0
Fx)==F(0) 4 ——~ 'W(O) x4 f;(,o) K ;<">(0) K4 (12.16)

Paa (12.15) naswBaerca psadom Tedaopa, a psap (12.16) — pados
Maxkaopena.
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Ycnosue (12.14) saBasieTcss HEOGXOAMMBIM K JOCTATOYHBIM BJ1s TOrO,
uTobH pAA, NocTpoeHHbId no cxeme (12.15) wmau (12.16), cxopuacs K
¢dyukuun f(x) B HEKOTOPOH OKPECTHOCTH TOYKH X = Xo. B kakaom Kouk-
peTHOM CJayuyae HeoGXOAMMO HAaXOAHTbL 061acCTb CXOAHMOCTH PfAa K AAHHOI
QYyHKUHH.

Mpumep 3. Pasnoxntb B paa Makaopena ¢yukunio ch x u nafitn 06-
J1aCTb, B KOTOPOH PAL CXOAHTCH K AAHHOH (hyHKLLMH.

p laxoxum npousBoaubie ¢yHKUHH f(x}:ch X, f(x)=shx, ["(x}=
=ch x, [”(x)=shx, ... Takum obpazom, [V (x)=ch x, ccau n — yeTHoe.
n f™(x)=shx, ecan n — HeuerHoe. [lonaras xy =0, noayuaem: [(0)=1,
FOY=0, [/(O=1, J?(00=0, .., f0)=1 npu n ueriom u fV(0)==0
npu n wueuerniom. IloacraBuM naiineHHbie NPOU3BOAHBIE B pPsAf (12.16).
Hmeem

} | x? x4 x2n
=t oty Tt G

+.. (1

Bocnoab3oBasiinchk ycaosuem (12.14), onpenesinM HHTEPBaJ, B KOTOPOM
paa (1) cxoanrcs K paHHOH (yHKUHH.
Ecau n — HeueTnoe, 10

n+1
Ru(x) = ch 0Ox,
(n+1)!
€CJIH JKe€ N — 4yeTHoe, TO
xn+l
Ri(x) = ————sh 6x.
(n+1)!

Tak kak 0<<O<< 1, 1o lchOx] =(e" 4 e~ ™)/2< e u |sh Ox| <Ll
3Hayur,

|x|u+l
[R:i(0)] < ——— ¢
(n+ !
n+1
Ho, xak 6bsio ycraHoBaeHo B npuMepe 4 u3 12.2) lim L =0 npu
n—>oo (4 1)!
mo6om x. CiepoBateabHo, npu Jwo6oM x Hm R,(x)=0 n paa (1) cxoaur-
nH— 00

cd K dpyukuun ch x. o
AHaTOrHUHO MOXHO MONYUYHTb PA3JI0XKEHUs! B CTeNEeHHble PAAbl MHOTHX
APYTHX QyHKUMH:

9

=1 +]—x_+%;—+...+%—+... (—o0 <x< o), (12.17)
Cosle—;—!+j—!—...+(—])”£7)! do (— o0 <X < 00), (12.18)
. X x5 ae xn-l
smx:x—?+?—...+(—]) m+
(=00 < x < o), (12.19)
. .)C2 xa ael x"
In{l+x)=x—F+ = —..+(=1) -t
(—1<x< 1), (12.20)

mim—1)

(142" =1 +%x+ T
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m(m—1)--(m—n-+41)

n!

+ M (—l<x< 1) (12:21)

Har kamaoro cayuasi B CKoOKax yka3aHa o06.1acTb, B KOTOPO# cTe-
NeHHOM Psif CXOAMTCSl K COOTBeTcTBYlOWel dyHkunu. [locaearuit psaa, Ha-
3bIBaeMbli GUHOMUAABHOIM, A KOHLUAX HHTepBa/la CXOAHMOCTH BedeT cebn
no-passomy B 3aBucumoctd oT m € R: npu m 2= 0 abcoaTHO CXOAMTCA
B Toukax x = =+ |; npu — | << m <C 0 pacxogurcs B Touke ¥ = — 1 u ycqaoB-
HO CxomuTCs B TOuke x = t; npu m < — 1 pacxoantes B Toukax x ="= 1.

B obuieM caydae pasznoxetne B CTeHeHHbIC PAALL OCHOBAHO Ha HCOJb30-
sanuy psagos Teiinopa wan Maxiopesa. Ho wHa npaxTuke crenenubie
pSALL MHOTHX (D YHKLHI MOKHO HailTi GpopmasibHo, uenoabays paasl (12.17) —
(12.21) uwau dopmyay AAs CyMMbl WIEHOB TeOMETPHUECKON nporpecciy.
HHoraa npu pasioxeHuu 110/1€3H0 N0Ab30BATECA MOUICHHBIM A HepeHumnpo-
BalMeM WAM MHTErpupoBaHHeM PAAOB. B unTeppase cXoauMOCTH PAALL CXO-
AATCS K COOTBETCTBYIOWHM (DYHKLUHAM.

Hanpumep, npu pasfaoxeHny B crefieniiofl pax QyHKUHH COS \/;B bop-

myay (12.18) BmecTto x noacrasaseM \/x_. Toraa

X % L X

+ ..

[MoayucHHbil psig CXOAHMTCH WPH MoBbX x € R, HO cjaeayeT MOMHHTb, 4FO
byHKUHMR COS \/;He onpeneneda upu x <C 0. [losTomy Hailacunbiil psg cxo-
AUTCSt K YHKLMM COS \/;Tonbko B noayuHtepbane 0 < x < oo,

AnanoruuHo MOXHO 3anucath CTemeHuble pRabl dyxuui [(x) = e >

sin x
Hf(x)= PE
oy 2x 44° 8x' L 20
e N TR aT AT +o (=D e e
sin x X x JEIRN
== 4 — — (=)
X 3! + 5! +=D (2n— )t +

Opumep 4. Paspoxurs B pag  Maknopena dyuxkunio  [{x) =
3

T =90+2x

p Paznoxkum AaHHYIO GYHKLHIO HA CYMMY OpOCTeHIUNX pauuoHadb-
HBIX Apobeii:

3 ot 2
T=90F29 ~ T—x T T2
[Tockonbky
1 S n
A= Y e an<n, G
n=4
|
TR Z (=h2n (i2ef < ), @



TO

T = ), ) (e

n==0

z (14 (= 1y2e+ i, 3)

n=>0

Tak kak psa (1) cxoautcst npu x| <<, a paa (2) — npn lxl << 1/2,
10 psig (3) cxoauTca K aanuofl dyHkuuu npu x| <<1/2. 4

Npumep 5. Pazjoxute B creuendoil paa ¢yHkuuio [(x)= arclg x.

p OueBunio, uro

! ! : ; .
= — =1 = = X (=T
T+ I —(—x%) + )
Moayuchurii paj cxoauTca BHYTpi orpe3ka |[—1; 1], 3naumnt, ero

MOXHO [NOUJEHHO WHTerpupoBaTs Ha JwoGom orpeske {0; xjc(—1; I)

CregoBaTeabHo,
X X [a5)

S ! — 4= S Z (_1")11»-11‘1(uAl\dt’
14+

D] 0 n=1I
00
2n-~ 1

_ g1 Y
arcig x = Z( 1) CPp—

n=1

T. €. Mnoayuuau pag, Cxodslluiicd K aawHoh (yHkanuw npu jx]<<l. o

A3-124

1. PasnoxuTe no crenensim x -+ | MHorousen [(x)=

=x>—4x' 42 4 2x 4 1.
1
2. PasnoxuTb B psiJl IO CTENEHAM X PYHKIHIO Y = T
X

HENOCPeACTBEHHO HCToAbL3Yya paa Maxjopena.

3. Pa3noxuth B psj N0 CTeNEHAM X YKa3aHHYIO (PYyHKLHUIO
¥ HalTH o6/1acTb CXOAHUMOCTH TIOJYUYEHHOTo pAAa:

a) e " 6) xcos 2x; B) 1//4—x%

r) aresinx; a) ——*°> dx+5 . e) cos?x.
X —3x 42
4. Pa3noXurb B pAA N0 cTeneHaAM x + 2 ¢yukumio f(x)=
1

RV

5. 3anucaTh pasnoxenue pyHkuun y=In (24 x) B pan
no creneHam | + x.
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6. HafiTn nepsble Tpy UjeHa pa3JjioXKEHHs B CTeNeHHOH psa
(YHKIMH, 3agaHHOR ypaBHeHHeM xy -+ € = y, eC/ii H3BECTHO,

yto y =1 npu x=0. (OTBeT: 14 2x+ —;—x2+...)

CamocrositenbHas pabora

“1. 1. HafiTn nepeble TPH uJeHa pasJoKeHHs QYHKIHH

f(x)=\/; B psig MO CTENeHAM X —4.

2. Pasnoxutb B creneHHoH psg ¢yHKuuio f(x)=
=In (1 —3x) n Hafitn o6nactb CXOAMMOCTH 5TOro psja.
(Orger: —1/3<Cx<C1/3)

2. 1. Ha#itn pasnoxkeune B CcTeNeHHOH paAx (QYHKIHH
f(x) = x sin 2x.

2. Pazjoxutb B crTeneHHoH psia ¢yHKuHlo f(x)=
3 .

= Traa= " HalT1 0621aCTh CXOAHMOCTH 3TOro pAja.
(Orser: |x|<C1/2))

3. 1. Pa3ioxutbh no creneHam cymmbl X -+ | MHorousen
flx) = x' 4 3x* — 6x% 4 3.

2. Pasnoxuth B creneHHoH psaa yHruuio f(x)=
=In(l 4 2x) u HafiTh 06sacTb CXOAHMOCTH 3TOro psia.

R 1
(OTBeT. 5 < x < 2.)

12.4. CTEMEHHDBIE PAdbl B MPUBJIHKEHHDBIX
BbIYHCJIEHUAX

Buiuucaenue 3navennwik gyuxuuu. [lycts gan crenenHoll pag ¢yHKUnH
y = [(x). 3aga4ya BbIYHCACHHURA 3HAYCHHUS 3TON QYHKUUM 3aKAOYECTCH B OTbl-
CKAHMM CYMMbl psiia OpH 3a4aHHOM 3HayeHuu aprymenta. OrpaHMyMBasChb
onpeneseHHbIM UMCJIOM YJIGHOB PRAA, HaXOAMM 3tlauerne (YHKUMH C TOY-
HOCTBIO, KOTOPYIO MOXHO YCTaHABJAMBATbL MyTeM OLUEHHUBAHA OCTATKA YHCIO-
BOrp psiaa jnbo 0CTaTtouHoro wiaeHa R.(x) popmyn Teitsopa nau Makaopeta.

Hpumep 1. Boiuncauts ln 2 ¢ Tounoctsio § = 0,0001

p HasecTHo, 4TO cTemeHuol pAa

I ST - 24 3
m( )= R G} A (H
npu x =1 cxoaures ycaouo (cm. § 12.1, npumep 8). Ilis toro uTO6H

Bulyucante In 2 ¢ nomowso praa (1) ¢ rounocrsio § = 06,0001, Heobxoanmo
B3fiTb He Menee 10000 ero usenoB. [loatoMy Bocnoab3ayemcs psaoM,
KOTOpBIH MOJyuaeTCs B pe3y/bTaTe BHIUUTAHHA CTEHEHHBIX DSAOB (YHK-
unit tn (14 x) u tn (1 —x):

1 3 5 2n—1
+ :2<x+—xg—+i€—+...+—x———-—+...) @

T 5 o 1
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Ipr lx| <<l psaa (2) cxomuTca abeoMlOTHO, TaK KaK ero paauyc

CXOAHMOCTH R =1, YTO A€rKO YCTaHABAHBAETCR C [OMOLLBIO npH3HaKa
I’ Anambepa.
I+ x
[Tockoabky T—% = 2 npn x = 1/3, T0, NOLCTABHB 3TO 3HaYeHHe X

B pS, NOJyunM

1 ! ! !
=2(—
n 2 (3+3-33 +5-35+ +(2n—l)32""' + )

Jast Butuucaenus In 2 ¢ 3a1aHHOH TOUHOCTLIO Heo6XOAHMO HaHTH Takoe
YHCI0 11 MACHOB YACTHYHOH CymMbl S,, pH KOTOPOM CyMMa OCTATKa |ral <
< 6. B nawem cayuae

! 1
n=2 : b e .
r ( (2'1 + l) . 32n+| + (2'1 + 3) . 32,,+3 + ) (3)

[lockoabky uncna 2n 43, 2n + 5, ... 6oabure, yem 2n + I, To, 3amenns ux
Ha 2n + |, Mbl yBEAHUMM KaKaylo 1pobhk B (opmyJe (3). lMosromy

2 ! 1
" (32"+' + 3 +"')=

2 I I
= Byt E )=
2 I 1

T @D T—19 T d@ag T

[lyrem nombopa 3Hauennit n Haxogum, uTo Aas n =3 r, << 0,00015,
npyu stom ln 2 =0,6931.

Mpumep 2. Buuncants \/e—c TouHocTbio & = 0,001.
P Bocrosbayemes pasnomeHnem B CTemeHHOM psin ¢yHkuMn € (cwm.
¢opmyay 12.17), B koropom npumem x = 1/2. Toraa noayuum
1 1 1
e=1 — -
L R +

n!.2"

OcTaTok 3Toro paRaa

00

| 1 | 1
"= Z Ry S (n 4 -2 Z ET NI

k=1 k=1

Tak Kak (n+ Dl <(n+2'<<... Mpn n=14 r, < <0,001.

I
51.24
CaenosaTtenbto,

] I 1 1
|/"",\/ — _—
e~ 14 + +

— 4 —— & 1,674.
48 * 384

Ins onpexeneHnst uhcaa 4AEHOB psima, 0OECNeuUHBAIOLLHX 3aRaHHYIO
TOYHOCTD BLIUHC/ICHHS, MOMKHO BOCMO/IB30BATBCA OCTATOMHBIM UaeHOM dopmy-
vl Maksopena

e(]x

BRCESY

ree 0<<O<|; x= 1/2. Toraa npu n = 4

Ra(x) ot
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(%)< 220 <o «

flpumep 3. Bouucauts sin—é— C TOUHOCTBIO & = 1072,

p Iloacrasum B dopmyny (12.19) 3Hauevue x = 1/2. Toraa

1 1 1 1 |

s =5 ——— + —— — () ———————
.2 2 31.93 + 5! 4 25 +(=h (2n— 1)1 20—t

+ ..

Tak Kkak OCTAaTOK 3HAKOWEPeLyOWerots paaa |r.l <<y (CM. prA
(12.6) u caeacrsue u3 npu3uaka Jleidbuuua), To 4OCTATOYHO HANTH NepBbIil
qiIeH 1, AJIS KOTOPOTO U,y << 6. Torga S, mact 3HaueHue QyHKubu Tpe-
6yemoil ToudocTH. O4eBHAHO, UTO YXKe TpeTHH ujed psja o < 1078,
no3ToMy € TOUHOCTbIO § = 1072

sin L 4 l 0,479
g ¥ T
5
Mpumep 4. Bouucauts \/34 ¢ TounocThio § = 1073,

B Ouenaro, uto /34 = 3/32 42 = 2(1 + 1/16)'*, Bocnoasayemcs
6uHOMHaMbHBLIM pRAOM (cM. dopmyay (12.21) npu m=1/5 x=1/16:

16 16 2 16°
e 1
—(=—1)=—2
s(z-)(2) | L
— =l — =
+ 31 T T " 300 T

=1+40,0125 — 0,0003 + ... &~ 1,012,

MOCKOJIbKY YK€ TpeTHil ujeH MOMHO OTGpOCHTb B CMJIY TOFO, 4TO OH
meubie § = 1077 (cm. caegcTere M3 npuskaka Jleil6unua). CrenosatensHo,

5 -
V34 =2(1 4+ 1/16)'° ~ 2,024. <

Buiuncaenue unrerpanos. Tak Kak cTeneHHble psiabl CXOASTCA PaBHO-
MepHO Ha JA1060M OTpe3ke, JerKaleM BHYTPH HX HHUTepBasioB CXOAUMOCTH, TO
C NOMOWbIO Pa3foMeHHH (YHKUMA B CTENEHHbIE PAAB MOMXKHO HaXOAMTh
HeonpeneeHHbie HHTerpasdbl B BMAE CTENEHHBIX PANOB M OPHOAHIKCHHO
BL{HHCAATL COOTBETCTBYIOUME ONpeeseHHble HHTerpadbl.

1

MMpumep 5. Boryucauts Ssin (x3dx ¢ tounoctbio & = 1072
0

B Bocroasayemes gopmysaoit (12.19). 3amenus B ueit x na x°, noay-
UM pAL
6 1o An—2
N =ate o L 2 gy X
sin (x*) = x 30 + = (=1 1)1 + ..

Oun cxoaMTcss Ha Bcedl UMCAOBOH MOpAMON, MO3TOMy €ro MOXHO BCOAY
nou/IeHHO HuTerpupoBath. CaegoBaTenbHo,
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i0 4n—2

} H

6
S sin (¢F)dx = S (f - ;—| + —%’— — (=1 (73?5'— +) dx =
Q 0

% x x' ' o St .
:(T_ 7.3! + It 5! — (=1 ml_)—'+)’o=
_i ;— ;_ . n~l___*l__* ~
=3 T T et D ey e

1
)

1
FAT = 0,3333 — 0,0381 = 0,295,

MOCKOABKY  yiKe TPCTHil 4jeH NOJY4eHHOro 3HaKOuepenyiollerocs pspa
Metbiie § = 107 °.

nx

Mpumep 6. Haittit unterpan dx B BHje cTeneuHoro psaa u

yKa3aTob 06J1acTh €ro CXOAHMOCTH.

P Bocnoasaosasuimes dopmyaoir (12.19), HOJIYUUM Psig AU TTOALIH-
TerpaabHoOll yHKiHK

l ) xQ xd . x2n~2
Tl g g e )T ey

On cxomutest na peeil uMCa0BO# npAMOA, M, CNeAOBATE/NbHO, er0 MOMHO
NOUNEHHO HMHTErPHpPOBATL:

3 5

sin x X x?
ST‘”:C“—W”FW— S
2n—t
T 2n—1)(2n — 1) R

Tak Kak 0pPH MHTErpUpOBAaHMM CTENCHLOFO psiaa ero HHTepBaJ €XO0-
AAMOCTH He H3MEHRETCHA, TO NOAYUCHHBI pAA CXOZHTCA TaKKe Ha BCCH
4HCA0BOH NpAMOil. o

[pubauxennoe pewenne nuddpe penunanbubix ypasHennit. B cayuae,
KOraa TOYHO NPOBHTErpLpoBaTh AH DepeHUHanbHOE YpaBHEHHE ¢ NOMOULLIO
SMeMEHTapHbIX QYHKuuH He yiaercsi, ero peuwleHue yZoGHO MCKaTo B Buge
Crenednoro psina, Hanpumep psga Teisopa nim Maxaopena.

[Ipn pewennn sagaan Kowm

Y =[x y) ylxo)= o, (12.22)

uenoan3dyerest paa Teinopa
t (n)
y()() = Z _yjl(‘x—o) (.’C — Xo)", (l223)
n=y_

rae Y(xo) == Yo, y'(xo) = [ (X0, Yo), @ OCTAMbHLIE NPOH3BOAHDIE 4" xo) (n = 2,
3, ..) HAXOAATCH NyTeM MOC/eA0BATEILHOrO AHddepeHIpoBaHns ypasHe-
ust (12.22) M 00ACTAHOBKH HauadpliblX JalHbIX B BbIPAXKEHUS AAA 3TUX
NPOH3BOAHBIX,

Mpumep 7. Haiith nate nepeuix unenon pa3/ioNeHHss B CTeNeHHo#
PAL peuieHns Muddepenunaibioro ypasuenus y = x’ 4 7, ecan y(l)= |
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» U3 gansoro ypaBuenus naxofum, uto y' (1) =1 4 | = 2. lucpdpepen-

LHpYEM HCXOJHOe ypaBHEH:e:

Yy’ =2x 2yy y’(1)=16;

/’/_2+2y +2yy// ylll<l)_22

=4y'y” +20'y" 4 2957, v (1) =116

T
~ Toacrasasn Haiifenuble 3HaYeHMs Npou3BoAHbix B paa (12.23), no
aydyaem

y(x)=l+2(x—l)—|———2——-+T(x——l)3+

6(x — 1) 22 116
= 1) s (F— D =

=1+2(x—1)+3(x—1)2+%(x—1)3+2Tg(x—1)4+... <

Mpumep 8. Haifitu uiecTb mepBbIX u4jeHOB pasaoienus B CTeneHHol
pAA peluedHst AHGpHEpeHUHaJbHOro ypaBHeHHA y”—(l 4+ x%)y =10, yros-
JAeTBOPSAIOLIEro HavaabHbiM yeaoBusm y(0)= —2, y' (0)=2.

» [lloacrasuB B ypaBHeliHe Hava/bHbE YCJAOBHA, NOJAYyYHM

Yy 0)y=1-(=2)=—2
Ny depenunpys HCXOAHOe ypaBHeHHe, MOC/AEAOBATENbHO HaXOJHM:
=20+ (LYY, g O) =2
" =2y 4 20y + 2y’ 4 (1 + )y”, y''(0) = —6;
y" =6y +6xy” + (1 + )y, y" (0) =

MoacraBana uaiiflenuble 3HAuenusi MPOM3BOAHLIX B paa Makaopena,
noay4aem

ylx)y= —2 4 2x — x* +—x———x+ x+ 2|

Pewenne 3agaun Kown y = @(x) ana AuddepeHiHalbHoro ypaBHeHH
MOXHO Takie HCKATh B BHIE pa3JOXKeHHs1 B CTeneHHOH pHx

g = @(x) = ay+ a, (x—xo) + o (x — X0 + ... 4 @ (X — Xo)" +-... (12.24)

¢ HeonpejfeneHHbIMH Koadppuuuentamu a (=0, 1, .., n, ..}

Mpumep 9. Ucnosbsosas paa (12.24), sanucats uetpipe nepBbiX He-
IyACBbIX WieHa pa3jioXeHHs pelucHHsi 3amaun Koww Yy x4y —1,
y(hy=2.

) » B paze (12.24) xo = 1. [losTomy, nostoxus x =1, ¢ y4eToM Ha-
Ya/bHOrO YCAOBHA HAXOMMM, HTO Qo = 2. HDO;lmbtbepeHuupyeM psin (12.24)
H NOACTABHM NOJy4erHYIO IPOH3BOLHYIO i, a TakKe y B Buie psifa (12.24) 8
fAaunHoe AuddeperuHaibHOe ypaBHEHyE. Torza

Y= a2 (x — xo) 4 3a;(x — oY ... =
=x—1 +(a<,+a|(x—xo) 4 ap(x —xof 4.

Tenepb B npaBoit W JeBoi ‘{ZICTHX nocaegliero paBpeHCTBa MOpUpaBHsieM
p

KO3 (HUReUTH NPH ONHHAKOBBLIX CTemeHAX paspocth x —1 (1. e. npu
(x— 1P, (x— D' n (x — 1. [Toayuaem npocrble ypaBHEHHs:
a = ai, 20, = | + 2apay, 3a; = a} 4 2apas,

M3 KOTOpBIX, YUHTHIBAR, UTO Qo = 2, HaXoAuM: @) = 4, ap = 17/2, a3 = 50/3.
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CuaenoBaTenbHO, HCKOMOE pasJjioKeHHe pelueHus uMeer BHUA

7
y=244(x—1)+ 1—2—():— 0+ Z—O(x— 4. 4

A3-12.5

1. C noMollblo CTENeHHBIX PSI0B BHIUHCANTD NPHOJIHKEH-
HO ¢ TouHOCThI0 & = 0,001 ykasaHHble BeJHYHHDL:

a) Ve 6) Y10, B) cos 10% r) /1027, x) In3/2.

(Orser: a) 1,396; 6) 2,154; B) 0,985; r) 2,001; x) 0,405.)

2. C NoMOULbLIO CTENEHHbIX PSA0B BbIYHCIUTL € TOYHOCTHIO
8§ = 0,001 caepyowse onpeneneHHbIe HHTerpabl:

1/2

1
a) S 1 4+ £*dx; 6) S cos x/;dx;
0 0

4 1/4
B) |e'*dx; r) | e dx
0 0
(Orser: a) 0,508; 6) 0,764; B) 2,835; r) 0,245.)
3. Haiitn HeonmpeaeldeHHHH MHTerpas B BHAE CTENEHHOTO
paia ¥ yKasath 06/1acTb CXOAMMOCTH 3TOro psiaa:

a) SC"“ dx; 6) S%dx.

4, 3anucaTh nNATbH OepBLIX YJICHOB pPa3jOXKEHHA B CTe-
neHHO# pag pewerua AnddepernnansbHOrO ypaBHeHHS, Y10B-
JeTBOPAIOULEr0 32 AHHBIM HAYaJbHbIM YCIOBHAM:

a) y =e'+uxy, y0)=0;

6) .t/—1+x+x =242 y()=1;
B) ¥’ =x'y— Y y(0)=1 ,y’()=0
r) ¥ =x+4y", y0)=0, y(0)=1.

CamocrositesibHaa pabora

1. 1. C noMolbIO CTENEHHOro Psifia BHIYMCAHTL sin 1 ¢
tounoctbio 8 = 0,001. (Orser: 0,841.)
2. HaiiTn Tpy nepBHIX YleHa Pa3siOKeHHS B CTEHEHHOI/I
paA peuieHusi A epeHuHanbHOro ypaBHeHns Y’ =x—y,
ecin y(1)=

3
2. 1. C nomoubio creneHHoro psiga ablyucants /70 ¢
Tounoctbio 6 = 0,001. (Orser: 4,125.)
2. Haiity uerblpe nepBbIX 4YJeHa Pa3J/OXKeHHA B CTe-
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neHHOW psf peuwleHns anddepeHunanbHOro ypaBHeuns y” =
=x"—y, ecn y(0)=1, y'(0)= 1.

. 1. C  nomouwbio CcTeNeHHOTO  pPsAAA  BBLIYHCAHTH
0,5

S__—Si“fx dx ¢ TounocTe0 8 =0,001. (Orser: 0,946.)

0
-2. Ha#itn Tpn nepBbie ujleHa pa3sioXKeHHs B CTENEHHO

PSIA pelicHHs AnGPepeHIHANbHOrO ypaBHenns i = x°y + ¢,
ecan y(0)=1.
12.5. PAlbl ®YPBE

P yHKUNOHANbHBIA psig BUAA

—%”— + Z (@, cos nx 4 b, sin nx), (12.25)
n=1
rae Ko3QhUUHEHTB n, by (n =0, |, 2, ..) onpegeasiioTcsi no Qopmyaau:

1
= — S f(x) cos nxd.x,

—n

i (12.26)
by = l? S [(x) sin nxdx,

—a

HaswmBaerca padom Pypee ¢ynsyuu [(x). OTverum, uto Beeraa by = 0.
PyHKuBA [(X) HA3HBACTCA KYCOUHO-MOHOTOHHOU Ha oTpeske [a; b,
€eCJlH 3TOT OTPEe30K MOXKHO PAa3GUTL HA KOHEUHOe UHCJIO MHTEPBANOB n (a; X)),

(%15 x2), ..., (xp—y; b) TakuM 06pa3oM, UTOGHL B KAXKAOM H3 HUX DYHKIUNA Gbira
MOHOTOHHA.

Teopema 1. Ecau pyuryus [(x) nepuodueckan (nepuod @ = 2n), xy-
COUHO-MOHOTOHHAR 1 OZPAHUHEHHAS HA OTpe3ke [ —m; n], 1o ee psd Dypee
cxodurca e a06od Touke x € R u eco cymma

Sty= LE= 0T+ 0)

W3 Teopemsl caenyer, uto S(x)=f(x) B TOUKax HenpepuiBHOCTH DyHK-
tun [{x) ¥ cymma S(x) pasHa cpesHemy apudMeTHUECKOMY npenesaos caeBa
u cnpaBa (QYHKUMH [(X) B TOuKax pa3pbiBa Nepeoro poaa.

llpumep 1. Pasjomute B pan Pypbe NepHOAHUECKYID QYHKIHIO
(c nepsionom 2m):

f(H) = 0, —n<<x<(,
(0= x 0K e

> Tak Kak nauHas OYHKUMT KYCOUHO-MOHOTOHHAS W OrpanHdeHHas,
TO OHa passaraetca B papg Pypwe. Haxoaum kosbduuments psana:
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n

x’Z
2

1 1 1
Q= — S f(x)dx—?Sxdx=; , R
0

—x

1 ¢ u=x, dv=cos nxdx, | __
a,,:—chosnxdx= 1. -
a du==dx, v=—sinnx
0 n
Fi
1 /3 B |
= —(—sinax| — \ —sinnxdx}=
J I 0 f1
0
1 n
= — —cos x| = —((—1y"— 1),
aon o 7 )

i l
+ —5sin nx
0 n

)

n
1 . 1 x
b= — \ xsin axdx = —{ — — c0s nx
4 n 7]
0

== — cos nn =
n-n

T (_—_1'%"___‘_ (n € N).

[Moactasass Haligendsie KoshduuuenTst B pra (12.25), noayuaem

0o

- SR S - =07
f(x) = I + Z ( A@n =17 cos ((2n — Lyx) 4 , sin nx).

n=1|

DTOT psa CXOLHTCH K 3a4aHHOfl NepuoAMuecKoil QyHKUMH C nepuosoM 2%
npu Beex X 5= (2n — l)n. B Toukax x=(2n — l)n cymma psaa pasHa
(n+0)/2=mn/2 (puc. 12.1}. 4

Y
Mt
N / J / / 7z
-6t -Jm 4w 37 dm T 0 7 2 I 4rr AT O X
Puec. 121

Ecnu oynkuus y = f(x) umeer nepuos 2t, 70 ee pax Pypbe 3anHCh-
BaeTcst B BUJE

flx) = % + i (a,, cos (—’1;—1— x) + b, sin (—'1731— x)) (12.27)

n=1
rae !

a, = ZL S f(x)cos (n[—nx)ax,

—1
. (12.23)

b, = ZL S f(x) sin (i[n— x)dx.
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Teopema 2. Ecau nepuoduueckan ¢yuxyus ¢ nepuodom 2! kycouno-
MOHOTORHAA U 02PAHUYEHHAA Ha oTpeske [—1; 1], To ee pad Dypee (12.28)
cxodurcs das 406020 x € R k cymme

S =(F(x—0)+f(x+0)/2
{cp. c Teopemoii 1).

Npumep 2. Halith pasznoxenue B pag Pypbe nepuoanueckoil GyHKUHA
¢ nepuoiom 4;
f(x)—-{_] npu —2 << x <0,
- 2mpy 0<<x<<?

(puc. 12.2).
Y
2
-6 4 -2 g 2 4 6 X
- -7
Puc 122

» Haxoaum xosdduuuentn psina:

i nn nn
a, = 7( S (—l)cos(Tx)dx—l— SQcos(—Q—x)dx)z
—2 0
1 2 an 0 2
7(“ ETR (T") 0)‘0’
2

;2—}- %sin (%nx)
by = —;—( § (—1)sin (%n—x) dx+ SQsin (%x)dx)_—_—
0

an



TMoncrasus naiigentsle KosdhuunenHTs B pan (12.28), nonyuum

flx)= —%i sm(@n;l)JI x). |

Ecnu nepuosnueckas ¢yHkuus f{x) yeTHas, TO OHa pasjaraercs B psift
Pypbe TONbKO 110 KOCHHYCaM, MPH 3TOM

!
a, = _12_8 f(x) cos (l[n— x)dx;
0

ecqM ke nepuojaHueckas (QYHKuus [(x) HeyeTHasi, TO OHa pasjaraercs
B paj Pypbe TONbKO MO CHHYCaMm H

bo = %S[ F(x) sin (% x) dx.
0

Tak kak nna Bcsikoil nepuoguueckoil QyHkuuu f(x) nepuona 2/ u qio-
6oro A € R cnpaBe/iiBO PaBeHCTBO

l A
Sf(x)dx= S [(x)dx,

—1 A—1

To Kodpduuuentor psina Pypbe MOKHO BHUHCASATL No dopmynam:

21 21
a, — 1 Fx) cos (2 x Vdx, b, = L f(x) sin {22 x Yax,
! { ! /
0 0

rne n=0, I, 2,

[Mycts (pyHKuuﬂ f(X¥) KyCOUHO-MOHOTOHHA M OrpaHMUEHA Ha OTpe3ke
la; b= (—{; [). Urobbl paznoxutbh 3Ty QyHkuuio B psap Pypbe, npopoa-
AHM ee MPOU3BOJbHBIM OOpasoM Ha HHTepBad (—/[; [) Tak, 4ToObl OHa
0CTaBasNach KyCOYHO-MOHOTOHHOH W orpaHudeHHolt B (—/; /). Haiineunyio
QYHKUHIO pasnoxuM B paj Pypbe, KOTOpbift cXOAHUTCR K 3apaHuoil ¢ymk-
LUHH Ha oTpeske [@; b|. Ecau sapannyio ¢yHxuuio npogosxuts na (—/; [)
YeTHLIM O6Pa30M, TO MOJYYHM ee PasjioKeHHe TOJbKO MO KOCHHYCaM, eC]u
Ae MNPOJOAKHTb ee HeUeTHbIM 006pa3oM, MOJNYYHM pasJioKeHue TOIbKO Mo
CHHYCAM.

Hanpumep, ¢ynkuus f(x), onpenenennas Ha (a; bjc(—I; {) u npo-
nonxennas B (—/; /) B COOTBeTCTBHH C paBEHCTBAaMH

0 mpn —Il<<x<<—b,
—f(x) mpp —b<x —a,
0 npy —a<<x<a,
f(x) npu a{x< b,
Onpn  b<x<l,
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passaracTcsl ToabKO 1o chHycav. Cymma S(x) pfum ®ypre Takoh q)ymv
uik pasna f(x) BHYTpH orpeska |a; b}, a S(a)= f(a)/2, S(b)= f(b)/2

coraacHo Teopeme 2 (prc, 12.3).
o /__/
S/a)ﬂ

-l -h -al 0| a b L X

Puc. 123

Npumep 3. Pasnoxuts B pan Qypve odynxkumio flx)= x| (—2<
<L 2).

p Tak kak panHast GyHKUMA ueTHasi, TO oHa pa3anaraercs B psj
Q@ypre TOJALKO MO KOCHHYyCaM, T. e. b,,_O Hanee naxopnm:

Ortciona caeayer, uto a, = 0 0pH 2 ueTHOM, Q
Hckomptii pag Pypbe aaHHoR (ynkunn

fl=1— % i Er— LOS( (2"; D x).

Ero eymMma pasna 3anannoi ¢yHxkunu Ha orpeske {—2; 2], a na sceh

YNCAOBOH NpsIMOH 3Ta €yMMa onpefefisieT HePMOARUECKYI0 GYyHKuUMIO ¢ me-
puoroM w=4 (puc. 12.4). «

2= —8/(n’n?) npn n HeueTHOM.

vA
2

Pue 124
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fOpumep 4. PuasiomnTs B paa no cunycam oGyukuno [(x)==2 — x
Ha otpeske |0; 2/
» llpoaomkum gavHy0 (GyHKUHIO
oGpaszom (pHc. 12.5), T. e. tHoT0KuUM
—2—xnpit —2<L x <0,
f(x)—{ 2—xpn 0<Cx<C2

ua otpesok |—2; 0] HeueTbim

v
2
> N
\\\ \\
AN AN
AN
AN
-4 -2 0 2"\ 4 X
AN \\\
AN \\
A -2
Puc. 125

Torna a, =0 upu n=20,1,2, ..., a
!

2 i ¢ nn
=\ j)sin{—x)der= \ 2 — v sin{ 2o x Y gx
by [S[(\)sln( ] \)d\ S( \)\m( 5 A)fl&
0

0

UH=2—x, dit = —dx, _
lo = sin | X & Yarx, v = 2 os [ 2Ly B
dv=s g A )dx, v = nr1(5(2

o 22—x cos (21 l” (2 N
= — ( 5 TN co>( 5 .\)u:
)

C
4 4 . fan ? 4
== — —5su{ —x = —,
an i 2 0 N

[oacrasaas HaiileHnple Kos@duimeutnt B pap Pypse, noayuaem

o

4 I nn
X)= — —sin{—ux).
fa)= = Z - ( \ ) <

ne=1

Mpumep 5. Paznownts B psag @ypoe bynruunio, rpadux Koropoli uzobpa-
Kew Ha puc. 12.6 B BUAE CNJIOWIHOM JHHMIL.

» Tlponosxum nannyio GyHKUHio Ha OTpe3ok [—2; 0] ueTHoim obpa-
30M u pasnokum dyuruuio f(x)=x, x €]0; 2|, uo kocuuycam, T. e.

f) =22+ i a, cos(i;ix).

n—=1
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a—i X COS —n—n—xdx——gii ﬂx
"= c>(2 ) -—’msn(2>

0
2
2 . f an nn 2
— — \sin{——x)dx= —cos{ —x )| ==
nn 2 n? 0
0
4 12
— (=1 =1
¥
/// \\\ 2 /// \\\
N // \\ e N
NS N 4 AN
N 1 I L Ne
~4 -7 g 2 4 Fod 8 X
Puc. 126

Hckombili pan ®Pypbe umeer B

oo

f)=1— % Z o L - cm((?n; hn x>.

n=1

Ha orpeske [0; 2] ou npeacranaser coboil 3aaanHyio QyHKLHIO, 8 Ha BCeH
YUCAOBOW  OCU — MNEPUOJHUCCKYIO (QYHKIHIO C  {epHOJOM © =4 (cm.
puc. 12.6, wTpUxoBus U cunoniHas aunuu). o

IMockonbky psg Pyphe CXOANTCS K 3HAUCHUIO COOTBCTCTRYIONCH yhk-
ILMH B TOUKax, rge QpyHKUHSA Henpepsisia, To paasl Pypbe HacTo UCNOAb3Y-
J0TCA A8 CyMMUPOBaHHS uHcaoBblx psiaos. Tax, Haupumep, ecau B paic
Dypbe QyHKIUH, onpeae1eitlol B mpiuMepe D, IOJOKUTL X = 2, TO NOJIyUHM:

oo

21— ) —cosm,
1 2n — 1y

n=1

Y e

n=1

Npumep 6. Pasnoxuts B paa Pypbe 110 KOCHHyCdM KpaTHbIX AYyr
¢Qynxnuio y = x* na orpeske |0; n} ¥ ¢ NOMOLLBIO NONYUCHHOTO PsALA BLIYHCAUTD
CyMMbl YHCJIOBBIX PSAOB
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[>1:

i a1t |
D ML
n=1

p Pasnoxum nanuyio QyHKIHIO B Pl MO KOCHIyCaM, NPOAOJKMUB ee Ha
untepBan {—mx; 0) yeTHbiM 06pa3oM H HaA BCIO YHCJOBYIO NPAMYIO NMepHOAH-
uecku, ¢ nepuonom 2n. Toraa:

n

i

n 23_[2

n
3
aozigx?dxzi-x—
k14 n 3
0

a

2°€ ., 2 (2 .
a, = —\ x° cos nxdx = — \ — sin nx
n n\n

[{
s n
I . 4 X r cos nx
— \ 2x — sin nxdx ) = — — —cOos nx| — dx =
n nn n 0 f
0
i 4 — l %3
= —Z_COS nx ( 2 )
n 0 n

Mosiyuunn pag Pypoe

T ) N
1

n=1

Tak Kak npoaonxenuas Qynuxuus HenpepoiBHa, To ee paj Pypue cxo-
AMTCs K 3agaunoit Qyuxuuu npu mobom suadenud x. Iostomy misi x =0

umeeM
0= +4 ) (-1
3 n?’
n=1
T. €
I n?
_ln—l_‘z_
Z( ) n? 12
n==1
[pn x=n=n
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A3-12.6

1. Pasznoxutb B psin Pypbe (yHKUMIO

_f x upy —a<<x<C0,
f(x>—{2x npu 0 <<x <<,

HMEIOULYIO nepuoa 2.

=)

(OTBET w2 Z cos(2n — 1)« +3Z (_qy-t Sinax )
(2n—1Y "
n=1

7=

2. Pasnoxutb B pag Pypbe PyHKUHIO

a4 2x npy —a<<x<0,
[0 = {—n npy  O0<<x<{m

(Omer - = + Z (—m cos(2n—1)x— ,l—l sin nx).)

n=I

3. Paznoxutb B psg Pypbe Nepuoanueckyio GyHKUUIO
(c nepuonom o =4}, ecu

_ 14+ x uppy —2 << x<C0,
f(x)_{—l npy  O0<<x<C2.

{

2 2 n2n —1)
Orger: — — = Z ( — COS X —
( 2 + n a(2n — 1y 2
— b ogin 20X
n 2 ))

4. Haittu pasnoxenne B pan Pypoe dyHkunn y = x* ua
orpeske [ —m; m). HOCTpomb rpadukit PyHKIHN U CyMMbi psi-

aa. (Omer. _3_+4Z _ n(_OS;'}f_)

n

n=1

n=1

Camocrositesibuas pabora

1. Haiitu pasnoxenne B psg Oypbe QyHKuHH f( X)= —x
Ha orpeske [—2; 2. HOCTpomb rpadHKH gaHHOH (PYHKLHH

H CyMMBbl psja. (Oreer QZ l)” sin nx.)

n=|
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2. Haiitu passnoxende B pag Pypbe dyHkUuH

—2 mpy —a<<x<C0,
f(x)—{ I mpu O<<x<m.

[Mocrpours rpaduku AaHHOH QYHKUHA H CyMmMbt psja.

(OTBeT: —l—i—% i 2n1~t

=1

sin (2n — l)x.)

3. Pazsoxuts B pal Pypoe QyHKUHIO

—x npy —a<<x<{0,
f(x)—{ Onmpu O0<<x<Cm

[Toctpoure rpadukit AaHHOH QYHKUMM H CymMMbl psaza.

(OTBeT: =+ Z (¢—1— cos nx 4+ =Y sin nx).)
4 nn’ n

n—=1

A3-12.7

1. Pazaoxuts B praa @ypobe 1o cuiycam GpyHkumio f(x) = x°
B utrepBage (0; n). IMoctpourp rpacdukn gaHHOH (YHKHHH

H CyMMbl psaa. (OTBE'T.' % Z (— 1)""‘(”7! + _2.((_ Y —

— 1)) sin nx.)

2. Paszjoxutb B psal Pypbe No KOCHHYCaM KpaTHBIX IyT

n=1

dyHkuMio y=sin x Ha otpeske [0; =l (OTseT: %—{—

cos 2nx
+ Z 1—@n )
3. Pazaoxure B pAa Pypbe no cHHycam KpaTHbIX OyT

dynkunio  f(x)=1—x/2 na orpeske [0; 2] (OTBeT:

_2_ L-mzx)
nZn
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4. Pasnoxutb B psia Pypre Mo KOCHHYCaM KPAaTHBIX AyT

yuxkumo  f(x)=1—2x wna orpeske [0; 1] (Oraer:
8 - cosn(2n —Hx
n_ Z (2n — 1y )

5. IMoabsysice pasnoxenuem B psig Pypse Mo cunycam
KpaTHHIX ﬂ,yr (j)yﬂxuml f( )= | na orpeske [0; x|, HaiiTH cymmy

n—1 I
ger: n/4.)
CamocTtonteabHas pabora

1. Pasnoxute B pan @Pypbe 1m0 KOCHHycaM KpaTHbLIX

2yr ¢yskuuio f(x) =1—x Ha orpeske [0; 2]. (OTBeT:

nii .‘Zn—l) S(Qn;l)nx')

2. Pasnoxute B pan Pypbe Mo cuHycaM KpaTHbLIX AyT

oyukuuio  f(x) = m — x Ha orpeske [0; g (Omer:

2y dros )

n=1

3. Pasnoxure B pan ®Pypbe no KOCHHycaM KpaTHbiX

Ayr GyHkuHo f(x) = % — -i— Ha orpeske [0; ). (Omer:

2 Z COSQ(,.;ZIZ——II)X )

n=1

12.6. HHAWBHUIAYAJIbHBIE JOMAUIHUE 3AJAHUSA K IJI. 12
Pemenus Bcex

BapUAHTOB TYT >>>

1. JlokasaTb CXOAMMOCTb psija H HaHTH ero cymmy.

oo

1.1, Z _T—FT (Oreer S= 4)

A=1
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Pemenns Bcex
BAPUAHTOB TYT >>>

HI3-12.2

Haittu obsactb cxoauMocTd psiaa.

1
1.1. Z::l nf’:fl . (OTBeT.' [— %; -é—])
1.2, 2ff:_;n . (Orser: (—6; 6).)

¢ F_MS

);3: .(Orger: (—2; 2).)

1.3.

£
I3

(Otser: [—2; 2).)

ok
=
hs

1.4.

L on .

2
I

1.5, . (Orser: [—1; 1))

ok
:Ii

2
i

x2n+|

6. ) 5t

s

(Orser: [—1; 1).)

(OTBeT.' [— - %))
(In x)". (OTBeT: (% e))

1.9. Z X (Orser: [—1; 1].)

2
Il

71
lyg
=

1.7.

2
i

¢

1.8.

2
i

x?m . o,
1.10. Z e (OTBe'T. [—2; 2])

1.11. Z (n(n 4+ Hx". (Orser: (—1; 1).)

3—357

65


http://idz-ryabushko.ru/?utm_source=PDFfile&utm_medium=idz&utm_campaign=3chastPDF

66

1.i2.

1.19.

1.20.

1.21.

1.22.

1.23.

1
= |2

ﬁMS EMB
U1
+ +

i 1D 0

i[1s
%)
= |><

x" g 2i (Orger: (—2; 2).)

' )

'fn. (Orger: (—e, e).)

l —_

<

i 18

\;: . (Orser: [— ]
n

. (Orser: [=5; 5).)

—. (Orser: [—1; 1])

=
=

LAy (Oreger: \/—- \/—) )
" (Oreer: Tlﬁ; 10).)

. (Orser: (—5; 5).)

S

Q
=
SN’

i
o1|><

|5

@ -:l))c’x/_ (OTBeT.‘ [—

. (Orsger: [—1; 1])

: (OTBeT: [—_;.; _;.))

. (Orger: [—1; 1}.)

1)

B

i[\/js n[\/js

=
E} S

=
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1.24.

1.25.

1.26.

1.27.

1.28.

1.29.

1.30.

2.3.

2.5.

2.7.

2.8.

is 1D

w
Il
—~
o
~
o+
3+
)
—
|
o) —
o) —
~—
~—

. (Orger: [—2; 2).)

i~1e 101 10T
k\z hy a2
é‘k
S
I

SRS
*
|
—~
Qo
S5
[o+)
3+
)
—
I
0] —
o] —
~—
~—

l

(n J;n)?x". (Orger: (—2; 2).)

i1

i[>
(o2}

5" [_6.6
{/Z (Oreer. [ =5 %>>

x" tg—,ll—. (Orser: [—1; 1).)

i1 D
N

n )—g— (Orser: (—5e; 5e).)

n+1
1
2

i —\/f—l-x i nn/?xn
. Z - 2.2. Z =y
n=1 n=1

mf In" x . n
Z' - 2.4, Zl (nx)
n=1 n=

- (k=3 - (1)
Z n! 26. Z. (n 41
n=1 n=

o
—
S
=

+

=

67



68

2.10. Z tg = 2.11.
n=1
2.12. ) n 2.13.
X
n=1
|
2.14. Z el 2.15.
n=1\
2.186. Z el 2.17.
n=1|
T 1
2.18. Z, o 2.19.
2.90. Ssin@rn—1x 21.
0 Z @n—1y 2.21
n=1
2.22. Z ! 2.23.
X
n=|\
2.24. Z nx". 2,25,
n=1\
2.26. Z 5‘:2’”‘ 2.27.
n=1
2.28. Z = 2.29.
n=1
cCos nx
2.30. Z -
n=1
— 21— 1
3.1. Z (x2 ‘21 (Orger: 3 <<

n=1

EY

Il

gk E[\/Ja

T OF

i

[N

T SF

=

il

gk

150

i
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=

il

s

1

[

=

Il

gk

w
s

=
=,

—_—
g
=

()
=

@,
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(x—2r

3.2. _—
n*In(l 4+ 1/n)

(Otser: 1 <<x<<3)

(x—2r

3.3.
2’1

. (Orser: 0 <<x<<4.)

n?

3.5. “‘:rs)". (Orser: —9<x< —7.)

3.6. (2+x)". (Orger: —3 <x<<—1.)

2
2
34, i =1 (Oreer: 0 <x<2)
2
z

1y L
3.7. Z sy (Oreer —1<x<3)
n=|\
(x+5
n—l—l n+l

3.8. . (Orger: —6<<x<{ —4.)

nMs

8

3.9. Z 2" (x +2). (Oreer: —2,5<x< —1,5.)

(x—l" R
3.10. Z iy (0meer —1<x<<3)

3.11. Z "+‘° . (Orger: —e—10<x<<e—10.)

oo

3.12. L(’;i:l))_ (Orger: —6< x< —4.)

n=

= 1)
3.13.2 nJ”rT (x4 1) (Oreer: 0<< x < 2.)
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3.14.

3.15.

3.16.

3.17.

3.18.

3.19.

3.20.

3.21.

3.22.

3.23.

3.24.

3.25.

Ms

(2 —x)" sin —2"7 (Orser: 0 <x<4.)

n=0
Z-ni:_-l-i—xl— (Oreer: 1 <x<2))
n=1
C 3n — 2) (x — 3)
Z%%’”f_'— (Orser: 1 < x<b.)
n=0 '
Z ‘_":—2)“— (Oreer: 1 <x<3.)
n=1
i (x—2) 0
W. ( T8€erT: 0<x<4)
n=1

Vn+2
)8 ::l (x —2)". (Oreer: 1 <x<3.)

gk
I

=
Il
=

x+52n 1

T . (Orger: —7T<<x<<—3.)

||[\/]z

8

@n— 1)+ 1)
T

. (Orger: —2 << x<<0.)

z (x':?’ (Orger: —4 <x<< —2))
n=1

Z x+2) . (Orger: —3<<x<< —1))

Z (_1)"—'(i._2_n?_)2"., (Orger: 1 <<x<3.)

Z (x—] . (Orger: 2 <<x<4.)



1y +! (x —2) .
326 Z< U aamy - (Oreer: 1 <x<3)

(x— 3y .
3.27. Z 2. (Oreer: —2<x<8)

3.98. Z( )n+1(2n—-l)2"(X—1) (Oreer: __5_<

— gy )
<X<T‘)
3.29. Z (n+):)_l—n3n+l) (breer:2<x<4.)
3.30. Z( yt "—5 . (Oteer: 2 < x<8.)
4

Pasnoxure B psig Makiaopena ¢dyuxkuuio f(x). Yka3atb
00/1acTh CXOAHMOCTH nonyquHoro psaa K 3TOH (PYHKUHH.

4.1. f(x)=cos5x. (Oreer (_1; ;2" <kl < oo.)
n

"=\
o
(_])n § 2n+2

4.2. f(x)=x* arctg x. (Oreer: 5

lx|<l)
n=1

o

4.3. f(x)=sin x% (Oreer: (——(21,)12—’;4)",_2, lx] < oo.)

n=1

44. f(x)= %x— (Oreer: Z (—1yx"+2, (x| < l.)
n=0

— cos 25 O (e
45. f(x)=cos 2 .(Oreer. o |x|<oo.)

n=>0

7



4.6. f(x)= ——2——2— (Oreer: 2i 3t | x| <-——)
n=0

l —3x
4.7. f(x) =€ (OTBeT.' Lkl < oo.)
n=0
4.8. f(x)= ——. (Oreer: Y (—1)x", ¥l <1.
4+ x ( "ZO )
4.9. f(x)=ch (2x%. (Oreer: 2n " lxl< oo )

n=0
4.10. f(x)= \/—L;. (Oreer: i -(-_2—:—— [xl << oo)
n=0

On

4.11. f(x)=sh x. (oTeeT.- i lx| < oo.)

n— 1
@2n— N’
=1

0o

4.12. f(x)=e"". (Oreer: Z <_:‘__ lx] < oo)

n=0

4.13. f(x)=2—x2.(OT3eT: Z t"_tlii"'—?x%, x| < oo.)

n=0
4.14. f(x)=>5" (OTBeT: i a ‘: , lxl< oo)

n=0

0o

A +1
4.15. f(x)=xcos \/; (Oreer: (—(17)’1-)"%-—,

n=0
0<x << oo.)

o

4.16. f(x)= —sm—xsx— (Oreer: Z %x“‘z

n=1

lx| < oo.)
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Pasoxkuts QyHKUHIO f(x) B pan Teiimopa B OKpecT-
HOCTH YKa3aHHOM TOYKH Xo. HaliTu o6Gnactb CX0AUMOCTH
MOJNYUYEHHOTO PAla K 3TOH (YHKIHH.

4.17. f(x)=—i-, Xo=—2. (Oreer: -1 Z "+2 ‘

——4<x<0.)

4.18. f(x)= —x—;—_—g Xo= —2. (Oreer: Z (—1)'"(x+2)",

n=40

—3<x<—4)

419, [(9)=¢, xo=1. (Oreer: ey Gl lxl < o0

4.20. f(x)= Gy Xo=13
S of 2\" " 5 17
(Oreer T]TZ(_I)('IT) (x—3)", -5 <x<7)
n=0
— l e _1_ - n+1 __ln
4.21. f(x)= T Xo =1 (Oreer T 0 > (x—1)",
—1<x<3)

4.22. f(x)=sin —’;-x—, xo=2.
(OTeeT: i(—x)"(_j_) <"(;l;" |x|<oo)
n=0

4.23. f(x)=1n (5% +3), xo= —.

oo

(Oreer: Z (—’—1):—"5—"—()64— —?T)", — ZZT <X %)

n=1
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_ | _ SV (=,
4.24. f(x)=In il l. (Oreer. Z ——(x
n=1

— 1), o<x<2.)

4.25. f(x)= ——, xp= —3.

V4 4 x

(Oreer: 1+ Z —(—T—l—)—%—l—)' (x+3), —4<x< —2.)

n=1

4.26. f(x)=cos x, xo= %.

1

n
COS(7 +n-3~

(oreer ) =5 )(x_%)", [l < o)

4.27. f(x) = ——, xo=2.

x—1

(Oreer: [+ Z (:ﬂié_f';_*‘_)’.’.(x—m", 1<x<3.)

n=1

4-28. f(x): }2—_—‘:—;_:3—, Xo = _2

(Oreer: i((s.ly — lOfSn)<x+2)ﬂ), —5<x<1.)
n=0

S n
4.29. f(x)=sin x, xo =a. (Oreer: Z M (); —

n!

n=0

—a)*, x| < oo.)
4.30. f(x) = In (5x + 3), xo=1." (OTBeT.' In 8 +
O (=1 /5" w3 13 '
n Z ( n) (?) (x— 1), ——5—<x<?.)
n=I1
5. BoluuCaIuTh yKa3aHHYIO BeJHUUHY MPUB/IHMKEHHO C 3a-

LAHHOK CTENMeHbIO TOUHOCTH @, BOCMOJIb30BABLIHCH pasJjaoxe-
74



HHEM B CTeNeHHOH P COOTBETCTBYIOIUM 06pa3oM NojoGpaH-
HOH (pyHKIHH.

5.1.

e, a =0,0001. (Orger: 2,7183.)

‘\5/250, a =0,01. (Orser: 3,017.)

. sin 1, & =0,00001. (Orser: 0,84147.)

1,3, @ =0,001. (Orser: 1,140.)

. arctg %, a = 0,001. (Orser: 0,304.)

5.6. In 3, « =0,0001. (Orser: 1,0986.)
5.7. ch 2, a =0,0001. (Orser: 3,7622.)
5.8. lg e, a =0,0001. (Orser: 0,4343.)
5.9. n, a =0,00001. (Orser: 3,14159.)
5.10. €, o =0,001. (Orser: 7,389.)
5.11. cos 2°, &« =0,001. (Orser: 0,999.)
5.12. /80, & =0,001. (Oreer: 4,309.)
5.13. In 5, @ = 0,001. (Orser: 1,609.)
5.14. arctg o, @ =0,001. (Oreer: 0,464.)
5.15. 3/738, o = 0,001. (Oreer: 3,006.)
5.16. Y/e, @ =0,00001. (Orser: 1,3956.)
5.17. sin 1°, @ = 0,0001. (Orser: 0,0175.)
5.18. /8,36, @ =0,001. (Oreer: 2,030.)
5.19. In 10, & =0,0001. (Orser: 2,3026.)
5.20. arcsin %, a=0,001. (Oreer: 0,340.)
5.21. lg7, a =0,001. (Orser: 0,8451.)
5.22. /e, & =0,0001. (Orser: 1,6487.)
5.23. cos 10°, & =0,0001. (Orser: 0,9848.)
5.24. ——, & =0,001. (Oreer: 0,302.)
/30
5.25. '\/1080, & =0,001. (Orser: 2,031.)
5.26. _} a = 0,0001. (Oreer: 0,3679.)
5.27. sin%, a = 0,0001. (Orser: 0,0314.)
5.28. /90, @ = 0,001. (Orser: 3,079.)
5.29. —, a==0,001. (Oreer: 0,496.)

‘3

136



5.30. w/—’ a =0,001. (Orger: 0,716.)
e
6. I/ICHOJIbSyH pasioxeHue NOABIHTErPa/AbHOH (yHKUHH
B CTENeHHOH PAX, BHIYUMCAHTb YKA3aHHBIA OMNpeaeNeHHbIl
HHTerpa/ ¢ touHoctbio Ao 0,001.
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6.1.

6.2.

6.3.

6.4.

6.5.

6.6.

6.7.

6.8.

6.10. S

0,25

{ 1n(1 ++/x)dx. (Orser: 0,070.)

arctg (—’;i)dx. (Orger: 0,162.)

SO ey —

.2

\xe~*dx. (Orser: 0,054.)

T O

(=]

arc)tch dx. (Orser: 0,481.)

N

om.o S Gy

w/;c-cos xdx. (Oreer: 0,059.)

S In (1 + x*)dx. (Orser: 0,015.)
0

x* sin xdx. (Orser: 0,223.)
e~*?dx. (Oraer: 0,855.)

|
i

0,5
§ VI+x%dx. (Orser: 0,480.)
0

0,5

0

1

. § 1+ x%/4dx. (Oreer: 1,027.)
O
0,5

6.12. S SN dx. (Oreer: 0,493.)

0



6.13.

6.14.

6.15.

6.16.

6.17.

6.18.

6.19.

6.20.

6.21.

6.22.

6.23.

6.24.

6.25.

0,1
et —
X

L dx. (Orser: 0,103.)

€D Gy

0,5

| x? cos 3xdx. (Oreer: 0,018.)
0

0.5 -

{ In(1 4 x%dx. (Oreer: 0,385.)
0

0,4

{ ~/xe~*/*dx. (Orser: 0.159.)

0

0,5

S Lci,()sf—dx. (Oreer: 2,568.)
X

s ©
o W

S arcte ¥ 1%, (Oreer: 0,498.)
¢

X2

(=]
@

S LC%X gy, (Oreer: 0,156.)
0

{ sin x?dx. (Orser: 0,310.)

0
0,]
S ﬁl_(_lx_+L)dx, (Orser: 0,098.)

0

cos%dx. (Oreer: 0,718.)

x/;sin xdx. (Oreer: 0,364.)

P e o

25
e™* dx. (Oreer: 0,976.)
S

X

1
S cOs —’f;— dx. (Oreer: 0,994.)
0 -
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6.26. arctg(\/_) dx. (Orser: 0,318.)

O O ey

5

6.27. Si—_‘j“-g."_dx (Oreer: 0,039.)

6.28. w/ —x*dx. (Oreer: 0,397.)

6.29. S e~*dx. (Oreer: 0,461.)

0
6.30. w/1+x dx. (Oreer: 0,508.)

. 7. HaiiTy passoxeHue B CTeMEHHOH P MO CTENEHAM X
pewrenust AuddepeHUHANbHOrO ypaBHEHHs (3amucaTbh TpPH
MepBbLiX, OTIHUHBIX OT HYJ/f, WIeHa 3TOr0 Pa3NoMKeHUA).

7.1, y = xy ¢, y(0) = 0. (Oreer: Yy = x-+ —é—x’" -+
+%x3+...)

72, ¢ =241, y0)=1. (Oreer: y=1—x+
+%x3+...)

7.3, y = x*— 2, y(d)=—é—. (Oreer: y=——;——7:-x—
-—%x2+...)

74. ¥ = 22 4+ ¢, y(0)=%. (Oreer:y=—;—+—;—x+
+ 4 x2+...)

)

75. ¥ = x4 y% y(0)= (Oreer: y= —1+x+
+3x%+..)

76. Y =x4+ 2447 yO) = 1. (Oreer: y=1+x-+

3 . :
+?x2+...)

78



7.7. ¥ = 2cos x — xy?, y(0)= 1. (Oreer: y=1+42x—
| ) 3

— 5 X +)
78. Yy =e*— 4, y(0)=0. (Oreer: y=x+ %xz —
.3

— % +)

79. ¥ =x+y+ 4, y(0)= 1. (Oreer: y=1+4+2x+

7 .2

-+ 7x/+...)
7.10. ¥ = x>+ 42, y(0O)=1. (Orger: y =1 4 x4+ x* +..)
7.11. y =Xy + ysin x, y(0)=%. (Oreer: y:%—k

+ 5Ot

712, =2 +ye", y(0)= 5. (Oreer y= + g1+
+§x2+...)

7.13. y = 4 2xy®, y(0)=1. (Oreer: y=1+x-+
+ %x2+...)

7.4, ¢ =x+¢', y0)=0. (Oreer: y=x+x"+
+;—x3+...)

7.15. y’ =ycosx+2cosy, y(0)=0. (Orser: y=2x -+
L=+

7.16. v’ =2 + 22, y(0y=0,2. (Orser: y=0,2+0,08x+
10,032+ + ..

747, ¢y =12 + %y + y?, y(0)=0,5. (Orger: y=0,5-+
4+ 0,25x + 0,375%° + ...)

718, y =™ +x, y(0)=0. (Oreer: y=x+x*+

452+ )
7.19. ¥ = xy — y*, y(0)= 0,2. (Orser: y = 0,2 — 0,04x+
4+0,108x7+...)

7.20. ¥ =2x+y*+ €&, y(0)=1. (Orger: y=14+2x+
+ 3,543 4...) ‘
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72] Yy =xsinx—y?, y(0)=1. (Orser: y=1—x+
+ 22 4..)

7.22. y =2x — xy, y(0)=0. (OTBeT.' y= -%’—,‘3—- ——l—gf—s +
96x7
+ -T —_ ...)

723 Yy =x—24°, y(0)=0,5. (Orger: y=0,5—0,5x +
+ 22 4..)

7.24. y =xe"+2y2, y(0) = 0. (OTBeT.‘ y=%x2+
+ gt

7.25. y’=xy+x2+y2, y(0)=1. (OTBeT.‘ y=14x+4

3 .2
+ox +)

7.26. ¥y =xy €, y(0)=0. (OTBeT.' y=x+%x2+
+%ﬁ+»

7.27. y =ye*, y(0)=1. (Orger: y=1-4x4x>4..)

7.28. y =2sinx+xy, y(0)=0. (OTBeT.‘ y=x>+4

1 4 11 6
+ % + S50 * +)
7.29. y =x ¢, y(0)=0. (Oreer: y=x+ % xt 4
2 3
+?x+»
30. y =2 0)=1.(Orger: y =1 3
7.30. y =x"+y,y(0)= ( reer:y=1-+ x4 5 +)
8. MerogoM nociepoBatesbHOro auddepeHiupoBaHUA
HaiiTu nepBble £ YJIeHOB Pa3J/oXKeHUA B CTEMCHHOH DAA pelle-
uus 1udpepeHiinaJbHOro ypaBHEHHUA NPH YKa3aHHBIX Havalb-
HBIX YCJIOBHUSIX.
8.1.y = arcsin y + x, y(0) = —;- k=4. (OTBeT y=
nx 1
+5 (14
+Q

80
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82. Yy =xy+1In(y+4x), y(1)=0, k=5. (Oreer: y =
— (x—1y + (x'gl) + (x“ﬁ‘l) +)

2

8.3. y’=x+y2,y(0)=l,k=3.(013er.‘y=x+ %x“’-{-
+%x3+...)

8.4. y’=x+—ly—, y(0)=1, £k=5. (Omer: y=1-4+x-4

% x*
+5—5+-)

85. ¢y =xy+yx, y0)=y 0)=y"(0)=1, y"(0)=1,

2 3 5 6

k=17. (OTBeT.‘ y:l+x+%+%+;—! +%— +)

8.6. y =2x—0,1¢2, y(0)=1, k=3. (Orser: y=1—
—0,1x L 0,002 +..)

8T ¥ =y 4y +5 +x y0)=1, y(0)=2, y"(0) =
L . . . % I 3 29 4
=05, k=F6. (OTBeT. y=l+24+ T+ o+ 2x' +
+ Z—gxs +)

8.8. ¥y =x"—xy, y0)=0,1, k=3. (Orger: y=0,1 —
—0,05x* 4 0,333x° +...)

89. ¥ =2yy,y(0)=0,y(0)= 1,k = 3.(OT3eT:y= x4
+ 5 )

8.10. ¥y =2x--cos y, y(0)=0, £ = 5. (OTBeT.‘ y=x>—

x3 xl
- F - T +...)

8.11. y” =ye* —xy”, y(0)=1, y0)=y’(0)=1, k=6.
(OTBeT.‘ y= 1+x+;‘—! +% +:_! +O-x5+.--)

8.12. y =3x — ¢, y(0)=2, k=3. (OTBeT.‘ y=2—4x—

13 9o
)

81



8.13. ¥ =uxyy',y0)=y (0)=1, k=6. (Oreer.' y=1-+

X 2x* 3x°
+x+?+—;,—+7+---)
814 Yy =x*—2y,y(0)=1,k=3. (Orger: y=1—2x 4
4202 4.)

8;15.y”=y7——-%-, y(h=1, yg(1)=0 k=4

(OTBeT y——](x_l) (x—1 4(x——1) +. )

4! 5!

8.16. v = ° +02y y(0)=0,1,k = 3. (Orger:y=0,1 +
+0002x+000004x +...)

8.17. v’ = y'* + xy, y0)=4, y(0)= —2, k=25
(Oreer: y=4-—2x+ 28— 28 4 = 19 vt . )

8.18. ¥ = xy+y°, y(0)=0,1, k—3. (Orser: y=0,1 4 .
4+ 0,01x 4 0,051x* 4-...)

8.19. y" = e¥siny’, y(n) =1, y’(n)=-’21, k= 3.
(OTBeT‘ y=1+Fx—n+ i( — )+ )

8.20. y—02x+y y(0)=1,k=3. (Orger:y=1+4x+
+ L)
821. ¥y =X+ ¢, y(—1) =2, y(—1)= 0,5, k = 4.

(Orser: y=2+ L (x-+ 1)+ 2 (x4 1P+ B+ + )
8.22. y' = x*+4-xy—+e~*,y(0)=0, k= 3. (Orger: y = x —

o2 5x°
IR +)

8.23. =12 1| yo)=1, k=5.(0mer:y=1+
2 ¥ — l7 4
+2x—x +? —_—X" )
8.24. y’ 4 y=0, y(0)=0, y’(0)=1,k=3.(0mer Yy =

3

—y B X
x 5 5] +)

8.25. y"=ycosy +x, y(0)=1, y’(0)=%, k=3.

(Oreer: y=1+4 %x+ —i—x“’-{-...)
82



8.26. y =cos x 4+ x%, y(0)=0, k=3. (Oreer: y=ux
o x®
+§+§“)
8.27. y — 4y + 2xy® — e, y(0) =2, k =4. (Oreer: y=
. 31 2 11 3
—2+9x+—2~x 5 +)
828. (I —x)y’ +y=0 yO)=y0 =1, Fk=S3.
(Omer: y=l+x4’;—2+...)

8.29. 4% +y=0, y()=1, y()=, k=3

(Omer: y=1+4 %(x— ) — g x—17"+..

N’

8.30. v =224+ ¢°, y()=1, k=3 (OTBeT.‘ y=1+

+3u—1H~§u—uﬁgJ

Pewenue tunosoco s8apuanTa

Haittu o6aactb cxonumocTu psna.

LY

n=1I

» Bocnoabsyemcs npuszHakom II’AnamGepa:

- x" _\/_W'—

TN M TV
Vet yni 41 |
\/(n+l)2+l\/x_”

_ ; 41 _
=Vx lim —\/-——n2+2n+2 _\/;.

Hurepsaa cxpaumoctu onpegensiercs HepaBeHCTBOM\/;<
<1, otkyAa 0 < x < 1. MccaenyeM rpadduHble TOUKH 3TOTO
untepsasna. [1pu x = 0 noayuum yuc/0BO# Psifl, uAeHAMH KOTO-
pOoro ABAAIOTCA HyAU. DTOT PAL CXOAHTCS, TOUKA X == (} BXOAUT
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B €ro o6/1acTb cxoauMoct. I1pu x = | nonyuum yucioBoil pan

«©
1
Z ————. Bocnosb3oBaBuuch npeneibHbBIM NPU3HAKOM
2
=, v +1
CPaBHEHUS PALOB C MOJOKHUTEIbHBIMU WIEHAMH, CPABHUM STOT
PACTapMOHUYECKUM PACXOASA LM MCS PAAOM, OG LU YI€H KOTO-
poro v, =1/n:

lim 2 =lim——— =1=Fk=£0.

n—oo Un n— oo _,/n2_+_l

00
CnenoBaresibHO, YHCJIOBOMH pﬂﬂ,z pacxogurca u

|
= Vn? 41

ToUKa X = | He BXOAUT B 06JIaCTb CXOLUMOCTH.

Takum oGpa3oM, 06/1aCTb CXOJUMOCTH HCCJAEAYEMOTO pPs-
a—0o<x<<l. <4

9 - P41 o —3x+2\"
Z n? <x2+3x+2)'

n=1|

p Ilo npusHaky [I’Anambepa umeem:
n2n+42 1 —3x4+2
— lim 4241 | F+3x4+2
o0 P41 ]2 —=3x+2
2 24+3x+2
_| =342 lim n’(n* 4 2n +2) 2 —3c42
434210 (B D 20 41) 24342

¥ —=3x+2

— -t 1
< L4342 =

n-1

Un i
Up

lim

n— 00

n

n

|<l,

Peuraem nosnyuyeHHble HepaBeHCTBA:

©—3x4+2 £—-3x+2 +1>0, 25 + 4 = 0.

—1 ,
<x2+3x+2 L4342 4+ 3x42

Orciona
¥243x4+2>0, x€(—oo; —2)U(—1; oo0).

Haunee,
X —3x+2 ¥ —3c+2 1 0 —6x <
£ 43542 T P4 3x42 <5 x4 3x4+2 ’
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X
243242

CnepoBarenbHo, x€(—2; —1)UJ(0; oo). ITpu x =0 no-

> 0.

. 24
Ny4uM YHCIOBOH Pl Z 2+l nns koroporo
n

n=1

2
lim u, = lim —"—‘,fl =150,
n-—» oo n—r o n

T. €. HeoOXOAUMBIH MPH3HAK CXOLHMOCTH He BBINOJHAETCA,
Cle0BaTe/IbHO, 3TOT 4uca0Bo#l paa pacxoputcs. O6nactb
CXOOHMMOCTH HccaeayeMmoro paga: 0 <<x < oo. 4

3 33—

n=1

p BocroJb3yeMcsi paauKaJbHbiM Npu3HakoM nowwu. Ha-
XOIHUM: ’

Uy =(3 —x*", lim VI3 —#*|"= 3 — 2| < I,

n—-oo

—1l<3—x<I.
Pellaem mosiyueHHble HepaBeHCTBA:
3—x">—1, ¥*—4<0, x€(—2; 2);
3—x' <1, #*—2>0, x€(—o0; ~V2UHZ ).

ITepeceueHue HalAeHHbIX PELICHUH NaeT UHTEPBAJbl CXO-

AUMOCTH Hccaenyemoro psiga x€(—2; —\/5) U(\/—Q—; 2).

Hccaenyem CXOQMMOCTb Psina Ha KOHILAX 3THX HHTEpBa-

JgoB. Ilpu x = 42 noayyum 4yuc/aoBOH psn Zl(—l)". 3rot
ne

3HaKOUYepeayloLUHHACA YUCTOBON PAL PacXONUTCS, TaK KaK He

BBIMIOJHACTCA HEOOXONUMbIH MPU3HAK CXOXUMOCTH UYHCJAOBOTO

pana (lim u,=0). Ilpu x = 4 /2 mosyyaeM yuc/a0BO psAn
n-—+ oo

2 1", KoTopblfi pacXOAUTCHA, MOCKOJIbKY HEOGXOMUMBIH MpHu-

n=1

3HaK CXOAMMOCTH TaKxKe He BbINOJHAETCA. 3HayuT, 06-
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JacTb CXONMMOCTH Hccaenyemoro psana: (—2; —\/E)U

U2 2). <

4. PasjoxuTb ¢yHkuHio y=cos’x B paa Teiiopa B
OKPEeCTHOCTH TOYKH X =7/3. HaillTh o6Jacrb CXOAUMOCTH
noJlyueHHoro paaa K 3To# (YHKIHU.

~pp [lpeoGpasyem aaHHylo QYHKIHIO:

y=cos’x =+ 4+ Lcosox
2 2
Passoxnm noayuennylo ¢yukuuio B pan Teiliiopa. Has

3TOr0 Hailnem 3HauyeHHA RAHHOH QYHKIHH H ee-BPOH3BOAHBIX
0 n-To NOpSiIKa BKJAWYHTENBHO B TOUKe X = m/3:

=5 +gcos2r,  [w)=[(§)=5+gcosT =

- 1 4

') — —si /(3 = _sin28 — _ V3.

f/(x)= —sin 2x, f(3)__ sin = = 5
2n

f’(x)= —2 cos 2x, f”(—g—) =—2cosZ =1,

f” (x)= 4 sin 2x,
f(n)(x)= — 971 gin (2x+(n_ 1);), f(”) (_33;)=

e sin('%“ +(n —1)g).

TTosyueHHble UnC/OBbIe 3HAYEHHA TPOH3BOAHLIX HOJACTABASEM
B pax Teinopa npu xo = n/3:
. 2
2 _ L1 V3 _n 1 .
oS X=7 "7 2(x 3)+ 2s(x 3)"’

+ —3'!—2\/§(x— %)3—}-...—}— %(—2"" sin(—231'— +(n—

n

—) ) (= ) A=t - i 2 sin(% +

+(n— 1)-;-)():— -’sl)"
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I naxoxaeHus 061aCcTH CXOLHMOCTH NOJYYeHHOIO psAia
HeOGXOAUMO BBISICHUATDH, MPU KAKUX 3HAYEHHSIX X OCTAaTOYHBLH
ujed psAaa Teﬁnopa cTpeMuTcA K Hymo. OH uMeer Buf

R.(x)= sin (2 4+ n )(x—%)wl,

(+l)

rae &€ (x; xo). TTockombKy Isin(?& +n —2"—){ < 1, 10CTaTO4HO

HaiTH 001aCThb CXOOMMOCTH psila € OGIUHM uJeHOM

2 (x— %) . CornacHo npusHaky II'Anam6epa,

(n 4 1)
741 — n+2 _
2"t (x — n/3) n—|—lI !_ 2|x —n/3{ =0< 1.
a0 | (n 4 2)1-2°(x — /3yt 00 n+42
Honyuensbiit pag cxomurca npu gwo6oM x. 3Ha4yuT, 06/1acTh
ero CXONMMOCTH K (yHKiHMH [(X)=cO0s’ x TaKoBa: — oo <<
<x<<oo. 4

5. Bbiuucaute 1/\/_3_ NpubAHKEHHO € TOYHOCTBIO o =
=0,0001, Bocnonb30BaBLIKCh pasfokeHueM QYHKIHK y = e*
B CTeNeHHOH pALl.

}l/l?ocnonwyemc;{ paaom (12.17). Tak kak 1/\/_3_—_—
=e~ "% TO

—1/2 | | 1 {
e =1——= 4
2 4.2

1
8.3 + 16 - 41 32.5! +e

[Monyuunu 3HakouepenylIMACA 4YuCTOBOH psax. Has Toro
4yTOGbl BBIYUCIUTL 3HaueHust (YHKIMH C TOUHOCTBIO o =
=0,0001, HeoGxoauMO, 4yTOGL NepBbIA OTGPACchiBaeMbiil YieH
6b11 MeHbiwe 0,0001 (mo caencrBuio u3 mnpu3Haka Jleii6-
Huua). HMwmeem

1 o
= Sr6r 64720 46080 <<0,0001.

C 3azaHHON CTeneHbI0 TOYHOCTH:

1 1 1

V. SO LT U I DN U
€ ~ 1 2+s 48+384 3840 °

L~ 1 —05 40,125 — 0,02083 + 0,00260 — 0,00026 ~
\/_
~ 0,6065. o
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6. Mcnoab3ys passioxeHHE MOABIHTErPaJbHON (DYHKIIHH
B CTeMeHHO# PsAN, BLIYHCJAUTL ONpeAeseHHbIH HHTerpaJ
]
dx
- ¢ toyHoctbio no 0,001.
8—x°

» Bocnoab3yemcsi 6uHOMUA/bHBIM psinoM (cM. Gopmyay
(12.21)). Torna
)—1/3

== (-3

[Monyuunu 6unom Buma (14 2)", rne m= —1/3, a z=
= —(x/2)’. Umeem:

6 9
s = (5 5 5(0) +Ra(3) +) =

x* x8 7x°
_‘2"(1+?I+ 588 T 8176 +)

3

0
| =y (5 + 2+ i+ )dx=

0

1 % x7 7x'° )
= (x+ Tor T 73 T Toeme T

! 1 1 7
_7(1"_96—'*' 2016 181760 +)

1
06 < 0,001.

C rtousoctbio no 0,001

dx | |
3 o ~ ? -_ —17 ~ 0,5 —_ 0,0052 ~ 0,495 4
1

|t

7. HaiiTu passoxeHue B CTENeHHO PSill 10 CTeNneHaM x — |
peluenus AuddepeHRUanLHoro  ypaBHeHus Y = 2x + y°,
y(1)=1 (3anucaTb Tpu NepBHIX, OTJIUYHbIX OT HYJIfA, YJeHa
5TOTO Pa3jOXKEeHHUS.)

P Touka x=1 He saBaserca ocoGofi IJs1 maHHOro
ypaBHEHHS, TOITOMY €ro pellieHue MOKHO HCKATh B Bulle psila:

y=F0+ L =+ L0 (e —p 4 O gy
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Umeem: f(1)=1, f()=24+13=3, f"(x)=2+ 3y%,
f/(1)=2+43-12.3=11. lNoacraBnas HaiigeHHble 3HAYCHUS
MPOU3BOAHBIX B HCKOMbIit PAM, MOJyuaeM pellieHHe NaHHOrO
ypaBHeHHS:

3 11 2
y=1 +_1T(x— 1)+7!“(x‘— 1Y +.. «
8. Mertonom nocsenoBaTenbHoro AuddepeHiiupoBaHus
HalTu MepBbie 5 YWICHOB Pa3/0XKeHHS B CTENEHHOH Psil pelue-

HHA AuddepeHnaabHOrO ypaBHenus 4x°y” + y =0 npu cae-
Ayloiwux ycaosusax: y(l)=1, y’(1)=1/2.

» Huem pelleHue AAHHOTO ypaBHeHUl B Bujie pAja:
y=F)+ L2 =)+ L0 e— 1 L0 (x— 14
+ %(x— ) 4.,

=1, F()=5;

Fo=——t ()=~

45’

" 't — 2 17 1/2)-1—2-1 3.

Jrle) = — L2 ()= = BASE = o

V(%)= — (¥’ x> + 2xy — 2y — 2xy')x* — 4x°(y'x* —

15

— 2xy))/ (425, [ (1) = — 12

IMoncraBassi HalleHHble 3HaueHHA NPOU3BONHBIX B PAL,

nosy4aeM HCKoMoe petleHde aMddepeHIiHaJbHOrO ypas-
HEHHUS:

y=14 5= D= g (0= P 5o = 1P =

15 4
— e *F— D+

_ x—1 (x—=1® _ sx—1)
y=1+ 2 8 + 16 128 +.. <

Pemrenns Bcex
H,ZI3-]2.3 BApPUAHTOB TyT >>>

1. Paznoxutb B psan Pypbe nepuoiuueckyio (¢ nepuoaom
o =2n) ¢yukuuio f(x), 3alaHHyi0O Ha oTpe3ke [—m; 7.
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1.1 f(x)={0’

2 v cos Qk—l)x) —2 in (2% — I - sin(2k
',;Z + = Z sin )x)—zs'_“(_ﬁ_

2k — . 2%k — 2%
k=1 k=1
2x—1, —a<{x<0
1.2. f(x)= {0' 32x<n (Oreer flx)=
__n+l €0s ((2k — 1)x)
o T Z T e—1y +
2(n+l) sin (@ —Dx) o Qkx)
Z 2%k — 1 Z ‘

1.3. f()c):{g'_l_2 gé < (Oreer f(x)= ”"H -—

2 - €08 (26 — 1)x)
}'Z +

Tk —1F

- sin ((2k — )x) - sm(2kx)
) T

= k=1

53

a1 2 - cos ((2k—1)x) w41 sin ((2k — 1)x)
T4 w Z Z +
k=1

(26 — 1Y 2k — 1
sin (2kx)
+ )
k=1

D e T e

LT cos@k—Dx) 4 a—4 O sin(@—Dx) _
e Z (2 — 1) T Z 2k — 1 '
k=1

k=1

1.4. f(x)_—_{“"g,-!- 1/2, —gi §2 (Orser: f(x) =
+

k=1

sin(2kx)
2k )

I
T>™7¢

)



2x4-3, —n<<x<<0, :
1.6. f(x)={0’ + =iSa (Oreer: flx)=

2k — 1) 2% — |

i c cos ((2k — 1)x) 2(rt — 3) C sin ((2& — 1)x)
n 'ZZ + n Z -

Z 2kx) )

—n< 0,
L7. ()= {S—x g;;gn (Omer: f(x)=

©o

4+ 2 Z c0s ((2k — 1)x) 4+ 6 —n Z sin ((2& — 1)x) 4+

2k — 1y n 2% — 1

k=1
4+ Z sin (2kx) )

x—2, —a<x<0,
18. [()={g 0<x<n.

(OTBeT.‘ fx)=

00

4

(2% — 1Y n 2% — 1

k=1

Z 2kx) )

LY. f(x)= {El)x—S —rse<0, (OTBeT.‘ f(x) =

0<< x < n.

2n—3 8 €os (2 — )x)
Z To@e—1p +

©o

4+ 2(2n—3) Z sin (Q(ik_vll)x) Z 2kx )

1.10. f(x)= {g x, “’32’(‘20 (Oreer: j(x)=

4

a+10

+

+

n+4+ Z cos ((2k — 1)x) + 4+n Z sin (26— x)
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©o

2 c cos (2k—Nx} =m0 sin (22 — 1) x)
n Z (2 — 1Y? n Z 2k — | +

4+ Z sin (2kx )

—n < x <0, .
LI f(x) = {3x—l g;x<n. (omer. fx) =

k=1

oo oo

— 3—2 6 cos (2k — Nx) 3n—2 sin (26— 1)x) __
4 n ’Z 2k — 1Y + n Z 2k — 1
=1 k=1

—3 Z sin (2kx) )

L.12. f(x)={8,_2x' —1s*<0, (OTBeT.' f(x)—_.—%é—

O<x<n.

4 - cos (26 — )x) 2(n+3) sin ((2& — 1)x)
Ly 3 -

(2k — 1Y 2k — )
Z sin (2kx) )

1.13. f(x) ={8_'L_x)/2’ géign (OTBeT.‘ f(x) =

1.14. f(x):{ng“" _”<;‘

o0

. 2—5x 10 cos ((2k — 1)x)
T4 +nZ (2k — 1)

k=1

o0

51— 2 sin (26— Dx) - sin (2kx)
+ n Z 2k —1 5 Z 2k )

k=1 k=1
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_ {0, <x <0,
"'5‘f(x)“{ —4x, O<zx<nm

(OTBeT )= 1222 2“ + 8 Z cos(é(:k—l)x) n

©o

+ 2—4n Z sin 2k—l +4Z sin 2kx )
n

k=1

_[3x+2, —a{x<0,
1.16. f(x)= { Ozxzn

(OTBeT.‘ f(x)_ 3“ + 2 Z COS((2k —]):)x +

©o

+ 3n—4 Z sin (2k — D)« SZ sm(2kx )
n 2k — 1

k=1

_ {0, —n<L x<<0,
LI7. f(x)-—-{ 4 — 2x, 02x<n
(OTBeT.‘ f(x)= COS(Q(:k_l +
2(4 — 1) sin (2k — )x sin (2kx
Z %=1 +QZ )
1.18. f(x)={x+n/2’ _g<x<n (OTBeT f(x) =
_ 2 = €os ((2k — )x) . sm(2kx)
n Z 2k — 1)? Z )
_ 40, —n <L x<0,
119 f)={g\ _s5 T sisy
(07‘337‘: f(x)_——_ Ef[_é___é_ —_ _2 Z L((Qf_—;):_x) +

o0

2(35 — 5) Z 2ik_—ll GZ sin (2kx )
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. 3x, —a<x<LO,
1.20. [(x)={g <x<n
(omr 0= 242 5 5 s

k=1

00

_ l4i-3n Z sm(Q(zk—l +3Z sm(2lax )

k=1

21, f(n= ?T P s <0, (OTBeT.' f(x) =
T 0<x

L LS L)

L2z oo ={g" T TESIER
(OTBeT.' f(x)= — 3n2+2 + ;_22 ——————ms(é(:k__l);)x) +

2(3n+2 i 2ik———ll GZ sm(2/u )

1.23. f(x)={4’_ ox g§§<0
(QTBeT.' f(x)= 8—_4—%}* i *OS«% —l)l) L
n 8—;9:1 i sm(2(ik—l _I_Q*Z sin (2kx) )

Py

O
(OTBeT.‘ flx)= — .ET2_l8 + _32? i %:’1—”‘_){)_ +
n 1891-11 i singik——ll L Z sm(2kx )

k=1
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{0, —a<< x <0,
1.25. f(x)—'{IOx—3, 0£x<n.

oo

(mwrﬂw=&;3;222££@:¢a+

T (2k
k=1
26m—3) v sin (2k — 1)x sm(2kx)
T Z 26 — 1 IOZ )
k=1
1 —x/4, < x<0,
126. () ={y T TESESD

_LZ cos (2 — Dx)
20 2k — 17
k=1

(Omer: flxy= = 1“’(;8

oo

__n+t38 sin (26 — 1)x) 4+ 1 - sin (2kx)
47 Z 2k — 1 4 Z 2k )

k=1 k=1

—n<L x <0,
1.27. f(")*{ X/5—2, O<xt<m

(Oraer: f)= 2220 4 2} cos@mty

@k 17
=1
A2 © sin(@E—1Dx) 1 = sin(2)
+ Z 2k — 1 ?Z 2k )
k=1 k=1
— 11, —a<<xK0,
128, 9 ={g; 0=xZn
. - n-{yﬂ €os ((2k — )x)
(Oreer. fx)= + 4 Z o +

oo

2(n+ 1) sin (2k — )x sin (2kx)
+ Z 2k — 1 —2 Z

n
k=1

{9 —n<x <0,
1.29. f(x)._{3_8x, FSiS?
(Omer: f(x)=_3—2_4” +_lnﬁ_Z Cos(éfk —l);)x) +

95



2(3 — 4m) Z sin ((2k — l)x) +8 Z sin (2kx) )

. x-——l, —J'[<X<O,
1.30. f(x)—{O, oEx in.

(Omer: f(x)= — ﬂ‘_:;?_ + J:;i Z Cos(é(,fk -—l):)x) +

oo

+ Tn 42 Z sin (2& — 1)x) —_7 Z sin (2kx) )

I 2k — 1

k=1

2. Paznoxurs B pan Pypbe ¢yskuuio f(x), saganHyio
B uHrepsaJse (0; m), NPOJO/KHB (A0ONpeNeNHB) ee YETHBHIM
H HeuyeTHBIM oépasoM. [TocTpours rpacduku ans kaxkgore
NPOAOJIKEHHUS.

jad

2 . (= 1ye* — 1) cos nx _ 2 - _
+ T Z 1 4-n® , ¢ n Z (l
n=1\

=1

n ooy N sinax
—(=1yer) mn)

2.1, f(x)=¢". (OTBeT.‘ =21 -+

: = oyl
2.2. f(x)=x". (OTBeT.' = .%i 4-4 Z _(_Ln?_‘i‘_’s_'i,

n=1

oo

2 - n? —4(2k — . -9 sin(2kx).
=2 Z T A AR gip (26 — 1)) nkZ. e )
=1 =

2.3. f(x)=2". (OTBeT.‘ =214

nln2
o 2T (— 1Y — |
+2l“222£ )2 COos nx,
n® 4-1n®2

g

ot |yttt on .
or _ 2 T2+, in rlx.)
n n® 4-1n* 2

n=1

] _ sha=n
2.4. f(x)=ch x. (OTBeT. ch x = ~ (l +
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" (— "3"5—”" 2 v l—(—lychn
+2Z( 1) ) chx—n o nsmnx.)

n=t

2.5. f()C) = e %, (OTBeT.' e ¥ = | —e™" +

+Z Z A== cos nx,
n l+n

e”” =2 Z ——=— 7 __nsin nx.)
n l+n

26, fx)=(x—1)". (Omer: (x—1¥= Ez_—_i_”_ﬂ_ +

+% Z 2 — cos((2k—l)x +4Z °°(52ka (r— 1) =

k
2 . al—2n 42 4 . _ _
~ Z ( %1 T (2k—l)3)sm (26 — 1))+ 2(2

_n)i sin2(ikx) )

203"
aln3

2.7. f(x)=3"""2 (Omer: 3—*/2 —

oo

41In3 l-—._l",3-—n/2
+ Z (=1 .

n 4n® 4 (In 3)

n=1

- — —n/2 .
—x/2 __ 8 Z A= (et nx.)
4n’ +(ln 3)2

2.8. f(x)=sh2x. (Oreer: sh 2x = <h2= +

2n
ch2n-(—1)"—1
CcOSs nx,
t Z 4 4 n?

ne=t

4357 o7



00

sh 2x=% (—=1)y*+".sh2n

5 n sin nx
= n°+4 )
o2 . 2% __ e — 1
29. f(x)y=e .(OTBBT. e = —— +
+ = 4 (=l — 1 cos nx,

n 4—]—2

"——-—-lz —]n"nsinnx
n 44 n? )

2.10. f(x)=(x—20" (OTBBT.' (x—2)2=l2—_6—;'t1—2-+

44 —n) V- cos(k—1)x cos 2kx
Z (2k—l Z 2&)?
k= k=1

(x—2)2=7 Z (4”;3_2 +(—l)”2—_L2'g—_”—)2)sinnx.)

n=1

2.11. f(x) =4/, <0reer: g3 3P

n
+ 61n4 Z (— 1)y 4% — |
n 9n? + (In 4)?
> —— 1. 43 .
4"/3=£Z ]—g-])—"—nsm nx.)
n 92 + (In 4)

n=1

cos nx,

n=1

2.12. f(x)=ch . (OTBBT.' chz = ﬁfr”& +
4 sin(n/2) = (— 1) cos nx
+ n 1442 7

n=1

hX — 8 ch (n/2) 1 —(—=1)
¢ 2 n Z 1+ 4n?

n sin nx.)

n=1

2.13. [(x)=e" (OTBeT: et = &1

-+
4n
_]ne4n__]
-+ = Z( T cos nx,
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2 Z l)n 4n .
= n sin nx.)
n n? + 16

214, j(9=(c+ 1. (O"“’T-' PENT IR

3

_ 4(n+2) cos ((2k — 1)x cos Qkx
Y SxBobd 4y Z R =
k=1

=2 3 =)+ (= (=17 =2 _.
R Z sin nx.)

13

2.15. j(x)=5"" (Oreer: 5=r=1z5" 4

alnb
2inb L —57"(—1)
+ Z Cos nx,
4 (In

2.16. j(x)=sh 3x. (Oreer: sh3x= 3=l 3;"‘ Ly

(—‘l)"ChSn
+ Z PR L cos nyx,

a0

sh 3x= 213 Z = UnH n sin nx)

2.17. f(x):e?‘“_ (OTGBT.' e— /1 — 4 —eT%Y n

n
1 — —l)" —n/4
cos nx,
T Z 1602 + 1 n

—x/4 __ 32 1 —(—1)ye"/* .
€ —;ZWnSIan.)

n=1{
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2.18. f(x)=(2x— 1) (Oreer: @2x— 1P = ____4”2_3?_“+3 +

©0

NI T TR

n

n=1
00

(2x— 17 = % Z "2—8+(—1)”3(8—(1 —20P) o nx.)

n

n=1

2.19. f(x)=6"" (Oreer: 6%/4 = _4(?:/];—61) +

00

— YR/
+ 8n6 Z (=176 ! cos nx,

n 164 4 (In 6)°

00

(1Y R/ .
6%/t = 2 Z A==D6 n sin nx.)
n 16a° + (In 6)°

n=1

2.20. f(x)=ch 4x. (Oreer: ch4x= 52;” +

n=1{

00

8 sh 4n (—1)"
cos nx,
+ n Z n®+ 16

n={

chdr=2 Z Ao (1chidn nsinnx.)
n n+]6

2.21. j(x)=e"*. (Oreer: =¥ =1 "3;_3" 4+

- (e 1\ p— 37
+ & Z A== cos ax,
n n _+_g

n=1

00

-~ 2 | —(—1)le—3n )
e =~ Z —“(”2—)*—nsmnx.)
n n"+9

n=1{

2.22. f(x)=x"+1. (Oreer: Apl=2E3 +

3
Z —-—— COS nx,

-]

211 =2V @=2+@—nf@'+ )(=1)
241 nz

n3

sin nx.)

n=1{
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2.23. f(x)=7—x/7' (OTGBT.' 751 — L;_“:—iﬂ n

o0

e .7 /T
+ Z l (2 Ay 1 — COS nx,
49n% + (In 7)

—n/7 .
7 =51 — 98 Z A=(=D7=" in nx')
n 49n +(m 7

5 -
o (—lychz —I
+ - i cos nx
n 250 4 1 >
n=
n
50 sh — =
5 (__l)n+l .
sh5 = Z n sin nx.)
n=t
2.25. f(x)=e~ /%, (Oreer: o—2/3 — 3(1—e 2% n
2n
12 l—(—1)ye ¥~
e k cos nx,
+ bt 9n2+4

—_ 18 - 1 —(—1) —92n/3 .
e—24/3 — Z—'(—‘l)e——ﬂsmnx.

N’

o 90’ 44
n=1
2.26. f(x)=(x —m)". (Omer.- (x—m)? = % +
+4) 2 (o af = 2y AT sin )

n=1 . =

2.27. f(X).——— 10“16. (OTBBT.' 10—x= _l-nzm_l()l_(—):‘_ +

o

+ 21n 10 Z 1—2(__])210— cos nx,
n n® +1n° 10

n=1{

107 =2 Z — 111) 11(())— n sin nx.)
3 n ﬂ
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2.28. f(x)=chZ. (omer: ch= =shl+

+2shl Z ——L . COS nx,
¥ o X I—(—IFchl . .
ch; =27 Z S n sin nx.)

a=1

2.29. f(x)=e'*/3. (Orser: e = _3(‘?'“’3— )] +

©0

— 1\ pin/3 __
+ ..?i (_l)e—_lcos nx,
n 9n?® + 16

n=1

©0
— [ — J\1 pin/3 .
etd =18 Z ! 9(2_:_)12 n sin nx.)
bt n

2.30. f(x)=(x—5). (OTBeT: (x—5P = - "‘.__lg“ +75 4

4V (—5H=1y 45 s
+ - Z pe c0s nx, (x —5)° =

-2y @5n® = 9) (=~ 1F@ = w6 =" G nx.)
n n

3. Pasnoxuth B paa Pypbe B yKa3aHHOM HHTEPBaJE -
nepuHoaudeckyio ¢ynkuuio f(x) ¢ nepuoiom o=2l

31 f()=1lxl, —l<x<]1, l=l._(0mer: Ixf= = —
i_ - os(2n+l)nx)

n? Z (2n + 1) )

3.2. f(x)=2x, —l<x<l, I=1. (Omer: 2x=1—

_ 2 sin (2nnx)
n Z n :
a=1
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33. f() =¢, —2<x<?2 (=2 <0r6er: & =

nax . nnx
2 c0s —— — 51 sin

—sh2(y +2Z(_|) — T))

34, fx)= x| -5, —2<x<2. (Oreer: Ix] —5 =

05 (2n 4 nx )
(2n 4 1Y p) )
=1

I, —1<x<0, : 3
3.5. f(x)={x’ 0<§§| [=1. (Oreer. =4 —

_ 1 XY 2cos(n2n—)x
. Z ——~——-n(2n_ 5 -+ sin (:mx))

n=1

36. f(xy=x, l<x<3, (=1 (Oreer: x=2-4

% Z:: l)"+‘ sin ( x) )

0, —2<x<
3.7. f(x)={ x, 0x<
2 —1x, 1 <x K

1 4 €os ((2n — l)ax)
2 n? Z 2n — 1)2 +

+ 8 - (—l)"sin((2n+l)nx/2)')

a2 (20 + 1)?
n=0

38. f)=10—x, 5<x< 15, [ =5, (Oreer: 10—x=

= '_t?. "Z::l (— 1y Sin(nx/5) )

n
[, —1<x<0,
39. f(x)=11/2, x=0, [=]1. (Oreer: f(x) =
L X, 0<x, .

o oo

_3 2 cos{(2n —hnx) 1 sin{nnx)
Y n? Z (2n — 1Y n Zi n )
=1 n=
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3.10. f(x)=5b6x—1, —5b<x<5, [=5, (Oreer: ox —

—l=—14% Z( 1y +! - sin 222 )

X, 0<x<3,

_%Z S ((2n — 1)nx/3) _ 3 Z sin Jw
n (2n — 1)

n=1{

3.11. f(x)={0’ —3<x<0, [=3. (Oreer:f(x)= —f-—

312 f(1)=3—x, —2<x<2[= 2.(omer:3—x=

=24 L Y (i 22) )

n=1{

1,0 l,
3.13.fx)_{ I liii?l 1. (Oreer: f(x) =

_4 c (2n+])nx)
T n Z 2n—+—]

3.14. f(x)={(2): _(2)2:523” [ =2. (Oreer: f(x) =

—_ N 4 < (2n — Nax
I+ Z a2n — 1) sin 2 )

X, 0<<x«,
3.15. f(x)={l, l<x<?2, [=3. (omer: fx) =
3—x, 2<<x <3,
2 _ 9 c €0s (2nnx/3) 1 - €os (2nkx)
T3 2n’ Z n? + 2n? Z &’ )
n=1 k=1

316, f(x)=2x—3, —3<x<3, [=3. (Oraer: 2x —

—3=—34 % Z (=7 §in -

n

ne=|i
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347, f(={_] D0 x<3/2 g, (Oraer: f(x)=

, 3/2<<x <3,
_ 4 S __ 1w €os((2n + Dnx/3)
=4 ) (—iy =)
n=0

3.18. fx)=3—lx|, —5<x<5, [ =5. (0mer:3—

00

_ =l_ | 2_ ] (2n + Dnx
Ll 2 + P Z @n + 1) cos 5 )
n=0
—x, —4 <x<0,
3.19. f(x)={ 1, x=0, | =4. (Omer: f(x) =
2, 0<<x<14,

n—]
sin ((2& — l)nx/4)
+ Z T % —1t )
3.20. f(x)=1+4+x —1 <x<l,l=l.<0mer: 1 x=

SRR S

_ __8_ - 2n—l:nx/4 (— 1) sin {(nnx/4)
== ) + ) s

—1, —2<x<0,
3.21. fj(x)= {—1/2, x=0,1=2. <0mer: f(x)=
x/2 0<x<<?,

— i (2n — 1 nx/2 4+ 3 i sin ((2n — Dnx/2)
n

2n—l 2n— 1

_%Z——: sm(knx) )

3.22, f()=2x+2, —l<x<3, [=2. (O'reer: 2x +

— %Z " sin nnx/?) )
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3, —3<x<0, S
3/2, x=0, {=3. (Orser: fx) =
—x, 0<x<3,

_3 6\ oes@—Da/d) 9\ sin(@a—hud)
4 nt Z (2n — 1)’ bis Z T em—1 +

3.24. f()=1— x|, —3<x<3, {=3. (Oreer: [ —

] (2n — nx
—_— X = — COS .
I+l 2 Z @n — 1y 3 )

2, —4<x<0,
3.25. f(x)={—— 1/2, x=0, [=4. (OTBeT.- fx) =
l4+x, O0<x<4,

oo

— _]_ _3_~ c cos Qn — l)nx/4) 10 sin (2n—ax/4)
2 n? Z + Z 2n — |

n=1

“4;? 2 knx/?) )

3.26. f(x) =4x —3, —5<x<5, {=5. (Oreer: 4x —

—3=—34 20y (ZUT i nax )

n=1

x+2, —2<x< —1,
3.27. f(x)={ I, —1<xL, {=2.
2 —x, |l <x <2,

(Oraer: f(x)=§’_+_$_z cos(((22rr1':ll));1x/2) _

n=1\
0

_ 8 cos(2(2k — Nx/2)
a : 2%k — 1)? )

=1
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3.28. f(x)={—‘/?: _82;‘23’ 1=6.(Oraer: f(x) =

_ 3 1. (@n— D
_T+nz2n—-lsm 6 )
n=1

—2x) _2<x<0a
3.29. f(x)={ 2,

x=0, [=2. (Omer: fix)=
4, O0<x<?,

8 cos ((2n — 1nx/2) 4 I . nnx )
=3 — — + = — sin .
n? Z (2n — 1 n Z n 2 -
n= n=s1

3.30. f(x)=1Ixl—3, —d<<x<<4, =4 (Omer: xb —

oo

e 16 1 (2n — Dnx
:_3 : n? Z (2n — 1) cos 2

n=

oo

8

8 sin (n:nx) 4 — Dax
n Z n Z k—l sin { 2 )

n=}
4. Pasnoxuts B paa Pypre ¢yHKuuio, 3agaHHYK Tpa-
(pHueckKH.

4.1,

'} -6 -5 -4| -3 2 rt/le 7

>y

4.2.

s NS A T N ; >
= —

107



4.3.

Z 3 4

=

7 x

5 6

7

g

-1/

~4 3

)

-6,

4.4.

QR
Y
1
R [PN

oy

NP
™
b bal
AN

o

Y
T

S
1+

R
™
Po
1+

o

o}

re

L}
1o
I
N1t
[

4.5.

-2 -7

-3

-5 .‘9

4.6.

-7

-3 -7

4

-5

-6

4.7.

X

23

7

e

-1 0

-2

-3

4

-5

-6
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4.8.

4 5 6 X

k)

2

g 7

-7

2,

S

)

-6

4.9.

4 3 2 7 0

7

4.10.

X

2 3 4 5

7

a

-7

-2

-3

-4

-5

4.11.

2 3

4

7

4 3 2 -7 0

-5

4.12.

2 3 4 5\S

7

7

-2 ~7

43

-5

6




ito

4.13.

6 5 4 3 2 o

4.16.
y
4
. 0
Sl A% 5 7 BP0 7 2L 3% 5 6 %
-
4.17.
y
3
2-‘
7-

. e



4.18.

I 4 /5 6 7 .

2

g 1

S

-7_

4

-5

-7 -6

4.19.

2 3 4 5 6x

7

g

-7

-2

-3

5 -4

6

4.20.

5

7 2 3\ 4

7

-3 -2 -7

7

5

0

=2 -7

4.21.

4 3

-3

-6

4.22,

g

%

2 3

7

-7 |0

-2,

76 5 4 -3
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4.23.

3

7

a

-7

-2

4 3

-4
J

.6

4.24.

2 3 4 5 6 «x

R R

-6

-7

4.25.

2 3 4 5 6

7

g

4.26.

7 X

4.27.

7X

5 6

4

%

7
g

-7

V4

-2

4

-5

-
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4.28.

3 By 2 s S Ly S VR A VY § S E S TR

-2
4.29.

i

/
65 % F 2 4 0 1 7 3 4 5 6 X
4.30.

-2

5. Boeno/b3oBaBIiuuch pasdoxenueMm dyHnkuuu f(x) B pan
dypbe B yKa3aHHOM HWHTepBasle, HalTH CyMMy JIaHHOrO
YUCJIOBOTO pAa.

00

5.1. f(x) =\x|, (—mn; =), Z (Q—n-l—_l.)—l— (Orser: Z—Q)

n=1
o0

5.2. f(x)=|sin x|, (—mn; m), Z L. (Orser: —;—)

4n? — |

n=1

00

5.3. f(x)=4", [—mn; =], Z (—1)"“%. (Orser: %)

n=1



54. f(x)=x, [0; n], no Kocunycam, - __ (or
o0 — 2
nZl @n—=1J (

L
Ber.—s—.)
A —x, —a<xL0, c 3—(—1) )

5.5. f(X)—{xz/n, Ozxgn, E — (Omer.

n=1

7a?
12 )
_(—, —a<x<0, (i
5.6. f(x)—{ 1, 0<x<um, ZTn——T
, X=—mu, x=0, x=m, n=1
n
(Omer -4—)

5.7. f(x)= —;i, (0; m), i <2_nli_l' . (Omer: -;i)
5.8. f(x)=rcos x,[ ; ] i (2k—(612):€+1) (Omer:

2—n
)
2

5.9. f(x)=x, (0; m), Z (2n (Ome %)

112

5.10. f(x)=+%, (—m; n), Z %- (OTBeT.' '?3")

5.11. - (=
[(x)=x(m —x), (0; =), no cuHycam, T

n=

(Omer 3;)
5.12. f(x)="sin x|, (—m; =), i—(:—lL

4n* — |

(OTBeT.‘ 2 : x )
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5.13. f(X)::{?c: _S’Efig Z:: (2n—l (OmeT ?)

I, —1<x<0, © a2
5.14. f(x)v={x’ 0Sit Z (zn_uy (Omer.—s—.)

n
5.15. f(x)= x|, Z o +l (OTaeT ?.)
o0 . n2
5.16. f(x)=4+%, (—m; m), Z (2n—l)2 (Omer. T')
I, —1<x<0, & | \ 2
X, O<x<lv n=1

_f Lo<x<l, ¥} (—1)
5.18. f(x)_{_l' l<x<? Sm T (Omer —)

n=1

—X, _4<x<0| had 1
5.19. f(x)={ I =0 Z L
2v 0<X<4, o (n_)

(Omer: “T?)

o L 0<x<3/2, - (— 1y o
5.20. f(x)_{—l, 3/E<X<3, -———-2n+l (01'331'. T)

n=1

' _li _2<x<0 b
5.21. f(x)=19 —1/2, Z S
x/2, 0<x<2 ("— J

. n’
(Oraer. _8_.)
_2x, _2<x<0, *
5.22, f()C)={ 2, x =0, Z __5__1-'_2-.
4, O0<x<?2 & @n—~1)

(Omer: -’g)
[1s



5.25. f(x)=n®— £, (—m; 7), Z (__’11_2“1,(01%1:%.)

n=1

oo

5.26. f(x)=xsinx, [—mn; 7, Z r(l;—_l): . (OTBeT.' %)
n=1

0, —a{x<<O, - (—1yt! . n
5.27. f(x)_{l’ 0Sis Z — .(01’667. )

n=1l

(=1y*!

2n 41

_f—a, —a<<x<<0,
5.28. f(x)_{ o ToSisa

’

gk

. (OTBeT.' % )

0

had RV T
5.29. f(x)= |cos x|, [—m; =], Z (—4,,31—)_—1-
. n=1

n

I

(OTaeT: “:2 )
5.30. f(x)=lcos%l, [—m; a), i 1(: L);z .
. n=|
(Omer_: “:2 )

Pewenue Tunogozo sapuaxra

1. Pa3oxuts B psix Pypue nepHoAHdecKylO (¢ MepPHOAOM
0 =2x) yHKUHIO

116



f(x)z{n—i—x, —n<Lx<0,

0, 0<<xn
» Boiuncianm kosdduunentsr Pypoe:
0
| I (47 |° 1 a2 n
Qg — — T X)ax = — —nu == - =
0 n S (m+0d n 2 —n n 2 2
—n
0
a, = % S (n + x) cos nxdx =
bl 1 4
_=n4x du=dx, _
dv=c0s nxdx, v= % sin nx,
| 0 ¢
= —((R—H sin nx) -~ 1 S sin nxdx) =
n n —_ n
—n
0
= 'Qcosnx' S V= _—2 .
an —n nn n(2n — 1)?
0
bn = % S (74 x)sin nxdx =
-1
_u=J'[+X, du:dx’ B
dv = sin nxdx, v = — % cos nx

]
0 1

+ S cos nxdx) =

=—l-((— X cos nx)
n n

1 n |
= —( — — — SIN X
n( n +n2

-7t

Psin ®ypoe ans1 paHHON (YHKUMH 3aNHIIETC B BHE

o0

€08 (2n — )nx) l yux) sin (nnx)
f() = Z o ) . <

n=1 n=1

2. Pasnoxuts B psag Pypbe ¢Qynkuuio f(x)==8"% 3a-
LaHHyio B uHTepBaJe (0; m), nporo/KHB (moonpeneluB) ee
YeTHHIM H HeyeTHbIM 06pa3oM. [TocTpouts rpaduku ajs Kax-
JAOr0 TPOAOJIKEHHS.
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p IlpoaoyxuM paHHyl0 (YHKUHIO 4YeTHHIM o06pa3oM
(puc. 12.7). Torna:

— n/2 ___
0o nln8 & D,

Puc 127

Halnem HeonpepneneHHbIA HHTErpal SS"/? c0s nxdx, Bbl-
NOJMHHB JBaX K WHTETPUPOBaHHE TNO YaCTSM

u =82 du=— -89?1n 8dx,
S 8*/2 cos nxdx = 2

dv = c0s nxdx, v= _117 sin nx
= 1 82 sin nx — MS 8% sin nxdx =
n 2n

=82 du=— -;_ . 892 In 8dx,

, =%-8"/25innx+
dv=sin nxdx, v= — - cos nx,

+ % « 82 cos nx — ];' L S 82 cos nxdx,
n n

(l+ In” 8)88 cosnxdx——- 8"/"’smnx+ ]"8 X

>< 8% cos nx,

S 8x/2 Ccos nxdx = m (T 8x/2 Sin nx +

+ ;"? - 8*/2 cos nx)
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- Boruucaum xo3(pQUUHCHTH! Q.

2
an=———~§1————( 872 sin nx 4+ — m8 - 82 cos nx)
n{4n® +(In 8) %

h1s

__ 4ln 8 (—1y — 1)
n(4a® + (In 8)%)

CneaoBaTe/ibHO, pa3/oXKeHHe JaHHOH (YHKLHH (10 KOCH-
HycaMm HUMeeT BHA

n/2 il /201y
gr/2 . 28 ) 4 48 Z 8/ (=1 =1 o nr.

ain8 T 4n® 4 (In 8)°

n=1

Teniepb NPOAOMKUM JAHHYIO (PYHKUHIO HEHETHbIM O6pa-
s3om (puc. 12.8). Toraa:

I
b, = % S 8% sin nxdx,
0

Yy
/ /
/ /
/ /
v ’
// -7
i ’ i
L
I J'Zﬁ T 0 T J?/r 3T X
/J‘i -~
s - ’
/7 //’ //’
/ / /
Puc. 128

u=8"2, du= L1 .87 n8dx,
S 82 gin nxdx = 2 - =

dv=sin nxdx, v= — %cos nx

= ' — 82 cos nx 4 —— l" 8 SS"/? cos nxdx =

_|u=8"2, du::%sx"" In 8dx,
dv =3 cOs axdx, v=—:‘-sin nx
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=—1 .82 cos nx -+ L?- <82 sin nx —
n 2n

—_ ';‘ 8 S 8% sin nxdx,
n

ln8

2
bn - —"—SnTn—B-)—( - 8x/2 cos nx+ ><

(4n7

X 82 sin nx)l — 8 (®7(— )H"H).

n (42> (In 8)?)

CrienosarenbHo, pasfioxeHue NaHHOH QYHKUMH NO CHHY-
€aM HUMeeT BHL

hd g2 nt 1 .
g2 =238 Z = ')2 nsin nx. o
n 4n® +1n

3. Paznoxurs B psn Pypbe nepuoAHueCcKyI0 (C nepuosom
©=2) yHKuHIO

1, _l<x<09
f(x)={0,5, x=0,
X, 0<<x< 1.

P Boruucasiem koadpduuuentsr Pypoe:
0 1 0 \

. _ i

= S dx+S xdx = xl_l + 7'0
—1 0

1

cos (nnx) dx -+ S xcos (nnx) dx =
—1 0

a, =

L)

u=yx, du=dx, _

sin (nnx)

dv=cos (nnx)dx, v=
nn

° 1
[ i .
——sin (rmx)' » + —— xsin (n:mc)l0 —

t
! i = J l— 1 — o

0
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0 1
b,= | sin (nx)dx + | x sin (nax) dx =
— 1 (]

u==x, du=dx,

dv =sin (nnx)dx, v= nln cos (nax)

0

. 1 X !

= — ——CO0s (rmx)\_l-— —— €08 (rmx)lo—}—

1

! =1 —(=1— =1y =
—{—Tn-Scos(nnx)dx-— (= (=)= (=1

[

1. ! —1y 1 (— 1y 1
= g sin (| = S8 — - — L = —
B nrore nosnyuaem caenyiouwmit pag ®Pypoe:

-3 _ 2 - €os (2n — Hnx) 1 c sin (nnx)
Fx) 4 n? Z (2n — 1) n Z n <
n=1 n=1

4. Pasnoxutb B psA Pypbe ¢yHKUMIO, 3a)aHHYIO Tpa-
tduueckn (puc. 12.9).

% 5 4 3 2 70 1 2 7 4 4 6 x
Puc. 129

p 3anuem  aHa/uTHUECKOEe  BbipakeHue  JaHHOH
GyHKUHH:

_ 0541, —2<x<0,
i0={z o<x<2 °=*%
Boruncanm Koatp(puunemsx Dypbe:
0o 2
1 1 1 1 0
o= 1- S (—2—x+l)dx+78 dr= (4 +x)|_,+
-9 Q
1 5
+x| =—s(—-2+2=3,
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0 2
| 1 nux nnx .
Oy == S (?x—l—l)cos 5 dx—}—SCOS 5 dx =
—2 0

u=x/241, du=(1/2)dx,

“do = cos ™ dx, v= 2 sig U=
2 nr 2

0
0
x/24+1 . nnx { . onax
— Sl —_ st
an "= -2 2nn S 2 dx +
—2
2 0
2 . anx { nnx
— Sl = cos =
+ nm 2 lo n’n’ 2 -2
i | 2
= ((—1t D= —=
nn? (( ) +10 n?(2n — 1)

2
”gx dx 4 S sin '”2” dx =

<]

by = ?‘ § (% X+ l)sin
—2

_lu=x/24+1, du=(1/2)dx, —
do=sin " dx, v = — 2 cos A
2 nm 2

0

0
. x/241 nnx l 0s W gy —
nn cos 2 {—-2 + 2nn ¢ 2

—2

2 2
el Gl
t 2 (1= (1 4 2(— 1)+

nn

C.nenoBaTe.ano, HcKoMbtit psig Pypoe

=%+ Z cos (20— ax/D)

(20 — 1)’

+— Z d +2§;">”+‘> sin 222, o

n=1
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5. Pasnoxurb B psig Pypbe no KoennycaM (QyHKIHIO

ko 0<x<lI,
W={3_, 1Si<2

Ha orpe3ke [0; 2] (puc. 12.10) n nalitm cymMmy psana

1
Z @n+ 1y
n=0

¥
2
, . ! ‘
u” T\‘\// T\\ /I \\\I
-4 3 -2 -1 0 7 2 3 4 x
Puc 12,10

p IlponomxkuM PyHKUHIO YeTHBIM OOPA30M B BHIUHC/IHM
koappuunenrol Pypoe:

o= et {mae= 3 +(2- 5] -
0

=5 (4—2)—(2—_)_1

2
xcos 22X dx 4 S( — x)cos ";‘” dx =
1

?
O Qg™ —

__lu=x, du=dx, '
dv = cos ™% dx, v = 2 sin B*
2 nn 2
+ u=2—X, du=—dxv —_
dv = cos % dx, v = 2 sin 2%
2 nn 2

b
2% . nax}! 2 . Anx
= ——sin —_—— in
S IO S sin — dx -

2 nn
[
2
202 —x) ;o nnx 2
1 —_— in—max =
+ nx sin 2 + nn SS 7 d
1
1
2 ny 4 nnx 2 [/
= —— Sif} — —— CO0§ —— -—— Sk -
n 2 + 2 nn 2
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2
4
— —5 COS nnxl =——2‘4—T-
n'n I n*(2n 4 1)
CnegoBarensHo,
{ 4 ¢os (2n 4 )nx
X)= — — — Sk Sl LY L
F) 2 n? Z (2a + 1y
n=0

Ilonaras x=0, ooayuaem:
0=l 4 i Z _
2 n? 2n+1)2’ (2n+|)2 8’

Taxkum o6pasom, ¢ momouibio psiga Pypbe Mbl HalLIU Cym-
My 4YHCJIOBOro psila. o

12.7. AONONHHUTENDBHbBIE 3A0AYHU K I'J1. 12
1. Hafitu cymmy psapa

|
(ot D +2)@2n+ 1)@2n +5)

(Orser: 1/90.)

2. UccnenoBars Ha CXOMUMOCTb AL

b b (5) et (B

(Orser: cxopurcs.)

oo

3. HOKa3aTb, 4TO €CJIH pan Z Qan abCoOIIOTHO CXOOHUTCA,
n=1|
oo

TO pAd Z

+ 1 a, Takxe abCOJIOTHO CXOAUTCS.

4. VccaenoBaTh Ha CXOAMMOCTb U abCOMOThYIO CXO.H-

it . an
MOCTb DAL Z Rl AL A (Orser: aGCcoOMOTHO CXONHUTCA.)
n

(2n 4 1Y
=1 .
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5. IokasaTb, uTo P, MOJYYEHHBIHi TPU NePEeMHOXEHHU

0o

AByX pacxogsuwxcs psagos: | — Z (%) u 1+

n=1

it n—1
+ Z (%) (2" + 27 ("*+1) acomoTHo cXOAUTCS.

n=1
00

6. CkoabKO u/eHOB psna Z(-—l)”*' l

—— HYZKHO B34Tb,
n-2"

n=1
yToObl a6COMIOTHASA OrpeLIHOCTb [IpH 3aMeHe CyMMbl S sToTO

psila ero n-ii 4acCTHUHOH cyMMoH S, He mpeBbllIaja o =
=103 1. e. uto6bl |S —S,| = |r.| < a? (Orger: n=17.)

7. CKOJbKO UJIeHOB psja Z (—1y+H 22— 1 pyxuo
n
n=1|

B35Tb, U4TOObl BHUHCIHTL €r0 CyMMy C TouHocTsio go 0,017
(Orser: n=200.)

8. C momouiblo NOU/IeHHOro U (P (pepeHUHPOBAHUSA U HHTE-
rpupoBauus Haiitu cymmy psaga 1 —3x*45x' 4. 4

—1Y 1 2n — 1) 22, . — 1 —x?
+(=1y""2n )X ”(Orser S(x) T |x|<1.)

9. JlokasaTb, uTO Z °°ZZ'” - 3"2“‘6]“2"+2“2 , 0<
<x<m "=

10. ITogo6parth aBa Takux psga, 4toObl HX cyMma Oblaa
CXOAAWMMCA PSJIOM, 8 Pa3sHOCTb — PACXOAALIAMCS.

11. Jloka3aTb paBHOMEpPHYIO CXOAHMOCTb (PYHKUHOHAJb-
(-]

HOTO psila Z (—1~" 2= na orpeske [0; 1].
n=1 VZ
12. VcenegoBaTh Ha CXOAHMOCTb DAL € OOLIMM YJIEHOM

Up = l§n -\/;dx

241

. (Orser: CXOAUTCH, Un < _%___)
3n3/2

(]

00
2n
13. Ioka3aTb, 4TO PyHKUUA Y = Z -;T—l- ABJaseTCA pe-
n

n=0

uleHHeM AMpepeHuraabHoro ypastenusa y' — xy =_0.
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13. KPATHBIE HHTEIPAJIbI

13.1. ABOAHBIE HHTEIPAJIbI H UX BBIYHCJAEHHE

Ha naockoctu Oxy paccMOTpuM. HEKOTOPYIO 3aMKHYTYI0 ofaacts D,
OrpaHH4eHHYI0 3aMkHyTOH Jauuuedt L. Ilycrs B D 3anana QyHkuus z =
=[(x, y). TIpon3BoNbHBIMK AuHUAMK pasobbeM D Ha n AEMEHTaPHbIX

obaacteit S;, naowanu koropux AS: (i=1,a) (puc. 13.1). B kaxgaoii
o6aactu S; spiGepeM NpousBobLHYI0 Tauky Pi(x, yi). Hduamerpom d; o6ractu
Si uasbiBaeTcR QAMHA HAMGONbUIEH U3 XOPA, COEHHSIOWHX rpaHudHbie
TO4YKH S..

Boipaxenue Busna

= Z f(x y)AS: (13.1)

Q==

HA3LIBARTCH -1 UNTe2PANLHOL CyMMOtl AR ynkyuu z = f(x, y) 8 o6.ractu D.
Beseacreue npoussoabHOro pasguenus obaactu D ua sneMenTapHsie o6aactu
S: u caydaiiHoro BEIGOPa B HHUX TOYEK P; MOMNHO COCTABHTb GECUHCAEHHOE
MHOXKECTBO yKa3auHolx cyMM. OfHAKO, COTacHO TEOPEMe CyUecTBOBAHHS
H E[UHCTBEHHOCTH, eciH OQYHKUUA 2= f(x, y), HanpuMmep, HenpepuiBHA
B D u auHust L — KycouHo-TMafikas, TO Npefen BCeX STHX CyMM, HARAEHHBIX
Hpu ycaoBud di—0, Bcerga CywecTByeT u efHHCTBEH.

Hsodnewm untezparom pynkyuu z = f(x, y) no obracru D Hasniaercs
npened Jimol,,. 0603Hayaemblit SS f(x, y)dS. Taxkum oGpasom, no onpege-

i D

JACHHUIO
n

Fx ypas =tim 3 f(x, y)AS. (13.2)
D d—0 ;=<1

3nech u madee GymeM npegnonarath, 4To Oyukuusn 2z = f(x, y) He-
npepoiBua B oGaacty D u audns L — KycouHo-TaapgKas, NO3TOMY YyKasaH-
Hblit B Gpopmyne (13.2) npesen scerma cyuwecrsyer.

Ykaxkem OCHOBHble cBOHCTBA ABOHHOrO WHTErpafa H ero reomMeTpu-
HecKHH M (PUIHYECKUH CMbICABL

1. SS dS=Sp, rne Sp — nnowans obnactu MuTerpuposauus D.

[ . N

2. Ecan nopnimterpaibuas dyukuua z = f(x, y)=p(x, Y} — nosepx-
HOCTHaf MJAOTHOCTh MaTepHAAbLHOH NJACTHHBI, 3aHHMawwel obaacts D,
TO Macca ITO N/ACTHHBI ONpefeasercs no Qopmyde

’

m= éj w(x, y)dS. (13.3)

B stom 3akniouaercs usudeckul cmoica d80LiH020 unTeepana.
3. Ecan f(x, y) =0 B o6nactu D, To peoitmoft murerpaa (13.2) uHc-
JIEHHO paBeH OODBEMY ¥ MHAMHADHYECKOrO Tefa, HAXOASIErocs Hajg
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nA0cKocThbio Oxy, HHIKHAM OCHOBaHHEM KOTOPOro siBAneTca o6aactb D, Bepx-
HHM ~— 4acTb NOBEPXHOCTH 2 = [(X, y), npoekTHpywiascs B D, a GokoBas
NOBEPXHOCTb — UHAHHAPHUECKAS,, NPHUEM ee NPAMOJHHelHble 06pa3syionine
napannenbtbr ocd Oz ¥ NpoXoaAT uepe3 rpaduuny L obaactn D (puc. 13.2).
Eciu f(x, yy<<O0 B ofnacth D, TO [BOHHOH HHTerpaj 4YuCAeHHO paBeH

z /Z=f/X,y)>0
7
,/ =
CAIINNSE D
,/// //“," M }\\\\\
L/ AT T A ERNCONN
£ 0 AT A L AN
RN
{ |
- | V>0
g F3o] Y
2¥2
i “L
X e S oy o bl e B ol
Puc 131 Puc. 132

o6beMy UHMAHHIPHUECKOrO Teaa, Haxoxsiuerocs noj naockoctblo Oxy
(puc. 13.3), Baatomy €0 3HakoM «—>» {—uv). Ecan xe dyuxuns f(x, y)
B 0o6aacT [ MeHsieT 3HaK, TO [JBOHHOH HHTErpan UYHCAEHHO paBeH
Pa3HOCTH OO6BEMOB LHAHHADHYECKHX Ted, HAaXOASWHXCSE HAR RJIOCKOCTBIO
Oxy w nopg Hel, T. e.

7 o)as =01 — v (13.4)
D

(puc. 13.4). DTO CBOMCTBO BbLIPAKAET 2LOMETPUUECKUL CMbICA GB80LHO2O0
unTezpanq. :

; ,
L
D z1 z=flx,y1>0
_ Z -
% 74 Ly, v, >0
%4 1 1
i
/ ' il n 1
. ! o W Z-fix yl=0
AR
\ERAN]E ’
\\L:.; 2% 1 :L[‘L”
\ A ~12<0
z=flx,ykK0
Puec 133 Puc 134
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4. Ecau dyuxunu z =[;(x, y) (j =1, k) nenpepuiBusi B o6nactu D, To

BepHa Qopmyna
k k
SS (Z filx, y)) ds = Z SS filx. 4)dsS.
j=1 D

D j=1

5. [Mocrosuublit MHOXKHUTeNb C HONBIHTErPAAbHON GYHKUHH MOXHO BbI-
HOCHTb 3@ 3HaK JBOIHOro HuTerpaJfa:

i crx yyas=c { fx, yias.
D D

6. Ecau o6nacts D pa3furth Ha KoHeunoe uucyao obmaacreir Dy, Ds, ...,
De, He nMeoWwHX OOLIHX BHYTPEHHHX TOUEK, TO HHTerpaa no obaacrun D
paBeH CyMMe HHTerpajioB 1o obJjactsaM Dy:

W Fee )as = [x, )as + e was+...+ i yas.

D D, D2 D,

7 (reopema o cpeauem). [ns uenpepulBHOH pyHKukH 2 = (X, y)
B ob6aacti D, nnowaxb Koropoit Sy, Bcerga Haigercss XoTs 6bl ogHa
touka P(§, n)€ D, rakas, 4ro

W Fee »)dS =& w)So.
D

Uucno f(§, w) HasbiBaercss cpeQHum 3HauerueMm @yukyuu z=[(x, y) &
obaacru D.

8. Ecaii B ob6nactu D nas nenpepuiBubix pyHkuHi f(x, y), fi(x, y), f2(x, 4)
BuitiosHenbl HepaseHcTBa fi{x, y) << f(x, ¥) < fo(x, y), TO

[ f10e 9ds < §rex, 9as < {[F(x, w)ds.
D D D

9. Ecnmn dynxuns 2z = f(x, y)s~coust u nenpepnisna B obaactu D,
M= max f(x, y), m= min [(x, y), To
(x, 9)€D (%, y)€D

mSp < {§ f(x, y)dS < MSp.
D

3ameuaunue Tak kak npenes n-if HHTErpanLHOH CyMMBl [, (eM. dop-
mysaol (13.1), (13.2)) ue 3aBucur or cnocofa pasbuenus obaactu D ua
ajeMeHTapHble o6nacTk S; (TeopeMa CyLIECTBOBAHUA H EIHHCTBEHHOCTH), TO
B eKapTOBOH CHCTEME KoopiuHaT objacTh [} yno6HO pa3s6uBaThL Ha 3Je-
MeHTapHble 06/1aCTH S; NpAMbIMH, lapasielbHbiMi ocaM Koopauuat. [Toay-
YeHuble MPH TAKOM pasbueHHH 3JMeMeHTapHble 06JacTH S;, npHHaLIeKaWKe
o6aactu D, ABasoTes npsiMoyroasHukamu. ClegoBaTebHO, dS =dxdy u

Wi vas = f(x, yyaxay.
b D

O6sacrb uuTerpupoBanus [ HA3LIBAETCH APABUALHOL 8 HANPABACHUU
ocu Ox (ocu Oy), eciw mobas npamasi, napantenbias ock Ox (ocH
Oy), nepecekaer rpanuuy L o6aacte D ne 6osee nsyx pas (puc. 13.5, a).
O6nacte D cunraercst TakkKe NPABH/ABHOMH, €CH HACTh €e IPAHHUBI HAK BCS
rpaunua L COCTOHT H3 OTPe3KOB HPSIMbIX, MApaANENLHBIX OCSIM KOOPAHHAT
(pue. 13.5, 6).
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PaccMOTPHM METOMbl BblMHCJEHHSI ABOHHOTO HHTErpasta no 06aacrsm,
NpaBHAbHLIM B HANPAB/JCHHH KOODIMHATHBIX OCEH; TaK KaK NPaKTHYECKH
mo6ylo 06/1aCTb MOXHO NPEACTaBHTL B BHAC OGbHEIHHEHHS NPaBHJbHBIX
ofnacrei (puc. 13.5,8), To, coriacHo cBOHCTBY 6 ABOHHBLIX HHTErpasios,
3TH MeTOabl NPHIONHB Al HX BBIYHCJEHHA N[O JIOGHIM 06JACTSM.

a 0
¥ Y

Jns BblYHCJAEHHA [BORHOTO HHTErpasla HYXXHO INPOHHTErpHPOBATHL [i0-
ABIHTerpanbHylo GyHKuuo 2 == f(x, y) o onHOM U3 nepemMeHHbIX (B npeaesax
ee H3MeHEeHHs B UPaBHAbHON ofaacti D) npu Mo6OM MOCTOAHHOM 3HaYeHHH
Apyroii nepemenHoil. [Tomy4eHHblll pe3ybTaT IPOHHTETPHPOBATL MO BTOPOH
nepeMeHuoil B MaKCHMAJbHOM auanasoHe ee usmenewus 8 0. Toraa sce
npounsseaenus f(x, y)dxdy B nBoitwoM muterpade (npegen cymmsl (13.2))
6yAyT yuTeHbl Mpu CyMMHPOBAHHM TOUHO [0 ONHOMY Pa3y, i Mbl H3GaBHMCS
OT JHLIHHX, HE npHHagaexawux ofaacru D, npousBeneHui.

Ecau o6aacrs D, npaBuibHas B HanpabieHuu ocH Oy, NPOEKTHPY-
ercs Ha ocb Ox B oOTpesok [a; b], Tto ee rparnua L pasGupaercs
ya aBe Jusun: AmB, 3anaBaemyio ypaBuenweMm Y = @:(x), u AnB, sana-
BaeMylo ypaBHewueMm y== @o(x) (puc. 13.6). Torma obnacre D onpege-
JAETCSl CHCTeMOH HepaBeHCTB:

D:a<<x<h o)<y < (x)

W ABOIHOI HHTErpaJ BHYHCJAETCA 10 NpaBuiy (BHYTPEHHee HHTETDHPOBakHHE
‘BeeTes NO nepeMeHHOR Y, 4 BHelliHee — IO NepeMeHHON )

ng(x, Y)dxdy = § dx WSM f(x, y)dy. (13.5)
D a @i{x)

Ecan o6aacrs D, npaBuJbuas B HanpasieHun och Ox, npoeKTupyercs Ha
ocb Oy B orpesok [c; d], To ee rpanuua L pasbuaercd HA aBe JHHHU!
CpD*, 3agaBaemyio ypaBuenteM x =1 (y), u CqD* 3anasaemyio ypas-
Hennem x = Po(y) (puc. 13.7). B arom cayuae obaacre D onpepensercs
CHCTEMOH HEPAaBEHCTB:

D c<y<d, vily) < x<<¥P2(y)

# IBOHHOH HHTerpaj BHIYHMCJSIETCS NO NpaBuay (BHYTPEHHEe HHTErpHpo-
Bauue BeieTCH NO NEPEMEHHOH x, @ BHeLIHee — MO NePeMEeHHOH y)

d $2(y)
e paxay=Say | f(x gax. (13.6)
D ¢ vi{y)
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Bhipamenns, crosiulse B RpaBmbX uacTsx pasencrs  (13.5), (13.6),
HA3LIBAIOTCH NOBTOPHOIMU (WK O8YKPATHOIMUL) UKTeZpaLAML.
W3 pasencrs (13.5) u (13.6) caedyeT, uro

b @2(x) d Paly)
§ax § [0 pay={dy | fix, g (13.7)
a $i(x) c Vily)

Tlepexon or sieBoit uactu pasencrsa (13.7) x npaBoit ero uacTu u ob6par-
UO HASLIBACTCR UIMEHEHUEM NOPAOKA UHTe2PUPOBAHUA & MOBTOPHOM UH-
Teepane.

Puec. 136 Puc. 13.7

NMpumep 1. Ha naockocty Oxy nocrpouth obaacrs MUHTErpHpoBakus D
N0 SalaHHLIM npelenaM H3MEHEHHS DEPEMEHHLIX B NOBTOPHOM MHTerpaie
4 3vx
/= ‘ dx S dy. I3mennTE NOPSIAOK MHTErPHPOBA HHSI N BBIMECAHTL HH-
O 34¢/8
Terpaa npn 3aiaHHOM W H3MEHEHHOM NOPSIAKAX WHTEFPHPOBAHMS.
» O6aactb unrerpuporanns D pacno/aoeHa MexKay NpAMbIMH X = Q
M X ==4, orpanuueHa cHu3y napa6oaoil y = 3x?/8, cBepXy napaGosioll y =
[ .
= 37/x (puc. 13.8). CaenosaTtesnnho,

4 . 4
1= (gl 0 )dx = § (3+e—3¢/8) de = (207 — ¢/8)|} = s.
] 0

C apyroii cropoun, o6aacthb HBTETPUPOBaBls D pacnojiomena Mexnay
npaMbiMi y = 0 B y = 6, a NePeMEHHAN X NIMEHAETCR B NAHHON OOJAACTH npu
Kama0M GUKCHPOBAHHOM 3HAUEHHH Y OT TOYEK Napaboninl X = */9 10 Touek

napaboaw x = \8y/3, 1. e., cornacho dopmyae (13.7), nmeem

6 \8y/3 6 ,
for e o
0 y'/9 0
_ 2 2 1 _
_<2 33 g 27)[0 8 <
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Mipumep 2. lismeHnTb HOPSAAOK HHTETPUPOBaHUS B [OBTOPHOM  HH-
Terpadse. : !
1 2—x
fax § fx pdy.
0 x!

p O6aacto uurerpuposanns D orpanudena aumusavu x =0, x =1,
2 -
y=x'u y=2-—x (puc. 13.9). Tak kak npasblii y4acrtok rpaHuus! oG-
nacry D 3apgam gByms JuHpAMH, TO npsMan y =1 pasbuBaer ee Hd

obnactn D 0y <, ngg\gu Dy 1<y<<?2, 02—y
B pesyabrate noaydaem

y=31//?\
é l -
4 /}’=3,\"7d
0 4 X
X
Puc. 138 Puc. 139
[ 2—x ! Y 2 2—y

f, e+ Sdy | f(x pydr 4

de S fx, y)dy:&dy
0 IS 0 [ 0

D

Mpumep 3. BoruucanTb ABOHHON HHTErpad y

e+ g+ 3) dxay, 3
D
ecaun obaactb D orpanndena JUHUAMH X + Yy =
=9, x=0, y=0.
p O6aacrs uurerpuposaunus D orpanuuena

npamoit y =2—x W OCAMM  KOOPAHHAT o AN
(puc. 13.10). Cnenosarebio, Puc. 1310
2 2—x
Boc+y+3rdrdy={dx § (x+y+3)dy=
D 0 0

2
- 2 G y=2—2x
=S£i?ﬂ4 dr =+ (@5 — (x4 30)dx =
v=0 2

0

o O Gy DD

:-%—(25,\‘——()6—_%—3)—3—” =g§- <

fipumep 4. HaiiTu cpeaHee 3HaueHHe tdyukiHn 2 = x + 6y B Tpeyrob-
uKKe, OrpaHHUYEHHOM MPAMBIMH 4§ = X, Y = 3x, x=2.
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P Cpeannm 3nadenuem yHKumn z=[(x, y) B o6nactu D sipasercs
4uea0 (cM. cBOACTBO 7 RBOMHBIX HHTEr paJioB)

= SLDSS f(x ) dxdy.
D

Boiusicanm CHavasa naouiaab o6JactTu D:

2 3x 2
Sp = {Jdxdy = {dx § ay~ f@r—xde=x|2=1.
D 0 x 0

Ananornduo noayuaem
3x

2 2
3x
Sg(x+6y>dxdy=gdxg<x+6y)dy=§—,'2—(x+6y>2 dr=
D 0 x 0

2 2 2
1
=75 S (196 — (T0)dx = TIQ— S 31248%dx = 268 dx =

0 0 0

26 208

- T"d‘o -
Takum ofpasom,
jo 1. 28 52
T4 3T 3
A3-13.1

1. Boiuncants caenyouwne NOBTOPHLIE HHTErpabi:
1

a) § dx | (2® 4 2y)dx;

0

6) de § (x4 2y)dx; B) §dxg x2‘f .

(Orser: a) 14/3; 6) 50,4; B) 2,25.)
2. PaccraBuTb npenedbi HHTCIPDHPOBAHUSA B TMOBTOPHOM

HuTerpase nJs IBOHHOro HHTErpasa SS (x, y)dxdy, ecan u3-
D

BECTHO, uTO 06,1aCTh MHTerpHpoBaHus D:

a) orpaHnyeHa NMPSMbLIMH X = |, X=4,3x—2y4+4=0,
3x—2y—1=0;

6) orpanuuena aunuei x° + y> — 4x =0:

B) SIBASIETCS TPEYTOMbHON 061aCTbIO ¢ BepUIHHAMH B TOY-
kax 0(0, 0), A(l, 3), B(l, 5%
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r) orpaHnueHa juHuaMH y=x>+41, x=0, x4+ y=4
3. I3MeHHTb MOPSLOK HHTErPHPOBAHHS B 1aHHbIX OBTOP-
HbIX HHTErpanax:

2 4 —x 1 5x¢

f(x, y)dy; 6) (S)dx25 f(x, y)dy;

4. Bbluucautb S§ (x* 4- y)dxdy, ecnu obaactb D orpann-
D

yeHa JuHMAMH Y= x> U y> =x. (Orser: 33/140.)
5. Buuncauts (| *y’dxdy, ecnn obaacrs D orpaHuuena
D

auunedt x2 44> =9. (Orser: 0.)
6. Boiuucaurs SS x cos (x -} y) dxdy, ecu obnacts D orpa-
D

upuena JaunusMu y=0, x=n, y=x. (Orger: —mn/2.)
7. Buuncaurs || ydxdy, ecnu o6nacts D orpannuena
D

nepBoii apkoit LHKIOHAbL X == a(f —sint), y=a(l —cos¢)

u oceio Ox. (Orser: %na3.)

CamocronTeabHas pabora

1. 1. INpeacrasuts aBoinoi unrerpan §§ f(x, y) dxdy B Bu-
D .

A€ MOBTOPHOrO HHTErpaJsa NpH pasHblX NMOPALKAX HHTErPHUPO-
BaHHMA MO X U NO Y, ecliu u3BecTHo, 4yto obnacrb D orpa-
HHueHa JHHHAMH y =2x, x =0, y+ x=3.

2. Bbiuncautob §§ xdxdy, ecan obnactb D orpannueHa
D

auHuAME § = x°, y = 2x. (Orsger: 4/3.)
2. 1. M3menutb NopsaaoK HHTETPHPOBAHHA B MOBTOPHOM
uHTETpase
4 2x—3

fax § F(x, v)dy.

0 x/2—3

2. Buiuncants || xdxdy, ecnn obaacte D orpaHuuena
D

auiuamu x =0, y =0, y=-/4—x>. (Orser: 8/3.)
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3. 1. M3MeHHTb MOPSNOK WHTErPHPOBAaHHS B NOBTOPHOM
HHTETpaJse

8 Vay+12

dy S f(x, y)dx.
—4  (ytae

2. Boiuncauts SS x*dxdy, ecan obaacts D orpaHHueHa
D

JHMHHAMH Y =X, Y= 1/x, x=2. (Orger: 2.)

13.2. 3AMEHA TEPEMEHHDbIX B JBORHOM HHTEIPAJIE.
ABOWHDBIE HHTETPAJIBI B NMOJAPHbIX
KOOPIIMHATAX

[Tycts nepemennbie X, y CBA3aHBI C NEPEMEHHBIMH ¥, U COOTHOLIEHUSIMH
x=q@(u, v), y=1\p(u, v), rae @, v), P(&, v)— HenpepbiBHLIe U an(-
¢depenunpyemble QynKLKHHM, B3aHMHO OLHO3HAauHO OTo6pa)kawiuke 061aCTb
D nnockoctn Oxy Ha o6nacts D njockoctk Ouv, npu 3ToM siKoGHaH

Ox  Ox
ou Ov
I=ixs o=\, s
ou v

CoXpaHsieT NOCTOSIHHBIA 3nak B 0. Torana Bepua ¢opmyra 3amersi nepe-
MenHbLY 8 0BOUHOM UKTe2PAe.

Wi, vy dxdy = ([Feo(u, v), wiu, 0171 dudo. (13.8)
D D’ ‘

- lpeneibl B HOBOM wHTErpajie pacCTaBASIOTCS N0 PacCMOTPEHHOMY
panee NpaBuay ¢ yuerom Bupa obaactu D',
NMpumep 1. Boiukcants nBoiHO#R nuTerpad

{f (x + ) dxdy
D
1o obaactu D nnockoetn Oxy, orpaHuyenHON AvHUAMN Yy = X — |, y = x - 2,

y=—x—2, y=—x+3.
» [loaoxum

Uu=y—x
’ 1
V=Yt } W
Toraa npsambie y = x— | u y=x - 2 nepeiiayT COOTBETCTBCHHO B npsiMbie
u= —1, u=2 naockocrn Q'uv, a npAmble y = —x — 2, y= —x + 3 —
B apsiMble v = —~2 1 v = 3 370l Xe naockoctu. [1pu 3Tom o6aacTe D oto6pa-
3uTes B npsmoyroabnuk D' miockocrn O'uv, aas kotoporo — 1 < u<< 2,
—2<uv<3.
H3 cucremnr (1) Haxomnm:
r=(—u+ U)/Q,}
y=( u-v)/2
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CiiegoBaTeAbHO, -

ox Oy I

,:o—ua—u:_??:_l_
ox Oy 1 2’
90 ov 2 2

a |J| = 1/2. [Tostomy, cornacko ¢opmyne (13.8),
1
[+ o) dxdy = § o - 5 dudv =
D i “

2 3
:1 SduSvdU=—l43-.4

)
-

HM38eCTHO, UTO NPAMOYrOAbHbLIE HEKapPTOBH (X, y) ¥ NOAADHbIE (p, @)
KOOpAHHATHl CBA3AHbI MEXAY CO0OH CieAylOLMMH COOTHOUIBHHAMH:

x=pcosq, y=psing (p=0, 0<< o <2n)

Ecau B gBOHHOM HHTerpaje nepefiTh OT AeKapTOBbIX K MOMAPHBIM KO-
opAMHATaM, TO Moayuum GopMmyy (rak Kak fAkoGuaH J = p)

{17 (x. 9 dxdy = § [(p cos @, p sin ¢) pdpdy. (13.9)
D D’

B o6o6uienHbix HOAsPHBIX KOOpAHHATAX, AAA KOTOPBIX

x=apcos ¢, y=>bpsing (p=0,0< ¢<2n), (13.10)
umeeM (Taxk kak sikoGuam J = abp): '

N 7(x, v) dxdx = ab ([ f(ap cos g, bp sin ¢) pdpdp. (13.11)

D D’

_ Tlpencras/ienne ABOAHDIX HHTErpafod B BHAE MOBTOPHBIX B MpABLIX
yactax ¢opmya (13.9), (13.11) npuBogHT K pa3HplM npeaenam 8 3asi-
CHMOCTH OT TOTO, rae HaxoauTcs noatoc O NoaapHOil CHCTEMBl KOOpAHHAT'
BHe, BHYTpi WiH Ha rpanuue obaacru D.

l. Ecau noawo¢ O mnoasipHOf CHCTEMbl KOOpAHHAT HaxXoAMTCA BHE
o6aactu D, orpanuuennoil aydamu ¢ =o, ¢ =§ (@ <B) u auauaMu AmB,
AnB (ux ypasHeHis COOTBETCTBEHHO P = pi(@), p =p2(q). rtae pi(¢)
p2(®) (pt(9) < p2(¢)) — dyHKuKK, 3a1aHHbE HA OTPE3KE [a; B]). TO nBOMHOM
WHTErpadl B NOJSIPHBIX KOOPAHHATAX CBOAHTCS K MOBTOPHOMY HHTETpany no
npasuay (puc. 13.11)

f p:()
§ex. dedy=(d¢ | [(pcosq psing)pdp.  (13.12)
D o ()

9. Ecau nomioc O naxopurcs BHyTpu obnactu D u ypasHenue rpa-
wunpl o6aacté D 8 MoJsApHOH CHCTEMe KOOpAHMHAT HMeeT BHL o = ple),
1o B dpopmyae (13.12) o =0, p = 2, pi(9) =0, p2(¢) = p(¢) (puc. 13.12).

3. Ecau noaioc O HAXOQHTCA Ha rpaHuue ofaactu D u ypaBHewue ee
rpasuubl B NOASIPHOH CHCTEME KOOPAHHAT HMEET BHI p = p(¢), T0 B dop-
myae (13.12) pi(p) =0, p2(¢) = p(¢). @ @ H P MOTYT MpuHHMATD pasanyiisle
suaqenus (puc. 13.13, 13.14).
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Puc 1313
Puc. 1312

P=plY)

Puc 1314

Ananoruunvie o
[OJISIPHBIX KOO AHHAT.

NMpumep 2. Bouncaurs Sgw/(x’ + " dxdy, ecan o6aacts D — Kpyr pa-
: D

Anycom R ¢ UEeHTPOM B HauaJge KOOpAuHAaT.

» Ecau obnacts D — KPYT WJIH ero uacTh, TO MHOIHe HHTErpaJbl

fpoie  BHIYHCAATH B MOASIPHbBIX KoopanHatax. CornacHo dopmynam
(13.9) u (13.12) (cayuai 2), umeewm:

B VO 4 42 dxdy — Il Vio? sin® ¢4 cos? ¢ pdpdg =
D D

PMYJbl HMEIOT MecCTO u aqs Clay4asi 06061ieHHbIX

n R
4 1 R®
= p'dpdg = deg\ p'dp = 2x e <4

D 0 0
‘ ﬂpy!Mep 3. Buiumcauth naowagp GUTYDPBl, OFpaHUueHHON 3JMncom
x} + yz
a? b*
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» B uurterpane SS dxdy, BplpaxawouieM MI0IaAbL 3AaH0Ca B AEKAPTO-
D
BOl CHCTEMe KOOpAHHAT, hepeiiaeM K 060GLIEHHBIM [ONAPHBIM KOOpAHHA-
Tam ¢ homowsio paseHcts (13.10). YpabHeHne aaanunca B 060GUIEHHBIX
noAspHLIX  KoopauHaTax umeer Bua p= 1. CienoBaTebHO, COrIacHo
popmyae (13.11), nonyuaem
2n 1

{{ axdy = §Jabpdpde = ab § d¢ { pdp = nab. <
D D’ ] ]

A3-13.2

1. Boluucautb SS(x—{—y)dxdy, ecnu obaactb D orpanu-

D
ueHa npambiMu 2x +y=1, 2x4+y=3, x—y=—1, x—
—y=2(Orsger: 2,5.)
2. Ucnoab3osas MNOJAPHblE KOOPIMHATHI, BBLIYHUCIHTD
nsoitnoit uuterpan {{ (¥ 4- y*)dxdy, ecau obmacte D orpa-
D
HUuEHa OKpYXHOCTbIO x° - y* ==4x. (Oreer: 24m.)
3. Haiitu naowanb ¢GHUrypel, OFpaHHUYEHHOH JIMHUAMHU

x2+y2=4x’ x2+y2=_6x, y:—l—x, yz\/gx. (OTB@T.'

\3
51/6.)

4. BbluucauTh SSarctg% dxdy, rane D — yacTb KOJIbUA,
D

orpanuuenHoro sunuamMu x* -y =1, ¥’ +y* =9,y =—_\;—:
3
y=\/§x. (Orger: n*/6.)

5. Haiitu SS xydxdy, ecin obnactb D orpaHnueHa 3JJHM-
D

X,

com % + Y — | y npambivu x =0, y = 0. (Orser: ab?/8.)
L= p =0, y=0. ; .

o 2
6. BbiuncauTb HECOOCTBEHHbIH HHTErpad S e *dx, uc-

- 00

no/b30BaB 3HaueHHe HHTErpaJa SSe"”‘_y’dxdy, B3ATOrO IO
D

o6nacth D, orpaHHueHHOH OKpyXHocTbO x° + §* =R’
(Orsger: \/;)

CamocrostenbHasag pabora
1. Bbiuucants SS(I2 — x — y)dxdy, ecin obaactb D orpa-
D

HUYeHa OKpYXXHocTbio x° -+ y*=9. (Orser: 108m.)
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2. BhHIUHCAHTD SS (6 — 2x — 3y)dxdy, eciu o6aacts D orpa-
D

HHYEHA OKPYXKHOCTBIO x” 4 y® = 4. (Orser: 241n.)
3. Boluucaunrs SS(4—x-—y)a’xdy‘, ecnu obaacte D orpa-
N :

HHYeHa OKPYXHOCTBIO Xx° + y* = 2x. (Orser: 3n.)

13.3. NIPUJIO)KEHUS NBONHbIX UHTEIMPAJIOB

Buiuncaeuue naomaneii naockux duryp. PaccMoTpum HeckodbKo npiu-
MEPOB.

Mlpumep 1. BoiuucauTs miowans QUIypst, OrpadHYEHHOR AHHHAMU
y=x"—2x, y=ux.

B [lo ypasuenuam rpasuub oGaacty D crpoum gmauuylo ¢urypy
(puc. 13.15). Tak Kaxk MMHUH, OrPAHHUKHBAIOULME €€, NePeceKalnTCH B TOYKAX
00, 0) u Mo(3, 3), To B D cnpasennuss Hepasenctsa: 0 <C x << 3, x% —
— 2x Ly << x. CrepoBaTensHo, Ha OCHOBAHWHM CBOWCTBA | ABOHHBIX HH-
Terpa/ioB WCKOMas fAOLAAb

3 x 3
S=Waxay={ax | ay= § (x — &% + 20)dx =
D 0 x%—2x 0
(3 . A\ 9
“(7" o 3) o 27 <

Mpumep 2. BoruucauTb naowans ¢urypsl, OrpaHudeHHOR JHHHEH
( +¢°) =a* (" — 4, a> 0.

» flepeiineM « MOAApHOil cHCTeMe KOOpAWHAT, B KOTOPOH ypaBHeHue
LAHHOH KPHBOW MpuMeT BHA:

p* = a’p*(cos® ¢ — sin® @),

p’ = a’® cos 2¢, p = a~Jjcos 2¢.

[Tocneanee ypasHeHHe 3alaeT KpUBYIO, KOTOPasu Ha3ulBACTCH AeMHUCKATOL
Gepuyanu (puc. 13.16).

Puc. 13.15 Puc 13.16

Kak sunno u3 monydeHHoro ypasHenusn W puc. 13116, xpusas cum-
METPHUHA OTHOCUTE/ILHO KOODAMHATHLIX ocCeil, H mjaowanb S Qurype, or-
PAHHUEHHOA 3TOH  KpHBOW, BbIPaXKaeTCH ABOHHBLIM  HuTerpaioM S =
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=4SSpdpdcp. 3pecb D — ¢urypa (ob6aacTb), jdexaulas B MepBOM Kpaa-
D

pante, ans koroporo 0 <C ¢ << n/4, 0<<p<< aVcos2¢. CuaenosarensHo,
n/4 a+/cos 2y /4
S=1 S d(p pd 4§ p_ awlcos‘”P
2

0 0 0

n/4
=2a” | cos 2qd¢ = a’sin 29 |}/ = a’. 4

¢

Boiuncaenne o0bemoB Ted. PaccMoTpum chegyiou(ue fipuMepsl.

Hpumep 3. BuuucauTb 06beM Teia, OrpaHHuUeHHOTO NOBEPXHOCTAMU
=4y x+y=1x=0,y=0, z—O

P [lanuoe Teno OrpaHuueHO KOOPAMHATHHIMHM MJIOCKOCTAMY, fLIOCKO-
CThiO x—l—y-—l napasjenvuoit ocu Oz, u napaGoiousoM BpalleHus z =
=x* + y* (puc. 13.17). Ha ocHOBaHUH reOMETPUYECKOr0 CMhiC/1a ABOHHOrO

Z

Py

z=x2+y?
! x+y=1, z=0
7 (44 e

Puc. 13.17

unterpana (cm. § 13.1, ¢BoiictBo 3) HCKOMBIT 06BeM U MOXKHO BBMHCAHTDL
no ¢opmye

= (¢ + v dxay,
D

roe o6nacts D orpaunueda TpeyrojibHHKOM, JexawuM B niaockoctu Oxy,

s Kotoporo 0 << x << 1, 0y < 1 — x. CaegosatenbHo,
! F—x 1
s s ) 7Y
= S dx S (x°* +y)dy= S (x'y—l— T) . dx =
0 0 0

= lS (xg_x3+___(]_3)5)3)‘{)(:(_-‘531_144_____(1]—216)4)
0

Hpumep 4 Buiunciuth 0o6beM Teia, OrpaHHUeHHOro MOBePXHOCTAMN
y=1+4+x+2% y=5.
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P PaccmatpusaeMoe Teo orpaHHueHo NapaGoNoMAOM BpalleHHA ¢
ocklo Oy 1 DAOCKOCTHIO Y == 5, HepheHAUKYAApHOH K ocu Oy (puc. 13.18).
Ero npoekuns ua naockocts Oxz — kpyr, ompenedsieMsiil ypaBHeHHAMH
y =0, x* + 2% < 4. Uckombiii o6bem

y=K6—1—x —2%)dxdz = e — 2 — 2% dxdz,
D D

’illllll

{

Puc. 13.18

[lepefinem B monyueHHOM HHTerpafe K HOJAPHLIM KOOPAHHATAM C HO-
MOMILIO PaBeHCTB X ==p cos ¢, z=p sin ¢. Toraa dxdz=pdpdyp u
2a 2
v = {4 — 0%pdpdy = { dg {(4p — p*)dp =
D 0 0
2

4
= 23(2p2 - pT) \

Boiuncaenue niomapeii nosepxuocreii. [Mycre B obaactu D, maocko-
ctu Oxy 3anada HenpepbiBHAA BYHKUHS 2= [f(x, y), umelomwan Henpephs-
Hble HaCTHole npoudBonHuie. [loBepxHocTe, onpenensieMan Takoit YHK-
lueil, nasviBaercs enadxofi. QueBHiHO, uTO 06A2CTb D. ecTo npoexuus
paccMaTpuBaeMol MOBepXHOCTH Ha mAockecTs Oxy. Maowans Q. nosepx-
HOCTH 2= (X, y), (X, y)€ D., BuuuCASsieTCR 0O opMyae

Q.= SS \/1 + (%)2 + (33)2 dxdy. (13.13)
D

z

=8n. 4

B cayuae, korga riagkas HOBepXHOCTH 3agaHa dydxkunen x = f(y, 2)
(8 oGractu D)) wau dyuxuneit y = f(x, z) (8 obaacr Dy), naowans 310i
HOBEPXHOCTH BHIYUCAACTCH MO (opMmyae

N C R
D

x

Q= SS\/I + (%)2 + (%)2 dxdz. (13.15)

Dy

Han
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Hpumep 5. BoludcauTs n.nomanb yacTH KoHyca y = 2\x* 4 2%, pacno-
JMIOKEHHO!N BHYTPH UMAHHApPA x4 28 =4x.

p Tak kak nosBepxHocTb 3apana (ydxkuHeidl Bupa y= f(x, 2}, T0 ee
nrowans Q, CAeLyeT BHUNCAATL MO QopMye (13.15), roe obracte Dy —
MpoeKUHA ﬂaHHOH MOBEPXHOCTH Ha MA0CKOCTb Oxz (puc. 13.19). Ora mpoek-

y

N

= 1/)(2 +22

é:;::?
Q tl:f—— 4
x2+2%=4x
N—
z | €4

D

X

Puc. 13.19

uns NpencTasaser co6oil Kpyr, opraHHyeHHbill OKPYKHOCTbIO (¥ — 2)° +
TZ = 4.
Tax xak

dy 2x oy 2z

o T ira % eie

TO UCKOMAas rnJoulanb

45 422

D,
_ \//S—SS dydy = |2 =° cos ¢, dxdz = ded(p, I _
x=opsing, p=4sing
Dy
n 4sing n
= \/[5‘5 dyp S odp = 8\/:"?8 sin® gpd¢ ==
0 0 0

=4\/§S (1 —Cos?q;)dq;-—-ll'\/S(q;— %sln 2q;)i —4n/5. <
0

BuuncieHne maccw MaTepuanbHoil nnactuuku. [loxaxkem, xak 370
lenaeTcsi, Ha TpHMepe.
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Mpumep 6. BuiuncauTe Maccy MaTepuaabloll 11aCTHHKH, Jemaimeil
8 (10CKOCTH Oxy M OrpaHudeHHoll Autuamu x ={y — 1)%, y = x — 1, ecan
ee, IOBEPXHOCTHAA NAOTHOCTH W = Y. .

> Haiigem KoopauHaTbi Touek fepeccueHus JUIHIH, OrPaHHYNBAIOLLHK
obnacre D: A(1, 0), B(4, 3) (puc. 13.20). Toraa u3 ¢uaHueckoro cmbicaa
ABoiHOLO uHTerpana (cM. § 13.1, csoiicrso 2) caeayer, uTo uckomasn macca

3 Y+
m= SSydxdy: S dy S ydy =
D 0 -1y

3
=+t —y— D dy =GBy — y')dy =
0

K}
0
! 2
; Y Z
=y — Z-
Boiuucaenue CTaTHYECKHX MOMEHTOB M KOODAHHAT UeHTPA MacC marte-
puaabuoit maactuuku. Ecau wa naockoctu Oxy paua maTepuanbuas naac-

THHKA D HEMpepuiBHON MOBEPXHOCTHOR IMOTHOCTBIO W(X, y), TO KOOPAHHATHI
ee uentpa mace C(x., y.) onpeseasnioTes no GopMyJam:

4 7

o 4 <

SS xu(x, y)dxdy SS yu(x, yydxdy
D D
Xp=—rr—— Y= (13.16)
‘ Su(x, y)dxdy SSM(M y)dxdy
D D
Beauuntot
M. =N yn(x, ydxdy, M, = || xu(x, y)dxdy (13.17)
D D

Ha3bIBAIOTCA CTATUHECKUMIL MOMERTaMu naacTunku D OTHOCHTE/ABHO oOceft

Ox u Oy CoOTBETCTBCHHO.
Npumep 7. Halitu xoopanHaTel uentpa macc uaacTuiku D, aemauteit
8 MAOCKOCTH Oxy U OTPaHHYCHHOH AUHHAMH y =X, y =2x, x=2 (puc.

13.21), ecau ee naotuocte p(x, y) = xy.

y V=2
Y y-x
X a0 2 X
Pue. 13.20 Puc. 13.21

» Buauadne onpeseanm maccy maacTvdxu D:

2 2x 2 ,
m = SS xydxdg:Sxdeydg:Sx‘ % dx =
D 0 X 0
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2 2

1 2 2. 3 Sy — 3l
_—Q—Sx(élx x)dx—?gxdx—é—x -0—6.
0 "0
Cornacto dopmyaam (13.16), KOOpRHHATH UEHTpa Mace:
2 2x
1 N 1
Xp= —,;Z—ng‘ydxdy == szdxslydy =
D [ X
2 2
N TS I S R BN S o LA
_st - (4x —x)dx—TSxdx—Q—d =5
0 0
2 2x
Y= —SSxyzdxdy——— 3 Sxdey dy =
D 0 X
2 2
1 ype 7 oo 112
_FS" 1. _ES“”_ 5
0

Boiunciienne MOMEHTOB MHEDUUM MATEPHANLHON MAACTHHKM. MoMeHTH
MHepUMY OTHOCHTEAbHO Hauala KOOpAMHAT H ocefi Koopauuar Ox, Oy ma-
TepHAAbLHONH MAaCTUHKU [ HenpepblBHO paclipeaeleHHOd M0B8epXHOCTHOM
MOTHOCTBIO (X, ), KOTOPAR AeKHT 8 niaockoctH Oxy, BLIUHEASIOTCA CO-
OTBETCTBEIHO N0 POPMyNaM:

Iy = §(¢ 4+ Pulx, y)dxdy,
b (13.18)

L= Yo utx, wdrdy, 1,= 0%, yydxdy.
D D

Mpumep 8. BbuucauTh MOMEHTHI HHEPLMH OTHOCHTEABHO TOUKH rpa-
HIllli ORHOPOAHOrO Kpyra M ero guamerpa, eciu paauyc kpyra R, a sec P.
» [lomecTum Hauaao KOOPRHMHAT B TOUKe, Aexkaluell Ha rpaHHULe Kpyra,
a uentp Kpyra — 8 touke C(R; 0} (puc. 13.22). Torpa 3agaua csemercs

y

|

Puc. 13.22

K HaXQXACHHIO MOMEHTOB MHCPIIMH KPyra OTHOCHTEAbHO Hauasa KOOPAHUAT
v ocy Oux.
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Tak Kak Kpyr ORHOPOREH, TO ero IIOTHOCTb W MOCTOAHHA H W =
= P/(gnR?. Ypasueuue OKpYIKHOCTH B MEeKapToOBOH CHCTeMe KOOpaHHAT
umeer sHp (x — R + 4* =R, a B nmoaspuoi — p = 2R cos ¢. das pau-
HOTO Kpyra BbIMONHAOTCA COOTHoWweHHa —n/2<Co<<n/2, 0<p <<
<2 Rcos ¢

CrepoBarenbro, Ha ocHoBauHH dopmya (13.18) umeem:

Io=p (& + o*)dxdy =

D
n/2 2Rcos ¢ n/2
=u § dp | p%dp=np-4R® § cost pdg =
—n/2 [ -2
/2 . n/2
0
. 1 1 n/2
=2uR'((p+sln2q;—|——2—(p+§sin4(p) =
3 3 P .
= "2"l‘«3'lR4 =5 E‘Rz,
/2 2Rcos g
L= u (yPdxdy = § de | p%sin?gdp =
D — /2 0
n/2 n/2
= 4uR* S cos‘q:sin%;dq;:SuR‘S %sin?Q(p-—l——_*—c%g-w—d(p:
—n/2 0

n/2 n/2

/
= uR* | sin? 2¢d¢ + uR* § sin® 29 cos 2pdp =
0 0

el L ¢ sin® 2g fo/2
= uR S g (I —cosdg)dy + pR' ——1
0

1 I, Az I P .
=—2—-MR‘(¢—Tsm4(p)lo =%HR4=TERZ <

A3-13.3

1. Bbruncauts nuolagu ¢uryp, orpaHuueHHbix clenyio-
LUHMH JHHUSIMU:

a) y=\/;, Yy=2x, x=4;
6) y*=10x+ 25, y> = —6x 4 9; B) p = asin 2¢, a > 0.
. 16 | 16 . 1 2
(OrseT. a) -5+ 0) 5 15; B) - na )
2. BbiuncauTh 0GbeMbl Tesl, OrpaHUUEHHBIX yKa3aHHBIMH
MOBEPXHOCTSAMH:
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a) MJIOCKOCTAMH x—O y—O,, 2=0, x=4, y=4 u
napaGosongom 2 =1+ 24y

6) umaunapamu x° 4 y*=R% x> 2 =R

B) napaGosonzoM 2=x’-4y’> u naockocrimp 2z =0,
y=1,y=2x, y=6—x;

r) uuauuapoM x° 4 y®*=4 u nnockoctamu 2=0, z=
=x4y+10;

2 2 '
A) SMIUOTHYECKHM UHIHHIPOM %— + %- =1 u njaocko-

ctaMu 2 =12 —3x — 4y, 2= 1. (Om’er: a) 186%; 6 l—3("11’3:
15, .
B) 785 r) 40m 1) 22n.)

3. Boiupcauth mJolagb 4acT# MaockKocTH 6x + 3y +
+ 22 =12, kotopas pacnosoxeHa B nepsom okraurte. (OT-
ger: 14.)

4. BuuucaHTh OAOWAAb YacTH Konyca 2z=1/x>+ y’
pacrofoXKenHoil BHYTPH uuausapa x° + y* =4x. (Orser
4\/§n)

5. BLiuMcauTb n011a 1L YACTH TOBEPXHOCTH napaGostouza
22 = x>+ y%, nexawell BHYTPH UMAMHAPA X yr=1

(Omer —n(\/—-—l))

6. Bbiuumcauth Maccy KBaapaTHO# MJIACTHHBL CO CTOPO-
HOIi @, ecJiy ee MJIOTHOCTh B /OGO Touke M nponopuyoHasibHa
KBaJpaTy PacCTOAHUA OT 3TON TOUKU 1O TOUKH NepeceyeHus
,cmarouaneu a B yIrJOBHIX TOYKAax KBajpaTa paBHa eJuHuile.
(Orser: a*/3.)

CamocrosiTenban pabora

Bbl'-lHCJIHTb nsotaab GUrypel, OrpaHUYEHHON JUHHAMH
y= 2—x y* =4x + 4. (Orser: 64/3.)
2. Bbl'-lHCJIHTb o0beM Tesa, OrpaHHYEHHOrO NOBEPXHOCTS-
mu x>+ yt=1, 2=0, x+y+z—4 (Orser: 4m:.)

3 Buiugcauth 06beM Tesa, OrPaHUUEHHOrO LUMJHHIPOM
y*/2 v NIOCKOCTAMH 2x+3y—12 x=0, y=0, 2=0.
(Omer 16.)
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A3-134

1. Boluucauts KoopauHaTbi IleHTPa Macc. ORHOPOAHOI
ILJIOCKO#H q)urypblé Jexauleit B naockoctu Oxy W orpaHdveH-
HOMl JMHUAMHM y° =4x+ 4, y’ = —2x+4. (Orser: x.=
=2/5, yo=0.)

2. BblunCaUTL KOOpAHHATHI LEHTPa Mace ¢burypsl, orpa-
HUUCHHON JIHHUAMH ¥ = x°, y® = x, eCaU NAOTHOCTH dburypaol
w(x, y)=xy. (Orger: x, =9/14, Yc=3/56.)

3. Haiitu Koopauuatst HEHTPa Macc OAHOPOAHOMH NJIOCKOI

¢Hrypbl, orpaHuveHHOH Kapauouaoii p=a(l 4 cos ¢). (OT—

6

4. BbluHC/HTL MOMEHT HMHEpPLUHMH OTHOCHTENLHO Hauana
KOOPAHHAT (Hrypbl, OTPAHHUEHHON NHHHeH x° + y*—2x=0,
€CH €€ MNOTHOCTb u(x, y) =3, 5. (Orser: 21n/4.)

5. BbIYMC/UTL MOMEHTHl MHepLHH OTHOCHTeJIbHO Hauyana
KOOpAHHAT M OCell KOOPAMHAT NJACTHHBI MJOTHOCTHIO p(x,
Y)=x"y, Aexallleli B MJIOCKOCTH Oxy u orpanuyenuodt .u-
HUsMH Y = x°, y = 1. (Orser: I, = 104 /495, l,=4/33, I, =
=4/45.)

6. BbluMCAMTL MOMEHT HHEPLHH OTHOCHTENbHO MNOMIOCA
MIACTHHRL,  OPpaHHYEHHONH  KapaHOMAOH p = a(l — cos ),
eC ee MIOTHOCTb w = 1,6. (Orser: 7na’/2.)

7. BblUHCAHTL MOMEHT HMHEPLHH OTHOCHTENBbHO LneHTpa
(m(x, y)=1) snaunTHueckoil naacTHHbl ¢ NoAyoCsiMH @ u b.
(Oreer: nab(a® + b*)/4.)

ger: x, = 3 a, Yo = 0.)

CamocTositeabian pa6ota

1. BbluHCAHTL MOMEHT MHEpUMH OTHOCHTeJbHO Hauasa
KOOpAHHAT GHIypbl MJAOTHOCTBIO W(X, )= 1, OrpaHH4YeHHONH
JMHHAMH X -y =2, x =2, y=2. (Orger: 4.)

2. BblyuCauTh KOOpAMHATHI LeHTpa Mace OIHOPOAHON
¢burypsl, Jexaniel B NJ10CKOCTH Oxy u orpanuuyennoi JuHHs-
MH Y= —x*42x, y=0. (Orger: x,= |, Ye=1/4))

3. BbIluHCIHTL MOMEHT MHEDLHH OTHOCHTENLHO TOUKH Me-
peceveHns aHaroHaJsed NpsMOYroJbHON MJACTHHKH CO CTO-
ponamu 4 u 6, eciu ee mIOTHOCTD W(X, y) = 2. (Orser: 208.)

13.4. TPOKHON UHTEFPAJ W ErO BbIYHCJIEHHUE

Iyers dyukuun u = f(x, y, 2} HenpepsiBHA B 3aMKHyTol ofaacru
V € R’ orpannuenuoii HEKOTOPOI 3aMKHYTON KyCOUHO-TAAazKo# MOBEePXHO-
€Tei0 S, C 1OMOWIBbIO MPOH3BOABLHBIX TanKuX MOBEPXHOCTEH pa3obbem
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obaacte V Ha n anemedTapubix obaacteii V. (i =1, n), ob6bembl KOTOphiX
o6o3zitaunM uepes Av,. B kaxkpoll saemedTapHoli obaacte V. seibepem
npou3BoABHO TOUKY M, (X, Y, 2i) H NOCTDOMM CVMMV

n

L= 3 [(x, y; z)Au. (13.19)
i=1

HYepes d. 0603HaUNM MAKCHMAAbHLIH AHAMETD leMeHTapHol obaacth Vi,

Cymma (13.19) uasuBaercst n-d unreepansnoti cymmoil pynkyuu f(x,
y., z) 8 obaacru V.

Mpepea cymm (13.19), uaiizedubtid npu ycaosuu, 4ro di—0, uasni-
BACTCA TpOUHoLM unTezpaiom Qynkyuu f(x, y, 2) no obaractu V wn obo3Ha-
yaeTcs SSSf(x, y, 2)dv. Takum o6pa3oMm, no onpeneleuiio

v

"

W70, v, 2)de = lim Zlf(x;, i, z)Av. (13.20)

v d—0 =

Ecau noawuterpadsuas ¢yukuus f(x, y, 2) venpepuisua s obaactu V,
to muterpaa (13.20) cyuecTsyer H He 3aBHCHT OT cnocoba pasluenus V
Ha saeMeHTapHnie obsacTu V, u Boibopa Touek M.

Muorne otMedventnie 8 § 13.1 cBolictBa nBoilHbIX HHTErpajdos cnpa-
BeA/IMBLI M IS TPOUHBIX HHTErpasos, No3ToMy MpuBeneM TOALKO Te HX
CBOHCTBA, KOTOPbIE HECKO/ILKO OTAMUYAIOTCSE OT CBOHCTB JBOHHBIX HHTETPAJOB.

1. Ecan B obnactu V f(x, y, 2)=1, 1O

Wav =0, (13.21)
v

rie v — o6bem obGnactu V.

2. B cayuae, koraa noaptHTerpanibHas Qyukuus [(x, y, z) sanaer
naotaocTe §(x, y, 2) Tena, 3aHumaioutero 061acTe V, TpoiiHol HHTerpaa
BLIpAXKAET MacCy 3TOro resa:

m={\{6(x, y, 2)dv. (13.22)
v

CaenyeT nog4epKuyTb, 4TO B EKAPTOBOK CHCTEME KOOPAHHAT 06aacTh
V yaoGuo pa36uBaTh HA JeMEHTapHbie 00AACTH MAOCKOCTsiMH, napaines-
HbIMH KOODJHHATHLIM TLAOCKOCTSIM; TIpH 3TOM 3AeMeHT ob6beMa du = dxdydz.

Cuuraem oBnacte V npasuabHOil (T. e. TaKoH, uTo npsMbie, napan-
AeAbHble OCHM KOOPAMHAT, flepeceKaloT rpauHily obaactu V we Godee, ueMm
8 AByx TouKax). Has npasuasnoii oGaacth V cnpasepausel HepaBeHCTBA
(prc. 1323): a<<x<b, @) <y << ge(x), Yi(x, <z Py, y) &
clenywoutas Gopmyna Aas Bui4HCAeHHst TPOUHOrO HHTErpaaa

b @) e, )
Wik, y, 2ydxdyaz=Nax § ay \ fr, y 2)dz.  113.23)
v a Gy Yu(x,y)

Takum o6pa3om, MpH BLIYHCAEHHUH TPOHHOrO MHTErpana B Cjayyae npo-
CcTefiuwiedi NpaBuALHON o6nacTn ¥V Buauaie HHTerpupyloT QyHKuuo f(X, ¥, 2)
Mo OXHOM M3 nepeMeHHbX (Hanpumep, z) MpPH YCAOBHH, YTO OCTABUIMECS
ABe repeMeHHble NPHHAMAIOT JA0Gbie NOCTOsHHbLIE 3HAueHust B obsacT
HHTErpUpPOBaHUs, 3aTeM Pe3y/ibTaT HHTErPUPYIOT 10 BTOPOH fepeMeHHOM
(nanpumep, y) npH AOGOM MOCTOSIHHOM 3HAYEHHH TPETheld fepeMeHHOH
B V u, HaKOHel, BbINOJHSIIOT HHTEIPUPOBAHHE 1O TPeThell NMepeMeHuol (Ha-
npuMep, X) B MaKCHMaAbHOM [Hafna3oHe ee H3MEHEeHHWs B v

Boaee cioxHble 061aCTH MHTErpHpoBaHusi pa3buBalTCA HA KOHEUHOE
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UHCJI0 NPABUJBHBIX 06/1aCTel, H Pe3y/bTaThl BLIUHCICHHS N0 5THM O612CTAM
cymmupyoresi. B wactHocty, ecan o6aactb HHTEIPHPOBAHHSA — HPSIMOYFOJb-
HbIH NMapasJiellenunen, 3axaBaeMblji HepaBeHcTBaMH V ={a<<x <, ¢
Sy<d, p<z< g}, 1o

z

Z=Y(x,y)

Ly

/ A
J/=$"/x}@ i
b 7
Fx - B

|~~~ 2z=%(X,y/

Puc. 1323
b d q
Wre g 2)dxdydz = §dx {dy {fx, g, 2)de. (13.24)
14 a c P

Npumep 1. Boluncants Tpoiinol nuTerpan [ — SSS(2x+y)dxdydz, rae

v
V orpannuena nosepxHocTAMH: Yy =x, y=0, x =1, z=1, 2= | 4+ * + Y2
Zz
—
S~
/ .\

¢ D y=x

Puc. 13.24

» Ilo 3aganHbIM NOBEPXHOCTAM CTPOHM 06/aCTh HHTEr PHPOBAHHSA
(puc. 13.24). B obnacth V cnpasemiushl HepaBeHcTBa: 0T x < I,
0<y<<y, I1<z< 1+ 4"+ 4% Torza
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LR e Y

1="{dx{ay
0 0
t x

2x+ yldz =

X

= {axf@+pz it dy = [ax§@x+ ) (" +y)dy =
0

0
I

D Cr™™™) =

1 2 [ x
3 2,2 3 4
(2xy+——2 Xy +—3 xy +—4 y)lodx—

0

X
= {dxe (@0 + ¢* + 20" + ¥y dy =
0 0

(4., 4
-——S —E xtdx = E ‘
0
Mycts PyHKUHU
x=g(u, v, W),
y=v(u, v, w),} (13.25)
z=x(u, v, w)
HENPEpbIBHLI, MMEIOT HEeMpEepLIBHLIE YaCTHble MPOM3BOAHbIE, AKOGHaH
0x Ox Qﬁ
9u Ov Ow
__ |9 9y 9y
I= du v Jw 70
oz 0z 0z
du oJdv OJw

W COXpaHfeT 3HaK B 06J1acTH V' u3MeHeHHs MepeMeHHbIX u, v, w. PyHKiHH
(13.25) oTo6pakaloT B3aMMHO OAHO3HauHO obgacts V B obnacth v’

Toraa sepra opmyJa

Wit v 2dxdydz = [f@@, v, ©) W, v, w) X, v, ©) ] dudodow.
v 1’4

B umIMHADHUECKHX KoopAHHATax p, ¢, z (puc. 13.25) umeem:

X=pCosQ, y=psing, 2=2,
0<e<<2n, 0Lp<< oo, —o0 <z 0,
] =p, dxdydz = pdpdgdz.

(13.26)

B cigepHueckux KOOpAMHaTaX r, @, O (r — paanyc-BeKTOp, ¢ — A0ITO-
1a, 0 -~ WHPOTA WJIH CKJOHeHHe) (pHc. 13.26) moayqaem:
} (13.27)
B 0606iuenHblX ChepHIECKHX KOOpPAHHATaX
x = ar sin 0 cos ¢, y = br sin B sin ¢, z=cr cos 6,} 13.8
J = aber? sin 0, dxdydz = aber® sin 0drdedd. (13.28)

x=rsinBcos @, y=rsinOsing, 2=rcosh,
0<r<<oo, 0L 2n, 0O,
/= r*sin 0, dxdydz = r’ sin 0drd d®.
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Coornowenns (13.26) — (13.28) no3BOAAOT OCYUIECTBISATL B TPOHRHBIX
MHTErpajax nepexox OT - AEKAPTOBbIX K LHJIHHAPHYECKHM, ChepnueckiM
Wi 06oGuieHHbIM cdepiuecknM Koopaunaram. Popmyna (13,23) nas sbi-
YHCJICHHR TPOWIBIX HHTErPAJIOB B AEKaPTOBbLIX KOOPAMHATAX CRpaBennBa
TaKkKe B LUHJIMRAPHUYECKHX W CePHUYECKHX KOODAUHATAX.

Mix,y,z)

Puc 1326

Mpumep 2. BruncanTs I:SSSVX"’%—yQ dxdydz, ecan oGaacTb nure-

rpupoBanin V orpannuena nopepxuocTamu x° 4 y'=4, z=1, z=2+4
2
+ x4y
» [To 3agauubiM NOBEPXHOCTAM MOCTPOMM ofaact, V (puc. 13.27).
Tlepeiiiem B 3aAanHOM wHTETpajle K UHAWHAPHUECKON CHCTEME KOOPAMHAT:
1= Wpodpdydz =

2n 2 24 p? 2{1 2
dyg Sp']dp S dz= \dy Sp:’(] + pHdy =
0 I 0 Q

Y]
2
_,,2’ (00 + o')dp = 2n (2 4 2| = 272
=2, Y p)dp = ﬂ(g“{-?)'O——]-S—n. 4
0

Z
<1 1
WL !
J )
i
Z=2+)<2+y2/ WL X 2+,V LA
iRl
b
./u H
o 2 Y
2
X
Puec. 1327
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Npumép 3. Bouucaurs [ = {J\ix? + v + 2% dxdydz, ecan obnacts

t .

uuTerpupoBannst V orpaHmuena cpepoit x4y’ 4 2° =4 u maockoctsio
y=0(y=0).

p OGaacts V npeacraBasieT coGoii monylwap, pacnosioeHHsid mnpa-
pee miockoeTu Oxz (y == 0), 1. e. cepHuecaue KoopauHatol r, ¢, 8 uame-
ngwores BV caepyouwum obpasom: 0<Kz2<<2, 0o, 0KO<Cm.
370 03HaYaeT, UTO

1= {{ rr* sin 0drdqas =
v
64

=?n. 4

n ki 2
~ iy
- Sir— ol (—c A
=Sd(pgsm€)d68rdr—¢’o ( &059)|” 6 1o
00 0

A3-13.5

1. Bowncaurs W\ x’y’zdxdydz, ecau obnacte V onpe-
)

geasiercst HepasencTBamu 0 << x <1, 0Ty <Cx, 0 <z <C .
(Orser: 1/110.)

2. Boluucauts SSS—(H—‘?%%, ecin obaacte V orpa-
y

HudeHa naockoctsmu x=0, y=0, z=0, x4+ y+4+2z=1.

(Omer: %(ln 2 — %))

3. BoluucauTb OOBEM Tena, OrPAHMUEHHOrO MOBEPXHO-
crsivMu Yy =x°, y +2=4, z=0. (Orser: 256/15.)

4. Boucauts )| X’y*dxdydz, eciu o6aactb V orpau- .

v
yena mnosepxHocTsMH X +y'=1, z2=0, z= 4y
(Orser: n/32.)

5. Bouvcante o6beM Tejla, OrPaHUYEHHOro IOBEPXHO-

cramu &%+ 2 =10x, ¥+ ¢ =13x, z=/x"+4° z=0,
y=0. (Orser: 266.)

6. BbiuucauTb
(52 +2 -+ )

a?
v

ecau 0621aCTh V—-BHyTpeHHOCTb jauncouaa

le &
+
=<
+

—|—i_z = |. (Oreer: %nabc.)
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7. Boiuncauts o6bem wactu wapa x° + y? + 2> =1, pac-
MOJIOXKEeHHOM BHYTPH KoHyca 2° = x% 4 y2. (Oreerr % n(l -

_12_).)

2

CamocrositensHan pabora

1. 1. PaccraBHTb npeaesibl HHTErPHPOBAHHS B HHTerpale
SSSf(x, Y, 2)dxdydz, ecnu obaacTb V orpaHuueHa mJIocKo-
v

craMu x =0, y =0, 2=0, 2x + 3y + 4z = 12.
2. Botuncautb SSS'\/’CQ + y*dxdydz, ecam obaacts V
‘/

OrpaHH4eHa NOBEPXHOCTAMH 2= x’ 4 y? z=1. (Orser:
4n/15.)

2. 1. PaccTaBuTb npeje/ibl HHTErPHPOBAHHS B HHTErpaJle
SSSf(x, Y, 2)dxdydz, ecin o6nacTh V orpanHueHa rnoBepxHoO-
v

CTAMH Yy =X, y=2x, 2=0, x +2=2.
2. Bpluncauts SSSw/xQ—i—z?dxdydz, ecan obgaacte V
))

OPpaHH4YeHa MOBEPXHOCTAMH y=Xx"+2°, z=1. (Orger:
47/15.)

3. 1. PaccraBuTb npegesibl HHTErPHPOBAHUSI B HHTETpasle
SSSf(x, Y, 2)dxdydz, ecnn obnacTb V orpaHuyeHa noBepxHo-
14

ctsMu Yy =x°, z2=0, y 4 z=A4.
2. BuluHC/iNTL 06bEM Tea, OrpaHHYEHHOro noBepx-
HocTamu X* + y* =9, z=1, x4+ y+z=11. (Orser: 907.)

13.5. NPUJIO)KEHHUSA TPOWHbIX HHTErNPAJIOB

Boiuncaenue o6bemon tea. O6bem v obiact V (06bem Teda) o6bIuHO
BLIUHCARIOT N0 popmyae (13.2]1), B KOTOPOi B TPOHHOM HHTErpaje MOKHO
MEPEXOAHTL (€C/IH 5TO yAOGHO) K pa3fIHuHbLIM KOOPAHHATAM (UHJHHADH-
YeCKHM, CHEepHUECKHM H Ap.).

Mpumep 1. BoluHcauTb 06bem Teda, OrpaHHUYEHHOrO MOBEPXHOCTAMH
z=1,z=5—x— 2

P Ilo 3ananubiM ypaBHEHHAM NOBEPXHOCTEH B 1€KAPTOBBIX KOOPLH-
HaTax cTpouM obaactb V (puc. 13.28). Torpa B uHAHHADHUECKOH CHCTeMe
KOODAHHAT HCKOMBIH 06beM

U= SSS pd(;d(pdz,
Vv

rre V' 0<<o<<2n, 0<Kp<<2, 125~ p% Caegosatenuho,
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2n 2 5—p?
vzgd(pgpdp S dz =
0 0 i
2 4
ngp(5—p2— ldp =2n(2p2— "T)
0

2

=8n. o

0

ﬂpumep 2 BeiuncinTh 06beM  Tes1a, OFPAaHHUEHHOTO 3JJHICOHAOM
2
X
.7_{_ +_.=
a

} B 0606m6HHle cpepHueCKnX KOOpAHHaTaX BepHbl hopMyubl (13.26),
H NO3TOMY HCKOMBIH 06beM

v = {{{aber® sin 0drdgas,
v

rae V'’ — o6nacTh, B KOTOPYW OTOGP@KAeTCs BHYTPEHHOCTh SJJMHICOHAA
npH  nepexofe K 060oGuieHHbIM C¢EPHUECKHM KOOpAHHATaAM. YpaBHeHHe
NOBEPXHOCTH, OrpaHuuHBawwed o6aacte V', B 060061 €HHBIX CpEPHYECKHX
KOODAHHATAX NOJAYyaeTcs MyTeM HOACTAHOBKH B ypaBHeHHe 3JJHICOMIA
sHauenuit x, y, z n3 ¢popmya (13.28):

r*sin® 0 cos® ¢ + r? sin® O sin ¢ + r¥cos T 0 =1,

T. e. r = |. CaegoBarennHo,
21 = 1
v= abcg d¢ S sin? 0do S rldz = % nabc. 4
o 0 0

Buiucaenne maccw tena. Macca m rena BHuUMCameTcs mo (opmyse
(13.22).

NMpumep 3. Bbmncnmb Maccy Tena, OrpaHH4YeHHOro TMOBEPXHOCTHIO
Konyca (z2—2) =x*+y* u naockoctbio 2z =0, eciH MJOTHOCTb TesIa
6(x, y, z)— z.

» Bepwnua konyca naxomgurca B Touke O, (W 0, 2) H B CeyeHHH Ko-
HYCa BJOCKOCTBIO 2 == () noJjyyaercs OKpyKHOCTh Xx° -y’ =4, z=0 (pnc.

1329). Ha nosepxnoctn paccmarpuBaemoro reda 2= 2— \x' 4 4?
Toraa macca

z=5-x%-y?

Puec 1329
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m= SSS zdxdydz =
v

Buuncaenue koopannar uentpa Macc teaa. I[lyets B npocTpaHcTae
R’ 3agaHO HekoTOpoe TeN0 V HeNpepbiBHO pacripeseseHHOH 06HLEMHOG
miotHocTbo 8 = 8(x, y, z). Toraa KoopaumHaThl LEHTPa Mace 3TOrQ Teda
onpejesfAaoTCA Mo opmynaam: .

SSSx(S(x. y, 2)dv Ssgyﬁ(x, y, 2)dv SSS 28(x, y, 2)dv
4 v vV
Le= 5 Yo=

SSSG(x, y, 2)dv SSSS(x, Y, z)dv' fo= SSSG(x, Yy, 2)du )
v 1% v

BennuuHnl

M, = Sggxé(x, y, 2)ydv, M, = SSSyb(x, Yy, 2)dv, M, = SSSZG(X, Yy, 2)dou
v 4 4

Ha3bIBAIOTCA CTATUHECKUMU MOMEHTAMU TEAQ OTHOCUTENbLHO KOOPIHHATHBIX
miockoctedi Oyz, Oxz n Oxy coorBercrseHHo. Ecam 8(x, y, 2) = const,
KOOpAHHATBHl LEHTPa Macc He 3aBHCAT OT I[UIOTHOCTH Teaa V.

Mpumep 4. Bhiuuciantb Koopunuaru ueHTpa Macc OQHODOAHOrO Tena
V, orpaHnueHHOro nosepxuoctamyu x = y° 4 2°, x = 4.

» Crpoum Tes10, orpaHHueHHoe KaHHbIMK NoBepxHocTaAMH (pHe. 13.30).
O6aacts V orpannuyeHa noOBEPXHOCTbIO MapabojloHa, OTCEYeHHOro MJIOC-

y 2,2
X=y*+z
z / / y

oo
— 4
\:\_..
Puc. 13.30

Koctei x=4. Ero mnpoekyusi Ha MJ0CKOCT Oyx npeacrasaser coboi
Kpyr. OrpaHuueHHslii OKPYXHOCTbIO y° -+ 2° =4 pagnycoM 2. Buluncanm
BHauaJe Maccy TeJa B LHJIHHIPHYECKHX KOOPAMHATAX, CYMTAH, YTQ ero
WIoTHOCTL O = |: :

2n 2 4
= SSdedydz = Sd(p Spdp S dx =
v 0 Q I

2
:21!89(4 —pz)dp~21(29 — (; >‘0 =8n.
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Torna

2n 2 4
Xo= — SSSxdxdydz—-—g—SdtpSpdprdx:
4 0 0 p’
2 2
LI ~2|4d 2\ o6 —ptydp =
= 3n 2 p( ) X o p= 3 [ pap =
0
] 2 __ 0 J_E
=5 (8 -2 =5

AHaJIOTHYHO ONpPERENAOTCA Y. H Z,, HO TaK KaK TeNo — OXHOPORHOE
M CHMMETDHUHOE OTHOCHTeJbHO ocn Ox, TO MOKHO Cpa3y 3anucarb, 4TO
Yyeo=0nz,=0. 4

Boiudcaenue MOMEHTOB HHepUMHM Teld.- MOMEHT HHepLHH OTHOCHTEJIBHO
Hayaja KOOpAHHAT Teda V€ R’ nnorHocthio 8(x, y, 2) onpezesnmeTca no
tdopmyuie

o= {0 + ¢* + 28, y, 2)dxdydz;
v

MOMEHTbHI MHEpIHH OTHOCHTENBHO KoopauhaThmx oceit Ox, Oy, Oz
COOTBETCTBEHHO!

= SSS (" + 298(x, y, z)dxdydz,

v

= SSS 2+ 2H)8(x, y, 2)dxdydz,
4

= SS (4 y)6(x, y, 2)dxdydz;
v

MOMEHTBI HHEPLHH OTHOCHTENbHO KOopAHHATHBIX maockocrelt Oxy, Oyz,
0xz COOTBETCTBEHHO:

SSSZ 8(x, y, 2)dxdydz,
v
W28 (x, y, 2)dxdydz,
%

SS 8(x, y, 2)dxdydz.

llpumep 5. BbiuncauTb MOMEHTBHI HHEDLHH OXHOPOAHOTO 1WAPa paAHy-

coM R 1 BecOM P OTHOCHTENBHO €r0 LeHTpa M AHameTpa.
4

p Tak Kak o6beM uiapa v = ?“Rd’ TO €r0 NOCTOssHHasA NJOTHOCTb
6-3P/(4gnR) [TomectiM ueHTp wapa B Hadaje KOOpAMUAT, TOTAd €ro
NOBEPXHOCTh OYAET ONpenearbcs ypaBHenneM x° + y' 4 z° = R’ Mo-
MEHT HMHEpLHH OTHOCHTEIbLHO LEHTPa wWapa yXoGHO BbIYHCIAATbD B cdepH-
4eCKHX KOOpAHHaTaXx:

Io=20 ([ («* + ¢* + 2% dxdydz = & (| r' sin 0drdgdd =
14 v’

W

2n n R r
=6Sd(pg sinOdOSr‘drzﬁ-Qn-Q%—z SRQ.
0 0 0

5
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Tak Kak BCJIeACTBHE OXHOPORHOCTH H CHMMETDHH 11apa €ro MOMeHTH
HHEPUHH OTHOCHTEJIbHO Jo6oro AHAMETpa paBHbl, BbIYHCIHM MOMEHT HHEp-
ILHH OTHOCHTEJILHO XhaMeTpa, JeXatlero, HanpuMep, Ha oOCH Oz:

1. =8 [ (* + y")dxdydz =
Vv

=811} 2 sin?0r? sin 0drdgdd =
v

2 n R
=8 {dg | sin" 0d0 { rar =
0 0 0

R5"
= —82n —5-S(l — cos? B)d(cos 8) =
0

- R® L s
= —62n—5——(c050—— 5 cos 6)

2

o 5

P
— R
2 <

A3-13.6

1. Boluucauts 06beM Tesa, OrpaHHYEHHOTO OBEPXHOCTA-

mu z=1/x’+¢°, 2 —z=x*+y". (Orser: 4n/3.)
2. Bbxqucnmb Maccy Tesa, OrPaHHYEHHOro MJIOCKOCTAMH
x+y+z=1, x=0, y=0, 2=0, ecau NJOTHOCTb Tes:

Bt 0 D= 10+ 4+ 2+ L. (Oréer: 1/48)

3. Bb[quc.nmb o6beM Tesa, OrPaHHUYEHHOTO LHJIHHAPOM
x=y* u naockocTAMU x + 2= 1, 2=0. (Orger: 8/15.)

4. BbluucadTb 061>eM Tena, OrpaHHueHHOro C(bepaMM
L+ =1, P4y 42 — 16 u konycom 2% =x’+ y?

(Tesia, Jlexkailero BHyTPH KOHyca). (Oreer: 23" (1 ——2—))

5. HaliTu KoopauHaTbl LeHTpPa Macc 4acTH OJIHOPOAHOTO
wapa paanycoM R ¢ LIeHTpOM B HauaJle KOOpPAHHAT, pacrho-

JoXeHHOH Bbille maockoctd Oxy. (Oreer: C(O, 0, %R).)

6. HafiTu koopauHATH LIEHTpPa Macc OAHOPOAHOrO Tea,
OTPAHHYEHHOIO IVIOCKOCTAMH X +y+4z2=a, x=0, y=0,

I | |
=0. ( Orser: (= a, — a, — a).
2 Orse 7% T4 ya
7. BBIYHCAHTL MOMEHT HHEPLHH OTHOCHTENbHO OCH OHO-
POAHOTO KPYIJIOTO NPSAIMOToO Kouyca BeCOM P, BoicoToll H u

paanycom ocHoBaHua R. (Orser R )
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CamocTtonTeabHas paboTta

1. BblllPICJ]PITb o6beM Tejla, OrPAHHYEHHOrO MOBEPXHO-
cTAMH 2 = X%, 3x 4 2y =12, y—() z=0. (Orser: 32.)

2. Bbxqucnmb MOMEHT HHEPLHH OTHOCHTEJBHO MJIOCKOCTH
Oyz Tena, OrpaHu4eHHOro MJOCKOCTAMU X+ 2y —z=2,
x=0, y=0, 2=0, ec1u ero maoTHocTb O(x, y, 2)=x.
(Orsger: 4/15.)

3. BblUHCAHTD KOOPAMHATBI LlEHTPa Macc O/IHOPORHOTO
Tesla, OTPAHHYEHHOTO MOBEPXHOCTAMHU 22 =4 — x* — i, 2 =
=0. (Orser: (0, 0, 2/3).)

13.6. HHAIHBUAYAJIbHBIE JOMAUIHKUE 3A0AHHUA K I'JL 13

Pemenus Bcex
BapUAHTOB TYT >>>

H3-13.1
1. TlpencraBuTh ABOHHON HHTerpas ng(x, y)dxdy B BuUIe
D

NMOBTOPHOrO HHTErpaJsila ¢ BHEIUHHM HHTerpHpoBaHHeM 110
X U BHEIUHUM HHTErpHpoBaHHeM 0o Y, eCau obnactb D 3ajaHa
YKa3aHHbIMU JIHHHSMH.

Y= 4—x2, y=\/3x,x>0
x2=2y, 5x — 2y —6=0.
=V8—y¢’ y=0, y=x.
x>0, y=0, y<<l, y=Inux.
X =2—y, x+y~0
y_w/Q—x, y=x".
y=x'—2, y=ux.
)C>0, y>l’ y<3’ Yy=x
Y’ =2x, x*=2y, x< L.
cx=0, y=x, y=9 —x>
: y2=2—x, Yy==x.

..
PrNe e o=

o
SESSRSIRS, bbp oo YYPR -t-’-t-’;’ SN

12 =V2—¢’ x=4¢° y=0.
.13 :y>0,x+2y—12 0, y=Ilgux.
4. D x<<0,y=1, y<<3, y= —x.
A5. D: y=0,y>=x, y= —\J2 —x*.

1 y=0, x=2\/§, y=-/8 —x°.

tYy=—x, Y'=x+3
Cy=14—x x>=0, x=1, y=0.
rx=—lLx=-—-2,y=0, y—x

<0, X¥*= —y, x=1/1—y
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1.2t D: y =0, y<|, y=ux, x=—\J4—4* -
1.22. D: x<C0, y=1, y=4, y= —=x.

1.23. D: y=3—x% y= —x.

1.24. D: x=0, x=—2, y =0, y—x —|—4
1.25. D: x=0, y=0, y=1, (x =3\ +y" = 1.
1.26. D: x=19—y% y=x, y=0.

1.27. D: x4+ 2y—6=0, y=x, y=0.

1.28. D: y=—x, 3x+y=3, y=3.

1.29. D: x =0, y=1, y=—1, y=log x
1.30. D: x>0, y=0, y=1, x=1/4—y".

2. Boiuucautb ABOHHO#N uHTerpan no obaactu D, orpadu-
YeHHOH yKa3aHHBIMH JIHHUSIMH.

2.t. W2 4 y)dxdy, D: y=x* x=y

D

xy’dxdy, D: y=x*, y=2x.

22

2.3. {(x +y)dxdy, D: y*=x, y=x.

2.4. S?x?ydxdy, D: y=2—x, y=x, x=0.

2.5. Sli(xs—dexdy, D: y=x"—1, x=0, y<O.
2.6. Sli(y—xdxdy, D: y=x, y=x~

2.7. §§( | + y)dxdy, D: y*=x, S5y =x.

2.8. SZS(x—l—ydxdy, D:y=x*—1, y=—x"+1.

2.9. SSxy—l ydxdy; D: y=>5x, y=x, x=23.

D

2.10. {{(x —2)ydxdy; D: y=1x, y=x, x=2.

2
2.13. | (& + y¥dxdy, D: x=4¢?, x=1.

N

D

14. SS xydxdy, D: y=x* y=0, x<<2.

D

2.15. {| (x +y)dxdy, D: y=1x*, y=8, y=0, x=3.
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2.16. {§ x(2x + y)dxdy, D: y=1—x* y=0.
2.17. S y(l — x)dxdy, D: y*=1x, y=x.

D
2.18. {{ xy’dxdy, D: y*=1—x, x>0.

D

|
-
2.20. SS (x — y)dxdy, D: y:xz— 1, y=3.
|
|

2.21. § (x + 1)y*dxdy, D: y=3x% y=3.

2.22, ?xyjdxdy, D: y=x, y=0, x=1.

2.23. S[i(xs—l—y)dxdy,D:x—l—y: Lxt+y=2x<1, x>0
2.24. Sri xy*dxdy, D: y=x* y=0, y="ix.

2.25. S[)(x3—|—3y)dxdy, D: x+y=1, y=x*—1, x>=0.
2.26. Snydxdy, D: y= \/— y=0, x+y=2.

2.27. SS xzdxdy, D:y=x, xy=1, y=2.

2.28. S;S)y(l—l—x)dxdy, D: y=x* y=23x.

2.29. Séy(l—l—Qx)dxdy, D: x=2—y* x=0.

2.30. S[)eydxdy, D:y=lnx, y=0, x=2,

3. Bblunc/inTb ABOHHON HHTErpaJ, HCNOAb3ys NOJAAPHbIE
KOOPAHMHATDI.

1 \/l-x':'

a1 {ar | AR gy
I +x" +y
0 0
0 V/;"j
32. { dx | dy

R R s

R R —
3.3. S dx S —t—g—— Ve ty dy.
—\/x +y

0 RI—
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dy
P e
dy

P4+ 4y

2y

dy
sin yx® 4 y* dy.

[+
'\/

0

L

— /R —x? —\/x2+y2 COS?Vx2+y2 ‘

4—xt

— V44—
RL‘_XZ

2
3.13. | dx
0
1
§
R
15. dx
)
R
&m.Sm
0

3.
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0

R
3.17. de S dy :
e g st g

3.18. ( dxvm—xfi—d .
) ) T

0 JrR=¥
3.19. S dx S dy :
Vr + ¢ ctg Ve 4o

R
3 0

ry
3.20. S dx L dy.
-3 — 9 —x?

0 0

3.21. de S cos(x® + yhdy.
R — R

0 VR =1
3.22. S dx S sin(x? + y*)dy.
- R 0

1 V=t

3.28. (| dx | I+x+4dy.

—1 0

NiTE

dx Vi ylet TV dy.

2 0

3.24.

3.25.

3.26.

3.27.

3.28.

R
3.29. {dx sin(x? 4 y*)dy.
9

—RIZ 2
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3.30.

R ~’:)(73 9 v
de VR gV +y°

0

dy.

e VY

Yy

4. Bbluncante miowans niockoii obsacty D, orpamn-
YeHHOHN 3aJaHHBIMU JUHUAMMU.

(=2]

N
P AL CALAL
© PNPU— b=

I
-
[ ]
S
TODUD Dooo- D OODD Dooo

FES
—_—
DO -

4.13.

T W

SO P OPOoonoy

<

N’

Y=4dx, x+y=3, y=0. (Oreer: 10/3.)
Yy==6x" x+y=2, x>0. (Orser: 5/8.)

LY =x+2, x=2. (Oreer: 32/3.)

x=—=2¢" x=1-3y% x<0, y>0. (Orser:
y=8/(x*+4), x*=4y. (Orser: 2n—4/3.)

fYy=x"+1, x+y=3. (Orser: 9/2.)

Yy =4x, X’ =4y. (Oreer: 16/3.)
y=cosx, ys<x+1, y=0. (Orser: 3/2.)

x=vV4—y* y=1/3x, x>0. (Orser: 2n —

Y= 42,020 x=2,y=—x. (Orser: 14/3.)
D Y=4x", Yy =x> y<2 (Oreer: 20~/2/3.)

D Yy=x* y= —x. (Orser: 1/6.)

D x =y x:%yz—k l. (Orser: 8/3.)
PY=\2—x" y=x (Orser: /24 1/3.)
CY=x"44x, y=x14. (Orser: 125/6.)

D2y =X, x4y=5 x>0, (Oreer: 28/3.)
Y=2 y=2x—x', x=2 x=—=0. (Oraer:

CY=—2x"42, y>= —6. (Orger: 64/3.)
*=4x, x=8/(y°+4). (Orser: 21— 4/3.)
Yy=4—x* y=x"—2x. (Oreer: 9.)

X=y +1, x4+ y=3. (Orser: 9/2.)
x* =3y, y* =3x. (Orser: 3.)

x=cosy, x<{y+1, x=0. (Orser: 1/2.)

x=4—y’ x—y+2=0. (Orser: 125/6.)
x=y° x=12—y’ (Orser: n/2+1/3.)
ng+yT2=l, yg%x, y=10. (Orser: mn/4.)
P=d—xy=x+2,y=2 y= —2 (Orser:



4.28. D: y=1x% y= —x + 1. (Orser: 8/3.)

4.99. D: x=y’, y =4—x. (Orser: 161/2/3)
4.30. D: xy=1, x*=y, y=2, x=0. (OTBeT 2/3 +
+1In2)

5. C nomolubl0 ABOMHBIX WHTErpaJsioB BbIUHC/AMTb B noO-
JSAAPHBIX KOOPAMHATAX IJIOUAAb [LIOCKOH (Hrypbl, OrpaHu-
YEeHHOH yKA3aHHbIMH JUHUSAMH.

5.1. (F* +yY =a (4xo+y)

5.9. ( 2 +y2)3 — aZ 2

53. (K +y)Y=a'x 2(4x2 + 3y%)

54. (¥ +y =a (Sx" + 2¢%)

5.5 x'—yt=x*+y%  5.6. p=asin’2¢.
5.7. p=asin’ ¢ 5.8. p=a(l — cos )
59. (¢ +y°) =a’(2x* + 3y°).

5.10. (x* 4 ) = a’(5x* + 3y?).

5.0 (x° + y°) = a*(7x’ 4 54°).

5.12. (¥} - y°) = 2a3xg.

5.13. (x° 4y = 4 5.14. (x* +y*)P =a'y’
5.15. (x* +y°) =a'x 5.16. p == acos

5.17. p* =a*(l +sin’¢). 5.18. (X’ + y*)’ =a’x*
5.19. (x2 4 y’)' = 4(3x" + 4y%)

5.20. (X +y)Y=a ng/z'

5.21. (x* + ¢ =a’*(x" +y*)

5.22. (x> + 4%y = 2ag3.

5.23. (! + %) = 4a’xy(x* — y°)

5.24. p=asin2¢

5.25. p = a cos 5¢. 5.26. 0= ( -+ cos ).
5.27. = 2a(2 + cos @). 5.28. p? = a’cos 3¢.
5.29. p® = a” cos 2¢. 5.30. p = a sin 3¢.

6. Bbiuncaurb o0beM Tesa, OrpaHHYEHHOrO 3ajaHHbiMH
[OBEPXHOCTSAMH.

6.1, z=x>+y% x+y=1, x=0 y>=
ger: 1/6.)
6.2 2=2—(x*+¢"), x+2y=1, x>0, y=0, 2=0.
(Orser: 53/96)

6.3. z=x%, x—2y4+2=0, x+y—7=0, 2=0. (Or-
ger: 32.)

6.4. 2=2x" —|—3g y=x%y=x,2>0.(Orser:29/140,)

6.5. 2=2x" 4y, y<x,y_3x x——2 z>0. (Orser:
152/3.)

>0, z0. (Or-
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6.6. z2=ux, y=4, x=1/25—y* x>0, y=0, 2>0.
(Orser: 118/3.)

6.7.y=\/;c_, Yy=x, x+y+z=2 z2>=0. (Orser:
11/60.)

68. y=1—ux’, x+y+2=3 y=0, 2>0. (Orser:
104/30.)

69. 2=2"+y* x+y=4, x>0, y=0, z>=0. (Or-
ger: 64.) '

6.10. 2=4—x* X+ y’=4, x>0, 4y=0, 2>0. (Or-
ser: 3mn.)

6.11. 2x -3y — 12=0, 2z2=y¢° x>0, y=0, 20,
(Otser: 16.)

6.12. 2=104+x"4-24°, y=x, x=1, y=0, 20

(Orser: 65/12.)

6.13. z=x", x+y=6, y=2x x>0, y=0, z>0.
(Orser: 4.)

6.14. z=3x"4-2°+ |, y=x>—1, y=1, 2>0. (Or-
ger: 264~/2/35.)

6.15. 3y=\/;, y<x, x+y+z=10, y=1, z=0.
/Orser: 303/20.)

6.16. y2=l—x, X+y+z=1 x=0, z=0. (Orser:
49/60.) |

6.17. y=x", x=y° z=3x+2+6, 2=0. (Orser:

6.18. X' =1 —y, x+y+2=3, y=0, 2>0. (Orser:

6.19. x=y° x=1, x+y4z=4, z=0. (Orser:

6.20. 2=2¢"4y", x+y=1,x=0,4y>0, 2>0. (Or-
ser: 1/4.)

6.21. y=x" y=4, 2=20 455410, 2>0. (Orser:

6.22. y=2x, x4 y4+2=2x>=0,2>0. (Orser: 4/9.)

6.23. y=1—2°" y=ux,'y=—x, y=0, 2>0. (Orser:

6.24. X' 4y’ =4y, P=4—y, z>0. (Orser: 256/15.)

6.25. X +y'=1,2=2—x"—y’° 20 (Oraerr —g*n)

6.26. y=x", z2=0, y+z=2 (Omer.‘ ?—g\/g)

6.27. 2’ =4 —x, X’ 4y =4x, 2>>0. (Orser: 256/15.)
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6.28. z=x4+24°, y=x, x=0, y=1, 2=0. (Orser:
7/12.)
6.29. z=y% x+y=1, x=0, 2>0. (Orser: 1/12.)

6.30. y>=x, x=3, z=x, 2>0. (Oreer: 36+/3/5.)

Pewenue Tunosozo sapuanta
1. TlpencraBuTb ABOHHOH HHTErpaJs SS (x, y)dxdy B Buze
D

IOBTOPHOTO MHTErpaa C BHELUHMM HHTErpHPOBAaHUEM [0 X
M BHEIHUMM HHTErpUpoBaHueM Mo y, ecau obsactb D orpa-

HUYeHa JIMHUAMH x=\/—y_, x=1 24y, x=0, x=2.

» O6aacte D u306pa>KeHa xa puc. 13.31 u orpanudena
ayramu napabon x° =y +2, x> =y n npambiMmu x = 0, x = 2.
CaepnoBaTebHoO,

(e, y)dxdy gdx)i_f(x by =

D
0 Vo2

={ay § f(x, y>dx+§dy é

—2

2

4
+{ay S f(x, y)dx.4

2. BbiuucauTb JBOHHOH HHTerpan SS (x — 2¢9)dxdy no o6-
D
Aactu D, orpanudeHHOH auHusMn x=0, y=7—x, y=
= L2 x+ L

» O6.aacte D nszobpaxeHna Ha puc. 13.32. Ecan BuiGpaTth
BHYTpEHHeE WHTerpUpOBaHHE 110 Y, a BHellHee — M0 X, TO

Puc 13.32
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ABOHHOH MHTErpan no 3Toll 06saacTH BLIDA3HTCS OAHHUM noO-
BTOPHBIM HHTErpaJjoM:

4 7—x
W —2y)dedy = {dx | (x—2g)dy =
D 0 :L—X+l
4 _ 4
=S(xy—y2)l ' dx=8(7x—x2—49—|—14x—x2—
1
0 ERR 0

4

— Pt e = (= 22 21x — 48} dx —
7 X 4x—{—)x §( 4x—{—x )x

4
0:—72. <

:(—%xa—{—%ﬁ—z}&c)

3. BbluucanTb 1BOHHON MHTerpas

0 VR —
= ax S In(+ Ve +y7) Wmdy,

e 5 VA 4 ¢

UCNoJdb3yss NOAApHble KoopAaMHAaThl. HaliTH ero umnciennoe
3HayeHHe npu R=1.

» OGnactb nHTerpupoBanus D npeacrasaser cofoi yer-
BEPTE Kpyra, pacnoJoXeHHOro BO BTOPOM KBajpaHTe (pHC.
13.33).

Pue 1333

TepeiiieM K NMOASIPHBIM KOOPAMHATAM X ==p COS @, Y=
=psi£(p, x2+y2=p£ rie 0<<p<R; n/2< ¢ n Torna

n R
1= do{ 0L pdp =
P
n/2 0
_|e=In(1 +p), du=dp/(1 + )| _.
~ ldu=dp, v=p,
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R
n R

=] - e d ==

P u/2(pm(1 +p>‘o S I +p p)

| ; 0 0
= 5 (Rln(l +R>—p‘(_ =+ In(l +p>l“)=
=~ (Rin(l + R)— R+ In(l + R)).

[Ipu R =1 noanyuaem

|

[=3@2in2—1). <

4. BulUHCAUTH MIOWAAb DUy P, OTPAHHUEHHON JHHASIMU
y=x'—3xu3x4+y—4=0.

» Jlauuas njaockasi ¢urypa orpaHduena cHuzy fiapabo-
Joi y=x?—3x, ceepxy npsmoidl 3x+y—4=0 (puc.
13.34). CaenoBareasHo,

2 4—3x 2
S=Wdrdy={dx | dy=1|(4—3x—x" 4 3x)dx=
D —2 X —3x —2
A 32
=(4x——%> =5 4

5. C noMoulbi0 JBOHHOrO HHTErpasa BuIUHC/AUTL B {10Ap-
HBIX KOOpAMHATax faoulaib (Urypsi, OrpaHHyeHHOH JIHHHUEN
o 4y’ =2y

» YpaBHeHue JHHUHM B MOJAPHLIX KOOPAHHATAX HMMeEET
Bua p = 2sin’ ¢. Oua u300paxeHa BMECTE C OrPAaHUUCHHON
ew o6aacthio D Ha puc. 13.35. [Tosioc O JeXuT HA rpaHuUe

Puc 1335
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obaactu D, u nostomy, coraacko ¢opmyJe (13.12) (cayuai
3; cM. Takxe npumep 2 u3 § 13.2) umoem:

n 2sin’g

S=SSpdpdq>=qu> S pdp=§d<p%2
D

2sin’¢
o =

=]
<

0
=QS sin® (pd(pz%S(l — cos 2¢)° d =
0 0

=

S(l — 3¢0s 2¢ + 3 cos? 2¢ — cos® 2¢)d¢ =
]

n

1 . r
=T<n-—g~sm2(pro+%g(l + cos4q)dp —
0

— S c0s 2¢(1 — sin® 2¢)dp = % n 4
0

6. Boluncautsh o6bem Teaa, OrpaHH4YeHHOro NOBEPXHOCTS-
M 2=\l—y, y=ux, y=—x, 2=0.

Puc. 13.36

» [lanHoe TeJO OrpaHHYeHO CBEPXY NapaGOJHYeCKHm
UWJIHHAPOM 2 ="/1 —y (puc. 13.36), nosromy

1 y
v=§§ l—ydxdy:QdeS | —ydx =

0 0
] y ]
= 2{\/1 — yu| dy = 2§ /T — gy = W1 — g =14,
0 0
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y=1—1 dy=—2idt, t=1npu y=0n t=0
1 0
npu y=1|=2{ (1 — A)1(—2taty= —4{ (* — t")at =

0 1

. 3 15 0_ 8
=—45-5) =5 <
Pemienus Bcex

”ﬂ3'13-2 BapHUaHTOB TyT >>>

1. PacctaBuTh npeaeabl HHTerpupoBaHus B TPOAHOM HH-
TerpaJe SSSf(x, y, 2)dxdydz, ecan o6JacTb V orpanuyeHa
14

yKa3aHHbIMH TTOBEPXHOCTAMH. Haueptutb 06s1aCcTh HHTEIDH-
POBAHHS.

x=2, y=4x, y=3\/;; 220, z=4,
x=1; y=3x, y=0, 20, z=2(x*+y°).

x=1,y=4x, 2=0, 2=73y.
x=3, y=x, y=0, 220, z=23x* 4y

——

——
. e

y=2x, y=2 230, z=/x.
x=0,y=x, y=>5, 220, 2= 2x" 4+ 4~
x=0, y=2x, y=1, z2=0, x+y-+z=3.

x}O,y=3x,y=3,z>O,x=3\/;.
x=5, y=x/5 y=0, 2=0, 2= x?+ 5y%

x=2, y=4x, 220, y=2\/;.

x =3, y=%x, y=0, 2>=0, z———%(xi’—{—yi’).

x=4, y=1x/4, 220, z= 44"

x>0, y=3x, y=3, 2=0, 2=2(x"+y>)
x>0, y=4x, y=38, 2=0, z2=23x* 4y
c x>0, y=>5x, y=10, 2=0, z=x*+y
y=x, y=—x, y=2, 220, 2z =3(x*+ ).
—9x, y=23x, 20, 2=22"4¢".

oo Npn R jom
ST ST ST =T

— o —

1.10.
1.11.

1.12.
1.13.
1.14.
1.15.

1.16.
1.17.

o

S T SSSSSSSSSsSS =
=
|

1.18. y=x, y=—2x, y=1,2=0 z=x'+ 4y
1.19. x}O,y}O,220,x+y=1,z=3x2;{—2yf.
1.20. x>0 y=0, 220, 3x 42 =6, 2=x"+y’
1.21. x}O,y}O,z}O,x—{-y:Q,z=4—x2~yf.
1.22. x;O,y;O,z>o,x+y=3,z=9—x2 y?
12.23. x>=0, y=0, 220, 3x+4y=12, z=6—
_.x —_—
1.24 x>0, 220, y=x, y=3, 2= 18— x* — y~.


http://idz-ryabushko.ru/?utm_source=PDFfile&utm_medium=idz&utm_campaign=3chastPDF

125, V: x=2, y >0, z2>0, Yy=3x, z=4(x —{-}y)

1.26. V: x>0, y=2x, y=4, 220, z= O—x'—y‘.

L27. V: x=3, 50,220, y =2, z=4/y.

!.28.‘)V:x>0, y=20, 220, 2x43y=6, 2=3+4+
4y

.——x —yz

129 Vixz=0, y=0, z>0, Xx+y=4 z=16—
1.30. V: x>0

v Yy=0, 220, Sx4y=5, z=x> 4 4

2. BpludcauTs aaHHble TPOHHbIC HHTErpaJbi.

2.1. (26" + 3y + 2)drdydz, V: 2 < x < 3, —| <y<e,
v

2 < 4.

W ¥’yzdxdydz, V: —1<x <2, 0<y<<s, 2K

%

2.
Lz
2.3. §

0

W)

J(r+y 4 42)dxdydz, v —1 <x<1,0<y<2,

13
—I<Cz 1
24. W («° + o + 2Ydxdydz; V: 0 < x < 3, —1<y<?,
4
O0<Cz<C2
2.5. gggxyzdxdydz Vi —1<xe<<3, 0<y<<?, —2<
<z<5
2.6. ggg(x+y+z)dxdydz Viox<l, —1<y<0,
l<z<2

2.7. SSS(Qx—y —2)dxdydz, v: 1 <x<5, 0<<y <2,

-l<z<0.
8. | 2xy’edxdydz, v:0<x <3, —2<y<0, IK
)

<Lz
2.9. [\ 5xy2’dxdydz, V: —1<x<0, 2<<y<3, | <
14

Lzl
2.10. ggg(x2+2y2—z)dxdydz, Vo< <<, 0<<y<3,

— 1< z<2
201 {(x + 2y2)dxdydz, Vi —2<x <0, 0<<y <,
v

0z
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2.12. Sgg(x—}—yzg)dxdydz, V:o<x <1, 0<<y<?,

— 1< z<3
2.13. { (xy + 32)dxdydz, V: —1<x< L, 0<<y<<l,
1%

1<z 2.
2.14. SSS(xy—zQ)dxu'ydz,v:O<x<2,0<y<l,—lg

)

<z 3.
2.15. {{| (* + y2)drdydz, v: —1<x<2 0y 1,

1%

<zl
2.16. (| (° + ¢y — 2)dxdydz, v: 0 <X <2, —1<y<0,

Vv

0<z<<1
2.17. (| (2x° 4y — 2dxdydz, v: 0<x <1, —2<y< L,

1%

0L L.
2.18. (|| x’y2’dxdydz, v: 0<<x<<2, I<<y<<?2, —1<

Vv

<z< 0.

2.19. ggg(x+y—z)dxdydz, v 0<Cx<<4, 1<<y<3,
1%
—1<2<5.
2.20. ggg (x + 2y + 32%) dxdydz, v: —1<x<2,0<y

N

<1, 1<z<

2.21. {ff (3+* +2y+z)dxdydz v 0<x<l, 0<y<l,
<<

2.22. SSS (xy — 2 dxdydz, v 0<x<1, —I1<ys<2

0z 3
2.23.

|
Vv
4.\ xy
Vv
< z<3.
2.25. \\{ xy2Pdxdydz, v: 0<<x <2, —1<y<0, 0K
)

Byzdxdydz, vi —1 <x<L2, ISy
0

2rdxdydz, vi —2<<x <1,

<z 4.
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2.26. {{| (x + y2) dxdydz, v: 0<r<<l, —I<<y<<4, 0K
4

<z 2
2.27. || (x + v* — 2))dxdydz, v- —2<x<0, 1 <y<?,
14
0<Cz<5.
2.28. | (v + v + 2 dudyde, v: —1<x<0, 0<y<1,
14
2238,

2.29. \{f (x + 42 — 22) dxdydz, v: 1 <x<<2, —-2<Cy<3,
My

0<Cz< 1.
2.30. Ssg(x—y—z)dxdydz v 0<<r<<3, 0<<y<I,

2<1

3. Buluncantn TpoitHoi HHTErpa ¢ NoMoWbLIO LHIHHAPH-
YECKHX HJIH chepHYeCKHX KOOpAMHAT.

3.1} (2 4 y2 + 2% dxdydz, v: 4y 4 =4 x>0,
4
=0, 22 0. (Orser: 16n/5.)

2 SSS YV + g dxdydz, v: 220, 2=2, y > +-x, 2 =

=4(x* + y?). (Oraer: \/‘/10)

3.3. || 22dxdydz, v: 1 <? +y°<36, y=x, x>0,
z2=0. ((V)Tser: 1555n/12.)

3.4. (§ ydxdydz, v: x* 1 4 +28=32, Y’ =x*+ 2%, y=>0.
(Oraser: 1281[.)

3.5. \{\ xdxdydz, v: x>+ y? +22=8 x*=y 422 x>0
(Orser: V8n.)

3.6. [ ydxdydz, v: 4 <24 )2 22 < 1, y</3x,y>0,
2=0. ((v)TaeT: 15n/2.)

3.7. SSS ydxdydz, v: z=m, z=\/m,
y=0. ((V)Taer: 8(n/2 —1).)
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3.8. SSSM v 120,220,y >3x 4 <

Aty 2
+ < <0TB€T —2n+3{>
3.9.“8!’1”‘.%, >0, y<3x, z2=3(+4?),
Vix? 47y
2=3. (Orser: 3(4m — 31/3)/20.)
3.10. Sgs_ﬂfﬁi—_ v A4y 2=16, 2>0.

(Orser: 16:/3.)

3.]].SSSM, v z2=2(x*+y%), y=0, y < x,

Vx4 o V3
z2=18. (Orser: 81.)

3.02. ([ 2ydxdydz . o 2y >0, y<x, z2=4.
f s <
(Orser: 4/3.)
3.13. (({ 2dxdvdz o 2 1 2 — 4y, z=4, z>0.
SSS = +yt=4y, y+
(Orser: 1472/45.)

3.14. SSSM v XXyt =2x, x+2=2, y=0,

22 0. (Orger: 4/5.)

3.15. SSS?;X—M‘{ v P =16y, y+2=16, x>0,
<4y

> 0. (Orser: 2048/5.)
3.16. Sgsw/xﬂ + Pdxdydz, v 4P =2 xd+z=2

v
220. (Orser: 128/45.)
3.17.SSSxydxdydz v 2< Py 4 <8, =

x>0, y>0 2>0. (Orser: 31(4~/2 —5)/15.)
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3.18. SSSM, v Xy =2y, 4 P =4y, x>0,

220, z=06. (Orger: 24.)

3.19.SSSw/x2+y2+22dxdydz, v Xyt 28 =36, y >

=0, 2>VO, Yy << —x. (Orger: 81n.)
- 3.20. SSSM vl Xy =2x, i =4x, 23>0,

v Ve gyt
2=4,y>0, y<x (Orser: 10n/2.)
3.21. SSSM v IS4y 4+22<9, y>0,

y<< 220. (Orger: 13n/8.)

1

v'

3.22. SSSV X ytdxdydz, vi X — 24y =0, y>0,
14

x+ 2=2. (Orger: 64/45.)

SSS Cdxdydz, v 14242216, y>0,

[ov]

Vv
y<<x, 22=0. (Orser: 341(n 4 2)/20.)
3.24. \{{ Lxdydz . ‘v =4y, y+z=4, z>0.
SS/S 'Vx2_|_y2

3.25. Sggﬂy_‘i{_ v ALY+ 2< 16, y<

V3x, ¥y =0, 2> 0. (Orser: 71/3.)

3.2 .SSSZ'\/X + yPdxdydz, v: X2+ =2xy=0,2=20,

v

2=23. (Orger: 8.)

3.27. Sggﬂﬂz_ v ISP+ +22<4, x>0,
Vet 2 N N

Yy<x, y=0, 2>0. (Oreer: 7/2n/24.)
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3.28. SSS xdxdydz, v: X*=2(y"+ 2, x=4, x> 0.
Vv

(Orger: 32m.)
3.29. SSS_"H“L“E— v <A+ +21<9, y<x

v V2

y>0, 2> 0. (Orser: 131/27/2.)
3.30. SSSxdxdydz, v 2 =\18—x"—y? z=A/x*4+ 4,

x>=0. (Omer -82—]<3 — l))

4. C noMouwbio TPOHHOTrO HHTErpaJ/a BblYHCAHTL O6bEM Te-
Jia, OrPaHHYEHHOTO YKa3aHHbIMH noBepxHocTaMu. Caenath
Yeprex.

4.1, 2> =4 —x, x +y =4x. (Orser: 512/15.)

4.2. 2—4—y“ X'+ y*=4, 2>0. (Orser: 12n.)

43. P+ =1, z-2—x~y, 2>0. (Oreger: 2m.)

44. 2=y, x>20,2=20, x+y=2. (OTBeT: 4/3.)

45. y=0, 220, z=x, x=1/9—¢° x=/25—y"
(Orser: 98/3)

4.6. X2+ y* =14, g=4—x—y, 20. (Orger: 16m.)

47. 220, z=x", x—24+4+2=0, x4+y=7. (0Or-
ser: 32.)

48. x>0, 220, 2=y, x=4, y=1/25—x> (Orsger:
118/3.)

49. 220, z2=4—x, x=2/y, y=2\/;. (Orger:
176/15.)

410. y >0, 220, 2x—y=0, x+y=09, z=x> (Or-
ser: 1053/2.)

411. y=0,2>0, x=4, y=2x, z=x*. (Orger: 128.)

412. x>0, 220, y=2x, y=23, z=-\/—y—. (Orser:

9/3/5.)

413. y=0, 220, x=3, y=2x, z=y> (Orser: 54.)
414. 20, y* =2 —x, 2= 3x. (Orser: 3/2/5.)

4.15. 20, y=~/9—x% z=2y. (Orser: 36.)
4.16. x>0, y=0, 2=0, x4+y=2 z=x"44°
(Orser: 8/3.)
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417. 220, X +4y*=9, z=5—x—y (Oreer: 45n.)
4.18. 2>=0, z=x, x=1/4—y> (Orser: 16/3.)

4.19. y=0, 220, x+y=2, z=x* (Orser: 4/3.)

420. y=0, 220, y=4, z=x, x=1/25—y> (Orser:
118/3.)
421 220, XX+ 4y =9, z= (OTBeT 81/8n)

4.22. x =0, 220, y=ux, z_l—x — - (Orser:
n/16.)

4.23. 220, x*J-y? =4, z2=x° —|2—y (Orser: 8n.)

4.24. 2z >0, y=2, y=ux, z=x". (Orser: 4/3.)

4.25. 220, y+2=2, 2+y2—4 (Orser: 8x.)

426. y>0, 220, x—y=0, 2x+y=2, 4z=4>
(Orsger: 1/162.)

4.27. x=0, y=0, 220, 2x4+y=2, z=y?. (Orser:
2/3.
/ 4).28. 220, x=y% x=2°+1, z2=1—y°. (Orser:
8/5.)

429. x>0, y=0, 220, y=3—x, 2=9—x" (Or-
ger: 135/4.)

4.30. x=>0,20,x +y=4,2=4/y. (Oreer: 512/15.)

Pewenue runosoeo gapuadra

1. PaccraBuTh npesesibl HHTErPHPOBAHHS B TPOHHOM WH-
TerpaJe m f(x, y, 2)dxdydz, ecaun obaactb V orpanuuena no-
14
2
BePXHOCTSIMH X = 1, y = x, 2 =0, z = y°. HauepTutb 06nacTh
MHTEr PHPOBAHHS.
» Cornacio ¢opmye (13 23), umeem:

2

S‘S/S flx, y, 2)dxdydz = S dxs dyS f(x, y, 2)d=z.

OGaactb uHTerpHpoBatus u3obpaxena Ha puc. 13.37.
2. BquHchTbSSS(Sx + 2y — 2% dxdydz, ecan V: 0 <x <,
b

Uy <C2, I <Lz 3.

» [las nauwvoir obaactu V (puc. 13.38) ua ocHoBauuu
q)opmyﬂbl (13.24) noayuaem
l 2

3
W Bx + 2y — 2)drxayde = { dx{ dy | Bx + 2 — 2")dz =
v [} 4 i

176



l 2 l

- S dx S(3xz+2yz——)] dy = S dX§ (6x +4y —20)dy =

0 0 0 0
i 1
= | (6xy + 2y* — 20y)|7dx = | (12x —32)dx =
0 0
= (61> — 32x)|g = —26. <

z
3
4
7
7
/ 2y
X
Puec. 1337 Puc. 13.38
3. Bbluncauth TPoHHOH HHTerpaJ SSS —;‘z—dx?—yiz—_, no o6-
Aty —R
v

JACTH, PACIMOJIOXKEHHOH B HepBOM OKTaHTE H orpaaneHHoﬁ
nnockoctsiMu x =0, y =0, z = h 1 KoHycOM 2° = —( 24 y9),

¢ NOMOLILIO LHJAHHIPHUYECKHX KOOPIMHAT.

p Ha puc. 13.39 usobpaxxena o6aacTh HHTETPHPOBAHIi
V u ee npoekuuss D Ha naockocth Oxy.

IMepeitas K UMAMHIPHYECKHM KOOpAMHATaM p, ¢, 2 IO
dopmyaam (13 26), B KOTOPbIX JJs AaHHOH o6Jact:t
0<Lz<h 0L (p<n/2 0 << p < R, nmoayuum:

22 =h?p*/R* z=hp/R,

SS xzdxdydz SSS o cos pzdpdpdz
S “+y—R o’ —R?
v v

/2
= S cos @dg

R

0 0 hp/R
R
]

n/2

= S cos pd¢
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0?
0

n/2
1 o’ 2 KW 9 —
—?S Cowd(pg R (h Rzp)dp
0

R

52 X n/2
— SIn
2R* ?

.o:f:
31lo

0

2

Puec. 13.39

Puc. 1340

4. C noMouiblo TPOHHOrO WHTErpaja BBIUUCAHTL OGbHEM
TesNa, OrPaHH4YeHHOr0 YKa3aHHbIMH MNOBEPXHOCTAMH: X = (0,
y=0,2=0, x+y=2, 2z=x*4 y°

P Ypaeuenne 2z=x"4y> onpenpenser napaGoJsousn
BpallieHusl, OCTaJbHble NTOBEPXHOCTH — NJocKocTH. McKomoe
TeN0 u3obparkeHo Ha puc. 13.40. Ero o6bem v BbluHC/AsIeM
B COOTBETCTBHH ¢ ¢opmynamu (13.21) u (13.23):

2 2—x  (£+y7)/2

u=SSdedydz=dede S dz =

14 0 ] 0

1/8



Pemenus Bcex
”ﬂ3'13-3 BapUAHTOB TYT >>>

1. Boiuucsuts Maccy HeoJHOPOAHOH naactuist D, orpaHu-
YeHHOH 3aJaHHBIMH JHHHUSIMHU, €CIH NOBEPXHOCTHAS NJIOTHOCTh
B KaXJ0# ee Touke p = pu(x, y).

LI D: yP=x, x=3, p=x. (OTBeT 36\/7/5

1.2. D: x=0, y=0, x+y=1, (OTBeT 1/12.)

1.3. D: x=0,y=0, 2x+3y_6 M—y /2. (Oraer: 1.)

1.4. D: X* 4 y*=4x, p=4—x. [Orser: 87.)

1.5. D: x—O,Qy—l,y_x n=x%4 2¢y% (Orger: 7/12.)

1.6. D: x*+y , w=2—x—y. (Orger: 2m.)

1.7. D: x* 4+ y* =4y, w =1/4 —y. (Otser: 256/15.)

18. D:y=x, y=—x, y=1, n=yI —y. (Orser:
8/15.)

19. D: x=0,y=2x, x4+ y=2, n=2—x—y. (Orger:
4/9.)

llO D: x=1, x_y w=4—x—y. (Orser: 68/15.)

1.11. D: y=0, x _l—y, w=3—x—y. (Orger:
14/5.)

1.12. D: y=x* x =y’ n=3x + 2y + 6. (Orser: 11/4.)

1.13. D: y=x% y=4,n=2x+45y-10. (Orser:752/3.)

1.14. D: x=0, y=0, x+4+y=1, p=2x"+y> (Or-
ser: 1/4.)

1.15. D: x=0, yY’=1—x, n=2—x—y. (Orser:
32/15.)

1.16. D: y=~/x, y=x, M=2—-x—y (Orser 51/60.)

1.17. D: y=x"—1, y=1, p=3x"4244+1. (Or-
ger: 264~/2/35.)

1.18. D: x=1, y=0, y=x, n=x>+24°4+10. (Or-
ger: 65/12.)

1.19. D: y=0,y=2x, x = x%. (Orser: 104.)

1.20. D: x>0, y=0, x —l—y =4, n=4—x% (Or-
ser: 3m.)

1.21. D: y=x% y=2, n=2—y. (Orser: 32\/5/15.)

1.22. D: x=0, y=0, x+y=1, p=x+" 4y (Orser:
1/6.)

1.28. D: y=x"+1, x+y=3, n=4x+45y+2. (Or-
ser: 351/6.)

1.24. D: y=x>—1, x+y=1, n=2x+45y+8. (Or-
ger: 43.)
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w=x.
(Orser:
11/30)
W= X",
(Orser:

H naacTyHbI

l,
2’ M:x2+y2‘

2—(x* 4 4.

(Orser:
posnHo

H JaHHBIMH JIMHUAMH, OTHOCHTEJMbHO YKa3aH-

2
25—y7,
, HCIIOJIb30BAB NOJAPHBIE KOOPAHHATHIL.

2x% 4 42,
xX+y
n

b4

2x 4 3y.
0’

y=4,

X4 2y=1,

X,

X+ 2y 2

y=0,

2, y=x, y=3x, n
y=0,

0;

=0, y=0, x4y

2.anuwnnTbCTaTMHCCKuﬁIwomeHToﬂHO

1.27. D: y=x, y
1.28. D: x=0,
(Orser: 32/3.)
1.29. D: x=0,
(Orser: 43/96.)
, OFPaHHYEHHO

1.30. D; x

1.26. D: x
8/3.)

1.25. D: x
(Orser: 118/3.)
152/3.)
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2.29. D: X+ ¢’ +2ax=0, x+y<0, y—x>=0, Oy.
2.30. D: X*+y*4+2ay=0, y—x<<0, x+y <0, Ox.

3. BbIYHCAIHTD KOOPAMHATB LEHTPa Macc OJHOPOLHOIO
TeNa, 3aHHMaLLero o6aactTb V, orpaHHueHHYIO YKAa3aHHbIMU
TIOBE PXHOCTAMM.

3. V: x=6uy"+29) y'+22=3, x=0. (Orser:
(6, 0, 0).)

3.2. Vi y=3\x'4+2° ¥’ +2°=236, y=0. (Orser: (0,
97/4, 0).)
3.3. Vi x=T7(y"+ 2%, x=28. (Otser: (56/3, 0, 0).)

34. V: z=2/x*+y? 2=8. (Orser: (0, 0, 6).)

3.5. V: z=5(x*+y*), ¥* +y*=2, z=0. (Orser: (0, 0,
10/3).)

36. Vix=6\y +2° y*+2°=9, x=0. (Orger: (27/4,
0, 0).)

3.7. Vi 2=8(x*+y°), 2=232. (Orger: (0, 0, 64/3).)

3.8. Vi y=3\x*+2° y=9. (Orser: (0, 27/4, 0).)
39. Vi 9y=x>+2° *+2*=4, y=0. (Orsger: (0,
4/27, 0).)

3.10. V: 3z=/x*+¢°, £+ y*=4, 2z=0. (Orser: (0,
0, 1/4).)
3.11. V: x* 4+ 22 =6y, y=_8. (Orser: (0, 16/3, 0).)

3.12. V: 8x—~1/y +z x—l/Q (Orser: (3/8, 0, 0.)
318. V: 2x=y* +2°, y* 4+ 2 =4, x=0. (Orser: (2/3,
0, 0).)

3.14. V: dy=r/x*+2°, x¥*4+2'=16, y=0. (Orser:
(0. 3/8.0))
3.15. V: y? 4+ 2° =8x, x = 2. (Orser: (4/3,0, 0).)

3.16. V: z2=9Vx*+y°, z=236. (Orser: (0, 0, 27).)

3.17. V: z=3(x*+y?), x*4+y*=9, z=0. (Orser:
0,09

3I8. V: x=2Jy' 4+ 2% y' +2=4, x=0. (Orser:
3/2, 0, 0))

3.19. V: X+ 2 =14y, y=29. (Orser: (0, 6, 0).)

3.20. V: x=5/y*+2* x=20. (Orsger: (15, 0, 0).)

3.21. Vi y=x*+2°, x¥*4+2°=10, y=0. (Orser: (0,
10/3, 0).)
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3.22, V: y=3/x"+2°, P*=2=16, y=0. (Orser:
(0, 9/2, 0))
3.23. V: y*+2°=3x, x=9. (Orsger: (6, 0, 0).)

3.24. V: y=1/x"+2*, y=4. (Orger: (0, 3, 0).)
3.25. Vi x=y'+ 2% y*+2"=9, x=0.
(Orser: (3, 0, 0).)
3.26. V: x=0, y=0, 2=0, x+y-+z=3. (Orser:
(3/4, 3/4, 3/4).)

3.27. V: 2=/’ 4+, ¥4+ y=9, 2=0. (Orger:
(0, 0, 9/4))
3.28. V: 4+ y* =22, z=23. (Otser: (0, 0, 2).)

3.29. V: Z—W/x —}—y' 2—4 (Orser: (0, 0, 3).)
3.30. V: z=x*+¢% X*+y'=4, 2=0. (Orser: (0, 0,

4/3).)

4. BbiuHCIHTb MOMEHT HHepUHH OTHOCHTEJNbHO YKa3aHHOH
0CH KOOPAHHAT OXHOPOLHOrO Te1a, 3aHuMalollero o6actb V,
OrpaHHYEHHYIO' 1aHHBLIMH NoBepxHocTaMu. [lnoTHoCcTs Tena 6
INPHHATL paBHOH 1.

4.1. V: Y’ =x"4 2%, y=4, Oy. (Oreer: 5121/5.)

4.2. V: x=y" 4+ 2%, x=2, Ox. (Orser: 4n/3.)

43. V: Y =x"+2°, y=2, Oy. (Oreer: 161/5.)

44. V: x=y"+2*, x=09, Ox. (Oreer: 2431/2.)

45. V: ¥’ =y’ +2°, x=2, Ox. (Oreer: 161/5.)

4.6. V: y2=x2+2“)é y=2, Oy. (Orser: 41/3.)

4.7. V: ¥* =y’ + 2°, x=3, Ox. (Orser: 243n/10.)

48. V: x=y 4+ 2*, x=23, Ox. (Otser: 9n/2.)

4.9. V: y=2w‘/)162+22 y=2, Oy. (Orser: n/5.)

4.10. V: yr=x2+z2 y—3 Oy (Otser: 97/2.)

411, V: X* =y’ 4 2% y*+2°=1, x=0, Ox. (Orger:
2r/5.)

412, V: x=y*+ 2%, y*+2*==1, x=0, Ox. (Orser:
n/3.)

4.13. V: 2 =x*+y?, 2=3, Oz. (Orser: 2431/10.)

4.14. V: 22=x22+y2? z—-3 Oz. (Orser: 97 /2.)
6 4};? Vigy=x"+2° xX*+2°=4, y=0, Oy. (Orger:

n/5.

4.16. V: 2g=x;+z;, y =2, Oy. (Orser: 161/3.)

4.17. V: x*=y° + 2%, x=2, Ox. (Orger: 16n/5.)

4.18. V:

2z =x*+y°, 2=2, Oz. (Otser: 161/3.)
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4.19. V: X’ =y*+2°, y"+2*=4, x=0, Ox. (Orger:
64m/5.)

4.20. V: 2z=x"+y* xX*+y’=4, 2=0, Oz. (Orger:
327/3.)

4.21. V: z=2(x" —l—y),z—z Oz. (Orser: n/3.)

4.22. V: x—l—y —z,x-—O Ox. (Oreer: 7/6.)

4.23. V:y=4—x"—2* y=0, Oy. (Orser: 32n/3.)

4.24. V: x =3(y*+ 2%, x=3, Ox. (Orser: n/2.)

4.25. V: z2=9—x"—y’, z=0, Oz. (Orser: 2437/2.)

4.26. V: z=4\/x’+ 1%, z2=2, 0z (Orger: n/80.)
4.27. V: z=3(x*+y*), z=3, Oz. (Orser: n/2.)

4.28. V: x =2 j’—{—z‘ x=2, Ox. (Otser: n/5.)
4.29. V: y=3(x" —{—z) Y =3, Oy. (Oreer: a/2.)
4.30. V: z=3—x —y’, 2=0, Oz. (Orger: 9m/2.)

Pewenue Tunosoeco 8apuaHTQ

[. Buluncauts macey mn HCOAHOPOJHOH NacThHbl D, orpa-
HUYEHHOH JIMHHUAMI § = 2X — X°, y = X, €C/1H NOBepXHOCTHAs
MJOTHOCTL B KaXKAOH ee TOUke u = x* —|—2xy

P s BoluHCIEHHA Maccol /7 NJOCKOH NJIacTHHLL 3a-
HAHHOH MOBEPXHOCTHOH MJOTHOCTBIO W BOCMNOJb3yeMCs (Pu-
3UYeCKHM CMbICIOM JBOHHOIO HHTerpaJa (cm. § 13.1, crodicr-

Bo 2) u dopmynoit m =\ (¥ + 2xy)dxdy, rae o6nacts
D

unrerpuposanus D usoGpaxkena Ha puc. 13.41. Ito nossoaur
JIerk0 MPeAcTaBHTh 3aNHCaHHBIH NBOHHOH HHTerpaJ B BHIE
NOBTOPHOTO:

1 20— x° 9yt
m=\dc | (*+2xy)ay S(xy—{—xy)] dx =
0 x
|
=f@er - -4+ —4x 4 ¥ — P dx =
0
{

(x® —bx* + 4x%)dx =<thj —x° —|—x‘*)’;= %. <

O Cany

2. BBlYHCIHTD CTATHUECKHIT MOMEHT OTHOCHTeNLHO OCH, Oy
OLHOPOJHO# M1aCTH bl D, orpauvuennoil auuusmu x* + y° —
—2ax =0, x* 4y’ — ax—O y—x=0, y4+x=0 (puc.
13.42), ucnonb3osaB noaspHeie kooparHatel. [loepxHocT-
Has MJIOTHOCTb MJAACTHHBI p == 2.
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Puc. 13.41 Puc. 13.42

p Cratuueckuii MOMEHT oTHocHTe/bHO ocH Oy NaHHOM
IIacTHHBL onpeleasiercd no ¢opmyae (13.17). B noaspuoi
cucTeMe KoopiuHar obaacte D npeoGpasyercst B o6aacte D’:

acosp<Lp<<Zacosy, —n/4<p<n/4. Torna

n/4 2a cos @

M, = | 20 cos ¢ - pdpde =2 | cosqde | pPdp=
124 —n/4 acos ¢
n/4 n/4
2acos ¢ :
=2 S cos ¢ - £ dp=2.71% S cos® pdg =
3 lacose 3
—n/4 —~n/4
n/4 .
28 3 (1 4 cos 2¢) .
=34 S I de =
0
n/4 s
=—§-a3 S (1 42 cos 2¢ + cos’ 2¢)dg = 7; (((p+
0
/4

n/4
0

+sin 2¢)| © + g (z +_;.cos4(p)dp)=

7

=—3—a3(-§—n+l). <

3. BeluncauTb KoOpAMHATHL LEHTPA Macc OAHOPOLHOLO
Tesa, 3aHumampllero obsacTe V, OrpaHHYeHHYIO MOBepX-

HOCTAMH Y = %vxz—}—zz, y=2.

P [aHHoe Ten0 CHMMETPHUHO OTHOCHTENbHO ocH Oy
(puc. 13.43), nostomy x,. =2z, =0, a

ye = \\ yaxdydz/ \\{ dxdydz.

Vv 4
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Puc. 13.43

ITepexoiuM K LHITHHAPHUECKHM KOOpAMHATaM Ino ¢opmy-
JaM, aHajoruudbiM ¢opmyaam (13.26): x=pcos¢, z=
=psing, y=y. Torna

2 4 2

W yaxdydz = | yodpdedy = | de$ pdp | ydy =
Vv v 0 0 p/2
| 2n 4 | | 2n . 4
=3 [ dofo(t =5 o7)do =3 (2" f5)| 20 =
0 0 0
=1 -l6(p'?=l6n,
2a 4 2
W dxaydz =\ pdgdpdy = § d¢ | pdp § dy=
vV Ve 0 Q p/2
2n 4 2n | 4
= o2 b o)ao=§ (=) o~
] 0 0
ol e 32
=% Tt
CJle1OBATENBHO,
167-3 3
Y= ';;:1 -2

u uentp mace C(0, 3/2, 0). «

4. BLiUHCAHTL MOMEHT MHEPUHH OTHOCHTeNbHO ocu Oy
OAHOPOAHOr0 Teaa (MIOTHOCTh O = const), 3aHuMawero
o6sacTb V, OrpaHHueHHyl0 NOBEPXHOCTbIO Yy =5 — x° — 2
H II0CKOCThIO Y = .

» Cornacio ¢opmyaam (13.18), HCKOMBIH MOMEHT
HHEPILHH
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=[] 8(x. y, 2)(¢* 4 2*) dxdydz =

= SSS (¥* + 2°) dxdydz.

(O6aactb V u3o6parkena na puc. 13.44.)

Puc. 13.44

ITepexonum x UHJHHADHYECKUM KOOPAHHATAM [0 (POpMy-
JaM X =p cos ¢, z=psin ¢, y=1y. Torga

2m 2 —p

0 i

I, = a§§§ o*pdpdedy =6§ de§ p’dp | dy

2n 2 » 23 2
=6§)dq>§y‘ ‘dp—ﬁs 39(5 p’—1)dp =
o (G AN CEE e S

0 0

13.7. JONOJHHUTEJbHBIE 3AJAYU K TJ1. 13

1. Jokasarb paBeHcTBa:

SS dxdy = SS yldxdy = _SS (x* + y*) dxdy,

D D
ecml 06JIaCTb D onpepenserca HepaBeHcTBamu x >0, y >0,

x* +y <a’.
. Mcrnonib3oBas noJsipHbie KOOPAHHATDI, BBIYKCAUTH
Va2 —x* — y*dxay,
D
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rae o6aacte D — JenecTok aemuuckatst (X2 + y°) = a®(x* —
: 162—20\ a’
—y?, x=0. (Orser: (= _tone=20 .
3 9 2
3. IMocTpouTh 064aCTh, NJOUIALb KOTOPOi BbIpaxKaercs
HHTETPAJIOM

w2 all 4-cos )
d¢ S pdp.
—n/2 a

4. BbruncauTh MJ0LWA4b (GHTYpPsl, OFPAHHUEHHOH JHHHENR

2 yz 2 ¥ y_»
(T + _2_) = — - (Orger: 6.)

5. Bbluuc/aUTb MM0WA AL (GUTYPhl, OTPAHHUEHHON KPHBBIMH
4y —axf=a*(x"+y)) u X4y = ay\/g. (Orser:

SaQ\/g/Q.)

6. B kakom oTHoulenun rumep6osona x° 4y’ —2°=a’

nenut o6bem wapa x4 y? 4 22 << 3a’? (Orser: 3\/5—
—2/2)

7. Joka3atb, 4To o0beM Te/aa, OrPaHHYCHHOro MOBEPX-
HoersiMi 2 =0 H 2=e~*~¥, paBeH m.

8. BLIUMCAHTH KOOPAHHATHL LEHTPA MacC OAHOPOLHOM
MACTHHBl, OrpaHuyeHHod Kapauounoi p = a(l 4 cos ).

(oraer:<§§cu o).)

9. Bbuucaurb MOMEHT HHEPUHH OTHOCHTEJIbHO OCH Ox
OZHOPOAHOH I1aCTHHbI, OFPaHHYEHHOH KpHBOH x4yt =

= x>+ y°. (Orser: 3n/(2\2).)

10. Boiuncaurs

2 V2x—x* a
fax § ayl V¥ +42dz,
0 i 0

NpeoGpasoBas ero NPeBapHUTEIbHO K LHIHHAPHIECKHM KOOP-
aunatam. (Orser: 8a°/9.)
11. Beluucauts

PN N ey
fax § ay | (@ +y)dz
~R _\R_7 0

NpeoGpa3oBas ero NpeiBapHTENbHO K CPEPHUCCKHM KOOpIH-
Haram. (Orger: 4nR®/15.)
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12. Bbruncauts MacCy Tesa, OrpaHHYEHHOTO NPSIMBIM
KpyrJablM LUHJAHHADOM pajnycoM R u BbicoTOit H, ecau ero
MIOTHOCTh B JIIOGOH TOYKE UMCJAEHHO PaBHA KBapaTy pac-
CTOAHHS OT 3TOH TOYKM [0 LEHTPAa OCHOBAHHA LMJIHHIpA.

(Orser: "’:H (3R + 2H2).>

13. BbluucauTb KOOpAMHATBEI LEHTPA MAacc ORHOPOIHOrO

Te1a, OrpaHHYEeHHOro MOBEPXHOCTAMHU y=\/;, y:Q\/;,
2=0u x+2=6. (Orser: (14/15, 26/15, 8/3).)

14. Boiuucautb KOOpAHMHATHl LEHTPA MAacC OLHOPOAHONO
Tes1a, OTPAHUYEHHOrO NMOBEPXHOCTAMH X 4y =2z u x + y +
+2=0. (Orser: (—1/2, —1/2, 5/6).)

15. HaiiTy MOMEHT MHepUHH OTHOCHTE/NbHO HAyasla KOop-
AMHAT OJHOPOJHOrO Teja, OrPaHHYEHHOTO KOHYCOM 2° =

=x*—y* n cgepoit 12+ y? 4 22 = R? (Orser: 2n(2 —

—/2)R?/5.)

16. Ha#iTu MOMEHT HHepUMH OTHOCHTENbHO IMAMETPa
OCHOBaHHA KPYIJIOO KOHyCa, BbicOTa KoToporo f{, paamyc
OCHOBaHHst R M MIoTHOCTD y = const. (OTeer: nyHR*(2H* I
+ 3R%) /60.)

17. TlokasaTb, uTO cHsla NPUTSIXKEHHAA, ACHCTBYIOLLAs CO
CTOPOHbl OJHOPOAHOrO Wapa Ha BHEWHIO MaTepHaJbHYIO
TOYKY, HC M3MEHHTCS, €CJIH BCIO MAccy Liapa COCPesoTOUHTh
B ero ueHrpe.

18. [laHo oaHOpOnHOE Te/10, OrpaHHYEHHOE ABYMSI KOH-
ueHTpudecKuMu chepamu. J{okasaTb, UTO CHJIa NPUTAKEHUS
HaHHbIM CEPHUYECKHM CI0EM TOYKH, HAXOASILUEHCA BO BHY-
TPEHHEH NOJIOCTH TeJa, paBHA HYJIO.

19. Boiuucautb Maccy nosyiwapa paguycom R, eCau maot-
HOCTb pacnpeie/eHusi Macchl B KaxJI0# €ro TOYKE Mponop-
UHOHA/IbHA (kR — KO3((UUHEHT MPONOPLHOHAIBHOCTH) pac-
CTOSIHMIO OT Hee 10 HeKOTOpo# Touku O Ha rpaHuie OCHOBAa-
Hus nonywapa. (Orser: 4knR'/5.)

20. Boluncautb 06beM V obuiei yactu wapa paduycom R
H KDYroBOTO LMJHUHApPA paauycoM R/2 npu ycaoBuu, uto

UeHTD Wapa JIeXKHT Ha MOBEPXHOCTH LMJHHAPA. (Oraer:

4 p3/n 2
3R(z ~3))

21. BoluMCIUTD MI0WAdb YACTH C(HEPUUECKOM MOBEPXHOCTH
paanycoM R, KOTOpasi BbICEKAeTCSl KPYrOBO# LMAMHIpDHUE-
CKOM MOBEPXHOCTBIO paguycoM R/2 NpH yCIOBUH, YTO LEHTP
cepbl J€XKHT 1A UMIMHADHYECKOH noBepxHOCTH. (Orser:

2R*(m —2).)



14. KPUBOJMIMHEW HbIE WHTETPAJIbI

14.1. KPUBOJIM HEA HbIE MHTETPAJIbI U MX BbiYH CJEHUE

Kpusonuneiinbie mHTerpans nepsoro poaa (no AnuHe ayru). flyers
B npoctpanctBe R® 3anana raankas ayra L. KpuBoii L, BO BCex TouKax
KOTOpOIi onpeaefeHa HenpepoiBHas (Pyuxuua u = f(x, y, z). Ayry L, npo-
H3BOJbHBIM 0Gpa3oM pasobbem Ha n yacted [ gnunol AL (i = 1, n). B kax-
JIOH 3nemeHTapHOH wacTH [; BoiGepeM
NpPOU3BOABHYIO TOUKY Mi(xi, 4, 2)
(puc. 14.1) v cocTaBHM HHTErpanbhyio
cyMMy

zA

n
]"= Z f(Xi, Yi, Z,) Al,
i=1
Torpa npexen lim [, Bceraa cyue-
Al —0
A CTBYET, Ha3blBACTCHA KPUBOAUMEIIHOIM
X UMTE2PAAOM nepgoeo poda unu Kpu-
BOAUHEUHOIM UHTE2PAAOM NHO OAume
dyeu L g o1 pynkuuu f(x, y, 2) v obo-

3Havaercs fx, y, 2)dl.
Las

Puc. 14.1

Takum o6pasom, Ao onpeaeneHuHIo

§ iy, 2di= tim  Z f, g 2) AL

Lag max AlL—0 ;_ |

Ecan kpusas L nexut B nnockoctn Oxy W BIoAb 3Tol KpuBoH 3azana
HenpepuiBHAs QyHKuUHsA f(x, y), To

§ foo pyat= im 2 fx, )AL (14.1)

Lag max AL—0 i=1

B cayyae, koraa rnajkas kpusast L sanana B npocTpancrse R® na-
pameTpuuecKuMH ypaBHEHHAMH X = x(f), Y =y(t), 2=2(f) u napamerp ¢
U3MEHSIETCS MOHOTOHHO Ha oTpeske |a; B] (z << B) npu nepemelneHun no
Kpuso# L w3 Toukn A B Touky B, BepHa GopMyna AN BbIUHCAEHUS
KpUBONHHEHHOro HliTerpana

B
§ I v 2)dt= [, g, 20) Vv 0 + @' @F + @ @ dt. (14.2)

Lag 3
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B cayuae naockoii kpusoit ¢opmyaa (14.2) ynpowaercs.

B
Vit ar= § i, yopvie @) + @ o) ae. (14.3)

Lag a

Ecan ypasuenie niockoit Kpupoil p = p(¢) 3aAaHO B AOJASPULIX KO-
Op.HHATaX O, ¢, PYHKIUA (@) U ee APou3BoAHas p’ = dp/dp HenpepbiBHbI,
TO HMeeT MeCTO uaCTHbiii cayuail dopmynnt (14.3), rae B KauecTBe napa-
MeTpa [ B3AT NOJAAPHLIA yrodq ¢:

Gn

{ 1 wydr= | fo(g) cos ¢, p(g)sing) VP +p" do  (14.4)

Las [}

(pa W @u— 3nauycuus @, onpefeasioliHe Ha KpuBol Toukw A u B).

Ecat naockas kpusasi 3ajana nenpepoiBHOil M HempepuisHo andde-
penwupyemoii na |a; H| dyuxkuuei y ==y (x), rie a 4 b — ofcUncCh TOUeK
Aw B, 10

b

Vit dl= Y g VI + ' () d. (14.5)

Lay a

Hraxk, Bo Bcex CAyuasx Brlunc/ieHHe KPUBOSIMHENHBIX MHTErpanoB nep-
BOrO poja CBOAMTCA K BLIYMC/EHUIO OllpejefeHHOro uHTerpasa (cM. ra. 9
BO BTOPOH 4acCTu HacCTOALLEro 110coGus).

fipumep 1. Boluncauts [ = S (22 — \/;Z + yg)dl, rae L — nepsoiii

BUTOK KOHHWYECKOH BHHTOBOH JIHHHH X = { COS !, y=isint, z=1{ 0
< 27,

» Haxoanm

dl =N OF + ' O + (& () dt =
=\/(cost—tsin £ 4 (sin ¢ + ¢ cos §)* 41 df:\[Q—l—tzd[.

Toraa
2 27 —_—
I={@—t\e+trdi= \t\R+Pdi=
0

0
2:[— 2—\/5

]

= — (9 L 2 2372 1y
TR+ = (2 1), <
Mpumep 2. Buiuncants / S dl rae L — orpesok olf
. ¢ =\— — oTpe npsiMOit
x+2y+5 P P
L
Y =2x — 2, 3aK/JIOYCHHbIHI MeXAy TOYKaMu A0, —2), B(1, 0).

» Haxoaum

di =1+ de =/| + 4dx =/5dx.
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CnepoBaTenbHO,

1 !
Vodx
1= =
S x4+ 2(2x —2)4 \[5_8 5x+1
0 0
5 * 5
"Z In |5x+l}‘ - \/_Inﬁ. <
0 5
Tax kax, cornacto ¢opmynam (14.2) — (14.5), kpuBonUHEHHbIH HHTC-

rpaj 11epBOro poja Bbipa)kaeTCs uepe3 ofipejlesieHHbl il HHTErpaJl, TO yKaxKeM
TOABKO TE& €ro CBOHCTBA, KOTOpble OGOGLIAIOT CBOKHCTBA ONpeje]eHHOro
uHTETpana.
l. S di=1,,, rae l4 — anuna pyrn AB (eceomerpuyeckuid cmoica
Lasg
KPUBOAUHEIHO2O UNTe2paia nepgoeo pooa).

2. Ecau f(x, y, 2@)=90(x, y, z) — AnHefinag NJOTHOCTb MaTepHasLHON
ayru L.ap, To ee mMacca m Bbiuucasiercda no QopmyJe

m= S S(x, y, 2)d! (14.6)
Lag

(MexaruHueCKull CMbICA KPUBOAUNEIHO20 UNTeepara hepgoeo poda).
3. Koopaunato LeHTPa Mace MaTepHanbHOH AYTH L g, uMeloLien ueii-
HYI0 NJoTHOCTL & = O(x, y, z), onpedeasiorcss o Gopmynam:

xczlm S x6(x, y, 2)dl, y,.= _1:1 S yd (x, y, 2)dl,
Las Las
2= Lm S 28(x, y, 2)dl, (14.7)
Las

rae m — macca ayra Lag.

4. MoMeHTbl HHEpPLHH OTHOCHTE/bHO Hauana KoopauHaT O, oceit Koop-
ainar Ox, Oy, Oz u xoopamHatHbix nsockocreli Oxy, Oxz, Oyz mare-
pHanbHOl Ayrd L,.g, umeowedl auxeiinyio miotHocts § = 8(x, y, 2), BBl
YHCASIOTCA COOTBETCTBEHHO MO dopmynam:

L= § @4y +Ded L= § *+2)adl,

Las Lag
L=\ (C42)6d, .= § (4D edl, (14.8)
a8 Las
Ly= § 226dl, I.= § 6di, I,,= 1§ x*8dL.
Lag Lag Lag

MomeHTbt HHepL KU CBA3AHbLI CJAeAYIOLHMMH COOTHOLWIEHHAMHU!
2]0=lx+ly+lz, ]0=lxy+lxz+lyz~

Ecnu ayra L,p aexur B naockoctd Oxy, TO paccMaTpHBAIOTCH TONbBKO MO-
meHtnt fo, Iy, 1, (npu ycnosuu, uto z = 0).
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5 Iycro pynkuus z = f(%, y) umeer pa3MepHOCTb AJMHHBI U fx, yy >0
BO BCeX TOUKaX MJIOCKOH ayru L,g, Jexalleli B MJOCKOCTH Oxy. Torapa

§ e gy di=s,

Las

rae § — niowanb YacTH LUJIHHAPHYECKOH HOBEPXHOCTH C 06 pasyioL UMy,
napaiesbibiMy och Oz W 1POXOAALLMMH yepe3 Touku Ayru Lag, orpa-
HHUEHHOH CHH3Y AyrOil L5, CBEPXY — JUHHeil NePeceyenHs INIHHAPHUECKOIT
IIOBEPXHOCTH € MOBEPXHOCTBIO Z =f(X, y), a C GOKOB — MPAMBIMU, APOXO-

Z=Flx,y)>0

AW

“ "
:’1”””““' i
o1's

S

\—)z<=f/x, y/<0

Puc. (4.2 Puc 143

AflEMy Yepe3 Toukn A u B napasaensno ocu Oz. Ha puc. 14.2 usoGpasena
ONHCAHHAs YaCTb LUWIMHADHYECKOH nosepxnoct ABB’A’. Ecau [(x, y) < 0
BO BCEX TOUKAX MJIOCKOH AyrH L.y, To

§ i yyat=—s
Lag
(puc. 14.3). M, nakoHel, B HEKOTOPbiX TOUKAX MAOCKOM AyrH L.g dyuriHa

f(%, y) mewsier 3nak, torpa unterpan S f(x, y)d! BuipaxacT pasnoCTh
Las

noulafelt uactTell onucaHiion LUANHAPHILCKOI NOBEPXHOCTH, HAXOAALLHMXCH

Haj naockoctblo Oxy u noa el (puc. 14.4):

§ i, p)di=8,—S: + S,
Lg

Mpumep 3. BetuuciiTe MacCy m u KOOPAMHATHL LEHTPA Mace X, b

OJ0CKOH MaTepuatbHOl Ayru y = — x*/* 0 < x < |, AuHediiias NJIOTHOCTD

3
KoTopoit 8(x, y)y =y 1+ x.

» Corsiacho dopmyaam (14.5) u (14.6), aas cayuas maocko’ Ayt
HMeeM,

1 1
m= S 8(x, y(x)) \/l +(y (X)) dx = %Sxm Vi x VI xde =
[] []
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A
0
S g 7
\\ 3 |
I\:\:::;:;'llfg'zi'.li)y z=Flx,yl20
x A U
Puc. 144
i
2 ; ) 16
?S(x' L’ ) de= o=
u
[To popmynam (14.7) naxoaum:
|
35 G . 10
Y= T6 S\x' S 4 x ‘)d.x‘:T,
0
| i
4_35 2 A L - 5 5 a R 21
Y= 168—3‘.\ (A4 x )‘1’\77“5()( +xY) dx = 52 <
0 0

flpumep 4. BoiuncanTe naolialds 4acTH UHIHHIPHYECKOH TOBEPXHOCTH
x? 4y =4, 3aK7T04CHHONE MOAKLY MIOCKOCTLK OXy H {I0BEPXHOCTBIO 2 =
=24 x7/2 (puc. 14.5).

p lexovas wiowals S URIHHIIAPHYCCKON NOBCPXHOCTH BbIPAKACTCS
HHTETI PATOM

S= {24 2%/2)dl
I

rae L — oxpysuocth B miocwectn Oxy: x*+y' =4, z =0, ypasheuue

KOTOPOH B MapaMeTPHUCCKOM BHIe X =2c¢0s!, § = 2sint. Torma di=
=2dt u

S= (2+%-4c0591)2dl:

0

)

20 2n
:45 (l+c0>“l)dl=45 (l—{——;——{/—é—cosQl)dl-—— 12n. o
0 0
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<z z
7+x%2 b
) IIIII ) N oL B
"“'i i, 4z; ;
A it '"f.',-’.r LY A
| [l 7
ki =
e iy Y
il ,.!!unllllllll il 4 g i -
AR, 7 \ oAt
2 2 N,
X XZU/ - X /Vf A/Z ’
Pic. 145 Puc 146

Kpusonuneiinnie unTerpaam sroporo poaa (no koopaunatam). Ilycrs

B npocTpancTee R’ 3anan BekTop a = P(x, y, 2} i 4 Qx,y,2)j+ Rix, y, 2) k,

KOOPAMHATBL KOTOPOro — HeNpepbiBiible GYHKUMM B TOYKAX OpUEHTHPOBAHHOMN

kpuBo#l L,5. Kpusyio L,p pasoGbem B Hanpasienun oT A kK B Ha n sae-
—

MEHTapHBIX AYT [, U LOCTPOHM BEKTOpbI Al = Axi 4 Ayj 4+ Azk, rae Ax;,

—
Ay, Az — npoekunn BekTopoB Al; Ha ocH Koopannat. Hawana 3THX Bek-
TOPOB COBNAAAIOT ¢ HAYaJaMH 3MEMEHTAPHBIX AYT /, 8 KOHLB — C HX KOH-~
uamu (puc. 14.6). Ha kaxaoit asementapuoit wactu |/ BbIGEpEeM Npomu3-
BOJIbHYIO TO4KYy M.(x, yi 2) M COCTABHM MHTeTpanbHyio CyMMy

n
Li=2Z P(x, g 2)A%+ Q(x, 41y 2) M+ R (5, g 2) Az =

n

= 2 a(x, g 2) - Al (14.9)

i=

—

Ipeaea cymmsi (14.9), naiifedHblli NPH ycJIOBHM, uTo Bee FALI— 0,

HA3LIBACTCR KPUBOAURELROIM UHTE2PAAOM BTOPOCO POOG HAW KPUBOAUHELROLM

unTeepasoM no KoopOunaras OT BeKTOP-QyHKUHH @ {x, y, 2) No KpuBOil
L sp m o6o3nauaerca

S a(x, y, 2)-dl= S Px, y, 2)dx 4 Q(x, y, 2)dy-+R(x, y, 2)dz=

Lag Lag

n —
= _!im 2 a(x, Yi, 2,) » Al (14.10)
A0 i=}

Ecau dyukumm P (x, y, 2), Q(x, y, 2), R(x, v, Z) HenpepuiBHLI B TOU-
Kax riaakol kpuBoii L g, To npeaen cymmbl (14.8) cyutectpyer, T. e. cymect-
ByeT KpWBOJHMHEAHbIH HHTerpaa Broporo popa (14.10).

KpuBosuneiinbie unTerpansl BTOporo pora 061aRalOT OCHOBHBIMH CBOH-
CTBAMH ONDEAENEHHbIX HHTErpPaloB (JNMHEHHOCTb, AAAMTHBHOCTB). Heno-
CPEACTBEHHO W3 ONpeleNeHHs KPUBONHHEHHOTO WHTerpana BTOPOrO PoAa
CAEAYET, HaNpUMep, 4TO OH 34BHCHT OT HaNpPaBJeHHs HHTErPAPOBAHHS
BAOJb KDWBOH, T e. MEHRET 3HAK NPH M3MEHEHHH OPHEHTALWH KPHBON:

fa-di=— { a.dqL

Las Las
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Ecau kpusasi MHTErpHpOBaHUA L 3aMKHYTa, KpHBOJNHHEAHbIE HHTErpaJibl

sTOporo poaa 0603HavalOTCs @a-dl. B stom ciydae uvepes Kpuylo L
' L

NPOBOJKTCS OPUEHTHPOBaHHas MOBEPXHOCTB H 32 NMOJNOXKUTE/bHOE Hanpase-
ume obxopa no L NpHHMMaeTCs TaKOe HampaBaeHue, NPH KoTopom 06-
AaCTb MOBEPXHOCTH, OrpaHHueHHas KpuBOA L, HAXOAHUTCA C/leBa, €ClH ABH-
raTbcsi BAOAb L No BuiGpaKHOM CTOpOHe YKa3aHHOH MoBepXHOCTH (T. €. o6xon
Kourypa L coBepiuaeTcsi NpOTHB Xoaa 4acoBoi CTpeJKH). i

Ecan niockyio o6aacrs D, orpaindennyio kpusoii L, pa36uTb Ha 4acTH,
He uMewliHe OOGIUMX BHYTPEHHHX TOUEK M OrpaHuueHHbie 3 MKHVTHIMH
kpusuimu Ly v L2, TO

$a-di= Ha-di+ Ha-d,
L Ly Lg

rae HanpasnaeHus ofxopa no Koutypam L, Li m L» — scoay an6o nodo-
XMuTesibupie, AHG0 OTpHULATE/bLHBIE,

Ecau raaakas xpuBasi Lap 3agaHa napameTpHUeCKHMH ypaBHEHHAMH
x=x(t), y=y{t), z=2(t), rae x(t), y(t), z(t) — HenpepuBHO audpdepen-
unpyemsie dynkuun, A(x(a), y(e), z(e) n B(x(B), y(B). z(B)) — coorset-
CTBeHHO Haua/lbHas M KOHeuHas TOUKW 3TOfi KpHBOil, To BepHa caeayiouias
dopMyna IAA  BLIYUC/HEHHS KpHBOJHHeHHOro WHTerpala 8TOporo poaa:

{ Pty 2dx+Q (v, y, D)y +R(x, y, 2)dz=
Las
8

= (P (x(t), y (O 2(0) X (O +Q (x(t) y(®), 2Dy )+ R (x(H{14.11)
y(t), z(t) 2 (1) dt.

Ecau xpuasi Las aexut 8 naockocru Oxy, a =P (x, Ni+4+Qx vi
10 R(x, ¥, 2)==0, z()=0 u d¢opmysa (l4.11) ynmpoiaerca:

B
§ P(x gax+Qx y)dy=§ (PO y) O+
Lag o .
+ Qx(1), y(B) y () dt. (14.12)
Ecau kpuBasi L.p fexnt 8 niockectu Oxy # 3anaHa ypaBheHneM

y = [(x), npousBoaxasn [’(x) HenpepniBHA HA OTpe3Ke la; 8], a=P(x, y)i+

+Q(x o) o

’ b
';S P(x, g)dx+Qx yydy=§ (P(x. j(x) +
AB a
' 4+ Q(x, F(O) F(x)dx. (14.13)

Npumep 5. Buiuncauts

[= | ydx+(x+2)dy +(x—y) dz,

Las

rae Lag — OTpe3oK MpsiMoil, coennnsiomuii Toukn A(l, —1, 1) u B(2, 3, 4).
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P 3anuwem napamerpuueckue ypaBuenus npsimoii AB: x =1 ¢,
Y= —1-4+4t, z=1+43t. Ha orpeske IAB| navamerp 0<<t<<1 Jlo-
5TOMy, corjlacHo dbobmvie (14.11),

!

/= S((—|+4t)+(2+4t)-4+(2—3t)-3)dt=
0

1
= (134 11 dt = 185. 4
0
Npumep 6. Buuncants / = (S)ydx— £dy 4+ (x+ y) dz, ecnu L — KpH-
L

Basi nepeceuenusi UWAHHApPa X% 4 ¥*==4 ¢ njockocThio x +y—2z2=0,
«npoberaeMasi» B I0J10XKHTENbHOM HallpaB/leHHH OTHOCHTE/bHO BbGPAaHHOI
BEPXHEH CTOPOHB JaHHON IVIOCKOCTH.

» Halinem napamerpuueckne ypasnenus kpuBoii L. Tak kak npoexuust
kpuBoii L na nnockocts Oxy ecTh okpyxunocrs x4 yf — 4, z o= 0, To
MOXKHO 3aNHCaTh, 4TO X = 2 c0s ¢, y = 2 sin . Toraa u3 YPaBHEHHS NIOCKOCTH
HaXomuM, uro z ==2 (cos ¢ - sin ¢). Takum o6pa3oM,

Xx=2cos ¢ dx = —2 sin tdt
y=2sin¢ =% dy =2 cos tdt
2 =2(cos ¢+ sin #), £€]0; 2q], dz =2(—sin t + cos t) dt

Orciona no popmysne (14.11) umeewm:
n

I= {(—4sin?¢— 8 cos’ £+ 4 (cos® f — sin? £)) dt =
0

2
= S (—2+2c052t—8cost+85in2tcost+4c0521)dt=—4n. <
0

Npumep 7. Buuncants /= S xydx+(x2+y) dy, ecam nunus
Lap
Lag — nyra napaboam y= x°, pacnojoxennas mexay rtoukamn A(0, 0)
u B(2, 4).
» Tak kak B naunom cnyuae f(x)= x?, F(x)y=2x, x€[0; 2], 1o, co-
rnacuo gopmyse (14.13), noayuaem

2 2
I= S(xx2+(x2+x2) -2x)dx=55x3dx= —i—x" 2: 20. 4
Q
0 0
A3-14.1

1. Boiuncauts S xdly » i L — oTpe3ok npsimMoii y =

L
=?lx—2, 3aKMoYeHHbI Mexay Toukamu A0, —2) u
B(4, 0). (Orser: /5 In 2.)

2. Bblqncnmbg)xydl, €C/IH L — KOHTYp mpsIMOYroJbHHKa
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¢ BepwmHamu B Toukax A(0, 0), B(4, 0), C(4, 2), D(0, 2).
(Orser: 24.)

3. BuiuuCIHTB S 2ydl, ecain L — nepBasi apKa LHKJIOHIbI
L

x=a(t —sint), y=a(l —cos t) (a>0). (Orser: 4na\/z.)

4. BBIYHC/IHTD S xyzdl, eciu L — OTpe30K NpPsIMOA MeXKIY
L

toukamu A(l, 0, 1) u B(2, 2, 3). (Orser: 12.)

5. BbIYHCJAHTE MJIOAAbL GOKOBOH NMOBEPXHOCTH LMJIHHAPA
£ 4+ 4° = Ryx, 3akmoueHHoi BHyTpH chephl x° + y° + 2° = R”.
(Orser: 4R%.)

6. BoluucauTh S (x* — 2xy) dx + (2xy + y*)dy, rae Lig —
Laa
gyra napa6ossl y=x" ot Touku A(l, 1) 1o ToukH B(2, 4).

. 19
(OT@eT. 4036.)
7. BoiuncauThb S xdx + ydy 4+ (x+y — 1)dz, rae Lag —

Lag
OTpe3oK npsMmoil, coeutsiomtei Touku A(1, 1, 1) 1 B(2, 3, 4).
(Orser: 13.)

8. BoluuCauThb S yzdx + zxdy + xydz, rae L — nyra BuH-

L
TOBO JnHuu X = R cos ¢, y = R sin ¢, z=ai/(2n) oT TOUKH
fMepecedeHHs JHHUM C TIOCKOCTbIO z =0 10 TOuKH ee mepe-
ceueHHs1 ¢ MIOCKOCTbIO 2 = a. (Orser: 0.)

9. BbuluuCIUTh S xydx + (y — x)dy, ecau nunusi Lap, €O-
Las
enunsiioutasi Touku A (0, 02) u B(l, 1), 3apana ypaBHeHHEM:
a) y=x, 6) y=1x% B) y'=x; r) y=2x". (Orser: a) 1/3;
6) 1/12; B) 17/30: r) —1/20.)
10. Haliti KOOpAMHATHI LEHTpPA Macc MepBOH MOJyapKH
upkaouapl  x =a(t —sint), y=a(l —cost), (€[0; al.
(Orser: 4a/3, 4a/3.)

CamocToaTe bHast pabora

1. Bbiuncautsb:

a )Cdl eCJIu L — OTPE30K II HMOﬁ, COeD,HHHlOU.LEﬁ TOY-
)
L

ku A(0, 0) u B(l, 2);
6) | (x+y)dx+ (x —y)dy, ecru Lap — nyra napabosbl
Las
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y=x", nexawas Mexzy Toukamn A(—1, 1) u B(1, 1).

(Orser: a) ~/5/2; 6) 2.)

2. BoruncauTs:
a) § x’ydl, ecnn L — uacte OKDYXHOCTH x>+ 42 =9 pe-
L

Xaulasi B NepBOM KBaApaHTe;
A) S (x—y)dx+(x+y)dy, ecnu Lz — OTPe30K nps-

Lag
MOii, coeaunsiouwii Toukn A(2, 3) u B(3, 5).
(Oreer: a) 27; 6) 23/2.)

3. Boiuncauts:

a at , ecan L — OTPe30K I]pﬂMOﬁ y=x + 2, coeau-
x+y
L

Haowni Toukn A(2, 4), B(l, 3);
6) § (y+ x*)dx+ (2x — y)dy, ecan Lys — nyra napaGo-

Las
Jbl Y = 2x — x*, pacnoioxeHHas mexnay toukamu A(l, 1) u

B(3. —3). (Orger: a) (\/5/2) In 2; 6) 12.)

14.2. MPHJIO)KEHHS KPHBOJIMHEHHbIX HHTETPAJIOB

C noMolbio KpHBOTHHERHBIX HHTEFPaJoB REPBOTO POJAA MOXHO BhIYH-
CAATL /MMy AyrH KPHBOH, Maccy maTepHaibHoit Ayrh, ee LUEeHTp Macc,
BAGIMANH UHNHHAPHYECKHX BOBEPXHOCTER M APYTHe BEMHYMHDI.

Mpumep 1. Buuncaunts Maccy m Nyru KpHBOoH L, 3anaHuoi ypas-
HeHHIMH x = 12/2, y = ¢, z=t3/3, 0<<1<< 2, ecau NIOTHOCTL B KaM o
ee Touke 8 =1 4 4x° + 4.

» Cornacuo ¢popmyne (14.6), uckomas Macca m Bhpadaercs KHte-
rpaJjom

2
m=§ V1 +42 F far= Vit ety oar=
L [i]

2
={0+24a=116/15 <
0

NMpumep 2. Buuncauts KoopausaTw UE€HTPA MacC OLHOPOAHOH AyrH
okpyxHoctH x° 4 y? = R?, pacnoncxenHoi B NepBOM KBaApaHTe, K MOMEHTHI
unepunn Iy, I, 1,

P Tak kak npsmas y=x sBaseTcs ocbio CHMMETDHH JIYrd OKpyX-
HOCTH, TO X¢=yc. [lns HaXoXneHus x, Mchonbayem nepByi0 H3 GopMy.a
(14.7):

xc={xbdiy {6at= § xats \ at,
L L L L
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nockoasKky 6 = const. Hurerpan
1
L

onpegensieT AJHHY HeTBEPTH paccMaTpHBaeMO# OKPYKHOCTH. BoiueauM
Sxdl, rae x=Rcos; y=Rsint; o<t n/2,;

L
dl = V' (OF + (¢ (O dt = Rdt.
CrenoBartenbHo,
n/2 "/2
(xdi= { RcostRdt=R*sint| =R
L 0 0
OKOH'-IaTe.ﬂbHO HMeeM:
R? 2R

*e=Yc= TRz T m

Mpu sstuncnenuu {o, Ix, {, BOCHOABIyEMCA dopmynamu (14.8) u (14.3)
AAR cyuas MAoCKoH Ryt (2 = 0) u yurem, uto [y =1Iy:

n/2
fo=§ & +y)b6dl =5 | R°Rdt=R8n/2,
L 0
n/2 \ 7/2
’x=gy25d1=68 R sin® tRdt = R26 S (1 — cos 21) dt = 7R*6/4. <
L 0 0

Kpuso/ueitsot it unterpan stoporo pona {14.9) 8 cayuae, korka a =
— F — cuna, noj AeifCTBHEM KOTOPOH nepeMeiiaercs Teio, onpenefser
pa6oty cuaet F #a OyTH Lag. B 3atom 3akiouaercs usuveckutl CMbICA
KPUBOAUHELHO2O UNTESPaAa BTOPOZO poda. ‘
~ Mpnmep 3. Bouncants paboty A cuibl F = yzi 4 x2j + xyk Bpoab
otpeska npamoit BC, ecan B(l, 1, Hu C2 3, 4.
p 3anuuem napameTpHuecKHe ypaBHEHHA npaMoit BC: x=144
=142 z=1-+3t rne 0 <<t < |. Torna pabora A cuant F ua nyrta
BC suiuucineTc no Qopmyie

A= | yezdx + xzdy + xydz =
Lgc

{
= {0 +200+30dt+ (L+0 (1 +30 2t + (101420 3d =
0 .

{
= {8 422t +6)dt =23. 4
0

Teopema (Tpuna). Ecau pynxquu P(x, y) u Q(x. y) nenpepolgHol U
MEIOT HenpepolBHble HACTHbIE npouseoOnsie 8 3AMKHYTOU 00HOCBA3HOL
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obaactu D, aemcawesi 8 nivckocry Oxy u oepanuuennodi KYCouno-2aa0K06
Kpusod L, o

d opP
é) Pdx 4 Qdy = SS O_S — E) dxdy, (14.14)
L D

2de untespuposanue no Kontypy L ebioanAeTcAa 8 noaoxcuteavnon Ha-
npasaenuu.
®opmyna (14.14) HaswiBaeTcs popmyaoii Mpuna.

Ecan B Hekoropoit o6macts D Buinonnens ycaoBHst Teopemsl [puna,
TO PaBHOCHJIbHBI CNEAYIOLLHE YTBEDIKACHHSI.

1 @de + Qdy =0, ecau L — ar60s BamknyToUl KOonTYp L, pacnoao-
L

aennod 8 obaacru D.

2. Hurezpaa S Pdx + Qdy we sasucur or nyru unTezpuposatus,
Las
coedunarouezo touku A u B, 20e Laig€ D.
3. Pdx 4 Qdy =du(x, y), 20e du(x, Y)— noanous dudppepenyuan
pynsyuu u(x, y).

4. Bo scex roukax obaactu D cnpasedauso pasencrso

0Q _ op
F (14.15)

H3 ¢opmyau [puna CJGAYET, UTO NAOWAAbL S 06aacTH D MOXKHO TaKKe
BOIUHCTUTS € TOMOULbIO KPUBONHHEHOrO HHTCrpasa BTOPOT0 poja:

1
Sp = 5@—de+ xdy,
L

TAC UNTETPHPOBAHHE QO KOHTYPY L NPOU3BOLHTCH B NONOKHTENLHOM Hanpas-
JIeHHH.

ﬂPnMeg 4. BHUNCAHTL muowans ¢Gurypsl, orpaHuueHHol nerei KPHUBO#
X+ x5~y =0 (puc. 14.7).

Puc. 147
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p U3 ypaBueHusi KPHBOH nomyuuM, 4TO Y = £ X Vx + 1, T. e. KpuBas
cHMMeTpUYHa OTHOCUTeabHo ocu Ox u nepecekaeT ee B TOYKax x=0u

x= —1; ofe ¢yskuuun y= -=x Yx+ 1 onpenenensl npu X > —1,
a y— -+ oo npu x—co. [lepefinem Kk napamMeTpudeckuM ypaBHCHHAM DaHHOH
kpupoii, nonoxuB Yy = xi. [logcraBus 2z/=)ct B ypaBHeHde 4 xt—

2 __ 3 2 __ 242 __ __ 33
— ¢ =0, noayuuM x’> 4 x° =x°l%, x=4¢—1, y=+{>—1t, rae ans nemnd
-1

CnenoBaTebHO, HCKOMas IJIOWaRb

1

S= S [—(B =024+ — @B —1)dt =

{
8
_— 4 __ 2 —
_S(t o+ dl= 5. 4
0

fipumep 5. Boiuucnuts

1= &yl — Pydx+ (1 + v°) xdy,
L

rae KOHTYp L — OKpYXHOCTb x? 4 y* =4, «npoGeraemasi» B NOJOKHTSNLHOM
HanpaBJenud obxona.

p Jas BbluuCHeHHs] UHTerpaja BOCMONbL3YeEMCS ¢opmysoit [puna
(14.14):

1= +g =1+ axdy = [ (€ + ¢) dxdy,
D D

rie D — Kpyr, onpeneasiembiii sHepaBeHCTBOM X* + y* < 4. Vimeem

— a2 _ |x=npcos o, drxdy= pdpde, -
1= e oy = [, 20D (LA 0 pa| =

2n 2

= §§ p’dpde = { do | p’dp=38n. 4
D’ 0 0

C NOMOLLBIO TEOPUH KPHBOJHMHEHHLIX MHTETPAJOB BTOPOTO poaa MOKHO
pewuTs Crenylowylo 3anauy. VssecTHo auQ@epeHuHanbHOE BBIpAXKCHUE
P(x, y)dx + Q(x, y)dy, KoTOpOe SIBNACTCSA INOMHBIM nuddepeHndanom He-
kotopoit GyHKuuu 4(X, y). Tpebyercs HallT¥ 3Ty QyHKUHIO.

Peulenue naHHofl 3alaud onpeaensieTcs GopMyJIoH

* y
ait, gy = P yoyax+ §Qx, pyay +C (14.16)
Xo Yo
uid
x y
alr, y)= § P, pyax + § Qxo, 9)dy + C, (14.17)
Xo Yo

rae Touku Mo(xo, yo) M M(x, y) mpuHaimexar objactd D, B koTtopoit
P(x, y), Q(x, y) W ux HaCTHble NPOM3BOLHBIE SIBIAIOTCH HeNnpepoIBHbIMH -
¢oynkuusavu; C — npousthosbHAsT MOCTOAHHAS.
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Mipamep 6. [Mokasats, uto A depennuanbioe BuipaKetue
x 1 1
P y+(l+x2 x+ny)x

Gynetr nonHbM Auddeperinanom HeKOTOPOH QyHKuuu u(x, y), u HaiiTu 3ITY

yHKUHIO.
p Tak kak
1 1 X
P(x, 4)= ——+lny Qx, y)=—,
(£, 9) s L Ty Qx ) p
apP 1 aQ 1
TO ~—— = — H —— = —, 3Ha4UT, BO BCEX TOUKAX NAOCKOCTU Oxy, ue-
dy 7] Ox y

KIOUYas TO4KK, JeKaWMe Ha OCSAIX KOODAMHAT, RaHHOe Ru((epeniuanpHoe
Bhipamenue B cuny pasenctsa (14.14) 6ymer nosnsim nuddepeHnuanom
HeKotopoil dyukuuu u(x, y). Teneps Bocnonb3yemea obuwed dopmysoil
(14.16) wmu (14.17), rae MoxHO B3ATh Mo(l, ).

Mo dopmyne (14.16) umeem

x y

1 1 X
wn 9= (= F)er+ {Lare

=(arctg x — ln {x])]{ + x ln {y! H4C =
=arctgx —ln {x| +x1In |yl + C,

rae C — npou3BOIbHAS NOCTOSHHAS. 4

A3-14.2

l. Betuncauts maccy ayru kpusoi Y = In x naorHOCTBIO
8 =1% ectu KoHUbI AYTH ONpefensioTCs CACAYIOUIHMH 3Ha-

deHHSMH X1 X, =/3, xy =1/8. (Orser: 19/3)

2. BbluucauTh IIOMAAb NOBEPXHOCTH, KOTOpPYIO Bbipe3aer
M3 KpyrJoro LH/IHHADPA PaanycoM R TaKoil XKe UWHAHHAD, ec/u
OCH STHX UHIHHADOB MNeEPeCeKaloTcst MOJA MNPSAMBIM  YIAOM.
(Orser: 8R?.) ‘

3. C noMowis10 KPUBOMTHHEHHOTO HHTerpaJa BTOpOro poja
BBIYHC/IHTL NIVIOILAAb QUTYpPbI, OFPAHHUEHHOI:

a) ‘JnHuelt x =a cos’ {, y =aqa sin® ¢ (acTpouda) ;- =

6) nepBofi apKol LHKJIOHIABLI X =a(t —sin¢), y=aqa(l —
—c0s ¢) 1 ochio Ox.
(Orser: a) 3na®/8; 6) 3na’.)

4. Haittu ¢yukunu w(x, y) 0o ux noaHmim JHpdepen-
uMaaam:

a) du=4(x*— y? (xdx — ydy);

6) du=(2xcosy—y’sin x)dx 4 (2y cos x — x* sin y)dy;

B) du=(3y —x)dx+(y —3x)dy/(x + y).
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5. Bbiuucautbh pabory CHJHI F=x*44"+ 1}i+ 2xyj
BlOib AYyTH MNapaboJbl y = x°, 3aKIIOUEHHO# MeXAay TOY-
xamu A0, 0) u B(1, 1).

(Orger: 196/105.)
6. Ipumenus ¢opmyany FpuHa, BHIYHCIHTD

<§> yrdx + (x + y)dy,

rae L — KoHTyp Tpeyroabiuka ABC ¢ BepliMHaMH B TOUKax
A(3, 0), B(3, 3) u C(0, 3). (Orser: 18.) :

7. Hafitu o6wuit uuterpan audp¢epeHuHanbHOro ypapHe-
U (l4x3y3 — y?)dx + (3x'y* — 2xy)dy = 0. (Orser: 'y —
—xy =C.) C

CamocTosiTeabHas paGora

1. 1. C nomouiblo KpHBOJAMHEAHOro MHTerpaJja BTOpOro
POl BBIMHC/AHTL MAOWAAb 06J1aCTH D, orpaHMYeHHO# JiH-

HHSMH Y = X° H y=\/;. (Orger: 1/3.)
2. Haiits GyHKUHIO u(X, y), eCaH

du(x, y)=(2xy + x* — 5)dx + (« — " +5)dy.

2. 1. BuIUHCAHTD MJAOWIAAD q)urygb(, OrpaHHYeHHOH OCSAMH
KOOpAMHAT M AYroi 3JJHICA x’/a® + y*/b* =1, pacnono-
JeHHO# B nepBoM Ksaapaute. (Orser: nab/4.)

2. Haiitu GyHKuuio u(x, y), eclu

du(x, §) = (2 + 2xy — ) dx + (¢ — 20y + ) dy.

3. 1. Buluucantb paGory cuawn F(x, y) = 2xyi + x%j, co-
BeplIaeMylo Ha IyTH, COeMHsIOLIEM TOUKH A0, 0) u B(2, 1).
(Otser: 4.)

9. Haiitu ¢yukumo u(x, y), ecan

— 2x (1 —e¥) e¥
du N Era dx+(l+x2 —l—l)dy.

14.3. HHAHWBHAYAJDbHBIE JIOMAHJHHE 3AJJAHHSA K TI'a. 14

Pemenus Bcex
HA3-14.1 BAPUAHTOB TYT >>>

BLIYHCAMTb AAHHble KPUBOJMHEHbIE MHTErpaJst.

1
1.1 | (2 —2xy)dx + (4* — 2xy)dy, e Las — Ryra na-

Las
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paboast y = x* or Touku A(—1, 1) mo Touku B(l, 1). (Or-
ger: —6.)

Xdy — yPdx .
1.2. S —=——, e L,z — nayra aCTpOHAbl X ==
O Vx4 \/9

=2cos’t, y=2sin>¢ or Touku A(2, 0) K0 ToUKHM B(0, 2).

(Orser: 33/2x/8.)
1.3. | () dx+ 2xydy, rae Loa — nyra xyGuue-
Loa
CKO# mapabosbl i = x° ot Touku O(0, 0) go Touku A(l, 1)
(Otger: 4/3.)

1.4. 4) (*+2y)dx 4 (x — y)dy, rne L — OKPYXHOCTb X =
L

=2c0st, y=2sint{ NPU NONONKHTEJILHOM HAMpABJEHUH
o6xoja. (OTBeT —4m)

1.5. @ (X*y — x)dx +(y ’x —2y)dy, roe L — Ayra sJuui-

ca x = 3 COS £, y = 2 sin { Npu NOJOKHUTENLHOM HATIPABJEH HU
o6xona. (Orser: —7,57.)
1.6. @ (xy — D)dx+ x’ydy, roe Lz — ayra sJjauica
Lag

x=cost, y=2sint or touku A(l, 0) 10 TOUKH B(0, 2).
(Otser: 5/6.)

1.7. | 2xydx —x’dy, rme Loss — nomanas OBA;

Loga
0(0, 0); B(2, 0); A(2, 1). (Orser: —4.)
1.8. g (x* — %) dx + xydy, roe Lis — oTpesok npsiMoi

Lag

AB: A(1 1) B(3, 4). ((Orser. 11%.)

1.9. ‘ cos ydx — sin xdy, rae L,z — OTPe30K ApAMOil
Lag

AB, A(2n, —2n); B(—2=n, 2n). (Otser: 0.)
1.10. S Ydx + xdy

————» Tae L.z — oTpe3ok npamoit AB:
4y

Lag

A(l, 2); B(3, 6). (Omer: _4_ In 3.)

1.11. S xydx + (y — x)dy, roe Lig — Lyra KyGuyeckoil

Las
napa6osel y = x” ot Touku A(0, 0) no Touku B(l, 1). (Orser:
t/4.)
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112, | (P +y)dx+ (x+ ") dy, rae Lisc — nomanas

Lasc

ABC; A(1, 2 B, 2% C(, 5). (Oraer: 612
1.13. | xy’dx + yz’dy — x’zdz, rne Los — orpesok nps-

Los

moii OB; 0(0, 0, 0); B(—2, 4, 5). (Orger: 91.)
1.14. Sya’x—l—xa’y, rae Los — Ayra OKDYXKHOCTH X =

Loa

=R cost, y=Rsint; O(R, 0); A(0, R). (Orser: 0.)
1.15. | xydx + (y—x)dy, rne Loa — Ayra napaGosi

Loa

y’=x ot Toukn O(0, 0) zo Touku A(l, 1). (Orser: 17/30.)
1.16. S xdx 4+ ydy + (x —y+ 1)dz, rae L,z — oTpe3ox

Las

npsimoit AB; A(l, 1, 1); B(2, 3, 4). (Orger: 7.)
1.17. § (xy — 1)dx + x’ydy, rae L,s — nyra napaGodsl

Las
y*=4—4x or touku A(l, 0) o rouku B(0, 2). (Orser:
17/15).
1.18. S xydx + (y — x)dy, rae Los — ayra mnapaGoJisl
Los
y=x or toukn 0(0, 0) o Touku B(l, 1). (Orser: 1/12.)
1.19. { (xy — y*)dx+ xdy, rae Los — nyra napagosel
Los

y=x> or Touku O(0, 0) go Toukn B(l, 1). (Orser: 43/60.)
1.20. S xdy — ydx, rae Las — Oyra acTpouab X =

Las
—2cos’t, y=2sin’t or Touku A(2, 0) go Touku B(0, 2).
(O71sger: 3n/4.)

1.21. S (xy — x)dx + % x*dy, rae Lyp — nyra napaGoJsl

Las

y* =4x or Touku A{0, 0) go rtoukn B(l, 2). (Orser:0,5.)
1.22. | (xy — l)dx + x’ydy, rie Lap — OTPe3OK MPSAMO#

Las
AB; A(l, 0); B(0, 2). (Orser: 1.)
1.23. | 2xydx + y’dy + 2°dz, rae Lip — Ayra OLHOrO
Las
BHTKA BHHTOBOH JHHHH X=c0s{, y=sint, 2z=24

A(l, 0, 0); B(l, 0, 4n). (Orser: 641°/3.)
205



1.24. S -f? dx + xdy, rae Lis — Ayra Juunn y =In x or

Lap

Touk# A(l, 0) no Touku Be, 1). (Orser: e — 1/2))
1.25. § ydx —xdy, rne L — myra smmmca x =3 cos ¢,
! .
y=2sint, «<npo6GeraeMas» B MONOKHTENbHOM HanpasJ/ieHuu
o6xona. (Orser: — 12n.)
1.26. { 2xydx — x’dy, rae Loa — Ayra mnapaGoasl y =

Loa

=x*/4 ot Touku O(0, 0) Zo Touku A2, 1). (Orser: 0.)
1.27. S(x2+y2)a’x+(x2—y2)a’y, rie L,p — nomauas
L

AB
AuHuA y =|x| or Toukn A(—1, 1) no Toukmu B(2, 2). (Or-
ger: 6.)

1.28. S 2xydx — x*dy + zdz, rae Loa — otpe3ok nps-
Loa

Mo#, coenuHsiouuit Touku O(0, 0, 0) A2, 1, —1). (Or-
ger: 11/6.)

1.29. <§) xdy — ydx, rae L — Koutyp TPeyrojibHHKa C Bep-
L

wuHamu A(—1, 0), B(1, 0), C(0, 1) npu noiokuTenpuonm Ha-
npasnenuH o6xoxa. (Orser: 2.)

1.30. § (@ +y)dx+(x+y>)dy, rne Laics — noManas
Lacs .

ACB; A(2, 0); C(5, 0); B(5, 3). (Oreer: 63.)

g
2.0 (V2 —22(22 —\/ @+ ) dl, tne L — ﬂyra KpHBO#
L

x=‘£c'o‘s t y=tsint, z=1, 0<<t<<2n. (Orser: 4n’(1-4
-+ n*).) o

- 2.2, @ (*+yddl, rge L— OKpYXHOCTb  x° + y? =4,
L
(Orser: 16n.)

2.3. S ——L, rae Log — orpesok NpAMOH, CoeH-
LOB_‘(B_X2___y2 N

‘wsiolwmit Toukn O(0, 0) u B(2, 2). (Orger: n/2.)
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2.4, | (4x/x— 3/y) di, rae Lag — oTpeaok npamoi AB;

Las

A(—1, 0); B(O, 1). (Orger: —5v/2.)

di
25 \ ———,
LS V5 (x —4)

AB

it Mexxay Toukamu A(0, 4) u B(4, 0). (Orger: 0.)

rae Lip — OTpE30K NPAMO#, 3aKJNI0UEH-

2.6. S Y __dl, rae L — nyra xapanouas p=2(1 +
2 2
7 VoY
+ cos @), 0 << o << n/2. (Orger: 16/3.)

2.7. | ydi, Lis — nyra actponpnt x = cos®t, y=sin’¢,
Las
3ak/loueHHas mexay Toukamu A(l, 0) u B(0, 1). (Oreer: 0,6.)

2.8. | ydl, rne Los — Ayra mapaGosbl y* = %x MeXAY
Log

toukamu 0(0, 0) u B(1/35/6, / 35/3). (0T8€T.' 7-22—(73.)
2.9. { (x* +y*+ 2% dl, rne L — nyra KpuBoil x = cCost,

L
y=sint, z=1/3, 0 <t < 2n. (Oreer: 4n(l + 4x°).)
2.10. arctg—)yc- dl, rpe L — ayra kapauouas p=(l 4

L
+ cos @), 0<< o< n/2. (Orser: (n +2)-\/§—8.)

2.11. S\@d!, rae L — nepsas apka UMK/IOHAb X == 2(f{ —

L
—sin 1), y = 2(1 — cos t). (Oreer: 8m~/2.)
di .
2.12. — & ., rne Los— OoTpe3oK npsiMoH, Co-
L§M Vo' 4y + 4
enunstownit Toukn O(0, 0) u A(l, 2). (Oraer: in((/5+
+3)/2).)

2 2
2.13. S-(y—:i-)—x:’-’- dl, rae L — nyra kpusoii p =9 sin 2¢,
VT nyra kpusoit p = 9 sin 2¢

0 p<<n/4. (Orger: —9/8.)

2.14. S xydl, rne Loapc — KOHTYp NPAMOYFOJBHHKA C
Loagc

Bepunnamu 0(0, 0), A(4, 0), B(4, 2), C(0, 2). (Oreer: 24.)
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2.15. S (x+y)dl, rne Lipo — KOHTYD TpeyrosbHuKa c

Laso
Bepumnamu A(l, 0), B(0, 1), O(0, 0). (Oreer: —~/2)

22dl o o
2.16. Fr rie L — nepBblil BUTOK BHHTOBONH JHHHU
Xty .

x=2cost, y=2sint, z=29¢. (OTBeT.‘ l—;\/gzﬁ)

2.17. S (x-+y)dl, rae Lossp — KouTyp TpeyroJibHuKa

Loas

¢ BepwnHamu O(0; 0), A(—1, 0), B(0, 1). (Orger: 0.)
2.18. S(x—{—y)dl, rie L — nyra nemuuckarol Bepuyanu
L

p’=rcos 2¢, —n/4 < ¢ <n/4. (Oreer: \/5)
2.19. $/® + 42 dl, rae L — OKPYXHOCTb x° - y? = 2.
L
(Orger: 8.)

2.20. S xydl, rae Loage — KOHTYP NpsIMOyro/ibHHKa ¢
Loasc

seputtiamu O(0, 0), A(5, 0), B(5, 3), C(0, 3). (Orger: — 15.)
2.21. § («* + ) dl, rae L — okpyxuocTs x’ + y* = 4.

L

(Orser: 3931.)
2.22. | (43/x—33y) dI, rae L.z — nayra actpouan

Las
x=cos’ ¢, y = sin® t Mexay ToukaMu A(l, 0) u B(O, 1). (Or1-
ser: 1.)

2.23. Sxydl, rie L — KOHTYp KBaApaTta co CTOpOHaMH
I

x= =+1, y: + 1. (Orser: 0.)

2.24. Syzdl, rie L — nepBasi apka LHKIOHAB X = { —
L

. _ . . 1
—sint, y=1— cos (. (Orser. 171_5.)
2.25. S xydl, rae Ligep — KOHTYP nNpsIMOYroJibHHKa ¢

Lascp

BepuinHamu A(2, 0), B(4, 0), C(4, 3), D(2, 3). (Orser: 45.)

2.26. Sydl, rie L — ayra napa6oanl y’ = 2x, oTceuyeH-
L

Has napaGoaoii x* =2y. (Oreer: (5/5—1)/3.)
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d .
2.27. S x_ly , rae Lyp — OTpe3oK NpsiIMO#, 3aK/MOUeH-

Las
Hblii Mexay Toukamu A(4, 0) u B(6, 1). (Orser: \/g In (5/4).)
2.28. { (x+y°)’dl, rae L — mepBas ueTBepTh OKpYX-
L

HoctH p = 2. (Orsger: 16n.)

2.29. S —-—-dl———, rae L,z — OTpe30K npsiMoii, CoeaH-

LAB - xZ +y2 + 22
wsiiowuit Toukn A(1, 1, 1) u B(2, 2, 2). (Orser: In 2.)
2.30. @ (x— dl roe L — oKpyXHOCTb X% 4 y* = 2x.

(Orser: 2::1.)

3
3.1.$ \/21/2——}—? dl, rae L — okpyxHocTb x° + y* + 2° =
=a’, xL——— y. (Orser: 2na®.)
3.2. | xyzdl, rae L — ueTBepThb OKPYMKHOCTH 4yt 4+
+ 2= IL?Z, x4 y?=R?/4, nexaulass B NepBoM OKTaHTe.
(Orser: R4\/§/32

3.3. Sarctg dl rie L — yacTh AyrH cnupann Apxu-

L
Mena p = 2¢, 3akJoueHHas BHYTPH Kp)ra paauycom R c
ueHTpoM B nomoce. (Orser: ((R +4)* 8)/12.)

3.4. S (x* 4+ y* + 2%dl, rae L — ayra KpuBO# x =a cos f,
z=bl, 0<t < 2n. (Orser: 2x\/a® + b°(3a* +

2z —\/x +y?) dl, rie L — nepBblil BHTOK KOHH-

Yeckoli BHHTOBOH JHHMM x=/[cost, y=1Isint, z="I.
(Orser: 2/2 (1 +22%/* — 1)/3.)
3.6. S(x—{—z)dl, rie L — ayra KpHBOH x=1{, y=
L
—(3//2)t, 2=+, 0<I< 1. (Oreer: (56~/7 —1)/54.)
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3.7. ) x x* —y’dl, rne L — kpusasi (x* + y°) = o’ (x? —
¢

—4), x=0. (Orser: 2a3\f/3 )

3.8. 5 (x 4+ y)d!l, rae L — nepBbiil BUTOK JeMHBHCKATHI p?=
=a’cos 2(p. (Orser: a2\/§.)
“ 3.9. S xydl, rpe L — neppas YeTBePTb 3JHNca x?/a’ 4+
+y /bz— 1. (Orser: ab(a® + ab+ b%) /(3(a + b)).)

3.10. X(x +y)dl, rne L — yerBepTb OKpyWKHOCTH X2

+ +z =R?, y=1x, nexawas B nepsoM okrante. (Or-
ser: R \/—)
3.11. S xfz, rle Lsp — OTpesok mpsiMoii z=x/—2,

Las

= 0, coenunsiiownit Touku A(0, 0, —2) u B(4, 0, 0). (Orser:

1/_ln2)

3.12. W/del, rae L — nepBas apka UMK/IOHAM X =
L
=a(t—sint), y=a(l —cost). (Orser: 4na\/g.)
3.13. @ (x —y)dl, rne L — okpyxnocts x>+ y? = ax..
(Orser: na®/2.)

3.14. S —+, rae L — nepBulii BHTOK BHHTOBOI
Xty
JHHHH X =q COS{, y=asin{, z= b{.

2 Z
V b
( Orser: —%-. 2n

arctg——

3.15. S Pl rme L — nepsuii BHTOK BHHTOBON -
s
H . 3
HHH X=acos!, y=asint, z=at. (Orger: 8an®+/2/3)
3.16. S x*+y*dl, rme L — passeptka OKPYXHOCTH

x—a(cost—l—tsmt y~a(smt—tcost) 0<< 1< 2n.
(Oreer: a®((1 + 4n*)/2 - 1)/3.)
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3.17. S—d’-——, rae Las — OTPE30K NPAMOH, COEAH-
Las &4y

wstiowysit Touku A(0, —2) n B(4, 0). (Orser: 1n((3/5—7)/2).)
3.18. S 4 rtme L— nepBbiii BHTOK BHHTOBOMH

4y 42
L .
JHUHHH X = 5cost, y=2dsint, z=1{. (Oreer: —"zﬁ arctg%n.)

3.19. S yzd!, rae Loipc — KOHTYp NpAMOYTro/ibHHKa C
Loasc
BepwuHamMu B Toukax O(0, 0, 0), A(0, 4, 0), B(0, 4, 2),
C(0, 0, 2). (Orser: 24.)

3.20. §x2dl, rie L — nyra BepxHeidl NOJOBHUHBI OKPYIK-
L
nocru x2 4 y? =a’ (Orser: na*/2.)
3.21. {(x* 4 y* + 2%)dl, rae L — nepBolit BUTOK BUHTOBO

L
auHun x =4 cost, y=4sint, z=23¢. (Orser: 10n(48 4

+ 36n%)/3.)
3.22. Sydl, rae L — ayra napa6o.nl y?> = 6x, orceuen-
L . N R
nan napaGosnoii x> =6y. (Oreer: 3(5~/5— 1).)

3.23. | xdl, rae Lss — Ryra napa6osisl y = x° OT TOUKH
Las

A(2, 4) no Touxn B(1, 1). (Orser: (174/17 —5+/5)/12))
3.24. S(x-}-y)dl, rae L — nepBulil BHTOK JIEMHHUCKAThHI
. . L ’
p? =7 cos 2. (Oreer: 7/2.)
3.25. §(2*+y?)dl, rae L — okpyxHoctn 2°+ 4t =4.
L v
(Ortger: 256m.) : A
3.26. { y’d!, rne L — nepsasi apka uukiouab % ==3(f{ —
Lot L il X
—sin ), y=3(1 —cos {). (Oreer: 458 %)
3.27. S\/ x* 4+ y%dl, rne L — pa3BepTKa OKPYAHOCTH X =
L
=6(cost+tsint), y="6(sinf{ —{fcost), 0<<I<<2n. (Or-
ger: 12((1 4+ 4n)*2 —1).) o
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2
3.28.S 21’”2, rie L ~— nepBbii BHTOK BHHTOBOH JMHHH
Ty

L:
x=9cost, y=9sint, z=9¢. (Orser: 247™/2.)
3.29. § (x* 4 y¥dl, rme L — OKPYXKHOCTb X = 3 COs {,

L

y=3sint. (Orser: 486mx.)

3.30. Sydl, rie L — nyra napa6oanl y? = 12x, oTceuen-
L

Has mapa6ouoi x’ = 12y. (Oreer: 12(5/5—1).)
4.
4.1. S (xy —yHdx + xdy, rae Loy — Ayra napa6oJnl

Loa
y =2x* ot Touku O(0, 0) no touku A(l, 2). (Orser: 31/30.)
4.2, S 2yzdy — y°dz, rne Logs — Jomanas OBA; 0(0,

Losa
0, 0); B(0, 2, 0); A(0, 2, 1). (Orser: —4.)
4.3. S%dx—{— y_la dy, rae L — gyra uukjaouan x=—

L
=a(t—sint), y=a(l —cost), n/6 <t < m/3. (Orser:

an’ a 1
g —\/5)—7&13.)
4.4. { yzdx + 2/ R? — y’dy + xydz, rae L — AYra KpHBOIi
L

X=Rcos{, y=Rsint, z=at/(2n), <npoGeraemasi» oT TOUKH
nepeceveHust ee € MJIOCKOCTbI0 2 =0 10 TOUYKH HepeceuyeHus
ee ¢ niockocThio 2 =a. (Oreer: 0.)

4.5. S 2xzdy — y’dz, rne Lo, — Ayra napa6oJabl z =

Loa
= x*/4 ot Touku O(0, 0, 0) a0 Touku A(2, 0, 1). (Orser: 0.)
4.6. | (x—1/y)dy, rne Ly — ayra napaGousi y=x’

Lag

or Touku A(l, 1) no rouku B(2, 4). (Oreer: 14/3 — In 4.)

4.7. S cos zdx — sin xdz, rtne L,3 — OTpe3ok HpsSIMOH,
Las
coenunnsiiouil Toukn A2, 0, —2) u B(—2, 0, 2). (Orser:
—2sin2.)
4.8. Sydx——xdy, rae L — yeTBepTh AYrM OKPYXHOCTH
L

¥=Rcost, y=Rsint, nexawas B HepBOM KBajapaHTe H
«npoGeraeMasi» NpOTHB XOJa 4YacoBOH CTpedkH. (Oreer: 0.)
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4.9. S (xy — x)dx 4 %dy, rie Los — Ayra mnapa6odibl
Loa
y=2\/; ot toukn O(0, 0) no touku A(l, 2). (Orsger: 1/2.)
4.10. § ydx — xdy, rae L — gyra saaunca x =acost,
L

y = bsint, «npo6eraemasi» HPOTHB X0Aa YaCOBOH CTPEJIKH.
(Oreer: —2nab.)

4.11. @xdy, rne L — KOHTyp TpeyroJibHhka, o6pa3oBaH-
L

HOro NpsiMbiMH Yy =x, x=2, y=0 npu NOJOXKHUTeJIbHOM
HanpaBJ/eHul o6xoxa KoHrtypa. (Orser: 2.)

4.12. { xdy, rne L — nyra CuHycouan y = sinx OT TOUKH
L

(m, 0) no rtouku (0, 0). (Orger: 2.)

4.13. Sygdx + x’dy, rae L — BepXHsisi OJIOBHHA 3JJ/IKIICa
L

x=acost, y=>bsint, «npoGeraemasi» HO XOAYy 4aCOBOH
crpenxu. (Oreer: 4ab”/3.)

4.14. | (xy —y*)dx + xdy, rae Loy — ayra napabosbi

Los

Y= 2\/; ot Touku O(0, 0) no Touku B(l, 2). (Orger: —8/15.)

4.15. Sxdx—{—xydy, rge L — nyra BepXHed HOJOBHHBL
L
OKpY KHOCTH x° + y* = 2X NpH NOJOKHTE/bHOM HalpaBJ/eHHH

o6xoaa Kourypa. (Orser: —4/3.)

4.16. S(x — y)dx + dy, rie L — nyra BepxHeH MOJIOBHHBL
" 2 2 °
OKPYKHOCTH x° 4 y° = R, «npoGeracmasi» B NO.TOKHTE1bHOM

HanpasJ/eHHH o6xoia KoHTypa. (OrseT: R?/2.)
4.17. @ (x* —y)dx, rae L — KOHTYp NPsIMOYTOJIBHHKA,
L

ob6pasoBaHioro npsibiMu x =0, y=0, x=1, y=2 npu
[OJIOKHTEJILHOM HanpaBbJentd o6xoji1a KoHtypa. (Orser: 2.)

4.18. S 4xsin” ydx 4 y cos 2xdy, rae Loy — OTPe30K nps-
Los
moii, coeaunsiomui Toukn O(0, 0) u B(3, 6). (Orser: 18.)
4.19. Sydx —xdy, rae L — ayra 3aaunca x =6cos/,
L
y=4sin{ npu HOJIOKHUTEIbHOM HaNpaBJeHHH 00XOAa KOH-
typa. (Orser: —48n.)
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4.20. | 2xydx — x’dy, rae Los — Ayra nmapaGoam x —

Loa
= 24* ot Touxu O(0, 0) no Toukn A(2, 1). (Orser: 2, 4.)

4.21. S xye*dx + (x — 1)e*dy, rue Lip — mo6as Aunus,
Lag
coepuusowasn toukn A(0, 2) u B(l, 2). (Oraer: 2.)

4.22. & («* + y")dx + («* — y®)dy, rae L — kouryp Tpe-

yro.nbﬂnxé ¢ sBepuinnamu A(0, 0), B(1, 0), C(0, 1) npu nono-
JKUTEJIbHOM HallpaBjleHHH 06xona Koutypa. (Oreer: —1/3.)

4.23. S (xy—x)dx-{—f;dy, rie Lipo — Aomaunas ABO

Lago
(00, 0); A(1, 2); B(1/2, 3)) UpH NOJIOXKHTENbHOM HanpapJe-
HHH o6xona koHTypa. (Ortger: —1/2.)

4.24. S (xy — y*)dx + xdy, rae Loa — OTpe30K MpsAMOMH
Loa
ot toukn O(0, 0) mo Touku A(l, 2). (Orser: 1/3.)

4.25. S xdy — ydx, rne Loy — nyra xkybBuueckodl mnapa-
Log
6oael y = x° or Toukn O(0, 0) no Touku A(2, 8). (Orser: 8.)

4.26. S 2y sin 2xdx — cos 2xdy, rae Ly — mo6asi AMHAS
Las

or ToukH A(n/4, 2) no rouxu B(n/6, 1). (Oreer: —1/2.)
4.27. S (xy — x)dx + %2 dy, rae Log — myra napa6oJabt

Los
y=4x’ ot rouxu O(0, 0) 1o Touku B(1, 4). (Oreer: 3/2.)
4.28. S (x+y)dx+(x —y)dy, rme Lsy — nyra mnapa-

Lag
6oabl y = x* ot Toukn A(—1, 1) po Touxu B(l, 1) (Oreer: 2.)

4.29, S xdy, rne Lsp — pyra npaBoll NMONyOKPYKHOCTH
LAB

x*+ y* =a® or toukn A(0, —a) no Toukn B(0, a). (Orser:
na?/2.)

4.30. Sybdx-{—xQdy, rae L — pyra BepxHell NONOBMHBI
L

ajamnca x =5cost, y=2sint, «mnpoberaemasi» no Xony
4acoBoil cTpesiku. (Orser: 80/3.)
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Pewenue tunosozo sapuanta
BblUHC/AKHTD JdaHHble KPHBOJHHEHHble HHTErpaJbl.
1. §(x* +y5dl, rae L — okpyxHocts x° + y* =d’
L
p 3anuuiem ypaBHeHue okpyxxHocTH x° +y° =a’ B na-
pamerpuueckoM BHAe: x=acost, y=asin{, 0 2n.
Torxa '
x{ = —asint, yl =acost, dl=-/x{"+y! dt,
dl =+/a’sin® { + a® cos® tdt = adL.

Ciie10BaTeNbHO,

2n
{2 +y?dl=a>""{dt =2na*"'. 4

L 0

2. S xdt, rie Log — oTpe3ok npsimoit ot Touku O(0, 0)
Los

1o touku B(l, 2).

» Haxoaum ypaBHenue npsmoit OB no AByM Toukam:
y = 2x. [Janee nmeeMm: ‘

dl =1 + (g dx, dl =+/5dx,
1
[ xatt =vE{ mix=5-5 [1= L <

0
Los 0
3. [ =$2x(y — 1)dx + x*dy, rme L — Koutyp ¢urypsi,
A

orpaHudeHHOH napa6oJgo# y=x v npamoit y=29 mpu mo-
JIOXHUTENbHOM HanpasJieHud o6xoja. :

» B coorercTBHH €O CBOHCTBaMHi KPHBOJHHEWUHBIX HH-
TerpaJjioB BTOPOro poja umeeMm

I ={2x(y — Ddx + x’dy + | 2x(y — D)dx + x’dy,
Ly [
mé L, — nyra mapa6osbl y=x’; Ls — OTpPe3ok INpsMoi
y=19. Tak xak mapa6oJsia u HpsiMasl MepeceKkaloTCsl B TOYKAX
(—3, 9 u(3,9), 10
—3

3
[=1 (4x° —2x)dx 416 | xdx=0. <
-3 3
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4. 1=\ (%—l—y) dx —(%—l—x) dy, rae L — Bepxusis
L

ayra actpouanl x =8 cos® f, y=_8sin®¢ or Touxu (8, 0) no
Touku (—8, 0).
» Haxoaum:

dx = 24 cos’ t(—sin t)dt, dy =24 sin’tcostdt, 0 <t < n.
Torna

1=\ (2cost 4 8sin®)(—24 sin f cos? t)dt —
) .
—(2sin{ + 8cos®{)- 24 sin? ¢ cos tdt =

={(—48sintcos®t — 192sin* t cos® t — 48 sin®f cos { —
0

o

— 192sin® ¢ cos* #)dt = { (—48 sintcos t —
0

— 192sin® ¢ cos? t)dt = | (— 24 sin 2t — 48 sin? 2)dt =
0

=12 cos 2|5 — 24{ (1 — cos 4t)dt =
0

— —24(t—~‘lrsin 41) ‘0 — — %5 <

Pemenus Bcex
BapUAHTOB TYT >>>

1. TlokasaTb, uTO JaHHOE BLIPAXKEHHE SIBJSIETCS MOJHBIM
anddepenunanom ¢ynkunn u(x, y). Haitrn ¢pynkuuio u(x, y).

L1 (2x — 3y° + 1)dx + (2 — 6xy)dy. (Orser: x>+ x+
+ 2y —3xy’ + C.)
2. 21" — 3)dx+( 24y — 5)dy.

1+ X%y 1 + x%?
(Orser: In (1 + x*y*) — 3x — 5y + C.)

1.3. —(—; cos 2y + y sin Qx) dx + (x sin 2y + cos? x +

+ 1) dy. (Oreer: y cos® x — % cos 2y +y + C.)
1.4. (yPe + 3)dx + (2xye” — 1)dy. (Orser: 3x + ' —
—y+C)
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1 2 1 . .
1.5. (m +cosxcosy —3x )dx+(;-_ry- —sin x siny +

+ 4y2dy. (Orser: 1n (x4 y)+ sin x cos y — x* + 2¢° + C.)
(y/x+ In y+2x)dx+(ln x+x/y+ 1)dy. (Orser:
L+ylix4+xlnyg+y+C)
1.7. (¢ — cos x)dx + (e*+¥ + sin y) dy. (Orser: e*+¥
—cosy—sinx+C.)

1.8. (y//1 — Xy + 2x) dx +(x/~/1 — X’y + 6y) dy.
(Orser: arcsin xy + x* +3y* + C.)

1.9. (€™ + xye™ + 2)dx + (¥’e” + 1) dy. (Orser: xe +
+2x+y+C.)

1.10. (ye* + y*)dx + (xe* + 2xy)dy. (Orger: e¥ +
+xy°+C)

1.11. (ycos (xy)+2x—3y) dx —{— (x cos (xy) — 3x + 4y)dy
(Orser: sin (xy) + x* — 3xy + 24> + C.)

1.12. (ysin (x+y) + xy cos (x + y) —9x )dx—{—(x sim (x +
+y) + xy cos (x +y) +2y)dy. (Orser: xysin(x+y) —
-3+ y'+C)

1.13. (5y + cos x + 6 g?dx—{—(Sx—{—Gx y) dy.

(Orser: sin x + 5xy + 3x°y" + C.)

1.14. (y%e™ — 3) dx + € (1 + xy)dy. (Orser: ye* —
—3x+C)

1.15. (1 4 cos (xy))ydx + (1 4 cos (xy)) xdy. (Orser: xy+
+sin (xy) + C.)

1.16. (y— sin x) dx 4 (x — 2y cos y*)dy. (Orser: cos x +
+ xy —sin y* + C.)

1 1
2 )dx 7

1

— 5 cos 2x + C.)

1.17. (sm 2x —
1.18. XY dx+ Y= * dy. (Oreer: In (xy)+ x/5+ C.)
X Yy

Y
1.19. (20x° — 21x%y 4 2y)dx + (3 + 2x — 7x%) dy.
(Oreer: d5x* — Tx°y + 2xy 4 3y + C.)
1.20. (ye™ — 2 sin x)dx + (xe* + cos y) dy.
(Orser: € + 2cos x +siny +C.)
1.21. y(e* + 5) dx + x (e” + 5) dy. (Orser: €&" +
+5xy + C.)

1.22. (x—

. (Orser: L
Xy

ZxA y))dx—{—( T_y)d!/ (OTBET,'X_; +
+arctg% _% + C.)
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1.23. x—lnzi dx + y—l":# dy. (Otser: yIn x +
+xlny+4+C)

124, (1l 4+ x + y)dx + "Y1 —x —y)dy.
(Orser: &~ ”(x+y)+C)

1.25. (3x ——2xy+y)dx+(x—x — 3y® — 4y) dy.
(Orser: x* —xy 4 +xy—2y +C)

1.26. (2x e" =% — sin x)dx + (sin y — 2ye* ") dy.
(Orser: e* =% 4 cos x — cos y + C)

1.27. y/w/l——x?‘yz—{—x dx—{—(x/w/l—xzyQ—{—y

(Orser: x*/3 + arcsm xy) +y*/2+C)

1.28. lx:yy dx + 4 ny .(0T8€T.' xxy —{—7 +C.)
1.29. (yi[ - L5 —Q)dx—l—(x_ll — o=+
+2y) dy. (Orser: il + -y—-i— — %+ + C.)

1.30. (3x —2xy +g2)dx+(2xy—x — 3y%)dy.
(Orser: x* — X’y + xy” + y* + C.)

2. Pewutb caepyolune 3agaud.
2.1. BbluHcaUTD ANHHY AyTH UeMHO# AuHHH y = (' +

+e‘*)/2 x €[0; 1]. (Orser: (¢* — 1)/(2e).)
. BbIUHCAHTL MOMeHTBI HHEPUHH OTHOCHTENBHO oOceit
KOOplIHHaT OTpe3Ka OfIHOPOJHO# MpsAMoit 2x 4 y = 1, nexa-

wero mexay stumu ocamu. (Oreer: [, =~/5/6, [ —+/5/24.)
2.3. HaiiTu KOOpAHHATBI LEHTPAa Macc UYeTBEPTH OJHO-
pomHo#t OKpyXHOCTH x° + y® = a? Jexauleil B IepBoM KBaj-
paure. (Orser: (2a/n, 2a/n).)
2.4. Boluucautb Maccy Ayrd KpHBOi y = In x, 3aKJIlO‘{eH

HO# MeXJy TOUKaMH C aGCLHCCaMH x—x/g H x——x/g ecJiu
IOTHOCTb AYrH B KaX/0# TOUYKe paBHa KBaapaTy abCLHCChI
sTo# ToukH. (Otser: 19/3.)

2.5. BbpluHCAHTD MOMEHT HHEPUHH OTHOCHTENBHO OCH Oy
AYTH TOAYKy6HueCcKo# 1apaGosbl y® = x*, 3akaoueHHol Mex-
ny TOUKaMH ¢ abcuuccamu x =0 u x—4/3 (Orser: [, =

=107-2'°/(105-3%) ~ 1,13.)

2.6. BblYHCJIHTD MOMEHT HHEPLHH OTHOCHTE/NbHO Hauana
KOOPJIHHAT KOHTypa KBaApaTa CO CTOPOHAMH X = =44, y =

= +a. [lnoTHocTh KBajspaTa cCuHTaTh OCTOAHHOIM. (Omer
lo=132/3)
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2.7. BbiuHcaHTb MJHHY AyrH KpuBoit x =2 —1'/4, y=
=1%/6, orpaHHYeHHOH TOUKAMM [lepeceyeHHsi ee C OCAMH
Koopaunar. (Orser: 13/3.)

2.8. Bbruucauthb KOODAHHATH UeHTpa Macc OJHOPOAHOH
no/yokpyxHocth x° + y’ =4, CHMMETPHUHOH OTHOCHTEJbHO
ocu Ox. (Orser: (4/m, 0).)

2.9. BbuHC/HTb KOOPAHHATBHI LIEHTPA MacC OAHOPOAHOM
JyrH OOHOH apK¥ WLHKJIOHAbl x=1{—sint, y=1—cost.
(Oreer: (n, 4/3).)

2.10. BbIUHCAHTD MOMEHT HHEPUHH OTHOCHTEJbHO Hauansa
KOOpAMHAT OTPe3Ka NPAMO#, 3aK/IIOYEHHOro MeXAy TOYKaMH
A(2, 0) u B(0, 1), ecan JHHefiasi NIOTHOCTb B KaX[10# ero

Touke pasHa l. (Oreer: Io=5/5/3.)

2.11. BblUHCJAHTb KOOPAMHATBI LEHTPA Macc ORHOPOAHOr0
KoHTypa cdepuueckoro Tpeyroabhuka x° 4y’ +2°=1,
x>0, y=0, z>>0. (Orger: (4/3xn, 4/3n, 4/3x).)

2.12. BbluHCAHTD CTaTHYECKHE MOMEHTH OTHOCHTEJIbHO
KOOpAHHATHbIX OCeH JAYrH acTpouibl =2cos’t, y=
=2 sin® ¢, pacmosoxenunoit B mepsom KBaapaurte. (Oraer:
M, =2 4 M,=2, 4.)

2.13. BbluucauTh Maccy oTpe3ka mnpsamMoll y=2—x,
3aKJIOUEHHOr0 MeXJYy KOOPAMHATHBIMH OCSIMH, €CJH JIHHEH-
Has NJOTHOCTb B KaMJo# ero Touke NpPoliopuHOHA/IbHA KBAZ-
paty a6cuuccel B 3TOi Touke, a B Touke (2, 0) paBHa 4.

(Orser: 8+/2/3.)

2.14. HajiTH cTaTHYeCKHii MOMEHT OTHOCHTesabHO ocH Oy
ONHOPOAHO# AYrH MepBOro BHTKa JieMHHCKaTh DBepHysiu
p? =a’cos 2¢. (Orser: M, = a/2.)

2.15. Haijitu pa6oty cusisl F=uxi+ (x4 y)j npu nepe-
MeLleWHH TOuedHOH Macchl m o ayre saaumca x°/16 +
+4?/9=1. (Orger: 12am.)

2.16. BbluHCAHTD MOMEHT HHepUHH OTHOCHTENBHO OCH
Oz omHoponHOH AyrH MEepBOro BHTKA BHHTOBOH JIMHHH X =

—2cost, y=2sint, z=". (Orser: I, =8/5n.)

2.17. BoblumcauTb Maccy ayri KpuBoit p=3sin¢, @€
€[0; n/4], ecqiu NIOTHOCTH B KaXHOH ee TOYKE npoOIOP-
MOHAJbHA PACCTOSIHHIO A0 TOJIOCa M MpPH ¢ = n/4 paBHa 3.

(Orser: 9(2 —+/2) /2.)

2.18. BbluHC/IHTb KOODAKWHATBI LEHTPA MacC OAHOPOAHOM
AyrH NepBOro BHTKAa BHHTOBOH JIHHHH X = COS {, y=sint,
2=2t. (Orser: (0, 0, 2m).)
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2.19. BbIuHCAHTD MOMEHTBI MHEPUHH OTHOCHTEJBHO Koop-
AHHATHBIX OCEH AYIH 4eTBEPTH OKPYXKHOCTH X = 2 COS £, y =
=2 sin ¢, nexauei B neppom kBappanre. (Orger: [, = 2m,
l,=2n)

2.20. BpluHCIHTD KOOPAHHATH LEHTPa Macc LYTH [IepBoro
BHTKAa BHHTOBOH JIMHHH X =2cC0S ¢, y =2 sint, z=1{, eciau
JIHHeHHasA MIOTHOCTb B KaXKIOH ee TOYKe MPOMOPLHOHAMbHA
alllJIHKaTe TOUKH H B Touke { = i paBHa 1. (Orser: (0, —2/m,
4n/3).)

2.21. BuluucauTh Maccy ayru ueTBepTH SJIHICA /4 +
+y* =1, nexameii B [IepBOM KBazpaHTe, eCJH JHHeHHas
UIOTHOCTb B KaXkI0H ee TOUKe PaBHA MPOHM3BEAEHHIO KOOPIH-
Har 3Tod ToukH. (Orser: 14/9.)

2.22. Bpiuuciuth pa6oTy CHJbI F=uxyi+ (x+y)j npu
MepeMELEHHH MaTepHaIbHOH TOYKH [0 MPSAMOH § =X OT
Toukd (0, 0) no Touku (I, 1). (Orser: 4/3.)

2.23. BHIUHC/IUTD CTATHYECKHH MOMEHT OTHOCHTENILHO OCH
Ox OJHOPOAHON AYrH UEMHOH JIHHHH y=("+e"/2 x¢
€[0; 1/2]. (Orser: (e —1/e +2)/8.)

2.24. Boluucauts pa6ory cuabl F = (x —y)i+ xj opu ne-
pemenieHuH MaTepHa/NbHON TOUKH BAOJb KOHTYpa KBaapara,
06pPa30BaHHOTO MNPSIMBIMH x = =1, y= +1. (Orser: 8.)

2.25. BblUHCAHTD CTATHYECKHH MOMEHT OTHOCHTENBLHO OCH
Ox onHoponuoit ayru kapanouaws p = a(l + cos ¢). (Orser:
32a%/5.)

2.26. BbluuCaHTL AJIMHY AYTH ONHOH apKH WHK/IOHIbI
x=3(l —sint), y =3(l —cos ). (Oreer: 24.)

2.27. Boruueauts pa6oty cuab F = (x + y)i — xj npu ne-
peMellieHHH MaTepHalbHOH TOUKH BAOJAb OKDYXHOCTH Xx =
=2 cos {, y = 2 sin ¢ no xony yacoBo# cTpeaku. (Orser: 8m.)

2.28. Bouluncautb pa6ory cunwl F = yi 4 (x+y)j npu me-
peMelieHHH MaTepHAIbHOA TOYKH M3 Hauala KOOpAHHAT B
Touky (I, 1) no napaGose y = x*. (Orser: 17/12.)

2.29. Beruncauts pabotry cuabt F=(x —y)i -+ 2yj npu
nepeMelleHHH MaTepHaA/bHOH TOUKM M3 Hauada KOOpAHHAT
B Touky (l, —3) no napaGose y= —3x’. (Orser: 10,5.)

2.30. BbIYHCIHTL MOMEHTbI MHEPILHH OTHOCHTEJbHO OCefl
KOODAHHAT OAHOPOJHOTO OTpe3Ka NPsiMoi y = 2x, 3aKMI0UeH-

Horo mexay toukamu (1, 2) u (2, 4). (Orser: I, = 28\/5/3,

1,=1/5/3)
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Pewenue Tunosoeo sapuanra

L Tokasars, urTo BeIpakenHe
—4 __ —1)d ( * - IO)d
(1+x2y“’ ) *+ 1+ £ Y
ABJISIETCS] MOJIHBIM AW Pepenunanom GyHkuuu u(x, y). Haittu

_¢$ysxumo u(x, y).
» IlpoBepuM, BHIIONHACTCS JIH YCJIOBHE ITOJHOrO AU de-

peHuHMasa (E = 92) nasi GyHKuHMH U(x, y). Umeem:
dy dx
P(x’ y)=_l—fw—l' Q(x’ y)=?1x§7—10,
P __ 4 y i\ o 1+ =y 1 — Y
b0y Fy'( L+ 2 ) U+ U+
Q_Q_zi( x __10>= L+ 2% —x-2x" 1 —s% .
dx ox \ 1 + x%* (1 + x*y)* (1 4 £*y%

IlanHoe BblpaXkeHHe sBJISETCS MOJAHBIM AU PepeHiHa-
aoM QyHKuHH U(x, y). Tlosoxus xp =0, yo =0, o dpopmy.e
(14.16) naiinem u(x, y):

X Y
s )=\ (—~1d — 2 —10)dy+C=
u(x, ) §< ) x+§(,+x2y2 ) v+
= —x|o+ (arctg xy — 10y)|s + C = —x + arctg xy —
— 10y 4 C.

'yJabTart BbIUHCAEHHH BepeH, eCyH

du(x, y) __ du(x, y) __
EP = P(x, y), i Q(x, y)

CrenaeM HOpOBEDKY:

ﬁ_(—x—{—arctgxy— 10y + C)= —l—{———yﬂ,
ox 1+ x°y
d — X _—
@-( x4 arctg xy — 10y + C) = e 10.

Hrak, u(x, y)=arctgxy —x— 10y 4 C. 4

2. BbIUHCIHTD MOMEHTbl MHEpUHMH OTHOCHTEJNbHO OCeH
KOODAHHAT OAHOPOAHOrO OTPe3Ka NpsiMoit 4x + 2y = 3, nexa-
uero mexny toukamu (0, 3/2) u (2, —5/2).
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» Hcnoub3ysa o6uine GopMyJsl 151 BHUHCIEHUA MOMEH-
TOB HHEpPUHH, MOC/Ae]0BaTe]bHO HAXOMAUM:

1=y,

L

rae L: 4x+2y=3, y = —2x+ %, dl=V§dx.

0

2 et 3Y 2
1;:=\/§S(——2x+%)2dx=_i2—5_(_ x:?)
J

Il

\/—(125 27)__ 495

24

1y=Sx2dl, 1y=v3§xzdx_ _l _[ <

{ 0

144. NONVUHHUTEJDbHbLIE 3AJAYH K [N 14

1. HaitT AMHHY [OyrH KOHHYECKOH BHHTOBOH JIMHUH
x=aé cost, y=ae' sint, z=aée' or Toukn 0(0, 0, 0) ao
Toukn A(a, 0, a). (Oreer: a+/3.)

2. Ha#hTH Maccy yuacTka UeNHO# JUHHH y==a ch(x/a)
MeXAy ToukaMu ¢ abcuuccamu X, =0 u Xy =a, eciH IOT-
HOCTb JIHHMH B KaxKJ10# ee Touke 06paTHO MPONOPUHOHAJBHA
opJiMHAaTe TOUKH, MPHYeM HAOTHOCTL B Touke (0, a) paBHa

y. (Orser: ya.)

3. Ompenenuts maccy sanunca x°/9+y’/4=1, ecau

JMHefiHas IVIOTHOCTb B KaXK/L0H €ro Touke paBHa |yl. (OTBer:

lswf w/—)

arcsin ——
3

4 Hamu KOOPAMHATHl LEHTPa Macc MepBOro MoJyBHTKa
BUHTOBOMH JIMHUK X = a COS {, y = a sin {, z = b, cuuTada nJaor-
HOCTb B KaX/[o#l ee TOuKke MNOCTOSHHOM. (OTeer (0, 2a/m,
b /2).)

5. Bbl4HC/IHTD MOMEHTBl HHEPUUM OTHOCHTENbLHO KOOPIH-
HaTHBIX OCefl M HAaya/ja KOOPAMHAT YEeTBEPTH OJHOPOAHOMH
OKPYXHOCTH y=2co0s {, z=2sin{, Jexauied B nepBoM
KBaapaHTe miockoctn Oyz. (Orser: [, =1,=2n, lo=4n.)
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6. Haitth MOMeHT HHEpLMH OTHOCHTENbHO ocH OX nMepBOro
BUTKA BMHTOBOM JIMHMK X =a c0s {, y=a sin t, z=ht/(2n).

(Orser: (a*/2 + h*/3)/4n’a® + h)
7. [lpoBeputs BRINONUUMOCTL GopMyant I'puna ana unTe-
rpaja

@ (x+ y)dx — 2xdy,
L

ecin L — KOHTYp TpeyroJbHHKa CO cTopoHamMn x =0, y =20,
x+y=a.
8. Ilpumenus ¢opmyay I'puHa, BHUUCIUTE HHTErpan

& yidx +(x+y)’dy

Lasc

1o KoHTypy Tpeyronbniuka ABC ¢ pepunnamu A(2, 0), B(2, 2)
u C(0, 2). (Oreer: 16/3.)
9. Jlokasatb, uTo
§ wx® 4+ e*) dx + (xy® + xe¥ — 2y) dy =0,
L
eciu L — 3aMKHyTasi JIMHHA, CHMMETPHYHASE OTHOCHUTEJbHO
HavaJla KOOP/AMHAT.
10. [1oka3aTh, 4TO YHCIEHHOEe 3HAUEHHUE UHTEerpaJa
{ @xy — y)dx + Lay,
L
rae L. — 3aMKHYTh}i KOHTYD, paBHO NJoLLaay obnacTH, orpa-

HHYEHHOH 3THUM KOHTYPOM.
11. Joka3atb, uTO0 MHTErpan

@ xdy — ydx
A4y
L

rae L — mo6oit 3aMKHYThIl KOUTYP, «Npoberaemuiii» B n0A0-
JKMTe/1bHOM HaNpaBJeHHH M OXBaTHBAIOUIMI HayaJo KOOPAH-
HaT, paBeH 2m.

12, Hafitn ¢$yHKuMio no AaHHOMy noahoMy AHpdepen-
uHasny

du =e*"*dx +(—-——x"§ L ev/  ze%) dy + (ye** + e~ —
— tgl)y ey/é) dz.

(Orger: a*/*(x 1)+ & — e~ %)



15. 3JIEMEHTbI TEOPHH MOJA

15.1. BEKTOPHASI ®YHKILHA CKAJISPHOTO APIYMEHTA.
NMPOU3BOJ HAS MO HANPABJIEHHIO M FPAJUEHT

OroGpaxeHue, KoTopoe Kaxjgomy uucay {€7T € R craBuT B cooTBer-
CTBHE MO HEKOTOPOMY MPaBu/ly €1UHCTBEHHBIH BEKTOD f, Ha3biBAGTCH BeK-
TOPHOU pynKyueld WIH 6eKTOP-PynKuuell CKAAAPHOZO apeymenra t. Ee
NpuHATO 06o3Ha4aTh r = r(f). MHoxectBo T Ha3blBaeTCsi 004QCToIO onpe-
Oeaenusn pyukyuu r{f). B KauectBe T OGbIUHO GepyT HEKOTOPblH OTpe-
30K |@; b| uan uHTepBan (a; b) yncaosoit ocH. Yueao ! Takxke Ha3blBaKOT
napamerpom.

Kak u 2060l nocrostHH bt BEKTOD, BEKTOP-PYHKUHIO CKaJasipHOro
aprymenra r(f) npu Mo6oM GUKCHPOBAHHOM 3HAUYCHHM f MOXHO 04HO-
3HAYHO pa3NoXuTb no Gasucy i, j, k:

r=r)=x)it+y()ji+z()k (15.1)

OueBHIHO, YTO KOOPAMHATHI X, Y, 2 BEKTOp-QyHKUHH r=r({) B 3TOM
Gasuce sBasOTCH GyHKUMAMH: X (1), y(t), 2(f), obractb onpeseseHus Ko-
TOpeix coBnagaer ¢ 7. IlosToMy MMeEOT MecTo TPH CKaaspHbix paBeHcTBa:

x=x(l), y=y(t), z=2z(). (15.2)

Eciu Bextop r oTkAampiBaTh u3 OfHOH TOuKM O PU  pas3duYHBIX
3Havenussx (€T, To ero KoHey M(t) onuuer B npocTpaHcrBe, BooGuie
FOBOPH, JMHUIO, KOTOpasi HasblBaeTcst eodoepagos 8eKTOP-PYyHKyuu =
=r(#). Touka O HaswBaeTcs noacom rogorpaga. Pasencrso (15.1) Hasn-
BAlOT B 3TOM CJlydae 8eKTOPHO-napamerpuqeckum ypasHeHuem eodoepadha,
a pasenctBa (15.2) — ero napamerpuueckumu Yypasuenuamu (puc. 15.1).

[Mpusenem Heckoabko npumepos.

1. Tonorpatdom, 3zanaBaeMum

BEKTOPHO-NAPaMETPHUYECKHM  ypaBHe-

Zk HHeM BHAA r=r({)=ry4 sf, rae

Fo — panauyc-sexrop Toukn My(xo, yo,

) 20). $ — HeKOTOPbIi 3a4aHHbLI BEKTOP,

MiE) ABJACTCA  1psIMast B [POCTPaHCTBe,

//7'. poxoasuras depes touky My, ¢ Ha-

rit NPaBJASO UM BEKTOPOM § (CM. ypas-

rit Hene (3.6) u puc. 3.1 B nepesoit
V%3] 4acTv HacTosilero nocobus).

G / 1% 2. Togorpad, 3agaBaembrit napa-

METDHYECKMMH  yPaBHEHHAMH X —
y =acos!, y=asint, z==0bt (I¢
(—oo; o), a b — nocrosHubie),

X ABJIIETCS. BUHTOBOH JIMHMEH, pacno-
JIOXKEHHOH Ha KPYroBOM UMJIHHpe

Puc. 151 paaunycom a ¢ ocblo Oz (cM. Takxke

§ 43 B nepsoit wactu nocobus ).

B cayyae, koraa ¢ — Bpems, a x(), y(t), z(f) umeoT pasmepHoCcTb
AluHbl, paserctsa (15.1) W (15.2) Ha3bIBAWTCH COOTBETCTBEHHO dek-
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TOPHO-NAPAMETPULLCKUM W NAPAMETPUMCCKUMU YPABHENUAMU OBLICEHUA
TOMKH, @ COOTBETCTBYIOILHI HM roiorpad — Tpaekropuei ce JBHIKEHHsR.
Ecan
lim x(t) = xo, lim y() =y, lim 2(l) = 2o,
Lt t-~ty (—t,
TO BCKTOP fy = Xoi + yoj + 20k ua3sviBaetes npedenom s8eKkTop-PyHKL U
r{f) @ Touke { = ly. B stom cayuae nuwyt: lim r(f) = ro.

(=10
Ecau lim r{f) = r(to), To BekTOpHasi GYHKIHA r(l) Ha3biBaeTCH Henpe-
{1y
poLeroi 8 Touke t = to.
Ecan At 5= (0 — npousBoabHoe Mpupainienue napamerpa, 1o Ar{l)=
= r{t + \f) — r{l) Ha3LIBAETCH NPUPAULCHUCM seKkTOp-ynryi rf).
Ecaun cyuiceTBye1 npeied

) Ar(t) . r(t 4 Aty —r(l)
lim ———~ = lim —————
Ar—0 Al Al—0 At

’

TO OH HA3bIBAETCH ApPOU3BOOHOE BeKTOp-hyHKyuu (i) 8 Touke ¢ u obosna-
yaetcst ¢ (f), wan r(t), uau dr(t)/di.
BekTop r'(f) BCErAa HalPaB/CH [0 KACATeALHOI K roiorpady QyHxuusu
r(t) B cropony Bospacranus napamerpa f. C MCXQHu4eCKOU TOUKU 3perus
I’ (t) ecTb 8eKTOP MZHOBEHHOL CKOPOCTU OBUICHUS MATEPUAALHOL TOUKU NO
TpaeKTOpuL, ABAAIOWEUCS 20doepadom PyHKyul T =Tr(l), 8 MOMEHT 6pe-
Menu t 8 Touke M(t) (cM. puc. 15.1).
Ecau cyuiecTsyloT nponssoaubie x'(f), y'({) w 2'({), To cywecrByet
rt) u
P = X O+ Y (0§ + 2 Ok (15.3)
Tak kak BexkTop r’(fo) HampaB/ieH MO KacaTeJbHOA K KpuBoil B TO4YKe

Mo{te), onpencasiemoii ypasuenusing  (15.2), To ypasHenus KacareasHol
K 3Toii KpuBoil B Touke My 3anuwyres ciaeayiouinm o6pasom:

K—x{to) _ Yy—ylte) _ z—2(lo) (15.4)

" (to) y'(to) 2 (lo)

[laocKoCTL, NMepreHAHKYAApHAs K KacaTeablol W Opoxoasiuasi depes
Touky Kacanua Moily), HA3LIBACTCH HOPMUALHOL MAOCKOCTL/O K KPHBOH B
3TOH TOUKE, @ e¢ ypPaBHCHHE HMEET BH/L

X (to) (x — x (1) + 4 () (¥ — Y (o) + 2 (o) (2 — 2(to) = 0. (15.5)

Jlnn BeKTOpHLIX (PYHKUNA CKaJASPHOrO apryMCHTa ClipABE/LTHBLI Clelyio-
wHe npaBuaa aupepenunpoBatns:

1) (r(0) ) = f’l( )+ e

2) (Cr(t)y = Cr’(f), C = const;

3) (ro0) v o)) = ri(f) - wa(t) 4 ru ) - (e

4) (r () X () = ri(t) X ra() + () X re{t).

l'lpumep 1. HaiiTu upousBoanyio Bektop-¢yukuuu r(t) = (cos { — 1)i

+ sin® ¢j 4+ tg ik B Touke {h = /4.
» U3 ¢opmyan (156.3) caenyer, yto

r’({)= —sin ti + 2 sin ¢ cos {j + 5
cos” {
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Hoytomy r’ (%) = — Lﬁ i+ j+ 2k <«
V2

fipumep 2. CocTaButL KauoHuucCKue yPaBHCHHA KacaTedLHOH W ypas-
HeH"e HOPMajbilol NTOCKOCTH K KPHBOH, 3aAanHol napamerpuyecKuMu
ypaBHenusanun x =1 41— |, y=292 4+ 3¢ +2, z=£+1, B Touke My,
onpeseancmMoil 3uadycunenM napamerpa fo = |.

P Haxomum sextop r'(fo)=(x"(1), y'(1), 2(1))=(4, 7, 2). Iapa-
Metpy fo=1 mna kpusoil coorercTayer Touka Mo(x(1), y(l), z(1), T e
Mao(1;-7, 2). Coraacuo dopmynam (15.4), (15.5), ypasuenun KacaTenbHoi
UMCIOT Bit1

é ypasBiiende HOpMaJIbHOH NAOCKOCTH
A — 4Ty —T)+2(2—2) =0. 4

Ilepexonn x 110oHATHIO NPOU3BOAHOR (YHKUMM 1O HanpasJ/eHHIo, OTMe-
THM, 9TO HaMpPABJCHHC B NMPOCTPAHCTBE MOXHO 3alaBaTh eJHHHUHLIM BeK-
TOpOM 50:(005 @, cos P, cosy), rae a, B, y — yraw, ofpasoBaHHbie
BexTopoM s° i ocamu Ox, Oy, Oz coOOTBeTCTBEHHO.

Ecau pana pynxuus u = f(x, y, 2), oupenejetiHan B HeKoTopoii OKpecT-
HOCTH Touku Mo(xe, Yo, 2u), pamnyc-BeKTOp KoTOpolH ro==(xy, o, 20), TO

i Jro +8") — j(ro) ’
—0 !

€CAH O CYLIECTBYCT, Ha3LIBACTCS APOu3GOUHOH hynkyuu u = f(x, y, z)
6 rouke Mo(xo, Yo, 20) no manpagaenuro eektopa s’ u  oBozmayaercs

JuiMo) T. €. 1o on JIEHUIO
55 T € no onpege
duMo) i J{ro + %) — j(ro)
ds (0 t

CripaBeanusa caenylouias ¢opmyia:

du(Mo) _ ou( du(Ms)

M) du{Mo)
Js oy cos @ + % cos § +

dz

cos y. (15.6)

B cayuac ¢yHKUMM ABYX lepemellHbIX z={(x, y) ¢opmyaa (15.6)
yBpowaercst:

Jdz (i’VIo)

+ oy cos [3,. (15.7)

0z(Mo)  9z(My) cos o
ds T ox s

rae s’ =(cos @, cos f); fp=n/2 — a.

HacTHbte nponarosnuie GpyHkuBM 4= [(X, y, 2) ARASOTCH IipousBog-
ULIMIL 3TOH (PYHKUHH 110 HANPaBJCHUAM KOOPIAHHATHWIX oceli. C ¢usueckod
TOUKU 3peis. dU/Os MOKCHO TPAKTOBATL KAK CKOPOCTbH U3MENCHIS Pyrkyu
U 6 Janioll TouKe 8 3a0aHHOM HARPABACHIUU.

1Ipousso0noi 60046 kpusoll L 5a3uBaloT NPOU3BOAKYIO MO Hanpaesexuio
OPHEHTHPOBAHHON KacaTedbUoli K KpiBOK L, BLIYMCIEHHYIO B TOUKe KaCaHus.

Beakoit auddepenunpyemoit Gpynkuun o = f(x, y, 2) cooTBercTByer
BCKTOp € Koopausatamu 0u(M)/0x, du(M)/dy, du(M)/dz, koTopslil Ha3wi-
BacTecs epadueHTom ¢ynkyuu 4 6 touke M u ofozHavaerca grad 4. Ta-
KuM 00pasom, 1o onpegeneHuio
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Ju Odu Jdu du du . Jdu -
gradu—(m—,yy—, E—>_Fx—l+—d?j+—dz—k. (15.8)
Ecan s’ =(cos . cosP, cosy), To u3 ¢opmya (15.6) u (15.8)
umecm
%%M—) =grad u -s" = np ¢ grad u(M).

M3 5TOi CBA3H Moy 1POM3BOIHOMN N0 MANPABJCHHIO # FPajHenTON Pyuk-
win = f(x, y, 2) (nau z=[(x. y)) caeayer, 4TO:

1) rpagvedT QyHKU#u @ (Wan Z) HanpasacH B CTOpOHy MaKCHMalb-
HOrO BO3PACTAHHA ee 3HaueHui, T. e. 0u/0s (M 0z/0s) umeeT Hauboabllee
3uauekne B HalpaBJeHHu rpadueHTa (puc. 15.2);

2) eciau elHHHYHbIH BEKTOD s" nepneusukyaspen x gradu (uwiu
grad z), To du/fds =0 (nnu 0z/ds =0) (cM. puc. 15.2y:

3) sextop-grad 4{M} (wwt grad 2(M)) uMeeT HaRpaBAeHde HOpMaMT
B Touke M noBepXHOCTH (MW JHHHW) yPOBHSA bynKuun o (nan 2)
(puc. 153, a. 6).

u=fnyzi=Co
u=l,
=y y

=L,

i g
z=(,

Z=Cr | z-flx yl=C, grad (M)

Puc. 153

[pannent awo6oi audgeperHnupyeMoil GyHKuuK 061anaet CaedyoULiMit
CBOMCTBaMH:

1y grad(ui + «) = grad u, + grad us;
2) grad Cu=Cygradu, C= const;
3) grad (usus) = U2 grad u, + wy grad u..

Mpumep 3. HaiiTn nponssoanyo Gyukuun i = Vx° 4+ y? + 2% B Touke
M (—2, 3, 6) no HanpaBaenuio K touke Mao(—1, I, 4).
p UactHbie nMpousBojnsie QyHKiUHUW 4 B TOuke Mi:

du(Ml) _ X 2
dx \/';2"’.1/2 I 7’
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du(My) Y _ 3
Oy ~/x2 + yz + 22 1 7’
duM) 2 N i
Jz ,\/x3+;§‘4_—; M 7

Enutnuneifi BekTop, CoBnajaouliii No manpaBAeHNO ¢ BCKTOPOM

—_—
MMy, pased

———
o' — A/’VIU/\/IQ ( 1 2 2)
- _— =\{Y7 — 5, — =1
IM_-—)IM‘.’I 3 3 3
Torpa no dopuyse (15.6) noayuaem
Ju (M) 2 1 3 2 6 2 20
T*—77+7'(—§)+7'(—?)“—W- <
Npumep 4. Buluncauts npouspoanyio $yHKuMn z = arcig (xy) B To4Ke
Mo(l, 1), npunagickaweir napaboae y = x°, 1o HAMPABACHHIO 3TOH KPUBOH
(8 manpaBsaeHny Bo3pacTanist abCUHUCCh). i
» 3a nanpasaenne s” napaboant y=x’ B Touke My(l, 1) 6epem

Hanpas/icnHe KacaTelbHOH K napafode B 3ToH TOuKe, 3afaBaeMoe yrjoM
&, KOTOpbIH KacaTesbias CocTasasier ¢ ockio Ox. Torga imeeMm:

yx)=2 tga=y(l)=2

I I . tg a 2
COS &L = ——m——— = —— SN = ——e———o = ——.
Vi+tg’a A5 Vi+tgia A5
Haxoaum uacruule npoussognpie ¢pynkuuu z B Touke Mo
0z(Mg) y _ 1 0ziMo) x |
Ox L+ 2 e 27 oy P42yt 2
IloacTapus nodyuennvie 3uavenuss B dopmyay (15.7), nmeem
ouMy)y 1 1 2 3 <
ds : \/5— 2 \/g 2\/5—
A3-15.1

1. Haiitu 3HaueHne NPOM3BOAHOH BeKTOP-QYHKLMH T =
—=4(*+ it arctgtj+In(i +k npu i=1. (Oreer:
, . .

)= 12+ o i + k.)

2. JlaHO BEKTOPHO-NapaMeTPHUYECKOE yPAaBHEHHE JBHIKE-
HAsL Toukn M: r=r(t)= (21" + 3)i — 3t*j + (4¢* — 5)k. Bu-
YHCAHTB CKOPOCTL |Vv| 1 ycKopenne |w| ABHXKEHHSI TOUKH

B MomeHT Bpemenn [=0,5. (Orser: |v] =29, |w|=

=2/29)
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3. Jlano ypaBHeHHe J[BI)KEHHSI MaTepUasJbHOA TOUKHU:
r=2 cos fi + 2 sin ¢{j + 3tk. OnpeneuTb TPaeKTOPHIO JBH-
eHHs, BBIYHCAUTDL CKOPOCTb | V] U YCKOpeHHe |w| ABHKeHHs
3TOH TOYKH B JIOOGOH MOMEHT BpeMeHH i. (OTBeT x=2cos |,

y=2sin {, z=3¢ (BuHTOBas JAuHUA); |v] =\ | L lwl =2)
4. 3anucaTb KaHOHHYECKHe ypaBHeHHH KacareJbHOM

npsIMOA ¥ HOPMaJbHOH MJIOCKOCTH K KPHBOW r=ti+ ’j +

+ £’k B ToOuKe {=3. (Orser. vl _y=9 22y

t 6 27
+ 6y + 272 = 786.)

5. 3anucatbh KaHOHHYECKHe ypaBHEHHsI KacaTe/bHOH mpsi-
MO M HOPMaJbHOH NJAOCKOCTH K KPUBOW, 3alaHHOH ypaB-

HeHusiMH z = x° + 4%, y=x B Touke Mo(l, 1, 2). (Orser:

x—1 _y—l 2:2 , x+y+4z=10.)

1 I
6. JlokazaTb, UTO BEKTOP I NepHeHIHKY/sIpeH K BeKTopy
r’, ecan |r| = const.
7. BbLiUHCAHTL TPOU3BOAHYIO (YHKIHH U = In (3 —x*)+
+ xy*z B Touke M (1, 3, 2) mo HanpaBaeHuio K Touke Mz(0, 5,
0). (Orger: —11/3.)

8. BuluncauTh npousBogHyio Gy z =/ x° + y? B Tou-
ke Mo(3, 4) no HanpaBaeHuw: a) Bektopa a = (I, 1); 6) pa-

nuyca-Bekropa touku My; B) Bekropa s =(4, 3). (OTBeT

a) 71/2/2; 6) 1; 8) 0.

9. BoiuncauTb npous3BOAHYIO ¢GyHKUMM 2 == arclg (y/x) B
Touke Mo(2, —2) oKpykHOCTH x° 4 y° = 4x BOAL AyTH 3TOH
okpyxHoctu. (Orser: =4=1/4.)

10. Beiuucauts npousBoanyio ¢pyHkuuu U = In (xy 4+ xz 4
+yz) B Touke Mo(0, I, 1) mo HanpaBJeHHIO OKPYMHOCTH
x=cost, y=sint, z=1. (Orger: +2.)

11. BoiuncauTh KOOpAHHATH eIMHHYHOTO BeKTopa Harpas-
JIEHHOTO 110 HOPMaJaH K MOBepXHoCcTH (2° — x*)xyz — y® =5 B

Touke My(l, |, 2). ( Orser: + l H
( ? ( <3\/_ 314 3\/14))
12. Haiitn grad u B Touke Mo(l, 1, 1), ecan u=x’yz —
— xy’z + xy2t. (Orser: grad u = % —2j + 2k.)
13. Haéttu yrom ¢ Mexay rpaaueHTaMu (GyHKnUHd 4 =
= %xz-{—BsyQ—Qz2 i v=xyz B Touke Mo(2, 1/3, V/3/2).
(Orser: p=m/2.)
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14. HailTh Hau6o/bliyio KPyTH3HY NoxbeMa ¢ ToBepXx-
Hocti z2=2x"/y’ B Touke Mo(2, I, 8). (Oreer: tg ¢ =

=8V 10, ¢ =~ 87°40".)
Camoctositenbnas pabora

= 1. 1. Bbruncautb nponssoanyio gpynkumun u = x+ In (y° 4
+2%) B Touke Mo(2, I, I) B HanpaBnennu Bektopa s =

= —2i+j—k. (Oreer: ——\/6/3.)
2. BbluMcauTb  KOOPAMHATLI  eMHHYHOTO BeKTOpa,
epneninKyasipHOTO K MMOBEPXHOCTH XY + xz 4 yz = 3 B Tou-

ke Mo(l, 1, 1). (Oreer: (1/4/3, 1,4/3, 1/4/3).)
2. 1. Boiuucautb npoussoanyio ¢ynkunn z = arctg (x’y)
B Touke Mo(l, 4) napaboanl y=x" B HanpaBJeHun 3TONl

kpuBoii. (Orser: i.?\ﬁ/w.)

2. Haiitu Hau6oabliyio KpyTH3HY ¢ noabema nopepx-
HocTH 2 ==5x"— 2xy +y° B Touke Mo(l, I, 4). (Oreer:
tgp=28, p=~83°)

3. 1. 3amucarth KaHoHuYecKue ypaBHeHusl KacaTeabHOI
WPSIMOH M HOPMAJbHOH MJIOCKOCTH K JHHKH, 3allaHHOH Bek-
TOPHO-TIapaMeTPHUYeCKHM ypaBHeHueM r = cos” fi 4 sin® tj 4

y — 05

+1tgtk B Touke { = m/4. (orger.- x:?"’" =40

z—1 —
5> x——y——?z—{—Q—O.)

2. Haiitn nanGoabliyio KPyTH3Hy ¢ noiabema noBepx-
Hoctn 2z ==x"y+ xy’ B Touke Mo(l, 3, 12). (Orser: tg o=

=/373, ¢ ~ 87°)

15.2 CaAJISPHBIE ¥ BEKTOPHBIE NOJS

Ecau B kaxaon Touke M(x, y, z) npocrpancrsa R (n1 ero vacru V)
onpeleictia CKalspHan BeAHUHHA « == f(x, y, z), T0 roBopar, uto B R® (uau
V) sanaHo ckazaproe nose u = u(M). 3To 3HAUUT, Y4TO BCAKAS YHCIOBAS
OGyukuust u(M) = f(x, y, 2}, 3anaunnas B HEKOTOpo# o6aact V npocTpaHcTsa
R®, onpenessier B 970 06acTH ckanapHoe noge. Pynkuus JABYX MepeMeHHbIX
z=[(x, y) 3amaeT B HCKoTOpOH 06aacTH [) MAOCKOCTH Oxy crantsphoe
nojie, HasbIBaeMoe NAOCKUM.

Fpaguueckn ckanapuoe noje MOXKHO H306paXaTb € HOMOWbIO NO-
sepxnoctel yposka [(x, y, z)=C uan aunuid yposus f(x, y)=C (cm.
puc. 15.3).

Hasn seaxkoit dyukunn u==f(x, y, z), auddepeHunpyemoii B Touke
Mo(xo, go, zo), wmucao Ou(Mo) /s onpenensier CKOPOCTb HM3MEHEHHS CKa-
JsipHOro Mostsi B Hanpasaennn s®= (cos @, cos B, cosy) (cm. dopmyay
(15.6)).
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Ecau B kaxpoit Touke M(x, y, Z) n1poCTpancTsa R® (mau ero wactu V)
onpegener sextop a=(P, Q, R), rae P=~P(x, y z), Q=Qx, y. 2)
R = R(x, y, 2) — cxansipHsie GyHKUHI, TO IOBOPHT, 4TO B 5TOM NpocTpat-
cree (waru B V) 3anano 8cxroproe nose a = a(M). Ecin ¢yHKuuH
P(x, y, 2), Q(x, ¥, 2), R(x, y, 2) HeUPEPLIBHLI, TO [0ONe BEKTOPA 4 Ba3plBaeTca
HenpepoLeHbIM.

fIpumepamn BeKTOPHBIX MOJIEH ABAAOTCA MOAE CKOpOCTEH TeKylued
AHAKOCTH, flosie CKOPOCTeil TOUEeK TBepAoro Tela, Bpallaiolierocs ¢ yrjio-

BOfl CKODOCTbIO @ BOKPYI [aiHOil ocH, mofe SEKTPHUECKOH HAH MaTHHTHOH
HaNpPsKeHHOCTH B AD.
Jluuns, B Kaxjgofi Touke M KoTopoil BeKTOp a(M) BeKTOpHOro ROAR
=a(M) HanpaBieH MO KaCaTeJbHOH K JIHHUH, HA3bLIBARTCA 8eKTOPHO
(cunosod) aunued 3TOTO MOMA.

[Tpumepanu BEKTOPHbLIX JUHIH MOTYT CJyXUTh JHHHH TOKA XKHAKOCTL,
CHIOBbIe JAHHWYM MACHUTHOTO [NOJR, TPACKTOPUM TOYEK BpaULaOLErocs
NPOCTPAHCTBA.

O64acTb TPOCTPAHCTBA, UEMHKOM COCTORULAf H3 BEKTOPHBIX JHEHHIE,
Ha3LIBARTCH BeKTOPHOL TpybKkot. B kaxpoii Touke M noBepXHOCTH BEKTOP-
HOit TPYGKH BEKTOP & JIeXHT B KacaTelbHOH HJOCKOCTH B TOUKE M « sroi
TpyOKe.

BekropHoe (uitu CKalsipHOE) MoJe, KOOpAHHATHE KOTOPOTO HE 3aBUCAT OT
BpEMeHH, Ha3biBACTCA YCTAHOBUBUIUMCA WY CTAYUOHAPHOLAL.

Ecau r(l) — paauyc-BeKTOP BeKTODHOH JliHH{ BEKTOpDHOro n0Ad
a=a(M), TO ypaBHCHUsS BEKTOPHbLIX JHHHA ONPENSIRIOTCH H3 CUCTCMbI
AuddepeHHalbHbIX ypaBHEHHH:

dx _ dy  dz (15.9)
P Q R~

MOpumep 1. Haiitu BexkTOPHYIO JIMHHIO BEKTOPHOTO MO aM) =
= —yi + xj + bk, npoxoasuyw uepes touxy Mo(l, 0, 0}

» Ha ocuoBahuu dopmyas (15.9) nosyuaem cuctemy AudpepeHud-
anpHbIX ypaBHeliHi

Peuraem ee:

d
= = Y i ydy =0, ¥+ 4 = C

Wik, B NapaMeTpHYECKOM BHIE, X = Cicost, y= C, sint;

ﬂ ﬁﬁ_CICOSldt
x b ' b~ Cicost’

dz = bdt, z = bt 4+ Co.

TaK KaK BEKTOPHAS JHMHHSA JOJKHA GPOXOAHTDL YCPE3 TCUKY My(l, 0, 0),
TO Nerko HAXOAMM, uTO MOCTOsIHHbie wuHTerpupoBahus Cy=1, C.=0.
YpaBHeHNUA BEKTOPHOH JIMHHH BEKTODHOrO Noas a = a(M) vmeroT BHIL X =
=cos {, y==sin t, z==>bt (BUHTOBas JHuhH:).

BekropHoe MoJ€, NOPOXKAEHHOE rPajMeHTOM CKaJsipHOro moss u(M)y=
=f(x, y, 2) (wm z(M)=/{x, y)), HasmBaeTCA nOACH epaduenta. Co-
rAacHo CBOHCTBY 3 TrpajueHTa, BeKTOpHble JHHUW grad u(M) (nmm
grad z(M)) — 570 KpUBbie, BJoMb KOTOPBIX dyHkuMa #==[(x, y, 2} (41u
z = [(x, y)) maxkcHmanbLHO Bo3pacTaer (yObiBaer) 3TH AdUUYM Bcerjga opro-
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FOHANLHLI K MOBEPXHOCTAM (WJH JIHHHSIM) YPOBHS CKalsApHOrO noas u(M)
(uu 2(M)).
OnddepeHunansibie ypaBHeHns 451 ONpeeNeHHst BeKTOPHBIX JIH-
Huit grad u(M) umeior Bug
dx dy dz

= = . 15.10
uy uy uh ( )

>

Mpumep 2. Haiéith BekTopHbie AuHuM nods grad u, ecan u=(x*+
+y° 427/

» Coranacno onpenenennio (15.8), grad u = xi + yi + zk, a u3 popmyn
(15.10) caegyer, 4To BeKTOPHbLIE JHMHHH 3TOrO HOJS YAOBJETBOPAIOT CH-
creMe auddepeHynaiLHbIX ypaBHenHil

dr _ dy _ d

X Y z
Haxoaum peluenus 3Toil cucTeMbl:

dx dy
— :_yi’ Infyl =1Inlx| +In Ci, y= Cix,

%: d—;‘ Infzl =Inlx| 4 1n Cy 2= Cox.

[MonyseHtbie peweHusn y= Cix, 2= Cox MOXHO npeacTaBuTh B Bujge

x Y z
T = ¢, = ¢ T ¢ BEeKTOpHue JHHuM 3anaHnoro noas grad u(M) npen-
i 2

CTaBJSIOT COGOH COBOKYNHOCTbL MPSAMBIX, [NPOXONSAILHX Yyepes Hadalo Ko-
OPAHHAT H OPTOTOHANLHBIX MHOXECTBY NOBEPXHOCTell ypOBHA x2+y2+
+ 2% = 2C (cQepnl) aaHHOH DyHKuHH. q

A3-15.2

1. 3anncatb ypaBHeHHs 1 TOCTPOUTB NOBEPXHOCTH YPOBHS
CKaJISIPHBIX MTOJIEH, ONPeeieMbiX CeAYIOLUMA (yHKIHSAMH:
a) u = arccos ; 6) u=In(x"+4y*+ 2%,
Vi 4y
2 2
B) u=z/(x"+y°)

2. TlocTponTb MMHMKM yPOBHS MJIOCKOTO CKAJASIPHOTO OIS
z=xy.

3. Hai#iTm rpaament cka/sipHOro noas 4 =c-r, rge ¢ —
MOCTOSIHHBIH BEKTOP; r — pajnyc-BeKTOp Toukn M(x, y, 2).
3anucaTb ypaBHeHHe NOBEpPXHOCTEH YPOBHS 3TOr0 NoJsi H
BLISICHUTL HMX DPacro/io’keHHe OTHOCHTEJILHO BeKTopa C.

4. Haiitn nmpousBoxnyio ckassipaoro noas u = x? 4 y? —

—Vx%+ 2% B TOukKe M(—3, O,.4) B HallpaBJeHHH HOpPMAaJH
k nosepxnocrn 2x° -+ 12x 4 54 + 2 — 32 — 58 = 0, obpa-
ylolle ocTpelii yroa ¢ ocwio Oz. (Orger: —4/5.)
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5. HaiiTu BeKTOpHble JHHHH BeKTopHoro moas a(M)=
= wyi+ oxj, e o€R, 0z#0. (Orser: 21—y =C,
Z = CQ)

6. HaiiTH BexTOpHLIE JIHHHH BEKTOPHOro MOJIs, €CJH!

a) a(M)=5xi+ 10yj; 6) a(M)=4zj— 9yk.

(Otger: a) x*=Cyy, 2= Cy; 6) 9y? + 422 = Cji, x=C,.)

7. Haiitn Bextopubie aunud noas gradu, ecan u=
= x2—2y—+ 2% (Orger: x=Cie ¥, z=Cre™".)

CamocTosteabHasa paGora

1. 1. HaitTh BeKTOpHbIE JHHHH BeKTOPHOro nojs a(M)
= (x +y)i — xj — xk. (Orser: P+ =0C y—2z2
=Cy.)

2. BbluMCcaHTL  KOOPAMHATBLI  €JHHUUYHOrO — BEKTOPA,
nepueHARKYASIPHOrO K MOBEPXHOCTH 2 == x> +y* B TOUKE
Mo(—1, 1, 2) n o6pasyiouiero ¢ ocsio Oy octpbift yroa. (O71-
ger: (—2/3, 2/3, —1/3).)

2. 1. Haiiti BekTopHbIE JHHHHM Toas gradu, ecan U=
=x+ 4. (OTBeT.' x:%lny—{— C, z= CQ.)

2. BLIUHCINTL KOOPAMHATH EAHHHUHOro BeKTopa n°,
neprueHAMUKYJISIPHOro K TNOBEPXHOCTSIM yPOBHS CKaJlsipHOTO
noaisi 4 = 2x — 3y + 6z — 5 n o6pasyiouiero ¢ ocsio Oz Tynoi
yroa. (Oreer: n°=(—2/3, 3/7, —6/7).)

3. 1. HaiiTn BekTOpHBIE JMHHH BEKTOPHOTO noas a(M)=
— 9xi + 82k. (Orser: z=Cix*, y=Cs.)

2. 3amucaTh eAMHHYHBIE BEKTOp n°, OpPTOroHaJ/IbHBIA K

NOBEPXHOCTAM YPOBHS CKaJsipHOro NoJs U = x4 yQ -+

+ 2244, (Oreer: w0 =(x ¥+ + 2, y/NC '+ 2,
N+ + 7))

15.3. MOBEPXHOCTHBIE UHTETPAJIbI

[lyers f(x, ¥, 2)3" HenpepbiBHAasA QyHKUMS B TOUKaX HEeKOTOpPO#H r1aaKoi
nosepxuoctH S € R°. C 1noMouwbi0 KyCOUHO-TIaiKHX JUHUi pa3ofbeM M0~
BEPXHOCTb S Ha N SJEMEHTapHBIX [UIOW Aok S, MAOILaLH KOTOPLIX ofo3Ha-
uum uepes AS; (i = 1, n), a anamerpsi — uepes & S, Ha Kax a0l niolnajgke
Si BrffepeM NpoH3BOIbHYIO TOUKY Mi(xi, Yi Zi), BBIYHCAHM [(Xi, Y 2) 1 cO-
CTaBUM HHTErPaJ/bHYi0 CyMMY

n
ln= E f'(x,-, Yi, ZI)AS,'.
i=1

233



Toraa cywectsyer npegen stoit HHTETPAIbHON CyMMbl, KOTOPBI Ha3biBAaCTCH
NDBEPXHOCTHLIM UHTE2PAAOM neP8oeo poda oF dhyHKIKK [(x, y, 2) no uosepx-
HoctH S u oGoznavaercs

n

g/”(,\‘, y, z)dS:ngxlO [El[(x,, Yo 2)AS. (15.11)

TlosepxuocTHbte unterpass: nepsoro poaa o6/naaaldT CBOHCTBaMH .Tu-
HeHAHOCTH, AAAMTHBHOCTH, [N HHX CnpaBejadBa TeopemMa O cCpedHeM, HX
BWIHAHHA HE 3aBHCHT OT BHIGOpPA CTOPOHBI NOBEPXHOCTH.

QuesuaHo, 4to uHTErpan SSdS paBed MJIoUlaau fOBEPXHOCTH, a SS&(x,

s S

Y. 2)dS, rae 8(x, y, 2) — [IOBEPXHOCTHASA NVIOTHOCTb MOBEPXHOCTH S, — Macce
oBepXHOCTH S.

- Ecau npoekunss D nosepxuocTH S Ha mAOCKOCT Oxy oOnoanauna,
T. €. BCAKaa NpaMan, napajienbHas ocu Oz, nepecekaer NOBEPXHOCTL S
MHtib B OAHOH TOYKE, TO MOBEPXHOCTH MOMHO 327aTh ypaBHeHueM 2 =
= F(x, y) u cnpaBeaauso pasexcrso, ¢ NOMOWbIO KOTOPOrO BLIYHCIEHUE
fIOBEPXHOCTHOTO MHTErpAia MEPBOro POAA CBOAUTCH K BBIMUCACHHIO ABOHHOM®
vurerpaJa:

§7te. 0. 9ds = §ite, o) Fe, o) VI + (FOF - (Fdxdy. (15.12)
D

Mpumep 1. Boncants ¥ + 42 dS, rae S — uacrs KOHHUeCKOi!
s

noBepxHOCTH x° 4 y? = 22 pacrosnomennas MEH Y MVIOCKOCTAMH 2 =0 H
z2=2.

» U3 ypaBHeHHRt NaHHOH MOBEPXHOCTH HAKOAHM, YTO AAs paccMaTtpu-

BaeMO§l ee YaCTH 2 == +y’u 1IpoeKLHeil ee HAa NJOCKOCTb Oxy sBasertca
kpyr x° 4 y* << 4. Tax kak

Fo= s/ \NE 1 0% Fp=ynNe o,

T0 13 dopmyan (15.12) nonyunm

—_ — 2 2
SS V¥t +y7ds =SS Vet 1+ 5 j; I dxdy =
X Yy

S s
= \/588 V& + fdrdy — ;fg:’;;’ = VESS p dpdg =
D D
2n 2
8 162
=\/2‘Sdrpgp2dp:\/2‘-2n-?= 3\/‘7:.
0 b

CropoHa raagkoit tiosepxuoctd S, wua KaM10i TOYKH KOTOPO# BoOC-
CTaBJeH BEKTOD HOPMAnH N, HA3BIBACTCH NOAOKUTEAbHOL, a apyras ee
CTopoHa (ecnr ona cyiecrmyer) — orpuyareasrod. Ecau, B yactHOCTH,
NOBEPXHOCTh S ABAACTCA 3aMKHYTOH M orpaHHuMBaeT HEKOTOPYIO 06J414CTh
Ipoctpancrsa V, T0 noaokKuteabHoOl Hau suewined CTOPOHOL NOBEPXNOCTU
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HA3LIBACTCH Ta ce CTOPOHA, HOPMAbHLIE BEKTOPH KOTOPONl HaNDaB.CHik
o7 06aacTi V, a4 OTPULATEALHOH WM 8RYTPEHHCE — CTOPOHA, HOPMANLULIC
BeKTOPHl KOTOPOH HallpapJenb B 061aCTh V. TloBepXxHOCTb, Y KOTOPOH Cy-
WCCTBYIOT TNOJOMKHICIbHAA (RHEUHHssA) W oTpuuareannasn (BHYTpCHUSIA)
CTOpPOHBI, HA3bIBACTCH deyxcropornel. JIBYXCTOPOHHHE TIOBEPXHOCTH Xapak-
TepH3YIOTCA CACAYIOULEM CBOfICTBOM: €C/iH OCHOBAaHie BCKTOPA HOpMAan n

Puc. 154 Puc. 155

HETIPEPLIBHO NEPEMENLATH N0 TI060MY 3aMKHYTOMY KOUTYPY L, aexkanylo na
TaKoll MOBEPXHOCTH, TO MPH BO3BPAEIMH B HCXOLUYIO TOUKY Hanmpapaelnc
N COBNanCcT € HeXOAHbIM (pHC. 15.4). JABYXCTOPOHHHMH TOBEPXHOCTAMMU
ABASIOTCS TOCKOCTH, BCE NOBEPXHOCTH BTOPOro HOpAAK@, TOp M mHOrHE
Apyrue.

Tl OAHOCTOPOHIIMX NOBEPXHOCTEN yKasalpoe mepeMellenne HopMani
f 1pH BO3BpAULEHHH B MCXOAHYIO TOMKY DPHBOMNT K CGHTHHODMAal», T C.
K Bekropy —n. Kaaccudeckum npumepom OMIOCTOPOHHEHR  TOBEPXHOUTH
aBasiercs ancT Méouyca (puc. 15.5).

[osepxiocTs S ¢ BLIGDALHOA CTOPOHOI HA3BIBALTCSA OPUCHTUPOBAHHOIL.

Ecau 1oBepxHOCTL S 2apata ypiBHEHHCM z =[x, y), TO HOPMAALILIN
BCKTOP N, 06pazyiouiii ¢ ocbio Oz oCTPbIl Yroa Y, onpeicaneTes CACLYIOILHHM
obpasom: 1= {—fi, —Ji 1), 8 KOOpANIATbl €AHHHILOTO BEKTOPA HOpMadI
n° paglisl €70 HaNPaBAAIOLLIM KOCHHYCaM, T. €.

l]c:<ﬁ|fT;|, — “;l , ml/:(cosoc,cos B, cos ),

nl = V1 + 4y

Ecau mopepxnocTb S 3anaHa ypaBHeHHeM Fle, y, 2)=0, Jl0, 10

n® == +grad F/|grad Fl,

16 3HAK «--» Bepercs B caydae, KOLAa yrod y — OCTpbifl, & 3HAK «—»
B cayvae, Koraa y — Tynoil.

Mycrs B obaactu V€ R’ onpeaenena BekropHad ¢Qywkuua a = Pi--
4+ Qj+ Rk, rie P==Plx, y, 2), Q=Q(, Y, z), R= R(x, y, z) — dynruun,
HenpepliBHbie B obaacth V. [Jdance, nycrb S — HexoTOpas raajakas Nopcpx-
110CTh, JAexalliasy 8 00JacTH vV, ¢ Bblcpa}mo‘ﬂ H0OAOAKNUTCABHON CTOPOHGH,
T. €. BHOPaHHLIM HanpaBaeHueM Bekropa n°. PasoGeem HOBCPXIOCTD S upn-
HAAMEKAUUMH CH KYCOUHO-TAAKHMH JHIUSIME HA 3JACMCHTApHLIE AOULAAKI

S., naomaan koropuix AS, (i = 1, n), u BeiGepem B KakKA0H 13 HHX MPOH3BOMb-
uyio Toury M(%:, 4., ). Toraa CyuieCTBYeT lpeaed
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n

li 2 a(x, y, 2)-n°( g, 2)AS, 15.13
oam 220 e 2)-0°(0 g, 2) ( )

KOTOPBI HA3BIBACTCH MOBEPXHOCTHOLM UNTE2PAAOM 8T0p020 poda oT PyHKiH
A 110 MOBePXHOCTH S W 0Go3Hauaercs Sga *n°dS. Takum o6pasom, no onpe-
S

AeNEHHIO

SSa-n"dS: SS(Pcosa-{—Qcosﬁ-l—Rcos v)dS. (15.14)
) s

TTosepxuoctuble unTerpass BTOPOro poaa 06/aaaioT CBOHCTBAMH Ju-
HEHHOCTH H aAAHTHBHOCTH. [Ipu usmeHenHy CTOPOHBl NOBEPXHOCTH Ha NPo-
THBOMOJIOAHYIO, T. €. NpH 3amMene n° wa —n°, urerpaa (15.14) usmensier
3HaK.

Tak Kak cos adS = dydz, cos BdS = dzdx, cos ydS = dxdy, To wuu-
Terpas (15.14) mosuo 3anucate u 8 Buge

fJa-n°ds = {Pdydz + Qdxdz + Rdxdy. (15.15)
S S

Cnpageanisa caeayouas dopmyaa, croasyiasn BHIYHCICHHE HHTErpa.ia
(15.14) K BblMMCIeHHIO ABOIHOrO HHTerpaJa:

Sga -n°dS = Sga(x, Y, 2)-n(x, y, 2)dxdy, (15.16)
S D.

rae o6aacts D, asaseTcs mpoekuucii NoBEPXHOCTH S Ha m1ockocTh Oxy;
n = +grad(z — fs(x, y)); noeepxsocts S 3agaercs byHKuneil 2 = fi(x, y).
B aBoitnoM uuterpase EPEMEHRYIO 2 CllefyeT 3aMeHuTb Ha [3(x, y). ITpu-
BEAEM euie aBe QOPMYJEl, KOTODEIE MOMHO NPHMEHNTb 15 BLINHCICHHS
TIOBEPXHOCTHOrO HHTErpasia BTOPOro poja:

Sga -n°dS = Sga(x, Y, 2)-n(x, y, 2)dydz =
s

x

= Sga(x, Y, 2)-n{x, y, 2ydzdx, (15.17)
4

rae obaactd D, u D, — cooTRETCTReHHO MPOCKUHM MOBEPXHOCTH S ua
miockoctt Ozy u Oxz; nomepxuocts S 3agaercs PyurunaMy ¥ = fi(y, 2)
uy =[x, z). B goitnom HHTErpaJie no 06Jactu Dy caepyer g NOABIHTEr PaibL-
HOM BBIDAXKCHHH 3aAMEHHTDL X (PYHKLuel fi(y, 2) v npuusaTL N = +grad{x —
— (4, 2)), a B aBoithoM uuTerpase no Dy, — 3aMennts y dynxuned fo(x, 2)
H B3ATb N = 4 grad(y — f2(x, 2)). OrMeTuM, uro B BBIDAMEHUAX A1 N 3HAK
«+>» WIH < —» CTABHTCH B 3aBUCHMOCTH OT BHODaHHOH OpHeHTAUHH (CTO-
POHBI) MOBEPXHOCTH S.

Unterpane B npassix yacrsix dopmya (15.14) u (15.15) paccmarpu-
BAIOT KaK CyMmy TPeX HHTCIDAJOB, AT BRUMCACHHS KAMIOIO W3 KOTOPbIX
MOKHO [PHMEHUTb OAHY u3 popMya (15.16) uau (15.17),

Mpumep 2. Buoivucaute

[ = SS zdydz — dydzdx + 8x*dxdy,
s
rae S —uyactb mosepxuoctd z=x%+ y* 4 |, orcevemtoi LI0CKOCTLIO

2=2, ecH HOPMANb N K NOBEPKHOCTH S cocTamismer ¢ oceio 0z tynoi
yroa y.
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p C noMowipio TPaiHeHTa HAXOAMM BEKTOD HOPMaiu K Bei6paHHOM
cTopoHe aauuoil nosepxwocTH: n = (2x, 2y, — 1), Tak kak cos y << 0.

Mo yeaosuwo a = (z, —4y, 8x7), Ho3TOMY, coraacHo dopmynam (15.15),
(15.16), umeem (puc. 15.6):

/= \a-ndrdy = W2vz — 8y — 8x7)dxdy =

D, D,
= Wax(® + 5 + 1) — 8(" 4 v dxdy =
25

x=pcosq, 0<Cq=2n, dd

y=ypsing, 0<Lp< L, y = pdpdy ‘ -

= SS(Qp cos ¢ (p* + 1) — 8p")pdpdp =
D:
i 25 i
= {pdp | (20 cos g(p* + 1) — 8pY)dp = — { 167p°dp = —4n. <
0 0 0

X
Puc. 156

Mpumep 3. Boiuucante

I = SS xdydz + dxdz + xZ°dxdy,
S

rae S — BHelunAs cropoHa wactu coepb x° 4+ y? 4+ 2% =1, pacnosoxenHoi
B 1epBOM OKTauTe.

p Ecau 06030auiTh NPOEKIHH NOBEPXHOCTH S HA KOOPAHHATHbIE MIIO-
ckoctn Oyz, Oxz u Oxy ucpes Dy, Dy, n D. COOTBCTCTBEHHO, 2 AaHHbIH
pHTerpan | paccMaTpHBATL KAK CYMMy TDPeX WHTCrpafos:

I = \\xdydz, 1. = {[dxdz, 1,= \\x2dxdy,
S S s

AN 1CPBOIO U3 KoTopeix P = x, Q@ = R =0, ans BTOpPOrO Q=1,P=R=
= 0 1 and Tperbero P = Q =0, R = x2°, 10, IPHMEHHB K KaXK1OMy H3 HHX
dopmyay (15.16) nau (15.17), nonyuum

L= {1 — ¢ = 2dydz, .= W dxdz, 15 = et —x — y*)dxay.
Dy D, D,
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O6aactu Dy, D, u D. aBASIOTCA 4€TBEPTAMH KPYyTOB €AHHHUHOTO pa-
Aiyca, PacnoNOMEeHHbIMH B COOTBETCTBYIOILHX KOODAHHATHLIX MAOCKOCTAX,
nostomy uuterpan l» =8y =n/4 (naomanb ucTBepTH Kpyra). [das Bbi-
qucaeHust HHTerpanos [ u /3 nepeiizeM K nOAAPHLIM KOOPAHHATAM, OJOKUS
Yy=pcos ¢, z2=psin¢, dydz=pdpdy ana [\, x =pcos ¢, y=p sin g,
dxdy = pdpdg ans ;. B oboux cayuasx 0 << g <<n/2, 0<Cp <<, Toraa

n/2 { ,
‘ o | .
1|=SSV1—p’pdpd<P=—deg(l—v')””fz—d(l—p“):
O, 0 0
— n 3 ape |1 _ T
B AL P
n/2 1 se . . l
o, e e (e PN 2
b= S dq;Sprcosqa(i p)pdp—sul(plo (‘3 5 )L—- 5
0 o,
Cnegosare/bHO,
2 51 2
Hhth=gt+T =t <

Ecan S — samkuyTtasn raagxasn NOBepPXHOCTb, OIPAaHHYMBAIOWAN 00-
nacto V, H P=Plx, y, 2), Q=0Q(x, 4, 2. R=R(x, y, 2) — dyskuun,
HCOIPEPbiBHbIE BMECTE CO CBOHMM YACTHBIMH MPOH3BOAHLIMH MEPROrG NO-
pAzka B 3aMmkuyTtoii o6aactu V, 1o cnpaseasuBa ¢gopmysa Octpoepad-
cko2o — [laycca

SS Pdydz + Qdxdz + Rdxdy =
s

B oP  0Q  OR\ .
— SSS (W + o+ _a?) dxdydz (15.18)
v

WM B ADYrOM BUJE

SS(P cos a + Q cos B+ R cos y)dS =
s

—((((or 22 | oRYy,, .
B SSS (W ay + 52 ) dxdyz, (15.19
v

rie cosa, cosf}, cOSy-— HANpaBAAlnIME KOCHHYCHl BHEUIHEd HOpMaJsu
K 10BepXHOCTH S.

Dopmyna Ocrporpaackoro — aycca n03BoasieT yIPOCTHTL BhIYHCACHHC
MHO[MX HOBEPKHOCTHBIX HUTErpaJos.

Mpumep 4. Boiuwcauts

[ = SS (x +y)dydz + (y + 2)dxdz 4 (2 + x)dxdy.

ectd S — BHEWHAA CTODOHA TMOBEPXHOCTH TEAA, OrPAHHMEHHOro MAOCKO-
cramu x =0, y=0, 2=0, x4 2y + 32 = 6.
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» M3 popmyan (15.18) caeayer, yTto
1=\l + 1 4 Daxdydz = 3 (|| dxdydz = 18,
v Vv

TaKk KakK [oc/cAnui  TPO#AHOM HHTerpaa paBedH ob6bemy - Te1pasapa
(pnc. 15.7). «

A3-15.3

1. BbluucauTh NOBepPXHOCTHLIH HMHTErpaJ MepBoro poaa
{Vx'+y°dS, ecam S-—uacTb TOBEPXHOCTH  KoHyca

[

[ @

2
2
s + 75 = g » PACTONOMEHHAT MEMJy MIOCKOCTAMU 2 = 0
n z=3. (Orser: 1607/3.)
2. BoluMCAUTL TOBEPXHOCTHLIH HHTErpaJj mnepeory poaa
SS xyzds, rae S — uacTp mIoCKocTH X 4y + 2 =1, nexamas
S i

B nepBoM okranre. ( Orger: \/5/120.)

3. Buiumcanth Maccy noaycoepn 2z =14 — x* — >,
ecu TIOBEPXHOCTHasl IJIOTHOCTH B KaXJoit ee Toukeé § =
2
= x"y% (Orser: 128r/15.)

4, Bouucaute Maccy mnoaycdepbl 2z =1/a’ — x° — g,

ec/iM TOBEPXHOCTHASI MJOTHOCTb B KaXKJoi ee Touke § =
2
=x* 4+ y>. (Orser: 4na'/3.)
5. BbluvcauTb NOBEPXHOCTHBLIR MHTErpas BTOPOro pola
SS xdydz + ydxdz + zdxdy,
S

ecan S — BepXHSil UACTH MOBEPXHOCTH X 42y 4 2 —6=:0,
pacnoJjioxkenHast B nepBom okraHre. (Orger: 54.)
6. Boluncauts

W (x 4 v)dydz + (y — x)dxdz + (z — 2)dxdy,

S



eC/lH S — uacTb NOBEPXHOCTH KoHyca x° - Yy —z2=0, or-
cexaemas MIOCKOCTAMM 2==0 u z = |, HopmaJL K KoTOpoit
o6pasyer Tynofl yroa ¢ ocwio Oz. (Oraer: 8n/3.)

7. Boiuucautn

W xdydz + Zdxdy,

N

“ecan S — BHewHsAA cTopoHa chepwt x* + y? 4 22 = 1. (Orger:
32r/15.)
8. Buruucsautn

SS xdydz + ydxdz + zdxdy,

S

€C/IH S — BHEWHAA CTOPOHA LuAuHApa x° + y> = R? ¢ ocHo-
BaHuaMM 2=0 u z= . (Orger: 3nR*H.)

9. JlokasaTn, 4TO 0GBEM Teid, OrpaHHUEHHOTO HOBEpX-
HOCTLIO S,

U= % SS xdydz + ydxdz + zdxdy,
S

rA€ S — BHEIHSIS CTOPOHA NOBEPXHOCTH S.
10. Buoiuucaurs

SS yzdxdy + xzdydz + xydxdz,

S

€C/H S — BHEILUHsIA CTOPOHA NOBEPXHOCTH, pacnosoXeHHOH
B MEPBOM OKTaHTe W cOCToAleH M3 unaubapa x° 4 y? = R’

H IJIocKocTei x =0, y =0, 2 =0, z = A. < Orser: R2H3<%R +
nH

+5))
11. Borumcaurts

SS yzdxdy + xzdydz + xyd.dz,

S

€C/IH S — BHEIHAS CTOPOHA RHPAMMALI, TPAHAMMU KOTOpO#
AIBJAAIOTCS nockoet X =0, y=10, 2=0, x4+ y+z=1.
(Orsger: 1/8.)

Camocrositenbras paSora
1. Buiuneaurs SS (Y +22)dxdy, ecnu S — BepxHsisi yacTsb
S

nockoeTH 6x + 3y 422 =06, pacnojoxeHHas B HepPBOM
oktaute. (Oreger: 8/3.)
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2. BbruncauTtb SS xyzdS, ecau S — uacTb MNOBEPXHOCTH
N

napabosonaa z = x4+ y?, orcekaemas MJIOCKOCTbIO 2= I.
(Orser: 0.)
3. Bbluncauts

SS zdydz + (3y — x)dxdz — zdxdy,

S

eclM S — BHELIHsii 4YacTh NOBCPXHOCTH Teaa, OrPaHHueH-

A ) : ,
Horo mopepxHocTaMu z=0, X4y’ =1, z=x"+y’ +2
(Orser: Hm.)

15.4. MOTOK BEKTOPHOTIO MOJI YEPE3 NOBEPXHOCTD.
NAVBEPIEHUMS BEKTOPHOIO noJis

IMotokom sexroprozo noas a(M), M(x, y, z)€ S wepes nosepxuocts S
8 CTOpORY eOunuHO20 BeKTopa HOpMau n° = (COs a, c0s B, COS v) nosepx-
wocTu S Ha3blBAETCH MOBEPXHOCTHBIN WHTCrpan Broporo poia (15.14).

Ecau Bexrop a=(P, (, R) onpegeasicT BCKTOpHOE moje cKOpoCTeR
Texylleil HeCHHMaeMOH PKHIKOCTH, TO HUTErpaJ (15.14) pasen oGbemy
T KHAKOCTH, NPOTEKAIOUICH Uepe3 MOBepXHOCTL S B Halpap/eHHi HOPMAIH
n° 3a eaMHHLY BPEMEHH (B ITOM 3aKMOUACTCH QUINUCCKUL CMbICA UH-
reepana (15./14)), 1. e.

= {aM)- n°aS. ' (15.20)
S

Us qopmyan (15.20) sicno, uro {1 — ckaasmp, n ecan yrod g ==

:(a{\r|°)<n/2, 10 1> 0, ecan xe ¢ > n/2. 10 [1<C0, ecnu = n/2,
To [1=0.

[pH MameneHHH OPHEHTAUWH NOBEPXHOCTH 3HAK [l MmcHsieTcl Ha Npo-
THBOMONOMKHLI (BCACACTBHC CBOHCTB HOBEPXHOCTHLIX WHTCCPAJIOB BTOPOI v
poaa).

[lycte S — 3amKuyTas KyCOUHO-IJIA/K&A  ([10BEPXHOCTD, eMHHYiL
BeKTOp BHCMIHel Bopmaiu K Kotopoih n°. Toraa HOTOK Il Bextopa a =
= (P, Q, R) uepe3 noBepXHOCTL S MOXKHO BLIYHCAMTD C HOMOMNIBIO (BOpMYILI
Octporpaackoro —— Faycca (15.18):

B e 0P 0Q . OR\ .
= SS a-n°dS — SSS <W + 5+ F?) dvdydz.  (15.21)
S

Hycrb a(M) — noae cxopoctei HeesKuMaemoil auaroctH. Eean /1> 0,
10 43 Gopmyas (15.21) caeayer, 4TO H3 o6aacty V BelTekaer Goablle
KHAKOCTH, deM BTeKaeT. JTO O3HAWACT, 4TO BHYTPH obsiactu V umerores
UCTOHHMUKU, T. €. TOYKH, H3 KOTODBIX MKHAKOCTbL BHITEKACT. Ecan 1 <0, 10
w3 06aacTi V BHITCKAeT MeHblie XK i AKOCTH, 4eMm BTeKaeT B Hee. B stom cayuae
rOBOPAT, uT0 BHYTPH 06aacTH V MMEIOTCH CTOKu, T. € TOUKH, B KOTOpbIE
wuakocTs BrexaeT. [Ipn /T =0 B 06aactb V BrekaeT CTO/NBLKO Ke KHAKOCTH,
CKOJIbKO BHITEKaeT.

TMycrb B o6aacTu V 3a1aHO BEKTOpHOE noJe aM)y=(P, Q, R), rae
dyukian P(x, y, 2). Q, y, 2), R(x, y, 2) uMeOT 4acTHbie APOH3BOANLIE
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B Touke M(x, y, 2)€V no x, y, z coorBerctBenno. Torga Juseneenyuel
WIH  pacxodumocrelo 6extoproco noas a(M) B touke M, oGo3nauaemoil
div a(M), naseiBaetcss BeqnunHa, paBHas cymMe YKa3aHHBIX YaCTHBIX [P OH3-
BOANLIX, BblUMCACHHBIX B Touke M, T. €. 1o onpenencuuio

v 0P 9
div a(M) = (W 4 Tf 4 %';_) 'M. (15.22)

C.dpusnucckoii roukn spennst div a(M) XapaKTepU3yeT MAQTHOCTb UCTOYU-
HHKOB HJIE  CTOKOB BEKTOpHOTO n04a a(M) B touke M. Ecau div a(M)> 0,
10 Touka M Apagercs ucrounukom, ecau div a(M) << 0 — cTokom. B cayuae,
korna diva(M)=0, B touke M uer uu HCTOUHHKOB, HH CTOKOB.

Tlepedncanm ocuoplible cBOACTBA AuBCHreHwUiH BEKTOPHOTO MOAS:

1) div(a 4+ b) = div a + div b:

2) dive =0, ecany ¢ — n0CTOAHULLI BEKTOp;

3) div{fa)=fdiva{a-.gradf, rae [= f(x, 9, 2)— cranspnas
byHKILLS.

M3 Gopmyn (15.21) w (15.22) cacayer, uto

M= {a-n°ds = {[[div a(M)dxdydz, (15.23)
S Vv

T. €. norok Il gekroproeo noas a(M) uepes 3AMKHYTYIO NOBEPXHOCTL S 80
BHEWLHION ee CTOPOKY HUCACHRO PABen TPOHHOMY URTeZPAAY OT dusepeeryuu
91020 nosrs no obaacru V, ozpanuuennoil nogepxnocToio S.

Mpumep 1. Briuucauts guBepreuiuio BEKTOpHOTO noas a(M) = (x* +
F i+ +2) i+ (22 + Ok B Touke Mo (i, —2, 3).

» Coranacuo dopmyae (15.22),

. -opP 0 0
dlva(M):W-l—?%-k?f—:Qxﬁ—Qyﬁ—Qz.

B rouxke Mo umeem div a(Me) =4 > 0, 1. e. Touka M, sBAsieTess ucTou-
HHKOM noas. «

Mipumep 2. BoiuncanTs N0TOK BEKTOPHOTO 11015 @ = xi — 2yj + zk uepes
BEPXHIOD HACTh UMOCKOCTH X + 2y + 3z — 6 = 0, pacnosioxKennoii B nepaom
OKTaHTe.

1 2
» M3 ypasuenns naockoctir Haxoaum z = 2 — EI 5 Y Hopmaans-

HbIM BEKTOPOM K 3TO# IIOCKOCTH, COCTAB/SIOLULEM OCTPBLi yroa ¢ oceio Oz,
aBasercs n = (1/3, 2/3, 1). Torna u3 popmya (15.20) u (15.16) caeayet, uto

M= {{a.n°dS= {{a.ndvdy —
N D,

= SS —l— (x — 4y + 32)dxdy = T’SS (6 — 6y)dxdy =

D D,
3 6—2y 3
=2{dy § (1 —gax=2(1—y)(6 — 2)dy =
0 0 0
0
=2{(2¢° — 8y + 6)dy = 36. 4
0
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Mpumep 3. BetuucauTb NOTOK BEKTOPHOrO Nonf a(M)=x22i+yx“'j +
+ 2y*k uepea MOBEPXHOCTL Wapa x4y 42 =a’ Bo BlEWHIOW ero CTo-
POHY.

p Tax xak aanHas MOBEPXHOCTb — 3aMKHYTasd, TO IMOTOK [T Bekrop-
Horo Mosist a(M) uepe3 MOBEPXHOCTL WaPa BO BHEUHION CTOPOHY HAXOANM
no dopmyae (15.23):

= {a-n°ds = {\{div a(M) dxdydz =
S v
= Sgg(zz 4+ x* 4 yhydxdydz.
v

IR BLIYUCACHUA MOIYUEHHOTO TPOHHOTO HUTCFpana nepeijgem K cde-

pHUECKHM KOOPAMHATAM RO (opmyaam:
x=psin§ cos g, y =psin O sin ¢, z=pcos 9;

dxdydz = p* sin 0dpdedd, 0 < p < a, 02, 0K

Torna

9a

a n
= SSS ' sin Odpdd? = S l’ltl[)g sin 0d0 S dy = 4nra' <
5
0 0

[t}

4

Npumep 4. Huirry 1oTok /1 3AEKTPOCTATHHECKOID HOAS TOMEYHOrO
aapdAda g, HOMEIEHHOTO B LEHTp chepbl Sy 4+ =R

B LisBecTHO, 4TO MoAe TOMEYHOrO 3apAaa 3a4a€TCH BEKTOPOM Hanpi-
wennoctd E = gr/lr}®, rae r==xi 4 yj 4 zk. Haxogum uanpasasiouue
KOCHHYCHI BEKTOpA HOpMann K cfepe x° -+ g+ =R

n® =n/inl, n=(2x, 2y, 22)

Inl = Vax? + 4¢° + 42" = 2R, n" =(x/R, y/R, 2/R),

. e. cos o =x/R, cos p=y/R, cosy=2z/R. [lostomy Ha cepe

i ) q . . L 72 z
E-n’ =(g/Irl >(r-n‘>=—RT(x-+w+zk>-(7-+71+7k) -

q
— —— = —— = const.
R’ R R* R R °
CaeaosartedibHO,
n— E~n"d5=88_f’—,d5=i_4n/e‘—‘=4n. <
SS R R 4
S

Mpumep 5. Halite NOTOK BEKTOPHOro moad a(M) = xi + yj + 2k uepes
MOBEPXKHOCTb NPAMOTO HHIAHHAPA S paauycom R H Buicoroit H, oCb KOTOPOro
cosnapaer ¢ ocbio Oz, a HHXKHEE OCHOBALKC HAXOAHTCH B MJOCKOCTH Oxy.
HopmaJb HaUpas/ieHa BO BHEUIMIOWD CTOPONY UMAHHADPA.

p Kax Bualo u3 pHC 15.8, aas GOKOBOH NOBepXUOCTH uWIHlIApa
S, cnpaBeaNMBO PAaBEHCTBO a-n =upyga=R Ha sepxHem OCHOBAHHH

pusmtapa S umeem a-nd=npwa=~H, a Ha HIKHEM €ro OCHOBaHiu
5; — a-n$ = 0. ITostomy
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= {a-n%S= {{a-nfds + SSa nddS + {fa-njds =

N M Sy
= § Ras + ([ HdS + {0dS = R 22RH + HAR* = 30R*H.
S S, Ss
2 0 BblunceHusi MOXKHO 3HAUHTEBHO
n; COKpPaTHTbL, BOCIOJb30BaBIINHCL (POP-
o — mynofi  Ocrporpanckoro - [aycca
HE= (15.18). Tak kak ofbem UHAHHApA
S —
T :SSS dxdydz = nR*H,
T '
S I P:hﬁ‘ nMeem
L./ ’/?7 2N A o ,
DA =141 4 1)dxdydz=37R*H. <
LS R y v
“
n3
X
Puec 158
A3-154

1. Boiuucauts AWBEPreHLMIo BEKTOPHOrO noJs aM)=

= (xy + 2 i+ (yz + ¥ j + (z2x + y*) k B Touke M(1, 3, —5).
(Orger: —1.)

2. BbluucaHTb NOTOK BeKTOpHOro nois a(M)=(x —
—32)i+(x+2y+2)j+ (4x + y)k uyepe3 BepxHIOW YacTb
MJIOCKOCTH X 4= i 4 2 == 2, JIexKallylo B nepBoM okTaHTte. (O7-
ger: 26/3.)

3. BbluMcauTb NOTOK BEKTOPHOTO nojs a(M) = 2xi + yj +
2 2
+ 3zk yepe3 uYacTb MNOBEPXHOCTH 3JIMIICOHAA %— -+ % -+

22
+T€ =1, Jexauylo B NepBOM OKTAHTe, B HaNpaBJeHHH

BHeuIHelt Hopmaau. (Orger: 24m.)

4. Boluucauts MOTOK  BEKTOPHOTO  NOJIS aM) = (x —

—yi+x+yj+z ’k yepes nosepxnocrb UMJIHHADPHYECKOro
Tea, OrpaHHuyeHHOr0 MOBEPXHOCTAMU X ‘+yf=1, 2=0u
z=2, B HaupasJeHHu BHelHel Hopmasu. (OTger: —4m.)

5. [lokasatb, uto noTokK /1 paauyca-Bekropa r = xi 4 yj +
+ zk uepes BHEIIHIOIO CTOPOHY NMOBEPXHOCTH, OFPAHHUKBAIO-
wel rteqo V obbemoM v, paseH 3v.

6. Bbunc/auTbh AHBEPTEHUMIO BEKTOpPa HaNnpsiKeHHOCTH
maruutaoro noasa H =(2//r)(—yi + xj), coznasaemoro To-
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KoM [, MPOXOAALHM MO GecKOHeYHO AJMHHHOMY TMpPOBOAY.
(Orger: divH =0.)

7. HailiTu notok /I BeKTOpHOro no/ia a(M )—x i+yti+
-+ 2°k uepes nosepxHocTb wapa x> + y° + z° = R* B Hanpas-
JeHuu BHeluHeli HopMmaJu. (Orger: 12nR’ /5.)

8. Buuucaute notok [ BekTtopHoro mnoasa a(M)=
= 8xi + llyj -+ 172k 4yepe3 yacTb MAOCKOCTU X + 2y + 32 =
= |, pacnoJioXXKeHHOH B MepBOM OKTaHTe. HopmaJ/b cocTaB-
JsieT ocTphiii yroa ¢ ocbio Oz. (Orser: 1.)

9. Haiit notok /7 BekTopa a = xi — 2yj — zKk uepe3 3amk-
HYTYIO MOBEPXHOCTD S, orpaHuYeHHYIO OBEPXHOCTAMHU I —
—2z=x"4y% 2=0, B HaOpaBjeHuu BHeUIHeli HOPMaJu.
(Otger: —m.)

10. Halitu JIOTOK [T Bektopa a = x’i 4+ 2°j uepes uacTb
NMOBEPXHOCTH 2° =4 — x — y, JIeXKallyio B MEPBOM OKTaHTe,
1 YaCTH KOOPAHHATHBIX IJIOCKOCTEHR, OTCeKaeMbiX 3TOH nosepx-

HOCTbIO, B HAalpaBJ/ieHHH BHellHel HopMaJi. (Omer 19— 105 )

CamocroatenbHas pabora

l. 1. Hamu auBeprenuuio noas grad u, ecan u = In (x> +
+ '+ 2%).

2. BbiyneauTs mOTOK /] BEKTOPHOro moJs a(M)=
= xi + 3yj + 22k uepe3 BepXHIOIO 4acTb MJIOCKOCTH X 4 ¥y -+
+z—l pachoJsioXKeHHYl0 B TepBoM oKTaHTe. (Ortser: 1.)

2. Halitii [quBepreHuuio BeKTOpPHOro moJasa a(M)=
_xy|+xyj+z3k B Touke M(1, —1, 3).
Bbruuc/uTh MOTOK BEKTOPHOTO Jioas a(M)=3xi —
— yj — zk yepes nosepxHocTH 9 — z =x* 4 %, x =0, y =0,
z =10, orpaHuuYuBalOLll€e HEKOTOpOe TeJl0, B HalpaB/leHUH
BHellHel HopMasu. (Orger: 8ln/8.)

3. 1. Hafitu div(grad~/x* + 4> + 2°).

2. Hatitu noTok BekTopHoro nouasi a(M)=2xi+ zk B
HamnpaBJeHuU BHellHelh HopMaJu K K IOBEPXHOCTH TeJa, OrpaHy-
UEHHOro moBepXHOCTAMH 2= 3x’ + 2y, x* 4+ y* =4, z=0.
(Orser: 20.)

15.5. UHPKYJISILLHS BEKTOPHOIO TMOJ4.
POTOP BEKTOPHOIO NoJ4

[lycts I' — 3aMKHyTas KycouHO-r1afKasi KpHBas B MPOCTpaHCTBE
R® u S — rnagkas noeepxnOCTb, KpaeMm KoTopofl ciyxuT kpuas ' 3a
noaoxurensroe Hanpasierue ob6xoda xpuBoii I' npusuMaeTcs TaKoe Ha-
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npasjienke, INpH KOTOPOM 00.1acTh, OrpaHuueHHast 3TOR KpuBoll, Gyner
0CTaBaTbCH C/1eBa HAa NOJOKMTENBHON CTOPOHE NOBEPXHOCTH S, T. C. Ha
CTOPOHE, W3 TOYEK KOTOPOH BOCCTABJAEH CANHHYHDLIL BEKTOp HopMmajn n’'=
=(cos o, cos fi, cos y)} nosepxwocti S. IlycTb, jasee, B OKPECTHOCTH 110-
Bepxnocth S 3anan Bektop a = (P, Q, R), KOOPAHHATHL KOToporo P, Q, R

Puec 159 Pue. 1510

ABASIOTCS HeNpepblBHLIMM PYHKUHAMY OT X, Y, 2 BMECTE CO CBOHMM ncp-
BbiMH uYacTHbIMH nponssoansiMu. Torna umeer Mecro @opmyra Croxcu,
CBA3LIBAIOWLAA KPHBOJHHEHNbLIH H 110BCPXHOCTHBIN uuTerpaas (puc, 15.9):

§ Pdx + Qdy + Rdz =
T

S [(C S BT
S

aQ  oP \
— = 15.24
+< o dy)cos y)dS, ( )

rae Hanpabjiende 00xOfa No 3aMKHyTOH Kpusoi I° BuléMpacTcsi MoJoHM-
TeStBIbIM.

Qopmyna Fprna (14.14) siBasieTcs yacTHEIM cayuaeM popmysas CTOK-
ca, Koraa spueas I” u nosepxynocts S aexkar B ML1ockocTh Oxy.

Ormernym, uro ¢opmyaa Croxca (15.24) cnpabegiuBa aiasi Mo6oit
NOBCPXHOCTH S, ecin ee MOXKHO pa3liTh Ha YaCTH, yPUBHEHHS KOTOPLIX
HMeloT Bia 2 == [(x, y).

Mpumep 1. Boruncantes

=& @ —xde + (& — ) dy + ¢ — 2% dz
4

no xonrypy x'+y’422=38, x4+ y'=2z, z>0, «npoberacMomy»
10 XOAY YACOBOH CTPeNKM € TOUKH 3PCHUA HabjiopaTtessi, HaXOASLLEroCs
B nauaJse koopAuHar O.

» Kouryp uuterpupoBanns ' — oxpyxuocts x° - y? =4, nemainas
B INIOCKOCTH 2 = 2, nojyucunasi B pe3yJbTare Nepeceuenus cdepn x° 4
+y* 4+ 22 =8 ¢ konycom x* 4 y® = 2% (puc. 15.10). B xauecTBe nobepx-
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HoCTH S BO3BMEN ,KPyr C KpaeM U: 24 y? <4, 2=2. [lanee, P=2"—
—3, Q=x" -y, R=y" =2,
OR o0Q orP OR 9 aQ orP

= = —_— = —_— e — =24

dy 0z © 0z Ox T oox dy

Torna 8 coorBerctBun ¢ ¢opmysoit CTokca u ycjaoBHEM 3ajadd BO3bMeM
n’ =(0, 0, 1) (3rum obecneynBaeTCs [IONOKHTENbHOE HANpPABJEHHE ABIKE-
ua no ' (em. puc. 15.10)). HMmeem

x=p cos ¢, dxdy = pdpdg,
= 2 = =
! SS xdxdy ly=psincp,()<(p<2n,0<p<2

D
2n 2
=2 { cos gag | p’dp=0. «
o 0

Ecam 3agauo- BekTopuoe node a(M)=(P, Q, R)  HEKOTODasA Jamuuy- - -

Tafl KycouHo-raaskas wpusas ' B npoctpaHcTBe R®, TO KpHBOAMHEAHBIN
uHTerpad

C= $a-1°di= § Pdx+ Qdy + Rdz (15.25)
U r
Ha3blBaeTCH yupiyaayueld sexroproeo noas a(M) Baoab koutypa I'. 3aeco
1" — eauHnuHBLA BEKTOp, HANMpaBAEHHbIA MO KacaTeabHoH K Kpusod ' 1t
yKa3biBalOWHi Hanpasaenue 06xola no KOHTYpY.

Ecan a — BekTOp cuabl, TO uupKyasuua (15.25) pasua paboTe 3Tof
cuiibl BAOAbL 3aMKHYTOH KpHBOH |

ﬂpuuep 2. BolUpcAuTb HHPKYJASiUMIO BeKTopHoro noas a(M)=
= xi — 22%j + yk BaOAb auHuu I’ nepecedeHns UHAMHAPA /16 +y* /9 =
=1 ¢ mA0CKOCTBIO 2 = X + 2y + 2 B NOJOKHUTENbHOM uanpasneunn obxona
OTHOCHTENbHO HOPMAJAbHOrO BeKTOpa NJIOCKOCTH n—(—l —2, 1)

» [lapamerputeckne ypaBHEHMS UMAHHADA X 2/16 4+ y?/9 = | umetor
Bua x =4 cos f, y =23 sint. Torga napamMeTpHyeCKUMH YpaBHEHUAMH KDH-
Boit I' (saqmnca B MUIOCKOCTH CeyeHHs) OynyT x=4cosf, y=3sin/,
z=4cos {4 6sint+4 2. [TosToMy UHPKYAAUUA BEKTOPHOTO MOJST BAOJIb 3.~
JAHACA B MOAQXKHTEJNLHOM HANPaBieHHH 06X0/a BbUHCAACTCA N0 Qopmyse

2n
C = § xdx — 22%dy + ydz = | (4 cos t (—4 sin tdt) —
r r 0
—2(4cost+6sint 4 2 3costdt +3sint(—4sint46cost)dt) =
2n

= [ (—16cos tsin t —96 cos®t — 216 sin® ¢ cos t — 24 cos t —
0

— 288 cos? t sin t — 96 cos? t — 144 cos { sin t — 12 sin? ¢t 4
2
+ 18 cos ¢ sin #) dt = — § (96 cos® £ + 12 sin® /) dt =
0

2n 2n
= — {48(14cos2fydt —6 § (I —cos2t)= —48-21 —6-2n =
0

= —108x. 4
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Poropom unu euxpem eexroproeo noas a(My= (P, Q, R) nassiBaercs
BEKTOp

_ (IR _9Q\. (9P _OR\. /0Q 0P
rota(M)_(d_y—E?)HL<5;—5;),+<W @)k. (15.26)

Hcnoawaya nouatua potopa u uupkyasiunn, ¢popmynay Crokca (15.24)
MOXHO 3allMcaTh B BeKTOpHOH (opme:

C= da 1% = {[rota-ns, (15.27)
I S

T. €. YUpKyAAyus 6ekTopro2o noas a(M) sdore samknyrozo konrypa I
pasra noTtoky potopa 31020 nOAA Hepe3d Ai00yi0 2AQ0KYIO N0BEPXHOCTb
S, kpaem xoTopoii sigascrcs T'. Hanpasaenwe obxoma no ' u cropoua
NOBEPXHOCTH S ONHOBPEMEHHO HWJIM TIONOMHTENbHbIC, WIM OTpHUATEAbHbIE.

Hucano C{M) = up  rot a(M)

HA3LIBAETCA MAOTHOCTHIO YupKkyrayuu BEKTOpHOro mnoas a (M) B Ttouke M
B Hanpasaenun Bektopa n’. [110THOCTL AOCTHTAET MAKCHMyMa B Hampabie-
nun rot a(M) u pasha max C (M)= |rot a(M)|.

OTMETHM HEKOTOphie CBOHCTBA POTOPa BEKTOPHOTO Moas:

1) rot(a 4 by=rota 4 rotb;

2) rot c = 0 €CJH € ~— MOCTOAHHBIA BEKTOP;

3) rot (pay=¢rota - grad¢-a, rame ¢@(x, Yy, 2)— ckanspuas
dynkuua.

Ecan rota =0, o 370 CcBuAeTEAbCTBYET © BpalLeHMH BEKTOPHOrO
noss a{M).

Mpumep 3. Haiitu porop BekTOpa JuHeliHOH CcKOpocTH V= -r

(r=(x, y, 2), u)—(u)x, wy, ©;)) moGoli Toukn M(x, y, 2) npocTpancTBa.

p Hmeem
i i k
V=1wy 0y 0 |=(20;— y©,) i+ (X0, — 20,) j + (yo, — xo,) k.
£ y =z

[To onpenenenuio poropa Haxoaum
rot v = (20, 20, 20,)= 20. 4

ﬂpuMep 4. Bwluucauts UMPKYIALMIO BEKTOPHOTO noass a( (M)y=yi +
+ x*j — 2k no okpyxuocru I x Y41y =4, 2=23 B NONOKHTEJIBHOM Ha-
npaBjehun 06xola OTHOCHTEIbHO elHHHYHOro Bektopa k aByms cmocoGamu:
1) ucxons u3 onpenenenns uupkyasunn (15.25); 2) ¢ nomowsio nosepx-
HOCTHOrO uHTerpana, ucnoabaoBas ¢opmyay Crokca (15.27).

» 1. Tak xak npu Bospactanun napamerpa ¢ or 0 Ao 2n ABHKe-
HHE 110 OKPYXKBOCTH NPOUCXOAHT MPOTHB X0Ad YAaCOBOH CTPENKH OTHOCHTEJE-
HO ennHuuHoro Bektopa k= (0, 0, 1), T0 napamerpuueckue ypaBHeHus
opHeHTHpOBaHHO# Kpuboit I' mumelor Bug x=2cos{, y=2sint, z=3
(t€10; 2n)). Torna

C—:-(ﬁydx-{-x:'dy——zdz:
f

25
= SQSint(—‘Zsinldt)+4c052t"2costdt——3-0=
0
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2n 20 2n

=8 | cos’ tdt — 4 { sin?tat =8 § (1 —sin® ) d (sin 1) —
0 0 0
2n
—2 {(1 —cos 2t)dt = —4n.

0

2. B KauecTBe MoBepxHocTH S, Kpaem

KOTOpOii siBasercs Kpusas I, BO3bMewm z n°
kpyr 4+ <4, z=23 (pnc. 15.11).
Toraa n°=k. [Jlanee, rota=(2x— >,
— Dk n
c= {rota-n'aS = {{(2x — 1) dxdy = r
3 D
= {{(2p cos p — 1) pdpdg = Dk
D N
% 2 g Y
= { dg {(2p cos ¢~ ) pdp=
0 0 #
232
P = —4m.
=—on. L | =~ 4 Puc. 15.11

A3-15.5

1. Haiith poTop BEKTOPHOro MNoJs a(M)=xyzi+(x +
4y+2)j+ @42+ 2k 8 Touke M(I, —1, 2). (Orger:
rot a(M)= —3i—3j—k.)

2. C nomotubto ¢popmyJn Crokca npeoGpa3oBarhb HHTErpall

§(y* +20)dx+(* + 20 dy + (¥ + ) dz,

T

rae [' — 3aMKHYTHI KOHTYp, B MHTerpaji No NOBEPXHOCTH,
«HATAHYTOH» Ha 3TOT KOHTYD.

3. HaliTy LMPKyJSILHIO BEKTOPHOro M0J5 aM)=yi—
— 22zj + xk BROJb 3JJHICA, OéQPaSOBaHHOFO cedeHHEM OFHO-
MOJOCTHOrO rumepbosouna 2x° — Y+ 2> = R? nJ0CKOCTBIO
y = x. Pe3ynprar nposeputh € NOMOLLBIO dopmyanl Crokca.
(Oreer: =3aR’)

4. BbUHCAHTbL UHMPKYJSILHIO BEKTOPHOroc MNOASA aM)=
— zi + xj -+ vk Broab konTypa I x* 4y’ =4, =0 8 NoJO-
JKHTEJbHOM HanpabJeHhd 06X0l4a OTHOCHTEJNbHO OpTa n°=k
HENoC PeACTBEHHO H C NOMOULbIO (POpMY.Jibl Crokca. (Ortser:
4m.)
5. Halith 1UpKyAsilKIO BEKTOPHOrO TOJs aM)=z2"i +
4+ %+ y’k no ceuenmo cdeps x4y’ + 2> =R? nnoc-
KOCTbIO X + iy + 2 =R B M0JIOXHTEJIbHOM HaNpaBJeHHH 00-
xona oTHocuTelbHO Bektopa n = (1, 1, 1). (Oreer: 3nR'/2).
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6. HaiiTu uupkyssiuio BekTOpHOro noss a(M) =y +
+xyj +(* + ¢k no KOHTYDY, Bbipe3aeMOMy B mepBOM
OKTaHTe W3 mapaGosionna x° -+ y° = Rz niockocTsiMu x = 0,
y=0, 2= R B H0OJOXHTeJbHOM HafnpaBJ/ieHHH 00X0na OTHO-
CHTE/IbHO BHelHelH HOpMaJH MOBEPXHOCTH Napaboaona. (Or-
ser: R°/3.)

7. BblYMCIHTD UHPKYJISILHIO BEKTOPHOTO M05 aM)=
= 21/°i + x2%] + yx’k 10 KOHTYpY nepeceuenns na paBoJionga
x =y + 2% ¢ MI0CKOCTbIO ¥ = 9 B MOJIOXKHTENbHOM HarfpaBJe-
HHH O6XO/Aa OTHOCHTENbHO opTa n’ = i, (Orser: 7291n.)

8. BbIUHCAHTL UMPKYJSUMIO BEKTOPHOrO MoJst a(M2=
= —yi+2j+k mo amuuu I epeceyeHuss KoHyca x° -+
+y*—2>=0 ¢ nrockocTbio z=1 B IOJIOKHTEJABHOM Ha-
npasaeHun 06xoaa oTHOCHTeNbHO opTa n’=k. (Orser: )

CamocrontenbHas paGora

l. BbiuHCAHTbL LHPKYJALHIO BEKTOPHOrO noss a(Mg =
=yi — xj + zk Bgoab aunnu I nepecedenus cepoi x* + y* 4

+ 2" =4 c konycom \/x® - y? = 2 B HONOKHTENBHOM HafpaB:
JieHu 06x0Aa OTHOCHTEeNbHO opTa n’ = k.

2. Bol4MCAUTb UMPKYJSALHIO BEKTODHOro noja a(M)=
=yzi+ 2xzj + y’k no auHum T nepeceyeHust mogaycheps

2=25 —x* — 4 c uuaunApOM X% -+ y® = 16 B MONOKHTE -
HOM HalpaBJ/ieHHH 06Xx0aa OTHOCHTENbHO opTa n° = k.

3. BblUHCANTL UMPKyJALHIO BeKTOPHOro moJis a(M) =
=(x —y)i+ xj — zk Broab aunuy I’ nepeceyenys LUMAMHIAPA
x> 4 y* =1 ¢ nnockoeTvio 2 =2, ecan n® — k.

15.6. AP PEPEHUHUAJIbHBIE CNEPALLMH BTOPOIO NoPAAKA.
KIIACCU®UKALMSI BEKTOPHBIX TOJE#N

Audpdepenuunanvhbie onepauuu. Beeseruble Bbiue OCHOBHble MOHATHS
BEKTOPHOrO aHanH3a: TPajHEHT, AHBEPreHuusi, POTOP — yA0OHO OMHCHLIBATH
¢ noMouislo  auddepediinanbHOro onepartopa, KOTopblii 0603HadaeTcs
cumBosoM V  (unTaercs «Habaa»):

a a P
V=—it——ijt Lk
o (T it g
1 HasbiBaercs oneparopom amurvrona.
Buipasum ocuosubte auddepenunanbunie OflepaynK ¢ IOMOU(bLIO Onepa-
Topa V:
0

du du u
va(M):d—xi—i—?y—J—i——dz—k:gradu(M).
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oP _ 0Q _ O9R

. o= 21— divaM
v o-a(Mj Or 7y e div a(M),
i i k

aJ d
AV M=—=— - = M).
X aM) or Ty oz rot a(M)

P Q R

Oitepaliii HaXOKACHUSI TPAANCHTA, AUBEPrelUHH, POTOpa HA3LIBAIOTCA
OuphepenyuQabHoLMUL ONEpayUAMU 1epBOO nopsodxa.

[epeuncauM  OCHOBHBle  CBoficTBa Quippeperyuaiphoix  onepayuli
BTOLN20 NOPAOKA:

2 2 2
div grad wipy = 24 4 44 TH (M),
dx” iy dz-
I 2 0 2

e A= — + — + —5 = V-V =V~ Ha3bBaCTCH  ONepaTopor
’ ax” dy” dz
Janaaca; )

rot grad u(M)=(V - V)u(M)=20,

divrotaM)= Vv -(V Xa(M))=1

grad diva(M)= vV (V¥ -a(M)),
rot rot a(M) =V X (V X a(M)) = grad div a(M) — Aa(M).

CoseHoualibHoe BekTopHOe noje. BekTophoe none a(M) nasniBaeTcs
coaeroudarbHbLM i TpyOuareis B 0618CTH NPOCTPANCTBA V, eca B KaxXK 100
TOuKe 3ToH obnactH

div a(M) = 0.

Tax kak divrota(M)=0, to mnose poropa Jw0GOro BeKTOPHOrO
noas a(M) siBasieTcsi CONCHOHIANbLHDBIM.

ToToK COdeHOUAANBHOrO BEKTOPHOTO noasi a(M) B Hanpasnienny ero
BeKTOPHbBIX JIMHMIA uepe3 KaXkjoe CeueHle BEeKTOPHOIt TPyOKH, COrV1acso
gpopmyae Ocrporpanckoro — Faycca, oAME M TOT XKE. TpyGuaToe moJje He
MMeeT UCTOUHHKOB H CTOKOB.

IUis KaKAOrO COMEHOMAAABHOTQ Toasi a{M) cyuleCTByeT BEKTOpHOE
none b(M), raxoe, uto a(M)=rotb(M) Bexrop b(M) nasmBaercst 6eK-
TOPOM-NOTOHYUAAOM AAHHOrO NCId a{M).

MoTenuuanbhoe BeKTopHOe noje. BekrtopHoe none a(M)= (P, Q, R)
HA3LIBAETCS MOTEHYUAAbHoLM Wn Oe38uxpesbin B 0AHOCBA3HOH o6nacTh
npocrpauctea V, ecan B KaxJloit TOUKe 3TOl 00aacTH

rota (M)=0.

Corsiacho onpeieHHio PoTopa, HCOGXOAUMBIMU H AOCTATOUHBIMH yCIOBUAMH
moresunaabHocTH noas a(M)=(P, Q, R) sIBAAIOTCH PaBCHCTBA:
dR  0Q adP _ o0R 0Q _ dP (15.28)
dy dz ’ 0z dx ' dx dy -
Tak kak rot grad u(M)=0, To nofte rpaanchra Mo6oro CKansipHoro
nons u = u(x, y, z) — norenuuanbHoe. [aa roro uroGht note a(M) 6ui10 no-
TenuuadbHbiM B oGaactd V, Heo6XoauMO H A0CTATOMHO, yto6hbl CYLLECTBO-
Baja ABAKAb HenpepniBHO audeperuupyemasn ckajspran byHuns u = u(x,
y, ), Taxas, uto a = grad u(M), koTopaf Ha3uBaeTCH noreHyuaAbHOU PYHK-
yuceii (noreHyuasom) modts a(M).

251



Tak xax npu BuNONHEHHH yenosuit (15.28) xpusoanueiiubiit nHTerpan
BTOPOro poAa He 3aBUCHT OT AMHHH, COEAMHSAIOULEH TOUKH My u My, 10
At NOTCHUHANbHOrO NoAs a(M) = Pi + Qj + Rk cnpaseanusa dopmy.a s
HAXOXACHHA NOTEHUHANEHON (BYHKUHN:

ux, y, 2)=\ Pdx+ Qdy+Rdz + C, (15.29)
MM

rae Mo(xo, Yo, 2u) — HekoTOpas (ukcupoBaitias  Touka obaactn V.,
M(x, y, 2) —n06aa Ttouxka obaactn V: C — NPOHU3BOABHAA TOCTOSTHHAS.

U3 dopmyas (15.29) caeayer Gopmyna fJs BbIUUCTENUS KPHBOJHICE-
HOTO MHTerpana BTOPOrO pofia, He 3aBHCAULETO OT NMyTH HHTErpyHpoOBaHUA:

{ Pdx + Qdy + Rdz = u(B)— u(A), (15.30
AB

rae u(A) u w(B)— 3naueHus moTeHuMANA 4 B HauaABLHON A H KOHEUHOl
B Touxax nyru.

Fapmonuueckoe BekTopHOe noJe. Bekroproe none a(M), ynoaerBo-
psioutee 1ByM ycaosusam: div a(M) =0 u rot a(M) = 0, HaswiBaeTcs capmo-
Huseckun. TloTeHUMaN 4 TapMOHIUECKOro MMOAs  SIBASETCSH pelieHeM
ypasHenus Jlamraca

2 2 2
au=J8 0w 0w, (15.31)
ax* oy? 0z?

Gyukuna u=u(x, y, 2), yAoBAETBOPHIOWAS ypaBHeHuto Jlannaca
(15.31), ubI3bIBAETCA eapMOHUUeCKOLL.

Opumep 1. [loxasate, uro nore a(M)={(2xy + z)i 4 (X' —2¢)j +
=+ xK SBASETCA NOTCHUHAJBHEIM, HO He COJeHOHAadbHbiM. HafiTh noTet-
uUMan 4 JaHHOro ToJs.

b Hmeem: P=2xy + 2, Q=ux—2y, R==x. Toraa

i j k
J d a | . .
rotalM)=| = 3 oz |TO=0i+ (=D —
2y +2z X —2y x

—2x) k=0,
T. €. noje a(M) — norteuuuanbHoe.
Hagee umeem

a

. P aQ JOR
dlva_w +

dy+dz

=2 — 2400,

nostomy nose a(M) He sABasieTCs COACHOUAATBHBIM.
Corqacno dopmyae (15.29),

ulx, y, 2)= | (2 + 2) dx 4+ (x* — 2y) dy + xdz + C
MM

Tak xaxk dynkuuu P(x, y, 2), Q(x, y, 2), R(x, Y, 2) HelpepLIBHLI H HMEIOT
HElpepEIBHLIE 4aCTuble NPOK3BOJAHbIe BO BCeX TOUKaX MpocTpaHcrBa R,
TO B KauecTBC TO4YKH Mo(xo, Yo, 20) MOXHO B3ATH Hauano KOOpAHHAT
0@, 0, 0), a B kouecTBe M(x, y, 2) — TPOHU3BOJILHYIO TOYKY NPOCTpPAHCTBA.
Kak ormeuanock pauee, Kpusoanueiiubiit HHTErpa/s BTOPOro pojda He 3aBHCHT
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OT NOYTH HWHTCIPUPOBAHHSA, MO3TOMY €ro MOMHO BbLIYHCAWTbL [0 JoMahnoi

OABM (puc. 15.12): A A .
wX, Y, Zy= ) +C={ + | + | +C=
oM (0] AB BM

IOA: y=0,2=0,dy=0, dz=0, 0<Lx< X,
AB: x =X, 2=0, dx=0,dz=0. 0 <y <Y,

’BM: x=X y=Y, dx=0, dy=0, 0227

X Y
={0-dx 4 (X' — 29y dy + SXdZ:
0 [§] 0

Y ¥4 X7

Puc 1512

3amenus B nocseiHem paBehctBe X, Y, Z Ha X, y, 2, 3anilleM Bhipake-

HHEe Adtd noTeHUuana nodasd:
uly, y, 2)=x%y —y*+x24+C. <

ﬂpumep 2. Hpoaepmb SIBJIACTCS Jm NIOTEHUHAJBHBIM TOJe & = (yz —
—xy)i+4(xz —x 2/2 + yz~ ) i+ (xy + y°z) k, HaiiTi ero NOTEHIMAN U BLIYIC-
JHTH COOTBETCTBYIOULHH KpuBonnHengm MHTErpaJ BTOPOro pPoia NO JMHHUH,
I, )n B2, —2, 3)

coeauusioutell Toukn A(l
B YunrwiBad, uto P = yz — xy, Q=1xz—x"/2+y2%, R=xy+ y*2,
HaxoAHM
i i k
a a a
rot a(M)= b Ty 3 =

Xz — X /2 +yt  xy +y’z

yz — xy
+E—x—2z2+4+x)k=0.

=U+2z—x~—2y2yi+(y—yi
Cne,10BaTeano noJI¢ @ — MNOTEHIHAWbHOe H C}'U.lCCTByET noTeHuHadl (C’Vl

q;opMyJIy (15.29) n npumep 1)
wX, Y, Zy= | Pde+ Qdy + Rdz + C =

MM
X Y ) Z
:So.¢1x+s (—%)dy—;—S(xy—{-yzz)dz—i—C:
0 0 0

= —XY/2 4+ XYZ + Y?Z*/2 + C.
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3ameuns X, Y, Z ua x, y. 2, okoHuaTeanHo HOTYUHM

u=xyz: — x’y/2 + y*2%/2 + C.

Tak kax B woTenumansom ioae KPHUBOJHHCHHBIT HHTCrpaa BTOpPOro
PORA NnE 3ABMCHT OT {IyTH HHTErPHPOBAHUA, COCAMNSIOILETO TOUKH A B,
To, CorstacHo popmyde (15.30), smeem

S (yz —xyyde 4 (xz — ¥*/2 4 yz°) dy + by +y2dr =
AB

=u(B)—u(Ay=9. 4
Mpumep 3. [lokasats, 4to ¢yukuusn u = | /r, rae r = Vil - y* 4 22,

ABJARCTCH TAPMONKHUCCKOR H BeKTOpHOe fiode a(M) = grad u(M) — rapmo-
HitueckKoe.
» [lpexae scero cuenyer nposeputs, cupasesanso am AAR HAHHOW
; s > 2 B 2
Q))fnmmn ypasuenne Jlawaaca (15.31). Boiuscasem @ wfdx®, 0'ujfog,
d'u/0z° u Au:

Ju x  d'u [ n 3% du Y
dax IR r oy rr
’u 1 3y°
i =5
du z  u 1 " 32¢
oz gzt r' re

: gt 4 2t 3 3
Au=— "y 033
“ r’ + re r’ + I

CaenopatensHo, ypasuenne Jlannaca Ay =0 YAOB/JETBOPACTCH M AaH-
Han Qymukunn u = | /r — rapmounueckas.
Hanee naxonum

a(M) = grad u(M) = — r’*(xi 4 yj -+ 2k}.

Kak wussectno, rot a(M)= rot grad u(M) =0 aan moboit dyukumi
4, T €. 0QHO H3 YCJOBUIt B ONPCACNEHHN [APMOHHUECKOrD MOMS a{My
Boltoftiteno. [pyroe ycsiosue div a(M) =0 takxe BOUTOAUAETESA, NOCKOABLKY-

diva = div grad «(M) = Au(M) = 0. o

A3-15.6

I. Hokazate ¢ momouisio dopmyas Crokca, uto
@ yzdx + xzdy + xydz =0,
b

rae I' — nw060ii 3amkuyTubii kouTyp. Pesyaprar NPOBEPHTH
MyTE€M BbIYHCJAEHHA HHTErpajda MO KOHTYPY TPeyrobHHKa
ABC ¢ Bepuwnamu A(0, 0, 0), B(1,1,0), C(I, 1, 1).
2. Haiitn grad diva(M), ecan a(M)= x%i + 4% + 2°k.
3. Cpena Bpalaerca Kak TBepaOe Teqo BOKPYT ocu Oz ¢
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yrJI0BOii CKOPOCTBIO ‘= wk. Haiitu porop nous JIMHEI HbIX
CKOpOCTeli V == @ X T, IJ1e I — PajHyC-BeKTOP ABHIKYLEHCS
Toukn M(x, y, z). (Orser: 2wk.)

4. Haiiti nupky./siiuio nojsi ckopocteil V, ONHCAHHOro
B NIPE/bIAYLUEM 3aJaHHH, 0 OKPYXKHOCTH x° 4y = R? 2 =
B NIOJI0KHTENLHOM HanpasJeHHH 06xo/a OTHOCHTEJIbHO OpTd
k. (Oreer: 2nR*)
5. Jlokasatb, uto divrota(M)=0 aaa Jawboro nosas
a(M). : '

6. YcTaHOBHTbL NOTEHUHAJBLHOCTb Mosa a(M) W HalTH ero
MOTEHIHAT {, eCJH:

a) a(M)=2xyi+ (x* —2y2) j — y’k;

6) a(M)=(@x" —y’)i + (x* — 3x®) j;

B) alM)=(y+2)i+(x+2)j+(y+ xk
(Or6er: a) u=x"y — y’z+ C;6) u=xy — xy* + C;B) u =
=xy+yz+xz2+C.)

7. Tlposeputb, fIBJASIETCA JH TapMOHHUYECKON dyHKLUSA

u=Inr, ecan r=-x*+ y%
8. YcraHoBHTL nOTeHuHadbHoCTb noan a(M) W Haiitk
ero NoTeHUHA A U:

. y/z ‘ u/z
a) a(NI):eU"i+<Li‘*‘Jl+zeyz)j+(_ e <x22+1>u N
+ye e )k

6) a(M) = yzcos(xy)i + xzcos(xy)j + sin (xy)k
(Oreer: a) u=e""(x+ 1)+ —e*4+C;, 6) u=
=z sin (xy) 4+ C.)

9. Jlokasatb, uTo BeKTOpPHOC note a(M)= — ,VTP
r=xi+ yYj 4 2k, KoTopoe onHCHIBaET rpaBUTALHOHHOE MOJE,
Cco3JaBacMoOe TOUGUHOH Maccod m, NoMelWeHHOH B Hauyajo
KOOpAMHAT (Y — HbIOTOHOBCKAA TOCTOSIHHAsi TATOTeHHs ),
ABJSCTCA TaPMOHUUCCKUM (11OTEHUHAJIBHBIM H 6e3BHXPEBLIM ),
HalTH €ro NoTeHUHas # v y6eAHTLCS, UTO NOTEHUHad «
yAOBIETBOpsieT ypaBrenuto Jlannaca. (Orser: u =vym/|r|.)

lO Hoxkasarb, uro rot grad u(M)=0.

Hajitu noreuumnan u nons a(M)=(yz + )i+ xzj +
—{—xyk H BBIUHCJIHTH
(2, 3, 2}
S (yz 4+ 1)dx + xzdy + xydz.

(L L

(Oreer: u=x+ xyz+4 C; 12.)

r, rjge
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CamocrosiTenibian paGora

[TpoBeputh noTeHIMaNbHOCTL BeKTOPHOrO mnOJS a(M),
HalTH ero NoTeHUHAJ U BBIUMCAHTb 3HAUEHHEe COOTBOTCT BYIO-
Lo KPHBOJIMHEHHONO HHTErpata BTOPOro Poia Mo ayre Jiu-
Huu, coeaunsioweli touku A u B (A — Havano ayru, B —
ee Koneu)

L. a(M) = 2xyzi 4 x°zj + xyk, A(l, —1,2), B(—2,14, 2).
(Orser: 34.)

2. a(M)=(x" — 2y2) i 4+ (4> — 2x2) j 4 (2> — 2xy) , Al
—1, 1), B(—2, 2, 3). (Oreer: 92/3,)

3. a( )= (th/ + 204 (2xy + £% j + (2xz 4+ y*) k, A,
I, —2), B(2, 3, 1). (Oreer: 25.)

15.7. HHOAHUBHAYAJIbHbIE JOMAIUHHUE 3AJAHHS K IJ1. 15
Pemenus Bcex
HA3-15.1 BapHaHTOB TyT >>>

1. Nana dyukuus u(M)=u(x, y, z) u Touku M, Ms. Bui-
UHCAHTB: ) npousBogHyI0 37Ol pyHKUHH B TouKe M, no Ha-
—_—

npasaeHdto Bektopa MiMy; 2) grad u(M,).
0. uM)=x"y 4 y’z + 2%, Mi(1, — 1, 2), Ma(3, 4, —1).

1.2. u(M _Sxy'z" M1(2 I, —1), Ma(4, —3, 0).

1.3. uM )—ln (x +y + 2%, Mi(—1,2, 1), Mo(3, 1, —1).

14, u(M)=zew+4+2 M,(0, 0, 0), Ms(3, —4, 2).

1.5 uM)=lIn (xy + yz +x2), Mi(—2; 3, —1), M2,
I, —3),

L6, u(M)y=~/1 + 2>+ 2+ 25 M1, 1, 1), My(3, 2, 1.

L7, u(M)=x’y + x2° — 2, Mi(1, 1, —1), My(2, —1, 3).

1.8, u(M)= xe’ + ye* — 2%, Mi(3, 0, 2), Ms(4, 1, 3).

L9, u(M)=3xy’+ 2* — xyz, Mi(1, 1, 2), Ms(3, —1, 4).

L10. u(M)=5x"yz — xy’z 4 y2°, Mi(1, 1, 1), M,
—3, 9).

LIL wM)=x/(* 44+ 22, Mi(l, 2. 2), Ms(—
2, —1).

A2, u(M)=y’z — 2xyz + 2°, Mi(3, 1, —1), My(—2,

1, 4).

LIS, w(M)=x" 4 y° + 2" — 2xyz, Mi(1, —1, 2), Ms(5,
—1, 4).
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L4 uMy=1In (1 +x+4 429 M, I, D), M3,
=5, 1).
1.15.
—2, 6).

117, u(M)=x — 2y €, Mi(—4, —5, 0), Mx(2, 3, 4).
118, uM)=x¥ —3xyz, Mi(2, 2, —4), Mx(l, 0, —3)
1.19. u(M)=3x%y2*, M\(—2, —3, 1), M5, —2, 0)
1.20. u(M)y=e"*", M|(—5, 0, 2), Mx(2, 4, —3).
121 a(M)=x", Mi(3, 1, 4), Mx(l, —1, —1)
1.22. uM)=(2+ "+ 2°°, Mi(1, 2, — 1), M2(0, —1, 3).
1.23. u(M)=(x—yY, Mi(l, 5, 0), M2(3, 7, —2).
51.%?. u(M)=x"y +y’z — 3z, Mi(0, —2, —1), Mx(12,

1.25. u(My=10/(*+¢* + 22+ 1), M(—=1, 2, —2)
Ma(2, 0, 1).

41.@(;. wM)=1In(1 4+ x*—y* +2% M, 1, 1), M5,

1.27. u(M)z%—}—%—é, Mi(—1, 1, 1), Ms(2, 3, 4).
) 1%8. u(M)=x* 4 xy* — 6xyz, Mi(l, 3, —5), M4,
’ - )'

1.29. u(M):% — L — 2, M2, 2, 2), My(—3, 4 1)

1.30. w(M)=e""% M (1, 0, 3), Mx(2, —4, 5).

2. BoluMC/IHThL HOBEPXHOCTHRI HHTErpaJ Hepeoro poaa no
nosepxHocTH S, rae S — uacTb WIOCKOCTH (p), OTCeyeHHas
KOOPAHHATHBIMH TJIOCKOCTAMH.

2.1. [ (2x +3y +22)dS, (p): x +3y+2=23 (Or
S
ger: 15/ 11/2)
2.2.§ (24 y—T7x+92)dS, (P): 24 —y— 2z = —2.

N

(Orser: 12.)
2.3. | (6x +y+42)dS, (p): 3x+ 3y +z=3. (Orecr:

S

194/19/6.)
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24. \ (x+25+32)dS,  (p): xdy+z=2 (Orser:
N
8+/3.)

2.5. SS (3x — 2y 4+ 62)dS, (p): 2x+y +22=2. (Orser:
N
5/2.)

2.6. SS (2x 45y —2)dS, (p): X +2y+2=2. (Orser:

7/6/3.)

2.7. (Ox — 8y — 2)dS, (p): 2x — 3y + z =6, (Orser:

S
254/14.)

2.8. S§ By —x—2)dS, Pl x—y+ =2 (Orser:

S
—20~/3/3.)
2.9. SS (By —2x —22)dS, ip): 24—y —2z= 2. (Or-

S

ger: 3.)
2.10. SS (2x =3y +2)dS, (p): X+ 2y +z2=2 (Orser:
S
Ve.)

2.11. SS (Ov 4y —2)dS, (p): x + 2y 4 22 = 2. (Orser: 5.)

N
2.12. \{ (3x + 2y + 22)dS, (p): 3x+2y+2:=6. (Or-
S
ger: 9\/?7)
2.13. SS (2x + 3y — 2)dS, (p): 2y z=2 (Orser:
N
2+/6.)
2.14. \{ (9x + 2y + 2)dS, (p): 2x+y+z2=4. (Orger:

40/6.)
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2.15. “U‘k‘t‘”/*ﬁ LS, (p x iy +2e=8 (01
ger: 962

2.16. SS (49—)@—{_44)(15 (p): x — 2y +2z=2. (Oreer:
—1)

2.17. SS(IX +y+ 2z )dS,  (pi: 3y — 2y + 2z =0. (O'l'—
ger: 17~ 17/2.)

2.18. {{ 2x + 8y +2)dS, (p): 2x + 3y + 2 =0 (Or1-

ger: 18/14.)

2.19. SS( x — i 4 21dS, (p): x —y +z=2. (Oreer: 8/3.)

2.20. SS 6x — y 4+ 82)dS, (p): ¥ +yF2z=2 (Oreer:

6+/6.)
2.21. SS (4x — 4y — 2)dS, (p): x+20+ 2: =4. (Or-

ger: 44.)

2.02. )2+ 5y +2)dS, (p) by 22 =2 (Orecr:
5/6.)

2.23. Sg(l\—z/+47 VdS,  (p) 2+ 2y z =+ (Ot-
ger: 44.)

2.24.§) (5 2y +200dS, Py ¥t 2y =2 (Or-

aer: 16\/5/6
2.25. || (2x + 5y 4 102)dS, (p): 2x+y + 32 = 6. (Or-
S

8eT: 56\/74.)

2.26. {{ (2¢ + 15y +2)dS, (p): x +2y+2z=2. (01
S
ger: 10.)
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2.27. {{ (3x + 10y — 2)4s, () x+3y+2:=6. (Or
S

ser: 35\/T4‘)

2.28. SS (2x+3y+ 2)dS, (p): 2x+ 2y+z2=2. (Or-
8er: 7/6‘59

2.29. S§ (0x —y +52)dS, (p): 3x+ 2 4 z=6. (Orser:

37 14.)
2.30. {{ (x + 3y + 22)dS, (p): 2x+ Y+ 2z=2. (Orser:

9/2.)
3. Boluncanuts nosepxHocTHbI HHTErpaJ BTOPOro poja.

3.1.SS (y* + 2*)dydz, raie S — vactp NoBepXHoCTH napabo-
N
Jonaa x =9 —y*— > (HopMaJbHb BEKTOP N  KOTOpOIi
06pasyeT ocTpblii yroa ¢ OpPTOM ), OTCEUEHHAs MAOCKOCTBIO
x=0. (Orger: 81a/2.)

3.2 }S Zdxdy, rae S — BHemusis CTOpOHA TMOBEPXHOCTH
N
saminconta x° + y* + 22° = 2. (Oreer: 0.)
3.3. SS zdxdy + ydxdz + xdydz, rne S — BHewuss CTO-
S

PoHa MOBEPXHOCTH KyGd, OrpaHHUCHHOrO [J0CKOCTAMMU X == (),
y=0,z2=0, x=1,y=1, z=1. (Orger: 3.)
3.4. SS (2 1)dxdy, rne S — BHewusis CTOpPOHA INOBEPX-
S
HOCTH cpepot x° + y° 4 27 = 16. (Oraer: 25617/3.)
3.5. \S yzdydz + xzdxdz + xydxdy, rne S — BEPXHAS CTO-
s
poHa naockoctH x 4 y -+ 2 =4, orceueHunol KOOPJAHHATHBLIM K
n1ockoeTsiMu. (Orser: 32.)
3.6. || ¥dydz + y2dxdz + 2’dxdy, rne S — Buewnss cro-

N
pona cdepsl ¥+ y* + 22 =16, aemamas b nepBoM
okraute. (Orser: 96:a.)

3.7. SS xdydz + ydxdz + zdxdy, roe S — BuewnHsisi cTo-

S
pona coepel x* + y* 22 = 1. (Orser: 4m.)
3.8. SS xzdxdy + xydydz -+ yzdxdz, rue S-—Bepxusis yacTo
$
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MUIOCKOCTH X 4+ ¢y -+ z=1, oTceueHHON KOODAUHATHBIMU ILI0-
ckoctamu. (Orser: 1/8.)

3.9. SS yzdxdy + xzdydz + xydxdz, rae S -— HapykHas
NoBepXHOCTh UuAHHApa x° 4 y° = |, oTceuenHas MAOCKOCTS-
mu 2 =0, 2=5. (Orger: 25m.)

3.10. SS yPzdxdy + xzdydz + x°ydxdz, rae S — yacTb 1no-
BEpPXHOCTH napaGoaonna z=x’- y* (HOpMaJIbHbIA BEKTOP

n KOTOpOi obpasyeT Tyno#i yroa1 ¢ oprom k), Beipezaemas
unannapom x° 4 y° = 1. (Orser: n/8.)

3.11. SS (x* + y°) zdxdy, rae S — BHeUIHsIsl CTOPOHA HIXK-
S

Heii noaoBnHbl cdepsl x° +y° +2*=9. (Oreer: 324n/5.)
3.12. | x’dydz + Zdxdy, rae S — uacTb MOBEPXHOCTI

S
Konyca z° = x> 4 y* (HopMaabHbIA BEKTOP N KOTOpoO# 0Gpa-

3yeT Tynoil yroa c oproM k), sexatiasi Mexay MJA0CKOCTAMNU
z=0, 2= 1. (Orger: —n/2.)

3.13. SS (2y° — z)dxdy, rae S — 4acTb NMOBCPXHOCTH na-
paﬁonoma z=x>+ 1y’ (HopMaabLHbLIi BEKTOP N KOTOPOH 06-

pasyeT Tvio#i yroda c¢ oprom k), oTcekaemas MJa0CKOCTHIO
z=2. (Orger: 0.)

d
3.14. SS @4y rje S — uacTb NOBEPXHOCTH TUIC-
\/x +y—1

P 2 P o 2]
Goaonaa x>+ y* =2z"+ | (HopmasbHLI BEKTOp N KOTOPOH
obpasyeT Tyno#l yroa ¢ optom k), oTcekaemasi NJIOCKOCTAMN

z=0, 2:\/5 (Orser: —2\/@1)
3.15. SS xydydz + yzdxdz + xzdxdy, rae S — BHEWHSs
S
cTOpuHa cdepbl x2+y2+22: I, nekauiad B NEPBOM OK-
taure. (Orger: 3n/16.)
3.16. SS ¥’dydz + zdxdy, rac S — uacTb 1OBEPXHOCTI
napaﬁononﬂa z=x"-4y® (Hopva/bhblii BEKTOP N KOTOPOIl

o6pa3syer Tynoi yroa ¢ optoM k), orcekaemasi ILTOCKOCTELIO
z=4. (Orger: 81.)

3.17. | X’dydz + y*dxdz — zdxdy, rae S — uacTb nosepx-
S
HOCTH KoHyca 2° = x" 4y’ (HOpMa/bHbIi BEKTOD N KOTOPOIl

261



o6pasyeT ocTpblil yroa ¢ optoM k), oTcekaemasi ni10CKoCTAMH
z2=0mn z==3. (Orger: —18n.)

3.18. || x*dydz — 2*dxdz + zdxdy, rae S — wactb moBepx-
S

HocTH mapabosionaa 2z =3 — x> — y® (HopManbHbIi BEKTOp N
KOTOpoii 0Gpa3dyer ocTpeifi yron ¢ oprom k), oTcekaemas
nnockoctolo 2= 0. (Orger: 9n/2.)
3.19. ([ yzdydz — x*dxdz — y’dxdy, tae S — wacts no-
S
BEPXHOCTH Konyca x° + 2 = y” (HopManbHblii BEKTOp N KOTO-
poii o6pasyet Tynol yroa ¢ optom j), orcekaemasi N10CKOCTSI-
M y=0, y=1. (Oreger: n/4.)
3.20. \| x*dydz + 2y°dxdz — zdxdy, tae S — wacte mo-
S
BePXHOCTH Napabosonaa z = x° -+ y° (HOpMasbHLIH BeKTOp N
KoTopoit o6pasyet oCtpbiii yroa ¢ oprom k), oTcekaemas
nrockocTbo 2= 1. (Orger: —n/2.)
3.21. SS 2xdydz 4 (1 — 2)dxdy, rne S — BuyTpeHussi cTo-
3
poHa UMIMHApPA X° - Y’ = 4, oTCeKaeMasi IIOCKOCTSMH 2 =
=0u z=1. (Orger: —8x.)

3.22. SS 2xdydz — ydxdz + zdxdy, rae S - BueluiHsis CTO-
S
poHa 3aMKHYTOR NOBePXHOCTH, O6GPA30BAHHON NapaGoaou-

nom 3z =x*+y* u noaycpepoii z=1/4—x*— > (Or1-
ger: 19m/3.)

3.23. SS dxdydz + 2ydxdz — zdxdy, rae S — BHewHAA CTO-
N
pona coepsl x* + y + 2* = 4. (Orser: 1601/3.)
3.24. SS (x+2)dydz + (z + y)dxdy, rae S — Buelnuss
N
cropona uuannapa x* -4y’ =1, orcekaeMasi MAOCKOCTSIMH
2=0un z=2. (Orser: 2a.)
3.25. SS 3xdydz — ydxdz — zdxdy, rae S — uvactb noBepx-
S
HocTH napaGononaa 9 — z = x* -+ y’ (HopmanbHbIi BEKTOp n
KoTOopoil oGpasyer octpoifi yroa ¢ oprom k), orcekaemas
naockoeTbio 2= 0. (Orger: 243n/2.)
3.26. SS (y — x)dydz + (z — y)dxdz + (x — z)dxdy, rae
N
S — BHYTPEHHSISI CTOPOHA 3aMKHYTO/ MOBEPXHOCTH, obpaso-

’
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BaHHOH KoHycoM x° =y’ + 2> n maockoctbio x=1. (Or-
ger: m.)
3.27. {{ 3x’dydz — y*dxdz — zdxdy, rae S — uacts no-
S
BepXxHOCTH napaGosonaa | —z =’ y* (HOPMabHbIA BeK-
TOp N KOTOPOH 00pasyer OoCTpblid yronr ¢ OpPTOM k). (Or-
ger: —n/2.)
3.28. \| (1 +2x°) dydz + y*dxdz + zdxdy, rae S -~ uactb
S
noBepxHoct# Kohyca x® 4 y*=2z" (HopMasbHbifi BeKTOp N
KOTOpO# obpasyer Tynoit yron ¢ optoM k), orcekaemas niuo-
ckoersivi 2 =0 v z=4. (Orser: 12821/3.)
3.29. {{ x’dydz + z°dxdz + ydxdy, rae S — uacTb noBepx-
S
HocTi napabosionaa x4 y* =4 — z (HOpMaJbHbIH BEKTOpP N
KOTOpo# 0o6pasyeT OCTPblii yroj ¢ OpTOM k), orcekaemas
miockoctbio 2 =0. (Orser: 0.)
3.30. \{ (¥ + 2°) dydz — y'dxdz + 2y2*dxdy, rae S —
S
YacTh NOBEPXHOCTH KoHyca x” + 2° =y (HOpMaJbHbIl BEKTOP
n KoTopoii o6pasyer TyNoii yroa ¢ OpToM J), oTceKaemas
m1ockoctamu y =0 n y=1. (Orsger: n/2.)

4. Boiuncauth NOTOK BEKTOPHOro mnoJjst a(M) uepe3 BHe-
LIHIOIO TOBePXHOCTb MHPAMKAbI, 06pa3yeMyIo MJI0CKOCThIO (p)
H KOOPAMHATHBLIMi ILJIOCKOCTAMM, AByMsi criocoGaMu: a) Hc-
M0/1b30BAB OlpeaesieHre notoka; 6) ¢ MoMOoUbio (HOPMybl
Octporpaackoro — laycca.

41 a(M)=3xi+(y+2)j+x—2k (P x+3y+
+ z==23. (Orger: 9/2.)

4.2, aM)=0Bx— )i+ y—x+2)j+4k, () 2x—
—y—2z=2. (Orger: 8/3.)

43. aM)y=xi+(x+2)i+uy+ak (p) 3x+3y+
-+ z=23. (Orger: 1)

44. aM)=(x+2)i+(z—x)j+(x+2y+2)k, (p):x+
+y+z=2. (Orger: 8/3.)

45, a(M)=(y + 22)i + (x+22)j + (x — 29) k, (p): 2x +
+y+2z=2. (Orger: 0.)

4.6. aM)y=(x+2)i+2yj +(x+y— 2k, (p): x+2y +
+z=2. (Orser: 4/3.)

4.7. aM)=Bx —y)i+ 2y +2)j + (22 — )k, (p): 2x —
— 3y 4+ 2=6. (Oreer: 42.)

48. aM)=2y+z)i+(x—y)j—22k, (p) x—y-+
+z=2. (Orger: —4.)
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49. aM)=(x+ )i+ 3yi+(y—2k, () 2w—y—
—2z= —2. (Orger: —1))

4.10. aM) = X+ y—2)i—2yj+ (x4 22)k, (p): x+
+2y+ z2=2. (Orser: 2/3.)

411 a(M)=(y — 2)i + (2x + y)j + 2k, P)r 2x+y+
+2=2. (Orger: 4/3.)

4.12, a(M):xi+(y—22)j+(2x—y+22)k, (p): x4+
+2y 4+ 2z2=2. (Orger: 4/3.)

4.13. AM) = (x4 22)i 4 (y — 32)j + zk, (p): 3x + 2y +
+2z=6. (Orger: 9.)

4.14. a(M)=4xi+(x—y—z)j+(3y+22)k, (p): 2x 4+
+y+z=4. (Orger: 80/3.)

4.15. a(M)=(2z — x)i I+ (x +2y)j + 32k, (p): x4 4y +
+2z=38. (Orger: 128/3.)

4.16. a(M)—4zl+(x—y—z)]+(3y+z), (p): x—
—2y+2z=2. (Orger: 0.)

417, a(M) = (x 4 p)i FTU+2)i+2z4+ 1)k, (p)r 3x—
— 2y +42z=6. (Orger: 12.)

$18. AM)=(x +y 4 2)i 4+ 22) + (Y — 7o)k, (p): 2x &
+3y+ 2=6. (Orger: —36 6.)

419 aM)=2x — 2)i+ (y — x)j + + x4+ 22)k, (p): x—
—Y+z=2. (Orser: 20/3.)

4.20. aM)=(2y — 2)i+ (x +y)j 4+ xk, (p): x4 2y-+
+ 2z=4. (Orger: 8/3.)

4.21. alM) = 22— x)i4+(x—y)j i+ @Bx+2)k, (pr x4+
+Y+22=2. (Orger: —2/3)

4.22. a(M) = (x + 2)i+ (x + 3y)j + yk, (p): x+y+
+2z2=2. (Oreer: 8/3.)

4.23. a(M) = (x 4 2)i -+ zj + (2x — y) k, (p): 2x 42y +
+z=4. (Orser: 8/3.)

424 aM)=Bx+y)i+ (x+2)j + vk, (o) <+ 2 +
+z2=2 (Orser: 2.)

4.25. a(M)=(y + 2)i + (2x — 2)j + (y + 32)k, (p): 2x -+
“+y -+ 3z =6. (Orger: 18)

4.26. a(M)= <y+2> TE+6) ik, (p): x4 29+
+ 2z =2. (Orger: 2.

4.27. a(M)= 2y — 2)i+ (x + 2¢)j + yk, (p): x4 3y -+
+2z=6. (Orger: 12

428 aM)=(y + 2) i+ xj 4 (y — 22)k, (p): 2+ 2y +
+2=2. (Orger: —2/3.)

4.29. aM) = (x + 2)i 4 zj + (2x—y)k, (p) 3x+2y +
+ z=6. (Orser: 6.)

4.30. aM)=zi+ (x +y)j + yk, (P 204+ y42z=29,
(Orser: 1/3.)
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Pewienue tunosoco sapuanta

1. Nana pyHKuus u(M):\/;/z—\/;/x—{—Qxyz M TOUKH

M (1, 1, —1), Mo(—2, — 1, ). Boluncuts: 1) npousBoanyio
—

310l yHKUMM B TOUKe M, mo HampaBaenuio Bekropa M;Ms;
2) grad u(M).
p |. Buumcaum tupousBoanyio oyHkuuu u(M)=u(x,
—_—
Y, 2) B TOuke M, fo HampaBJeHHIO BEKTOpA MMy =(—3,

—2, 2):

du(My) __ Gu (M) . du (M) .
am o | cos a 4 55 ‘ ‘ cos B+
4+ M| L cosy,
M

du(M) __ + \/— + 2y, du(M) ’ __ 3

0x 22\/x ox  Im 2’

Oud) ] ouM | 5

0y 20y T |” 2
dupm) _ dum | _
6z 2’ +2xy, 0z 'm, L
2

2

N

2. CorstacHo onpeneneHuio,

aM M:

grad u(M)= 2- M,“r% M.H%? k=
_ 3. 5.
== 7J+k-<

2. BuiuucauTh MOBEPXHOCTHBIA HHTErpaJ I[epBoro pona

SS (3x —y +2)dS no noeepxHoctw S, rae S —— uacTb M0
S
CKOCTH (p): X + 2 — 2y = 2, oTCceueHHas! KOOPAMHATHBLIMH 1110~

CKOCTSIMH.
p U3 ypaBHeHHS NJIOCKOCTH HAXOAHMM:

z2=2—x+42y 2t=—1, 2, =2,
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dS =1 + 2" + 2, dxdy =/6dxdy.

CBoauM BblUKCAEHHE NMOBEPXHOCTHOrO HHTETpata K BeiUuHC/le-
HHIO 1BOHHOrO MHTerpasja no obaactu D, rge D — TPEYroJib-
nnk AOB, siBasiiowmiics npoekuned NoBepXHOCTH S HA nJo-
ckocte Oxy (puc. 15.13). Torga
WG —y+2dS={(Bx —y+2— x4 2)\6dxdy —
S 0
0

— 2 42y
=@ty +2Vedrdy =6 | ay | (2¢+y+2de—

2] — 1

0 24 2 0
=V6 | dy(' + @ +20)| =6 | 448+ 457+
—1 —

+ 2y 4+ 2" + 4 + 4y)dy =~/6 | (64" + 14y + 8)dy =

0 —
=62’ + 7y + 8y)|  =3/6. <

3. Bbtuncauts nosepxHoCTHLI MHTErpaj BTOPOro poaa

I %+ 22 dxdz + xdydz — 2z"dxdy,
S

R

rie S — 4acTb noBepxHocTH napaGomonaa 4 —y=x"4z
(HOpMaJibHblii BEKTOp n KOoTopoit ofpasyer ocCTpbii yros
C OpTOM j), OTCeKaeMasl MIOCKOCTbIO i = (.

P [lpeacraBum ganHbiil 110BEpXHOCTHBIH MHTErpaJa 1no Ko-
OpANHATAM B BUAE CYyMMbl TPEX WHTECPANOB M, HCMOJbL3YS
YpaBheHue napabosonna, npeoSpasyeM KaxKiabii H3 HUX B
ABOHHOA nHTErpan no obaactu D, (v=1,2,3) (puc. 15.14):

= (* + 2%) dudz + x*dydz — 22%dxdy — [+ 1,41,
S
rae
L=+ P dxdz; [, = (| Pdydz; 15 =[] (—22) drdy.
S S N
Beruncaum nocnegoBarenpuo unrerpaant [, o, I5:

1 :SS (x° + 2% dxdz = [x=pcos ¢, z=p sin @,
2]

o

! 2 2@ 42
dxdz = pdpdg| = d@g p‘*dp:wla '%"028%
0 0



rie o6aacte D; — kpyr x*42'=4, y=0, sBsowrAcA
NMPOeKIMeH NOBePXHOCTH Napaboa0uaa Ha NI0CKOCTD Oxz. Ie-
pen uHTerpaoM /i CTaBHTCS 3HAK «-+», TaK Kak HOpMaJb 1
K NOBEpXHOCTH 06pa3yeT OCTpbifi yroJ B ¢ ocsio Oy.

Puec. 1513 Puc. 1514
Haiice,
1=\ ¥dydz= | (/4 —y — &) dydz —

S 0.

- v! (—Vi—y— ) dydz = S\ (4 —y— 2% dydz —

b, iR

_,SJS (4 —y — 29 dydz = 0.

Koopaunathasi m1ockoctb Oyz pa3buBact MoBepXHOCTL Na-

paGosouia ha JiBe 4acCTH x:‘\/4—y—22 nox =

2

_—
= —\/4 —y — 27, NPOEKIMA Kay<A0k M3 KOTOpbIX Ha [10-
ckocTb Oyz ectb obaactb Do, IlosTomy unterpan [z MOXHO
NpeacTaBUTh B BUJE CyMMbl ABYX MHTCrPanoB, NCpe nepBbiM
I3 KOTOpbIX Han0 B3ATh 3Hak «-f», TaK KakK HopMaJjb N
K 3TOf uaCTH MOBEPXHOCTH NapaGonouia o6pasyeT OCTpbiH
yron ¢ oceto Ox, a nepea BTOPbiM HHTETPaJOM — 3HAK «—»,
NOCKOJABKY HOopMaib n o0pasyer ¢ ocbio Ox Tynod yroi.

Anajoruuio
I;=\ —22dxdy = —2\{ (4 — y —xH) dxdy +
S Dy

+2( (—/4—y—x)dxdy =0.

1
(o2}
iy



Hraxk,

| 0+ 2% dxdz + x°dydz — 22%dxdy == 8n. 4
S
4. BblUHCAUTD NMOTOK BEKTOPHOTO MoJs aM)=(x+2)i-
+(2y — x)j + zk uepes BuewH0©0 NOBEPXHOCTL NMUPAMUIBL,
06pasyemMyio n10CKOCTbI0 (p): X — 2y + 22 =4 u KOOp 1 MHAT-
HbIMH  NJOCKOCTSIMM, ABYyMs cnocobaMu: 1) wucnoab3oBas
onpene/nenue NnoToka; 2) ¢ nomoubio dopmyast Octporpai-
ckoro — laycca.

> |. BuluucasieM notok BeKTOPHOTO MOJASI C NOMOILBIO
[OBEPXHOCTHOrO HHTErpaJsa

[l = SS a-n"dS,

s
rae S — BHEIHss CTOPOHA MOBEPXHOCTH nupamuasl ABCO
(puc. 15.15).

Buauase Bbluucanm noTok uepes Kaxayio us yeTbipex
rpaneil nupamuapl. I'patie AOC nexuT B NAOCKOCTH y = U,

_2 L .
e s s T ;
2Z CIRIAL
L2882 o, n =
. SRR R iy
~ 7, XL
e g RN

=y

Puc. 15.15

HOPMaJdb K 3Tol rpanu n’ =j, dS = dxdz. Torga notok Bex-
TOpHOTrO nojst a(M) uepes rpaub AOC

1 2 x/2

= — SS xdS = — SS xdxdz:—Sxdx S dz =

AA0C AAOC 0 0
4

S L R CEE S S

0
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[pans AOB nexur B naockoctHh z=0, HopMaab K 370f
rpanu ny = —k, dS = dxdy,
I,= {{ 0-drdy =0.
AAOB
I'panp BOC nexur B naockoctH x =0, HOpMaJab K AAHHOH

rpanu nj = —i, dS = dydz,
2 0

;= — SS zdydz = —SS zdz Sﬂ dy =
ABOC 0 z—2
: 3 N2
:_SZ<—Z+2>d2:—(~% —{—2')‘02—%_
0

U, naxoneu, rpanpe ABC A€XUT B NAOCKOCTH X — 2y 4 22 —
— 4 =0, nopMaJb K 3T0# rpanu

nd— i—2+2% _ i—2j42k
Wi+ a44 3 ’
das = l—{—zf%—zﬁdxdy,2=—-21—x+y+2,
Ziz—%, z; =1

ITosTomy
dS =/l + 4 + L dxdy = - dxdy,
= 2 SS (x +2) — 22y — x) + 27) dxdy =
\ B ANBC
:% SS (x+z—4y+ 2x+ 2z)dxdy =
AABC
= _; SS (3x — 4y + 32) dxdy = i SS (3x—4y—
HABC LHAOB
3 N I VA _
— ?x—{—3y+6) a’xdy_7 SS (7)( y+6) dxdy
AAOB
0 2y 44

% S dy S (%x——y—{—6)dx=
—2 0
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RI7EEE ]

dy(¢  +(6 —x)| =

b

I
2

|ty o

2
0

=3 | (F @+ +6 -9+ hay=
—2

§]

= i, S 3+ +4) + 12y—§—24—2y?—~4y)a’y:

7 | @200 36)dy = (L + 0y + 369) | =

—9

Jlanee HaxoaMM MOTOK 4epe3 MOJHYIO NOBEPXHOCTb [H-
pamuas ABCO:

n:n.+n:+m+n4:%.

2. BeIUHCAMTD HIOTOK Yepe3 NOBEePXHOCT b tipasiasl ABCO
no gopmyqae Ocrtporpanckoro — [aycea:

. oP dQ IR
”_SSS(T_F%_F Jz
|

) dydydz.

Jy
Haxoaum
P dx+2) — 0Q __ Jd(2y —x) o9 OR __ dz — |
ox dx > oy dy B T

Tak kKak uHTerpan SBdedydz paBeH 00LONY HPSIMOYTO/b-
%
Ho# nupamuasl ABCO, To

1= SSS (b 24 1)dxdydz = 4 SSS dydydz = % |

% V

Pemenus Bcex
BapHaHTOB TyT >>>

H3-15.2

1. BbiuncauTh UMPKYAALIIO BEKTOpHOTo noas a(M) no
KOHTY DY TPeYroJibHHKA, NOAYYEHHOrO B Pe3y. IbTaTe flepeceye-
HUA nAaocKocTH (p): Ax 4+ By 4 Cz =0 ¢ kKoopaHHATHBIMIt
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MJIOCKOCTSIMH, TpH [OJIOKHMTeLHOM HamnpaBileHWH o6xola
OTHOCHTEJLHO HOPManbHoro BekTopa n= (A4, B, C) 370i
MJIOCKOCTH IBYyMs crnocoGaMu: 1) Mcnosnb3oBaBs onipeleseHue
LWMPKyIALKK; 2) ¢ FAOMOLILIO (OPMYJIbI Crokca (15.27).

1.1 aM)=zi+ (x+9)j+uk, (p): 2x +y+ 22 = 2.
(Orger: 5/2.)

1.2. a(M)=(x + 2)i+zi + @ — )k, (p): 3x+2y+
+2z=6 (Orser: —24.)

1.3, a(M)=(y+ 2)i +xi + (v — 22k, (p): 2¢ + 2y +
+ z=2. (Orsger: 2.)

1.4. alM)=(2y — 2)i +(x + 29) i +uk, (p): x + 3y +
4+ 2z=6. (Orger: —12.)

1.5. a(M) = (y+2)i+ (x+69)i+vk (P x+2y+
4+ 2z=2. (Orser: 3/2.)

1.6. aM) = (y+2)i+2x—2)j++32k (p): 2x+
+y+ 3z=6. (Orger: 24.)

1.7, aM)=@r+ )i+ (x+2)i+vk () x+2 +
+z=2. (Orser: 0.)

1.8, a(M)=(x +2)i+2j +2c—y)k,  (p) 2x+2y+
+z=4. (Orger: —12.)

1.9. a(M) = (x + 2)i + (x 4+ 39)j + yk, (p): x +y +22=
=2. (Orser: 4.)

1.10. aM)=(2y — i +(x+y)j+xk,  (p): x+2y+
+2z2=4. (Orger: —12.)

LIl aM)=(2z—x)i+(x—y)i+EBx+2)k, (p) x4+
+y+22=2 (Orser: 1.)

1.12. aM)=Q2x — 2)i +{y —x) i+ (x +22)k, (p): x—
—y-+2z=2. (Orger: 2.)

1.18. aM)=(x+y+2)i+ 22+ —T72)k, (p) 2x +
+ 3y +2=06. (Orser: 0.)

118, a(M)=(x+ 9)i+(y+2)i+20x +2)k (p): 3x—
— 2y 4 22=06. (Orger: —3/2.)

1.15. aM)=4zi+x—y—2)j+ By +2)k, (p): x—
— 2y +2z=2. (Orger: —1.)

1.16. a(M)=(2z — x)i+ (x + 2y)j + 32k, p) x+4y+
+ 2z =28. (Orger: 40.)

1.17. aM)=4xi +(x —y — 2)j + By + 22)k, (p): 2x +
+y+z=4. (Orger: 36.)

118, a(M)=(x + 22)i+ (y — 32) i + 2k, (p): 3x+ 2y +
+2z2=06. (Orser: 39/2.)

1.19. aM)=xi + (y —22)j + 2x —y +22)k, (p): x +
4+ 2y 4+ 2z = 2. (Orser: —3/2.)

1.20. alM)=(y—2)i+ 2x+y)i+zk (p)r 2x+y+
4+ z=2. (Orger: 0.) :
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1.2h aM) = (x +y —2)i —2yj +(x + 22)k, (p): x +
+2y+2=2 (Orger: —5.)

1.22. a(M) = (x + )i +3y] +(y — )k, (p): 2r—y —
—2z=—2 (Orser.' —2)

L23. aM) = (2y+2)i+(x—y)j— 22k, (p): x—y +
4-z=2. (Orsel —4.)

124, a(M) = @Bx—y)i+@Qy+2)j+02—xk (p)
2x—3y—5—2:6. (Orger: 12.)

1.25. a(M)=(x+2)i + 2+ (x +y — 2k, () x+
+2y+2=2 (Orser: 1.)

[.26. a(M) = (y+22)i 4 (x 422+ (x— 2)k,  (p):
2x 4y -+ 22 = 2. (Orger: —7/2.

1.27. aM) = (x+2)i+ -0+ +2+ 2k, (p):
x—|—y +2*2 (Orser: 0.)

28. a(M) = xi+ (x4 2)j+ (v +2)k, (p) 3x + 3y +

—i—zaj (Orser: 3/2.)

i.29. aM) = QBx— )i+ (y —x+2)j+ 4zk, (p): 2x —
—Yy—2z= —2. (Orger: 0.)

1.30. a(M) = 3xi+(y + 2) ]+ (x — 2)k, () x + 3y +
+2 =3. (Orser: —6.)

2. Haiitn BenuunHy 1 HaupapiCHue nauGoMbLLIErO H3Me-
HeHus QyHKimn w(M)=u(x, y, z) B Touke M(xo, Yo, 20).

2.1. u(M):xézz, Mo(0, 1, —2). (Orser: 2.)

2.2, u(M)=x"yz, Mu(Z 0, 2). (Oreer: 12.)

2.3. u(M):xyzz, Mo(1, —2 0). (Orser: 4.)

2.4, u(M)==xyz", My(3, 0, (Orser: 3.)

2.5. u(M)=x"y* 2 Mo(—l O, 3). (Orser: 0.)

2.6. u(M)=xyz®, Mo(2, 1, —1). (Orser: 4/6.)

2.7. u(M)=xy’2*, Mo(—2, 1, 1). (Orser: \/33.)

2.8. u(M)=y’z — x*, MJ0, 1, 1). (Orser: 1/5.)

2.9. uM)=x’y 4+ y’z, Mo(0, —2, 1). (Oreer: 4\/2.)

2.10. uM)=x(y +2), M0, I, 2). (Orser: 3.)
200 u(M)=xy —xz, My(—1, 2, 1). (Orecr: /3.
2.12. u(M)=x"yz, Mo(l, —1, ). (Orecr: /6.
2.13. u(M):)_W My(2, 1, 0). (Orser: 2.)

2.14. u(M):x_z/Z‘ My(4, 0, 1). (Orser: 4.)

2.15. u(M):Qgc Yz, Mo(—3 0, 2). (Orser: 36.)
2.18. u(M)=x*yz, Mo(l, 0, 4). (Orger: 4.)
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2.17. w(M)=(x +y) 2%, Mo(0, —1, 4). (Orser: 24.)
2.18. u(M)=(x+2)y°, Mo(2, 2, 2). (Orser: IQVZ
2.19. u(M)—xz(yz—i—z) Mo(4, 1, —3). (OTBBT. 16+/6.)
2.20. u(M)=(x* +z)y Mo( 4, 1, 0). (Oreer: /33.)
2.21. u(M)=x" (y+2) (3, 0, ). (Orger: 21.)

2.22. uM)=(x"—y)2’ Mo(l 3, 0). (Orser: 0.)

2.23. (M)_x(y —}—2) Mo(l, —2, 1). (Orser: /15.)
2.24. u(M)=x*43y> — 2%, Mo(0, 0, 1). (Oreer: 2.)
2.95. u(M)=x’z — ¢*, Mo(1, 1|, —2). (Oreer: /21.)
2.26. u(M)= 22" +y, Mo(2, 2, 1). (Oraer: 34/2.)
2.27. u(M)=x"y — 2, Mo(—2, 2, 1). (Orser: 9.)

92.98. u(M)=xy*—z, My(—1, 2, 1) (Oreer: \/?s
2.29. w(M)=y(x +2), Mo(0, 2, —2). (Orser: 24/3.)
2.30. uM)=z(x +y), Mo(l, —1, 0). (OT8€T 2)

3. Haiitu HauGoblIYIO NJIOTHOCTD LHPKYJISILIMY BCKTOPHO-
ro nois a(M) == (x, y, 2) B Touke Mo(Xo, Yo, 20)-

3.1. a(M) = x%i — xy*j + 2°k, My(0, 1, —2). (Orser: 1.)
3.2. a(M) = xyi + y2j + xzj + xzk, Mo(2, 0, 3). (O7-
ger: \/13

3.3. a(M)-xy i +y2’j — 2k, Mo(l, —2, 0.) (Orser:

2+/5.)
3.4. a(M) = xzi + zj + yzk, M3, O, l). (Orser: 3.
3.5. a(M)—xyl—i—,xyZJ—xk Mo(—1,0,3.) (Oreer:2.)
3.6. a(M)= yzi — 2*j + xyzk, M2, 1, —1). (Orser:

3.7. alM)=y" i — xyj + 2° k, Mo(—2, 1, 1). (Orser: 1)
3.8. a(M)~x2|——xyZJ—i—x ‘zk, M0, 1, 1). (Orger: 1.)
3.9. a(M) = xyi — y*zj — xzk, M0, —2, 1). (Orser:

17.)

3.10. a(M) = *|—y]—2yk Mu(0, 1, 2). (Orser: 2.)

3.11. a(M)=yi —xy}—i—z ’k, Mo(—l 2, 1. (Orger: 8.)

3.12. a(M):xy—xy]—xy]—i—zk Mo(l —1, 1.
(Orger: 2.)

3.13. a(M)=(x +y)i+yzj +xzk, My2, 1, 0). (O
ger: 1/2.)
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3.14. a(M) = xyi — (y + 2)j + x2k, Mo(4, 0, 1). (Or-
ser: 3\/5)

3.15. a(M) = xi — zyj + x*zk, Mo(—3, 0, 2). (Orser: 12,

3.16. a(M) = (x +y*)i+ y2zj — x*k, Mo(1, 0, 4). (Or-
ger: 2.)

3.17. a(M)= xzi — yj + yzk, Mo(0, — 1, 4). (Orser: 4.)

3.18. a(M) = xyi — xj + yzk, M,(2, 2, 2). (Orser: 1/13.)
3.19. a(M) = (x +y)i+ xyzj — xk, Mo(4, 1, —3). (Or-

ser: 1/33.)

3.20. a(M) = (x — y)i + yzj — yk, Mo(—4, 1, 0). (Or-
ser: \/g)

3.21. a(M) = (y — 2)i — 2°j + xyzk, M(3, O, 1. (Or-
8er: 3\/?)

3.22. a(M)= yzi — 2°] + (x + y) 2k, Mo(1, 3, 0). (Or-
ser: 3.)
3.23. aM) =2 —xzj + 2k, My(l, —2, 1. (Or-

ser: \/g.)

3.24. a(M) = xyi+ (x — 2)j + (y — v)k, Mq(0, 0, I). (Or-
ser: \/6)

3.25. a(M) = xzi 4 (x — y) j + x°zk, Mq(1, I, —2). (Or-
8er: \/Eg)

3.26. a(M)=(x —2)i+ xyj + y2k, Mo(2, 2, ). (Or-
ger: \/21.)

3.27. a(M)=(x — 2)i + xyzj + xk, Mo(—2, 2, N. (Or-
ger: \/24.)

3.28. alM)=(y — 2)i + yj — 2%k, Mo(—1, 2, 1). (Orser:
V2)

3.29. a(M) = (x — )i — xj + xzk, Mo(0, 2, —2). (Or-
ger: 2.)
3.30. a(M) = (x — 2)i — yj + xyk, Mo(l, —1, 0). (Or-
ger: 0.)
4

BoisacHuts, aBasercs gu BeKTOpHOE Mone a(M)=(x, y, 2)
CO/ICHOM A/ bHBIM,

4.1 a(M) = (a — B)xi 4 (v — a)fj + (B — y)zk.

4.2. a(M) = x*yi — 2xy*j 1 2xyzk.
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a(M) = (yz — 20)i+ (xz +29)f + ryk-
/W‘—(\—Z)l-—j y]—i—_t/ 1k.
a(M = 2xyzi — y(yz + i + 2k

,,

)
)
aM)=2x — 3g4| + 2xyj — z°k. . )
(M>*(\ C—y )iy —2)J+(2'f—x“’)k-
a(M) = yzi +(x— p)i + 2’k
aM)=(y + )i+ x + 2]+ + k.

a(M)*—dx yl——ny]—Qx_zﬂk
a(M)=(x +i—2(y+2i+z—x)k

BLISICHHTh, SIBJAACTCH JH BekTopHoe noae a(M)=(x, ¥, 2)
IOTEHUHABHBIM.

4.12. alM)= (yz—?x)'—i—(xz—i—zy)j—i—xyk.
4.13. a(M)= yzi + xzj + xyk.
4.14. (M\—bqu—i—(&x — 24)j + zk.

4.3.
4.4.
4.5.
4.6.
4.7.
4.8.
4.9.
4.10
4.11

4.15. a(M) = (:Zx—y )i 4 (2% — xy)j + yzk.
4.16. a(M)={y — )i + 3xy2]q—(7—x)k

4.17. a(M)=(y — 2)i + x—i—z)] (x~ —J)k
4.18. a(M)=( x—}—y)l——Q\ ]— 3(9/—5—2)

4.19. a(M)= i + (xz + y)j + ‘yk.

4.20. a(M)z,\y(Sx — 4y)i 4+ X7 x——4y);—i—34 .
4.21. a(M)=6x" |—§—3c05 (3x + 22)j 4 cos (dj+ 22)k
4.22. a(M)=(x + )i +(<~yn*2u+ 2)k.
4.23. a(M):d(x~2)i—i—(\ —y) ]—}—q?k

4.24. a(M):(QA—z/ (2 — 2y + 2xyzk.
4.25. a(M) = 3x"i+ 4x — y)j —5—(x—z)k.

BbUICHHTL, ABAAETCH Ju BekTopHoe noge a(M)=(r, y, z)
rapMOHHUECKUM.

4.26. a(M)=x" Zi g — 22k
427, a(M) = (< +9i + 4 2] i+ r + 2k,
4.28. a(M)= = +i]+_k
4.29. (M)—y7|+x2]+xyk
4.30. alM)=(y —2)i +(z—nji+x—yk

PeuicHue Tuno8020 8apUAHTA

|. BougcaiTh [HPKYJIAUHIO BEKTOPHOrO [0 aM)=
=(x—22)i + (v + 3y 4+ 2)j+ (Bx +yk no KOHTYPY Tpe-
YrofigHUKa, MOJYYEHHOTO B pe3yJbraTte epeccuUeHHs [110-
cKocTH (p): x-+y-+z=1 ¢ KOOpAHHATHBIMH [LJIOCKOCTSIMH,
OpH  [OJIOAHTENBHOM HAPABAEHMI 06x04a OTHOCHTCABHO
HOpPMAaJbHOrO BeKTOpa n=(l, [, 1) 3TO# MJIOCKOCTH ABYMH
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cocobamu: 1)  MCOAb3OBAB  onpeseneHHe  LUPKYIAIMH:
2) ¢ nomoubio popmyasi Crokca (15.27).

P B pesyabTate nepeceueHusi maockocTu (p) ¢ Koopu-
HATHBIMH  [IOCKOCTAMH  NOAYyuMM  TpeyroibHuk ABC

Puc. 1516

(puc. 15.16) u ykaxem Ha HeM MOAOKUTENbHOE HanpassieHUe
obxona koHtypa ABCA B cooTBeTCTBUH ¢ yC/0BHEM 3ajauu.
. Boiuneaum uupkyasumio C ganHoro nodst o popmy.e

(15.25), B Kotopoil 06o3Hauum dl = t°d!:

C=§ a-di={a-di+fa-di+|a-d.
ABCA AB BC LA

Ha orpeske AB umeem: z=0, X+y=1 y=1—y,
dy = —dx,

a=xi+(x+3y)j+(5x + y)k, dl = dxi+ dyj,
a-dl = xdx + (x 4+ 3y) dy,

{a.-dl= | xdx 4 (x 4 3y)dy = § (X —x—3(1 —x))dx =

Ab A8 I
0

! "2 0 .
:§ (:3,\'—3)(1,\':(‘33 —3.{)!1 =3,

Ha orpeske BC BepHbl COOTHOLeHHS: x =0, y + 2= 1,
z2=1—y, dz= —dy,

a= —22A+ 3y +2)j +yk, dl =dyj + dzk,
a-dl =3y + 2)dy + ydz,
S a-dl= S By + 2)dy + ydz =
BC BC
0 }

=S(3y+ ! —y—y)dy=g(y+l)dy= WS~

ol s

I !
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Ha orpeske CA umeem: y =0, x+z=1, dz= —dx,
a-dl=(x —22)dx + 5xdz,
Sa-dl-—-S(x-—Qz)dx—l—Sxdz:

ca ca
2
:S(x—2+2x—5x)dx=

0

(—2x — 2)dx =

O ey

CaenoBaTesbHO,

3 3 o
C=5—5—3= 3.

2. BbuMCAMM LUPKYJALHIO AAHHOrO HOJA € TMOMOILBIO
¢popmyan Crokca (15.27). Ilast sToro onpesenum
i i k
d d d

rota(M)= 5 - = = —7j+ k.

oy
x—2z x+4+3y+z Sx+4y

B kauecTBe moBepxHocTH S B ¢opmyse CToKca BO3bMeM
GokoByio noBepxHocTs nupamuisl OABC:

S = Soca + Soas + Sosc-
[To ¢opmyne Crokca uMeem
c =1 rota-n°dS = || rota - dS,

S S
rie
dS = dydzi 4 dxdzj + dxdyk, (rota-dS)=
= —T7dxdz + dxdy.
ChepoBaTesbHO,
C =§§ —7dxdz +dxdy = —7 || dxdz + || dxdy=—3. «
> Soic Sons

2. Ha#iTu BesiHuMHy ¥ HanpapJeHHe HanGOJbLIETO H3Me-
2 2 2
Henust (QyHxunu u(M)=5x"yz — Txy z +dxyz" B TOUKE
Mo(l, 1, ).

p Haxomum uacTHbie Npou3BOAHbie (yHKUMM u(M) B
moGoit Touke M(x, y, 2) U B TOUKe My:

ou (M)

_ 72 £,,52 Ou{Mo)
P = 10xyz — 7y "z 4 oyz’, =

=10—7+45=38,
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ouM) _ oo 2 OuMo) _ o —_
-—@——sz 14xyz 4 5xz7, 3 =H—1445=—4,
ou(;:w) =5x"y — Txy* + 10xyz, 0-”(;‘—210—)25—7—1-10:8.

Toraa B Touke My(l, 1, 1) umeem grad u(M,) == 8i — 4j + 8k.
Haubosbwas ckopocTs uamenenus nosisi B Touke Mo 1OCTH-
raercsi B Hanpabsenun gradu(M,) W uucienno passa
, grad u(Mo)l.‘

()u(/Wo) .
dgradu

=&+ (47 +8 =12 <

3. Haiith HauGoaswyio MIOTHOCTD UM PKYAsALHE BEKTOP-
TS .
Horo mosst a(M) = xy°z’i + x°y2°j + xyzk B Touke M,(2,

’

P HauGosabuias nm0THOCTH  LUPKYJISLHUH BEKTOPHOTO
noas a(M) B aaHHo#l Touke M, gocturaercs B HanpasacHiii
poropa 1 uucienHo pasHa |rota(M,). Haxopum:

max

Ou (M
—”t;is—) = |grad u(M,)] =

i i k
i3] J Jd
rota(M)= e 7 = | =
xy'z Xy xyz

= (v — 2x7y2) — jyz — 2xy*2),

rota(Mo) = 10i -+ 5j, [rota(M.)| =~/10> + 5 = 5/5. <

4. BoisichuTb, ABAfieTCs an  BeKTOpHoe 1node a(M)=
=(y 4+ 2)i + xyj — xzk conenoumaibHbIM.

» Bektophoe nose a(M) — cofeHougasbHOe, €Ca¥ B
Kaxaoi ero touke diva(M)=0. Haxogum

diva(M):% +%§ +3_’<’ =§;(2+y)+
-|—%(-’Cy)—i—i(—JYZ'):O—i—,»C*x:O. <

Jz

15.8. JONMOJAHUTEJbHbIE 3AJAUYM K I'JL. 15

I. Hafitu niomans wactu nosepxnoctu mapa x° 4y +
2 2 " 2 2
-+ 2" =a", pacnonoxkeHHo# BHe UUAMHAPOB X° 4y~ = Fax.
(Oreger: 8a”.)
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2. BriumcsiTh Maccy nopepxnocTd Kyba 0 << x<{1, 0
L y<<1,0<<z<1, ecsiu NOBEPXHOCTHASA JIOTHOCTD B TOUKE
Mx, y z) paBna xyz. (Orser: 3/4.)

3. Bbmncnmb JKOOpJHHATBI LEHTPA Macc KOHHUYECKOH mo-
BEPXHOCTH Z=x 4y’ 0<<2z< 1, eciu ee WJIOTHOCThH B
KaM0ft TOUKE [PONOPLHMOHANLHA PACCTOSHUIO OT STOH TOUKH
no ocu Komnyca. (Oreer: (0, 0, 3/4).)

4. B Kakux TouKax MPOCTPAHCTBA FPaNUEHT CKaJsIDHOIO
noas u(M)y=x’+y°+2° —3xyz: a) nepneHIuKylapeH K
ocu Oz; 6) pasen Hymo? (Orger: a) Z=xy;6) x=y=2)

5. Boiuucauto HaHGOJIbUJy}O CKOPOCTD BO3PACTAHHA cKa-
JAPHOTO 1104 u(M)-xy—i—y z 4 2°x B Touke My(2, 1, 2).

(Orser: \/2—05)

6. [loka3saTk, 4TO B TOUKE A(4, — 12) npousBoaHas QyHK-
iy 2 = x" 4+ 3x° + bxy + y? no 1oGOMY HanpasJ/eHHIO paBHa
HYJIO.

7. YpaBHEHHsT IBHIKEHHS MaTepHasibHOH TOuku: X =,
y=1, z=1" C Kakoil CKOPOCTbIO yBCJIHUMBAETCA PaccToO-

HHEC oT 9TOH TOUKH pife] HayaJla K()OpﬂhHaT.’) (OT8€T.
L4 268 4 3¢ )
VL

8. [la nmapoxoza, Bbll€JLIHE OJHOBPEMCHHO M3 NyHKTa

A, IBIKYTCS OLHH HA CeBep, APYro# — Ha CeBEePO-BOCTOK.
CkopocTh aBHKenus apoxonos 20 kv /u n 40 km/ 4. C Kakofi

CKOPOCThIO YBEJIHUITBAETCS PACCTOSIHHE MEK Ly HHMI? (Orser:
20\/5 — 2\/— 2 KM/u.)
. 3anucarhb ypaBiieHHsl CHIOBHIX JUHU{T BEKTOPHOIO MO
(M = xi + yj + 2zk. (Orser: y = Cix, 2= Cox’.)
10. BekTopHOe nosie onpejessercs CHIoH, MOD,yJIb KOTO-

poit 00paTHO MPONOPIHOHAJIEH PACCTOAHHIO OT TOUKH €e [pH-
noeHnus no miaockoerd Oxy. Cuna Hanpap/ieHa K Hauyaly

koopauHar. Haifitu sauBepreHuio 3TOro  [0OJA. (Orser:
——k/(zw/x —l—t/ +2 rpe k — KosgpdULHEHRT OpONOPHHO-
HAJILHOCTH. )

1. TBepaoe Tesio Bpaliaercs BOKpyr ocu Oz ¢ yrjioBok

CKOPOCThIO ®. BekTop JiMHElHOH CKOPOCTH V HMEET NMPOCKIHH
Ha OCH KOODAMHAT: U= — oY, Uy=0X, U;=0. Haiitu:
a) potop BeKTopa)v 0) LUPKYJISLHIO BeKTopa vV O OKPYXK-
Hoct x° 4 y* =a® B NONOKUTCIBHOM HAlpPABACHHH 06\(01121
orHocuTeasHo opta k. (Oreer: a) (0, 0, 2w); 0) 2na’w.)
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NMPUJIO)KEHHE

KOHTPOJIbHASI PABOTA «KPATHBIE H KPHBOJIH HEM HbIE
HHTEIPAJIBI» (2 YACA)

1. M3MeHHTL NOPSAOK MHTErpHPOBAHHSI.

2 4—x? 3 /25—«
1.1. de S b(x, y)dy. 1.2 de S bx, y)dy
0 4—2y (OO Y
4 V25 —y? ! 4—y
1.3. de S b{x, yydx. 1.4. de S b(x, y)dx.
0 32 U 2y
4 T—y 4 q/25—x?
1.5. de S b(x, y)dx. 1.6. de S b(x, y)dy
9] ;//i—&-l 0 0
2 2yx 4 y-+4
1.7. Vdx | b(x, v)dy. 18 {ay | b, yyax
0 x/4 —2 Y272
| 4 2 y+2
1.9, { aylo(x, yyax L10. Ydy § b(x, yyax
—2 y? 0 y*
2 X242 I 2—x
i fae | b pay 112, {dax § b, )y
0 2x 0 X
/4 n/2—y 2 12x
L. $ay | b, pdx 114, $dx { b(x, y)ay.
0 y 0 3x?
| 11—y ! x"ﬁ»]
Lis. fay | b(x, ydx L16. {ax § o(x, y)dy.
5] _\/lﬁyz [ —1
2 x4 2 1 x?
117§ dx § b(x, yydy. 118, {dx | b, yay.
— ) 0 —_
13—y g 0 14y
1.19. de S b(x, y)dx. 1.20. dy S b(x, y)dx.
0 247 —1 —1—y
| Il —y | 3—x
ret. fay | b yar 1.22. {dx | b(x, y)ay.
0 —y1—g? 0 %7
22—y 4 3u/2-44
123, {dy | b(x, y)dr. 1.24. Ydy | b y)dx
0 -y 0 g2l



0 1+x
fax | b yay
— _V/l__;;
1 y
1.27. {dy | o(x, yydx
0 -y
) 2u+1

fay § b, yx
—1 —2—y

1.25.

1.29.

2. BoiuncauTh TPOAHOR HHTErpaJ
JIAHHBIMU TIOBEDXHOCTSMH.

gég P+ o dxdydz; V
2.2. SlS/S(x + 2V dxdydz, 1%
2.3. Ség zdxdydz; v:
2.4. W\ ydxdydz; 1%
2.5. 535 ydxdydz; 1%
2.6. 5&3(4 — x — ydxdydz, 1%

7. [ dxdydz, v:
s gi T T Faxduz, v

gvgxdvdydz 1%
2.10. gvgg ydxdydz, 1%
2.1 Ség dxdydz, v
2.12. || saxdydz, 14
2.13. 535@ + Ddxdydz, 1%
2.14. gég( + 1) dxdydz, v
2.15. S§S %;dxdydz, v
2.16. [l +4° + 2)dxdydz, V:

v

4/5  3—3y/2
dy S b(x, y)dx.
14y
[ —(x—1)*
1.28. b(x, y)dy.

Vé—x
.30, Ydx S b(x, y)dy.
0

/
;
:§dx _Sx
3

no obaactu V, orpanuuenHoi 3a-

cy=0, 2=0, 2=2, ¥*+ ¢ =2x
Ty=2, X4 2P=2y.

=x'4+ 4 z=2
Cy=4(" 2%, y=4.
=42 y=2
:x2+y2=4,2=0,2=1.

=m ¥4y =3z
Gy za, P < 4dh
=1 —\x 4y 2= 0.
tz=1—(F 4y, z2=0
Cz= aQ—xQ—yz,2=\/F+y2.
tz=2— (4 ), z=x 4y
X4y =1, 2=+ 220
cE=x"4y, 220, 2 << 1L
4=t =g+ k=0
PS4y =9 220 2<3.
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2 2
zeVE Ty . , N R
2.17. ——————dxdydz, V: X’ + y° + * = I, 2= 0.
vV gt 42

2.18. S Sygdxdydz, Vi =1, 22 =>4 4" z2=0.
%

219 SSS Ltz Vi 4+’ + 2721, 4 204, 2 0.

v x? —i—y + 2
2.20. SSS dxdydz, Vididyi=4, z=5— (444 2z=0.
v
d . s
2.21. SS zdxdy : Viz=ryl—x"—y’ 220

2.22. (x — 2)dxdydz, Vix=06(y" 4+ 2% g'42'—=3 x=0.
%

223 Wiy + Ddxaydz,  V:iy=3VF 12 42 =36 g0
%

2.24. ||| zdxdyaz, Viz=5(x*4y’), v 4y =2 z—=0.
o

2.25. N (x 4+ 3)ydxdyd z, Vi2e=y'42° y° +2°=4, x=0.

8
2.26. (4 4 2Ydxdydz,  Viygte x4yt
)

2.27. | S(y‘ + 2ydadydz, Vi x =y’ 422 x=0.

|
vV

2.28. SSS b yhdedydz, Vi 2z =i 4 gy =4, 2 =0.
v

2.29. {{{ (c + 4)dxayaz. Ve Qe =y 4 2% g =4 x =0,

v
2.30. S 3 (y — 3)dxdydz, Vi 4y = \//x:' 428 = 16, y =0.

3. lposepurs, sisaserest au nanuoe BbipakeHnte MOaHbIM AHDdepeH-
UHagsoM QyHKUMH u = u(x, y). Haiitu DyHKUNIO 1 = M(A Y).

3.1. (sin® y — y sin 2x + 1/2)dx + (x sin 2y 4 cos® v hydy
3.2, (y/x+Iny+ 2x)dy + (Inx 4+ x/y + 1)dy.
3.3, (¢* — 2xy)dx 4+ (y° — 2xy)dy.

4 (/N =2+ 2 )dx + (/1 — X7+ y)dy.
X
= QA)dx (-p——;—?y)dz
(x Yo oy v

y X
— 1) d — — 10 d
i +A ) dx+ ( i+ x )
7. (y'e' + 3)dx + 2xye'” — 1)dy.
(sin x 4 ¢os x cos y/sin’ x)dx + (sin y/sin x — cos y)dy.

3.6.
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L=Y ey =2
Xy xy’

1 X 1
3.10. dx e — ) dy.
<(x+y) X> X+<(A‘+u)‘+y>‘y
3.11. S\y—y)dx—}—(x + 3xyt)dy.

(e
y Y’

3.13. ( )dx— Xy

s -1—1/ x4y

(3x°

(si

3.9.

3.12,

3.14. (3x> — 2xy + y)dx + 2xy — &' — 3y’ dy.

3.15. (sin2x— 2sinxsiny — 12x°y)dx 4-(sin Dy 4 2C0s XCOS Y — 4x7)dy.
3.16. (12x°y + 1 /fui\ 4 (da — 2x/yM)dy.

3.17. 2xy — 1/X° )d\f-{—(x — 2/y%)dy.

2 i
3.18. (e C - — )d.\' + (sm 3y — ——-—> dy.
R XY

3.19. (2/x 4 cos” yrdx 4y — X sin ZL/)dJ

3.20. (cos x — 2xyydx F-{—3siny — x*)dy.

3.21. (2xy — [de’ sin x cos x)dx 4+ (x* - Te" cos” * x)dy.

3.22. (1 /cos’ x + y'ldx + 3xy’dy.

3.23. (1 /x 4 sinyldy 4 ¥ cos ydy.

3.94. (1/5° + 1/ydx = (1 — xV/y7)dy-

3.25. (x - y sin’ yydx 4 (1 + x sin® y + xy sin 2ppdy.

3.26. 1e'” ¥ 4y cos xy — bx)dx - (¥ cOS XYy — e~ "dy.

. 2x R 2y
3.27. ( P {2y +.i> dx - (————% s 8x71 J+4>dy.
3.28. (COs ¢ 4y oS ¥ — b\y Ydx + sin x — x sin y — 6.7 2N dy.
3.29. (ye' — 2x sin{x’ — yydx 4 (ve' 42y sin(x® — y')dy.

3.30. (x/\/;l 4ty ity - 3)dy 4 (/A + ¥yt
+ 6x'y" + 8y)dy.
4. BuoiueanTn, KpuBoaupcitinii pnrerpat B1OJb 3agannon ayrs L.
4.1, \xdy— ydx, L x=a cos’t, y=ua sint1 (V<< << 2m).
L
4.2, S (4 yHdx (X —y)dy, Lag y= (x) or Toukit A{—1, 1) xo

Lag
Toukn B2, 2).
4.3. S (o — 2ydx 1yt — 2xy)dy, L y=x ot o A(—1, 1)
Lan
1o Toukd B(l, 1)

4.4. S sin ydx — sin xdy, Lsyt OTPE3OK NPsMOil, 3aKTIOUeHNOH MeKAY
Ly
Toukamu A0, =) u B, 0).

4.5. S xdy —ydx, Lig x=a(l — sin f), y=a{l —cosi?) or TOUKN
Lap
A(2na, 0) no Tounn B(0, 0).
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4.6. Sxdy—}—ydx, Lapc — KouTyp TpeyrosbHuka ¢ BOPUIHHAMUY
Lage

A(—1, 0), B(1, 0), C(0, 1).

4.7. S —)y{—dx—}— xdy, Lag: ¥y =In x oT Touku A(1, 0) no Touxu Be, 1).
Lag
4.8. S xe*'dy + ydx, Loa: y=x" o1 Toukn O(0, 0) no Touxn AL, 1)
Loa
4.9. S (x* + y)dx + (x4 ¢*) dy, Lag — oTpe3ok npamoil, 3ak10ueHHbil
Las
mexay toukamu A(l, 2} u B(3, 5).
4.10. S (xy — Vdx + x*ydy, L,p— OTPE30K NPAMOH, 3aKAI0UeHHbIN
Las
Mexay Toukamu A(l, 0) u B(0, 2).
4.11. S c0s ydx — sin xdy, L,z — OTpe3ok NpsMoil, 3aKIOueH bl
Lag
Mexay Toukamu A(2, —2) u B(—2, 2).
4.12. S xdy + ydx, Loig — KOHTYD TpPeyrofibHuKa c BEPIIHHAMM
Loas
0(0, 0), A(3, 0), B(0, 2).
4.13. S (x+ydl, Lossp — Koutyp TpeyroabWuka ¢ BepUIMHAMM
Loas
0(0, 0), A(2, 0), B0, 2).
4.14. S(x—}—y)dl. L — nepewiii nenectok iiemnnckats Bepuyasu p* =
L

= a? cos 2¢.

4.05. & \x* + y* di, L — okpyskuocts x° + ¥ = ax.
L

4.16. Sy"dl_ L — nepsan  apka umknouas x=a(t —sinl), y
L

=a(l —cos ).
4.17. S xydx +(y — xydy, Log: y=x" or Touku O(0, 0) a0 Toukn
Los
B(i, 1.
dl ; .
4.18. ———————, L | — OTPC30K NPSIMOfi, COEAUHSIOWMH TOUKH
V'Yt 4

Loa
0(0, 0) u A(1, 2).
4.19, S 2xdy + ydx, Lag: x =y* or toukn A(l, 1) no Touku B(4, 2).
Lan
dil
J Xty

y=4sin{, z =3l

4.20, S , L — nepsblil BUTOK BUMHTOBOI auHUM x=4cost,

4.21. @ye‘d!, L —— okpyxuocTs 17 + y = 3.
L
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4.22. @ 2% 4+ y2)dl, L — okpymuocth x° 4¢P = 1.

4.23. Q(x° + y) dl, L — oxpyKuoctb x = 2 cos 1, y = 2 sin 1.

\@

2l
4.24. S il , L —saaunc x=4cos t, y=-sin 1.
;] V' 16y

4.25. S (0 4+ y")dx + (x* — y°)dy, L.,z — KOUTYD TPCYroablHKa ¢
Loas
Bepmmnami 00, 0), Al 0), B(0, ).

4.26. K(arcsin y—xNdl, L — ayra OKpyRKHOCTH X =C0S{, Y=

L
=sint (0t <L /).
4,27, S Xyde 4+ ye*Tdy, Ly — oTpe3ok NpAMOH,  3aKAIOUEHHbIH
Lag
mexay toukamn A(l, 1) u B(2, 3).

-x

4.28, S ydx + %dy, Lag - Ayra kpuBo#l y=e™ " or roukn A(0, 1)

Lap
N0 Toukn B(l, 2).
4.29. S 2xydx + x*dy, Loy y = x* o1 touxn O(0, 0) 10 Toukn A(I, 1).
Loa
4.30. \ (vy + x)dl, L.y — OTPe3oK 1paMON, 3aKJioueHHbl  MCKAY

Lag
Toukamu A(l, 1) u B(3, 3).
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