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, 

SO‘Z    BOSHI 
 Qo‘llanma  oliy  ta’lim muassasalari texnika  va texnologiya bakalavr 

ta’lim yo‘nalishlari Davlat ta’lim standartlariga mos keladi va fanning o‘quv 
dasturlariga to‘la javob beradigan tarzda bayon qilingan.  

Ushbu o‘quv qo‘llanma bakalavr ta’lim yo‘nalishlarining 2-bosqich 
talabalari uchun mo‘ljallangan bo‘lib, fanning bir necha o‘zgaruvchi 
funksiyalarining differensial hisobi, bir necha o‘zgaruvchi funksiyalarining 
integral hisobi, oddiy differensial tenglamalar, qatorlar   bo‘limlari bo‘yicha 
materiallarni o‘z  ichiga oladi. 

Qo‘llanmaning har bir bo‘limi zarur nazariy tushunchalar, ta’riflar, 
teoremalar va formulalar bilan boshlangan, ularning mohiyati misol va 
masalalarning yechimlarida tushuntirilgan, shu bo‘limga oid amaliy 
mashg‘ulot darslarida va mustaqil uy ishlarida bajarishga mo‘ljallangan ko‘p 
sondagi mustahkamlash uchun mashqlar javoblari bilan berilgan.  

Har bir bo‘limning oxirida nazorat ishi va talabalarning mustaqil ishlari 
uchun topshiriiqlar variantlari keltirilgan. Har bir mustaqil ish topshirig‘ining 
oxirgi varianti namuna sifatida yechib ko‘rsatilgan.  
      Qo‘llanmani yozishda oily texnika o‘quv yurtlarining bakalavrlari uchun  
oily matematika fanining amaldagi dasturida tavsiya qilingan adabiyotlardan 
hamda o‘zbek tilida chop etilgan zamonaviy darslik va o‘quv 
qo‘llanmalardan keng foydalanilgan. 
       Qo‘llanma haqida bildirilgan fikr va mulohazalar mamnuniyat bilan 
qabul qilinadi. 

Muallif 

O‘quv qo‘llanmada quyidagi belgilashlardan foydalanilgan: 
 –  muhim ta’riflar; 

–  «alohida e’tibor bering»;                  
 – misol yoki masala yechimining boshlanishi va oxiri;      

       Shuningdek, muhim teorema va formulalar to‘g‘ri to‘rtburchak ichiga 
olingan. 
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I bob 
BIR  NECHA  O‘ZGARUVCHI   

FUNKSIYALARINING  DIFFERENSIAL  HISOBI 
 

1.1. BIR  NECHA  O‘ZGARUVCHINING  FUNKSIYALARI 

Funksiya tushunchasi. Funksiyaning limiti. Funksiyaning uzluksizligi 

1.1.1. 2R  fazoda  D  va E  to‘plamlar berilgan bo‘lsin. 
 Agar D  to‘plamning har bir ),( yx  haqiqiy sonlar juftiga biror qonun 
yoki qoida bilan E  to‘plamdagi yagona haqiqiy z  soni mos qo‘yilgan bo‘lsa, 
D  to‘plamda ikki o‘zgaruvchining funksiyasi aniqlangan deyiladi. 

 Ikki o‘zgaruvchining funksiyasi   
),,( yxfz    ),( yxzz     

va boshqa ko‘rinishlarda belgilanadi. Bu yerda x  va y  argumentlar, z  ikki x  
va y  o‘zgaruvchining  funksiyasi deb ataladi. D  to‘plamga ),( yxf  
funksiyaning aniqlanish sohasi,   E  to‘plamga uning qiymatlar  sohasi 
deyiladi. 

1-misol. Perimetri a ga teng uchburchakning ikki tomoni x va y  ga teng. 
Uchburchakning yuzasini x va y orqali ifodalang. 
 Uchburchakning uchinchi tomoni z  bo‘lsin. U holda zyxa   
bo‘ladi. Bundan .yxaz   
          Uchburchakning yuzasini Geron formulasi bilan topamiz: 

,))()(( zpypxppS   bu yerda .
2
ap   

p  va z  ni Geron formulasiga qo‘yamiz: 







 





 





  yxaayaxaaS

2222
 

yoki 
)22)(2)(2(

4
1),( ayxyaxaayxS  . 

To‘g‘ri burchakli dekart koordinatalar sistemasida haqiqiy 
sonlarning har bir ),( yx  juftiga  Oxy tekislikning  yagona  );( yxP   nuqtasi 
mos keladi. Shu sababli ikki o‘zgaruvchining funksiyasini );( yxP  nuqtaning 
funksiyasi deb qarash va ),( yxfz   yozuvni )(Pf   kabi yozish mumkin. Bu 
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holda ikki o‘zgaruvchi funksiyasining aniqlanish sohasi Oxy tekislik 
nuqtalarining biror to‘plamidan yoki butun tekislikdan iborat bo‘ladi.  

Argumentlarning tayin 0xx   va  0yy    qiymatlarida (yoki );( 000 yxP  
nuqtada) ),( yxfz   funksiyaning qabul qiladigan 0z  xususiy qiymati   

0

00
yy
xxzz


  yoki  ),( 000 yxfz   (yoki )( 00 Pfz  ) deb yoziladi.  

2-misol.
y

yxyxf )1(),(
2 

 funksiyaning   ,;4,3;),1;2( 

















x
yC

y
xBA  









x
y

y
xD ;   nuqtalardagi xususiy qiymatlarini toping. 

),( yxf  funksiyaning );( 000 yxP  nuqtadagi xususiy qiymatini topish 
uchun funksiyaning ifodasiga bu nuqtaning koordinatalarini qo‘yish kerak. 
         Demak, 

;4
1

)1)1((2)(
2





Af     ;

3
10

3

)13(
)(

2

y
xy

x

Bf 


  

;)(4
14

)(
22

2

xy
xy

x
y

x
y

Cf 



















      .
1

)( 2

22

2

y
xy

x
y
x
y

y
x

Df 



















  

3-misol. xyyxyxf 2),( 2222  bo‘lsa, ),( yxf  ni toping. 
22 yxu   va 22 yxv   belgilashlar kiritamiz va hosil bo‘lgan  

tenglamalarni  x va y ga nisbatan yechamiz: 








vyx
uyx

22

22 ,
 dan  

2
,

2
22 uvyuvx 



    yoki .

2
,

2
uvyuvx 




  

Berilgan funksiyani yangi o‘zgaruvchilar orqali ifodalaymiz: 

.
22

2),( 22 uvuvuvvuf 





  

       vu,  o‘zgaruvchilarni yx,  o‘zgaruvchilar bilan almashtirib, topamiz: 
.),( 22 xyyxf   
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x  

y  
xy   

1-shakl. 

0  

       ),( yxfz   funksiya jadval, grafik va analitik usullarda berilishi mumkin. 
Funksiya analitik usulda berilganda uning aniqlanish sohasi funksiyani 
aniqlovchi formula ma’noga ega 
bo‘ladigan barcha nuqtalar to‘plamidan  
iborat bo‘ladi. 

4-misol. Funksiyalarning aniqlanish 
sohasini toping: 

 1) ;3 22

xy
yxz




     2) )8arcsin( 22  yxz . 

     1) Funksiya xy   shartda 
aniqlanmagan.  Demak, xy  . Geometrik 
nuqtayi nazardan xy   shart funksiyaning 
aniqlanish sohasi ikkita yarim tekislikdan 
tashkil topishini bildiradi. Bunda birinchi 
yarim tekislik xy   to‘g‘ri chiziqdan yuqorida, ikkinchisi bu  to‘g‘ri chiziqdan 
pastda yotadi (1-shakl). 
         2) Funksiya 181 22  yx  shartda aniqlangan.  Bu shart 

97 22  yx  shartga teng kuchli. 
Funksiya aniqlanish sohasining 
chegaraviy  chiziqlari bo‘lgan 722  yx   
va  922  yx   aylanalar ham bu sohaga 
tegishli. Demak, funksiyaning aniqlanish 
sohasi markazi koordinatalar boshida 
bo‘lgan, radiuslari mos ravishda 7  va  3  
ga teng aylanalar orasida va bu 
aylanalarda yotuvchi barcha nuqtalardan 
iborat bo‘ladi (2-shakl). 

3R  fazoda D  va E  to‘plamlar 
berilgan bo‘lsin. 

 Agar D  to‘plamning har bir ),,( zyx  haqiqiy sonlar uchligiga biror qonun 
yoki qoida bilan E  to‘plamdagi yagona haqiqiy u  soni mos qo‘yilgan bo‘lsa, 
D  to‘plamda uch o‘zgaruvchining funksiyasi aniqlangan deyiladi. 
       Uch o‘zgaruvchining funksiyasi  

....,0),,,(),,,(),,,(  uzyxFzyxuuzyxfu  
kabi belgilanadi. 

2-shakl. 

3  x  

y  

O  7  
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Uch o‘zgaruvchining funksiyasi );;( zyxP  nuqtaning funksiyasi deb 

qaralsa ),,( zyxfu   yozuvni )(Pf  kabi yozish mumkin. Bu holda uch 
o‘zgaruvchi funksiyasining aniqlanish sohasi Oxyz  fazodagi nuqtalarining  
biror to‘plamidan yoki butun  fazodan iborat bo’ladi.  

5-misol. Funksiyalarning aniqlanish sohasini toping: 

 1)  ;623  zyxu                              2) )6623ln( 222  yxzu . 

      1) Funksiya  0623  zyx  yoki  623  zyx   shartda haqiqiy 
qiymatlar qabul qiladi. Demak, funksiyaning aniqlanish sohasi Oxyz  
koordinatalar fazosining 0623  zyx  tekislikda va bu tekislikdan  
yuqorida yotgan nuqtalar to‘plamidan iborat bo‘ladi. 

2) Funksiya ),,( zyx  uchlikning 06326 222  yxz  yoki 

1
123

222


zyx  shartni qanoatlantiruvchi qiymatlarida aniqlangan. Shu 

sababli bu funksiyaning aniqlanish sohasi 1
123

222


zyx  ikki pallali  

giperboloidning ichki qismidan iborat bo‘ladi. 

To‘rt o‘zgaruvchining, besh o‘zgaruvchining va umuman  
n  o‘zgaruvchining funksiyasi yuqoridagi kabi ta’riflanadi va belgilanadi.  
n  o‘zgaruvchining ),...,,( 21 nxxxfy    funksiyasi ko‘pincha nR  fazodagi  

);...;;( 21 nxxxP   nuqtaning funksiyasi sifatida qaraladi va )(Pfy   deb yoziladi.  
n  o‘zgaruvchi funksiyasining aniqlanish sohasi ),...,,( 21 nxxx  haqiqiy sonlar  
sistemasining D  to‘plamidan iborat bo‘ladi. Bunda to‘rt va undan ortiq 
o‘zgaruvchiga bog‘liq funksiyalarning aniqlanish sohasini ko‘rgazmali  
(chizmalarda) namoyish qilib bo‘lmaydi.  

 1.1.2. ),( 000 yxP  nuqtaning  atrofi deb      2
0

2
0 yyxx  (yoki 

 ),( 0PP ) tengsizlikni qanoatlantiruvchi barcha ),( yxP  tekislik nuqtalari 
to‘plamiga aytiladi. Bu to‘plam markazi 0P  nuqtada bo‘lgan va  radiusi   ga 
teng  ochiq (chegarasiz) doirada yotuvchi barcha P   nuqtalardan tashkil 
topadi. 
   Agar  0  son uchun ),( 000 yxP   nuqtaning shunday  atrofi 
topilsaki, bu atrofning istalgan ),( yxP   nuqtasi  ( 0P  nuqta bundan istisno  
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bo‘lishi mumkin) uchun 

 APf )(  
tengsizlik bajarilsa, A   songa ),( yxfz   funksiyaning ),( 000 yxP   nuqtadagi  
yoki 0PP   dagi limiti deyiladi va  

Ayxf
yy
xx





),(lim
0
0

, 
   

Ayxf
yxyx




),(lim
00 ,,

 yoki  APf
PP




)(lim
0

 

kabi belgilanadi.  
Ta’rifga ko‘ra, APf

PP



)(lim

0

 limit mavjud bo‘lsa, bu limit );( yxP  
nuqtaning ),( 000 yxP  nuqtaga intilish yo‘liga bog‘liq bo‘lmaydi, ya’ni agar 

APf
PP




)(lim
0

 bo‘lsa, u holda );( yxP  nuqta ),( 000 yxP  nuqtaga ixtiyoriy 
yo‘nalish va istalgan trayektoriya bo‘ylab yaqinlashganda ham bu limit A  ga 
teng bo‘ladi. 

Bir necha o‘zgaruvchi funksiyasining limiti uchun quyidagi teoremalar 
o‘rinli bo‘ladi.         

1-teorema. )(lim)(lim))()((lim
000

PgPfPgPf
PPPPPP 

 . 
       2-teorema. )(lim)(lim))()((lim

000

PgPfPgPf
PPPPPP 

 . 
1-natija. Funksiya 0PP  da yagona limitga ega bo‘ladi. 

       2-natija. CCf
PP




)(lim
0

, C o‘zgarmas funksiya. 
       3-natija. .),(lim))((lim

00

RkPfkPfk
PPPP




 

       4-natija. ,....3,2,1,)(lim)(lim,))(lim())((lim
0000




kPfPfPfPf k
PP

k
PP

k

PP

k

Px
 

       3-teorema. 
)(lim

)(lim

)(
)(lim

0

0

0 Pg

Pf

Pg
Pf

PP

PP

PP





  ,  0)(lim

0




Pg
PP

. 

4-teorema. Agar 0P  nuqtaning biror atrofidagi barcha P  nuqtalar uchun 
)()()( PgPPf    tengsizlik bajarilsa va APgPf

PPPP



)(lim)(lim

00

 bo‘lsa,  

u holda  AP
PP




)(lim
0

  bo‘ladi. 

 5-teorema. Agar 0P  nuqtaning biror atrofidagi barcha P  nuqtalar uchun  
)()( PgPf   tengsizlik bajarilsa va )(),( PgPf funksiyalar 0PP  da  

limitga ega bo‘lsa, u holda )(lim)(lim
00

PgPf
PPPP 

    bo‘ladi. 
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         6-teorema.   0)(lim,0)(lim
00




CPfPg
PPPP

 bo‘lsin.  U holda:  

        1) agar  ),( 0PP  ( 0 ) tengsizlikni qanoatlantiruvchi barcha   

P  nuqtalar uchun   0
)(
)(


Pg
Pf bo‘lsa,    

 )(
)(lim

0 Pg
Pf

PP
  bo‘ladi;   

         1) agar  ),( 0PP  ( 0 ) tengsizlikni qanoatlantiruvchi barcha  

P  nuqtalar uchun 0
)(
)(


Pg
Pf  bo‘lsa,   

 )(
)(lim

0 Pg
Pf

PP
 bo‘ladi. 

Agar ),( yxfz    funksiyaning x va y  o‘zgaruvchilaridan biriga tayin 
qiymat berilsa, bir o‘zgaruvchining ),( axfz   yoki ),( ybfz   funksiyasi 
kelib chiqadi, bu yerda ba, o‘zgarmaslar. Bunda 0xx  da ( 0yy  da) 

),( axfz   ),( ybfz   funksiyaning limiti mavjud bo‘lsa, bu limit a qiymatga 
(b  qiymatga)  bog‘liq bo‘ladi, ya’ni 

)(),(lim
0

aaxf
xx




 ( )(),(lim
0

bybf
yy




). 

Masalan, 
   

,
12
13

2
3lim

22

1,, 






 x
x

yx
yx

xyx
  

   
,

22
23

2
3lim

22

2,, 






 x
x

yx
yx

xyx
… . 

6-misol. Limitlarni toping: 

  1)
   

;
2

3lim 2

2

2,1, yx
yx

yx 



                                        2)

   
;

39
lim

22

22

0,0, 


 yx
yx

yx
  

  3)
   

;
24

lim
0,0, yx

xy
yx 




                                  4)
   

;)arcsin(lim
3,0, x

xy
yx 

 

  5)
   

;
)4)(3(2

1lim
)4(

0,4, 


 yxy
e yxx

yx
                        6)

   
.

3
lim 33

2

0,0, yx
yx

yx 
 

 Berilgan limitlarni limitlar haqidagi teoremalarni qo‘llab, topamiz. 
1) 

   
1lim

2,1,



x

yx
  va  

   
2lim

2,1,



y

yx
.  

 U holda 

   

   

   

       

       
5

13
)2(21
)2(31

lim2lim

lim3lim

)2(lim

)3(lim

2
3lim 2

2

2,1,

2

2,1,

2

2,1,2,1,
2

2,1,

2

2,1,
2

2

2,1,



























 yx

yx

yx

yx

yx
yx

yxyx

yxyx

yx

yx

yx
. 

2) )0(sin,cos  rryrx   deymiz. 222 ryx    ifoda r ning tayin 
qiymatida ),( yx  nuqta markazi koordinatalar boshida bo‘lgan r  radiusli 
aylanada yotishini bildiradi.  Bunda   burchak 0  dan  2   gacha qiymatlarni 
qabul qilganda ),( yx  nuqta butun aylanani qoplaydi.   ning  
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0  dan 2  gacha o‘zgarishida r  ga ixtiyoriy musbat son berib aylananing 
istalgan nuqtasiga tushish mumkin.  Shu sababli  0r  shart )0,0(),( yx  
shartga teng kuchli bo‘ladi.  

Demak,  

   
.6)39lim()39(lim

39
lim

39
lim

0

2
2

22

02

2

022

22

0,0,











 rrryx
r

r
rr

r
r

yx
yx         

       3) )0;0(  nuqtaga kxy    to‘g‘ri chiziq bo‘ylab yaqinlashamiz.    
U holda 

   












 )24()1(

lim
)1(

24lim
24

lim
2

2

0

2

00,0, kxxk
kx

xk
kx

yx
xy

xxyx
 

.0
)1(4

0
)24)(1(

lim
20








 kkxk

kx
x

 

4) 3,0  yx  da 0xy . Bundan 1arcsinlim
0


 




 tenglikni qo‘llab, 

topamiz: 

   
.3lim)arcsin(lim)arcsin(lim

)3,0(),()3,0(),(3,0,



y

x
xy

xy
xy

x
xy

yxyxyx
 

5) 0,4  yx  da 04  yx . 11lim
0




 





e  tenglikni qo‘llab, topamiz: 

   





 )4)(3(2
1lim

)4(

0,4, yxy
e yxx

yx    








 )3(2)4(
1lim

)4(

0,4, y
x

yxx
e yxx

yx    
.

3
2

)3(2
lim

0,4,


 y
x

yx
 

         6) )0;0(  nuqtaga kxy    to‘g‘ri chiziq bo‘ylab yaqinlashamiz: 

   
.

313
lim.

3
lim 3333

2

033

2

0,0, k
k

xkx
kxx

yx
yx

xyx 





 
 

        Bu limitning qiymati to‘g‘ri chiziqning burchak koeffitsiyentiga 
bog‘liq: 1k da  (ya’ni nuqta xy   to‘g‘ri chiziq bo‘ylab harakatlanganda) 

limit 
4
1  ga teng; 2k  da (ya’ni nuqta xy 2  to‘g‘ri chiziq bo‘ylab 

harakatlanganda) limit 
25
2  ga teng va hokazo.  Shunday qilib, );( yxP  nuqta 

koordinatalar boshiga turli yo‘nalishlar bo‘ylab yaqinlashganda funksiya 
turli limitlarga ega bo‘ladi.  

Demak,   
    33

2

0,0, 3
lim

yx
yx

yx 
  limit mavjud bo‘lmaydi. 
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       1.1.3. )(Pfz   funksiya );( 000 yxP   nuqtaning biror atrofda aniqlangan 
bo‘lsin.  

                Agar )(Pf  funksiya 0P  nuqtada chekli limitga ega bo‘lib, bu limit 
funksiyaning shu nuqtadagi qiymatiga teng,  y’ani )()(lim 0

0

PfPf
PP




 bo‘lsa,  
u holda )(Pf  funksiya );( 000 yxP  nuqtada uzluksiz deyiladi.  

Nuqtada  uzluksiz funksiyalar uchun quyidagi teoremalar o‘rinli bo‘ladi. 

1-teorema. )(Pf  va  )(Pg   funksiyalar  0P  nuqtada uzluksiz bo‘lsa,  

u holda ),()( PgPf  )()( PgPf   va  0)(
)(
)(

0 Pg
Pg
Pf funksiyalar ham 0P  

nuqtada uzluksiz bo‘ladi. 
2-teorema.  )(Pf  funksiya ),( 000 yxP   nuqtaning biror atrofda aniqlangan 

va  0P  nuqtada uzluksiz bo‘sin, bunda )(Pf  qiymat 0Q  nuqtaning biror 
atrofiga tushsin va 00 )( QPf   bo‘lsin. Agar )(Qg  funksiya );( 000 vuQ   
nuqtaning biror atrofda aniqlangan va  bu nuqtada uzluksiz bo‘lsa, u holda 
 )(Pfg  murakkab funksiya );( 000 yxP  nuqtada uzluksiz bo‘ladi. 

       3-teorema. Agar )(Pf  funksiya 0P   nuqtada uzluksiz va 
 0)(0)( 00  PfPf   bo‘lsa, u holda 0P   nuqtaning biror atrofida 
 0)(0)(  PfPf   bo‘ladi. 

4-teorema. Agar )(Pf  funksiya 0P   nuqtada uzluksiz bo‘lsa, u holda  
)lim()(lim

00

PfPf
PPPP 

  bo‘ladi. 
5-teorema. Agar )(Pf  funksiya );( 000 yxP nuqtada uzluksiz bo‘lsa,  

u holda )(Pf  funksiya 0P  nuqtaning biror atrofida chegaralangan bo‘ladi.  
               Agar )(Pf  funksiya 0P  nuqtada aniqlanmagan yoki )()(lim 0

0

PfPf
PP




  
bo‘lsa 0P  nuqtaga )(Pf  funksiyaning uzulish nuqtasi deyiladi. 

7-misol. Funksiyalarning  uzilish nuqtalarini toping: 

  1) ;42
22

22

yx
yxz



                                             2) )2ln( 22 yxz  .  

   1) 22

22 42
yx

yxz



   funksiya )0,0(0P nuqtada aniqlanmagan.  

       Demak, )0,0(O  nuqta funksiyaning uzilish nuqtasi. 
2) )2ln( 22 yxz   funksiya )0,0(O nuqtada aniqlanmagan va bu nuqta  

funksiyaning uzulish nuqtasi bo‘ladi. 
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    1. Tekislikdagi D to‘plamning ixtiyoriy ikki nuqtasini shu to‘plam  
nuqtalaridan tashkil topgan  uzluksiz chiziq bilan tutashtirish mumkin bo‘lsa, 
D to‘plamga  bog‘lamli to‘plam deyiladi. 

2.  Tekislikdagi D  to‘plamning M  nuqtasi uchun shu to‘plam 
nuqtalaridan tashkil topgan  atrof mavjud bo‘lsa, M nuqtaga D  to‘plam-
ning ichki nuqtasi deyiladi. 

3.  Agar P  nuqtaning ixtiyoriy  atrofida berilgan to‘plamga tegishli 
bo‘lgan va tegishli bo‘lmagan nuqtalar  mavjud bo‘lsa, P   nuqta berilgan 
to‘plamning chegaraviy nuqtasi deb ataladi. To‘plamning  barcha chegaraviy 
nuqtalari to‘plamiga uning chegarasi deyiladi. 

4. Faqat ichki nuqtalardan tashkil topgan D  to‘plamga ochiq to‘plam 
deyiladi. 

5.  Bog‘lamli ochiq D to‘plamga  ochiq soha yoki soha deyiladi 
6.  Soha va uning chegarasidan tashkil topgan to‘plamga yopiq soha 

deyiladi. 
7. Agar  berilgan sohani to‘la qoplaydigan, ya’ni sohaning barcha 

nuqtalarini o‘z ichiga oladigan doirani tanlash mumkin bo‘lsa, u holda bu 
sohaga chegaralangan soha,  aks holda chegaralanmagan soha deyiladi.    

)(Pf   funksiya ochiq yoki yopiq sohaning har bir nuqtasida uzluksiz 
bo‘lsa,  u shu sohada uzluksiz deb ataladi.  

Sohada uzluksiz funksiyalar uchun qoyidagi teoremalar o‘rinli bo‘ladi. 
6-teorema (Bolsano-Koshi teoremasi). Agar )(Pf  funksiya bog‘lamli  

D to‘plamda uzluksiz bo‘lib, uning ikkita turli nuqtalarida har xil ishorali 
qiymatlar qabul qilsa, u holda D to‘plamda shunday P nuqta topiladiki, 

0)( Pf  bo‘ladi.  
7-teorema (Beershtrass teoremasi). Agar )(Pf  funksiya yopiq D sohada 

uzluksiz bo‘lsa, u holda )(Pf  funksiya bu sohada chegaralangan bo‘ladi. 
Bunda uzluksiz funksiya yopiq sohada o‘zining eng kichik va eng katta  
qiymatlariga erishadi.  

8-misol. Funksiyalarni uzluksizlikka tekshiring: 
  1) 

425
1




yx
z                                                 2) 

222

1
zyx

z


 .  

   1) Funksiya 0425  yx   tenglamani qanoatlantiradigan  
nuqtalardan tashqari barcha nuqtalarda aniqlangan va uzluksiz. Bu tenglama 
funksiya aniqlanish sohasining chegarasidan iborat bo‘lgan to‘g‘ri chiziqni  
ifodalaydi. Bu  to‘g‘ri chiziqning har bir nuqtasi funksiyaning uzilish nuqtasi  
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bo‘ladi. Shunday qilib, berilgan funksiya  uzilish nuqtalari butun bir to‘g‘ri  
chiziqni tashkil qiladi. 
       2) Funksiya maxraji nolga teng bo‘lgan , ya’ni 0222  zyx  tenglikni 
qanoatlantiruvchi nuqtalarda aniqlanmagan.  Demak, 222 zyx   konus sirti 
berilgan funksiyaning uzilish nuqtalari bo‘ladi. 

 

Mustahkamlash uchun mashqlar 

  1.1.1. Perimetri x  ga teng bo‘lgan teng yonli trapetsiyaga radiusi y ga 
teng bo‘lgan aylana ichki chizilgan. Trapetsiyaning yuzasini x  va y orqali  
ifodalang. 

  1.1.2. R  radiusli sharga asosi to‘g‘ri to‘rtburchakdan iborat bo‘lgan 
piramida ichki chizilgan. Piramidaning balandligi to‘g‘ri to‘rtburchakning 
diagonallari kesishish nuqtasidan o‘tadi va sharning markazi bu balandlikda 
yotadi. Piramidaning hajmini to‘g‘ri to‘rtburchakning x  va y  o‘lchamlari  
orqali ifodalang. 

  1.1.3. Perimetri a  ga teng bo‘lgan to‘rtburchakning yuzasini uning  
uchta yx,  va z  tomonlari orqali ifodalang. 

  1.1.4. Konusga ichki chizilgan sharning radiusini konusning uchta yx,  
va z  o‘lchami orqali ifodalang, bu yerda x radius, y balandlik,  
z yasovchi. 

  1.1.5. 
yx
yxyxf

2

33

),( 
  funksiyaning 
















x
y

y
xC

yx
BA ;,1;1),1;2(   

nuqtalardagi xususiy qiymatlarini toping. 

  1.1.6. 
xy

yxyxf
2)(),( 

  funksiyaning 

















x
y

y
xC

xy
BA ;,1;1),2;1(   

nuqtalardagi xususiy qiymatlarini toping. 

  1.1.7. 
x
y

b
yx

a
yxf 






  ,  bo‘lsa, ),( yxf  ni toping. 

  1.1.8. 
xy

yx
x
y

y
xf

22 43, 








  bo‘lsa, ),( yxf  ni toping. 
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  1.1.9. Funksiyalarning aniqlanish sohasini toping:  

   1) ;1arcsin
x

yz 
                                   2) ;

169
1

22 yxz   

   3) ;
9

6
22 




yx
xz                                   4) ;

442
1

22 


yyxx
z  

   5) );25ln( 22  yxz                            6) ;)sin( 22 yxz   

   7) ;
)1ln(

4
22

2

yx
yx

z



                              8) ;1

yx
z


  

   9) ;)2(1 2yxz                         10) ;16)9ln( 2222 yxyxz   

11) ;zyxu                              11) ;
2516

22 yxzu   

13)  ;arcsin
22

z
yx

u


                          14) ;
)1ln(

1
222 zyx

u


  

15) ;1
2

2

2

2

2

2

c
z

b
y

a
xu                         16) .arcsin

a
azyxu 

  

1.1.10. Limitlarni toping: 

  1)
   

;
342

9lim
0,0, xy

xy
yx 

                           2)
   

;
11

lim
2

2

0,0, xy
yx

yx




  

  3) 
   

;lim 22

22

0,0, yx
yx

yx 



                                 4)

   
;

2
cos1sin)2(lim

0,0, 



















 yx

y
yx

yx
yx

 

  5) 
   

;lim 22

2

0,0, yx
xy

yx 
                                 6) 

   
;)(lim 2

2

0,0, yx
xyarctg

yx 
 

7) 
   

;
16)3(

)43sin(lim 21,1, 


 yx
yx

yx
                       8) 

   
;

2
)1ln(lim 2

2

2,2, 


 yx
yx

yx
 

9) 
   

;11lim

2

0,,

yx
x

yx x









                             10) 

   
;)1(lim

22
1

22

0,0,

yx

yx
yx 




  

11) 
   

;)sin(lim 331,1, yx
eyx yx

yx 
 


                   12) 

   
;

)(2
1lim

sin

0,2, yxy
e xy

yx 



 

13) 
   

;
3sin3sin9

sinsin3lim
22

22

0,0, 


 xy
yx

yx
       14)

   
.

)2()2(
lim 22

22

2,2, yx
yx

yx 



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1.1.11. Funksiyalarning  uzilish nuqtalarini toping: 

  1) ;22

22

yx
yxz


                                     2) ;22 yx
xyz


   

  3) ;
22 yx

y

ez 


                                       4) .
53

1



yxyx

z   

1.1.12. Funksiyalarni  uzluksizlikka tekshiring: 

  1) ;1
22 yx

z


                                     2) ;
2
2

2

2

yx
yxz




   

  3) ;
62

5



zyx

u                            4) .
1

1
222 


zyx

u   

 
 

1.2. BIR  NECHA  O‘ZGARUVCHINING   
FUNKSIYASINI DIFFERENSIALLASH 

 
Funksiyaning xususiy hosilalari. Funksiyaning differensiali.  

Sirtga o‘tkazilgan urinma tekislik va normal. Murakkab funksiyani 
differensiallash. Oshkormas funksiyani differensiallash.  

Yuqori tartibli hosila va differensiallar 

1.2.1. ),( yxfz   funksiya 2RD   to‘plamda aniqlangan va uzluksiz 
bo‘lib,  );( 000 yxP , );( 001 yxxP  , );( 002 yyxP   va );( 003 yyxxP   nuqtalar  
D  to‘plamga tegishli bo‘lsin, bu yerda  yx, argumentlarning orttirmalari. 
 ),(),()()( 00001 yxfyxxfPfPfzx   va 

),(),()()( 00002 yxfyyxfPfPfzy   ayirmalarga ),( yxfz  funksiyaning  
);( 000 yxP  nuqtadagi  x va y  o‘zgaruvchilar  bo‘yicha xususiy orttirmalari 

deyiladi. 
         ),(),()()( 00003 yxfyyxxfPfPfz   ayirmaga ),( yxfz    
funksiyaning   ),( yxP  nuqtadagi  to‘liq orttirmasi deyiladi. 

1-misol.  22 yxxyz   funksiyaning )1;1(0 M nuqtadagi xususiy va 
to‘liq orttirmalarini 1,0x  va 2,0y  lar uchun toping. 
       2222)()( yxxyyxxyxxzx  

;01,01)1(1)1,01()1()1,01( 22   
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        2222 )()( yxxyyyxyyxzy  
;64,0)1()1(1)2,01()2,01(1 22   

        2222 )()()()( yxxyyyxxyyxxz  
.55,0)1(1)1(1)2,01()1,01()2,01()1,01( 2222   

  Agar 
x
zx


  nisbatining 0x  dagi limiti mavjud bo‘lsa, bu limitga 

),( yxfz   funksiyaning );( 000 yxP  nuqtadagi x  o‘zgaruvchi bo‘yicha xususiy 

hosilasi deyiladi va ),( 00 yxf x  (yoki 
0Px

z








 , yoki ,

0Px
f








 yoki ),( 00 yxz x ) bilan 

belgilanadi: 

x
yxfyxxf

x
zyxf

x

x

x
x 










),(),(
limlim),( 0000

00
00 . 

),( yxfz   funksiyaning );( 000 yxP  nuqtadagi  y   o‘zgaruvchi bo‘yicha 
xususiy hosilasi  

y
yxfyyxf

y
z

yxf
y

y

y
y 










),(),(
limlim),( 0000

00
00  

kabi topiladi. 
n ( 2n ) o‘zgaruvchi funksiyasining xususiy hosilalari ham ),( yxfz   

funksiyaning xususiy hosilalari kabi ta‘riflanadi va belgilanadi. 
   Bir necha o‘zgaruvchi funksiyasining biror o‘zgaruvchi bo‘yicha 
xususiy hosilasi bu  o‘zgaruvchi funksiyasining, qolgan o‘zgaruvchilar 
o‘zgarmas deb hisoblangandagi hosilasi kabi topiladi. Shu sababli bir 
o‘zgaruvchi funksiyasining hosilalari uchun mavjud barcha differensiallash 
formulalari va qoidalari bir necha o‘zgaruvchi funksiyasining xususiy 
hosilalari uchun ham o‘rinli bo‘ladi.  Bunda biror argument bo‘yicha xususiy 
hosilaning  qoida va formulalarini qo‘llashda qolgan argumentlarning o‘zgar- 
mas deb hisoblanishini yodda tutish lozim. 

2-misol.  Funksiyalarning birinchi tartibli xususiy hosilalarini toping: 

  1) ;2
2

2

3 xyx
y

y
xz                                                 2) ;ln

v
utgz   

  3) ;32 zyxxyzu                                            4) .sin zyxu   

      1) y  ni o‘zgarmas deb,  
x
z

   xususiy hosilani topamiz: 

.221121)(1
23

2

32
2

3 yxx
y

yxyx
yx

yx
z





















  
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x  ni o‘zgarmas  hisoblab,  
y
z

   xususiy hosilani topamiz:  

.22312)(11
224

2
23 xyx

y
y
x

yx
y

xy
x

y
z



























  

2)  ,2sin

21
2sin

2

cos

11
2

v
uvv

v
uv

u

v
u

v
utgu

z
u










  

.2sin

2
2sin

2

cos

11
2

2
2

v
uv

u
v
u

v
uv

u

v
u

v
utgv

z
v

















  

    3) y  va z  larni o‘zgarmas deb,  
x
u

   xususiy hosilani topamiz: 

.2xyz
x
u



  

Shu kabi topamiz: 
,3 2yxz

y
u



    .1


 xy

z
u  

      4) ,sin 1sin 

 zyxzy

x
u     ,lnsin)sin(ln sinsin xxzzyxx

y
u zy

y
zy 


   

.lncos)sin(ln sinsin xxzyzyxx
z
u zy

z
zy 


  

 













y
z

x
z  xususiy hosilaning  );( 000 yxP  nuqtadagi qiymati   sirt bilan  

)( 00 xxyy    tekislik kesishish chizig‘iga );;( 0000 zyxM  nuqtada o‘tkazilgan 
urinmaning  )(OyOx o‘q bilan tashkil qilgan burchagining tangensiga teng.  
Bu jumla )),((),( 0000 yxfyxf yx   xususiy hosilaning  geometrik ma’nosini  bildi- 
radi. 

1.2.1.  Pfz   funksiya ),( yxP  nuqtaning biror atrofda aniqlangan 
bo‘lsin. 

 Agar ),( yxfz   funksiyaning ),( yxP  nuqtadagi to‘liq orttirmasini  
yxyBxAz    

ko‘rinishda ifodalash mumkin bo‘lsa ),( yxfz   funksiya ),( yxP  nuqtada  
differensiallanuvchi deyiladi, bu yerda  yxBA  ,,  ga bog‘liq bo‘lmagan 
sonlar,  0,0  yx   da  .0,0    
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       1-teorema. Agar ),( yxfz   funksiya );( yxP  nuqtada  diffrensiallanuvchi 
bo‘lsa, u holda u shu nuqtada uzluksiz bo‘ladi.  
       2-teorema (funksiya differensiallanuvchi bo‘lishining zaruriy sharti). 
Agar ),( yxfz   funksiya ),( yxP  nuqtada differensiallanuvchi bo‘lsa, u holda 
u shu nuqtada  ),( yxfA x   va ),( yxfB y  xususiy hosilalarga ega bo‘ladi.  
      3-teorema (funksiya differensiallanuvchi bo’lishining yetarli sharti). 
Agar ),( yxfz   funksiya );( yxP  nuqtaning biror atrofida uzluksiz xususiy 
hosilalarga ega bo‘lsa, u holda u shu nuqtada differensiallanuvchi bo‘ladi. 
       ),( yxfz   funksiya );( yxP  nuqtada diferrensiallanuvchi bo‘lsin. 
  z  to’liq orttirmaning  yx  ,  larga nisbatan chiziqli bo‘lgan bosh 
qismi yBxA   ga ),( yxfz   funksiyaning );( yxP  nuqtadagi to‘liq 
differensiali deyiladi va u dz  bilan belgilanadi: 

dyyxfdxyxfdz yx ),(),(   
yoki 

,zdzddz yx   
bu yerda ,),( dxyxfzd xx   dyyxfzd yy ),( ),( yxfz   funksiyaning );( yxP   
nuqtadagi xususiy differensiallari. 

        3-misol.  Funksiyalarning xususiy va to‘liq differensiallarini toping: 

  1) ;3 y
x

z                                                2) .2z
x

yu   
        1) Funksiyaning xususiy hosilalarni topamiz: 

,13ln3
yx

z y
x



   













23ln3
y
x

y
z y

x

.  

U holda 

,3ln31 dx
y

zd y
x

x     ,3ln32 dy
y
xzd y

x

y    .3ln31








 dy

y
xdx

y
dz y

x

 

         2) Funksiyaning  xususiy hosilalarini topamiz: 

,1ln 2

2

z
yy

x
u z

x



      ,22

2

1

2
z
x

z
x

y
yz
xy

z
x

y
u



 

     .2ln 3

2












z
xyy

z
u z

x

  

         Demak, 

,ln1 2

2 ydxy
z

ud z
x

x      ,2

2 dyy
yz
xud z

x

y      ,ln2 2

3 ydzy
z
xud z

x

z    

.ln2ln1
322

2









 ydz

z
xdy

yz
xydx

z
ydu z

x
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Ko‘pchilik masalalarni yechishda ),( yxfz  funksiyaning 
);( 000 yxP  nuqtadagi to‘liq orttirmasi funksiyaning shu nuqtadagi to‘liq 

differensialiga taqriban tenglashtiriladi, ya’ni dyy   deb olinadi:  
yyxfxyxfyxfyxf yx  ),(),(),(),( 000000 .                       (2.1) 

Bu tenglikka ko‘ra qandaydir A kattalikning taqribiy qiymatini 
hisoblash quyidagi tartibda amalga oshiriladi: 

o1 . A ni biror ),( yxf  funksiyaning );( yxP  nuqtadagi qiymatiga 
tenglashtiriladi, ya’ni ),( yxfA   deb olinadi; 

o2 . );( 000 yxP  nuqta );( yxP  nuqtaga yaqin va ),( 00 yxf  ni hisoblash qulay 
qilib tanlanadi;  

o3 . ),( 00 yxf hisoblanadi; 
o4 . ),(),,( yxfyxf yx   lar topilib,  ),(),,( 0000 yxfyxf yx   lar hisoblanadi;  
o5 . ),(),,(),,(,,,, 00000000 yxfyxfyxfyxyx yx   qiymatlar (2.1) tenglikka  

qo‘yiladi. 

4-misol.   






 1
03,1
98,1argtg ni taqribiy hisoblang.  

  o1 .  






  1
03,1
98,1arctgA ,   








 1),(

y
xarctgyxf   deymiz.  

U holda Ayxf ),( ,  ;03,1,98,1  yx  
o2 . 1,2 00  yx ,  ya’ni  )1;2(0P  deb  olamiz; 
o3 . ;785,0

4
1

1
2)1,2( 






 

arctgf  

o4 . ,1

11

1),( 2 y
y
x

yxf x 











   ,
11

1),( 22 




















y
x

y
x

yxf y     

1)1,2(,5,0
2
1)1,2(  yx ff ; 

o5 .  .745,0)103,1(1)298,1(5,0785,01
03,1
98,1








 arctg  

  1.2.3. Sirtga );;( 0000 zyxM  nuqtada o‘tkazilgan urinma tekislik deb 
sirtning bu nuqtasi orqali o‘tgan barcha egri chiziqlarga o‘tkazilgan 
urinmalar joylashgan tekislikka aytiladi. 
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 );;( 0000 zyxM  nuqtada o‘tkazilgan urinma tekislikka perpendikulyar 
bo‘lgan to‘g‘ri chiziq sirtga shu nuqtada o‘tkazilgan normal deb ataladi. 

),( yxfz   funksiya bilan berilgan sirtning  );;( 0000 zyxM  nuqtasiga  
o‘tkazilgan  urinma tekislik va normal mos ravishda  

))(,())(,( 0000000 yyyxfxxyxfzz yx  ,                   (2.2) 

   
1),(),(

0

00

0

00

0










 zz

yxf
yy

yxf
xx

yx

                             (2.3) 

tenglamalar bilan aniqlanadi. 
Agar sirt 0),,( zyxF  tenglama bilan oshkormas ko‘rinishda berilsa, bu  

sirtning  );;( 0000 zyxM  nuqtasiga o‘tkazilgan urinma tekislik  va normal  

0))(,,())(,,())(,,( 000000000000  zzzyxFyyzyxFxxzyxF zyx       (2.4) 

          
),,(),,(),,( 000

0

000

0

000

0

zyxF
zz

zyxF
yy

zyxF
xx

zyx 









                          (2.5) 

tenglamalar bilan topiladi. 

5-misol. 423 222  zyx  giperboloidga )2;1;3(0 M  nuqtada o‘tkazilgan 
urinma tekislik va normal tenglamalarini tuzing. 

0423),,( 222  zyxzyxF  belgilash kiritamiz.  
U holda  

.84)(,66)(,6)3(22)( 000000  zMFyMFxMF zyx  
Bu qiymatlarni (2.4) va (2.5) tenglamalarga qo‘yib, topamiz:  
1) urinma tekislik tenglamasi  

0)2(8)1(6)3(6  zyx  
yoki 

;04433  zyx  
2) normal tenglamasi 

.
4

2
3

1
3

3 





 zyx  

 ),( yxfz   funksiyaning );( 000 yxP  nuqtadagi dz  to‘liq differensiali 
),( yxfz   sirtga uning );;( 0000 zyxM  nuqtasida o‘tkazilgan urinma tekislik 

urinish nuqtasi applikatasining orttirmasiga teng. Bu jumla to‘liq  
differensialning    geometrik ma’nosini   ifodalaydi. 
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1.2.4. Biror D  sohada ikki o‘zgaruvchining ),( yxfz   funksiyasi 
berilgan bo‘lib, bunda )(),( tyytxx  , ya’ni x  va y  o‘zgaruvchilar 
qandaydir t  o‘zgaruvchining funksiyalari bo‘lsin.  
       4-teorema. Agar ),( yxfz   funksiya DyxP ),(  nuqtada 
differensiallanuvchi bo‘lib,  )(),( tyytxx  bog‘liqmas o‘zgaruvchining 
differensiallanuvchi funksiyalari bo‘lsa, u holda ))(),(( tytxfz   murakkab 
funksiyaning ),( yxP nuqtadagi xususiy hosilasi  

dt
dy

y
z

dt
dx

x
z

dt
dz








                                           (2.6) 

formula bilan aniqlanadi. 
Xususan, ),( yxfz  , )(xyy   bo‘lsa 

dx
dy

y
z

x
z

dx
dz








                                          (2.7) 

bo‘ladi. 
 (2.7) formula x  bo‘yicha to‘liq differensial formulasi deb ataladi. 

6-misol. 
y
xarctgz  , chtyshtx  ,  funksiya berilgan. 

dt
dz  ni toping.  

Funksiyalarning  hosilalarini topamiz: 

,1

1

1
222 yx

y
y

y
xx

z
















     ,

1

1
2222 yx

x
y
x

y
xy

z
























  

  ,cht
dt
dx

     .sht
dt
dy

  

       U holda  (2.6) formulaga ko‘ra 
.222222 yx

xshtychtsht
yx

xcht
yx

y
dt
dy

y
z

dt
dx

x
z

dt
dz


















  

x  va y ni t  orqali ifodalab, topamiz: 

.
2

1
22 tchtchtsh

shtshtchtcht
dt
dz





  

7-misol. )ln( 2 yxz  , 22

2

3 xey
x

  funksiya berilgan. 
dx
dz  ni toping. 

(2.7) formuladan topamiz: 

.32312
2

2
2

22

2

2

yx
xexxe

yxyx
x

dx
dy

y
z

x
z

dx
dz

x
x


























  
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 )(xyy  ni  o‘rniga qo‘yamiz: 

.
3

3
222

2

2

2

x
xex

xe
dx
dz

x

x




  

Biror D  sohada ikki o‘zgaruvchining ),( yxfz   funksivasi berilgan 
bo‘lib, bunda ),(),,( vuyyvuxx  , ya’ni x  va y  o‘zgaruvchilar ikkita u  va v  
o‘zgaruvchilarning funksiyalari bo‘lsin.  

5-teorema. Agar ),( yxfz  , ),(),,( vuyyvuxx   funksiyalar o‘z 
argumentlarining differensiallanuvchi funksiyalari bo‘lsa, u holda 

 ),(),,( vuyvuxfz   murakkab funksiyaning ),( yxP nuqtadagi xususiy 
hosilalari  

,
u
y

y
z

u
x

x
z

u
z
















    

v
y

y
z

v
x

x
z

v
z
















                          (2.8) 

formulalar bilan topiladi. 
 )(z murakkab funksiyaning har bir bog‘liqmas o‘zgaruvchi (u va v ) 
bo‘yicha xususiy hosilasi bu )(z funksiyaning oraliq o‘zgaruvchilar ( x va y ) 
bo‘yicha xususiy hosilalari bilan mos bog‘liqmas o‘zgaruvchi (u va v ) 
bo‘yicha xususiy hosilalar ko‘paytmasining yig‘indisiga teng bo‘ladi. 
         Murakkab funksiyaning to‘liq differensiali invariantlik xossasiga 
ega: ),( yxfz  murakkab funksiyaning to‘liq differensiali argumenti 
bog‘liqmas o‘zgaruvchi bo‘lganida ham, bog‘liqmas o‘zgaruvchining  
funksiyasi bo‘lganida ham bir xil  ko‘rinishda bo‘ladi. 

8-misol.    ,arcsin
y
xz   utgvyvux  ,sin  funksiya berilgan.  

u
z

 , 

v
z

 , dz  larni toping. 

Funksiyalarning xususiy hosilalarini topamiz: 
,1

22 xyx
z





  ,

22 xyy
x

y
z





   

   ,sin v
u
x



    ,tgv

u
y



    ,cosvu

v
x



     .

cos2 v
u

v
y



  

       U holda   

222222

)cos(sin1
xyy

xvytgvtgv
xyy

xv
xyu

y
y
z

u
x

x
z

u
z


























  
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yoki 
.0

)sin()(
)sincos(

22









vuutgvutgv
vuvutgvtgv

u
z  

Shu kabi 

222

3

22222 cos
)cos(

cos
cos1

xyyv
xvyu

v
u

xyy
xvu

xyv
y

y
z

v
x

x
z

v
z


























  

yoki 

.1
)sin()(cos

)sincos(
222

3










vuutgvutgvv
vuvutgvu

v
z  

Bundan 
.)1(0 dvdvdudv

v
zdu

u
zdz 








  

9-misol. )ln( 222 zyxu  , tzttytx  ,cos,sin  bo‘lsa,  
dt
du  ni 

toping. 
Funksiyalarning xususiy hosilalarini topamiz: 

,2
222 zyx

x
x
u





    ,2

222 zyx
y

y
u





    ,2

222 zyx
z

z
u





  

,cost
dt
dx

     ,sin1 t
dt
dy

     .1
dt
dz  

       U holda   

))sin1(cos(2
222 ztytx

zyxdt
dz

z
u

dt
dy

y
u

dt
dx

x
u

dt
du
















 . 

x , y va z ni t  orqali ifodalab, topamiz: 

.
cos21

)sin(cos2
)cos(sin

)sin1)(cos(cossin2 222 tt
ttt

tttt
tttttt

dt
du








  

1.2.5. Agar x  ning X to‘plamidagi har bir qiymatiga 0),( yxF  
tenglamani x  bilan birgalikda qanoatlantiruvchi yagona y  qiymat mos 
qo‘yilsa, X  to‘plamda 0),( yxF  tenglama bilan )(xfy    oshkormas 
funksiya aniqlangan deyiladi. 

Masalan, 0123 2  xy   tenglama butun sonlar o‘qida x  ga nisbatan  
y  funksiyani oshkormas aniqlaydi, chunki x  va y  ning bu tenglamani 
qanoatlantiradigan qiymatlar juftliklari mavjud ( )2;2(),0;0(  va  hokazo).  
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6-teorema (oshkormas funksiyaning mavjudlik teoremasi). Agar ),( yxF  
funksiya ),(),,( yxFyxF yx   xususiy hosilalari bilan birgalikda );( 000 yxP  
nuqtaning biror atrofida aniqlangan va uzluksiz bo‘lib, ,0),( 00 yxF  

0),( 00  yxFy   bo‘lsa, u holda 0),( yxF  tenglama bu atrofda 0x  nuqtani o‘z 
ichiga olgan qandaydir oraliqda uzluksiz va differensiallanuvchi yagona 

)(xfy   (bunda )( 00 xfy   bo‘ladi) oshkormas funksiyani aniqlaydi. 
0),( yxF  tenglama )(xfy   oshkormas funksiyani aniqlasa, )(xfy    

funksiyaning hosilasi 
      

),(
),(

yxF
yxF

dx
dy

y

x




                                             (2.9) 

formula bilan topiladi.                              
 0),,( zyxF  tenglama ),( yxfz   oshkormas funksiyani aniqlasa, 

),( yxfz   funksiyaning x   va  y  o‘zgaruvchilar bo‘yicha xususiy hosilalari  

,
),,(
),,(

zyxF
zyxF

x
z

z

x






     .

),,(
),,(

zyxF
zyxF

y
z

z

y






                        (2.10) 

tengliklar bilan aniqlanadi. 

10-misol. 010sin 2  xyeyx   tenglama bilan oshkormas ko‘rinishda 
berilgan )(xfy    funksiyaning hosilasini toping. 

 Tenglamaning chap tomonini ),( yxF orqali belgilaymiz va uning 
xususiy hosilalarini topamiz: 

,2sin),( 2 x
x yeyyxF       .cos),( 2 x

y eyxyxF   
Demak,  

.
cos

sin2
),(
),(

2

2

x

x

y

x

eyx
yye

yxF
yxF

dx
dy








  

11-misol. 0)sin( 
y
xzzx   tenglama bilan oshkormas ko‘rinishda 

berilgan ),( yxfz   funksiyaning  birinchi tartibli xususiy hosilalarini toping. 

    Misolning shartiga ko‘ra  .)sin(),,(
y
xzzxzyxF     

Bundan  
,)cos()cos(),,(

y
zzxy

y
zzxzyxFx


  

.)cos()cos(),,(;),,( 2 y
zxyx

y
xzxzyxF

y
xzzyxF zy


   
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U holda 
,

)cos(
)cos(

),,(
),,(

zxyx
zzxy

zyxF
zyxF

x
z

z

x










  

.
))cos((),,(

),,(
zxyxy

xz
zyxF
zyxF

y
z

z

y









  

1.2.6. ),( yxf
x
z

x

 va ),( yxf

y
z

y

  hosilalarga ),( yxfz    funksiyaning   

);( yxP   nuqtadagi birinchi tartibli xususiy hosilalari deyiladi.  
        Bu hosilalar x  va y  o‘zgaruvchilarning xususiy hosilalariga ega bo‘lsa, 
ularga ikkinchi tartibli xususiy hosilalar deyiladi va quyidagicha belgilanadi: 

);,(22

2

yxfz
x
z

x
z

x xxx 














  );,(

2

yxfz
xy
z

y
z

x xyxy 
















  

);,(
2

yxfz
yx
z

x
z

y yxyx 















     ).,(22

2

yxfz
y
z

y
z

y yyy 















  

Uchinchi, to‘rtinchi va umuman n tartibli xususiy hosilalar shu kabi 
aniqlanadi. 

),( yxf xy    va   ),( yxf yx   hosilalarga  ikkinchi tartibli aralash  xususiy  
hosilalar deyiladi.  Agar ),( yxfz   funksiyaning ikkinchi tartibli aralash 
xususiy hosilalari );( yxP   nuqtaning biror atrofida mavjud va shu nuqtada 
uzluksiz bo‘lsa, shu nuqtada ),(),( yxfyxf yxxy   bo‘ladi.  

Bunday tasdiq istalgan yuqori tartibli xususiy hosilalar uchun ham 
o‘rinli bo‘ladi. Masalan, uzluksiz uchinchi tartibli xususiy hosilalar uchun  

),,(),,(),,( 22 zyxfzyxfzyxf
yxyxxyx  . 

12-misol. 
y
xarctgz    funksiyaning barcha birinchi va ikkinchi tartibli 

xususiy hosilalarini toping. 
Birinchi tartibli xususiy hosilalarni topamiz: 

   ,1

1

1
222 yx

y
y

y
xx

z
















 .

1

1
2222 yx

x
y
x

y
xy

z
























  

         Ikkinchi tartibli xususiy hosilalarni topamiz: 

,
)(

2
222222

2

yx
xy

yx
y

xx
z

















    
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,
)()(

2
222

22

222

22

22

2

yx
yx

yx
yyyx

yx
y

yxdy
z























  

.
)(

2
222222

2

yx
xy

yx
x

yy
z



















  

dyyxfdxyxfdz yx ),(),(   differensialga ),( yxfz   funksiyaning );( yxP   
nuqtadagi birinchi tartibli to‘liq differensiali deyiladi. Agar ),( yxfz   
funksiya );( yxP  nuqtada ikkinchi tartibli uzluksiz xususiy hosilalarga ega  
bo‘lsa, ikkinchi tartibli to’liq differensial  )(2 dzdzd   kabi aniqlanadi:  

,),(2),( 222
22 dyfdydxyxfdxyxfzd

yxyx
                   (2.11)        

bu yerda .)(,)( 2222 dydydxdx   
(2.11) formula simvolik ko‘rinishda  

zdy
y

dx
x

zd 















2

2  

kabi yoziladi. 
Uchinchi tartibli to‘liq differensial shu kabi ta’riflanadi va aniqlanadi: 

32233 ),(),(3),(3),( 3223 dyyxfdxdyyxfdydxyxfdxyxfzd
yxyyxx
     (2.12) 

yoki 

zdy
y

dx
x

zd 















3

3 . 

n tartibli to‘liq differensial uchun 

Nnzdy
y

dx
x

zd
n

n 














 ,  

formula o‘rinli bo‘ladi. Bunda ),( yxfz   funksiyaning x  va y   
o‘zgaruvchilari bo‘g‘liqmas bo‘lishi lozim. 

13-misol. xyyxz cossin    funksiyaning birinchi va ikkinchi tartibli 
to‘liq differensiallarini toping. 

Birinchi tartibli xususiy hosilalarni topamiz: 
,sinsin xyy

x
z



  .coscos xyx

y
z



  

Bundan 
.)coscos()sin(sin dyxyxdxxyydz   



 27 

        Ikkinchi tartibli xususiy hosilalarni topamiz: 

,cos)sin(sin2

2

xyxyy
xx

z







     ,sincos)cos(sin

2

xyxyy
yxdy

z







   

.sin)coscos(2

2

yxxyx
yy

z







  

Demak, 
.sin)sin(cos2cos 222 yydxdxdyxyxxdyzd   

 
 

Mustahkamlash uchun mashqlar 

  1.2.1. 22 yxyxz   funksiyaning )1;2(0M nuqtadagi xususiy va to‘liq 
orttirmalarini 1,0x  va 2,0y  lar uchun toping. 

  1.2.2. 22 yxxyz   funksiyaning )1;2(0M nuqtadagi xususiy va to‘liq 
orttirmalarini 2,0x  va 1,0y  lar uchun toping. 

  1.2.3. Funksiyalarning birinchi tartibli xususiy hosilalarini toping: 
  1) ;4 4324 yyxxz                                    2) ;

x
yxyz   

  3) ;
3 y
xxyz                                           4) ;

yx
xyz


  

  5) ;arcsin
22 yx

yz


                                   6) ;2x
yarctgz   

  7) ;x
y

xez


                                                   8) ;)5( xxyz   
  9) );2sin(ln yxz                                     10) );ln( 2 yexz   

11) ;ln yez x
y

                                              11) ;xyyz   
13) ;324 xyxzyzxu                             14) ;5 43 zyeu xyz   

15) ;)(cos yzxu                                            16) .x
y

zu   

  1.2.4. Funksiyalarning xususiy va to‘liq differensiallarini toping: 

  1) 2yxz  ;                                                    2) )ln(sin 33 yxxz  . 

  1.2.5. Funksiyalarning  to‘liq differensialini toping: 
  1) ;22 yx

zu


                                            2) .xzyu      
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  1.2.6. Funksiyalarning berilgan nuqtalardagi taqribiy qiymatini  
hisoblang: 

  1) );98,0;97,0(,62 0
3 2 Myxz                   2) ).03,0;98,0(),2ln( 0Myxez y   

  1.2.7. Taqribiy hisoblang: 

   1) ;98.103.1 32                                        2) .
05.198.0

03.1
3 4 3

2

 

  1.2.8. 1,1,arg 22  tt eyex
y
xtgz  funksiya berilgan. 

dt
dz   ni toping. 

  1.2.9. teytxyxyxz  ,sin,22  funksiya berilgan. 
dt
dz   ni toping. 

1.2.10. 222 ,cos,sin),ln( tzttyttxzyxu   funksiya berilgan.  

 
dt
du   ni toping. 

1.2.11.  tztyexzyxu t  ,1,,23  funksiya berilgan. 
dt
du   ni toping. 

1.2.12. 21,arcsin xy
y
xz   funksiya berilgan.  

dx
dz  ni toping. 

1.2.13. xtgxyyxz  ),ln( 22  funksiya berilgan.  
dx
dz  ni toping. 

1.2.14.  vuyvuxyxxyz cos,sin,33   funksiya berilgan. 

u
z

  va  

v
z

  ni toping. 

1.2.15. vuvu eeyeex
y
xz  2,2,  funksiya berilgan.  

u
z

  va 

v
z

  ni toping. 

1.2.16.  xywyxvyxuwvuz 2,,),ln( 222   funksiya berilgan.     

x
z

  va  

y
z

  ni toping. 

1.2.17. yxwyvxu
w

vuarctgz sin,cos,,   funksiya berilgan.  

x
z

  va  

y
z

   ni toping. 
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1.2.18. Oshkormas ko‘rinishda berilgan )(xy  funksiylarning birinchi 
tartibli hosilasini toping: 

  1) ;0ln  ayxy                                         2) ;0 x
y

eyx  
  3) ;02)2cos(2  xyyx                           4) .02  xyeyx   

1.2.19. Oshkormas ko‘rinishda berilgan )(xy  funksiylarning ikkinchi 
tartibli hosilasini toping: 

  1) ;0)sin(  xyxy                                         2) .0 y

x

e
eyx  

1.2.20. Oshkormas ko‘rinishda berilgan ),( yxz  funksiylarning birinchi  
tartibli xususiy hosilalarini toping: 
  1) 06222  xyzzyx ;                             2) 025 2332  zyxzyx ; 

  3) ;0)cos( 
z
xyzx                                    4) .0)ln(  xyzezxy   

        1.2.21. Berilgan sirtga berilgan );;( 0000 zyxM  nuqtada o‘tkazilgan  
urinma tekislik va normal tenglamalarini tuzing:  
  1) );2;1;2(,2 0

22 Myxz                              2) );4;3;1(,3 0
2 Myxxyxz                                  

  3) );0;1;1(, 0M
yx
yxarctgz




                          4) );0;0;1(),ln( 0
22 Myxz   

  5) );2;3;1(,014 0
222  Mzyx              6) ).1;2;1(,6 0

333  Mxyzzyx  

1.2.22. Funksiyalarning ikkinchi tartibli xususiy hosilalarni toping: 
  1) ;

yx
yxz




                                                  2) .
y
xarctgz                   

1.2.23. 
x
yz   funksiya   0

2

2

2










yx
zx

y
zy  tenglamani qanotlntirishini 

ko‘rsating. 

1.2.24. y
x

ez   funksiya   0
2













y
z

x
z

yx
zy  tenglamani qanotlntirishini 

ko‘rsating. 

1.2.25.  )ln( 22 yxz   funksiyaning    2

3

yx
z

  hosilasini toping. 

1.2.26.  xyzeu   funksiyaning    
zyx

u


3

 hosilasini toping. 

1.2.27.  xyz ln  funksiyaning   zd 2   va  zd 3  differensiallarini toping.  
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1.3. BIR  NECHA  O‘ZGARUVCHINING  FUNKSIYASINI   
EKSTREMUMGA  TEKSHIRISH 

Ikki o‘zgaruvchi funksiyasining ekstremumlari. Ikki o‘zgaruvchi  
funksiyasining yopiq sohadagi eng katta va eng kichik qiymatlarii.  

Shartli ekstremum 

1.3.1. ),( yxfz   funksiya  biror D  sohada aniqlangan va  DyxP );( 000  
bo‘lsin. 
          Agar );( 000 yxP  nuqtaning shunday  atrofi topilsaki, bu atrofning 
barcha );( 000 yxP nuqtadan farqli );( yxP nuqtalarida ),(),( 00 yxfyxf   
 ),(),( 00 yxfyxf   tengsizlik bajarilsa, );( 000 yxP  nuqtaga ),( yxf  
funksiyaning  maksimum (minimum) nuqtasi deyiladi. 
        Funksiyaning maksimum va minimum nuqtalariga  ekstremum nuqtalar 
deyiladi. Funksiyaning ekstremum nuqtadagi qiymati funksiyaning 
ekstremumi deb ataladi. 

1-teorema (ekstremum mavjud bo‘lishining zaruriy sharti). Agar 
),( yxfz   funksiya );( 000 yxP  nuqtada ekstremumga ega bo‘lsa, u holda bu 

nuqtada 
x
z

 va 

y
z

   hosilalar nolga teng bo‘ladi yoki ulardan hech 

bo‘lmaganda bittasi mavjud bo‘lmaydi. 
Xususiy hosilalar nolga teng bo‘ladigan nuqtalarga  statsionar nuqtalar 

deyiladi.  
Xususiy nolga teng bo‘ladigan yoki ulardan hech bo‘lmaganda bittasi 

mavjud bo‘lmagan nuqtalarga  kritik nuqtalar deyiladi.  
2-teorema (ekstremum mavjud bo‘lishining yetarli sharti). ),( yxfz   

funksiyaning  );( 000 yxP  statsionar nuqtaning biror atrofida birinchi va 
ikkinchi tartibli uzluksiz xususiy hosilalari mavjud va bunda  ,),( 002 Ayxf

x
    

,),( 00 Byxf xy   Cyxf
y

 ),( 002   bo‘lsin. U holda 
a) agar 02  BAC  bo‘lsa,  ),( yxfz   funksiya  );( 000 yxP  nuqtada 

ekstremumga ega bo‘lib,  bunda  0A  (yoki 0C )  bo‘lganda  );( 000 yxP  
nuqta maksimum nuqta,  0A (yoki 0C )  bo‘lganda );( 000 yxP   nuqta 
minimum nuqta bo‘ladi; 

b) agar 02  BAC  bo‘lsa, );( 000 yxP  nuqtada ekstremum mavjud 
bo‘lmaydi; 
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c) agar 02  BAC  bo‘lsa, );( 000 yxP  nuqtada ekstremum mavjud 
bo‘lishi ham, mavjud bo‘lmasligi ham mumkin ( bu holda qo‘shimcha 
tekshirishlar o‘tkaziladi).  

Ekstremum mavjud bo‘lishining zaruriy va yetarli shartlariga 
asoslangan  ),( yxfz   funksiyani ekstremumga tekshirish tartibi: 

.1o  
x
z

 , 

y
z

  xususiy hosilalar topiladi; 

.2o  Statsionar nuqtalar  aniqlanadi; 

.3o   
yx
z

y
z

x
z








 2

2

2

2

2

,,   xususiy hosilalar topiladi; 

.4o  ,, 2

2

2

2

y
zC

x
zA








  
yx
zB





2

  xususiy hosilalarning statsionar 

nuqtalardagi qiymatlari hisoblanadi; 
.5o  Har bir statsionar nuqtada 2BAC   ning qiymati hisoblanadi va 1- 

teorema asosida xulosa chiqariladi. 

1-misol. Funksiyalarni ekstremumga tekshiring. 

1) ;2 22

y
yxxz 

                                 2) ;3422 22  yxyxz  

3) ;22 yxz                                         4) .3 432 yxyxz   
    Funksiyalarni ekstremumga belgilangan tartibda tekshiramiz. 

1)  .1o  Funksiyaning birinchi tartibli xususiy hosilalarini topamiz: 

,22
y

x
x
z 



   .2

2

22

y
xxy

y
z 



  

.2o  Statsionar nuqtalarni aniqlaymiz: 


















.1

,1
02

,0)1(2
222 y

x
xxy

x
 

Sistema yechimga ega emas. Demak, funksiya ekstremum nuqtaga ega emas. 
2) .1o  ,22 


 x
x
z    44 


 y
y
z . 

        .2o  







0)1(4
,0)1(2

y
x  

sistemani yechib, statsionar nuqtani topamiz:  ).1;1( P  
.3o   Ikkinchi tartibli xususiy hosilalarni topamiz: 

,22

2





x
z    ,0

2





yx
z   .42

2




y
z  
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.4o  Barcha nuqtalarda, jumladan )1;1( P nuqtada ,2A  ,0B  .4C  

.5o  ,08422  BAC  bunda .0A  Demak, )1;1( P  nuqta 
minimum  nuqta va .63)1(412)1(21)1;1( 22

min  zz  

3) .1o  ,2x
x
z



    .2y

y
z



  

       .2o  Demak, )0;0(P statsionar nuqta. 

       .3o   ,22

2




x
z    ,0

2





yx
z   .22

2




y
z  

.4o  Bundan  ,2A   ,0B   .2C  

.5o .042  BAC  Demak, )0;0(P  nuqtada ekstremum mavjud emas. 

4) .1o  ,36 2xxy
x
z



    .43 32 yx

y
z



  

.2o  








043
,0)2(3

32 yx
xyx

  

 sistemani yechib, statsionar nuqtalarni topamiz. Ular ikkita:  ).0;0(),3;6( 21 PP  

.3o    ,662

2

xy
x
z



   ,6

2

x
yx
z



   .12 2

2

2

y
y
z



  

.4o  Har bir statsionar nuqtada ikkinchi tartibli xususiy hosilalarni 
hisoblaymiz: 

1) )3;6(1P   nuqtada  ,181 A   ,361 B   ;1081 C  
2)  )0;0(2P   nuqtada  ,02 A   ,02 B   .02 C  

.5o  Har bir statsionar nuqtada BAC   diskriminantni hisoblaymiz va  
1-teorema asosida xulosa chiqaramiz: 

1) ,06482
1111  BCA  bunda   01 A  Demak , )3;6(1P  nuqta 

maksimum nuqta va ;27363363 43
max z  

2) 02
2222  BCA .  

Qo‘shimcha tekshirish bajaramiz: z  funksiya )0;0(2P   nuqtada nolga 
teng; 0,0  yx  da manfiy )0( 4  yz ;  0,0  yx  da musbat )0( 3  xz .  

Demak, )0;0(2P nuqtada ekstremum mavjud emas.   

1.3.2 Chegaralangan yopiq D  sohada differensiallanuvchi 
),( yxfz   funksiyaning eng katta va eng kichik qiymatlari quyidagi tartibda 

topiladi: 
.1o  Sohaning ichida yotgan barcha kritik nuqtalar topiladi va 

funksiyaning bu nuqtalardagi qiymatlari hisoblanadi; 
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.2o  Funksiyaning soha chegarasidagi eng katta va eng kichik qiymatlari 

hisoblanadi (ayrim hollarda D  sohaning chegarasi  alohida tenglamalar bilan 
berilgan qismlarga ajratilshi mumkin); 

.3o  Funksiyaning barcha hisoblangan qiymatlari solishtiriladi va ularning  
eng katta va eng kichigi ajratiladi.  

2-misol. )sin(sinsin yxyxz   funksiyaning 0,0  yx  va  
02  yx   to‘g‘ri chiziqlar bilan chegaralangan D  sohadagi (3-shakl) eng 

katta va eng kichik qiymatlarini toping. 
         .1o  Funksiyaning D  sohada yotgan kritik nuqtalarini topamiz: 


















.0)cos(cos

,0)cos(cos

yxy
y
z

yxx
x
z

 

Bundan .
3

2,
3

2 
 yx    

Demak, .
2

33)(,
3

2;
3

2
00 






 PzP   

.2o  Funksiyaning soha chegarasidagi eng 
katta va eng kichik qiymatlarini topamiz: 

D  sohaning chegarasida, ya’ni  
0,0  yx  va  02  yx  to‘g‘ri 

chiziqlarda yotuvchi barcha );( yxP  nuqtalarda berilgan funksiya nolga teng. 
.3o  Funksiyaning hisoblangan qiymatlarini solishtiramiz.  

Demak,   

2
33)( 0  Pzz kattaeng   va  .0)(  PzZ kichikeng  

3-misol. 22 yxz   funksiyaning 422  yx  doiradagi eng katta va eng 
kichik qiymatlarini toping. 

  .1o   Funksiyaning xususiy hosilalarini nolga tenglaymiz: 


















.02

,02

y
y
z

x
x
z

 

Bundan .0,0  yx  Demak, .0)(),0;0( OzO  

3-shakl. 

A  

B  

y  

x  O  

2  

2  

D  
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.2o  Funksiyaning 422  yx  aylanadagi eng katta va eng kichik 
qiymatlarini hisoblaymiz.  Buning uchun aylana tenglamasidan topilgan 

22 4 xy  ni funksiyaning berilgan tenglamasiga qo‘yamiz:  .42 2  xz  
Natijada bir o‘zgaruvchining funksiyasi hosil bo‘ladi. 

42 2  xz  funksiyaning ]2;2[  kesmadagi eng katta va eng kichik 
qiymatlarini hisoblaymiz: 

1) 04  xz  dan 00 x . U holda  ,4)0(0  zz bunda 201 y va ;202 y  
2) ,4442)2(1  zz  bunda 01 y  va ,4442)2(2  zz  bunda 
02 y ; 

       3) Demak, 422  yx  aylananing )2;0(0 P  va )2;0(1P  nuqtalarida ,4z  
)0;2(2 P  va )0;2(3P nuqtalarida .4z  

.3o  Funksiyaning hisoblangan qiymatlarini solishtiramiz.  
Demak,  

4)0,2()0,2(  zzz kattaeng , .4)2,0()2,0(  zzZ kichikeng  

4-misol.  yyxyxz  22 32   funksiyaning 0,0  yx   va  01 yx   
to‘g‘ri chiziqlar bilan chegaralangan D  sohadagi eng katta va eng kichik 
qiymatlarini toping. 
     D   soha  OAB  uchburchakdan iborat (4-shakl). 

.1o   Funksiyaning kritik nuqtalarida xususiy hosilalar nolga teng bo‘ladi: 


















0162

,0)(2

yx
y
z

yx
x
z

 

Bundan  .
8
1,

8
1

 yx  Bu nuqta D  sohada 

yotmaydi.   Demak, D  sohada berilgan 
funksiyaning ekstremum nuqtalari yo‘q. 

.2o Funksiyani soha chegarasida 
ekstremumga tekshiramiz. Soha chegarasi 
turli tenglamalar bilan aniqlanuvchi uchta 
qismdan tashkil topgani sababli funksiyani har 
bir qismda ekstremumga alohida tekshiramiz. 

1)  OA  to‘g‘ri chiziqda 0y   va  ).10(2  xxz  2xz  funksiya 0x  da 
 o‘suvchi bo‘lgani uchun, uning ]1;0[  kesmadagi eng katta qiymati 1)0,1( z   
va eng kichik qiymati 0)0,0( z bo‘ladi. 

4-shakl. 

A  

B  

y  

x  O  

1 

1 

D  
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2) AB  to‘g‘ri chiziqda )10(1  xxy   va  .274 2  xxz   

U holda .074  xz x   Bundan .
8
7

x   Demak, 
8
1

y  va 
16
17

8
1,

8
7







z . AB  

to‘g‘ri chiziqning chetki nuqtalarida: 0)0,0( z , .2)1,0( z  
       3) BO to‘g‘ri chiziqda 0x   va  .3 2 yyz    U holda .016  yz y   

Bundan 
6
1

y  va 
12
1

6
1,0 





z . BO  to‘g‘ri chiziqning chetki nuqtalarida: 

2)1,0( z , .0)0,0( z  
.3o  Funksiyaning hisoblangan qiymatlarini taqqoslaymiz.  

Demak,  

16
17

8
1,

8
7







 zz kattaeng   va  .2)1,0(  zZ kichikeng  

1.3.3.  Funksiyaning argumentlari hech bir qo‘shimcha shartlar bilan 
bog‘lanmagan holda topilgan ekstremumlariga shartsiz ekstremumlar 
deyiladi.    

Funksiyaning argumentlari hech bir qo‘shimcha shartlar bilan 
bog‘langan holda topilgan ekstremumlariga shartli ekstremumlar deyiladi. 

0),( yx  tenglama berilgan bo‘lib, );( 000 yxP nuqta bu tenglamani 
qanoatlantirsin hamda ),( yxfz   funksiya );( 000 yxP  nuqtaning biror 
 atrofida aniqlangan va bu nuqtada uzluksiz bo‘lsin.  

Agar  atrofning 0),( yx  tenglamani qanoatlantiruvchi barcha 
);( yxP  nuqtalarida  ),(),(),(),( 0000 yxfyxfyxfyxf    tengsizlik bajarilsa, 

);( 000 yxP  nuqtaga ),( yxf   funksiyaning shartli maksimum (shartli minimum) 
nuqtasi deyiladi. 

Bunda 0),( yx  tenglama bog‘lanish tenglamasi deb ataladi, 
ekstremumga bog‘lanish tenglamasi bilan bog‘langanlik shartida 
erishiladigan ekstremum deyiladi. 

Ikki o‘zgaruvchining funksiyasi uchun shartli ekstremumni topish 
masalasi quyidagi usullardan biri bilan yechiladi: 

1. Agar 0),( yx  bog‘lanish tenglamasini y  yoki x ga nisbatan yechish 
mumkin bo‘lsa, bu tenglamadan )(xyy   yoki )( yxx  topiladi va u ),( yxfz   
funksiyaga qo‘yiladi. Hosil bo‘lgan bir o‘zgaruvchining funksiyasi 
ekstremumga tekshiriladi; 

2. Agar 0),( yx  bog‘lanish tenglamasini y  yoki x ga nisbatan  
yechish mumkin bo‘lmasa, Lagranj ko‘paytuvchilari usuli qo‘llaniladi. 
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Ikki o‘zgaruvchining funksiyasini Lagranj ko‘paytuvchilari usulu bilan 
ekstremumga tekshirish quyidagi tartibda amalga oshiriladi: 

.1o   Lagranj funksiyasi deb ataluvchi  
),(),(),( yxyxfyxF   

funksiya tuziladi va uning yx,  va   bo‘yicha xususiy hosilalari topiladi, bu 
yerda  lagranj ko‘paytuvchisi deb ataluvchi son; 

.2o  Shartli ekstremumning zaruruy sharti  














0),(
,0),(
,0),(

yx
yxF
yxF

y

x



 

sistema bilan beriladi. Bu sistemadan bitta yoki bir nechta ),,( 00 yx  sonlar 
uchligi topiladi, bu yerda );( 000 yxP  shartli ekstremum bo‘lishi mumkin  
bo‘lgan nuqta; 

.3o  Shartli ekstremumning yetarli sharti 

),,(),,(),(
),,(),,(),(

),(),(0

000000

000000

0000

2

2






yxFyxFyx
yxFyxFyx

yxyx

yxyy

xyxx

yx





  

diterminant orqali ifodalanadi.  
         Bunda har bir ),,( 00 yx  sonlar uchligi uchun  ning ishorasi 
tekshiriladi: 
         a) agar 0   bo‘lsa  );( 000 yxP  nuqta ),( yxfz   funksiyaning shartli 
maksimum nuqtasi bo‘ladi; 
         b) agar 0   bo‘lsa  );( 000 yxP  nuqta ),( yxfz   funksiyaning shartli  
minimum nuqtasi bo‘ladi. 

5-misol.  yyxxz 424 22    funksiyaning x  va y   o‘zgaruvchilar 
0 xy   tenglama bilan bog‘langanlik shartidagi ekstremumini toping. 

  Masalani har ikkala usul bilan yechamiz. 
1-usul. Funksiya tenglamasida to‘la kvadratlar ajratamiz: 

.)2()1(9 22  yxz  
        Bu funksiya uchi )9;2;1(0M  nuqtada yotgan paraboloidni ifodalaydi. 

 Bog‘lanish tenglamasi 0 xy  tekislikni ifodalaydi. Bu tenglamadan 
xy   kelib chiqadi. y ni berilgan funksiyaga qo‘yib, topamiz: 

.624 2 xxz   
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       Bu funksiya parabolani ifodalaydi. Demak, yyxxz 424 22   
paraboloid bilan 0 xy  tekislik kesishishidan parabola hosil bo‘ladi. 

xxz 624 2   funksiyani ekstremumga tekshiramiz: 
.1o  064  xz x  dan ;

2
3,

2
3

 yx  

.2o  .04 xxz  Demak, 







2
3;

2
3

0P maksimum nuqta. 

Shunday qilib, yyxxz 424 22    funksiya uchun 







2
3;

2
3

0P  shartli  

maksimum nuqta bo‘ladi. Bundan 

.
2

17
2
34

2
3

2
32

2
34

22

max 












z  

2-usul.   .1o  Lagranj funksiyasini tuzamiz: 
),(424),,( 22 xyyyxxzyxF    bu yerda xyyx ),( . 

Bundan   
.,42,22 xyFyFxF yx    

.2o  Shartli ekstremumning zaruruy shartiga ko‘ra  















.0

,042
,022

xy
y
x




 

Sistemani yechamiz: .1,
2
3,

2
3

 yx  Demak,  







2
3;

2
3

0P mumkin bo‘lgan 

shartli ekstremum nuqta. 
.3o    diterminantga qo‘yiladigan xususiy hosilalarni topamiz:  

2,0,2,1,1 22 
yxyxyx FFF . 

U holda 

.4
201
021
110







  

Barcha  nuqtalarda, jumladan 







2
3;

2
3

0P  nuqtada 041  .  

Demak, bu nuqtada funksiya shartli maksimumga ega:  

.
2

17
2
34

2
3

2
32

2
34

22

max 












z  
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1.3.4. Bir necha o‘zgaruvchi funksiyasini ekstremumga 
tekshirishning amaliy tatbiqlaridan biri eng kichik kvadratlar usuli 
hisoblanadi. Bu usulning mohiyati )(xfy   empirik formula bilan topilgan 

)( ixf  nazariy qiymatlarning tajriba natijasida olingan mos iy  qiymatlardan 
chetlashishi kvadratlarining yig‘indisini  minimallashtirishdan yoki 
boshqacha aytganda  

 



n

i
ii

n

i
i yxfS

1

2

1

2 )(  

qiymatning minimal bo‘lishini ta’minlashdan iborat.  
Agar empirik formula sifatida  baxy   chiziqli funksiya olinsa, a  va b  

koeffitsiyentlar  




















n

i
i

n

i
i

n

i
ii

n

i
i

n

i
i

ynbxa

yxxbxa

11

111

2 ,
 

tenglamalar sistemasidan topiladi. 
       Agar empirik formula sifatida cbxaxy  2  parabolik funksiya olinsa, 

ba,  va c  koeffitsiyentlar  



















 

   

   

 

   

   

n

i

n

i
i

n

i
ii

n

i

n

i

n

i

n

i
iiiii

n

i

n

i

n

i

n

i
iiiii

yncxbxa

yxxcxbxa

yxxcxbxa

1 11

2

1 1 1 1

3

1 1 1 1

2234

,

,

                     

sistemadan topiladi.  
       Agar empirik formula sifatida logarifmik funksiya olinsa, bu funksiya 
belgilashlar yordamida chizqli yoki parabolik funksiyaga keltiriladi. 
       Agar empirik formula sifatida darajali yoki ko‘rsatkichli funksiya olinsa, 
bu funksiya avval logarifmlanadi va keyin belgilashlar yordamida chizqli  
yoki parabolik funksiyaga keltiriladi. 

       6-misol. x  argument  va )(xfy   funksiyaning tajriba natijasida olingan  
qiymatlari jadvalda berilgan:         

      
 
 

x  va y  o‘zgaruvchilar orasidagi chiziqli  bog‘lanishning empirik  
funksiyasini eng kichik kvadratlar usuli bilan  toping. 

Empirik formulani baxy   ko‘rinishda izlaymiz. Bu funksiyaning  

x  110 132 154 176 198 230 242 
y  40 43,2 52,8 67,2 64 78,4 96 
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a  va b  parametrlarini  




















7

1

7

1

7

1

7

1

7

1

2 ,

i
i

i
i

i
ii

i
i

i
i

ynbxa

yxxbxa
 

tenglamalar sistemasidan topamiz. 
Qulaylik uchun hisoblarni jadvalda bajaramiz: 
 
 
 
 
 
 
 
 
 
 
U holda yuqoridagi sistema  








6,44171232
,8,832121232230384

ba
ba

 

ko‘rinishga keladi.  
        Uni Kramer formulalari bilan yechamiz: 

,94864
71232

1232230384
   

,4,38438
76,441

12328,83212
 a      .2,780595

6,4411232
8,83212230384

b  

,405,0
94864

4,38438
a    .229,8

94864
2,780595

b  

Demak, izlanayotgan funksiya 
229,8405,0  xy . 

 

Mustahkamlash uchun mashqlar 

1.3.1. Funksiyalarni ekstremumga tekshiring. 

  1) ;2323 yxyxz                                 2) ;333 xyyxz    
  3) ;444 xyyxz                                      4) ;242 2244 yxyxyxz   

i  ix  iy  2
ix  ii yx  

1 110 40 12100 4400 
2 132 43,2 17424 5702,4 
3 154 52,8 23716 8131,2 
4 176 67,2 30976 11827,2 
5 198 64 39204 12672 
6 220 78,4 48400 17248 
7 242 96 58564 23232 
  1232 441,6 230384 83212,8 
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  5) ;186
3
12 23

yx
yxz                              6) ;2050

yx
xyz   

  7) ;62 yxyxyz                              8) ;2633 yyxyxz   
  9) );1(2 yxxyz                                   10) );2(  yxxyz                  

11) );2( 22 yxez yx                                   12) )( 22 yxez
x

 . 

1.3.2. Funksiyalarning berilgan chiziqlar bilan chegaralangan D  soha-
dagi eng katta va eng kichik qiymatlarini toping. 
  1) ;02,0,0:,42 22  yxyxDyxxyxz              
  1) ;01223,0,0:,422  yxyxDxyyxyxz              
  3) ;2,1,2,0:,333  yyxxDxyyxz  
  4) ;6,0,0:,4 2223  yxyxDyxyxyxz              

  5) ;
2
3,2,1,1:),1(  yxx

x
yDyxxyz    

  6) .4:,32 22  yxDyxz         

 1.3.3. ),( yxfz  funksiyalarning 0),( yx  tenglama bilan bog‘langanlik 
shartidagi ekstremumlarini toping. 
  1) ;010,3 22  yxyxz                    2) ;022, 2222  yxxyyxz  
  3) 02, 22  yxxyz ;                          4) 01,  yxxyz ;                            
  5) 012,2  yxxyz ;                          6) 01, 222  yxyxz ;                           
  7) 01,22  yxyxz ;                      8) 01,23 2222  yxyxz ;   

  9) 02,11
 yx

yx
z ;                     10) 02,

8
11

22  yx
yx

z ; 

11) 01,1 22  yxyxz ;             12) 02,  yxez xy .                            

 1.3.4. Sig‘imi V ga teng bo‘lgan to‘g‘ri burchakli hovuz eng kichik to‘la  
sirtga ega bo‘lsa, uning o‘lchamlarini toping. 

 1.3.5. R  radiusli sharga ichki chizilgan to‘g‘ri burchakli parallelepiped  
eng katta hajmga ega bo‘lsa, uning o‘lchamlarini toping. 

 1.3.6. x  argument  va )(xfy   funksiyaning tajriba natijasida olingan   
qiymatlari jadvalda berilgan: 

 1) x  -1 0 1 2 3 4 
y  0 2 3 3,5 3 4,5 
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     x  va y  o‘zgaruvchilar orasidagi chiziqli  bog‘lanishning empirik 
funksiyasini eng kichik kvadratlar usuli bilan  toping. 

 
 

NAZORAT ISHI 
  

 
 
 

1-variant 
  1.  .4 22 yxxz                                       2. ).01,2;94,3(,32 0

3 2 Pxyxz   

2-variant 
  1.  .ln)16ln( 22 xyxz                          2. ).95,2;01,0(),(2 0Pxyarctgyz   

3-variant 
  1.  .2arccos

22 yx
xz


                                  2. ).99,0;09,0(),ln( 0
23 Pyxz   

4-variant 

  1.  .22 yx
xy

z


                                              2. ).97,2;04,0(),sin(2 0
22 Pxyyxz   

5-variant 
  1.  .)8ln( 22 yxz                                   2. ).98,4;05,0(,sin2 0P

y
xyz   

6-variant 

  1.  ).3arcsin( yxz                                      2. ).97,0;02,2(,1 0P
y
xarctgz 








  

7-variant 
  1.  .xyz                                             2. ).98,0;03,3(, 0Pyz x  

8-variant 
  1.  .11 22  yxz                                2. ).98,1;02,1(, 0

34 Pyxz   

2) x  0,5 1,0 2,0 2,5 3 3,5 
y  0,62 1,64 3,7 5,02 6,04 6,78 

 

  1. Funksiyaning  aniqlanish sohasini toping va chizmada 
tasvirlang.  
  2. Funksiyaning  );( 000 yxP nuqtadagi qiymatini taqribiy hisoblang  
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9-variant 

  1.  .
2

43
22 



yx

yx
z                                        2. ).04,1;98,2(,ln 0

3 3 Pyxz   

10-variant 
  1.  .

1
arcsin




y
xz                                        2. ).96,3;98,1(,2sin2 0P

y
xxz 

  

11-variant 
  1.  .8 22 yxxz                                     2. ).98,1;96,0(,13 0P

y
xtgyz 

  

12-variant 
  1.  .23 22 xyyxz                           2. ).98,3;02,0(,arcsin2 0

2 P
y
xyz   

13-variant 

  1.  .
94

1ln
22








 
yxz                                  2. ).04,1;97,0(),1ln( 0

34 Pyxz   

14-variant 

  1.  .
2
2

22

22

xyyx
xyyxz




                                 2. ).96,0;02,2(,322 0
22 Pyxyxz   

15-variant 
  1.  .

9
3ln

22 


yx
xz                                     2. ).97,1;02,1(, 0

33 Pyxz   

16-variant 

  1.  .
22

xy
yx

z


                                          2. ).02,0;99,1(),cos(52 0
2 Pxyyxz   

17-variant 
  1.  .25 22 xyyxz                             2. ).98,3;02,0(),arcsin( 0Pxyyz   

18-variant 
  1.  .ln)6ln( 22 yyxz                          2. ).02,0;96,3(, 0

3 33 Pyxz   

19-variant 
  1.  .arcsin

y
xz                                              2. ).03,0;98,1(),cos(2 0Pxyez xy   
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20-variant 
  1.  .

4
)1ln(

2 



xy

yz                                       2. ).48,0;54,0(),22ln( 0
22 Pyxz   

21-variant 
  1.  .)4)(1( 2222 yxyxz                   2. ).96,3;08,1(, 0Pxz y  

22-variant 
  1.  .)42ln( 2 xyxz                            2. ).03,0;97,3(),arcsin( 0

22 Pxyxz   

23-variant 
  1.  .1 yx

yx
z 


                                2. ).98,0;97,0(,62 0

3 2 Pyxz   

24-variant 
  1.  .arccos

yx
yz


                                       2. ).04,2;02,0(,5 0
2 Pyez x   

25-variant 
  1.  .

3
ln

22 xy
yz


                                     2. ).96,1;05,0(),sin(2 0
2 Pxyyxz   

26-variant 
  1.  .1

6
1

22 xyx
z 


                            2. ).03,0;98,0(),2ln( 0Pyxez y   

27-variant 

  1.  .
4

422

x
yx

z


                                     2. ).03,2;98,0(, 0
4 22

Pez yx   

28-variant 
  1.  .

5
ln

22 


xy
xz                                   2. ).98,0;03,1(),23ln( 0

2 Pxyxz   

29-variant 

  1.  .
122

yx
ez

yx






                                            2. ).03,0;05,2(),( 0Pxyarctgez xy  

30-variant 
  1.  .

1
)arcsin(

2 



yx

yxz                                     2. ).96,1;06,2(, 0
23 Pyxyxz   
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        1-MUSTAQIL ISH 

 
1-variant 

    1.  ,102432 22 xyyxyxz    ).3;1;1(0 M                            
    2. ),ln( 22 yxyxz       .0)()( 22  yyxxyx zzzz  

    3. ?,,,),3ln( 3
3 








v
z

u
z

u
vyutgvxyxz                                    

    4. .232 333 yxyzzyx                            5. .sincos 33 xyyxz                                           
    6. .71833  xyyxz  
    7. .01,1,1:,435 22  yxyxDyxyxz                                          
    8. .09,458 22  yxyxz  
    9. Perimetri p2  ga teng uchburchak eng katta yuzaga ega bo‘lsa, 
uchburchakning tomonlarini toping.                                             
  10.  
 

ix  0 1 2 3 4 5 
 iy  -0,8 0,4 0,3 -0,5 -2,0 -4,9 

    1. Sirtga );;( 0000 zyxM  nuqtada o‘tkazilgan urinma tekislik va normal  
tenglamalarini tuzing. 
    2. ),( yxfz   funksiya  berilgan tenglikni qanoatlantirishini ko‘rsating. 
    3. Murakkab funksiyaning ko‘rsatilgan hosilalarini toping. 
    4. Oshkormas ko‘rinishda berilgan );( yxz   funksiyaning birinchi 
tartibli xususiy hosilalarini toping.   
    5. Funksiyaning uchinchi tartibli differensialini toping.   
    6. Funksiyani ekstremumga tekshiring. 
    7. ),( yxfz   funksiyaning D    yopiq sohadagi eng katta va eng kichik  
qiymatlarini toping. 
    8. ),( yxfz  funksiyalarning 0),( yx tenglama bilan bog‘langanlik 
shartidagi ekstremumlarini toping. 
    9. Eng katta va eng kichik qiymatlarni topishga oid amaliy masalalarni 
yeching. 
  10.  x  argument  va )(xfy   funksiyaning tajriba natijasida olingan  
qiymatlari jadvalda berilgan. x  va y  o‘zgaruvchilar orasidagi 

cbxaxy  2  empirik funksiyani eng kichik kvadratlar usuli bilan  
toping. Tajriba nuqtalarini va empirik funksiyani to‘g‘ri burchakli dekart 
koordinatalar sistemasida tasvirlovchi chizmani chizig.    
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2-variant 

    1.  ,022222  zxyxzyx   ).2;1;1(0 M  
    2. ,

2yxz       .0)( 2  yyyy zyzzzyz  

    3. ?,1,ln,, 2 
dt
dutztyex

x
yzu t                                    

    4. .2222 xyzzxyzxy                                  5. ).3cos( yexz                                           
    6. .22)ln( 44 yxyxz   
    7. .042,042,0:),4)((  yxyxxDyxyxz                                               
    8. .01, 22  yxxyz  
    9. Devorining qalinligi d  ga va hajmi V  ga teng  ochiq quti (yashik) 
yasash uchun eng kam material sarflangan bo‘lsa,  qutining tashqi 
o‘lchamlarini toping.       
 10.  
 

 

3-variant 

    1.  ,0332 22  yzxxyyx  ).2;1;1(0 M                            
    2. ),()( yxychyxxshz       .02  yyxyxx zzz               

    3. ?,,1 2)1( 


 

dx
dzey

y
xarctgz x                                    

    4. .
xz

yarctgxz


                                       5. ).( yxshez yx                                            

    6. .81
yx

xyz   

    7. .02,0,0:,222 22  yxyxDyxyxyxz                                          

    8. .032,21
 yx

yx
z  

    9. Tagi silindr ko‘rinishiga va  tepasi konus shakliga ega chodirni tikish 
uchun eng kam material sarflangan bo‘lsa, chodirning o‘lchamlari nisbatini 
toping.                   
10.  
 
 
 

ix  0 1 2 3 4 5 
  iy  -0,3 -2,4 -2,8 -1,8 -0,3 2,6 

ix  0 1 2 3 4 5 
iy  -0,5 -1,5 -1,8 -0,8 1,6 4,5 
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4-variant 

    1.  ,0864222  zxzyx  ).1;1;2(0 M  
    2. ),ln( yexz       .0 xxyxyx zzzz                            

    3. ?,,,, 2222 







v
z

u
zuvyvuxyxz xy                                    

    4. .ln 2yz
y
x

z
x

                                             5. ).cos(ln xyz                                           

    6. .362  xyxxyxz  
    7. .084,0,0:),1535(  yxyxDyxxyz                                                

    8. .054,41
33

 yx
yx

z  

    9. Radiusi R  ga teng  aylanaga ichki chizilgan uchburchak eng katta 
yuzaga ega bo‘lsa, uning tomonlarini toping.                             
 10.  
 

 

5-variant 
    1.  ,06324 222  xzxyxzy   ).2;2;1(0 M                                 

    2. ,
yx

xyz


      .022  z
xy

zzz yyxyxx                            

    3. ?,,cos,sin, 







v
z

u
zuvyvux

x
y

y
xz                                    

    4. .cos222 zzyx                                        5. .
x
y

y
xz                                           

    6. .9)ln( 322 yxyxz   
    7. .1,0,2,0:,33 23  yyxxDxyyxz                                          
    8. .016,359 22  yxyxz  
    9. Uchlari  153 22  yx  ellipsning )2;3( A , )1;32(B  va );( yxC  
nuqtalarida yotgan uchburchakning yuzasi eng katta bo‘lsa,  );( yxC nuqtani 
toping.     
10.  
 

 

ix  0 1 2 3 4 5 
  iy  -0,3 0,6 1,3 2,0 1,7 1,2 

ix  0 1 2 3 4 5 
iy  0,4 0,2 1,2 1,7 2,2 4,0 
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6-variant 

    1.  yxxyyxz 2222  ,  ).1;1;1(0 M  

    2. ,
)ln( 22 yx

yz


      .0111
2  z

y
z

y
z

x yx                            

    3. ?,cos,sin,arcsin 
dt
dztytx

y
xz                                    

    4. .222 yzeyx xz                                        5. .
yx

xyz


                                           

    6. .168 33  xyyxz  
    7. .04535,0,2:,8422  yxyxDyxyxxz                                               
    8. .0164,32  yxyxz  
    9. Radiusi R  ga teng  sharga tashqi chizilgan konus  eng kichik hajmga 
ega bo‘lsa, konusning o‘lchamlarini toping.                           
 10.  
 

 

 
7-variant 

    1.  ,023 222  zxyzyx   ).1;0;1(0M                            
    2. ,)( 2 xyyyxxtgz      .02  yyxyxx zzz               

    3. ?,cos,
1

2






dx
dzxxy

y
xyxz                                    

    4. .2

z
xtgyxyz                                             5. ).ln(4 xyez y                                          

    6. .62 yxyxyz   
    7. .2,0,1,0:),22(  yyxxDyxxyz                                          

    8. .054,115 2
2  yx

yx
z  

    9. Yon sirti S ga teng konus eng katta hajmga ega bo‘lsa, uning 
o‘lchamlarini toping. 
10.  
 

 

ix  0 1 2 3 4 5 
iy  4,9 5,4 5,0 4,6 3,3 1,5 

ix  0 1 2 3 4 5 
  iy  -0,5 -1,1 -0,3 0,4 2,0 4,8 
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8-variant 

    1.  ,10542 22  xxyyxz   ).8;7;1(0 M    

    2. ,
x
yyz       .022  yyxx zyzx                            

    3. ?,,,),ln( 2 







v
z

u
zueyvexyxyxz vu                                    

    4. .ln
y
zxzyx                                                 5. ).( yxchez yx                                            

    6. .142
yx

xyz   

    7. .01,0,0:,36494 22  yxyxDyxyxz                                               

    8. .0
10
164,321 22 

yxyx
z  

    9. 03  zyx   tekislikning  1022  yx  silindr bilan kesishish nuqtalari  
applikatalarining eng katta va eng kichik qiymatlarini toping.         

 10.  
 

 

9-variant 

    1.  ,0446222  xzzxzyx   ).1;2;1(0 M                       
    2. ,22 yxz       .0 xyxy zzzz                            

    3. ?,),ln(,
7
1

5
1,arcsin 75

2 







v
z

u
zuvyvux

y
xz                                    

    4. .22 yzxezyyx                                             5. )ln( xy yxz  .                                         
    6. .30183 32 yxyyxz   
    7. .1,0:,24 222 xyyDyxz                                           
    8. .016,358 22  yxyxz  
    9. 9364 22  yx  ellipsning 02594  yx  to‘g‘ri chiziqdan eng uzoq va 
eng yaqin joylashgan nuqtalarini toping. 
10.  
 
 

 

ix  0 1 2 3 4 5 
  iy  1,0 1,5 1,1 0,2 -0,9 -2,9 

ix  0 1 2 3 4 5 
iy  -0,2 -0,4 0,7 0,7 2,6 4,5 
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10-variant 

    1.  ,0846222  yxzyx    ).2;1;1(0 M    

    2. ,22 yx
xz


      .0 yyxx zz                          

    3. ?,,sin,cos, 










v
z

u
zuvyvux

yx
ez

xy

                                   

    4. .4lnlnln  xzzyyx                              5. .)( 22 yxeyxz                                           
    6. ).ln(35 53 yxyxz   
    7. .03,0,0:,1624 22  yxyxDxyxyxz                                               
    8. .02843,43  yxyxz  
    9. Sirti S  ga teng silindr shaklidagi usti ochiq idish eng ko‘p sig‘imga ega 
bo‘lsa, uning o‘lchamlarini toping. 
 10.  
 

 

11-variant 

    1.  ,01342 222  zyzxy   ).1;1;2(0 M  
    2. ),sincos( yyyxez x       .0 yyxx zz                            

    3. ?,,,,2
2 








v
z

u
z

v
uyuvarctgx

y
xtgz                                    

    4. .z
x

yezx                                                         5. ).sin(ln xyz                                           

    6. .
2
12

2 yx
xyz   

    7. .06,0,0:),4(2  yxyxDyxyxz                                          

    8. .023,
2

134 2  yx
yx

z  

    9. Perimetri p2  ga teng uchburchakni biror tomoni atrofida aylantirishdan 
hosil bo‘lgan jism eng katta hajmga ega bo‘lsa, uchburchakning tomonlarini 
toping.           
10.  
 
 

ix  0 1 2 3 4 5 
iy  1,4 1,8 1,7 0,8 -1,0 -3,0 

ix  0 1 2 3 4 5 
iy  -0,1 -1,3 -1,2 -0,2 1,4 3,9 
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12-variant 
    1.  ,153422  yxyyxz   ).4;1;3(0 M  

    2. ,
)cos( 22 xy

xz


      .0111
2  z

x
z

y
z

x yx  

    3. ?,
2
1),ln( 222 

dx
dzxxyyxez x                                    

    4. .0)cos( 
y
xzzxy                                    5. .sincos 32 xyyxz                                           

    6. .9922 2233 yxxyyxyxz   
    7. .02,0,0:,6244 22  yxyxDyxyxz                                               

    8. .032,125 2
2  yx

yx
z  

    9. Tekis metaldan (listdan) kesib olingan umumiy yuzasi S ga teng doira 
va to‘g‘ri to‘rtburchakdan silindr yasashda (bunda doiradan silindrning asosi 
va to‘g‘ri to‘rtburchakdan silindrning yon sirti yasaladi) eng kam payvand  
chokidan foydalanilgan bo‘lsa, silindrning o‘lchamlarini toping.  
 10.  
 
 

 

13-variant 
    1.  ,0222 222  zxzxzyx ).1;1;1(0M     

    2. ,y
x

xy eez       .022  yxyyxx zyzxzyzx    

    3. ?,,cos,,22 







v
z

u
zuvyvuxy

y
xz                                    

    4. .)(32 zyxezyx                                        5. ).sin()( yxyxz                                           
    6. ).ln(234 34 yxyxz   
    7. .1,1,2,0:,168 33  yyxxDxyyxz                                          
    8. .012,2  yxyxz  

    9. 1
2594

222


zyx  ellipsoidga ichki chizilgan to‘g‘ri burchakli 

parallelepiped eng  katta hajmga ega bo‘lsa, uning o‘lchamlarini toping.                       
10.  
 

ix  0 1 2 3 4 5 
iy  1,0 1,6 1,5 0,4 -1,3 -3,7 

ix  0 1 2 3 4 5 
iy  -0,2 -1,2 -1,5 -1,4 0,3 2,0 
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14-variant 

    1.  ,066222  zxyzyx     ).2;1;1(0 M  
    2. ),cos()sin( yxyyxxz      .02  yyxyxx zzz  

    3. ?,1,arcsin 2 
dx
dzxy

y
xz                                    

    4. .6 zyyxxexyz                                          5. ).cos( yxez yx                                      

    6. .42
2yx

xyz    

    7. .01,0,0:,22233 22  yxyxDyxyxz                                               
    8. .025,346 22  yxyxz  
    9.  Diametri d  ga teng sharga ichki chizilgan silindr eng kichik to‘la sirtga 
ega bo‘lsa, silindrning o‘lchamlarini toping. 
 10.  
 

 

15-variant 
    1.  ,09344 22  zyzxyzx     ).1;1;2(0 M                                 

    2. ,
y
xarctgz      .0 yyxx zz     

    3. ?,cos,sin,2 
dt
dzteytextgxyz tt                                    

    4. .2)ln(5 22 yzyxz                                    5. ).2sin( yez x                                           
    6. .6 22 xyyxxyz   
    7. .6,0,1,0:,2 223  yyxxDyxyxz                                          

    8. .083,13
 yx

yx
z  

    9. Asosi a  ga   va  balandligi H   ga teng muntazam to‘ptburchakli 
piramida shaklidagi suv bilan to‘ldirilgan idishga kub (piramida va kub 
asoslarining markazlari bu asoslarga perpendikular to‘g‘ri chiziqda yotadi) 
tashlangan.  Kubning idish ichidagi qismi idishdan eng ko‘p hajmdagi suv 
siqib chiqargan bo‘lsa, kubning  qirrasini toping.                 
10.  
 

 

ix  0 1 2 3 4 5 
  iy  -1,6 -0,2 0,1 -0,7 -2,5 -5,5 

ix  0 1 2 3 4 5 
iy  -1,5 -2,8 -2,6 -1,6 0,4 3,1 
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16-variant 

    1.  ,453222  xyxyxyz    ).2;1;1(0 M  
    2. ,xyxez       .02 22  yyxyxx zyzxyzx                            

    3. ?,ln,2 



dx
dzxxy

x
eez

yx

                                   

    4. .2332 xyzxyzxy                                    5. ).ln(3 xyez x                                          
    6. ).ln(832 3222 yxyxz   
    7. .4)1(:, 2222  yxDyxz                                                

    8. .0
2
1

2
31,324 22 
yxyx

z  

    9. Radiusi R  ga va balandligi H teng konusga ichki chizilgan to‘g‘ri 
burchakli parallelopiped  eng katta hajmga ega bo‘lsa, parallelopipedning 
o‘lchamlarini toping.  
 10.  
 

 

17-variant 

    1.  ,02322  xyyzxzyx    ).1;1;4(0 M              

    2. ,cos)cos(
y
xxyz       .022  yxyyxx zyzxzyzx    

    3. ?,,,, 4323223  

dt
dutztytxzyyxxzu                                    

    4. .32 2332  zxyzxy                                  5. ).sin()cos( yxyxz                                           

    6. .812

yx
xyz   

    7. .02,0,0:),325(2  yxyxDyxyxz                                          
    8. .03,124 22  yxyxz  

    9. Radiusi R  ga teng  shardan tayyorlangan materialdan eng katta hajmga 
ega silindr yasalgan bo‘lsa, silindrning o‘lchamlarini toping. 
10.  
 

 

ix  0 1 2 3 4 5 
  iy  1,3 1,9 1,8 0,7 -1,0 -3,4 

ix  0 1 2 3 4 5 
iy  -0,5 -1,5 -1,8 -1,7 0,1 1,7 
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18-variant 

    1.  ,06822 222  zxzzyx    ).1;1;2(0 M                              

    2. ,sin
x
yyz x

y

      .02  zyzxyzx yx                            

    3. ?),12ln(,,1 2 



dt
dztyex

y
xarctgz t                                    

    4. .323 xxyxyzz                                      5. ).(ln xyshz                                           
    6. .15153322 2233 yxxyyxyxz   
    7. .2,1,2,0:,633  yyxxDxyyxz                                                
    8. .0144,51311 22  yxyxz  
    9. O‘q kesimining perimetri a6   ga teng silindr eng katta hajmga ega bo‘lsa, 
uning o‘lchamlarini toping. 
 10.  
 

 

 

19-variant 

    1.  ,088 32  yzzxxyx    ).2;3;2(0 M                              
    2. ),arcsin(xyz       .0)()(1 2222  yxyyxx zzyxzzyx     

    3. ?,cos, 4 


dx
dzxyez y

yx

                                   

    4. 3322 3 zzyxyx                               5. ).(ln xychz                                           
    6. .142 2 yxyxyz   
    7. .02,0,2:,22)( 2  xyyxDyxyxz                                          

    8. .0125,15
33

 yx
yx

z  

    9. Radiusi R  ga teng yarim  sharga ichki chizilgan to‘g‘ri burchakli 
parallelopiped eng katta hajmga ega bo‘lsa, parallelopipedning o‘lchamlarini 
toping. 
10.  
 

 

ix  0 1 2 3 4 5 
iy  -1,2 0,2 -0,3 -0,3 -2,1 -5,1 

ix  0 1 2 3 4 5 
  iy  -1,3 -2,6 -2,4 -1,4 0,6 3,3 
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20-variant 

    1.  ,42222  yxxyyxz    ).3;1;1(0 M  
    2. ),ln( 22 yxyz       .02  zxzxyzy yx                            

    3. ?,sin,,1, 3233 
dt
dutztytxxzxyu                                    

    4. .32 23 xyzyxz                                        5. ).cos()( yxyxz                                           

    6. .193
yx

xyz   

    7. .02,2,0:,844 22  yxyxDxxyyxz                                                

    8. .056,2
3
14 22  yx

yx
z  

    9. );( yxM  nuqtadan 01,0,0  yxyx  to‘g‘ri chiziqlargacha 
masofalar kvadratlarining yig‘indisi eng kichik bo‘lsa, bu nuqtani toping.        
 10.  
 

 

21-variant 

    1.  ,04342 222  xzzxyzyx    ).1;2;3(0M                              
    2. ,cossin xyyxz       .0 zzz yyxx    

    3. ?,,sin,ln, 







v
z

u
zuvyvxyez xy                                    

    4. .)(23 arctgzyxzyx                            5. .)( xyexyz                                           
    6. ).ln(29 23 xyyxz   
    7. .01,0,3:),2(2  yxyxDyxxyz                                          
    8. .025,348 22  yxyxz  
   9. Perimetri p  ga teng  bo‘lgan tagi to‘g‘ri to‘rtburchak ko‘rinishiga va  
tepasi yarim aylana shakliga ega deraza romi orqali eng ko‘p yorug‘lik 
o‘tayotgan bol‘sa, pomning o‘lchamlarini toping.               
10.  
 

 

ix  0 1 2 3 4 5 
  iy  5,2 5,7 5,3 4,9 3,6 1,8 

ix  0 1 2 3 4 5 
iy  -0,3 -0,9 -0,1 0,6 2,2 5,0 
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22-variant 

    1.  ,523322  yxxyyxz    ).1;2;1(0 M  

    2. ,)(
y
xxytgz     .022  yxyyxx zyzxzyzx  

    3. ?,,
1

2 2






dx
dzxey

y
yxyz x                                    

    4. ),ln(52 yexzz                                       5. ).cos( yx eez                                           
    6. .6622 33  xyyxz  

    7. .4
2
3:,132 222 xyDyxz                                                 

    8. .02,556 22  yxyxxyz  
    9. Sirti S  ga teng to‘g‘ri burchakli ochiq hovuz eng katta sig‘imga ega 
bo‘lsa, uning o‘lchamlarini toping. 
 10.  
 

 

 
23-variant 

    1.  ,0326 222  xzxyxxy    ).3;2;1(0M     
    2. ),ln( yexz       .0 yy

y
xyx zezz         

    3. ?,,,sin,ln 







v
z

u
z

v
uy

v
ux

y
xz                                    

    4. .333333 yzxzxyzyx                        5. .
yx
yxz




                                           

    6. ).ln(23 432 yxyxz   
    7. .01,0,3:,142 22  yxyxDxyxyxz                                          

    8. .0
8
321,113 22 

yxyx
z  

    9. Hajmi  V ga teng konus eng kichik to‘la sirtga ega bo‘lsa, uning 
o‘lchamlarini toping. 
10.  
 

ix  0 1 2 3 4 5 
iy  1,2 1,7 1,2 0,4 -0,7 -2,8 

ix  0 1 2 3 4 5 
iy  -0,5 -0,7 0, 0,4 2,3 4,2 
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24-variant 

    1.  ,084222  xyxyzzyx    ).1;2;1(0 M  

    2. ,ln)ln(
y
xxyz       .022  yxyyxx zyzxzyzx    

    3. ?,,1),( 2 
dt
dzetyexxyxarctgz tt                                    

    4. 3sin)(sin zxzyyx                                   5. ).ln(xy
y
xz                                           

    6. .442

yx
xyz   

    7. .1)1()1(:,1 2222  yxDyxz                                                

    8. .0146,
2

135 22  yx
yx

z  

    9.  Uchlari  44 22  yx  ellipsning 







2
1;3A , 








2
3;1B  va );( yxC  nuqtalarida 

yotgan uchburchakning yuzasi eng katta bo‘lsa,  );( yxC nuqtani toping.       
  10.  
 

 

25-variant 

    1.  ,01531243 22  zyzxzxyx    ).2;1;1(0 M    
    2. ,xyz        .0 xyx zyzzx                     

    3. ?,,),ln(),( 2

2
22 








v
z

u
z

u
vyvuxxytgz                                    

    4. zyxzeyexe xzy                             5. .)sin( yxez                                            
    6. .ln64ln63 4 yxyxz   
    7. .0834,0,0:),3412(  yxyxDyxxyz                                          
    8. .01234,422  yxyxz  
    9. Radiusi R  ga va balandligi H teng konusga ichki chizilgan  silindr  eng 
katta hajmga ega bo‘lsa, silindrning o‘lchamlarini toping.  
10.  
 

 

ix  0 1 2 3 4 5 
  iy  1,2 1,6 1,5 0,6 -1,2 -3,2 

ix  0 1 2 3 4 5 
iy  -0,6 0,6 0,5 -0,3 -1,8 -4,7 
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26-variant 
    1.  ,832222  yxxyyxz    ).4;3;2(0M                             
    2. ,cossin)( xyxyz        .0sin)(  yzzyx yxy     

    3. ?,,3,2, 2 










v
z

u
zvuy

vu
vx

y
xtgz                                    

    4. .ln32

y
xzyxz                                             5. ).cos()sin( yxyxz                                           

    6. .662233 yxxyyxyxz   
    7. .01,0,5:,233 22  yxyxDyxyxz                                                
    8. .05,2 22  yxyxz  
    9. Radiusi R  ga va balandligi H teng konusga ichki chizilgan to‘g‘ri 
burchakli parallelopiped  eng katta hajmga ega. Parallelopiped asosining 
yuzasini toping.  
 10.  
 

 

27-variant 

    1.  ,0223 22  zyzxzxyx    ).1;1;1(0 M                              
    2. ),12ln( 22  xyxz      .0 yyxx zz                            

    3. ?,cos,sin,2arccos 
dt
dztytx

y
xz                                    

    4. .335 yxxzyxz                                        5. ).ln()( xyyxz                                           

    6. .1614
yx

xyz   

    7. .082,1,1:,422 22  yxyxDyyxyxz                                          
    8. .088,841 22  yxyxz  

    9. Radiusi R  ga teng  shardan tayyorlangan materialdan eng katta hajmga 
ega silindr yasalgan bo‘lsa, silindrning balandligini toping. 
10.  
 

 

 

ix  0 1 2 3 4 5 
  iy  -0,2 -2,3 -2,7 -1,6 -0,2 2,7 

ix  0 1 2 3 4 5 
iy  -0,3 -1,3 -1,6 -0,6 1,8 4,7 
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28-variant 

    1.  ,23622 xyyxyxz     ).4;3;2(0M  

    2. ,
y
xtgz       .01

 xxxxy z
y

z
y
xz                            

    3. ?,, 
dx
dzarctgxyyz x                                    

    4. ).ln(22 xyzyxyz                                       5. .cossin 23 xyyxz                             
    6. .ln48ln33 33 yxyxz   
    7. .05,1,1:,5232 22  yxyxDyxxyz                                               
    8. .0169,1254 22  yxyxz  
    9. Asosi a ga va uchidagi burchagi   ga teng uchburchak eng katta yuzaga 
ega bo‘lsa, uning qolgan ikki tomonini toping.                         
 10.  
 

 

 

29-variant 

    1.  ,0322 222  yzxyzyx  ).1;1;2(0M  

    2. ,sin
y
xxxyz       .0 zxyzyzx yx                            

    3. ?,,1),1ln(, 32432 
dt
dutztytxzyxu                                    

    4. .2 yxxyzexyz                                         5. .)cos( yxez                                            
    6. .6933  xyyxz  
    7. .02,0,0:,42 22  yxyxDxyxyxz                                          

    8. .02,
2

113 2  yx
yx

z  

    9. Radiusi R  ga teng  sharga ichki chizilgan konus eng katta hajmga ega 
bol‘sa, konusning o‘lchamlarini toping.             
  10.  
 

 

 

ix  0 1 2 3 4 5 
iy  -0,4 0,5 1,2 1,9 1,6 1,1 

ix  0 1 2 3 4 5 
  iy  -1,0 0,2 0,1 -0,7 -2,2 -5,1 
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30-variant 

    1.  ,02452233  yxyxyzzyx  ).3;1;2(0 M            
    2. ,)ln( yxyeyxxz       .02  yyxyxx zzz     

    3. ?,,),ln(),( 222 







v
z

u
zvuyuvxxyarctgz                                    

    4. .33 yxexz y
z

                                            5. ).sin( yxez yx                                            

    6. .4122

yx
yxz   

    7. .12||4||3:,22  yxDyxz                                                

    8. .01,
2

14
22  yx

yx
z  

    9. Asosining radiusi R  ga   va  balandligi H   ga teng konus shaklidagi suv 
bilan to‘ldirilgan idishga kub (konus va kub asoslarining markazlari bu 
asoslarga perpendikular to‘g‘ri chiziqda yotadi) tashlangan.  Kubning idish 
ichidagi qismi idishdan eng ko‘p hajmdagi suv siqib chiqargan bo‘lsa,  
kubning  qirrasini toping.  

 10.  
 

 

B. NAMUNAVIY  VARIANT   YECHIMI 

          1. Sirtga );;( 0000 zyxM  nuqtada o‘tkazilgan urinma tekislik va normal 
tenglamalarini tuzing. 
  1.30. ,02452233  yxyxyzzyx  ).3;1;2(0 M            

02452),,( 233  yxyxyzzyxzyxF  belgilash kiritamiz.  
U holda  

  ,1315)3(1223523 2
000

2
00  yzyxMFx

,1425)3(22134523)( 2
000

2
00  xzxyMFy

.2122)3(222)( 0000  yxzMFz  
Bu qiymatlarni  

0))(,,())(,,())(,,( 000000000000  zzzyxFyyzyxFxxzyxF zyx , 

ix  0 1 2 3 4 5 
  iy  0,7 0,5 1,5 2,0 2,5 4,3 
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),,(),,(),,( 000

0

000

0

000

0

zyxF
zz

zyxF
yy

zyxF
xx

zyx 









  

tenglamalarga qo‘yib, topamiz:  
1) urinma tekislik tenglamasi  

0)3(2)1(1)2(13  zyx  
yoki 

;021213  zyx  
2) normal tenglamasi 

.
2

3
1

1
13

2 





 zyx  

2. ),( yxfz   funksiyaning  berilgan tenglikni qanoatlantirishini 
ko‘rsating. 
  2.30. ,)ln( yxyeyxxz       .02  yyxyxx zzz     

Funksiyaning birinchi tartibli xususiy hosilalarini topamiz: 

,)ln(1)ln( yxyx
x ye

yx
xyxey

yx
xyxz  





  

.)1(11 yxyxyx
y ey

yx
xeye

yx
xz  





  

Bundan 
,

)(
2

)(
111

22
yxyx

xx ye
yx
yxey

yx
x

yxyx
z  















,)1(
)(

1
)(

11
22

yxyxyx
xy ey

yx
yeye

yx
x

yx
z  










.)2(
)(

)1(1
)(

1
22

yxyxyx
yy ey

yx
xeye

yx
xz  













  

yyxyxx zzz  ,,  hosilalarni berilgan tenglamaga qo‘yamiz: 

 yyxyxx zzz 2 

  22 yxye

yx
yx












 yxey

yx
y )1(

)( 2  

.0)222(
)(

22)2(
)( 22 















  yyye

yx
xyyxey

yx
x yxyx  

Demak,  yxyeyxxz  )ln(  funksiya 02  yyxyxx zzz  tenglikni  
qanoatlantiradi.    
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         3. Murakkab funksiyaning ko‘rsatilgan hosilalarini toping. 
  3.30. ?,,),ln(),( 222 








v
z

u
zvuyuvxxyarctgz     

Funksiyalarning xususiy hosilalarini topamiz: 
,

1
)(

)(1
1

222 yx
yxy

xyx
z

x 






       ,

1
)(

)(1
1

222 yx
xxy

xyy
z

y 






     

,2
22 uv

u
u
x





      ,2

22 uv
v

v
x





        ,2uv

u
y



      .2u

v
y



      

        U holda   

































 )2(

1
2

1 222222 uv
yx

x
uv

u
yx

y
u
y

y
z

u
x

x
z

u
z  







 





 xuvy

uv
u

yx
22

1
1

2222  

yoki 

.
))(ln1()(
))ln()((2

2222222

22222

uvvuuv
uuvuvuv

u
z






  

Shu kabi 

































 )(

1
2

1
2

222222 u
yx

x
uv

v
yx

y
v
y

y
z

v
x

x
z

v
z  







 





 xuy

uv
v

yx
2

2222

2
1

1  

yoki 

.
))(ln1()(
))ln()(2(

2222222

222222

uvvuuv
uvuvvu

v
z






  

4. Oshkormas ko‘rinishda berilgan  );( yxz   funksiyaning birinchi 
tartibli xususiy hosilalarini toping.   

4.30. .33 yxexz y
z

          

    Misolning shartiga ko‘ra  .),,( 33 xzyxezyxF y
z

    
Bundan  

,3),,( 2 zxzyxFx        ,33),,( 2

4
2

2 y
zeyy

y
zezyxF

y
z

y
z

y











  

.1),,(
y

xyex
y

ezyxF
y
z

y
z

z











  
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U holda 

,)3(
),,(
),,( 2

y
z

z

x

exy

yzx
zyxF
zyxF

x
z











     .31

),,(
),,( 4

y
z

y
z

z

y

exy

zey
yzyxF

zyxF
y
z











  

5. Funksiyaning uchinchi tartibli differensialini toping.   
  5.30. ).sin( yxez yx           

Funksiyalarning birinchi tartibli xususiy hosilalarini topamiz: 

 ,)cos()sin( yxyxez yx
x        .)sin()cos( yxyxez yx

y     
Bundan 

),cos(2))sin()cos()cos()(sin(2 yxeyxyxyxyxez yxyx
x

   
),sin(2))sin()cos()cos()sin(( yxeyxyxyxyxez yxyx

xy    
).cos(2))cos()sin()sin()cos((2 yxeyxyxyxyxez yxyx

y
   

Funksiyalarning uchinchi tartibli xususiy hosilalarini topamiz: 

 ,)sin()cos(23 yxyxez yx
x

        ,)sin()cos(22 yxyxez yx
yx

      
 ,)sin()cos(22 yxyxez yx

xy
       .)sin()cos(23 yxyxez yx

y
   

         Uchinchi tartibli xususiy hosilalarning topilgan qiymatlarini  
32233 ),(),(3),(3),( 3223 dyyxfdxdyyxfdydxyxfdxyxfzd

yxyyxx
  

formulaga qo‘yib topamiz: 

  dydxyxyxedxyxyxezd yxyx 233 ))sin()(cos(2(3))sin()(cos(2(  
32 ))sin()(cos(2())sin()(cos(2(3 dyyxyxedxdyyxyxe yxyx    

yoki 
  )3())sin()((cos(2 233 dxdydxyxyxezd yx  

)3())sin()((cos( 23 dydxdyyxyx  . 

6. Funksiyani ekstremumga tekshiring. 
  6.30. .4122

yx
yxz       

    Funksiyani ekstremumga belgilangan tartibda tekshiramiz. 
.1o  Funksiyaning birinchi tartibli xususiy hosilalarini topamiz: 

,12 2
2

x
xy

x
z



     .42 2

2

y
yx

y
z



  
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.2o  Statsionar nuqtalarni aniqlaymiz: 









.02
,012

32

23

yx
yx  

Sistemani yechamiz:  .2;
2
1







P  

.3o   Ikkinchi tartibli xususiy hosilalarni topamiz: 

,22 3
2

2

2

x
y

x
z



    ,4

2

xy
yx
z



    .82 3

2
2

2

y
x

y
z



  

.4o  





 2;

2
1P statsionar nuqtada ikkinchi tartibli xususiy hosilalarni 

hisoblaymiz: 

,0242222 32 A   ,42
2
14 B   .

2
3

2
8

2
12 3

2







C  

.5o  





 2;

2
1P  statsionar nuqtada .0204

2
324 22  BAC   

Demak, 





 2;

2
1P  nuqta minimum nuqta va .5

2
4212

2
1 2

2

min 





z  

7. ),( yxfz   funksiyaning D    yopiq sohadagi eng katta va eng kichik  
qiymatlarini toping. 

  7.30. .12||4||3:,22  yxDyxz     
         D   soha  ABCE  rombdan 
iborat (5-shakl). 
          .1o  Funksiyaning D  sohada 
yotgan kritik nuqtalarini topamiz: 


















.02

,02

y
y
z

x
x
z

 

Bundan .0,0  yx    
Demak, .0)(),0;0()0;0( 00  PzOP  

.2o  Funksiyani soha chegarasida 
ekstremumga tekshiramiz. Soha 
chegarasi turli tenglamalar bilan aniqlanuvchi to‘rtta qismdan tashkil topgani  

5-shakl. 

y  

3  

3  

C  
4  

B  

A  
x  

E  

4  

D  

O  
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sababli funksiyani har bir qismda ekstremumga alohida tekshiramiz. 
1)  AB  to‘g‘ri chiziqda 1243  yx   yoki 

4
312 xy 

  va   

).04(
4

123 2
2 






 

 xxxz  

U holda  

0
4
3

4
12322 






 


xxz x dan .

25
36

x   
4

312 xy 
 dan 

25
48

y . 

        Demak, 
25

144
25
48,

25
36







z .   

AB  to‘g‘ri chiziqning chetki nuqtalarida: ,16)0,4()(  zAz  .9)3,0()(  zBz  

2)  BC  to‘g‘ri chiziqda 1243  yx   yoki 
4

312 xy 
 .   

        Bundan  ).40(
4

312 2
2 






 

 xxxz  

U holda 0
4
3

4
31222 













 


xxz x dan .

25
36

x   
4

312 xy 
 dan 

25
48

y . 

        Demak, 
25

144
25
48,

25
36







z .   

BC  to‘g‘ri chiziqning chetki nuqtalarida: ,9)( Bz  .16)0,4()(  zCz  

3)  CE  to‘g‘ri chiziqda 1243  yx   yoki 
4

312 xy 
 .   

        Bundan  ).40(
4

312 2
2 






 

 xxxz  

U holda  

0
4
3

4
31222 













 


xxz x dan .

25
36

x   
4

312 xy 
 dan 

25
48

y . 

        Demak, 
25

144
25
48,

25
36







 z .   

BC  to‘g‘ri chiziqning chetki nuqtalarida: ,16)( Cz  .9)3,0()(  zEz  

4)  EA  to‘g‘ri chiziqda 1243  yx   yoki 
4

312 xy 
 .   

        Bundan  ).04(
4

312 2
2 






 

 xxxz  
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U holda  

0
4
3

4
31222 













 


xxz x dan .

25
36

x   
4

312 xy 
 dan 

25
48

y . 

        Demak, 
25

144
25
48,

25
36







 z .   

BC  to‘g‘ri chiziqning chetki nuqtalarida: ,9)( Ez  .16)( Az  
.3o  Funksiyaning hisoblangan qiymatlarini taqqoslaymiz.  

Demak,  
16)0,4(  zz kattaeng   va  .0)0,0(  zZ kichikeng  

8. ),( yxfz  funksiyalarning 0),( yx  tenglama bilan bog‘langanlik 
shartidagi ekstremumlarini toping. 
  8.30. .01,

2
14

22  yx
yx

z        

  Funksiyani Lagranj ko‘paytuvchilari usulu bilan ekstremumga 
tekshiramiz. 

.1o  Lagranj funksiyasini tuzamiz: 
).1(

2
14),(),(),,( 22  yx
yx

yxyxfzyxF    

Bundan   
.1,1,8

33  yxF
y

F
x

F yx   

.2o  Shartli ekstremumning zaruruy shartiga ko‘ra  















.01
,01

,08
3

3

yx
y
x




 

Sistemani yechamiz: .1,1,2  yx  Demak,  )1;2(0 P  mumkin bo‘lgan 
shartli ekstremum nuqta. 

.3o    diterminantga qo‘yiladigan xususiy hosilalarni topamiz:  

44

3,0,24,1,1 22 y
FF

x
F

yxyxyx   . 

Bundan   
3

1
3)(,0)(,

2
3

)2(
24)(,1)(,1)( 4004000 22 


 PFPFPFPP
yxyxyx  . 
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U holda 

.0
2
3

301

0
2
31

110





  

Demak, )1;2(0 P nuqtada funksiya shartli maksimumga ega:  

.
2
1

12
1

)2(
4

22max 





z  

9. Eng katta va eng kichik qiymatlarnia topishga oid amaliy masalalarni 
yeching. 
       9.30.   Asosining radiusi R  ga   va  balandligi H   ga teng konus 
shaklidagi idish suyuqlik bilan to‘ldirilgan.   Idishga tashlangan sharning 
idish ichidagi qismi idishdan eng ko‘p miqdorda suyuqlik siqib chiqargan 
bo‘lsa, sharning radiusini toping.  

Sharning idishdan tashqaridagi qismi, ya’ni shar sektorining 
balandligi xCE   bo‘lsin (6-shakl).  U holda bu sigmentining hajmi 

 323
3

xrxVcek 
 ga teng bo‘ladi.  

       Sharning idish ichidagi qismining hajmini topamiz:  
   .34

3
3

33
4 323323 xrxrxrxrVVV ceksh 


  

      Sharning idishdan siqib chiqaradigan suyuqlik miqdori V  hajmga bog‘liq 
bo‘ladi.  Sharning idish ichidagi qismi idishdan 
eng ko‘p miqdorda suyuqlik siqib chiqaririshi 
uchun 323 34 xrxr   ifoda maksimumga 
erishishi kerak. Bunda shar bilan idishning 
o‘lchamlari uzviy bog‘lanishga ega bo‘ladi. 
Shu bog‘lanishni aniqlaymiz.  

6-shakldan topamiz: 
,

2
1

2
1 RHACBCS ABC     ,

2
1

2
1 lrKDABS ABD    

).(
2
1)(

2
1

2
1 xrRxEDRDCBCS DBC   

Shu bilan birga   DBCABDABC SSS     yoki 

).(
2
1

2
1

2
1 xrRlrRH   

. 
 

x  

r  

R  

H  l  

A  

B  C  

D  

E  

K  

6-shakl 
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Bundan   0)(  RHRxrRl . 
Shunday qilib, sharning idish ichidagi qismi idishdan eng ko‘p miqdorda 

suyuqlik siqib chiqaririshini topish uchun 323 34),( xrxrxrz   funksiyaning 
0)(),(  RHRxrRlxr  bog‘lanish tenglamasi bilan bog‘langanlik 

shartidagi maksimumini topish kerak bo‘ladi. Bu masalani Lagranj 
ko‘paytuvchilar usuli bilan yechamiz. 

.1o  Lagranj funksiyasini tuzamiz: 
))((34),,( 323 RHRxrRlxrxrzxrF   . 

Bundan  
.)(,63),(312 222 RHRxrRlFRrxxFRlxrF xr    

.2o  Shartli ekstremumning zaruruy shartiga ko‘ra  




























.0)(
,0)2(3
,0)2(6

0)(

,0)2(3

,0)4(3
2

22

RHRxrRl
Rxrx
lxrr

RHRxrRl

Rrxx
Rlxr








 

Sistemani yechib,  r ni  topamiz:  

  .
)2()( 2222

22

RHRRHR
HRRHr




  

        Demak, radiusning bu qiymatida idishga tashlangan shar idishdan eng  
ko‘p miqdorda suyuqlik siqib chiqaradi.  

10.  x  argument  va )(xfy   funksiyaning tajriba natijasida olingan  
qiymatlari jadvalda berilgan. x  va y  o‘zgaruvchilar orasidagi cbxaxy  2  
empirik funksiyani eng kichik kvadratlar usuli bilan  toping. Tajriba 
nuqtalarini va empirik funksiyani to‘g‘ri chiziqli dekart koordinatalar 
sistemasida tasvirlovchi chizmani chizig.  

   
  10.30. 

 
Empirik formulani cbxaxy  2  ko‘rinishda izlaymiz.  

Bu funksiyaning a ,b  va c parametrlarini  



















 

   

   

 

   

   

n

i

n

i
i

n

i
ii

n

i

n

i

n

i

n

i
iiiii

n

i

n

i

n

i

n

i
iiiii

yncxbxa

yxxcxbxa

yxxcxbxa

1 11

2

1 1 1 1

3

1 1 1 1

2234

,

,

 

ix  0 1 2 3 4 5 
  iy  0,7 0,5 1,5 2,0 2,5 4,3 
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tenglamalar sistemasidan topamiz. 
Qulaylik uchun hisoblarni jadvalda bajaramiz: 

i  ix  2
ix  3

ix  4
ix  iy  ii yx  ii yx 2  

1 0 0 0 0 0,7 0 0 
2 1 1 1 1 0,5 0,5 0,5 
3 2 4 8 16 1,5 3,0 6,0 
4 3 9 27 81 2,0 6,0 18,0 
5 4 16 64 256 2,5 10,0 40,0 
6 5 25 125 625 4,3 21,5 107,5 
  15 55 225 979 11,5 41 172 

 
U holda sistema  

                     












5,1161555
,411555225
,17255225979

cba
cba
cba

 

ko‘rinishga keladi.  
        Uni Kramer formulalari  
bilan yechamiz: 

,3920
61555

1555225
55225979

    

,56
65,1155

1541225
55172979

b    

,2520
5,111555

4155225
172225979

 c  

,14,0
3920
560

a      ,01,0
3920
56

b     .64,0
3920
2520

c  

Demak, izlanayotgan funksiya 

64,001,01405,0 2  xxy . 

        Tajriba nuqtalarini va empirik funksiyani to‘g‘ri burchakli dekart 
koordinatalar sistemasida tasvirlovchi chizmani chizamiz (7-shakl). 

7-shakl. 

y  

x  O  1 

1 

2  

2  

3  

3  

4  

4  

5  

5  

. . 

. 
. 

. 

. 
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    II  bob 
BIR  NECHA  O‘ZGARUVCHI   

FUNKSIYALARINING  INTEGRAL  HISOBI 
 

2.1.   IKKI  KARRALI  INTEGRAL 

Ikki karrali integral. Ikki karrali integralni dekart  
koordinatalarida hisoblash. Ikki karrali  integralda o‘zgaruvchini 

 almashtirish. Ikki karrali integralning tatbiqlari 

 2.1.1.Oxy  tekislikning  yopiq D  sohasida ),( yxfz  funksiya aniqlangan 
va uzluksiz bo‘lsin. 

D  sohani  ixtiyoriy  ravishda umumiy ichki nuqtalarga ega bo‘lmagan va 
yuzalari iS  ga teng bo‘lgan n  ta iD ),1( ni   elementar sohalarga bo‘lamiz. 
Har bir iD  sohada  ixtiyoriy );( ii yxP  nuqtani tanlaymiz, ),( yxfz   
funksiyaning bu nuqtadagi qiymati ),( ii yxf ni hisoblab, uni iS  ga  
ko‘paytiramiz va barcha bunday  ko‘paytmalarning yig‘indisini tuzamiz:                       





n

i
iiin SyxfI

1
),( .                                       (1.1) 

Bu yig‘indiga ),( yxf  funksiyaning D  sohadagi  integral yig‘indisi  deyiladi.  
iD  soha chegaraviy nuqtalari orasidagi masofalarning eng kattasiga shu 

yuzaning diametri deyiladi va  id  bilan belgilanadi, bunda n  da 0id .  
 Agar (1.1) integral yig‘indining 0max id  dagi chekli limiti D  sohani 

bo‘laklarga bo‘lish usuliga va bu bo‘laklarda );( ii yxP  nuqtani tanlash usuliga 
bog‘liq bo‘lmagan holda mavjud bo‘lsa, bu limitga ),( yxf  funksiyadan D  
soha bo‘yicha olingan ikki karrali integral deyiladi va 

D
dSyxf ),(  bilan 

belgilanadi:  

 



D

n

i
iiid

SyxfdSyxf
i 10max

),(lim),( ,                             (1.2) 

yoki  

i
D

n

i
iiid

yxyxfdxdyyxf
i

 
 10max

),(lim),( .                        (1.3) 

1-teorema (funksiya integrallanuvchi bo‘lishining etarli sharti). Agar   
),( yxfz   funksiya chegaralangan yopiq D  sohada uzluksiz bo‘lsa, u  

holda u D  sohada integrallanuvchi bo‘ladi.  



 70 

Ikki karrali integral quyidagi xossalarga ega.     
.1o  .,),(),( RkdSyxfkdSyxfk

DD
    

.2o .),(),()),(),(( dSyxgdSyxfdSyxgyxf
DDD
   

.3o  Agar D  soha umumiy ichki nuqtaga ega bo‘lmagan chekli sondagi  
nDDD ,...,, 21  sohalardan tashkil  topgan  bo‘lsa,  u holda  

dSyxfdSyxfdSyxfdSyxf
nDDDD

),(...),(),(),(
21

  . 

.4o  Agar D  sohada )0),((0),(  yxfyxf  bo‘lsa, u holda 

0),(  dSyxf
D







  0),( dSyxf

D
. 

.5o   Agar D  sohada ),(),( yxgyxf   )),(),(( yxgyxf   bo‘lsa, u holda  

  





 

D DDD
dSyxgdSyxfdSyxgdSyxf ),(),(),(),( . 

.6o  Agar D  sohada ),( yxf funksiya uzluksiz bo‘lsa, u holda shunday 
DyxP );( 000  nuqta topiladiki  

SyxfdSyxf
D

),(),( 00 . 

Bunda 
D

dSyxf
S

yxf ),(1),( 00  qiymatga ),( yxf  funksiyaning D  sohadagi  

o‘rta qiymati deyiladi. 
       .7o   Agar D  sohada ),( yxf  funksiya uzluksiz bo‘lsa, u holda  

 
D

MSdSyxfmS ),(  

bo‘ladi, bu yerda m va M funksiyaning D  
sohadagi eng kichik va eng katta qiymatlari. 
        2.1.2. )(1 xy   va )(2 xy   
funksiyalarning grafiklari hamda ax   va 

bx   to‘g‘ri chiziqlar bilan chegaralangan 
egri chiziqli trapetsiyadan iborat D  soha 
berilgan bo‘lsin. 
       Agar D  sohaning ichki nuqtasidan 
o‘tuvchi )(OxOy o‘qqa parallel har qanday 
to‘g‘ri chiziq L  chegarani  ikkita nuqatada 
kesib o‘tsa va sohaning kirish )(CNE  va 
chiqish )(AMB chegaralarining har biri alohida tenglama bilan berilgan bo‘lsa 
D sohaga )(OxOy o‘q yo‘nalishi bo‘yicha muntazam soha deyiladi (1-shakl). 

N  

1-shakl. 

E  

)(2 xy   

B  

M  

)(1 xy   

a  b  

L  

y  

x  O  

. P  A  
C  D  
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)(OxOy o‘q yo‘nalishi bo‘yicha muntazam soha quyidagicha belgilanadi:  
 )()(,:);( 21

2 xyxbxaRyxD    
   dycyxyRyxD  ),()(:);( 21

2  . 
 )()(,:);( 21

2 xyxbxaRyxD    sohada uzluksiz  
),( yxf  funksiyaning 

D
dxdyyxf ),(  ikki karrali integrali 

                dyyxfdxdxdyyxf
x

x

b

aD

),(),(
)(

)(

2

1

 




                                (1.4) 

formula bilan topiladi. 

(1.4) formulada dyyxf
x

x

),(
)(2

)(1






 ichki integral deb ataladi. Ichki 

integralda x  o‘zgarmas hisoblanadi va integrallash y  o‘zgaruvchi bo‘yicha 
bajariladi. Ichki integralni hisoblash natijasida umuman olganda x  ning 
funksiyasi hosil bo‘ladi. Bu funksiya tashqi integral uchun  integral  osti 
funksiyasi bo‘ladi.  Tashqi integral x   o‘zgaruvchi bo‘yicha a  dan b  gacha  
hisoblanadi.  

Agar D  nomuntazam soha bo‘lsa, u bir nechta muntazam sohalarga 
ajratiladi va bu sohalarning har birida ikki karrali integrallar hisoblanadi va 
keyin ular qo‘shiladi.  

 dycxxyRyxD  ),()(:);( 21
2   integrallash sohasi uchun   

dxyxfdydxdyyxf
y

y

d

cD

),(),(
)(

)(

2

)

 




                                 (1.5) 

bo‘ladi.  
Ikki karrali integralda integrallash tartibini o‘zgartirish mumkin:  

 
)(

)(

)(

)( 1

2

1

),(),(
y

y

d

c

x

x

b

a

dxyxfdydyyxfdx








. 

1 misol.  Ikki karrali integrallarni hisoblang: 
  1)   

1

0

2

1
2 ;

)(
1 dxdy

yx
                                              2)  

2

0

sin2

1

;
2

x

dxdyy  

  3)   
4

0

2
2 ;)23(

y
dxdyyxyx                                     4)  

1

0

2

.
y

y

xdxdy  

       1) Integrallash chegaralari o‘zgarmas bo‘lgani sababli ichki 
integralni istalgan o‘zgaruvchi bo‘yicha hisoblash mumkin. Integralni 
quyidagicha yozib olamiz: 

  

1

0

2

1
2 .

)(
1 dy

yx
dx  
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x ni o‘zgarmas deb, ichki integralni y  bo‘yicha hisoblaymiz: 

  
















1

0

1

0

2

1

.
1

1
2

11 dx
xx

dx
yx

 

Endi tashqi integralni x  bo‘yicha hisoblaymiz: 

  .
3
4ln

2
1ln

3
2ln

2
1ln|2|ln|1|ln

2
1

1
1 1

0

1

0

1

0
















 x
xxxdx

xx
 

2) Ichki integralning chegarasi x ga bog‘liq bo‘lgani sababli avval ichki 
integralni y  bo‘yicha va keyin tashqi integralni x  bo‘yicha hisoblaymiz: 

 


dxxxdxxdxy
x

)sinsin44(
4
1)sin2(

4
1

4

2

0

2
2

0

2
2

0

sin2

0

2 

 


 2

0

2

0

cos4
4
14

4
1 xx 


 dxx2

0 2
2cos1

4
1

.
4

90
4

2
2
2sin

8
1

8
1)0cos2(cos2

2

0

2

0





xx  

3) Ichki integralni x  bo‘yicha, tashqi integralni y  bo‘yicha hisoblaymiz: 

      dyyyyyydyyxyxxdxyxyxdy
y

y
))()248(()23( 233

4

0

4

0

2 4

0

2232

.
3

16
3

641632
3

8)28(
4

0

3
2

4

0

2 







 

yyydyyy  

4) Ichki integralni x  bo‘yicha, tashqi integralni y  bo‘yicha hisoblaymiz: 

2-misol. dxdyyx
D

)(   integralni hisoblang, bu yerda :D uchlari 

)3;3(),1;3(),1;1( CBA  nuqtalarda joylashgan uchburchak (2-shakl). 
D soha chapdan o‘ngdan 1x va 3x  to‘g‘ri chiziqlar bilan, quyidan 
)1( yAB to‘g‘ri chiziq bilan va yuqoridan )( xyAC  to‘g‘ri chiziq bilan  

chegaralangan. Shu sababli integralni quyidagicha hisoblaymiz:   









  dxyxydyyxxddxdyyx

x
x

D

3

1 1

2

1

3

1 2
)()(   

.
3
4

2
1

2
1

6
1

2
3

2
9

2
9

2262
1

2

3

1

233

1

2







 






 

















 

xxxdxxx  
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3-misol. dxdyx
D

2
  integralni hisoblang, bu yerda  :D 22  xxy   va 

2 xy  chiziqlar bilan chegaralangan soha. 
D  sohani  tuzamiz. Buning uchun  berilgan tenglamalarni birgalikda 

yechib, chiziqlarning kesishish nuqtalarini topamiz: 
222  xxx   dan .2x  

Demak, berilgan chiziqlar )0;2(A  va )4;2(B  nuqtalarda kesishadi.  Parabola va 
2 xy  to‘g‘ri chiziqni A  nuqtadan B  nuqtagacha chizamiz (3-shakl). 

 
 
 
 
 
 
 
 
 
 
 
 

 
 
D  soha Oy  o‘qi bo‘yicha muntazam.  Shu sababli 

   










2

2

2

2

2

2

2

2

222

2 2

x

xx

x

xxD
dxyxdydxxdxdyx  

.
15
128

5
32

3
322

53
4)4()4(

2

2

2

2

53
42

2

2

22 





 








 






xxdxxxdxxx  

4-misol. dxdy
y
x

D
 2

2

 integralni hisoblang, bu yerda  :D 2, xyxy    va 1y  

chiziqlar bilan chegaralangan soha (4-shakl). 
   D  soha Ox  o‘qqa nisbatan muntazam.  Shu sababli   

 


dyx
y

dxxyd
y

dxdy
y
x

y

y

y

yD

1

0

3

2
2

1

0
22

2

3
11




 dy
y

yyy1

0
2

3

3
1  

 
1

0

1

0 3
1

3
1 ydy

y
dy .

2
1

63
2

1

0

2











yy  

2-shakl. 

A  B  

y  

x  O  1 

1 

3  

3  C  

D  

3-shakl. 

B  

A  x  

D  

O  

y  

22  xxy  

2 xy  
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5 misol. dxdyx
D
  integralni hisoblang, bu yerda  :D  sikloidaning bir 

arkasi. 
 Sikloidaning parametrik tenglamasini 

olamiz:  








0),cos1(
),sin(

atay
ttax

 

Sikloidaning bir arkasi uchun t  parametr 
0dan 2  gacha o‘zgarganda x  o‘zgaruvchi 
0dan a2  gacha o‘zgaradi. y  funksiyani 

)(xfy   ko‘rinishda bo‘lsin deb, berilgan 
integralning o‘zgaruvchilarini ajratib yozib 
olamiz: 

.
2

0

)(

0
  

a xf

D
dyxdxdxdyxI



 

tdtadydttadx sin,)cos1(   differensiallarni hisobga olib, tashqi  
integralda t  o‘zgaruvchiga o‘tamiz: 

  



 2

0

)cos1(

0

2

0

23 )cos1)(sin()cos1()sin(
ta

dttttadydttattaI

 
2

0

223 )cossin2sinsincoscos2( dtttttttttta  















 






 

2

0

2
2

3 2cos
2
1

4
12sin

2
1

2
cos2sin2

2
ttttttttta  

.3cos
3
12cos

2
1cos 32

2

0

33 attta 








   

6-misol. 





22 1

0

1

2
1

1

21

2
1

0

),(),(
yy

y

dxyxfdydxyxfdy  integralda integrallash tartibini 

o‘zgartiring. 
 Integrallash sohasi quyidagi tengsizliklar sistemalari bilan  

aniqlanuvchi 1D  va 2D  sohalardan tashkil topadi: 

,
121

,
2
10

:
2

1











yxy

y
D  











.10

,1
2
1

:
2

2

yx

x
D  

Integrallash sohasi x o‘zgaruvchi 0  dan 1gacha o‘zgarganda quyidan  

4-shakl. 

1 

1y  

x  

y  

xy   2xy   

1  

D  
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2
1 2xy 

  va yuqoridan 21 xy   chiziqlar bilan chegaralangan egri chiziqli 

trapetsiyadan iborat bo‘ladi (5-shakl). 

       Demak,  











.1
2

1
,10

:
2

2

xxx
x

D   U holda 

 









1

0

1

2
1

1

0

1

2
1

1

21

2
1

0

2

2

22

.),(),(),(
x

x

yy

y

dyyxfdxdxyxfdydxyxfdy  

       2.1.3. ),( yxfz   funksiya chegaralangan yopiq D  sohada uzluksiz va 
),(),,( vuyyvuxx   bo‘lsin. Bu bog‘lanishlardan ),( uxuu   va ),( yxvv   

o‘zgaruvchilarni yagona usul bilan topish mumkin bo‘lsin. Bunda  
D sohaning Oxy  koordinatalar tekisligidagi 
har bir );( yxP  nuqtasiga D sohaning uvO1  
koordinatalar tekisligida biror );( vuP  nuqta 
mos keladi.  

Agar ),( vuxx   va ),( vuyy    
funksiyalar D  sohada uzluksiz birinchi 
tartibli xususiy hosilalarga ega bo‘lib,  shu 
sohada  

0















v
y

u
y

v
x

u
x

I             (1.6) 

bo‘lsa, u holda ikki karrali integral uchun   
dudvIvuyvuxfdxdyyxf

DD
||)),(),,((),(                       (1.7) 

o‘zgaruvchilarni almashtirish formulasi o‘rinli bo‘ladi. 
Xususan, qutb koordinatalari o‘zgaruvchini almashtirish formulasi  

 rdrdrrfdxdyyxf
DD
  )sin,cos(),(                         (1.8) 

bo‘ladi. 
Qutb koordinatalar sistemasida integrallash chegaralari qutbning 

joylashishiga bog‘liq holda aniqlanadi:  
1) agar O  qutb    va    nurlar orasida joylashgan D  sohadan 

 tashqarida yotsa va const  tenglamali chiziqlar soha chegarasini ikki  

5-shakl. 

1 

O  1 x  

y  

21 yx   

2
1  

2D  

1D  
yx 21  
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nuqtada kesib o‘tsa  
  ;)sin,cos()sin,cos(

)(

)(

2

1

rdrrrfdrdrdrrf
r

rD









             (1.9) 

2) agar qutb D  integrallash sohasida yotsa va const  tenglamali 
chiziqlar soha chegarasini bitta nuqtada kesib o‘tsa  

     ;)sin,cos()sin,cos(
)(

0

2

0
rdrrrfdrdrdrrf

r

D
 


             (1.10) 

3) agar qutb D  sohaning chegarasiga tegishli bo‘lib, D  soha    va 
   nurlar orasida yotsa 

rdrrrfdrdrdrrf
r

D
)sin,cos()sin,cos(

)(

0





  .  (1.11) 

7-misol. dxdyy
D
 3  integralni hisoblang, bu yerda  :D 1,2, 22  xyxyxy   

va 4xy  chiziqlar bilan chegaralangan soha. 

vxyuxy  ,2  deb olamiz.    Bundan   ., 3
1

3
1

3
2

3
1

vuyvux 
   

Yakobianni hisoblaymiz: 

,
3
1

3
1

3
1

3
2

3
1

3
2

3
1

3
1

3
2

3
1

3
1

3
2

3
4

uvuvu

vuvu

v
y

u
y

v
x

u
x

I 





















 ya’ni  .
3
1||
u

I   

         U holda    

 
DDD

vdudvdudv
u

uvdxdyy
3
1

3
13  

bu yerda  41,21:);( 2  vuRvuD .  
Demak,  

.
2
5

2
515

6
1

23
1

3
1

3
1 2

1

2

1

2

1

4

1

24

1

2

1
 

ududuvdvvdududvv
D

 
8-misol.  dxdyyx  22  integralni 

hisoblang, bu yerda :D xyx  22  va  
xyx 222   aylanalar bilan chegaralangan soha.  

   Integralni qutb koordinatalarida 
hisoblaymiz. xyx  22 , xyx 222   aylanalar 
qutb koordinatalarida cosr ,   cos2r  

6-shakl. 

2  O  x  

y  

D  

1 
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formulalar bilan ifodalanadi, bu yerda 
22


  (6-shakl).      

        U holda     

 




















2

2

cos2

cos

3cos2

cos

2

2

22

3
drdrrrddxdyyx

D




2

2

2
2

2

3 coscos
3
7cos

3
7








 dd  





2

2

cos
3
7




d 




2

2

2 cossin
3
7




 d .

9
28sin

9
7sin

3
7 2

2

3
2

2











  

       2.1.4. Ikki karrali integralning geometrik tatbiqlari 

Yassi figuraning yuzasini hisoblash. Oxy  tekislik yopiq D  sohasining, 
ya’ni  yassi figuraning yuzasi 

xdydS
D
                                                 (1.12) 

integral bilan hisoblanadi.   
       Egri chiziqli sirt yuzasini hisoblash. Oxy  tekislikning D  sohasida 
berilgan ),( yxfz   funksiya shu sohada xususiy hosilalari bilan uzluksiz  
bo‘lsin. Bunday funksiya bilan aniqlangan sirt silliq sirt deyiladi. Bunda  
D  soha bu sirtning Oxy  tekislikdagi proyeksiya bo‘ladi.  
U holda ),( yxfz  , Dyx ),(  funksiya bilan aniqlangan sirtning yuzasi   

dxdy
y
z

x
zS

D
 






















22

1                                  (1.13) 

formula bilan topiladi. 

9-misol.    222 yxz   konusning 
xyx 422   silindr ichida yotgan sirti 

yuzasini toping.  
   7-shaklga ko‘ra D  soha 

4)2( 22  yx  doiradan iborat.  
Xususiy hosilalarni topamiz:  

.2,2
2222 yx

y
y
z

yx
x

x
z











  

Demak, 







  dxdy
yx

y
yx

xS
D

22

2

22

2 441
7-shakl. 

O  

z  

 y  

x  

xyx 422   
222 yxz   

D  
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



  


sin40,0
sin,cos

5
r

rxrx
xdyd

D
 

 





cos4

00

2cos4

00 2
55 rdrrd  



d
0

2cos58 



0

)2cos1(54 d  

.542sin
2
154

0










   

         Jism hajmini hisoblash. Yuqoridan ),( yxfz   sirt bilan, quyidan Oxy  
tekislikning yopiq D  sohasi bilan, yon tomonlaridan yasovchilari Oz  o‘qqa 
parallel bo‘lgan silindrik sirt bilan chegaralangan jism silindrik jism deyiladi. 
Bu silindrik jismning hajmi  

             
D

dxdyyxfV ),(                                         (1.14) 

integralga teng bo‘ladi (ikki karrali integralning geometrik ma‘nosi). 

10-misol.    Ushbu 12

2

2

2

2

2


c
z

b
y

a
x   ellipsoidning hajmini toping.  

  0z  da ellipsoid  hajmini 1V  deylik.   
U holda  

,122 2

2

2

2

1 dxdy
b
y

a
xcVV

D

   

 bu yerda   12

2

2

2


b
y

a
xD  ellips bilan chegaralangan soha.  

         sin,cos bryarx   umumlashgan qutb koordinatalariga o‘tamiz. 
Bunda D  soha   20,10:);(  rrD  to‘g‘ri to‘rtburchakka akslanadi.   
        Bundan 

















 y
r
y

x
r
x

I




sin
cos

b
a

   abr
br

ar








sin

sin
. 

Demak,  
  drrrabcabrdrrdcV 



 2
0

2
1

0

2

0

2
1

0

1212  

.
3

4
3

44114
1

0

31

0

22
1

0

2 abctabcdttabcrtdrrrabc     
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Ikki karrali integralning mexanik tatbiqlari 

Oxy  tekislikda sirtiy zichligi ),( yx  ga teng bo‘lgan bir jinsli D  plastinka 
berilgan bo‘lsin. Bu plastinkaning ba’zi mexanik parametrlari ikki karrali 
integralning mexanik ma’nosiga ko‘ra quyidagi formulalar bilan aniqlanadi:  

1) plastinkaning massasi (ikki karrali integralning mexanik ma’nosi) 

;),( dxdyyxm
D
                                             (1.15) 

2) plastinkaning  koordinata o‘qlariga nisbatan statik momentlari 
,),( dxdyyxyM

D
x     ;),( dxdyyxxM

D
y                    (1.16) 

3) plastinka og‘irlik markazining koordinatalari  

,
),(

),(

dxdyyx

dxdyyxx
x

D

D
c









  ;

),(

),(

dxdyyx

dxdyyxy
y

D

D
c









                    (1.17) 

4) plastinkaning koordinatalar boshiga va kooordinata o‘qlariga nisbatan 
inertsiya momentlari 

,),()( 22
0 dxdyyxyxI

D

     ,),(2 dxdyyxyI
D

x     .),(
2

dxdyyxxI
D

y     (1.18) 

11-misol. Zichligi yx   ga teng  D  plastinka og‘irlik markazining 
koordinatalarini toping, bu yerda  :D 2,0,2,0  yyxx   chiziqlar bilan 
chegaralangan kvadrat. 

    Avval plastinkaning massasini topamiz: 









   dxyxydyyxdxdxdyyxm

D

2

0

2

0

22

0

2

0 2
)(),(  

.8)2()22(
2

0

2

0

2   xxdxx  

Plastinka og‘irlik markazining koordinatalarini aniqlaymiz: 









   dxyxyxdyxyxdxdxdyyxxx

D
c

2

0

2

0

2
2

2

0

2

0

2

28
1)(

8
1),(

8
1

  

;
6
7

234
1)(

4
1 2

0

2

0

23
2 








 

xxdxxx  









   dyxyxydxxyydydxdyyxyy

D
c

2

0

2

0

2
2

2

0

2

0

2

28
1)(

8
1),(

8
1

  

.
6
7

234
1)(

4
1 2

0

2

0

23
2 








 

yydyyy  



 80 

Mashqlar 

 2.1.1.  Integrallarni baholang: 
  1) dsyx

D

)23( 22  , bu yerda :D  422  yx  aylana bilan chegaralangan 

doira; 
  2) dsyxyx

D
)2( 22  , bu yerda  :D  ,0x 0y  va 1 yx  chiziqlar bilan 

chegaralangan uchburchak; 
  3) dsyxxyx

D
)( 22  , bu yerda  :D ,0x ,1x 0y  va 2y  chiziqlar bilan 

chegaralangan to‘g‘ri to‘rtburchak; 
  4) dsy x

D
)2(  , bu yerda :D ,0x ,2x 0y  va 2y  chiziqlar bilan  

chegaralangan kvadrat. 

2.1.2. Integrallarda integrallash tartibini o‘zgartiring: 

  1)    
1

0
9

3

1

1

9

2 2

;),(),(
y

y y

dxyxfdydxyxfdy                  2)    



3

0

9
4

0

5

3

25

0

2

2

;),(),(
x

x

dyyxfdxdyyxfdx       

  3)  






2

6

2

1
4

2

;),(
y

y

dxyxfdy                                          4)  




3

0

25

9

2

2

.),(
x

x

dyyxfdx  

 2.1.3. Ikki karrali integrallarni hisoblang: 
  1)   

1

0

2

0

;)( dxdyyxxy                                          2)  
1

0

2

2

;
x

x

dxdyxy  

  3)  
e y

dxdy
x
y

1 1

;                                                     4)  








1

2

3

1
.

)3(
lnx

dxdy
xy

y  

        2.1.4. Berilgan chiziqlar bilan chegaralangan D sohada ikki karrali  
integrallarni hisoblang: 

  1)  
D

dxdyyx ,)( 22  :D  2,0,1,0 xyyxx  ; 

  2)  
D

dxdyyx ,)2(  :D  65,2  xyxy ; 

  3)  

D

yx ydxdye ,sincos :D  ,,0  xx
2

,0  yy ; 

  4)  
D

dxdyyxx ,)sin(  :D  ,,0  xx
2

,0  yy ; 

  5)  
D

dxdyyx ,)2cos(sin   :D  ,0x  yxy 44,0 ; 
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  6) 
D

dxdy
y
x ,2

2

 :D  ,1xy  2,  xxy ; 

  7)  D
dxdy

yx
y ,22

 :D  2,0  yy , 3, yxyx  ; 

  8) 
D

x ydxdye ,  :D  ,2,0  xx  ,1y   xey  ; 

  9) 
D

ydxdy,  :D  





 

2
0sin,cos 33 ttaytax ; 

10) 
D

ydxdyx ,2  :D  





 

2
0sin,cos ttbytax ; 

11)  
D

dxdyyxyx ,)()( 23  :D  1,1,3,1  yxyxyxyx ; 

12) 
D

xydxdy,  :D  xyxyxyxy 4,2,3,1  ; 

13)  
D

dxdyyx ,22  :D   922  yx ; 

14)  
D

dxdyyx ,449 22  :D   422  yx ; 

15)  D yx
dxdy ,

222  :D 0,4 2  yxy ; 

16)  
D

dxdyyx ,1622  :D   ,1622  yx  2522  yx ; 

17)  
D

dxdyyx ,4 22  :D   xyx 222  ; 

18) 



D

dxdy
yx

yx
,

sin
22

22

 :D   ,
9

2
22 
 yx  222  yx ; 

19) 
D

xydxdy,  :D   1
916

22


yx , 0,0  yx ; 

20) 
D

xdxdy,  :D   ,222 yyx   ,422 yyx   0,  xxy . 

2.1.5. Berilgan  chiziqlar bilan chegaralangan soha yuzasini hisoblang: 

  1) ;2, 2xyxy                                              2) ;,
2

2 x
a
byx

a
by    

  3) ;4,
4

8 2
2

yx
x

y 


                                        4) ;5,6  yxxy   

  5) ;0,,8,4 2222  yxyxyxxyx           6) ).(4)( 22222 yxyx                              

  7) ;9,,4,1 yxyxxyxy                             8) .43
2

3
2

 yx                              
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2.1.6.   sirt yuzasini hisoblang: 
  1) :  22 yxz   paraboloidning 0z va 2z  tekisliklar orasidagi qismi;  
  2) :  222 zxy   paraboloidning 422  zx  silindr orasidagi qismi; 
  3) :  22 yxz   konusning  2z  tekislik bilan kesilgan qismi;  
  4) :  3 zyx  tekislikning  xy 32  silindr va 3x tekislik bilan kesilgan  
qismi.  

2.1.7. Berilgan  sirtlar bilan chegaralangan jism hajmini hisoblang: 

  1) ;0,0,0,  zyxazyx       

  2) ;4,1,0,4 2222
22 


 yxyxz

yx
z   

  3) ;2,1,2,4 22  xxyzyz      
  4) ;1,,0, 222  yxyzyxz   
  5) .,,22, 22222 xyxyyxzyxz     
  6) ;5,1 22  yzxy   

  7) ;
2

,0,4
2

2 xyzyz        

  8) ;2,,0,4 xyxyzzx    
  9) ;3,,2,1, xyxyxyxyxyz        
10) .9,9 2222  zxyx   

2.1.8. Sirtiy zichligi   ga teng bo‘lgan va berilgan chiziqlar bilan  
chegaralangan yassi plastinkaning massasini toping: 
  1) ;)1(,1, 2 yxxyy          2) .6,2,0,2  yxxyyx  

2.1.9. xyaxy  ,2  chiziqlar bilan chegaralangan bir jinsli yassi  
plastinka og‘irlik markazining koordinatalarini toping. 

2.1.10.  Katetlari aOA  va bOB   ga teng bo‘lgan to‘g‘ri burchakli 
uchburchakdan iborat yassi plastinkaning sirtiy zichligi OB  masofaga  
proporsional bo‘lsa,  plastinka og‘irlik markazining koordinatalarini toping. 

2.1.11. 0,4 2  yxy  chiziqlar bilan chegaralangan bir jinsli yassi  
plastinkaning  Oy  o‘qqa nisbatan inersiya momentini toping. 

2.1.12. Uchlari )2;2(),0;2(),4;0( CBA  nuqtalarda joylashgan  
uchburchakdan  iborat bir jinsli yassi plastinkaning Oy  o‘qqa nisbatan  
inersiya momentini toping. 
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2.2. UCH  KARRALI  INTEGRAL 

Uch karrali integral. Uch karrali integralni hisoblash.  
Uch karrali integralning tatbiqlari 

2.2.1. Oxyz  fazoning  yopiq V  sohasida ( hajmi V ga teng jismida) 
),,( zyxft   funksiya aniqlangan va uzluksiz bo‘lsin. 

V  sohani  ixtiyoriy  ravishda umumiy ichki nuqtalarga ega bo‘lmagan va 
hajmlari iV  ga teng bo‘lgan n  ta iV ),1( ni   elementar sohalarga bo‘lamiz. 
Har bir iV  sohada  ixtiyoriy );;( iii zyxP  nuqtani tanlaymiz, ),,( zyxf  
funksiyaning bu nuqtadagi qiymati ),,( iii zyxf ni hisoblab, uni iV  ga  
ko’paytiramiz va barcha bunday  ko‘paytmalarning yig‘indisini tuzamiz:                       

                                iiii
n

n VzyxfI 




),,(
1

.                                  (2.1) 

Bu yig‘indiga ),,( zyxf  funksiyaning V  sohadagi integral yig‘indisi deyiladi.  
iV  soha chegaraviy nuqtalari orasidagi masofalarning eng kattasiga shu 

sohaning diametri deyiladi va  id  bilan belgilanadi, bunda n  da 0id .  
 Agar (2.1) integral yig‘indining 0max id  dagi chekli limiti V sohani 

bo‘laklarga bo‘lish usuliga va bu bo‘laklarda );;( iii zyxP  nuqtani tanlash 
usuliga bog‘liq bo‘lmagan holda mavjud bo‘lsa, bu limitga ),,( iii zyxf  
funksiyadan V  soha bo‘yicha olingan uch karrali integral deyiladi va 

dVzyxf
V

),,(  bilan belgilanadi: 

iiii

n

id
V

VzyxfdVzyxf
i

 


),,(lim),,(
1max

                              (2.2) 

yoki 

iiiiii

n

idV
zyxzyxfdxdydzzyxf

i

 


),,(lim),,(
1max

.              (2.3) 

1-teorema (funksiya integrallanuvchi bo‘lishining etarli sharti). Agar  
),,( zyxft   funksiya chegaralangan yopiq V  sohada uzluksiz bo‘lsa, u holda 

u shu sohada integrallanuvchi bo‘ladi.  
Uch karrali integral ikki karrali integralning barcha xossalariga ega. 

       2.2.2. Uch karrali integralni dekart koordinatalarida hisoblash 

V integrallash sohasi quyidan ),(1 yxzz   sirt bilan, yuqoridan ),(2 yxzz    
sirt bilan chegaralangan jismdan iborat va Oz  o‘q yo‘nalishi bo‘yicha  
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muntazam bo‘lsin, bu yerda ),(1 yxzz  ,  ),(2 yxzz  V  jismning Oxy  
tekislikdagi proyeksiyasi D  da uzluksiz funksiyalar.  
       Agar D  soha bxax  , )( ba   , )(1 xy   va )(2 xy    )()( 21 xx    
chiziqlar bilan ( bunda ),(1 x  )(2 x ];[ ba  kesmada uzluksiz funksiyalar)  
chegaralangan egri chiziqli trapetsiya bo‘lsa  

dzzyxfydxddxdydzzyxf
yxz

yxz

x

x

b

aV
),,(),,(

),(

),(

)(

)(

2

1

2

1

 




                        (2.4) 

bo‘ladi. 

1-misol.  Uch karrali integrallarni hisoblang: 

  1)   
1

0

2

1

3

2

23 ;zdzyxdydx                                               2)   
1

0 0 0

.
x y

xyzdzdydx  

         1) Integrallash chegaralari o‘zgarmas bo‘lgani sababli bu integral  
uchta aniq integralning ko‘paytmasidan iborat bo‘ladi: 

    
2

1

3

2

2
1

0

2

1

1

0

3
3

2

23 zdzdyydxxzdzyxdydx .
24
35

2
49

3
18

4
01

234

3

2

22

1

31

0

4











zyx  

2) Ichki integralni x va y  o‘zgarmas deb z  bo‘yicha hisoblaymiz: 

     
1

0 0

1

0 0 0

3
1

00

2

0

.
2
1

2

x x x
yy

dyxydxdyzxydxxyzdzdydx  

Shunday qilib, uch karrali integral ikki karrali integralga keltirildi.  
Uni hisoblaymiz: 

48
1

68
1

8
1

42
1

1

0

61

0

5
1

0 0

4

 
xxdxyx

x

. 

2-misol. 
V

zdxdydz  integralni hisoblang, bu yerda ,0,0:  yxV ,0z  

1 zyx  sirtlar bilan chegaralangan soha.  
Berilgan sirtlar bo‘yicha integrallash sohasini chizamiz (8-shakl). 

V  soha uchun: .10,10,10 yxzxyx    
Bundan  

    



 


1

0

1

0

2
1

0

1

0

1

0

21

0

1

0

1

1
)1(

2
1

2

xx
yx

x yx

V
dyyxdxdyzdxdzzdydxdxdydzz  

.
24
1

4
)1(

6
1)1(

6
1

3
)1(

2
1

1

0

41

0

1

0

3

1

0

3







  



xdxxdxyx x

x
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3-misol.  

V
dxdydzyx )2(  integralni hisoblang, bu yerda 

,4,: 2  zyxyV 0z   sirtlar bilan 
chegaralangan soha.  

Berilgan sirtlar bo‘yicha integrallash 
sohasini chizamiz (9-shakl). 

V  soha uchun:  
.40,4,22 2 yzyxx   

Bundan  

    



  1

0

1

0

1

0

21

0

1

0

1

1 2

x
yx

x yx

V
dyzdxdzzdydxdxdydzz  

 



1

0

1

0

2)1(
2
1 x

dyyxdx    

dxyx





1

0

3

3
)1(

2
1





x

dxx
1

0

3)1(
6
1  

.
24
1

4
)1(

6
1

1

0

4





x  

4-misol. dxdydzyx
V

)2(   integralni hisoblang, bunda 
221,1,1,0,: yxzzxyxyV   sirtlar bilan chegaralangan soha.  

 Berilgan sirtlar bo‘yicha integrallash sohasini chizamiz (10-shakl).   

8-shakl. 

O  

z  

y  

x  

1 

1 

1

9-shakl. 

x  

z  

O  4  y  

10-shakl. 
x  

y  

z  

1  
O  
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       V  soha uchun: 2211,0,10 yxzxyx  .  Bundan  

   


dzyxdydxdxdydzyx
x yx

V

)2()2(
1

0 0

1

1

22

 

 
 dyyxyxdxdyzyxdx

xx yx

0

22
1

00

1

1

1

0
))(2()2(

22

 





 

1

0 0

43223

4
1

3
2

2
12 dxyxyyxyx

x

  

.
60
41

512
41

4
1

3
2

2
12

1

0

5
4

1

0







  

xdxx  

Uch karrali integralda o‘zgaruvchini almashtirish 

V  sohada ),,( wvuxx  , ),,( wvuyy  , ),,( wvuzz   o‘rniga qo‘yish bajarilgan 
bo‘lsin. U holda Oxyz  koordinatalar tekisligidagi  V  soha uvwO1  koordinatalar 
tekisligida biror  yopiq V  sohaga akslanadi. 

Agar ),,( wvuxx  , ),,( wvuyy  , ),,( wvuzz    funksiyalar V  sohada 
uzluksiz birinchi tartibli xususiy hosilalarga ega bo‘lib,  shu sohada  

0






























w
z

v
z

u
z

w
y

v
y

u
y

w
x

v
x

u
x

I                                 (2.5)                            

bo‘lsa, u holda uch karrali integral uchun   
dudvdwIwvuzwvuywvuxfdxdydzzyxf

VV

||)),,(),,,(),,,((),,(
~
        (2.6) 

o‘zgaruvchilarni almashtirish formulasi o‘rinli bo‘ladi. 

Uch karrali integralni silindrik koordinatalarida hisoblash 

zr ,,  sonlar uchligiga Oxyz  fazo );;( zyxM  nuqtasining silindrik 
koordinatalari deyiladi, bu yerda r M nuqtaning Oxy tekislikka proeksiyasi 
radius vektorining uzunligi,   bu radius vektorning Ox  oq bilan tashkil 
qilgan burchagi, z  M nuqtaning applikatasi.   
      Silindrik koordinatalar dekart koordinatalari bilan  

zzryrx  ,sin,cos   
bog‘lanishga ega, bu yerda  .,,20  zro  
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Uch karrali integral silindrik koordinatalarida 
drdzrdzrrfdxdydzzyxf

VV
 ),sin,cos(),,(                     (2.7) 

o‘zgaruvchilarni almashtirish formulasi orqali  
hisoblanadi. 

5-misol. dxdydzyx
V
  22  integralni 

hisoblang, bunda   
2222 2,1,4: yxzzyxV   

sirtlar bilan chegaralangan soha.  
  Berilgan sirtlar bo‘yicha V  sohani  
chizamiz (11-shakl). 

   Integralni silindrik koordinatalarda 
hisoblaymiz: 

  drdzrdrdxdydzyx
VV

22   


dzrdrd
r


2

0

2

0

2

1

2
2

 

  





2

0

2

0

2

1

2
2

drzrd r .
15
272

15
136

15
136 2

0

2
0 


 d  

Uch karrali integralni sferik koordinatalarida hisoblash 

 ,,r  sonlar uchligiga Oxyz  fazo );;( zyxM  nuqtasining sferik 
koordinatalari deyiladi, bu yerda r M nuqta radius vektorining uzunligi, 
  OM  radius vektorning Oxy tekislikka proeksiyasining Ox  oq bilan tashkil 

qilgan burchagi, OM  radius vektorning Oz  o‘qdan og‘ish burchagi.   
 Sferik koordinatalar dekart koordinatalari bilan   

,cos,sinsin,sincos  rzryrx   
bog‘lanishga ega, bu yerda    0,,20 ro . 

Uch karrali integral sferik koordinatalarida 
 drddrrrrfdxdydzzyxf

VV

sin)cos,sinsin,sincos(),,( 2       (2.8) 

o‘zgaruvchilarni almashtirish formulasi bilan hisoblanadi. 

         6-misol. dxdydzzyx
V
  222  integralni hisoblang,  bu yerda 

4: 222  zyxV , )0(0  yy  sirtlar bilan chegaralangan soha.  
  V  integrallash sohasi Oxz  tekislikning o‘ng tomonda joylashgan 
yarim shardan iborat. Shu sababli integralni sferik koordinatalarda  

2  

1 

11-shakl. 

z  

2  
2  O  y  

x  
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hisoblaymiz,  bunda     0,0,20 r : 

    drrddddrdrrdxdydzzyx
VV


 

sinsin
0 0

2

0

32222  

    
  


 


0 0 0

00
00 0

2

0

4

.888cos4sin4
4

sin dddddrd  

        2.2.3. V  jismning hajmi 
xdydzdV

v
                                                 (2.9) 

integral bilan topiladi (uch karrali integralning geometrik ma’nosi). 
7-misol. xazyx 32222 )(   sirt bilan chegaralangan jism hajmini 

hisoblang.  
 Sirt tenglamasi 222 zyx   ifodani o‘z ichiga olgani sababli  
tenglamani sferik koordinatalarda yozib olamiz: 

.cossin3 ar   
y  va z  o‘zgaruvchilar sirt tenglamasiga kvadratlari bilan qatnashadi. 

Shu sababli jism Oxz  va Oxy  tekisliklarga nisbatan simmetrik bo‘ladi. 0x  
bo‘lgani uchun jism hajmining chorak qismini hisoblash yetarli. Birinchi 
oktantda ,

2
0    

2
0    bo‘ladi.  Bundan 

    
2

0

2

0

2
2

0

2

0

cossin

0

3
2 cossin

3
4sin4

3
  



 ddadrrddV
a

 

.
32

2sin
3

2sin)2cos1(
3

2 32

0

32

0

2
0

3 aada 










    

  Zichligi ),,( zyx  ga teng bo‘lgan V jismning ba’zi mexanik parametrlari 
uch karrali integral yordamida quyidagi formulalar bilan hisoblanadi: 

1) jismning massasi (uch karrali integralning mexanik ma’nosi):  
dxdydzzyxm

D

),,(  ;         

2) jismning Oyz , Oxz  va Oxy  tekisliklarga nisbatan statik momentlari: 
,),,( dxdydzzyxxM

V
yz     ,),,( dxdydzzyxyM

V
xz      ;),,( dxdydzzyxzM

V
xy   

3) jism og‘irlik markazining koordinatalari:  

,
),,(

),,(

dxdydzzyx

dxdydzzyxx
x

V

V
c









   ,

),,(

),,(

dxdydzzyx

dxdydzzyxy
y

V

V
c









    ;

),,(

),,(

dxdydzzyx

dxdydzzyxz
z

V

V
c









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4) jismning koordinatalar boshiga,Ox ,Oy ,Oz  o‘qlarga va Oyz , Oxz , Oxy   
tekisliklarga nisbatan inersiya momentlari 

,),,()( 222
0 dxdydzzyxzyxI

V

      ,),,()( 22 dxdydzzyxzyI
V

x    

,),,()( 22 dxdydzzyxzxI
V

y          ;),,()( 22 dxdydzzyxyxI
V

z    

    ,),,(2 dxdydzzyxzI
V

xy     ,),,(2 dxdydzzyxxI
V

yz     .),,(2 dxdydzzyxyI
V

xz   

8-misol. 2222 Rzyx  , 0z  yarim sharning har bir nuqtadagi zichligi 
nuqtadan shar markazigacha bo‘lgan masofaga proporsional bo‘lsa, shar 
og‘irlik markazining  koordinatalarini toping. 

 Masala shartiga ko‘ra 222 zyxk   va simmitriyaga binoan 
.0 cc yx         

 Hisoblashlarni sferik koordinatalarda bajaramiz:  
   ddrdrkdxdydzzyxkm

VV
sin3222  

  drrddk
R

0

3
2

0

2

0

sin 




;
2
1

4
cos 4

0

4
2

0

2

0
Rkrk

R





  

  


ddrdr
R

dxdydzzyxzk
Rk

z
VV

c cossin22 4

4
222

4  

  drrdd
R

R

0

4
2

0

2

0
4 cossin2







;
5

2
52

sin2

0

52

0

2
2

04

Rr
R

R





 


    .
5

2;0;0 





 Rc  

9-misol. 3,0,0,0  zyxzyx  sirtlar bilan chegaralangan bir 
jinsli  piramidaning Oy  o‘qqa nisbatan inersiya momentini  hisoblang.  

Inersiya momentini dxdydzzyxzxI
V

y ),,()( 22    formula bilan 

topamiz: 
dxdydzzxI

V
y )( 22   




zxx

dyzxzddx
1

0

22
1

0

1

0

)( 


zdzxzxdx
x1

0

22
1

0

)1)((  

 


zdzzxzxxxdx
x1

0

3222
1

0

))1()1((  









 



zdxzzxzxzxx
x

1

0

1

0

432
22

43
)1(

2
)1(  







 


1

0

44
3

2

12
)1(

22
dxxxxx  

.
30
1

60
)1(

1046

1

0

5543

 






 


xxxx  
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Mashqlar 

2.2.1. Uch karrali integrallarni hisoblang: 
  1)    

2

0

1

0

3

1

3 ;)32( dzzyxdydx                            2)   
2

0 1

1

0

;
x

z dzxyedydx  

  3)   
3

0

2

0 0

;
x xy

zdzdydx                                               4)   
1

0 0 0
.

22y yx

zdzdxdy  

2.2.2. Berilgan sirtlar bilan chegaralangan V sohada uch karrali 
integrallarni hisoblang: 
  1) ,dxdydzx

V
   :V 2,0,3,0,0  zxzyyx ; 

  2) ,yzdxdydzx
V
  :V 1,0,0,0  zyxzyx ; 

  3) ,
1 3

2

dxdydz
e

z
V

xy 
 :V xyezzxyyxx  ,1,,0,1,0 ; 

  4) ,
24

V zyxyy
dxdydz  :V 42,0,0,0  zyxzyx ; 

  5) ,)( 22 dxdydzyx
V
   :V

2
,2

22 yxzz 
 ; 

  6) ,22 dxdydzyxz
V
   :V 3,0,2,0 2  zzxxyy ; 

  7) 
V yx

dxdydz
22

 , :V  0,4,422  zzyyyx ; 

  8) ,)( 22 dxdydzyx
V
   :V xzzxyx 2,0, 222  ; 

  9) ,)( 22 dxdydzyx
V
   :V  4222  zyx , ;0z   

10) ,2dxdydzxyz
V
  :V  1222  zyx , .0,0,0  zyx   

2.2.3. Berilgan  sirtlar bilan chegaralangan jism hajmini hisoblang: 
  1) ;2,,2,,1 2222 yxzyxzxyxyx        
  2) ;62,0,0  zyxyx   
  3) ;8, 2222 yxzyxz        
  4) .)( 2222 xyzzyx    

2.2.4.  222 yxz   konus va 1z  tekislik bilan chegaralangan jismning har 
bir nuqtasidagi zichligi uning applikatasiga proporsional bo‘lsa, jismning  
massasini toping. 
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2.2.5.  2242 yxz   paraboloid va 0z  tekislik bilan chegaralangan bir  
jinsli jism og‘irlik markazining koordinatalarini toping. 

2.2.6.  R  radiusli bir jinsli yarim shar og‘irlik markazining  
koordinatalarini toping. 

2.2.7.  Radiusi R ga va og‘irligi P ga teng bo‘lgan bir jismli sharning   
markaziga va diametriga nisbatan inersiya momentlarini toping. 

2.2.8. axyxzaxz  222 ,0,2  sirtlar bilan chegaralangan bir jinsli 
jismning Oz  o‘qqa nisbatan inersiya momentini toping. 

 
 

2.3. EGRI CHIZIQLI  INTEGRALLAR 

Birinchi tur egri chiziqli integral. Birinchi tur egri chiziqli  
integralni hisoblash. Ikkinchi tur egri chiziqli integral.  

Ikkinchi tur egri chiziqli integralni hisoblash.  
Egri chiziqli integrallarning tatbiqlari 

 
2.3.1. 3R  fazoda koordinatalari biror Rt  parametrning 

)(),(),( tzztyytxx   tenglamalari bilan berilgan  );;( zyxM  nuqtalar 
to‘plamiga 3R  fazodagi L  egri chiziq deyiladi. Bunda: agar 

)(),(),( tzztyytxx   funksiyalar  ];[ t  da uzluksiz bo‘lsa L  egri 
chiziq ];[   kesmada uzluksiz deyiladi; agar )(),(),( tzztyytxx   
funksiyalar  ];[ t  da uzluksiz, birinchi tartibli )(),(),( tztytx   hosilalarga 
ega  va 0)()()( 222  tztytx  bo‘lsa L  egri chiziq ];[  kesmada silliq 
deyiladi; agar ];[  kesmaning chekli nuqtalarida )(),(),( tztytx   hosilalar 
mavjud bo‘lmasa yoki bir vaqtda nolga teng bo‘lsa L  egri chiziq 

];[  kesmada bo‘lakli-silliq deyiladi; agar )()(),()(  yyxx  , 
)()(  zz    bo‘lsa L  ga ];[   kesmada yopiq kontur deyiladi. 

),,( zyxf  funksiya 3RAB  silliq yoki bo‘lakli-silliq egri chiziqning har 
bir nuqtasida aniqlangan va uzluksiz bo‘lsin.   

AB  egri chiziqni  ixtiyoriy  ravishda BAAAAAA nii   ,...,,,...,, 110 nuqtalar 
bilan            uzunliklari il  ga teng bo‘lgan n  ta    ),1( ni   yoylarga bo‘lamiz.  
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Har bir            yoyda  ixtiyoriy );;( iii zyxM  nuqtani tanlaymiz, ),,( zyxf  
funksiyaning bu nuqtadagi qiymati  ),,( iii zyxf ni hisoblab, uni il  ga  
ko‘paytiramiz va barcha bunday  ko‘paytmalarning yig‘indisini tuzamiz:                       

                              



n

i
iiii lzyxfI

1
),,( .                                   (3.1)   

 Agar (3.1) integral yig‘indining 0max  il dagi chekli limiti AB  egri 
chiziqni bo‘laklarga bo‘lish usuliga va bu bo‘laklarda );;( iii zyxM nuqtani 
tanlash usuliga bog‘liq bo‘lmagan holda mavjud bo‘lsa, bu limitga ),,( zyxf  
funksiyaning birinchi tur egri chiziqli integrali ( yoki yoy uzunligi bo‘yicha  
integrali ) deyiladi va  


AB

dlzyxf ),,(   bilan belgilanadi:  

 
 


AB

n

i
iiiil

lzyxfdlzyxf
i 10max

),,(lim),,( .                      (3.2.) 

1-teorema (funksiya integrallanuvchi bo‘lishining etarli sharti). Agar  
),,( zyxf  funksiya AB  silliq egri chiziq bo‘ylab uzluksiz bo‘lsa, u holda u shu 

egri chiziqda integrallanuvchi bo‘ladi.  
        yoyning il   uzunligi  A , B  nuqtalardan qaysi biri yoyning boshi va 

qaysi biri uning oxiri uchun qabul qilinishiga bog‘liq bo‘lmaydi. 
Shu sababli 

.),,(),,( 
 


AB BA

dlzyxfdlzyxf  

   Birinchi tur egri chiziqli integral aniq integralning boshqa xossalariga  
ega.  

2.3.2. AB   egri chiziq fazoda parametrik tenglamalar bilan berilgan, 
ya’ni   

 ];[),(),(),(),,( 3 


ttzztyytxxRzyxAB  
va  ];[   kesmada silliq (yoki bo‘lakli silliq) bo‘lsa birinchi tur egri chiziqli 
integral 

  dttztytxtztytxfdlzyxf
AB

 






)()()()(),(),(),,( 222             (3.3) 

formula bilan hisoblanadi. 
 ];[),(),(),( 2 



ttyytxxRyxAB  tekislikdagi yassi egri chiziq 
uchun 

  dttytxtytxfdlyxf
AB

 






)()()(),(),( 22  .                       (3.4)  
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Yassi egri chiziq tenglamasi qutb koordinatalarida berilgan,  ya’ni 
 21),(:);(  



rrrAB  va  )(r hosila AB   egri chiziqda uzluksiz 
bo‘lsa  

  




drrrrfdlyxf
AB

)()(sin,cos),( 22
2

1

 


                 (3.5) 

bo‘ladi.   
Agar yassi egri chiziq ];[ ba  kesmada hosilasi bilan birgalikda uzluksiz 

)(xyy   funksiya bilan berilgan, ya’ni   ];[),(:);( 2 baxxyyRyxAB 


  
bo‘lsa  

  



AB

b

a
dxxyxyxfdlyxf )(1)(,),( 2                             (3.6) 

bo‘ladi. 

1-misol.  Birinchi tur egri chiziqli integrallarni hisoblang: 

  1) 


AB

dly ,2  bu yerda 


ttayttaxAB 0),cos1(),sin(:  sikloida yoyi; 

  2) 



AB

dlyx ,)( 22    bu yerda  cos1: 


rAB  kardioida yoyi; 

  3) 


AB

dlx ,2    bu yerda  xyAB ln: 


, 21  x  egri chiziq bo‘lagi; 

  4) 



AB

zdlyx ,)(  bu yerda )1;2;1(: 


AAB va )1;0;2(B  nuqtalarni tutashtiruvchi  

to‘g‘ri chiziq kesmasi; 
  5)  

l
dlyx )(  , bu yerda :l  uchlari )2;0(),0;2(),0;0( BAO  nuqtalardan iborat  

uchburchak konturi. 

1)  Yassi egri chiziqning differensiali formulasi bilan topamiz: 

.)cos1(2sin)cos1( 222222 dttadttatayxdl   
U holda 

  




00
)cos1(2)cos1(2)cos1(22 dttaadttatadly

AB

.2)sin(2
0

aattaa 


  

       2) Chiziq tenglamasi qutb koordinatalarida berilgan.  
Kardioida uchun  20  .  
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U holda   
,

2
sin4)cos1( 42222   ryx  

.
2

sin2)cos1(2sin)cos1( 22  ddddl   

Bundan 

 








 

AB

dddlyx






 2

0

2
2

2

0

422

2
sin

2
cos18

2
sin

2
sin8)(  

  














   2

0

4
2

0

2

0

2

2
cos

2
cos16

2
cos

2
cos32

2
sin8 ddd  


  2

0

5
2

0

3
2

0 2
cos

5
16

2
cos

3
32

2
cos16  

15
256)2(

5
16)2(

3
32)2(16  . 

        3)  xy ln  uchun 
x

y 1
   va .1111 2

2
dxx

x
dx

x
dl   U holda 

 



AB

xdxdxxxdxx
x

xdlx
2

1

22
1

2
2

1

2
2

1

222 )1()1(
2
1111  

).2255(
3
1)1(

3
2

2
1 2

1

2
3

2  x  

4) l  egri chiziq yoyining parametrik tenglamasini ikki nuqtadan o‘tuvchi 
to‘g‘ri chiziq tenglamasidan topamiz: 

tzyx













11
1

20
2

12
1   dan   ,12,22,1  tztytx   

bu yerda .10  t  
       U holda  

  


1

0

1

0
)12)(13(3441)12)(221()( dtttdttttzdlyx

AB

 

.
2
3

2
523)156(3

1

0

2
3

1

0

2 







  tttdttt  

5) Integralning additivlik xossasiga ko‘ra 


l
dlyx )( 




OA

dlyx )( 



AB

dlyx )( 



BO

dlyx .)(  

Har bir integralni alohida hisoblaymiz. 
OA  kesmada: 20,0  xy  va .dxdl     



 95 

Ai-1Ai Ai-1Ai 

Ai-1Ai 

U holda 

 



OA

xxdxdlyx .2
2

)(
2

0

2

0

2

 

AB  kesmada: 20,2  xxy  va .1y   
Bundan 

.2422112)(
2

0

2

0
 


AB

xdxdlyx  

OB  kesmada: 20,0  yx  va .dydl    U holda 





OB

dlyx )(  



BO

yydydlyx .2
2

)(
2

0

2

0

2

 

Demak,  
)21(42242)( 

l
dlyx . 

2.3.3. Oxyz  fazoda  boshi A nuqtada va oxiri B  nuqtada bo‘lgan AB  
silliq yoki bo‘lakli-silliq yo‘nalgan egri chiziq berilgan va bu chiziqning har 
bir );;( zyxM  nuqtasida  

kMRjMQiMPMa
 )()()()(   

vektor funksiya aniqlangan va uzluksiz bo‘lsin. 
       AB  egri chiziqni  ixtiyoriy  ravishda A dan B  ga qarab yo‘nalishda  

BAAAAAA nii   ,...,,,...,, 110  nuqtalar bilan uzunliklari il  ga teng bo‘lgan n  ta    
          ),1( ni   yoylarga bo‘lamiz. Har bir       yoyda  ixtiyoriy );;( iii zyxM  
nuqtani tanlaymiz, )(Ma vektor  funksiyaning bu nuqtadagi qiymati  

),,( iii zyxa ni hisoblaymiz va                         
))),,(),,(),,(((

1
iiiiiiii

n

i
iiii zzyxRyzyxQxzyxPI 


            (3.7) 

integral yig‘indini tuzamiz, bu yerda ,, 11   iiiiii yyyxxx  
 1iii zzz            yoyning  koordinata o‘qlaridagi proeksiyalari. 

Agar (3.7) integral yig‘indining 0max  il dagi chekli limiti AB  egri 
chiziqni bo‘laklarga bo‘lish usuliga va bu bo‘laklarda );;( iii zyxM nuqtani 
tanlash usuliga bog‘liq bo‘lmagan holda mavjud bo‘lsa, bu limitga )(Ma  
vektor funksiyaning ikkinchi tur egri chiziqli integrali deyiladi va   

 
AB

dzzyxRdyzyxQdxzyxP ),,(),,(),,(  

bilan belgilanadi.  
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     Demak, 


AB
dzzyxRdyzyxQdxzyxP ),,(),,(),,(  






  


)),,(),,(),,((lim

10max iiiiiiii

n

i
iiiil

zzyxRyzyxQxzyxP
i

,          (3.8) 

bu yerda 
AB

dxzyxP ,),,( 
AB

dyzyxQ ),,( ,  
AB

dzzyxR ),,( mos ravishda ),,,( zyxP  

),,,( zyxQ  ),,( zyxR  funksiyaning ,x y , z  o‘zgaruvchi bo‘yicha  egri chiziqli 
integrali  deb ataladi.  
       kRjQiPa


  vektor funksiyaning egri chiziqli integralini vektor  

ko‘rinishda rda
AB


 kabi yoziladi. 

         L ( AB ) yopiq kontur bo‘yicha olingan egri chiziqli integral aylanib 
o‘tish yo‘nalishi ko‘rsatilgan holda      

 
L

dzzyxRdyzyxQdxzyxP ),,(),,(),,(  

kabi belgilanadi. Bunda L  yopiq konturni aylanib o‘tish soat strelkasi 
yo‘nalishiga teskari bo‘lsa integrallash yo‘nalishi musbat hisoblanadi, aks 
holda manfiy hisoblanadi. 

2-teorema (funksiya integrallanuvchi bo‘lishining etarli sharti). Agar   
)(Ma  vektor funksiya AB  silliq egri chiziq bo‘ylab uzluksiz bo‘lsa, u holda 

u shu egri chiziqda integrallanuvchi bo‘ladi.  
AB  egri chiziq Oxy  tekislikda yotsa ikkinchi tur egri chiziqli integral  

 
AB

dyyxQdxyxP ),(),(  

bo‘ladi. 

2.3.4. AB   egri chiziq fazoda parametrik tenglamalar bilan berilgan, 
ya’ni   

 ];[),(),(),(),,( 3  ttzztyytxxRzyxAB  

va ];[   kesmada silliq yoki bo‘lakli silliq bo‘lsin. Bunda t  parametr 
boshlang‘ich A nuqtaga mos At  qiymatdan oxirgi B  nuqtaga mos Bt  
qiymatgacha o‘zgarsin. U holda  ikkinchi tur egri chiziqli integral 


AB

dzzyxRdyzyxQdxzyxP ),,(),,(),,(  

       dttztztytxRtytztytxQtxtztytxP 




)()(),(),()()(),(),()()(),(),(    (3.9) 

tenglik bilan topiladi. 
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Tekislikdagi  ];[),(),(),( 2  ttyytxxRyxAB  egri chiziq uchun  


AB

dyyxQdxyxP ),(),(      dttytytxQtxtytxP 




)()(),()()(),( .       (3.10) 

Yassi egri chiziq tenglamasi qutb koordinatalarida berilgan, ya’ni  
 21),(:);(   rrrAB  va )(r   hosila AB  egri chiziqda uzluksiz 

bo‘lsa  


AB
dyyxQdxyxP ),(),(   

     




drrrPrrrQ 
2

1

sinsin,coscossin,cos               (3.11) 

bo‘ladi. 
Agar yassi egri chiziq ];[ ba  kesmada hosilasi bilan birgalikda uzluksiz  

)(xyy   funksiya bilan berilgan, ya’ni   ];[),(:);( 2 baxxyyRyxAB   bo‘lsa  


AB

dyyxQdxyxP ),(),(      dxxyxyxQxyxP 




)()(,)(,           (3.12) 

bo‘ladi. 

2-misol.  Ikkinchi tur egri chiziqli integrallarni hisoblang: 
  1)  

AB
xdyydx ,    bu yerda  20),cos1(2),sin(2:  ttyttxAB  

sikloidaning bir arkasi; 
  2)  

AB
dyyxdxyx )()( ,   bu yerda  cos: arAB   limniskataning o‘ng 

yaprog‘i; 
  3)  

AB

dyxyydxx 22 , bu yerda 1: 2  xyAB  parabolaning  )2;1(A  dan )5;2(B  

nuqtalar orasidagi bo‘lagi.  
  4)  

AB
dzxydyzxdxyz ,)()()(  bu yerda ,3,sin2,cos2: tztytxAB    

20  t  vint chizig‘ining birinchi o‘rami. 

1)  tdytdx sin2),cos1(2   ni hisobga olib, topamiz: 

   
AB

dttttdtttttxdyydx
2

0

2

0

2 )sincos22(4sin)sin(4)cos1(4


 

.24sin4816coscos4)sin22(4 2

0

2

0

2

0

2

0
 










   ttdttttt  

 2) Chiziq tenglamasi qutb koordinatalarida berilgan. Limniskataning 
o‘ng yaprog‘i uchun .

44
    
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 drdydrdxryrx cos,sin,sin,cos   ni hisobga olib, 
topamiz: 


AB

dyyxdxyx )()(  

 



4

4

cos)sincos()sin()sincos(



 drrrrrr  





4

4

2
4

4

22
4

4

2 )2cos1(
2
1cos












 dadadr ).2(

4
12sin

2
1

2
1 2

4

4

2 





 








aa  

3)   dxxxxxxdyxyydxx
AB

2

1

222222 )2)1()1((  

 
2

1

24224 ))12(2( dxxxxxx .
7

520
7
2)352(

2

1

2

1

357246 





  xxxdxxxx  

        4)  
AB

dzxydyzxdxyz )()()(  

  
2

0

3)cos(sin2cos2)3cos2()sin2()sin23( dttttttttt  

  
2

0

))cos(sin)cos(sin(64 dtttttt  

   
 2

0

2

0

)cos(sin)cos(sin64 dttttttdt  

    .20)cos(sin68)cos(sin64
2

0

2

0

2

0



   ttttttdt  

Oxyz  fazoda boshi A nuqtada va oxiri B  nuqtada bo‘lgan AB  
yo‘nalgan silliq yoki bo‘lakli-silliq egri chiziq berilgan bo‘lsin. AB  egri 
chiziqqa );;( zyxM nuqtada o‘tkazilgan urinmaning koordinata o‘qlari bilan 
tashkil qilgan burchaklari ),,,( zyx   ),,,( zyx  ),,( zyx   bo‘lsin. 

Bunda  birinchi va ikkinchi tur egri chiziqli integral  
       

AB

dzzyxRdyzyxQdxzyxP ),,(),,(),,(  

 dlzyxRzyxQzyxP
AB




  cos),,(cos),,(cos),,(                 (3.13) 

bog‘lanishga ega bo‘ladi.  
Xususan,  AB  tekislikdagi yassi egri chiziq uchun  

        
AB

dyyxQdxyxP ),(),(  dlyxQyxP
AB




  cos),(cos),( .            (3.14) 
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2RD   soha berilgan bo‘lib, uning chegarasi L   bo‘lakli-silliq 
chiziqdan iborat bo‘lsin.  

3-teorema.  Agar ),( yxP  va ),( yxQ  funksiyalar D  sohada o‘zlarining 
xususiy hosilalari bilan birgalikda uzluksiz bo‘lsa, u holda 

dxdy
dy
dP

dx
dQdyyxQdxyxP

DL
 








 ),(),(                          (3.15) 

bo‘ladi.  
Bu tenglikka Grin formulasi  deyiladi. Bu formula ikkinchi tur egri  

chiziq bilan ikki karrali integral orasidagi bog‘lanishni beradi 

3-misol. Integralni Grin formulasi bilan hisoblang:  
 

AB
dyyxdxyx )13()2( ,  bu yerda axyxAB  22:  aylana. 

13),(,2),(  yxyxQyxyxP  funksiyalar va ularning 

3,1 







x
Q

y
P  xususiy hosilalari axyx  22  aylana bilan chegaralangan 

doirada uzluksiz.  U holda Grin formulasiga ko‘ra 
  
D DAB

Sdxdydxdydyyxdxyx ,44))1(3()13()2(  

bu yerda S  doiraning yuzasi. 
Aylana tenglamasidan topamiz: 

022  axyx  yoki 
2

2
2

22













 

ayax . Bundan .
4

2aS 
  

Demak,  
.)13()2( 2adyyxdxyx

AB
  

4-teorema. ),( yxP va ),( yxQ  funksiyalar bir bog‘lamli D sohada Grin 
teoremasining shartlarini bajarsin. U holda quyidagi to‘rtta tasdiq ekvivalent 
bo‘ladi:  

1. D  sohadagi  istalgan L  yopiq kontur uchun  0 dyQPdx
L

 bo‘ladi. 

2.  Ixtiyoriy DBA ,  nuqtalarni tutashtiruvchi AB  yoy uchun  
AB

QdyPdx  

integralning qiymati integrallash yo‘liga bog‘liq bo‘lmaydi. Bunda eng qulay  
integrallash  yo‘li  sifatida  A va  B  nuqtalarni tutashtiruvchi hamda qismlari 
Ox  va Oy  o‘qlariga parallel siniq chiziq olinishi mumkin. 

3. D  sohada 
dx
dQ

dy
dp

   bo‘ladi.  
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4. dyyxQdxyxP ),(),(   ifoda to‘liq defferensial bo‘ladi, ya’ni shunday 
Dyxu ),(  funksiya topiladiki QdyPdxdu    tenglik bajariladi. Bunda ),( yxu  

funksiya  

  
x

x

y

y

CdyyxQdxyxPyxu
0 0

),(),(),( 0  yoki   
x

x

y

y

CdyyxQdxyxPyxu
0 0

),(),(),( 0  

ifodalarning biridan topiladi, bu yerda );( 000 yxM , );( yxM  D  sohada  
yotuvchi  nuqtalar, C o‘zgarmas son. 

        4-misol.  
AB

dyxydxyxI )3()3(  integralni )0;0(A nuqtadan )1;1(B   

nuqtagacha hisoblang: 1) xy   to‘g‘ri chiziq kesmasi bo‘yicha; 
2) 2xy  parabola yoyi bo‘yicha;     3) xy 2 parabola yoyi bo‘yicha. 

 xyyxQyxyxP 3),(,3),(   uchun 3
dy
dP  va 3

dx
dQ , ya’ni 

dx
dQ

dy
dP

 .    Demak, berilgan integral integrallash yo‘liga bog‘liq bo‘lmaydi 

va integrallashning boshlang‘ich va oxirgi nuqtalari bilan aniqlanadi.  
Integralni uchta chiziq bo‘yicha hisoblaymiz: 

        1) to‘g‘ri chiziq tenglamasi xy   va .dxdy   U holda 

.44)3()3(
1

0

1

0

2   xdxxxdxxxI  

        2) parabola yoyi 2xy   va .2xdxdy   Bundan 

.4
2

3
2

)29(2)3()3(
1

0

4
3

21

0

3
1

0

222 







  

xxxdxxxxxdxxxdxxxI  

        3) parabola yoyi 2yx   va .2ydydx   U holda 

.4
2

3
2

)29()3(2)3(
1

0

4
3

21

0

3
1

0

222 







  

yyydxyyydyyyydyyyI  

5-misol.  dyxyyxdxyyxdu )163()834( 24232   to‘liq differensialga 
ko‘ra funksiyani toping. 

  ,834 233  yyxP  163 24  xyyxQ . Bundan 

 yyx
dy
dP 612 23   

dx
dQ . 

Boshlang‘ich );( 00 yx nuqta sifatida )0;0(O  nuqtani olamiz .   
U holda  

  
x y

Cdyxyyxdxu
0 0

24 )163(8     yoki   .38 234 Cyxyyxxu   
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2.3.7. Egri chiziqning uzunligi. Tekis yoki fazoviy AB  egri chiziqning 
uzunligi  





AB

dll                                              (3.16) 

formula bilan topiladi (birinchi tur egri chiziqli integralning geometrik  
ma’nosi). 

Silindrik sirtning yuzasi. Yo‘naltiruvchisi Oxy  tekislikda yotuvchi AB  
egri chiziqdan, yasovchilari Oz  o‘qqa parallel bo‘lgan to‘g‘ri chiziqlardan 
iborat va  ),( yxfz   funksiya bilan berilgan silindrik sirtning  S  yuzasi                  





AB

dlyxfS ),(                                                 (3.17) 

integral bilan topiladi. 
Yassi egri chiziqning yuzasi. Oxy  tekislikda yotuvchi va L  yopiq kontur 

bilan chegaralangan yassi figuraning yuzasi 

 
L

ydxxdyS
2
1                                                (3.18) 

bo‘ladi (ikkinchi tur egri chiziqli integralning geometrik ma’nosi).  
Egri chiziqning massasi. AB  material egri chiziqning massasi  





AB

dlMl )(                                                   (3.19) 

formula bilan topiladi (birinchi tur egri chiziqli integralning mexanik  
ma’nosi), bu yerda )(M egri chiziqning M nuqtadagi zichligi. 

Statik momentlar, og‘irlik markazi. AB  egri chiziqning OyOx, o‘qlarga 
nisbatan statik momentlari va og‘irlik markazining koordinatalari  

,)(



AB

x dlMyS   ,)(



AB

y dlMxS     ,
m
S

x y
c      

m
Sy x

c                (3.20) 

formulalar bilan topiladi. 
Ihersiya momentlari. AB  material egri chiziqning OyOx,  o‘qlarga va 

koordinata boshiga nisbatan inersiya momentlari mos ravishda quyidagilarga 
teng:  

,)(2



AB

x dlMyI   ,)(2



AB

y dlMxI     .)()( 22
0 




AB

dlMyxI           (3.21) 

O‘zgaruvchan kuchning bajargan ishi.  kRjQiPF


  kuchning AB  
egri chiziq bo‘ylab bajargan ishi  


AB

rdFA 
                                              (3.22) 

kabi aniqlanadi (ikkinchi tur egri chiziqli integralning mexanik ma’nosi).  
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6-misol.  taytax 33 sin,cos   astroida  bilan chegaralangan figura 
yuzasini hisoblang.  

Yuzani  
L

ydxxdyS
2
1  formula bilan hisoblaymiz.  

Masala shartidan topamiz:  
20,sincos3,cossin3 22  ttdttadxtdttady . 

Bundan 

 
L

ydxxdyS
2
1

 
2

0

2323 ))sincos3(sincossin3cos(
2
1 dtttatattata  

 
2

0

2222
2

)sin(coscossin
2

3 dttttta  

 
2

0

22
2

cossin
2

3 tdtta
 
 2

0

22

0

2
2

)4cos1(
16
32sin

8
3 dttatdta  

.
8

34sin
4
1

16
3 22

0

2 atta 








   

7-misol.  )0,0(222  yxRyx  silindrning  yuqoridan Rzxy 2  sirt 
bilan  kesilgan qismining yon sirtini toping.  

Izlanayotgan sirt yuzasi 
R

xyz
2

  funksiyadan aylananing birinchi 

chorakdagi qismi bo‘yicha olingan birinchi tur egri chiziqli integral bilan 
hisoblanadi:  ,

2
dl

R
xyS

AB




  bu yerda .
2

0,sin,cos: 


ttRytRxAB   

U holda 

dl
R

xyS
AB





2

  dttrtr
R

ttRR2

0

22 )sin()cos(
2

sincos


 

.
42

sin
2

cossin
2

22

0

222

0

2 RtRtdttR
 



 

8-misol.  Agar vint chizig‘ining zichligi   222

1
zyx 

  bo‘lsa,  uning 

birinchi o‘rami massasini toping. 
Vint chizig‘ining birinchi o‘rami btztaytax  ,sin,cos , 
 20  parametrik tenglamalar bilan aniqlanadi.   
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      U holda 

 










2

0
222222

222

222 sincos
)cos()sin(

dt
tbtata
btata

zyx
dlm

AB

 

 




2

0
222

22

dt
tba
ba






2

0
22

22

)(
)(

bta
btd

b
ba  

.21 222

0

22

a
barctg

ab
ba

a
btarctg

ab
ba 





  

9-misol.  jxF


2  kuchning material nuqtani xy 12  parabola bo‘ylab 
)0;1(A  nuqtadan )1;0(B nuqtaga ko‘chirishda bajargan ishini toping.  

Parabola tenglamasidan topamiz:  21 yx  .  
U holda 

    .
15
8211

1

0

1

0

42222     dyyydyydyxrdFA
AB AB


 

 

Mashqlar 

  2.3.1.  Birinchi tur egri chiziqli integrallarni hisoblang: 

  1) 



AB

dlyx ,)(    bu yerda  )0;0(: AAB


va )3;4(B  nuqtalarni tutashtiruvchi  

to‘g‘ri chiziq kesmasi; 
  2) 

 AB yx
dl ,

8 22
   bu yerda  )0;0(: AAB



va )2;2(B  nuqtalarni tutashtiruvchi  

to‘g‘ri chiziq kesmasi; 
  3) 

BA

ydl


, bu yerda xyAB 32: 2 


 parabolaning yx 322   parabola bilan  

kesilgan bo‘lagi; 
  4)  

BA

dlyx


22 ,  bu yerda xyxAB 4: 22 


 aylana yoyi; 

  5) 
BA

xydl


,  bu yerda 1243: 


yxAB  to‘g‘ri chiziqning koordinata o‘qlari  

orasidagi kesmasi; 
  6)  

BA
dlyxxy


)( ,  bu yerda 222: RyxAB 



 aylananing yuqori yoyi; 
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  7) 
BA

dly


2 ,  bu yerda )cos1(),sin(: tayttaxAB 


 sikloidaning bir arkasi; 

  8)  
BA

dlyx


4 22 ,  bu yerda )cos1(: 


arAB  kardioida yoyi; 

  9)  
BA

dlzyx


)( 222 ,  bu yerda  )20(3,sin,cos: 


ttztytxAB  

vint chizig‘ining birinchi o‘rami. 

10)  BA zy
xdl

 3
, tztytxAB 



,
3

,
2

:
32

chiziqning  )0;0;0(O  va 







2;

3
22;2B   

nuqtalar orasidagi yoyi. 

  2.3.2.  Ikkinchi tur egri chiziqli integrallarni hisoblang: 

  1)  
AB

xydydxy ,2  bu yerda )1;1(: AAB va )4;3(B nuqtalarni tutashtiruvchi  

to‘g‘ri chiziq kesmasi; 
  2)  

AB
dyxdxy ,22  bu yerda   2: xyAB   parabolaning )0;0(A  va )4;2(B   

nuqtalar orasidagi yoyi; 
  3)  

AB
xdydx

x
y ,  bu yerda   xyAB ln:   egri chiziqning )0;1(A  va )1;(eB   

nuqtalar orasidagi yoyi; 
  4)  

AB

xx dyedxxye ,)2(  bu yerda   xxeyAB :  egri chiziqning )0;0(A  va  

);1( eB  nuqtalar orasidagi yoyi; 

  5)  
AB

dyxdxy ,22  bu yerda   1: 2

2

2

2


b
y

a
xAB  ellipsning );0( bA  va )0;(aB   

nuqtalar orasidagi yoyi; 
  6)  

L
ydxxdy  bu yerda   a) 222: RyxL   aylana yoyi;  b) 2: xyL  , 2yx    

parabolalar orasidagi egri chiziq yoyi;  c) ,cos4: 3 txL   ty 3sin4  astroida  
yoyi;   d) txL cos4:  ,  ty sin3   ellips yoyi. 
  7)  

AB

dzyxydyxdx )1( ,  bu yerda   )1;1;1(: AAB  va )4;3;2(B  nuqtalarni  

tutashtiruvchi to‘g‘ri chiziq; 

   8)  
AB

dzzdyyxydx 222 , bu yerda   tztytxAB 2,sin,cos:   vint  

chizig‘ining  )0;0;1(A  va )4;0;1( B  nuqtalar orasidagi yoyi. 
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  2.3.3.  Integrallarni aylanishning musbat yo‘nalishda Grin formulasi  
bilan hisoblang: 

  1)  
L

dyyxdxyx )()( 222  bu yerda :L uchlari )0;1(),0;0( AO  va )1;0(B   

nuqtalardan iborat uchburchak konturi;   

  2)  
L

dyyxydxx )1()1( 22  bu yerda   222: RyxL   aylana yoyi.  

  2.3.4. Differensial tenglamaga ko‘ra boshlang‘ich funksiyani toping: 

  1) ;)sincos()sin( dyyyxdxyxdu    2) .)cos()sin( dyyexdxyeydu xx   

  2.3.5. 30,
6

,
2

,
32

 ttztytx  egri chiziqning uzunligini toping. 

  2.3.6. 
6

,
4

2
64 tytx   egri chiziqning koordinata o‘qlari orasidagi  

bo‘lagi uzunligini toping. 

  2.3.7.  Zichligi   r3  ga teng bo‘lgan )cos1(2 r  kardioidaning  
massasini toping. 

  2.3.8.  Bir jinsli sikloida yarim arkasining  massasini toping. 

  2.3.9.  ,42 2xxz   xy 22   sirtlar  va Oxy  tekislik orasida joylashgan  
silindrik sirtning yuzasini toping. 

2.3.10.  ,2 yz   3)1(
3
2

 yx  sirtlar  va Oxy  tekislik orasida  

  joylashgan  silindrik sirtning yuzasini toping. 

2.3.11. 1
2

2

2

2


b
y

a
x  ellips bilan chegaralangan yassi shakl yuzasini toping. 

2.3.12. )2sinsin2(),2coscos2( ttayttax   kardioida bilan  
chegaralangan yassi shakl yuzasini toping. 

2.3.13. kzjxiyF


  kuchning material nuqtani vint chizig‘ining bir  
o‘rami bo‘ylab ko‘chirishda bajargan ishini toping. 

2.3.14. kxjyixyF


222   kuchning material nuqtani 222 Ryx   
aylananing birinchi chorakdagi yoyi bo‘ylab ko‘chirishda bajargan ishini 
toping. 
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2.4. SIRT  INTEGRALLARI 

Birinchi tur sirt integrali. Birinchi tur sirt integralini hisoblash.  
Ikkinhi tur sirt integrali. Ikkinchi tur sirt integralini hisoblash.  

Sirt integrallarining tatbiqlari 

2.4.1. Bo‘lakli silliq kontur bilan chegaralangan ikki tomonli silliq (yoki 
bo‘lakli silliq) 3R sirtda ),,( zyxf  funksiya aniqlangan va uzluksiz bo‘lsin.  

  sirtni ixtiyoriy ravishda o‘tkazilgan 
egri chiziqlar to‘ri bilan  yuzalari 

n  ,...,, 21  bo‘lgan n  ta i  bo‘lakka 
bo‘lamiz (12-shakl). Har bir i  sirtda 
ixtiyoriy );;( iii zyxM  nuqtani tanlaymiz, 

),,( zyxf  funksiyaning bu nuqtadagi qiymati 
),,( iii zyxf ni hisoblab, uni i  ga  

ko‘paytiramiz va barcha bunday 
ko‘paytmalarning  yig‘indisini tuzamiz:  

i

n

i
iii zyxf 

1
),,(            (4.1) 

Agar (4.1) integral yig‘indining 
0max id  ( id i  yuzaning diametri ) 

dagi chekli limiti   sirtni bo‘laklarga 
bo‘lish usuliga va bu bo‘laklarda 

);;( iii zyxM  nuqtani tanlash usuliga bog‘liq bo‘lmagan holda mavjud bo‘lsa,  
bu limitga ),,( zyxf  funksiyaning birinchi tur sirt integrali (yoki sirt yuzasi 
bo‘yicha integrali) deyiladi va 



dzyxf ),,(  bilan belgilanadi:  

i

n

i
iiid

zyxfdzyxf
i




 
 10max

),,(lim),,( .                           (4.2) 

Agar   sirtning har bir nuqtasida urinma tekislik mavjud bo‘lsa va u 
sirt nuqtalari bo‘ylab uzluksiz o‘zgarsa   sirtga silliq sirt deyiladi. 

1-teorema (funksiya integrallanuvchi bo‘lishining etarli sharti). Agar   
),,( zyxf  funksiya   silliq sirtga uzluksiz bo‘lsa, u holda u shu sirtda  

integrallanuvchi bo‘ladi.  
i  yuza sirtning har ikki tomonida bir xil qiymatga ega bo‘lgani uchun  

birinchi tur sirt integrali   sirt tomonining tanlanishiga bog‘liq bo‘lmaydi.  

12-shakl. 

),( yxfz   

  

i  in  

xy  

O
 

x  

y  

z  

. i  
iM  

iS  
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Birinchi tur sirt integrali ikki karrali integral ega bo‘lgan barcha 
xossalarga ega.  

2.4.2.  sirt ),( yxzz   tenglama bilan 
berilgan bo’lib, bu sirtning Oxy  tekislikdagi 
proyeksiyasi xy  bir o‘lchamli bo‘lsin, ya’ni 
Ozo‘qqa parallel har qanday to‘g‘ri chiziq xy  
sirtni faqat bitta nuqtada kesib o‘tsin.  

),( yxzz   funksiya o‘zining xususiy hosilalari 
bilan birgalikda xy  sohada uzluksiz bo‘lsin. 
  sirtning n  ,...,, 21  bo‘laklariga xy  
proyeksiyada  nSSS  ,...,, 21   bo‘laklar mos 
kelsin.   sirtning );;( iiii zyxM  (bu yerda 

),( iii yxzz  ) nuqtasida sirtga o‘tkazilgan 
normal  1);,();,(  iiyiix yxzyxzn   
vektor bilan aniqlansin(16-shakl).   
        U holda 

  dxdyyxzyxzyxzyxfdzyxf
xy

yx 


 ),(),(1),(,,),,( 22               (4.3) 

birinchi tur sirt integralini hisoblash formulasi o‘rinli bo‘ladi.  

1-misol.  Birinchi tur sirt integrallarini hisoblang: 
  1)  



dzyx )34( , bu yerda 06343:  zyx  tekislikning birinchi 

oktantdagi qismi;  
  2)   



dyx 22 ,  bu yerda 222: yxz   konus sirtning 0z  va 1z  

tekisliklar orasidagi qismi;  
  3) 



dyx 22 ,  bu yerda 229: yxz   yarim sfera.  

1) Sirt tenglamasidan topamiz: 
,

3
42 yxz    ,1xz    .

3
4

yz  

  sirtning Oxy  tekislikdagi proeksiyasi 643  yx  to‘g‘ri chiziq va 
koordinata o‘qlari bilan chegaralangan uchburchakdan iborat (13-shakl).  
       U holda (4.3) formula bilan topamiz: 

 




2

0

4
36

0
)826(

3
34

9
1611)826()34(

x

dyyxdxdxdyyxdzyx
xy

  

13-shakl. 

643  yx  

2  

z  

y  

x  

2  

2
3  

n  
yxz

3
42   

xy  O  
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.
3
34)3()36(

12
34)4)26((

3
34 2

0

2

0

322
2

0

4
36

0

2  


xxdxxxdxyyx
x

 

2) Shartga ko‘ra: .22 yxz    Bundan      .,
2222 yx

yz
yx

xz yx





    

       xy soha   122  yx    doiradan iborat.  
U holda 







  dxdyyxdxdy
yx

y
yx

xyx
xyxy 

)(21)( 22
22

2

22

2
22  

   
2

0

1

0

2

0

322 .
2

2224)(2
 



 ddrrddxdyyx
xy

 

3) Hosilalarni topamiz:  .
9

,
9 2222 yx

yz
yx

xz yx








  

       Bundan 

.
9

3
99

1
22

22

22

2

22

2
22 










xyxy yx
dxdyyxdxdy

yx
y

yx
xyx



 

Sferaning Oxy  tekislikdagi proeksiyasi 922  yx  doiradan iborat. 
Qutb koordinatalariga o‘tib, topamiz: 

  














2

0

3

0

22

2

5
22

22

22 ,9
9

cossin3
9

3
tdtrdr
tr

r
drrd

yx
dxdyyx

xy

 

  





 


0

3

42
2

0

2

0

0

3

222 )1881(
2

4cos11
4
3)9()2cos1(

4
3 dtttddttd 



 

.
5

282
5

6812sin
8
1

2
1

4
3

0

3

5
3

2

0











 





  ttt  

2.4.3.   silliq sirt berilgan bo‘lsin. Sirtning  ixtiyoriy M  nuqtasi orqali 
)(Mn  vektor o‘tkazamiz. M  nuqtadan o‘tuvchi va sirtning chegaralari bilan 

umumiy nuqtaga ega bo‘lmagan yopiq kontur olamiz. M  nuqtani  )(Mn  
vektor bilan birga shu kontur bo‘ylab  n   vektor     sirtga doim normal 
bo‘ladigan qilib uzluksiz ko‘chiramiz. Bunda M  nuqta boshlang‘ich holatiga 
normalning berilgan yo‘nalishi bilan qaytsa bu sirtga ikki tomonli sirt 
deyiladi. Agar M  nuqta boshlang‘ich holatiga normalning berilgan 
yo‘nalishiga qarama-qarshi yo‘nalishi bilan qaytsa, bunday sirt bir tomonli 
sirt deb ataladi.  
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Agar   sirt yopiq bo‘lsa va 3RV   jismni chegaralasa, u holda sirtning 
musbat yoki tashqi tomoni deb uning normal vektorlar V  jismdan tashqariga 
yo‘nalgan tomoniga, manfiy yoki ichki tomoni deb esa normal vektorlar  
V  jismga qarab yo‘nalgan tomoniga aytiladi. 

Sirtning ma’lum tomonini tanlashga sirtni oriyentatsiyalash deyiladi. 
Agar sirtning tomoni tanlangan bo‘lsa,  u holda sirt oriyentirlangan deyiladi.  

Ikki tomonli silliq (yoki bo‘lakli silliq) 3R  sirtda 
  cos;cos;cosn  yo‘nalish bilan xarakterlanuvchi   tomon tanlangan 

bo‘lib, bu sirtda ),,( zyxR  funksiya aniqlangan bo‘lsin. 
 sirtni ixtiyoriy ravishda o‘tkazilgan egri chiziqlar to‘ri bilan  yuzalari 

n  ,...,, 21  bo‘lgan n  ta i  bo‘lakka bo‘lamiz. Bu bo‘laklarning Oxy  
tekislikdagi mos proyeksiyalarining yuzalarini nSSS  ,, 21  bilan 
belgilaymiz.  Har bir i  sirtda ixtiyoriy );;( iii zyxM  nuqtani tanlaymiz, 

),,( zyxR  funksiyaning bu nuqtadagi qiymati ),,( iii zyxR  ni hisoblab, uni iS  
ga  ko‘paytiramiz va barcha bunday ko‘paytmalarning  yig‘indisini tuzamiz:  

iiii

n

i
SzyxR 



),,(
1

                                              (4.4) 

 Agar (4.4) integral yig‘indining 0max id  ( id i  yuzaning 
diametri)  dagi chekli limiti    sirtning bo‘laklarga bo‘linish usuliga va bu 
bo‘laklarda );;( iiii zyxM  nuqtani tanlash usuliga bog‘liq bo‘lmagan holda 
mavjud bo‘lsa, bu limitga ),,( zyxR  funksiyaning   sirt bo‘yicha ikkinchi tur 
sirt integrali (yoki   sirtda x  va y  koordinatalar bo‘yicha integrali) 
deyiladi va dxdyzyxR



),,( bilan belgilanadi: 

i

n

i
iiid

SzyxRdxdyzyxR
i

 
 10max

),,(lim),,(


. 

),,( zyxP va ),,( zyxQ  funksiyalarning   sirt bo‘yicha ikkinchi tur sirt  
integrallari dydzzyxP



),,(  va dxdzzyxQ


),,(  ham  shu  kabi ta’riflanadi.  

2-teorema (funksiya integrallanuvchi bo‘lishining etarli sharti). Agar  
),,( zyxR  funksiya   silliq sirtga uzluksiz bo‘lsa, u holda u shu sirtda 

integrallanuvchi bo‘ladi.  
Agar   sirt  bo‘yicha har uchchala ikkinchi tur sirt  integrallari  mavjud 

bo‘lsa, u holda 
 


dxdyzyxRdxdzzyxQdydzzyxP ),,(),,(),,(                          (4.5) 

yig‘indiga    sirt  bo‘yicha umumiy ikkinchi tur sirt  integrali deyiladi.  
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Ikkinchi tur sirt integrali ta’rifidan quyidagi tasdiqlar bevosita kelib 
chiqadi:  

1. Agar sirt tomoni almashtirilsa  ( sirtning oriyentatsiyasi o‘zgartirilsa) 
ikkinchi tur sirt integrali ishorasini o‘zgartiradi.  

2. Agar   sirt yasovchilari ),( OxOyOz  o‘qqa parallel bo‘lgan silindrik 

sirt bo‘lsa,  0),,(  dxdyzyxR




  0),,( dxdzzyxQ



, 

 0),,( dydzzyxP



bo‘ladi. 

3. Ikkinchi tur sirt integrali birinchi tur sirt integrali bo‘ysunadigan 
boshqa xossalarga bo‘ysunadi.  

3R  fazoda V jism berilgan bo‘lib, bu jismni o‘rab turgan   silliq sirtda 
),,( zyxR  funksiya aniqlangan bo‘lsin. Oxy  tekislikka parallel bo‘lgan tekislik 

bilan V ni ikkita qismga ajratamiz: 21UVVV  . Bunda uni o‘rab turgan   sirt 
1  va 2  sirtlarga ajraladi.  

Ushbu 
dxdyzyxRdxdyzyxR ),,(),,(

21

 


              (4.6) 

Integralga ),,( zyxR  funksiyaning yopiq sirt bo‘yicha ikkinchi tur sirt integrali 
deyiladi  dxdyzyxR ),,(



 bilan belgilanadi. Bunda birinchi integral 1  sirtning  

ustki tomoni, ikkinchi integral  2  sirtning pastki tomoni bo‘yicha olinadi.  
2.4.4. Oriyentirlangan   sirt  ),( yxzz   tenglama bilan berilgan,  ya’ni 

}),(),,(:),,{( 3
xyyxyxzzRzyx    

bo‘lsin,  bu yerda  xy   sirtning Oxy  tekislikdagi proyeksiyasi.   
        Agar ),(),,(),,( yxzyxzyxz yx   funksiyalar xy  sohada uzluksiz va 

),,( zyxR  funksiya   sirtda uzluksiz bo‘lsa  
    

xy

dxdyyxzyxRdxdyzyxR


),(,,),,(                            (4.7) 

ikkinchi tur sirt integralini hisoblash formulasini hosil qilinadi. 
        Agar sirtning oriyentatsiyasi o’zgartirilsa, (4.7) tenglikning o‘ng 
tomonidagi integral oldiga manfiy ishora qo‘yiladi.  Bunda sirt normalining 
yo‘naltiruvchi kosinuslarida ildiz oldida ma’lum bir ishorani tanlash orqali 
sirt oriyentatsiyalanadi. Masalan, ildiz oldida musbat ishora olinsa 0cos   
bo’ladi. Bunda  sirt normali oz  o’q  bilan o‘tkir burchak tashkil qiladi va  
  sirtning yuqori tomoni tanlanadi.  

Quyidagi integrallash formulalari  shu kabi hosil qilinadi: 
  ,),,(,),,(  

xz

dxdzzzxyxQdxdzzyxQ


                             (4.8)                           
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    
yz

dydzzyzyxPdydzzyxP


,,),,(),,(                             (4.9) 

bu yerda    sirt  mos ravishda ),( zxyy   va ),( zyxx   tenglama bilan 
berilgan, xz ,  yz  sirtning Oxz  va Oyz  tekisliklardagi proyeksiyalari. 

 Agar   sirt  uchala koordinatalar tekisligida proeksiyalanuvchi bo‘lsa, u 
holda   sirt bo‘yicha umumiy ikkinchi tur sirt integral (4.7) - (4.9) tengliklar 
yig‘indisidan iborat bo‘ladi. Murakkabroq hollarda   sirt bir nechta tayin 
xossalarga ega bo‘lgan  sirtlarga bo’linadi va    sirt bo‘yicha umumiy 
integral  bu sirtlar bo‘yicha integrallar yig’indisiga teng bo‘ladi. 

Birinchi va ikkinchi tur sirt integrallari  
 dxdyzyxRdzdxzyxQdydzzyxP ),,(),,(),,(



 

                    


dzyxRzyxQzyxP  cos),,(cos),,(cos),,(            (4.10) 

bog‘lanishga ega, bu yerda  cos,cos,cos    sirt n  normal vektorining 
yo‘naltiruvchi kosinuslari. 

3-teorema. Agar V  sohada ),,(),,,(),,,( zyxRzyxQzyxP  funksiyalar 
o‘zlarining birinchi tartibli xususiy hosilalari bilan birgalikda uzluksiz 
bo‘lsa, u holda   

RdxdyQdxdzdydzPdxdydz
z
R

y
Q

x
P

V























      (4.11) 

bo‘ladi, bu yerda  V  sohani chegaralovchi yopiq silliq sirt.  
(4.11) tenglikka Ostrogradskiy-Gauss formulasi deyiladi.  
4-teorema. Agar ),,(),,,(),,,( zyxRzyxQzyxP  funksiyalar o‘zlarining 

birinchi tartibli xususiy hosilalari bilan birgalikda oriyentirlangan   sirtda 
uzluksiz bo‘lsa, u holda  

 dzzyxRdyzyxQdxzyxP
L

),,(),,(),,(  

dxdz
x
R

z
Pdydz

z
Q

y
Rdxdy

y
P

x
Q














































 


              (4.12) 

bo‘ladi, bu yerda L   sirtning chegarasi va L  egri chiziq bo‘yicha integral  
musbat yo‘nalishda olingan.  

Bu tenglikka Stoks formulasi deyiladi.  
Agar  ,

y
P

x
Q






   ,

z
Q

y
R






   

x
R

z
P






   shart bajarilsa 0 RdzQdydxP

L
 

bo‘ladi. Bunda egri chiziqli integral integrallash yo‘liga bog‘liq bo‘lmaydi.  
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         2-misol.  Ikkinchi tur sirt integrallarini hisoblang: 
  1)  



yzdxdzxydydzxzdxdy , bu yerda 0,0,0,01:  zyxzyx  

tekisliklar bilan chegaralangan  tetraedrning 
tashqi sirti;  
  2) zdxdyyx 22



 integralni hisoblang, bu 

yerda 4: 222  zyx  sferaning yuqori sirti; 
  3) 



xdydz , bu yerda 22: zyx   

paraboloidning 2x  tekislik bilan kesilgan  
tashqi sirti. 
    1) Tetraedrning sirti to‘rtta 

,, AOCABC  ,ABO  BOC  uchburchakdan 
tashkil topadi (14-shakl). Shu sababli har 
uchala integralni har bir uchburchakda 
hisoblaymiz. 

ABC  uchburchakda ( 1  sirtda):  

     
 


1

0

1

0

1

0

1

0
1 )1()1(

1 1 1

x y

dzzyydydyyxxdxyzdxdzxydydzxzdxdyI
  

 

.
8
1)1(

2
1)1(

2
1)1(

2
1)1(

1

0

1

0

1

0

1

0

22
1

0

2   



z

dzzzdyyyxxdxzxzdz  

 
AOC  uchburchakda ( 2  sirtda): 0z va 4232 ,   . Bundan 

.0
2 2 2

2    
  

yzdxdzxydydzxzdxdyI  

ABO  uchburchakda ( 3  sirtda): 0y va 4323 ,   . Bundan 
.0

3 3 3

3    
  

yzdxdzxydydzxzdxdyI  

BOC  uchburchakda ( 4  sirtda): 0x va 3424 ,   . Bundan 
.0

4 4 4

4    
  

yzdxdzxydydzxzdxdyI  

Demak,  
.

8
1000

8
1




yzdxdzxydydzxzdxdy  

2) Sferaning Oxy  tekislikdagi xy  proyeksiyasi 422  yx  doiradan  
iborat bo‘ladi.  Sfera yuqori tomoni 224 yxz   tenglama bilan 
aniqlanadi.  

14-shakl. 

z  

y  

x  

O  

1 

1 

1 

A  

B  

C  

1  

2  
3  

4  
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       U holda 
  



rdrdrrrdxdyyxyx
xyxy

222222222 4sincos4  

222
2

0

52
2

0

2 4(4sincos4 rtdrrrd   



 belgilash kiritamiz)= 








   



dtttdtttd
2

0

7532

0

22
2

0

222
2

0

2

75
8

3
162sin)4(sincos4  

  



dd
2

0

2

0

2 )4cos1(
105
5122sin

105
1024  

.
105

256
4
4sin

105
512 2

0










          

        3) Berilgan sirtning Oyz  tekislikdagi  
yz  proyeksiyasi 222  zy  doiradan  

iborat bo‘ladi (15-shakl).    
       U holda 

 
yzyz

rdrdrdydzzydydzx


222 )(  

 



2

0

2

0

2

0

42

0

3
2

0

.2
4

ddrdrrd  

3-misol. 


dz cos  integralni 

hisoblang, bu yerda 1: 222  zyx  sferaning yuqori sirti.  
 Integralni (4.10) formula bilan hisoblaymiz: 

  dxdyyxdxdyzdz
xyxy 

 221cos  

3
2

3
1)1(

3
11

2

0

2

0

1

0

2
3

2
1

0

2
2

0




  ddrrdrrd . 

4-misol. zdxdyydzdxdydzx 


 integralni hisoblang, bu yerda ,0: x  

1,1,1,0,0  zyxzy  tekisliklar bilan chegaralangan kubning tashqi 
tomoni. 

Integralni Ostrogradskiy-Gauss formulasi bilan  hisoblaymiz:    
  xdydzddxdydzzdxdyydzdxdydzx

VV
3)111(



.33
1

0

1

0

1

0

 zdydxd  

15-shakl. 

x  

y  

z  

O  

2  
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5-misol. zdzdydxyx
L

 32  integralni hisoblang, bu yerda 

0,0: 22  zyxL  sirtlar bilan chegaralangan aylana. 
Integralni Stoks formulasi bilan  hisoblaymiz:    

,3)00()00()30( 222232 dxdyyxdxdzdydzdxdyyxzdzdydxyxI
L

 


 

bu yerda 222: yxRz    yarim sfera sirti.    
       U holda 

 
xyxy

drdrdxdyyxdxdyyxI


 2252222 cossin333    

    
 

dRdrrd
R

2sin
4
1

6
3cossin3 2

2

0 0

2

0

6522  

.
816

1)4cos1(
2
1

8

62

0

2

0

6 RdR 
 

   

2.4.5.  Sirt yuzasi.  ),( yxzz   tenglama bilan berilgan sirt yuzasi  



dS  yoki                                               (4.13) 

formula bilan topiladi(birinchi tur sirt integralining geometrik ma’nosi). 
Sirt massasi.   sirtning massasi  




 dzyxm ),,(                                           (4.14) 

formula bilan topiladi, bu yerda    sirtning sirtiy zichligi( birinchi tur sirt  
integralining mexanik ma’nosi).   

Sirtning statistik momentlari, og‘irlik markazi. AB  material egri 
chiziqning OyOx, o‘qlarga nisbatan statistik momentlari va og‘irlik 
markazining koordinatalari   

,),,(


 dzyxzS xy   ,),,(


 dzyxxS yz    ,),,(


 dzyxyS xz           (4.15) 

   ,
m
S

x yz
c      

m
Sy zx

c  ,     
m
S

z xy
c                                  (4.16) 

formulalar bilan topiladi. 
Inersiya momentlari. AB  material egri chiziqning OyOx,  o‘qlarga va 

koordinata boshiga nisbatan inersiya momentlari mos ravishda quyidagilarga 
teng:  

,),,()( 22 


 dzyxzyI x     ,),,()( 22 


 dzyxzxI y  

,),,()( 22 


 dzyxxyI z    ,.),,()( 222
0  



 dzyxzyxI          (4.17) 
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Jismning hajmi.  Quyidan tenglamasi  ),(1 yxzz   bo‘lgan 1  silliq sirt 
bilan, yuqoridan tenglamasi ),(2 yxzz   bo‘lgan  2  silliq sirt bilan yon 
tomondan yasovchilari oz  o‘qqa parallel bo‘lgan 3  silindrik  sirt bilan 
chegaralangan jismning hajmi 

 


zdxdyydxdzxdydzV
3
1                                     (4.18) 

integral bilan hisoblanadi, bu yerda .321    
6-misol. xz  tekislikning ,0,1  xyx  

0y  tekisliklar bilan chegaralangan 
qismining yuzasini toping (16-shakl).  
 xz   dan 0,1  yx zz . Sirt yuzasini  
(4.13) formula bilan  topamiz: 

 
x

yx dydxdxdyzzdS
xy

1

0

1

0

22 21


  

.
2
2

2
2)1(2

1

0

21

0








  
xxdxx  

7-misol. Bir jinsli )10(22  zyxz  
parabolik qobiqning massasini va og‘irlik 
markazining koordinatalarini toping.  

Bir jinsli qobiq uchun (4.14) formula  


dm  ko‘rinishni oladi.  

U holda 
,)(411 2222 dxdyyxdxdyzzm

xy xy

yx  
 

  

bu yerda 1: 22  yxxy doira. 
Bundan 

)155(
6

)41(
6

41
1

0

2
3

2
2

0

1

0

2   




rrdrrdm . 

Simmetriyaga ko‘ra .0 cc yx  

  





2

0

22
1

0

22 41(4111 rtdrrrd
m

zd
m

zc belgilash kiritamiz)= 

 



5

1

24 .
)155(2

)15(5)(
8

1 dttt
m
  

 16-shakl. 

xy  
O  y  

x  

z  

  
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Mashqlar 

   2.4.1.  Birinchi tur sirt integrallarini hisoblang: 

  1)  


 ,)346( dzyx bu yerda 0632:  zyx  tekislikning birinchi 

oktantdagi qismi;  
  2) 



 ,2 zdxy bu yerda 01:  zyx tekislikning birinchi oktantdagi qismi;  

  3)  


 ,22 dyx  bu yerda 222: yxz   konus sirtning 0z  va 1z   

tekisliklar orasidagi qismi;  
  4)  



 ,441 22 dyx  bu yerda 221: yxz   paraboloidning 0z  

tekislik bilan kesilgan qismi;  
  5)  



 ,4 22 dyx  bu yerda  224: yxz   yarim  sfera; 

  6)  


 ,)( dzyx bu yerda 2222: Rzyx  sferaning birinchi oktantdagi  

qismi.  

2.4.2.  Ikkinchi tur sirt integrallarini hisoblang: 

  1)  


,zdxdyydzdxxdydz  bu yerda 1,1,1,0,0,0:  zyxzyx  

tekisliklar bilan chegaralangan kubning tashqi tomoni;   
  2)  



,zdxdyydzdxxdydz  bu yerda 1:  zyx  tekislikning koordinata  

tekisliklari bilan chegaralangan qismining tashqi tomoni;   
  3) 



xyzdxdy , bu yerda )0(9: 222  zzyx yarim sferaning tashqi tomoni; 

  4) 
 z

dxdy ,  bu yerda 2222: azyx  sferaning tashqi tomoni;  

  5)  


xdydzzdxdy , bu yerda 1: 222  zyx sfera pastki qismining tashqi 

tomoni;  
  6) 



dydzx2 ,  bu yerda Hzyxyx
R
Hz  ,0,0),(: 22

2 paraboloid sirti  

qismining tashqi tomoni.  

         2.4.3. Integrallarini  Ostrogradskiy-Gauss formulasi bilan hisoblang:  

  1)  


 ,)coscoscos( dzyx  bu yerda 1: 2

2

2

2

2

2


c
z

b
y

a
x

  ellipsoid sirti; 
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  2)  


,zdxdyydzdxxdydz  bu yerda hzhRyx  ,: 222  silindr sirti; 

  3)  


,222 dxdyzdzdxydydzx bu yerda )0(0: 2

2

2

2

2

2

bz
b
z

a
y

a
x

 konus sirti; 

  4)  


,333 dxdyzdzdxydydzx  bu yerda 2222: Rzyx   sferaning tashqi  

tomoni. 

        2.4.4. Integrallarini Stoks formulasi bilan hisoblang: 

  1) ,2 
L

zdzdyydxx   bu yerda   0,: 222  zRyxL  aylana; 

  2) ,32 
L

zdzdydxyx   bu yerda   0,4: 22  zyxL  aylana. 

2.4.5. Berilgan tekisliklarning birinchi oktantda yotgan qismining  
yuzasini toping:1) 12236  zyx ;                2) .204510  zyx  

       2.4.6. 224 yxz  paraboloidning zy 2  silindr va 3z  tekislik bilan  
kesilgan qismining yuzasini toping. 

2.4.7. Sirtiy zichligi 
R
z  ga teng bo‘lgan 222 yxRz  yarim  

sferaning massasini toping. 
2.4.8. Sirtiy zichligi 22 yx   ga teng bo‘lgan 2222 Rzyx   shar  

qobig‘ining massasini toping. 

2.4.9. )0(222 hzyxz  konus yon sirtining Oz  oqqa nisbatan inersiya 
momentini toping. 

 
 

2.5. MAYDONLAR NAZARIYASI ELEMENTLARI 

Yo‘nalish bo‘yicha hosila. Skalyar maydon gradiyenti.  
Vektor maydon oqimi. Vektor maydon divergensiyasi.  

Vektor maydon sirkulatsiyasi. Vektor maydon uyurmasi  

2.5.1. Fazoning har bir M  nuqtasida u  skalyar kattalikning son 
qiymati aniqlangan qismiga (yoki butun fazoga) skalyar maydon deyiladi.  

Agar u  kattalik t  vaqtga bog‘liq bo‘lmasa, bu kattalik bilan aniqlangan 
maydonga statsionar maydon, aks holda nostatsionar maydon deyiladi.  
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Stasionar maydonda u  kattalik faqat M  nuqtaning fazodagi o‘rniga 
bog‘liq bo‘ladi va )(Muu   kabi belgilanadi. Bunda  )(Muu   funksiyaga 
maydon funksiyasi deyiladi. 3R  fazoning Oxyz  koordinatalar sistemasida   

),,( zyxuu   bo‘ladi. 
Skalyar maydonning geometrik tasviri sath sirtlari hisoblanadi. 

Fazoning ),,( zyxuu   maydon funksiyasi  o‘zgarmas C  qiymatga teng 
bo‘ladigan barcha nuqtalari to‘plamiga skalyar maydonning  sath sirti 
deyiladi. Sath sirti  Czyxu ),,(  tenglama bilan aniqlanadi.  

Tekislikning har bir M  nuqtasida z  skalyar kattalik aniqlangan 
qismiga (yoki butun tekislikka) yassi skalyar maydon deyiladi. Yassi skalyar 
maydon funksiyasi ),( yxfz   ko‘rinishida bo‘ladi. Yassi skalyar 
maydonning  geometrik tasviri sath chizig‘i  hisoblanadi. Sath chizig‘i  

Cyxf ),(   tenglama bilan aniqlanadi.  
Skalyar maydonning ),,( zyxuu   differensiyallanuvchi funksiyasi 

berilgan bo‘lsin. );;( zyxM  bu maydonning biror nuqtasi, l  shu nuqtadan 
kjll


  coscoscos0 birlik vektor yo‘nalishida chiquvchi nur 
bo‘lsin,  bu  yerda  ,, l nurning OzOyOx ,,  o‘qlar bilan tashkil qilgan 
burchaklari.  

),,(),,( zyxuzzyyxxuul   
ayirmaga bu funksiyaning l  yo‘nalish bo‘yicha orttirmasi deyiladi. 

),,( zyxuu   funksiyaning  );;( zyxM  nuqtadagi l  yo‘nalish bo‘yicha 
hosilasi deb  

l
u

l
u l

l 






 0
lim  

limitga aytiladi,bu yerda l  1M  va M  nuqtalar orasidagi masofa.   
l  yo‘nalish bo‘yicha hosila u  funksiyaning shu yo‘nalish bo‘yicha 

o‘zgarishini xarakterlaydi. Bunda 
l
u

 ning ishorasi u  funksiyaning o‘sishi 

yoki kamayishini belgilasa, 
l
u

  bu o‘zgarishning tezligini belgilaydi.   

 Agar ),,( zyxuu   funksiya );;( zyxM  nuqtada differensiyallanuvchi  
bo‘lsa, u holda uning bu nuqtadagi l  yo‘nalish bo‘yicha hosilasi   

 coscoscos
z
u

y
u

x
u

l
u














                           (5.1) 

tenglik bilan aniqlanadi, bu yerda l


 cos,cos,cos  vektorning  
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yo‘naltiruvchi kosinuslari.  
Agar l


 yo‘nalish koordinatalar o‘qining yo‘nalishlaridan biri bilan bir 

xil bo‘lsa u  funksiyaning bu yo‘nalish bo‘yicha hosilasi tegishli xususiy 
hosilaga teng bo‘ladi. Masalan,  il


 da 

x
u

l
u






 . 

       u  funksiyaning  l

 yo‘nalishga teskari yo‘nalish bo‘yicha hosilasi uning 

l

 yo‘nalish bo‘yicha hosilasiga teskari ishora bilan teng bo‘ladi. 

      Yassi z  maydonda  
                        sincos

y
z

x
z

l
z










                            (5.2) 

bo‘ladi. 
      1M nuqta M  nuqtaga biror egri chiziq bo‘ylab intilayotgan bo‘lsin. Agar 
bunda bu egri chiziqqa M  nuqtada o‘tkazilgan urinmaning yo‘nalishi l


  

yo‘nalish bilan bir xil bo‘lsa,  u holda (5.1) formula o‘z kuchini saqlaydi. 

1-misol. 33232 zyxyzxu   funksiyaning )2;1;1(0 M  nuqtada 
}0;1;2{ a   vektor  yo‘nalishdagi hosilasini toping.  

33232 zyxyzxu   funksiyaning xususiy hosilalarini topamiz: 

23232 32,32,26 zyx
z
uyzx

y
uxyzx

x
u











 . 

Bundan 

,10
0





Mx
u   ,7

0





My
u     10

0





Mz
u .   

}0;1;2{ a   vektorning yo‘naltiruvchi kosinuslarini topamiz: 

.0
||

cos,
5

1
||

cos,
5

2
0)1(2

2
||

cos
22





a
a

a
a

a
a zyx

   

Xususiy hosilalar va yo‘naltiruvchi kosinuslarning qiymatlarini  
(5.1) formulaga qo‘yamiz:  

.
5

527010
5

17
5

210
0












Ml
u  

2-misol. yzxyxu  23 3  funksiyaning )1;2;1(1 M nuqtada, shu nuqtadan 
)2;4;3(2 M   nuqtaga  tomon yo‘nalishdagi hosilasini toping.  

 21MM  vektorning yo‘naltiruvchi kosinuslarini topamiz:  
,22))1(2()24()13(21 kjikjiMM


  
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kjikji
MM
MMl






3
1

3
2

3
2

)1(22
22

222
21

210 



 , 

3
1cos,

3
2cos,

3
2cos   . 

yzxyxu  23 3  funksiya xususiy hosilalarining  )1;2;1(1 M  nuqtadagi 
qiymatlarini topamiz: 

.2,13)6(,9)33(
1

1

1

1

1
1

22 











M
M

M
M

M
M

y
z
uzxy

y
uyx

x
u  

U holda  
.

3
46

3
12

3
213

3
29

1












Ml
u  

3-misol. )ln( zxyzxyu   funksiyaning )1;1;0(0M nuqtada ,costx   
,sin ty   ,1z  20  t aylana  yo‘nalishdagi hosilasini toping.  
Aylananing vektor tenglamasini tuzamiz: 

kjtittr


 1sincos)( . 
Aylanaga o‘tkazilgan urunmaning birlik vektorini topamiz: 

.cossin0 jtit
dt
rdr




  

       )1;1;0(0M nuqtada 
20


t  bo‘ladi. Bundan .1

2
cos

2
sin

0

0 ijir
M




  

        Aylanaga )1;1;0(0M nuqtada o‘tkazilgan urinmaning yo‘naltiruvchi  
kosinuslarini topamiz:   0cos,0cos,1cos   . 
     Xususiy hosilalarning  )1;1;0(0M  nuqtadagi qiymatlarini topamiz: 

,2
00










MM zxyzxy
zy

x
u   ,1

00










MM zxyzxy
zx

y
u   .1

00










MM zxyzxy
xy

z
u  

U holda  

.20101)1(2
0





Ml
u  

4-misol. )(xyarctgz   funksiyaning )1;1(0M nuqtada 2xy   parabolada 
yotuvchi, shu parabola  yo‘nalishdagi hosilasini toping (abssissaning o‘sish 
yo‘nalishida).  

Parabola )1;1(0M nuqtada  Ox  o‘q bilan   burchak tashkil qilsin. 
U holda 2)(

1


x
xytg  bo‘ladi. 
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       Bundan urunmaning yo‘naltiruvchi kosinuslarini topamiz: 

5
2

1
sin,

5
1

1
1cos

22














tg
tg

tg
. 

 Funksiya xususiy hosilalarining  )1;1(0M  nuqtadagi qiymatlarini topamiz: 

,
2
1

1
00

22 






MM yx
y

x
z   .

2
1

1
00

22 






MM yx
x

y
u    

U holda  

.
10

53
5

2
2
1

5
1

2
1

0





Ml
u  

2.5.2. ),,( zyxu skalyar maydonning );;( zyxM  nuqtadagi gradiyenti deb  

k
z
uj

y
ui

x
ugradu














                                      (5.3) 

vektorga aytiladi. 
Bundan   

.0lgradu
l
u 



                                        (5.4) 

         ),,( zyxu  skalyar maydon gradiyenti bu maydon o‘zgarishning eng 
katta tezligini ifodalaydi (skalyar maydon gradiyentining fizik ma‘nosi).       
Bunda ),,( zyxu  funksiyaning  );;( zyxM  nuqtadagi eng katta o‘zgarish tezligi 

222

|| 































z
u

y
u

x
ugradu                                  (5.5) 

bo‘ladi. 
 Ikki o‘zgaruvchining ),( yxzz   differensiyallanuvchi funksiyasi 
bilan berilgan yassi skalyar maydonda gradiyent  

j
y
zi

x
ugradz










           (5.6) 

formula bilan aniqlanadi. Bunda  );( yxM  nuqtadagi gradiyent sath chizig‘iga  
shu nuqtada o‘tkazilgan urinmaga perpendikular bo‘ladi.  

5-misol. )1ln(22  zzyxu  skalyar maydonning )2;1;1(0M  nuqtadagi eng 
katta hosilasini toping.  

Skalyar maydonning eng katta hosilasi bu funksiya gradiyentining 
moduliga teng  bo‘ladi.  
        



 122 

     Topamiz: 

.0
1

1,4)2(,4)2(
11

0

0

0
0

2222 





















MM
M

M
M

M z
yx

z
uyzx

y
uzxy

x
u  

U holda  .44 jigradu


   Bundan 
.2444|| 22 gradu  

6-misol. xyz 2  sirting )2;4(0M  nuqtadagi eng katta qiyaligini toping.  
Sirtdagi qiyalikning eng katta absolut qiymati z  funksiyaning 

M nuqtadagi gradiyentining moduliga teng  bo‘ladi.  
Sirt tenglamasidan topamiz: 

,22)(, 0  Mzxyz  ,
4
2

2
1)( 0 

x
yMz x .

2
2

2
1)( 0 

y
xMz y    

U holda .
2
2

4
2 jigradu


  Bundan 

     .
4
10

4
2

16
2|| gradu  

     2.5.3. Har bir M  nuqtasida biror a  vektor mos qo‘yilgan fazoning 
biror qismiga (yoki butun fazoga) vektor maydon deyiladi. Vektor maydon 
Oxyz  koordinatalar sistemasida ),,( zyxaa 

 vektor bilan aniqlanadi.  a  vektor 
maydonning berilishi uchta  skalyar ),,,(),,,( zyxQQzyxPP  ),,( zyxRR   
maydonning berilishiga teng kuchli bo‘ladi, ya’ni  

kzyxRjzyxQizyxPzyxaMaa
 ),,(),,(),,(),,()(  . 

Agar RQP ,,   o‘zgarmas kattaliklar bo‘lsa vektor maydonga bir jinsli 
maydon deyiladi.  
 Har bir nuqtasida urinmaning yo‘nalishi shu nuqtaga mos a  vektor- 
ning yo‘nalishi bilan bir xil bo‘lgan chiziq )(Ma  vektor maydonning vektor 
chizig‘i deyiladi. Biror yopiq kontur orqali o‘tuvchi barcha vektor chiziqlar 
to‘plami vektor naylari deyiladi.  

)(Ma  vektor maydonning vektor chizig‘i  

),,(),,(),,( zyxR
dz

zyxQ
dy

zyxP
dx

                           (5.7) 

differensial tenglamalar bilan aniqlanadi. 
Agar maydon tekislikda berilgan bo‘lsa, ya’ni uning 

proyeksiyalaridan biri nolga teng bo‘lib, qolgan proyeksiyalari  tegishli  
koordinataga bog‘liq bo‘lmasa yassi vektor maydon hosil bo‘ladi. Masalan,  
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jyxQiyxPyxa
 ),(),(),(  vektor  yassi vektor maydonni ifodalaydi. 

Yassi vektor maydon uchun vektor chizig‘ining differensial tenglamalari  











constz
yxP
yxQ

dx
dy ,

),(
),(

                                            (5.8) 

ko‘rinishda bo‘ladi. 

7-misol. Maydonning vektor chiziqlarini toping: 
1) ;jyixa


                                    2) .111 k

z
j

y
i

x
a


   

   1) Vektor maydon yassi. Uning vektor chiziqlari  
Q
dy

P
dx

   

tenglamadan topiladi. Bundan   
y

dy
x

dx
 .   Integrallaymiz:  

Cyx lnlnln     yoki  .
y
Cx   

Demak,  vektor chiziqlar  Cxy    giperbolalar oilasidan iborat. 
       2) Vektor chiziqlarining  tenglamalar sistemasini tuzamiz: 

z

dz

y

dy

x

dx
111      yoki    ,ydyxdx    .zdzxdx   

Integrallaymiz:  
,1

22 Cyx          .2
22 Czx      

Demak, vektor chiziqlar ikkita  giperbolik silindrlar oilasining kesishish  
chiziqlaridan iborat. 

       3VCR  sohada    kzyxRjzyxQizyxPMa
 ),,(),,(),,()(    vektor maydon 

berilgan bo‘lsin, bunda ),,(),,,(),,,( zyxRzyxQzyxP V  sohada uzluksiz 
funksiyalar. V  sohada oriyentirlangan   sirtning har bir nuqtasida 
normalning musbat yo‘nalishi kjcodin

  coscos0   birlik vektor bilan 
aniqlansin, bunda  ,, 0n  normal vektorning koordinata o‘qlari bilan 
tashkil qilgan burchaklari.  
 )(Ma  vektor maydonning   sirt orqali o‘tuvchi   oqimi deb  

dxdyzyxRdxdzzyxQdydzzyxP ),,(),,(),,(  


            (5.9) 

ikkinchi tur sirt integraliga aytiladi. 
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Oqimni  birinchi va ikkinchi tur sirt integrallari orasidagi  bog‘lanishga  
asosan   

  


 dzyxRzyxQzyxP cos),,cos(cos),,(cos),,(  

ko‘rinishda yoki vektor shaklda 



dna 0                    (5.10) 

kabi ifodalash mumkin. 
)(Ma  vektor maydonning oqimi skalyar kattalik hisoblanadi. Agar 

)(Ma  vektor oqayotgan suyuqlik tezliklari maydonini   sirt orqali aniqlansa, 
 oqim shu sirt orqali vaqt birligi ichida sirtning oriyentirlangan yo‘nalishida 
oqib o‘tgan suyuqlik miqdoriga teng bo‘ladi (vektor maydon oqimining fizik 
ma’nosi). 

Agar   sirt fazoning biror sohasini chegaralovchi yopiq sirt bo‘lsa  




dna 0  

oqim sirtdan oqib chiqayotgan suyuqlik bilan sirtga oqib kirayotgan suyuqlik  
miqdorlari orasidagi farqni beradi. 

8-misol. kzixa
 )1(2   vektor maydonning 1,0,4: 22  zzyx  

sirtdan tashqi tomonga o‘tuvchi oqimini toping. 
a  vektor maydon oqimi  

321   ga teng (17-shakl).  Bunda 
  

1 111

,4)10()1(0
11

 

 dddzdna

  
2 22

,0)11()1(0
22

 

 ddzdna  

 
33

,20
33



 dxdna  chunki ,
2

0
3

jyixn


 
  

   
3

2

0

2

0

22
3 cos4





 rdrddx  

.84
2

2cos14 2

0

2

0


 






  d  

        Demak, 
.4804    

2.5.4. 3VCR  sohada kzyxRjzyxQizyxPMa
 ),,(),,(),,()(   vektor 

maydon berilgan bo‘lsin, bunda ),,(),,,(),,,( zyxRzyxQzyxP  V  sohada 
differensiallanuvchi funksiyalar.  

17-shakl. 

z  

1  

1 

2  
2  

O  y
 

x  

2  

3  

0
1n  

0
2n  

0
3n  
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 )(Ma  vektor maydon divergensiyasi deb  

z
R

y
Q

x
PMadiv












)(                                 (5.11) 

tenglik bilan aniqlanadigan skalyar maydonga aytiladi.  
Divergensiya va oqim ta’riflaridan Ostrogradskiy-Gauss formulasining  

dVMadivdna
V

)(0 
  



                            (5.12) 

vektor shakli kelib chiqadi.  

9-misol. Rzyjyxixza 222 
  vektor maydonning 2222 Rzyx   

sferadan tashqi tomonga o‘tuvchi oqimini toping.  
 Oqimni Ostrogradskiy-Gauss formulasi bilan topamiz:  

    dxdydzyxzdVadiv
VV

222 (sferik koordinatalarga o‘tamiz)=  

  
 2

000

44 sinsin dddrrddrdr
R

V

  


dr
R

2
0

00

4 sin  

.
5

4
5

44cos2
5

0

5

0

4
0

0

4   Rrdrrdrr
RRR

   

Agar )(Ma  vektor   sirt orqali oqayotgan suyuqlik tezliklari 
maydonini ifodalasa, )(Madiv  berilgan nuqtadagi suyuqlik sarfining hajm 
birligiga nisbatini beradi (divergensiyaning fizik ma’nosi). 

Har bir nuqtasida divergensiya nolga teng, ya’ni 0)( Madiv  bo‘lgan 
maydonga solenoidli (yoki nayli) maydon deyiladi. Solinoidli maydonda  
vektor nayining har bir kesimidan bir xil miqdorda suyuqlik oqib o‘tadi.  

2.5.5. 3VCR  sohada yo‘nalishi tanlangan biror L  chiziq  va 
kzyxRjzyxQizyxPMa
 ),,(),,(),,()(   vektor maydon berilgan bo‘lsin, 

bunda ),,(),,,(),,,( zyxRzyxQzyxP V  sohada differensiallanuvchi 
funksiyalar.  
 Yo‘nalgan L  chiziq bo‘yicha olingan  

rdadzzyxRdyzyxQdxzyxP
LL


  ),,(),,(),,(                     (5.13) 

ikkinchi tur egri chiziqli integralga )(Ma  vektorning L  chiziq bo‘yicha 
olingan chiziqli integrali  deyiladi. 

Agar )(Ma  vektor kuch maydonini hosil qilsa, )(Ma  vektorning  
L  chiziq bo‘yicha olingan chiziqli integrali tayin yo‘nalishda L  chiziq 
bo‘yicha bajarilgan ishga teng bo‘ladi (chiziqli integralning fizik ma’nosi).  
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 )(Ma  vektor maydonning L  yopiq kontur bo‘yicha sirkulatsiyasi deb  
dzzyxRdyzyxQdxzyxPrdaЦ

LL
),,(),,(),,(  

   (5.14) 

chiziqli integralga aytiladi.  

2.5.6. 3VCR  sohada kzyxRjzyxQizyxPMa
 ),,(),,(),,()(   vektor 

maydon berilgan bo‘lsin, bunda ),,(),,,(),,,( zyxRzyxQzyxP V  sohada 
differensiallanuvchi funksiyalar. 
 )(Ma  vektor maydonning uyurmasi (yoki rotori) deb   

    k
y
P

x
Qj

x
R

z
Pi

z
Q

y
RMarot















































)(    (5.15) 

vektorga aytiladi.  
Uyurma  va sirkulatsiya ta’riflaridan foydalanib Stoks formulasini  

vektor shaklda quyidagicha yozish mumkin: 




darotnrdaЦ
L


  .                        (5.16)   

10 misol. )( constakajxiya 


 vektor maydonning 0,122  zyx  
aylananing musbat yo‘nalishi bo‘yicha sirkulatsiyasini ta’rifdan foydalanib 
(1) va Stoks formulasi bilan (2)  toping. 
     1) L  chiziqni parametrik ko‘rinishda yozamiz:   

.20,0,sin,cos  tztytx  
Bundan  .0,cos,sin  dztdtdytdtdx U holda 

.2)coscos)sin((sin
2

0

2

0


 

   ddtttttadzxdyydxЦ
L

 

2) Masala shartidan: aRxQyP  ,, . (5.16) formuladan topamiz: 

kk
y
y

x
xd

x
a

z
yi

z
x

y
aarot

 2












































 . 

Aylananing musbat yo‘nalishi   kn
     normal bilan aniqlanadi.  

Stoks formulasi (5.17) bilan topamiz: 
  drrdxdyddkndarotnЦ

xy

1

0

2

0
222 





  

 


2
2

2 2
0

2

0

2

0

1

0

2

  ddr . 

Tezlik maydonning uyurmasi jism aylanishining oniy burchak 
tezligi vektoriga kollinear vektor bo‘ladi (uyurmaning fizik ma’nosi).  
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  Har bir nuqtasida uyurmasi nolga teng, ya’ni 0)( Marot  bo‘lgan 
maydon potensial maydon deyiladi.  
 Gradiyenti ),,( zyxa  vektor maydonni yuzaga keltiruvchi ),,( zyxu  
skalyar funksiyaga shu vektor maydonning potensial funksiyasi (yoki 
potensiali) deyiladi.   
         Agar 3VCR  soha bir bog‘lamli bo‘lsa,  potensial maydondagi chiziqli  
integral integrallash yo‘liga bog‘liq bo‘lmaydi. Bu holda potensial quyidagi  
formula bilan topiladi: 

 
AB

dzzyxRdyzyxQdyzyxPzyxu ),,(),,(),,(),,(  

dzzyxRdyzyxQdxzyxP
z

z

y

y

x

x

),,(),,(),,(
000

000   . 

 
Masqlar 

2.5.1.  Funksiyalarning 0M  nuqtada berilgan yo‘nalish bo‘yicha  
hosilasini toping: 

  1) ,22 xyxz   10MM  vektor yo‘nalishida, bu yerda )2;1(0M , )0;3(1M ; 

  2) ),23ln( 32 yxz   }1;3{a  vektor yo‘nalishida, bu yerda )2;1(0 M ; 

  3) 22 yxyz  , 1
24

22


yx  ellips  yo‘nalishida, bu  yerda  1;20M ;  

  4) ,xzyzxyu   10MM  vektor yo‘nalishida, bu yerda )3;2;1(0M , )15;5;5(1M ; 

  5) ,222 zyxu  }45cos;60cos;60{cos oooa 
  vektor yo‘nalishida,  

bu yerda )1;1;1(0M ; 

  6)  ,yzxu   }1;2;2{ a  vektor yo‘nalishida, bu yerda 







2
1;2;0 eM ; 

  7) )ln( 22 zyxzu  , ,cos2 tx   ,sin2 ty   ,3z  20  t aylana   
yo‘nalishida, bu  yerda )3;3;1(0 M .  

2.5.2. Funksiyalarning berilgan nuqtadagi eng katta o‘zgarish tezligini  
toping:  
  1) )0;1;2(, 0

222  Mxyzzxyyzxu ;            2) )1;1;1(),1ln( 0
22 Mzyxu  ; 

  3) );2;4;1(, 0

2

  Meu zxy                              4) )3;1;2(),3(arg 0
2 Mzytgxu  . 
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2.5.3.  Berilgan nuqtada u  va  v  skalyar maydonlar sath sirtlari orasidagi  
burchakni toping:  

  1) )2;1;2(,, 0
222  Myzxzvzyxu ;    

  2) ).2;0;1(,,2 0
2222 Myzxvxzyxu   

2.5.4. Vektor maydonlarning vektor chiziqlarini toping: 
  1) kzjyixa


 ;          2) kzjyixya

 322  ;        3) kxiza
 32  . 

2.5.5. Vektor maydon oqimini uning ta’rifi orqali toping:  
  1) kzjyixa


  ning  2222 Rzyx  sferadan tashqi tomonga o‘tuvchi; 

  2) ixza


  ning  122  zyx paraboloiddan tashqi tomonga o‘tuvchi. 

2.5.6. Vektor maydon oqimini Ostrogradskiy-Gauss formulasi bilan 
toping:  
  1) kzjyixa

 433 644   ning  922  yx silindrning 0z  va 2z  tekisliklar 
orasidagi sirtidan tashqi tomonga o‘tuvchi; 
  2) kzyjyxixza

 222  ning  2222 Rzyx  sferadan tashqi tomonga 
o‘tuvchi; 
  3) kzjyixa


  ning  )(222 HzHRyx  silindrik sirtdan tashqi 

tomonga o‘tuvchi; 
  4) kzjyixa


  ning  )10(0,1 22  zzyxz  yopiq sirtdan tashqi 

tomonga o‘tuvchi; 
  5) kza


  ning  xz   tekislikning 1,0,0  yxyx  piramida ichidagi 

qismidan tashqi tomonga o‘tuvchi; 
  6) kzejyxixa x

 )()42(8   ning  yzyx 2222   sferadan tashqi  
tomonga o‘tuvchi. 

2.57. Vektor maydon divergensiyasini berilgan nuqtada toping:  
  1) );2;1;2(, 0

222  Mzyxgrad  
  2) ).2;1;3(,,, 0  Mkxjziybkzjyixaba

  

       2.5.8. Vektor maydon sirkulatsiyasini ta’rifi orqali toping va natijani 
Stoks formulasi bilan tekshiring:  

  1) kxjyxizxa


 )()( ,   12

2

2

2


b
y

a
x ellips bo‘yicha; 

  2) kjxiya
 5 ,    0,122  zyx  aylana bo‘yicha; 
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  3) kzjiyxa
 232 2  ,  4222  zyx  sferaning 0z  tekislik bilan  

kesishish chizig‘i bo‘yicha; 
  4) kyjyziza

 22  ,   zyx  99 22  sirtning koordinata tekisliklari bilan  
kesishish chizig‘i bo‘yicha. 

      2.5.9. Vektor maydon uyurmasining berilgan nuqtadagi kattaligini 
toping:  
  1) kyjxiza

 222  ,  );2;2;1(0 M    
2) kzyxjzyxixyza

 )()( 222  ,  ).3;2;1(0 M  

 
 

NAZORAT ISHI 

 

1-variant 
  1.  .32, 2  xyxy                                     2. ).2;0;3(,2 2  Myzxu  

2-variant 
  1.  .,2 2 xyxxy                                      2. ).1;0;0(,3 222 Mzyxu   

3-variant 
  1.  .2, 2 xyxy                                          2. ).1;3;2(,3 32  Myzxu  

4-variant 
  1. .4823,916 22  xyxy                           2. ).0;1;1(),(  Myxzu  

5-variant 
  1.  .114,43 22  xyxy                              2. ).0;1;2(,  Mxyzu  

6-variant 
  1.  .,0,2,1 2xyyxx                         2. ).1;4;0(,)( 2  Myzxu  

   1.Berilgan chiziqlar bilan chegaralangan D  soha uchun 

D

dxdyyxf ),(  ikki karrali integralning takroriy integrallarini yozing. 

   2. ),,( zyxuu   funksiyaning );;( 000 zyxM  nuqtadagi eng katta 
o‘zgarish kattaligi va yo‘nalishini toping.     
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7-variant 
  1.  .2,3 2 xyxy                                      2. ).0;1;2(,32  Mzyxu  

8-variant 
  1.  .33,3,  yxyxy                             2. ).3;4;1(),( 22  Mzxyu  

9-variant 
  1.  .28,2,0,1 yxyxyy                     2. ).0;3;1(,22  Myzxu  

10-variant 
  1.  .02,2  yxxy                                    2. ).1;3;0(),( 22 Mzxyu   

11-variant 
  1.  .6,,3,0 yxyxyy                         2. ).1;1;2(,22  Mzxyu  

12-variant 

  1.  .,42 xyxxy                                         2. ).1;1;2(,2  Mzyxu  

13-variant 

  1.  .0,0,1,4 2  yxxxy                     2. ).1;2;2(,2 Myzxu   

14-variant 

  1. .625,22  yxyx                                       2. ).0;1;3(,)( 22 Mzxyu   

15-variant 
  1.  .,22 xyxy                                           2. ).0;4;1(,)( 2  Mxzyu  

16-variant 
  1.  .1,2,2 22  xyxxy                                 2. ).2;2;2(,)( 2 Myzxu   

17-variant 
  1.  .,0,8 2 xyyyx                                2. ).1;1;2(,222  Mzyxu  

18-variant 
  1.  .0,22  yxyx                                     2. ).2;0;2(),(  Mzyxu  

19-variant 
  1.  .31,10,9  yyxxy                           2. ).1;2;0(,22  Mzyyxu  
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20-variant 

  1.  .1,5 2  yxxy                                   2. ).1;1;2(,  Myzxyu  

21-variant 

  1.  .32,2,3,  xyxyxyxy               2. ).2;1;1(,22  Myzxu  

22-variant 

  1.  .2,9 22 xyxy                                        2. ).1;1;2(),( 22  Mzxyu  

23-variant 

  1.  .,2 22 xyxy                                       2. ).1;1;0(,22 Mxzyu   

24-variant 

  1. .0,,62  yxyyx                                 2. ).2;1;1(,222  Mzyxu  

25-variant 
  1.  .2,22  xyxxy                                   2. ).1;1;1(,222  Mxzyxu  

26-variant 

  1.  .01,5 2  xyyx                              2. ).3;2;1(,222 Mzxyzxyu   

27-variant 

  1.  .0,4,3 2  xxyxy                               2. ).1;0;2(,23  Mzyxyzxu  

28-variant 

  1.  .1,0,1,3  xxxyxy                     2. ).0;2;3(,222  Mzyxxyzu  

29-variant 

  1.  .52,42  yxxxy                                  2. ).1;1;0(,22  Mxzyxyzu  

30-variant 

  1.  .0,3,2 2  yxyxy                              2. ).1;1;2(,32 23  Mzyxu  
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  MUSTAQIL UY ISHI 

 
1-variant 

  1. .3,:,)1( 32 xyxyDdxdyxy
D

              2.  .6,27 2 yxyx   

  3. .30,20,12:,2  zyxVzdxdydzxy
V

 

  4. .,22,0,0,0 2yzyxzyx   
  5.  

L

ydl ,   xyL 2: 2     parabolaning yx 22  parabola kesgan yoyi.   

  6.   
L

ydyxdxxy 2)1( , :L  )0;1(A  va )2;0(B nuqtalarni tutashtiruvchi   

AB   to‘g‘ri chiziq kesmasi.                    
  7.   .1:,  zyxDzd



         

  8.  ).8;4;5(),1;1;1(),1ln( 21
222  MMzyxu  

  9.  .632:,)()3(  zyxDkyjzxiyxa
  

10.  .632,)2()2()3(  zyxkxzjzyiyxa
  

    1. Ikki karrali integralni hisoblang.  
    2. Berilgan chiziqlar bilan chegaralangan D  tekis shakl yuzasini toping. 
    3. Uch karrali integrallarni hisoblang. 
    4. Berilgan sirtlar bilan chegaralangan jismning hajmini uch karrali 
integral bilan toping.  
    5. Birinchi tur egri chiziqli integralni hisoblang. 
    6. Ikkinchi tur egri chiziqli integrallarni hisoblang. 
    7. Birinchi tur sirt integralini hisoblang, bu yerda D  tekislikning 
koordinata tekisliklari bilan ajratilgan qismi.  
    8. ),,( zyxuu   funksiyaning 1M  nuqtadagi 21MM  vektor yo‘nalishidagi 
hosilasini toping. 
    9. a  vektor maydon oqimini D  tekislik va koordinata tekisliklaridan 
hosil bo‘lgan piramidaning tashqi sirti bo‘yicha ikki usul bilan hisoblang: 
1) oqim ta’rifidan foydalanib; 2) Ostrogradskiy-Gauss formulasi orqali. 
  10. a  vektor maydon sirkulatsiyasini DCzByAx   tekislikning 
koordinata tekisliklari bilan kesishishidan hosil bo‘lgan uchburchakning 

};;{ CBAn 
  vektorga nisbatan musbat yo‘nalishda aylanib konturi 
bo‘yicha ikki usul bilan hisoblang: 1) sirkulatsiya ta’rifidan foydalanib;  
2) Stoks formulasi orqali. 



 133 

2-variant 

  1. .,,1:,)4( 233 xyxyxDdxdyyxxy
D

                                           

  2.  .1
4
3, 22  xyxy  

  3. .0,0,0,4:,)( 222222  zyxzyxVdxdydzzyx
V

 

  4. .0,
4

13,2 222  zxzyyx  

  5.  
L

dlx2 ,  222: RyxL     aylananing yuqori yoyi.   

  6.   
L

xdydxyxy 2)( ,  :L  2xy   parabolaning )0;0(O  nuqtadan    

)1;1(B   nuqtagacha  bo‘lgan yoyi. 
  7.   .222:,)23(  zyxDdzyx



         

  8.  ).6;2;3(),1;2;1(,542 21
222  MMzyxu  

  9.  .6223:,)(2)()(  zyxDkxzjzyiyxa
  

10.  .6223,)3()2(  zyxkzjzyizxa
  

 

3-variant 

  1. .4:,1 2222  yxDdxdyyx
D

                                           

  2.  .0,,04,02 2222  xxyxyyxyy  
  3. .0,,2,0,:,21  zxyzxyxyVxzdxdydz

V

 

  4. .143),(73 22 xzyxz   
  5.   

L
dlyx )( 22 ,  xyxL 4: 22     aylana.   

  6.  
L

dyyxydxxyx )2()( 22 ,  tytxL sin2,cos3:   ellipsning musbat   

yo‘nalishda aylanib o‘tishdagi yoyi. 
  7.   .632:,)346(  zyxDdzyx



         

  8.  ).3;1;2(),1;3;2(),ln( 21  MMxzyzxyu  
  9.  .222:,)(3)(  zyxDkzyjyiyxa

  
10.  .222,)3()(  zyxkyjyxizxa

  
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4-variant 

  1. .2,1,,
2

:,sin  xxyyDxydxdyy
D


                                            

  2.  .02,4 2  yxyx  
  3. .30,21,10:,)( 2  zyxVdxdydzzxy

V
 

  4. .316,3)(8 22  xzyxz  
  5.   

L

dlyx )( ,  :L  uchlari )0;0(),1;0(),0;1( OBA   nuqtalarda bo‘lgan   

uchburchak konturi.   
  6.  

L

xdy ,   :L  xy sin  sinusoidaning )0;(O  nuqtadan )0;0(B  nuqtagacha   

bo‘lgan yoyi. 
  7.   .222:,)44(  zyxDdzxy



         

  8.   ).1;4;3(),2;1;1(, 21
222  MMxzzyyxu  

  9.  .33:,)()(3  zyxDkzxjzyixa
  

10.  .222,)(  zyxkyjyxiza
  

 
5-variant 

  1. .,,1:,)246( 233 xyxyxDdxdyyxxy
D

                                            

  2.  .4, 22 xyyx   
  3. .21,32,01:,5 2  zyxVdxdydzxyz

V

 

  4. .4,4,0,0 yzyxzx   
  5.  

L

yxdl ,  xyL 6: 2     parabolaning yx 62  parabola kesgan yoyi.   

  6.   
L

xdyydx , RrL :  aylananing musbat yo‘nalishda aylanib o‘tishdagi     

yoyi. 
  7.   .632:,)85(  zyxDdzyx



         

  8.  ).1;0;2(),2;2;1(,
1

10
21222 MM

zyx
u 


  

  9.  .632:,)3()2()(  zyxDkzyjzxizya
  

10.  .22,)(2)(  zyxkzyxjyizxa
  
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6-variant 

  1. .3,,5:,)1(  xxyxyDdxdyyx
D

                                           

  2.  .2,8 2 yxyx   
  3. .0,0,0,1,10:,)3( 22  zyxyxyzVdxdydzyx

V
 

  4. .0,10,4 222  zyzxyx  
  5.  

L

dly 2 ,  )cos1(3),sin(3: tyttxL   sikloidaning bir arkasi.   

  6.   
L

xdzzdx sincos , :L  )2;0;2( A  va )2;0;2(B nuqtalarni tutashtiruvchi   

AB  to‘g‘ri chiziq kesmasi. 
  7.   .33:,)232(  zyxDdzyx



         

  8.  ).4;3;2(),0;5;4(,2 21 MMeyxu x   
  9.  .632:,)7(2)(  zyxDkzyjzizyxa

  
10.  .222,)22()2(  zyxkzyxjzyixa

  

7-variant 

  1. .9:,
1

22
22 

 yxD
yx

dxdy
D

                                           

  2.  .8,3,8,3
 yyey

x
y x  

  3. .12,10,30:,)(  zyxVdxdydzzyx
V

 

  4. .14,1)(2 22  yzyxz  
  5.  

L

xydl ,  :L  tomonlari 1,1,1,1  yyxx   bo‘lgan kvadrat               

  konturi.   
  6.   


L yx

xdyydx
22

, :L  )2;1(A  va )6;3(B nuqtalarni tutashtiruvchi AB  to‘g‘ri     

chiziq kesmasi. 
  7.   .623:,)55(  zyxDdzyx



         

  8.  ).1;2;3(),1;1;1(,1 21
222 MMzyxu   

  9.  .22:,)2(2)(  zyxDkzxjyizyxa
  

10.  .422,)()2(  zyxkxjyxizya
  
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8-variant 

  1. .2,1,,
2

:,cos  xxyyDxydxdyy
D


                                            

  2.  .
3

,0,06,02 2222 xyyyxxyxx   

  3. .0,0,0,1,:,)( 2  zyxyxyxzVdxdydzzy
V

 

  4. .0,5,922  zyxzyx  
  5.   

L

dlyx 22 ,   yyxL 2: 22     aylana.   

  6.   
L

dyyxdxyx )()( 22 ,  :L  ABC  siniq chiziq, ),0;2(A ).0;5(),3;5( CB  

  7.   .6223:,)27(  zyxDdzyx


         

  8.  ).0;3;4(),1;1;2(,5 21
23  MMzxyu  

  9.  .222:,4)()13(  zyxDkzjzxyixa
  

10.  .223,)2()(  zyxkyxjzizxa
  

9-variant 
  1. .4,2,3ln,2ln:,2  xxyyDdxdyye

D

xy

                                           

  2.  .4,5 2 yxyx   
  3. .0,0,0,1),3(2:,2  zyxyxyxzVdxdydzy

V
 

  4. .,4,0 2222 yxzyxz   

  5.  
L

dlyx )( ,  :L 





 

44
2cos2 r  Bernulli limniskatasining    

bo‘lagi.   
  6.   

L

xdyyydxx 2cossin4 2 , :L  )0;0(A  va )6;3(B nuqtalarni tutashtiruvchi  

AB  to‘g‘ri   chiziq kesmasi. 
  7.   .2:,)3(  zyxDdzxy



         

  8.   ).4;3;2(),1;1;1(, 21 MM
x
z

z
y

y
xu   

  9.  .222:,)6()(  zyxDkyjyxizya
  

10.  .222,)2()2()2(  zyxkyxjzxizya
  

10-variant 
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  1. .0,2:,)21( 22  xxyDdxdyxy
D

                                           

  2.  .1
4
3, 22  yxyx  

  3. .01,20,51:,)2( 2  zyxVdxdydzzyx
V

 

  4. .3,2,0 2 xzxyz   
  5.  dlyx

L
  )34( 3 , :L  )0;1(A  va )1;0(B nuqtalarni tutashtiruvchi to‘g‘ri 

chiziq kesmasi. 

  6. 



L yx
dxydyx

3 53 5

22

3
,   :L  tytx 33 sin2,cos2   astroidaning )0;2(A   nuqtadan   

)2;0(B  nuqtagacha  bo‘lgan yoyi.   
  7.   .222:,)972(  zyxDdzxy



         

  8.    ).3;1;4(),0;3;1(,1ln 21
33  MMzyxu  

  9.  .2:,)2()()2(  zyxDkzxjxyizxa
  

10.  .22,)2()(  zyxkzjyxizya
  

11-variant 

  1. .1,0,:,2  xyxyDdxdyxy
D

                                           

  2.  .
2

,
2
1,

2
yx

x
yxy   

  3. .32,30,21:,2  zyxVyzdxdydzx
V

 

  4. .,2,0,0 2yzyxzx   
  5.  dlyx

L
  )( 22 , :L  2r  aylananing birinchi choragi. 

  6.  
L

dyxyxydx )( , :L  3xy   kubik parabolaning )0;0(O  nuqtadan    

)1;1(B  nuqtagacha  bo‘lgan yoyi. 
  7.   .222:,)32(  zyxDdzyx



         

  8.  ).1;1;3(),1;2;1(),ln( 21
222  MMzyu  

  9.  .22:,)2()(  zyxDkzjyxizya
  

10.  .22,)3()()2(  zyxkzxjyxixza
  
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12-variant 

  1. .,0,ln:, exyxyDdxdye
D

y                                             

  2.  .,2 22 xyxy   
  3. .0,,1,0,4:,)21( 3  zxyzxyxyVdxdydzx

V
 

  4. .0,12,4 222  zyzxyx  
  5.  

L

ydl ,  2: xyL     parabolaning )4;2(A  va )1;1(B nuqtalar orasidagi yoyi. 

  6.  
L

xdyydx , :L  





 

2
0sin,cos 33 ttaytax  astroida yoyi. 

  7.   .632:,)32(  zyxDdzyx


         

  8.  ).2;2;4(),5;3;1(,6 21
23  MMxyzxyxu  

  9.  .333:,)()(  zyxDkzyjzxixa
  

10.  .6232,)2()(  zyxkyxjxizya
  

 
 

13-variant 

  1. .1,
2
1,4ln,3ln:,2  xxyyDdxdyye

D

xy                                            

  2.  .0,,08,06 2222  xxyxyyxyy  
  3. .0,,1,0,:,)84( 3  zxyzxyxyVdxdydzx

V
 

  4. .,2,4,0,0 2xzxyxzy   
  5.   

L

dlyx )( ,   axyxL 2: 22     aylana.   

  6.  
L

dyyxdxyx )()( , :L tytx sin3,cos2   ellipsning musbat  

yo‘nalishda aylanib o‘tishdagi yoyi. 
  7.   .222:,)223(  zyxDdzxy



         

  8.  ).3;4;2(),2;0;5(, 21

2

  MMeu zxy  
  9.  .623:,)2()2(  zyxDkyjyxizya

  
10.  .2,)2()()(  zyxkzyxjxzizxa

  
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14-variant 

  1. .9:, 22
22 

 yxD
yx

xydxdy
D

                                           

  2.  .7,2,7,2
 yyey

x
y x  

  3. .40,01,20:,2  zyxVdxdydzxyz
V

 

  4. .643,3)(32 22 xzyxz   
  5.   

L

dlyz 22 ,  4: 22  yzL    aylana.   

  6.  
L

xdyxdxy sincos , :L  uchlari ),0;1(A )0;2(),2;0( CB  nuqtalarda bo‘lgan 

ABC  uchburchakning musbat yo‘nalishda aylanib o‘tishdagi konturi. 
  7.   .333:,)46(  zyxDdzyx



         

  8.   ).3;1;4(),2;0;3(, 21
2 MMzyexeu xy   

  9.  .422:,)()2(  zyxDkxjyxizya
  

10.  .22,)2(2)(  zyxkzxjyizyxa
  

 
15-variant 

  1. .,:,)( 222 yxxyDdxdyxy
D

                                            

  2.  .3,22 xyxy   
  3. .20,21,30:,)( 222  zyxVdxdydzzyx

V
 

  4. .4,2,0 22  yxzyz  
  5.   

L
dlzyx )( 222 , tztytxL 3,sin4,cos4:   vint chizig‘ining birinchi 

o‘rami.   
  6.  

L
dxyx )( 2 , :L  2,1,0,0  yxyx  to‘g‘ri chiziqlardan tuzilgan to‘g‘ri 

to‘rtburchakning musbat yo‘nalishda aylanib o‘tishdagi konturi. 
  7.   .623:,)103(  zyxDdzyx



         

  8.  ).2;4;3(),0;0;0(, 21

222

  MMzeu zyx  
  9.  .222:,)22()2(  zyxDkzyxjzyixa

  
10.  .2,)2()()2(  zyxkzxjxyizxa

  
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16-variant 
  1. .0,1:, 23  xxyDdxdyxy

D

                                           

  2.  .3,3 22 xyyx   
  3. .0,0,1,,3:,)2( 22  zyxxyyxzVdxdydzyx

V

 

  4. .,,2,0 2xzxyyz   
  5. 

L

ydl ,  tytxL 33 sin,cos:   astroidaning )0;1(A  va )1;0(B nuqtalar 

orasidagi yoyi.   
  6.  

L
xdydxyxy )( 2 ,  :L 22xy   parabolaning )0;0(O  nuqtadan  

)2;1(B  nuqtagacha  bo‘lgan yoyi. 
  7.   .2:,)4(  zyxDdzyx



         

  8.  ).1;4;3(),2;2;2(, 21  MM
z
x

z
y

y
xu  

  9.  .2:,)2()()(  zyxDkzyxjxzizxa
  

10.  .222,)2()2(  zyxkyjyxizya
  

17-variant 
  1. .3:,

1
22

22



 yxD

yx
dxdy

D

                                           

  2.  .3,12  xyyx  
  3. .21,02,30:,2 22  zyxVdxdydzzxy

V
 

  4. .4,,0 2yxxzz   

  5.  L yx
dl ,  :L  )4;0(A  va )0;4(B nuqtalarni tutashtiruvchi to‘g‘ri chiziq 

kesmasi. 
  6. 

L
xdy , :L 222 Ryx   aylananing musbat yo‘nalishda aylanib o‘tishdagi   

yoyi. 
  7.   .22:,)32(  zyxDdzyx



         

  8.  ).1;1;1(),4;1;3(, 21  MMeu zy  
  9.  .222:,)2()(  zyxDkzyjxizya

  
10.  .333,)()(  zyxkzyjzxixa

  
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18-variant 

  1. .,1:,)( 222 yxxDdxdyxy
D

                                            

  2.  .4,
4

8 2
2 yx

x
y 


  

  3. .21,10,21:,)32( 2  zyxVdxdydzzyx
V

 

  4. .,2,0,0 2xzxyzy   
  5.  

L

dlyx 22 ,   xyxL 2: 22     aylana.   

  6.   
L

xx dyexdxxye )1( , :L  )2;0(A  va )2;1(B nuqtalarni tutashtiruvchi  

AB  to‘g‘ri   chiziq qismi.  
  7.   .2:,)32(  zyxDdzyx



         

  8.  ).4;1;3(),2;1;1(,3 21
22  MMxyzzxyu  

  9.  .22:,)3()()2(  zyxDkzxjyxixza
  

10.  .222,)(3)(  zyxkzyjyiyxa
  

19-variant 

  1. .0,0,1:,)2( 23  yxxyDdxdyyx
D

                                           

  2.  .0,2,,1 2  xyyxxy  
  3. .0,0,0,9:, 222222  zyxzyxVdxdydzzyx

V

 

  4. .362),(182 22 yzyxz   

  5.  
L yx

dl
22

,   :L  





 

2
0)cos1(2 r  kardioida.   

  6.   
L

dyxxydx 22 ,  :L  22yx   parabolaning )0;0(O  nuqtadan    

)1;2(B  nuqtagacha  bo‘lgan yoyi. 
  7.   .222:,)152(  zyxDdzyx



         

  8.   ).5;4;2(),3;0;1(, 21   MMeu yzx  
  9.  .6223:,)3()2(  zyxDkzjzyizxa

  
10.  .632,)7(2)(  zyxkzyjzizyxa

  
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20-variant 
  1. .2,:, 22 xyxyDdxdyxy

D

                                            

  2.  .
12

,3,3 yx
x

yxy   

  3. .0,,1,0,4:,)21(  zxyzxyxyVdxdydzz
V

 

  4. .0,8,04 222  zyzxyx  

  5.   L yx
dlz

22

2

,  tztytxL 2,sin2,cos2:   vint chizig‘ining birinchi o‘rami.   

  6.  
L

xydydxyx )( 22 ,  :L  xey   chiziqning )1;0(A  nuqtadan    

);1( eB  nuqtagacha  bo‘lgan yoyi. 
  7.   .22:,)86(  zyxDdzyx



         

  8.  ).3;1;0(),1;2;1(,)( 21
3222  MMzyxu  

  9.  .222:,)2()2()2(  zyxDkyxjzxizya
  

10.  .222,)6()(  zyxkyjyxizya
  

21-variant 

  1. .0,1:,)2( 2  yxyDdxdyyxx
D

                                           

  2.  .5,2,5,2
 yyey

x
y x  

  3. .21,30,10:,)2( 22  zyxVdxdydzzyx
V

 

  4. .9,,0 222  yxyzz  
  5.  

L

ydl ,  xyL 2: 2   parabolaning )0;0(A  va )2;1(B nuqtalar orasidagi yoyi.  

  6.  
L

xdyxdxy 2cos2sin2 , :L 





 2;

4
A  va 






 1;

6
B nuqtalarni tutashtiruvchi  

AB  to‘g‘ri   chiziq kesmasi. 
  7.   .222:,)5(  zyxDdzyx



         

  8.  ).9;3;9(),1;1;1(,5 21
222  MMyzzxyyzxu  

  9.  .623:,)2()(  zyxDkyxjzizxa
  

10.  .222,4)()13(  zyxkzjzxyixa
  
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22-variant 
  1. .4:, 22

22



 yxD

yx
dxdy

D

                                           

  2.  .,0,06,02 2222 xyyyxxyxx   
  3. .10,31,21:,3  zyxVyzdxdydzx

V

 

  4. .4,4 22 xyxxz   

  5. dl
yx

dl
L


 28
,  :L  )0;0(A  va )2;2(B nuqtalarni tutashtiruvchi to‘g‘ri chiziq 

kesmasi. 
  6.  

L

dyxdxy 22 ,  :L tytx sin2,cos5   ellipsning musbat yo‘nalishda 

aylanib o‘tishdagi  yuqori yoyi. 
  7.   .222:,)623(  zyxDdzyx



         

  8.  ).2;7;3(),0;5;1(,)( 21  MMyxu z  
  9.  .42:,)23()(4  zyxDkzyjzyxixa

  
10.  .2,2)()2(  zyxkzjyxizya

  

23-variant 
  1. .9:, 222222

  yxDdxdyyxe
D

yx                                            

  2.  .2, 22 yxyx   
  3. .0,,1,0,:,)32(3 22  zyxzxxxyVdxdydzxy

V
 

  4. .4,4,0 222 xzyyxz   

  5.   L zyx
dl

222
,  tztytxL  ,sin,cos:  vint chizig‘ining birinchi o‘rami.   

  6.  
L

zdzdyxxydx 22 , :L  )0;0;0(O  va )1;1;2( B nuqtalarni tutashtiruvchi OB  

to‘g‘ri chiziq kesmasi. 
  7.   .632:,)1052(  zyxDdzyx



         

  8.  ).1;2;3(),2;2;1(, 21222 


 MM
zyx

xu  

  9.  .22:,)(2)(  zyxDkzyxjyizxa
  

10.  .6223,)(2)()(  zyxkzxjzyiyxa
  
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24-variant 

  1. .3,3:,)1( 22  yxyDdxdyyx
D

                                           

  2.  .3,4 2 xyyx   
  3. .0,0,0,1:,)(  zyxzyxVdxdydzzyx

V
 

  4. .48),(24 22 xzyxz   
  5.  dlyx

L

222 )(  ,  :L  tytx sin3,cos3   aylana. 

  6.  
L

xdydxya )2( ,  :L )cos1(),sin( tayttax  )20(  t  sikloidaning 

birinchi arkasi. 
  7.   .6223:,)223(  zyxDdzyx



         

  8.   ).0;5;12(),1;2;0(,3 21
233  MMzzyyxu  

  9.  .422:,)3()(  zyxDkyjyxizxa
  

10.  .632,)3()2()(  zyxkzyjzxizya
  

 

25-variant 

  1. .2,1,:,2

2

 yxyxyDdxdy
x
y

D

                                           

  2.  .5,2  yxxy  
  3. .21,20,31:,322  zyxVdxdydzzyx

V

 

  4. .6,322  yxzyx  
  5.  dlyx

L
  )34( 33 ,  tytxL 33 sin,cos:   astroidaning )0;1(A  va  )1;0(B  

nuqtalar orasidagi yoyi.   
  6.  

L

xdyydx sinsin , :L  );0( A  va )0;(B nuqtalarni tutashtiruvchi    

AB  to‘g‘ri   chiziq kesmasi. 
  7.   .22:,)32(  zyxDdzyx



         

  8.  ).3;1;0(),1;2;3(,3 21
32  MMzxyu  

  9.  .222:,)3()(4  zyxDkzyjzyxiza
  

10.  .824,3)2()2(  zyxkzjyxixza
  
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26-variant 

  1. .2,0:,)31( 22 xyxDdxdyyx
D

                                            

  2.  .3,02 2 yxxy   
  3. .31,12,10:,)( 222  zyxVdxdydzzyx

V
 

  4. .0,
4

13,2 222  zyzxyx  

  5.  
L
xdl ,  tytxL 33 sin,cos:   astroidaning )0;1(A  va )1;0(B nuqtalar 

orasidagi yoyi.   
  6.  

L
xdyydxxy 2)2( , :L  )1;2(A  va )2;1(B nuqtalarni tutashtiruvchi AB  to‘g‘ri   

chiziq kesmasi. 
  7.   .42:,)23(  zyxDdzyx



         

  8.  ).3;4;2(),0;0;0(, 21

222

  MMxeu zyx  
  9.  .6232:,)(2)()(  zyxDkzyjzxiyxa

  
10.  .222,)3()(  zyxkzjzxiyxa

  

 
27-variant 

  1. .,:,)( 222 yxxyDdxdyyx
D

                                            

  2.  .5,2,5,2  xxexxy y  
  3. .31,20,12:,8 22  zyxVdxdydzyzx

V
 

  4. .4,0,10 222 yyxzxz   
  5.  

L
dlyx )( ,   ayyxL 2: 22     aylana.   

  6. 
L

ydx , :L  xy cos  cosinusoidaning )1;( O  nuqtadan )1;0(B nuqtagacha   

bo‘lgan yoyi. 
  7. .42:,)23(  zyxDdzyx



         

  8.  ).4;3;1(),2;1;1(,3 21
22  MMxyzzyxu  

  9.  .623:,)7(2)(  zyxDkzxjzizyxa
  

10.  .222,)22()2(  zyxkzxyjzxiya
  
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28-variant 
  1. .8:,

1
22

22



 yxD

yx
dxdy

D
                                           

  2.  .,
1

2 2
2 yx

x
y 


  

  3. .0,,1,0,4:,)32( 3  zxyzyxyxVdxdydzy
V

 

  4. .,4,0 222 xzxyz   
  5.  

L

dlyx 22 ,   xyxL 4: 22     aylana.   

  6.   
L

dyyxdxyx )()( , :L tytx sin2,cos3   ellipsning musbat  

yo‘nalishda aylanib o‘tishdagi yoyi. 
  7.   .222:,)46(  zyxDdzyx



         

  8.  ).2;0;1(),1;1;1(, 21
222  MMzyxzyxu  

  9.  .422:,)()2(  zyxDkyjyxizxa
  

10.  .22,)3()()2(  zyxkzxjyzizxa
  

29-variant 
   1. .16:, 22

22 
 yxD

yx
xydxdy

D
                                           

   2.  .3,4 222 yxyx   
  3. .21,20,21:,)2( 22  zyxVdxdydzzyx

V
 

  4. .4,4 22 yyxyz   

  5.  L xy
dl , :L  )3;1(A  va )1;3(B nuqtalarni tutashtiruvchi to‘g‘ri   chiziq 

kesmasi. 
  6.  

L
ydx , :L 1622  yx  aylananing musbat yo‘nalishda aylanib o‘tishdagi   

yoyi. 
  7.   .1:,)24(  zyxDdzyx



         

  8.   ).2;1;2(),0;1;1(,
2
1

21
222  MMzyxu  

  9.  .6322:,)2()2(  zyxDkxjzyizxa
  

10.  .6223,)2()(  zyxkxyjyizxa
  
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30-variant 
   1.  

D
dxdyyx )3( 2 , .0,1,1: 2  xxyyxD                                            

   2.  .4,4 22 yxxy   
  3. .31,10,10:,)23( 2  zyxVdxdydzzyx

V
 

  4. .0,,0,2,1 2  zyzyxyx  
  5.  

L
dly2 ,   )cos1(2),sin(2: tyttxL   sikloidaning bir arkasi.   

  6.  
L

dyxdxy 22 , tbytaxL sin,cos:  ellipsning soat strelkasi yo‘nalishida   

aylanib o‘tishdagi yoyi. 

  7.   .422:,)44(  zyxDdzyx


         

  8.  ).4;5;3(),1;1;1(),1ln( 21
2  MMyxu  

  9.  .824:,3)2()2(  zyxDkzjyxixza
  

10.  .222,)(  zyxkyjyxiza
  

 
 NAMUNAVIY  VARIANT   YECHIMI 

          1. Ikki karrali integralni hisoblang.  
  1.30.  

D
dxdyyx )3( 2 , .0,1,1: 2  xxyyxD                                            

  D  integrallash sohasi 18 - shaklda 
keltirilgan. 

Agar ichki integrallash y  bo‘yicha va tashqi 
integrallash x  bo‘yicha bajarilsa berilgan ikki 
karrali integral bitta takroriy integral bilan 
ifodalanadi. Integralni hisoblaymiz: 

   














 

D

x

x

x

x

dxyyxdyyxdxdxdyyx
1

0

1

1

1

0

1

1

2222

2 22
3)3()3(







   dxxxxxxxxx

1

0

2422432 )1221(
2
3  

  dxxxxxxx
1

0

42432 )639224(
2
1

  dxxxxx
1

0

432 )65213(
2
1 .

12
13

2
1

3
13

2
1

1

0

2543 





  xxxx  

 18-shakl. 

O  x  

y  

1 

1 

1  0x  

1 yx  

12  xy  
D  
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  19-shakl. 

2

4
1 xy 

 
xy 42   

4  

4  

O  x  

y  

D  

 20-shakl. 

4  

y  

x  

z  

1 

2  O  

 
2. Berilgan chiziqlar bilan chegaralangan D  tekis shakl yuzasini toping. 

2.30.  .4,4 22 yxxy   

 Tekis shakl quyidan  2

4
1 xy   parabola bilan yuqoridan xy 42   

parabola bilan chegaralangan (19-shakl). 
Bundan 

.
3

16
12
1

3
4

4
12

4

0

32
34

0

2

4
1

4

0

2

2







 






      xxdxxxdydxdxdyS

D

x

x

 

 3. Uch karrali integrallarni hisoblang. 

3.30. .31,10,10:,)23( 2  zyxVdxdydzzyx
V

 

Berilgan to‘g‘ri burchakli parllelopiped uchun topamiz: 

   



V

dzzyxdydxdxdydzzyx
1

0

1

0

3

1

22 )23()23(  









  



dyzzyxdx
1

0

1

0

3

1

2
2

2
)23(   dyyxdx

1

0

1

0

2 )123(4  

  
1

0

1

0

1

0

321

0

22 12)2(4)23(4))13((4 xxdxxdxyyx . 
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4. Berilgan sirtlar bilan chegaralangan jismning hajmini uch karrali 
integral bilan toping.  
  4.30. .0,,0,2,1 2  zyzyxyx  

Berilgan jism (20- shakl) hajmini hisoblaymiz: 

      
V

x y x y dyzdxdzdydxdxdydzV
1

0

2

0 0

1

0

2

0
0

2
2

   
1

0

1

0

1

0

43

2

0

31

0

2

0

2 .
3
2

3
2

3
8

3
xdxxdyydyydx

x
x

 

5. Birinchi tur egri chiziqli integralni hisoblang. 
  5.30. 

L
dly2 ,  )cos1(2),sin(2: tyttxL   sikloidaning bir arkasi.   

 Sikloidaning parametrik tenglamasidan topamiz: 
,sin2),cos1(2 tytx tt   

.cos122sin4)cos1(4 22 dttdtttdl   
U holda 

 
2

0

cos122)cos1(222 dtttdly
L

 

 


 
2

0

2

0
.28)sin(24)cos1(24 ttdtt  

6. Ikkinchi tur egri chiziqli integrallarni hisoblang. 
  6.30.  

L
dyxdxy 22 , tbytaxL sin,cos:  ellipsning soat strelkasi 

yo‘nalishida  aylanib o‘tishdagi yuqori yoyi. 
  Ellipsning parametrik tenglamasiga ko‘ra ,sin tdtadx  .costdtbdy    
Bunda soat strelkasi yo‘nalishida t parametr   dan 0  gacha o‘zgaradi. 

U holda 

 
0

222222 )sincoscossin(


dtttbattabdyxdxy
L

 

 
0

22 )(cos)cos1(


tdtab  
0

22 )(sin)sin1(


tdtba  

.
3
4sin

3
1sincos

3
1cos 2

0

32

0

32 abttbattab 





 






 



 

7. Birinchi tur sirt integralini hisoblang, bu yerda D  tekislikning 
koordinata tekisliklari bilan ajratilgan qismi.  

7.30. .422:,)44(  zyxDdzyx


  

 Tekislik tenglamasidan topamiz:    
.2,2,224  yx zzyxz  
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U holda .31 22 dxdydxdyzzd yx   
Sirt integralini xy  soha bo‘yicha ikki karrali integralni hisoblashga 

keltiramiz, bu yerda   xy  sirtning Oxy  tekislikdagi proeksiyasi bo‘lgan  
AOB  uchburchak  (21-shakl).    
 


dzyx )44(  


dxdyyxyx 3)88164(  

 



2

0

2

0

)9416(3
x

dyyxdx   





 


2

0

2

0

2

2
94163 dxyyx

x

 







 

  dxxxx
2

0 2
)2(9)416()2(3

 
2

0

)14)(2(
2
3 dxxx  

  44
3

628
2
31228

2
3

2

0

3
2

2

0

2 







 

xxxdxxx . 

8. ),,( zyxuu   funksiyaning 1M  nuqtadagi  

21MM  vektor yo‘nalishidagi hosilasini toping. 

  8.30. ).4;5;3(),1;1;1(),1ln( 21
22  MMzyxu  

21MM  vektor yo‘nalishidagi l

 birlik vektorning yo‘naltiruvchi 

kosinuslarini topamiz: 

},3;6;2{21 MM  ,
7
3

7
6

7
2

7
362

21

210 kjikji
MM
MMl








  

7
3cos,

7
6cos,

7
2cos   . 

)1ln( 22 zyxu   funksiya xususiy hosilalarining  )1;1;1(1M  nuqtadagi  
qiymatlarini topamiz: 

,
4
1

1
1

00

22 






MM zyxx
u     ,

2
1

1
2

00

22 






MM zyx
y

y
u     

                                  .
2
1

1
2

00

22 






MM zyx
z

z
u   

U holda  

.
7
1

7
3

2
1

7
6

2
1

7
2

4
1












l
u  

21-shakl. 

z  

x  
2  

2  

A 

B  

  

xy  
O  y  

4 C 
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      9. a  vektor maydon oqimini  
D  tekislik va koordinata tekisliklaridan 
hosil bo‘lgan piramidaning tashqi sirti 
bo‘yicha ikki usul bilan hisoblang:  
1) oqim ta’rifidan foydalanib;  
2)Ostrogradskiy-Gauss formulasi orqali. 

  9.30.  ,3)2()2( kzjyxixza


  
.824:  zyxD  

  1) Vektor maydon oqimini 




dnaП  0  formula bilan piramidaning 

(22-shakl) har bir tomoni (to‘rtta 
uchburchak) orqali hisoblaymiz: 

AOC  da  .82,,0 0  zxjny
  

   





1

4

0

)4(2

0

4

0

)4(2

0

2
1 2

1



z x

dzxxdxdzxdxdzdxП

  









4

0

4

0

3
22 .

3
128

3
41628162 zzzdzzz  

AOB  da  .84,,0 0  yxknz
      

.002   


dП  

BOC  da  .42,,0 0  yzinx
  

   





3

2

0

)2(2

0

2

0

)2(2

0

2
3 222




y y

dyzzdzdyzdydzdzП  

 









2

0

2

0

3
22 .

3
32

3
244)44(4 yyydyyy  

ABC  da     ,2,
2
1,

2
48,

21
240 





 yx zzyxzkjin


  

,
2
214

4
111 22 dxdydxdydxdyzzd yx   

.
21

838)32)2(42(
21
10 yxzzyxxzna 


  

 
4

)1643283(
2
21

21
1)883(

21
1

4


 dxdyyxyxdzyxП  

22-shakl. 

4  

8  

2  1  
2  

3  
4

 

z  

y  O  

A  

B  

C  

x  



 152 

 



2

0

)2(4

0
)832(

2
1)832(

2
1

4

y

D
dxyxdydxdyyx  

dyxxy
y )2(4

0

2

0

2

2
)832(

2
1



 







  

4

0

2 ))2()2)(416((8
2
1 dyyyy  

  
2

0

2

0

)314)(2(4)2416)(2(4 dyyydyyyy  

 
2

0

2

0

322 .96)1028(4)32028(4 yyydyyy  

       Demak, 
.

3
12896

3
320

3
128

4321  ППППП  

2) Vektor maydon oqimini Ostrogradskiy-Gauss formulasi orqali 
hisoblaymiz. 

 



















VV

dxdydzdxdydz
z
R

y
Q

x
PП )321(  

  





2

0

)2(4

0

2
48

0

4
y

yx

dzdxdy   
 


2

0

)2(4

0

2

0

)2(4

0

2
48

0
)48(24

yy yx

dxxydydxzdy  













 dyxxy
y )2(4

0

2

0

2

2
)48(2  

2

0

)224)(2(16 dyyyy  

.
3

128
3

2461)44(16
2

0

2

0

3
22 








 

yyydyyy  

     10. a  vektor maydon sirkulatsiyasini  tekislikning koordinata tekisliklari 
bilan kesishishidan hosil bo‘lgan uchburchakning };;{ CBAn 

  vektorga 
nisbatan musbat yo‘nalishda aylanish konturi bo‘yicha ikki usul bilan 
hisoblang: 1) sirkulatsiya ta’rifidan foydalanib; 2) Stoks formulasi orqali. 
10.30.  .222,)(  zyxkyjyxiza

  
     1) Sirkulatsiyani ABCA kontur (23-shakl) bo‘yicha  topamiz: 

.  
CABCL AB

rdardardardaЦ   

AB  kesmada .2),1(2,22,0,0 dxdyxyyxdzz    U holda   
.)(,,)( dyyxrdajdyidxrdkyjyxa 

  
Bundan 

.3
2

22)2(2)22(2)(
0

1

0

1

0

1

2

1    









ABAB

xxdxxdxxxdyyxrdaЦ   
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BC  kesmada .
2
1,

2
2,22,0,0 dydzyzyzdxx 


   

U holda .,, ydzydyrdakdzjdyrdkyjyiza 
  

Bundan 

.1
22

1
2
10

2

0

2

2

2   





 

BCBC

ydyyyydzydyrdaЦ   

CA  kesmada .,1,1,0,0 dxdzxzzxdyy      
U holda .,, zdxrdakdzidxrdjxiza 

  
Bundan 

.
2
1

2
)1(

1

0

1

0

2

3   









CACA

xxdxxzdxrdaЦ   

 Demak,   
     

2
5

2
113321  ЦЦЦЦ . 

2) Sirkulyatsiyani Stoks 
formulasidan foydalanib topamiz: 

kyjyxiza


 )( dan 
.,, yRyxQzP    

Bundan 
,1








z
Q

y
R     ,1








x
R

z
P     

.1







y
P

x
Q  

U holda 
     
 


1 2 3D D D

dxdydzdxdydzdxdydzdxdydzdarotЦ   

      



1

0

1

0

1

0

)1(2

0

1

0

1

0

1

0

1

0

)1(2

0

)22()1()22(
xxz

dxxdxxdzzdydxdzdxdydz  

.
2
51

2
11)2(

2
)22( 1

0
2

1

0

2
1

0









 xxxxzz  

 
 
 
 
 

23-shakl. 
x  

1  

2  
3  

z  

y  O  

A  

B  

C  
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III bob   
ODDIY  DIFFERENSIAL  TENGLAMALAR 

 
3.1. BIRINCHI  TARTIBLI  DIFFERENSIAL   

TENGLAMALAR 

Asosiy tushunchalar. Kvadraturada integrallanuvchi  
birinchi tartibli  differensial tenglamalar.  

Hosilada nisbatan yechilmagan differensial tenglamalar.  

        3.1.1. Erkli o‘zgaruvchi, noma’lum funksiya va uning hosilalarini 
(differensiallarini) bog‘lovchi tenglamaga  differensial tenglama deyiladi.  

Noma’lum funksiyasi bitta o‘zgaruvchiga bog‘liq bo‘lgan differensial 
tenglama oddiy differensial tenglama deb ataladi.  

Differensial tenglamaga kiruvchi hosilalarning (differensiallarning) eng 
yuqori tartibiga differensial tenglamaning tartibi deyiladi.  

Birinchi tartibli oddiy differensial tenglama umumiy ko‘rinishda  
                           0),,( yyxF                                               (1.1)                            

kabi yoziladi, bu yerda x erkli o‘zgaruvchi, y  noma’lum funksiya,  
y  noma’lum funksiyaning hosilasi, F ikki o‘lchamli 2R  sohada ikki 

o‘zgaruvchili funksiya. 
        Agar (1.1) tenglamani y  ga nisbatan yechish mumkin bo‘lsa, tenglama 

),( yxfy                                                  (1.2) 
ko‘rinishda ifodalanadi, bu yerda f berilgan funksiya. Bu tenglamadan  
differensiallar ishtirok etuvchi simmetrik shakl deb ataluvchi  

0),(),(  dyyxNdxyxM  
tenglamaga o‘tish mumkin.  
       (1.1) differensial tenglamaning yechimi (integrali) deb, tenglamaga 
qo‘yganda uni ayniyatga aylantiradigan differensiallanuvchi )(xy   
funksiyaga aytiladi. 

 (1.2) differensial tenglamaning umumiy yechimi deb, quyidagi shartlarni  
qanoatlantiruvchi ),( Cxy   (bu yerda C ixtiyoriy o‘zgarmas)  
funksiyaga aytiladi: 

a) y  ixtiyoriy o‘zgarmasning istalgan qiymatida (1.2) differensial  
tenglamani qanoatlantiradi;  
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b) boshlang‘ich 00
yy xx   shart har qanday bo‘lganda ham ixtiyoriy 

o‘zgarmasning shunday C  qiymatini topish mumkinki, ),( Cxy   yechim 
boshlang‘ich shartni qanoatlantiradi, ya’ni ),( 00 Cxy   bo‘ladi. 
       (1.2) differensial tenglamaning umumiy yechimidan ixtiyoriy 
o‘zgarmasning tayin  qiymatida hosil bo‘ladigan har qanday  yechimga 
xususiy yechim deyiladi.     
        Differensial tenglama yechimining grafigi integral egri chiziq deb 
ataladi. (1.2) differensial tenglama integral egri chiziqning har bir ),( yxM  
nuqtasida  bu egri chiziqqa o‘tkazilgan  urinmaning yo‘nalishini aniqlaydi.       
Tekislikning har bir nuqtasiga ),( yxftg   tenglik bajariladigan qilib kesma 
qo‘yilgan qismi (1.2) differensial tenglamaning  yo‘nalishlar maydoni 
deyiladi. Shunday qilib, (1.2) differensial tenglamaga uning yo‘nalishlar 
maydoni mos keladi. Bu jumla  (1.2) differensial tenglamaning geometrik 
ma’nosini bildiradi.  
        Differensial tenglamada uning umumiy yechimidan ixtiyoriy 
o‘zgarmasning hech bir qiymatida hosil qilinishi mumkin bo‘lmagan yechim 
maxsus yechim deb ataladi. 

Maxsus yechimning grafigi umumiy yechimga kirgan integral egri  
chiziqlarning o‘ramasi deb ataluvchi chiziqdan iborat bo‘ladi  va u  








0),,(
,0),,(

Cyx
Cyx

C

 

sistemadan C  ni yo‘qotish orqali topiladi. Bunda hosil bo‘lgan )(xgy   
funksiya (1.1) differensial tenglamani qanoatlantirishi va 0),,(  Cyx  oilaga 
kirmasligi kerak.  

Matematika, fizika, kimyo va boshqa fanlarning turli masalalari 
differensial tenglamalar ko‘rinishidagi matematik modellarga keltiriladi.  

1-misol. Massasi m  ga teng moddiy nuqta v  tezlikning kvadratiga 
proporsional bo‘lgan muhit qarshilik kuchi ta’sirida harakatini 
sekinlatmoqda. Nuqta harakat qonunining tenglamasini tuzing. 

Erkli o‘zgaruvchi sifatida moddiy nuqtaning sekinlashish 
boshlanishidan hisoblanuvchi t vaqtni olamiz. U holda nuqtaning v  tezligi  
t vaqtning funksiyasi bo‘ladi, ya’ni )(tvv  . 

Moddiy nuqtaning harakat qonunini topish uchun Nyutonning ikkinchi 
qonunidan foydalanamiz: ,Fam   bu yerda  )(tva harakatlanuvchi jism 
tezlanishi, F jismga harakat jarayonida ta’sir qiluvchi kuchlar yig‘indisi.  
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Bu masalada ,2kvF   bu yerda  0k proporsionallik koeffitsiyenti 
(minus ishora harakatning sekinlashishini bildiradi). 

Shunday qilib, moddiy nuqtaning harakat qonuni 
02  kvvm . 

tenglama bilan aniqlanadi. 

2-misol. Tekislikdagi egri chiziqning ixtiyoriy  M nuqtasiga o‘tkazilgan 
urinma, bu nuqtadan Oy  o‘qqa parallel o‘tgan to‘g‘ri chiziq va koordinata 
o‘qlari bilan chegaralangan OAMB  trapetsiyaning yuzi S  ga teng. M  nuqta 
harakat qonuni tenglamasini tuzing. 

);( yxM  noma’lum (izlanayotgan) egri chiziqning ixtiyoriy nuqtasi 
bo‘lsin.  
        U holda OAMB  trapetsiyaning yuzi OBBMOAS  )(

2
1  tenglik bilan 

ifodalanadi, bu yerda ,, yBMxACOB   
 tgxytgACBMCMBMCBOA   (1-shakl). 

Birinchi tartibli hosilaning geometrik ma’nosiga ko‘ra .ytg    

U holda   xyyxyS )(
2
1

 . 

        Demak,  M  nuqtaning harakat qonuni 
 .0222  Sxyyx  

 Differensial tenglamaning berilgan 
00

yy xx  (yoki 00 )( yxy  ) boshlang‘ich shart 
bo‘yicha xususiy yechimini topish masalasi 
Koshi masalasi deyiladi.  

Teorema (Koshi masalasi yechimining 
mavjudligi va yagonaligi haqidagi  teorema). 
Agar ),( 000 yxP  nuqtani o‘z ichiga olgan  

D  sohada ),( yxf  funksiya va 
y
f

  xususiy 

hosila  uzluksiz bo‘lsa, u holda ),( yxfy   
differensial tenglamaning 00

yy xx   shartni qanoatlantiruvchi )(xy   
yechimi mavjud va  yagona  bo‘ladi.  

Teoremaning shartlari buziladigan nuqtalar maxsus nuqtalar deyiladi. 
Maxsus nuqtalar orqali yoki birorta ham integral egri chiziq o‘tmaydi yoki  
bir nechta integral egri chiziq o‘tadi.  

y  

O  

A  

M
 

B  x  

C  
  

1-shakl. 
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3.1.2. Umumiy yechimi chekli sondagi elementar almashtirishlar va 
kvadraturalar (elementar funksiyalarni integrallashlar) natijasida topiladigan 
birinchi tartibli differensial tenglamaga kvadraturada integrllanuvchi  
differensial tenglama deyiladi.  

O‘zgaruvchilari  ajraladigan  differensial  tenglamalar  

Ushbu 
                                     0)()(  dyyNdxxM                                       (1.3)            

ko‘rinishdagi tenglamaga o‘zgaruvchilari ajralgan differensial tenglama 
deyiladi. 

(1.3) tenglamaning umumiy yechimi uni hadma-had integrallash  orqali 
topiladi 

   .)()( CdyyNdxxM  

3-misol. Koshi masalasini yeching:  
0

1
2

22 
 y

dy
x

xdx , .1)0( y  

 O‘zgaruvchilari ajralgan differensial tenglama berilgan.  
Uni hadma-had integrallaymiz: 

0
1

2
22 

  y
dy

x
xdx . 

Bundan tenglamaning umumiy yechimini topamiz: 
C

y
x 

1|1|ln 2    yoki 
Cx

y



|1|ln

1
2

. 

Koshi masalasini yechish uchun  tenglamaning umumiy yechimidan  
1)0( y  shartni qanoatlantiruvchi C  ni aniqlaymiz: 

C


|1|ln
11 ,  .1C  

Demak, Koshi masalasining yechimi  

1|1|ln
1

2 


x
y  

Ushbu         
              0)()()()( 2211  dyyNxMdxyNxM ,                         (1.4)                  

                                        )()( 21 yfxfy                                                (1.5)                                                   

tenglamalarga o‘zgaruvchilari ajraladigan differensial tenglamalar deyiladi. 
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(1.4) tenglama )()( 21 xMyN  ifodaga hadma-had bo‘lish orqali 
o‘zgaruvchilari ajralgan tenglamaga keltiriladi 

0
)(
)(

)(
)(

1

2

2

1  dy
yN
yNdx

xM
xM . 

(1.4) tenglamani )()( 21 xMyN  ifodaga hadma-had bo‘lishda ayrim 
yechimlar tushib qolishi mumkin. Shu sababli bunda 0)()( 21 xMyN  
tenglamani alohida yechish va bu yechimlar orasidan maxsus yechimlarni  
ajratish kerak bo‘ladi. 

4-misol. Koshi masalasini yeching:  
.1)0(,0)1()1( 22  ydxydyx  

Tenglamani 0)1)(1( 22  yx  ga bo‘lib, o‘zgaruvchilarni ajratamiz: 

0
11 22 



 y

dy
x

dx . 

Bu tenglamani integrallaymiz: 
Carctgyarctgx  . 

Bundan 
      ,)( tgCarctgyarctgxtg       ,

1 1C
xy
yx



   bu yerda tgCC 1   yoki  

          
xC
xCy

1

1

1


 . 

1C  o‘zgarmasning qiymatini boshlang‘ich  shartdan  topamiz:  11 C . 
        Demak, berilgan Koshi masalasining yechimi   

                                                       
x
xy





1
1 .  

(1.5) tenglama 
dx
dyy   o‘rniga qo‘yish orqali o‘zgaruvchilari ajralgan 

dxxf
yf

dy )(
)( 1

2

  

tenglamaga keltiriladi. 
)( cbyaxfy   ko‘rinishdagi integrallar (bu yerda cba ,, sonlar) 

ucbyax   almashtirish yordamida o‘zgaruvchilari ajraladigan tenglamaga  
keltiriladi.   

5-misol. 532  xyy  tenglamaning umumiy yechimini toping.  
Tenglamani 523  yxy  ko‘rinishda yozib olamiz. 
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yuyxu  23,523  o‘rniga qo‘yishlar bajarib, 523  yxy  
tenglamani o‘zgaruvchilari ajraladigan tenglamaga keltiramiz: 

uu 23      yoki     .23 u
dx
du

    

Bundan 
dx

u
du


 32

. 

Bu tenglamani integrallaymiz: 
Cxu ln|32|ln

2
1

   yoki  .32 2xCeu   

Teskari o‘rniga qo‘yish bajarib, berilgan tenglamaning umumiy 
yechimini topamiz: 

.746 2xCeyx   

 Bir  jinsli  differensial  tenglamalar 

Agar ),( yxf funksiyada x va y  o‘zgaruvchilar mos ravishda tx va ty ga 
almashtirilganda (bu yerda t ixtiyoriy parametr) ),(),( yxftytxf  shart 
bajarilsa,  ),( yxf  funksiyaga bir jinsli funksiya deyiladi.  
 Agar ),( yxfy   differensial tenglamada ),( yxf  bir jinsli funksiya 
bo‘lsa, bu tenglamaga bir jinsli differensial tenglama deyiladi.   

Bir jinsli differensial tenglama almashtirishlar orqali  









x
yy   

ko‘rinishda yozib olinadi va keyin u
x
y
  (  )(xuu noma’lum funksiya) 

o‘rniga qo‘yish orqali o‘zgaruvchilari ajraladigan tenglamaga keltiriladi.  

6 misol. 
x
y

x
yy ln  tenglamaning umumiy yechimini toping.  

Tenglama bir jinsli. Shu sababli xxuyuxy  ,  o‘rniga qo‘yishni 
bajaramiz. U holda berilgan tenglama  

uuuxu ln   yoki )1(ln  uuxu  
ko‘rinishga keladi.  

O‘zgaruvchilarni ajratamiz:  
.

)1(ln x
dx

uu
du



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Tenglamani integrallaymiz:  

 
 x

dx
uu

du
)1(ln

    yoki    .ln||ln|1ln|ln Cxu   

Bundan  
xCu 1ln     yoki    1 Cxeu . 

x
yu   ekanini inobatga olib, topamiz:  

1 Cxe
x
y     yoki .1 Cxxey  

7-misol. Tekislikdagi egri chiziqning ixtiyoriy  M nuqtasiga o‘tkazilgan 
urinmaning ordinatalar o‘qida ajratgan kesmasi urinish nuqtasining 
abssissasiga teng. Egri chiziqlar oilasini toping. 

);( yxM  noma’lum (izlanayotgan) egri chiziqning ixtiyoriy nuqtasi 
bo‘’lsin.  Masalaning shartiga ko‘ra:  .xOCOA    
      ADM   va  MBC  uchburchaklarning 
o‘xshashligidan (2-shakl):  

CB
MC

DM
AD

 . 

Bunda  
,yxMCAODOAOAD      

,xOCDM    ,)180(  tgtg
CB
MC o   

bu yerda ytg  . 
U holda 

y
x

yx 
   yoki    

x
xyy 

 . 

Bir jinsli tenglama hosil bo‘ldi.   
       Uni yechamiz: 

,1 uuxu    ,1xu     
x

dxdu  , .||ln xCu   

x
yu    o‘rniga qo‘yish bajarib, egri chiziqlar oilasini topamiz:  

 .||ln xxCxy   
Ushbu 

111 cybxa
cbyax

dx
dy




                                                 (1.6) 

tenglama 01  cc  bo‘lganda bir jinsli tenglama bo‘ladi. 

2-shakl. 

  
O  

A  

C  

y  

M  

B  x  

D  
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        Agar c  va 1c  (yoki ulardan biri) noldan farqli bo‘lsa, u holda  (1.6) 
tenglama: 

1) 011  baab bo‘lganda  1xx ,   1yy almashtirishlar orqali bir 
jinsli tenglamaga keltiriladi; 

2) 011  baab  bo‘lganda byaxz   o‘rniga qo‘yish orqali o‘zgaruvchilari 
ajraladigan tenglamaga keltiriladi.  

(1.6) tenglamani integrallashda qo‘llaniladigan usul  













111 cybxa

cbyaxf
dx
dy  

(bu yerda f ixtiyoriy funksiya) tenglamani integrallashda ham qo‘llaniladi.  

8-misol. 
32

12




yx

yxy    tenglamaning umumiy yechimini toping.  

Shartga ko‘ra: ,2,1,1,2 11  baba  .051)1(2211  baab  
Bu koeffitsiyentlardan        








032
,012


  

sistemani tuzamiz.  
       Uning yechimi:  .1,1    

U holda 

11

11

1

1

2
2

yx
yx

dx
dy




  

kelib chiqadi.   
       Bu tenglamani yechamiz:   

                     
12

2
1 




u
uuxu    yoki   .

)1(2
)12(

1

1
2 x

dx
uu
duu




  

Bu tenglamani integrallaymiz:  
.1 2

1

2

x
Cuu   

1x  va 1y  o‘zgaruvchilarga qaytamiz:  

2
1

2
1

2
1

1

11
x
C

x
y

x
y

     yoki    .2
111

2
1 Cyyxx   

       11  xx  va 11  yy  o‘rniga  qo‘yish bajarib,  almashtirishlardan keyin 
topamiz:  

                     ,322 Cyxyxyx    bu yerda .1CC  



 162 

9-misol. 
564
132





yx
yxy    tenglamaning umumiy yechimini toping.  

Shartga ko‘ra: .6,4,3,2 11  baba    
Bundan .03)4()6(211  baab   Shu sababli   uyx  132  belgilash 

kiritamiz.  Bundan  uy  32  yoki .
3

2


uy  

U holda berilgan tenglama  

323
2





u
uu  

ko‘rinishga keladi.   Bundan   
dxdu

u
u




6
32  

tenglama kelib chiqadi.  Uni integrallaymiz:  
.|6|ln92 Cxuu   

x  va y  o‘zgaruvchilarga qaytamiz: 

,|732|ln32 Cyxyx   bu yerda .
3

2


CC  

   Bir jinsli bo‘lmagan ayrim differensial tenglamalar  
nzy  , znzy n  1  

o‘rniga qo‘yishlar orqali bir jinsli tenglamaga keltirilishi mumkin.  

       10-misol. xyyyx  322  tenglamani bir jinsli tenglama ko‘rinishiga 
keltiring.   

Berilgan tenglamada nzy  , znzy n  1  o‘rniga qo‘yishlarni 
bajaramiz: 

nnn xzzznzx  3122 . 
Bu tenglama barcha hadlarining daraja ko‘rsatkichlari teng bo‘lganda bir 

jinsli bo‘ladi :  .1312  nnn  
Bu tengliklardan topamiz: .

2
1

n  U holda berilgan tenglama   

2
1

2
31

2
1

2

2
12 xzyzzx 

     yoki    zxzzz
z

x


2

 

 ko‘rinishga keladi.  
Oxirgi tenglikdan  

xzzzx  22   yoki  2

2

x
xzzz 

  

bir jinsli tenglama kelib chiqadi. 
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 Chiziqli   differensial   tenglamalar 

Noma’lum funksiya va uning hosilasiga nisbatan chiziqli bo‘lgan   
                              )()( xQyxPy                                                (1.7) 

tenglamaga chiziqli bir jinsli bo‘lmagan differensial tenglama deyiladi,  
bu yerda ),(xP  0)(xQ x ning uzluksiz funksiyalari (yoki o‘zgarmaslar). 

Ushbu 
0)(  yxPy                                               (1.8) 

(1.7) tenglamaga mos chiziqli bir jinsli tenglama deyiladi. Chiziqli bir jinsli 
tenglama o‘zgaruvchilari ajraladigan tenglama bo‘ladi.  

Chiziqli bir jinsli bo‘lmagan differensial tenglamaning yechimi x ning 
ikkita funksiyasi ko‘paytmasi  )()( xvxuy   ko‘rinishida izlanadi. Bunda 
funksiyalardan biri, masalan )(xv , tanlab olinadi va ikkinchisi (1.7) 
tenglkdan aniqlanadi. Chiziqli tenglamani yechishning bu usuliga Bernulli  
usuli deyiladi. 

11-misol.  21 x
x

x
yy


 tenglamaning umumiy yechimini toping. 

 Berilgan tenglama chiziqli:  ,1)(
x

xP    .
1

)( 2x
xxQ


  

,uvy    uvvuy   o‘rniga qo‘yishni bajaramiz:  

.
1 2x

x
x
vvuvu









   

       Bu tenglamadan 














21

,0

x
xvu

x
vv

 

sistema kelib chiqadi. Sistemaning birinchi tenglamasini integrallaymiz:  

x
dx

v
dv

  ,      ,
x

dx
v
dv    ,ln||ln||ln Cxv     Cxv   

yoki  1C  da  .xv   
v  ni sistemaning ikkinchi tenglamasiga qo‘yamiz:  

21 x
xxu


   yoki   21
1
x

u


 . 

Bundan   .Carctgxu     Demak,  tenglamaning umumiy yechimi  

     ).( arctgxCxy   
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Agar differensial tenglama x va uning hosilasiga nisbatan chiziqli 
bo‘lgan       

)()( 11 yQxyPx   
ko‘rinishga berilgan bo‘lsa, u holda )()( yvyux   o‘rniga qo‘yish bajariladi.  

12-misol.  02)6( 2  yyxy   tenglamaning umumiy yechimini toping. 
 Berilgan tenglama y erkli o‘zgaruvchi va uning x funksiyasi uchun  
chiziqli tenglama bo‘ladi: 

262 yx
dy
dxy    yoki ,

2
3 yx
y

x   ,3)(
y

yP    .
2

)( yyQ   

,uvx    uvvux   o‘rniga qo‘yishni bajaramiz:  

.
2

3 y
y
vvuvu 







  

       Bu tenglamadan 













2

,03

yvu

y
vv

 

sistema kelib chiqadi.  
       Sistemaning birinchi tenglamasini integrallaymiz:  

y
dy

v
dv 3  ,      ,3

y
dy

v
dv    |,|ln3||ln yv     3Cyv   

yoki  1C  da  .3yv   
v  ni sistemaning ikkinchi tenglamasiga qo‘yamiz:  

.
2
1

2y
u   

Bundan 
        .

2
1 C
y

u   

Demak,  tenglamaning umumiy yechimi  
     ).21(

2
1 2 Cyyx   

 Bir jinsli bo‘lmagan (1.7) tenglamani yechishda ixtiyoriy 
o‘zgarmasni variatsiyalash usuli deb ataluvchi usul qo‘llanilishi mumkin.  

(1.7) tenglamani ixtiyoriy o‘zgarmasni variatsiyalash usuli bilan yechish 
ikki bosqichda amalga oshiriladi. 
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Birinchi bosqichda (1.7) tenglamaga  mos bir jinsli  (1.8) tenglama 
yechiladi: 

 dxxPCey )( . 
Ikkinchi bosqichda (1.7) tenglamaning umumiy yechimi  dxxPCey )(  

ko‘rinishda izlanadi. Bunda C  o‘zgarmas biror differensiallanuvchi  
)(xC  funk-siyaga tenglashtiriladi, ya‘ni C  o‘zgarmas variatsiyalanadi. 

Chiziqli differensial tenglamalarni yechishning ixtiyoriy 
o‘zgarmasni variatsiyalash usulida yechimning ko‘rinishini yodda saqlash 
shart emas, balki bu yechimni topish algoritmini bilish muhim: birinchi 
bosqichda berilgan tenglamaga  mos bir jinsli   tenglama yechiladi va 
ikkinchi bosqichda bir jinsli bo‘lmagan tenglamaning yechimi topilgan bir 
jinsli tenglamaning yechimi ko‘rinishida izlanadi, buhda ixtiyoriy o‘zgarmas 
o‘zgaruvchi miqdor deb hisoblanadi.  

U holda (1.7) tenglamaning umumiy yechimi 
   ))(( )()( CdxexQey dxxPdxxP  

ko‘rinishda bo‘ladi. 

13-misol. 3)1(
1

2



 xy

x
y tenglamani ixtiyoriy o‘zgarmasni 

variatsiyalash usuli bilan yeching. 
Berilgan tenglamaga mos bir jinsli tenglamani yechamiz: 

,0
1

2



 y

x
y    ,

1
2



xy

dy    ,ln|1|ln2ln Cxy     .)1( 2 xCy  

Berilgan tenglamaning yechimini  
2)1)((  xxCy  

ko‘rinishda izlaymiz.  
Bundan  

).1)((2)1)(( 2  xxCxxCy  
y va yni berilgan tenglamaga qo‘yamiz: 

32 )1()1)((2)1)((2)1)((  xxxCxxCxxC . 
U holda 

),1()(  xxC   .
2

)1()(
2

CxxC 


  

Demak, berilgan tenglamaning umumiy yechimi: 

.
2

)1()1(
2

2 






 


 Cxxy  
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14-misol. O‘zgarmas elektr toki zanjirida qisqa tutashuv vaqtida tok 
kuchining o‘zgarish qonunini toping. 

Agar R zanjirning qarshiligi, E tashqi elektr yurituvchi kuch 
(EYK) bo‘lsa, u holda )(tII  tok kuchi noldan 

R
E  qiymatgacha o‘sib boradi. 

L  zanjirning induksiya koeffitsiyenti bo‘lsin. U holda tok kuchining 
har qanday o‘zgarishida zanjirda qiymati 

dt
dIL  ga teng va tashqi EYKga 

qarama-qarshi yo‘nalgan EYK hosil bo‘ladi. Om qonuniga ko‘ra  har bir  
t  vaqtda tok kuchining qarshilikka ko‘paytmasi qarama-qarshi yo‘nalgan 
tashqi va ichki  EYKlar yig‘indisiga teng bo‘ladi: 

dt
dILEIR     yoki    ).,,( constRLE

L
EI

L
R

dt
dI

  

Oxirgi tenglama bir jinsli bo‘lmagan chiziqli differensial tenglama.  
Bu tenglamaga mos bir jinsli tenglamani yechamiz: 

,0 I
L
R

dt
dI   ,dt

L
R

I
dI

    ,lnln Ct
L
RI     .

t
L
R

CeI


  

Tenglamaning yechimini t
L
R

exCI


 )(  ko‘rinishda izlaymiz.  
Bundan  

.)()(
t

L
Rt

L
R

e
L
RxCexCI


  

I va I ni berilgan tenglamaga qo‘yamiz: 

.)()()(
L
EexC

L
Re

L
RxCexC

t
L
Rt

L
Rt

L
R


  

U holda 

,)(
t

L
R

e
L
ExC    .)( Ce

R
ExC

t
L
R

  

Demak, berilgan tenglamaning umumiy yechimi: 

.
t

L
R

eC
R
EI


  

0t  da 0)( tI . Shu sababli .
R
EC    

Demak , izlanayotgan  qonun 







 

 t
L
R

e
R
EI 1  

tenglama bilan ifodalanadi. 
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Bernulli     tenglamasi 

Ushbu  
                        2,)()(  nyxQyxPy n                                        (1.9) 

ko‘rinishdagi tenglamaga Bernulli tenglamasi deyiladi.  
Bu tenglama  nyz  1 , yynz n  )1( o‘rniga qo‘yishlar orqali chiziqli 

tenglamaga keltiriladi:  
QnPznz )1()1(  . 

Izoh.1. Bernulli tenglamasidan 0n  bo‘lganda chiziqli tenglama,  
1n  bo‘lganda o‘zgaruvchilari ajraladigan tenglama kelib chiqadi.  
2. Bernulli tenglamasini bevosita vuy   o‘rniga qo‘yish orqali yoki  

ixtiyoriy o‘zgarmasni variatsiyalash usuli bilan yechish mumkin.  

15-misol. 3xyxyy    tenglamaning umumiy yechimini toping.  
    Bernulli tenglamasi berilgan:  3n . 

231   yyz  belgilash kiritamiz va berilgan tenglamani   

xxzz 22   
ko‘rinishga keltiramiz. 

,uvz    uvvuz    o‘rniga qo‘yish bajaramiz: 

.2)2( xxvvuvu   
       Bu tenglamadan 








.2
,02

xvu
xvv  

sistema kelib chiqadi. 
Birinchi tenglamani integrallab 2xev   xususiy yechimga ega bo‘lamiz  

va uni ikkinchi tenglamaga qo‘yamiz: 

xeu x 2
2

    yoki   2

2 xxedu  . 
Bundan  

.
2

Ceu x    
U holda  

)(
22 xx eCez      yoki     2

1 xCez  . 

Demak, berilgan Bernulli tenglamasining umumiy yechimi: 

        2

12 xCey      yoki     .1)1(
22  xCey  
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To‘liq   differensialli   tenglamalar 

 Agar  
                            0),(),(  dyyxNdxyxM                                    (1.10) 

tenglamaning chap qismi biror  ),( yxu  funksiyaning to‘liq differensiali, ya’ni  
dyyxNdxyxMdu ),(),(   

bo‘lsa,  (1.10) tenglamaga to‘liq differensialli tenglama deyiladi. 
Agar  

x
N

y
M






   shart bajarilsa (1.10) to‘liq differensialli tenglama  

bo‘ladi. Bunda (1.10) tenglamaning umumiy yechimi  

   










 Cdydx
y

MyxNdxyxM ),(),(                      (1.11) 

formula bilan aniqlanadi. 

16-misol. 0)cos()sin(  dyyexdxyey xx  tenglamaning umumiy 
yechimini toping. 

Tenglamada  ,sin),( yeyyxM x   .cos),( yexyxN x  

Bunda ,cos1 ye
y

M x

   ,cos1 ye

x
N x

   ya’ni  .

x
N

y
M






  

Demak,  tenglama to‘liq differensialli. 
        ),( yxM

x
u



  bo‘lgani uchun .sin yey

x
u x

  Bu tenglikni x  bo‘yicha  

integrallaymiz :   
)(sin yyeyxu x  .    

Bundan  
yeyxuy x sin)(   va .cos)( yex

y
uy x



  

Bunda ),( yxN
y
u



  ekani inobatga olinsa 0)(  y bo‘ladi. U holda   Cy )( . 

Demak,  
Cyxyeu x  sin   yoki   Cyeyx x  sin . 

 
x
N

y
M






  shart bajarilmasa (1.10) tenglama to‘liq differensialli 

bo‘lmaydi. Bunday tenglamani integrallovchi ko‘paytuvchi deb ataluvchi  
),( yx  funksiyaga ko‘paytirish orqali to‘liq differensialli tenglamaga  

keltirish mumkin. 
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),( yx  integrallovchi ko‘paytuvchi 
























y
M

x
NN

x
M

y
  

xususiy hosilali differensial tenglama yechimidan iborat bo‘ladi.  
Integrallovchi ko‘paytuvchini quyidagi hollarda oson topiladi: 

1) )(xF
N

x
N

y
M








  bo‘lganda   u    dxxFex )()(   kabi aniqlanadi;  

2)  )(y
M

y
M

x
N








 bo‘lganda u   dyyey )()(  kabi aniqlanadi.  

17-misol. 0)( 2  xdydxyx   tenglamaning umumiy yechimini toping. 
Tenglamada  ,),( 2 yxyxM    .),( xyxN   

Bundan  ,1



y
M ,1




x
N   ya’ni .

x
N

y
M






   

Demak,  tenglama to‘liq differensialli emas.  
Berilgan tenglama uchun integrallovchi ko‘paytuvchini topamiz:   

,211)(
xxN

x
N

y
M

xF 









      

.1)(
2

ln22)(

x
eeex xx

dx
dxxF     

Berilgan tenglamani )(x ga ko‘paytiramiz: 

011
2







  dy

x
dx

x
y . 

Bu tenglamada  
.1

2xx
N

y
M







  

      Tenglamaning yechimini (1.11) formula bilan topamiz:  

   




















  ,111 22 Cdydx

xx
dx

x
y     






  .11 Cdy

xxx
yx  

Demak, 
.C

x
yx   
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3.1.3. Ushbu 
0),,( yyxF                                          (1.12) 

ko‘rinishdagi tenglamaga hosilaga nisbatan yechilmagan differensial 
tenglama deyiladi. 

(1.12)  tenglamani integrallashning ayrim usullarini keltiramiz. 
o1 .  (1.12) tenglama 

0)( yF                                               (1.13) 
ko‘rinishda berilgan bo‘lib, bunda tenglamaning hech bo‘lmaganda bitta 

iky   yechimi mavjud bo‘lsin.   
       U holda  

0





 

x
CyF  

bo‘ladi. 

18-misol. 0632 45  yyy   tenglamani yeching. 
ky   berilgan tenglamaning yechimi bo‘lsin.  U holda  kdxdy    dan  

Ckxy   bo‘ladi.   Bundan  

.
x

Cyky 
  

Demak, berilgan tenglamaning yechimi 

.0632
45







 







 







 

x
Cy

x
Cy

x
Cy  

o2 . (1.12) tenglama 
0),( yyF                                           (1.14) 

ko‘rinishda bo‘lsin. Bu tenglamani y  ga nisbatan yechish oson bo‘lmaganda 
t  parametr kiritiladi va (1.14) tenglama ikkita parametrik tenglama bilan 
almashtiriladi: 

10),(),( ttttyty   , bu yerda );(,0))(),(( 10 tttttF  . 
      Bunda  (1.14) tenglamaning yechimi  

Cdt
t
tx 


  )(

)(

 ,   )(ty   

parametrik tenglamalar bilan aniqlanadi. 

19-misol. 13
2

3
2

 yy   tenglamaning umumiy yechimini toping. 
tyty 33 sin,cos    bo‘lsin.  
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U holda  

.
sin
cos3

sin
sincos3

2

2

3

2

dt
t
tdt

t
tt

y
dydx   

Bundan 

  .33
sin
cos3 2

2

Cctgttdt
t
tx        

Demak, berilgan tenglamaning yechimi 
,33 Cctgttx   ty 3cos  

parametrik tenglamalar bilan aniqlanadi. 

(1.14) tenglamani y  ga nisbatan yechish oson bo‘lganda parametr yp   
parametr kiritiladi.  

Bunda  (1.14) tenglamaning yechimi  
Cdp

p
px 


 

)( ,    )( py   

parametrik tenglamalar bilan aniqlanadi. Bu tengliklardan p  parametr  
yo‘qotilsa, 0),,(  Cyx  yechim kelib chiqadi. 

20-misol. 32 4yyy    tenglamaning umumiy yechimini toping. 
py   bo‘lsin. U holda tenglama 

32 4 ppy  . 
ko‘rinishga keladi.  Bundan 

,)122( 2 pppy     ,)122( 2 pppp     .0))61(21(  ppp  
U holda 

,0)61(21  pp    ,)61(21 pp    ,)61(2 dppdx     .62 2 Cppx   
Demak, berilgan tenglamaning yechimi 

,62 2 Cppx   32 4 ppy   
parametrik tenglamalar bilan aniqlanadi. 

Bundan tashqari tenglama  








0
,4 32

p
ppy

  yoki 0y  

maxsus yechimga ega. 
o3 . (1.12) tenglama 

0),( yxF                                          (1.15) 
ko‘rinishda bo‘lsin. Bu tenglamani y  ga nisbatan yechish oson bo‘lmaganda  
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t  parametr kiritiladi: 
10),(),( ttttytx   , bu yerda );(,0))(),(( 10 tttttF  .  

      Bunda  (1.15) tenglamaning yechimi  
Cdttty   )()(  ,   )(tx   

parametrik tenglamalar bilan aniqlanadi. 
(1.15) ni y  ga nisbatan yechish oson bo‘ganda yp  parametr kiritiladi 

va quyidagi yechimlar topiladi: 
Cdpppy   )( , )( px  . 

Bu tengliklardan p  parametrni yo‘qatilsa, 0),,(  Cyx   yechim kelib chiqadi. 

21-misol. yyx  cos   tenglamaning umumiy yechimini toping. 
Berilgan tenglamani  

py  ,  ppx cos  
ko‘rinishda yozamiz.  
       Bu tengliklardan 

p
dydx  ,   dppppdx )sin(cos   

yoki 
dpppppdy )sin(cos   

tenglik kelib chiqadi.  
Uni integrallaymiz: 

.cossincos2 Cpppppy   
Demak, berilgan tenglamaning yechimi 

ppx cos ,  Cpppppy  cossincos2  
parametrik tenglamalar bilan aniqlanadi. 

o4 . (1.12) tenglama 
)()( yyxy                                         (1.16) 

ko‘rinishda bo‘lsin, bu yerda  )(),( yy   yning ma’lum funksiyalari.  
       (1.16) tenglamaga Lagranj tenglamasi deyiladi.  Lagranj tenglamasi  
y  ga nisbatan yechilgan bo‘lgani sababli yp  parametr kiritiladi va u 

)()( ppxy    
ko‘rinishga keltiriladi. Bu tenglama x  bo‘yicha differensiallanadi va )( pxx   
noma’lumga nisbatan chiziqli 

)()())(( ppx
dp
dxpp    
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tenglama keltirib chiqariladi. Bu tenglamaning ),( Cpx   yechimi va  
)()( ppxy     tenglamadan p  parametrni yo‘qotib, (1.16) tenglamaning 

umumiy integralini topiladi: 
).,( Cxy   

)()( ppxy    tenglamaga o‘tishda 
dx
dp  bo‘lish bajariladi. Bunda 

0
dx
dp , ya’ni constpp  0 yechim tushib qolishi mumkin. Parametrning bu 

qiymati 0)(  pp   tenglamaning yechimi bo‘ladi. Shu sababli  
)()( 00 ppxy    yechim Lagranj tenglamasining maxsus yechimi bo‘ladi. 

22-misol. 2)1( yyxy    tenglamaning umumiy yechimini toping. 
Berilgan tenglama Lagranj tenglamasi.   Bu tenglamani py  deb,      

2)1( ppxy   
ko‘rinishda yozamiz va differensiallaymiz: 

ppxpy  )2()1( .    
Bundan 

ppxpp  )2()1( ,  ,0)2(1  ppx   ,02  pxx    pxx 2    
chiziqli tenglama kelib chgiqadi.  
       Bu tenglamaning yechimi  

pCepx  22  
bo‘ladi. 

Demak, berilgan tenglamaning yechimi 
pCepx  22 ,  2)1()22( ppCepy p   . 

o5 . (1.19) tenglama 
)(yyxy                                             (1.17) 

ko‘rinishda bo‘lsin, bu yerda )( y  yning ma’lum funksiyasi. 
(1.16) tenglamaga Klero tenglamasi deyiladi. 

Klero tenglamasi  yechishda yp  parametr kiritiladi.  
Bunda (1.17) tenglamaning 

)(CxCy   
ko‘rinishdagi umumiy yechimi kelib chiqadi. 

 0)(  px   bo‘lganda (1.16) tenglamaning  xususiy yechimi  
)(),( pxpypx    

parametrik tenglamalar bilan aniqlanadi. Bu yechim Klero tenglamasining 
maxsus yechimi bo‘ladi. 
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23-misol. yyxy  cos   tenglamaning umumiy yechimini toping. 
Berilgan tenglama Klero tenglamasi. Bu tenglamani py  deb,      

pxpy cos  
ko‘rinishda yozamiz va differensiallaymiz: 

ppxpp  )sin( .    
Bundan 

0)sin(  ppx     
tenglik kelib chiqadi. Bu tenglikdan 0p  yoki  Cp   kelib chiqadi. 

 U holda berilgan tenglama 
CxCy cos  

yechimga ega bo‘ladi. 
0sin  px  yoki  px sin  da tenglama maxsus yechimga ega bo‘ladi. 

Bundan  xp arcsin   yoki  xy arcsin  kelib chiqadi. Bu tenglamani  
integrallab berilgan tenglamaning maxsus yechimini topamiz: 

21arcsin xxxy  +C 

 
Mashqlar 

  3.1.1. Massasi m  ga teng o‘q qarshilik kuchi o‘q tezligining kvadratiga 
proporsional bo‘lgan devorni teshib o‘tmoqda. O‘q harakat qonunining  
tenglamasini tuzing. 

  3.1.2. Dvigateli o‘chirilgandan keyin qayiq harakatini suvning qayiq 
tezligiga proporsional qarshilik kuchi ta’sirida sekinlatmoqda. Qayiq harakat  
qonunining tenglamasini tuzing. 

  3.1.3. Agar havoning qarshiligi sportchi tezligining kvadratiga 
proporsional bo‘lsa, sportchining parashutda tushishi qonini tenglamasini  
tuzing (havo  zichligining o‘zgarishi hisobga olinmaydi).  

  3.1.4. Massasi m  ga teng material nuqta  t  vaqtga to‘g‘ri proporsional 
va v  harakat tezligiga teskari proporsional kuch ta’sirida to‘g‘ri chiziqli  
harakat qilmoqda. Material nuqta harakat qonunining tenglamasini tuzing. 

  3.1.5. Tekislikdagi egri chiziqning ixtiyoriy  M nuqtasiga o‘tkazilgan 
urinmaning urinish nuqtasi va abssissalar o‘qi orasidagi kesmasi ordinatalar 
o‘qi bilan kesishish nuqtasida teng ikkiga bo‘linadi. M  nuqta harakat qonuni  
tenglamasini tuzing. 
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  3.1.6. Tekislikdagi egri chiziqning ixtiyoriy  M nuqtasiga o‘tkazilgan 
urinma, urinish nuqtasining radius vektori va abssissalar o‘qi hosil qilgan 
uchburchakning yuzi S  ga teng. M  nuqta harakat qonuni tenglamasini  
tuzing. 

  3.1.7.  Berilgan funksiya  mos differensial tenglamaning yechimi 
ekanini ko‘rsating: 
  1) ;0,2 2

2  dydxxy
x

y                      

  2) ;0)(,)( 2  dxdyyxCyxarctgy  

  3) ;0)1(,4  dxdyyxexy y           4) ,, tt eytex  .0)1( 2  dxydyxy   

          3.1.8. O‘zgaruvchilari ajraladigan differensial tenglamalarni yeching:   

  1) ;0 ydyxdx                                       2) ;0)13(2 2  dyyxdx   

  3) ;0
1


 y

dy
x
xdx                                       4) ;0

cosln


y
tgydy

x
dx  

  5) ;1
2

,0 






y

y
dyctgxdx                     6) ;

44
,0

sin
cos

cos
sin

33









 y

y
ydy

x
xdx  

  7) ;yxey                                               8) ;122  yxx  

  9)  ;tgytgxy                                       10) ;
2

sin
2

sin yxyxy 



  

11) ;011 22  dyxydxy                  12) ;0)1()1( 22  ydyxxdxy  

13) ;
2

,0lnsin eyyyxy 





                14) ;

2
1

4
,)12( 







yctgxyy  

15) ;1)1(,0)1()1(  yxdyyydxx       16) ;2)0(,0)1( 22  ydyedxye xx  
17) ;1 xyy                                      18) ;1)2(  yyx  
19) ;124  yxy                                 20) ).sin( xyy   

        3.1.9. Bir jinsli differensial tenglamalarni yeching:   

  1) ;0)2(  xdydxyx                             2) ;0)()(  dyyxdxyx   

  3) ;0)2()(  dyyxxdxyxy                 4) ;0)( 22  xdydxyxy  

  5) ;0)( 22  dyxyxydx                          6) ;0)( 222  dyxdxyxyx  
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  7) ;yeyx x
y








                                      8) ;
x
yxtgyyx   

  9) ;1)1(,0)(  ydyxxyydx           10) ;1)0(,0)3(2 22  ydyxyxydx  

11) ;0)12()12(  dyyxdxyx       12) ;0)42()2(  dyyxdxy  

13) ;0)122()2(  dyyxdxyx      14) .0)324()12(  dyyxdxyx  

3.1.10. Tenglamalarni bir jinsli tenglama ko‘rinishiga keltiring:   

  1) ;02)1( 322  xyyyx                           2) .42 yxy   

3.1.11. Parallel tarqatilgan nurlarni jamlovchi oyna tenglamasini tuzing 
(oyna Oxy  tekislikda qaralsin, nurlar Ox o‘qqa parallel tarqatilsin, nurlar  
O nuqtaga jamlansin). 

3.1.12.Tekislikdagi )1;0(A nuqtadan o‘tuvchi egri chiziqning ixtiyoriy 
M nuqtasiga o‘tkazilgan urinmaning Ox o‘qdagi proeksiyasi urinish nuqtasi  
koordinatalarining o‘rta arifmetigiga teng. Egri chiziq tenglamasini tuzing.         

3.1.13. Chiziqli differensial tenglamalarni yeching:   

  1) ;24)12( yxyx                               2) ;ctgxytgxy    
  3) ;0)( 2  dyyxydx                             4) .0)32(2  dyxydxy  

        3.1.14. Chiziqli differensial tenglamalarni ixtiyoriy o‘zgarmasni 
variatsiyalash usuli bilan yeching:   
  1) ;22 4xyyx                                      2) ;1ln2  x

x
yy   

  3) ;3)2(,0  yeyyx x                      4) .0)0(,
cos

1
 y

x
ytgxy  

3.1.15. Tekislikdagi )0;0(O nuqtadan o‘tuvchi egri chiziq ixtiyoriy 
nuqtasining burchak koeffitsiyenti bu nuqta koordinatalarining yig‘indisiga  
teng. Egri chiziq tenglamasini tuzing.         

3.1.16. m  massali material nuqta nolga teng boshlang‘ich tezlik bilan 
suvga tushirilmoqda. Nuqtaga o‘g‘irlik kuchi va tushish tezligiga 
proporsional suvning qarshilik kuchi ta’sir qilmoqda ( k proporsionallik  
koeffitsiyenti). Nuqta harakat tezligi tenglamasini tuzing.        
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        3.1.17. Bernulli tenglamalarini yeching:   

  1) ;0
1

2 


 y
x

yy                                2) ;42 yx
x
yy    

  3) ;
2
1

2 yx
yy                                      4) ;ln2 xyyyx                                        

  5) ;cos2 xyytgxy                              6) .1)0(,sin)1(
1
3 32

3

2




 yxxy
x
yxy  

3.1.18. To‘liq differensialli tenglamalarni yeching:   

  1) ;0)2()(  dyyxdxyx                     2) ;0)ln( 3  dyxydx
x
y   

  3) ;0)32()23( 2  dyxdxyx                4) ;0)2(   dyxeydxe yy  

  5) ;0sin)ln2( 







 dyy

y
xdxyx            6) .0)2()2( 2323  dyyxydxxyx  

3.1.19. Tenglamalarni integrallovchi ko‘paytuvchi yordamida to‘liq  
differensialli tenglamaga keltiring va yeching:   

  1) ;0)( 2  xdydxyx                             2) ;0)( 2  xdydxyxy   

  3) ;0cos)sin(  xdydxxe x                    4) .02sin)sin( 22  ydyxdxyx  

        3.1.20. Differensial tenglamalarni yeching:   

  1) ;2 yeyy                                              2) ;21 yyy    
  3) ;1 2yyy                                       4) ;)1( yeyy    
  5) ;23  yyx                                     6) ;ln2 yyx     
  7) ;ln2 yyx                                       8) ;12  yyx  

  9) ;
2
1

2
1 22 xyyx                             10) .)1( 2yxy           

        3.1.21. Lagranj va Klero tenglamalarini yeching:   

  1) ;)1( 2yyxy                                  2) ;32 yyxy    

  3) ;22 yyxy                                       4) ;2 yyxy    

  5) ;4yyxy                                         6) ;yyyxy     

  7) ;1
2y

yxy


                                       8) .1
y

yxy


  



 178 

3.2. YUQORI  TARTIBLI  DIFFERENSIAL  
TENGLAMALAR 

 
 Tartibini  pasaytirish  mumkin  bo‘lgan differensial tenglamalar  

 
3.2.1. Tartibi birdan yuqori bo‘lgan differensial tenglamaga yuqori 

tartibli differensial tenglama deyiladi. n tartibli oddiy differensial tenglama 
umumiy holda   

,2,0),...,,,,( )(  nyyyyxF n  
ko‘rinishda yoziladi, bu yerda x erkli o‘zgaruvchi, y noma’lum funksiya, 

 )(,...,, nyyy noma’lum funksiyaning hosilalari, F )1( n  o‘lchamli 
1nR sohada )1( n o‘zgaruvchining funksiyasi. 

        )(ny  ga nisbatan yechilgan n tartibli  differensial tenglama 
),...,,,,( )1()(  nn yyyyxfy  

ko‘rinishda ifodalanadi, bu yerda f berilgan funksiya.  
        n tartibli differensial tenglamaning umumiy yechimi deb, n ta  ixtiyoriy 
o‘zgarmasga bog‘liq bo‘lgan quyidagi shartlarni qanoatlantiruvchi 

),...,,,( 21 nCCCxy   funksiyaga aytiladi: 
a) y  nCCC ,...,, 21 ixtiyoriy o‘zgarmaslarning istalgan qiymatida (2.2) 

differensial tenglamani qanoatlantiradi;  
b) boshlang‘ich ,00

yy xx  00
yy xx   , ,00

yy xx   …, 0
)1()1(

0




  n
xx

n yy  shartlar 
har qanday bo‘lganda ham, ixtiyoriy o‘zgarmaslarning shunday nCCC ,...,, 21  
qiymatlarini topish mumkinki, ),...,,,( 21 nCCCxy   yechim boshlang‘ich  
shartlarni qanoatlantiradi, ya’ni  
















 ),...,,,(
...............

),,...,,,(
),,...,,(

21
)1(

0
)1(

0

2100

2100

n
nn

n

n

CCCxy

CCCxy
CCCxy






 

bo‘ladi. 
Differensial tenglamaning ,00

yy xx  00
yy xx   , ,00

yy xx   …, 
0

)1()1(

0




  n
xx

n yy  boshlang‘ich shart bo‘yicha xususiy yechimini topish 
masalasi Koshi masalasi deyiladi.  

Teorema.  Agar );...;;;;( )1(
00000
 nyyyyx  nuqtani o‘z ichiga olgan D  sohada  



 179 

),...,,,,( )1(  nyyyyxf funksiya  
)1(

,...,,,












ny
f

y
f

y
f

y
f  xususiy hosilalari bilan 

uzluksiz bo‘lsa, u holda ),...,,,,( )1()(  nn yyyyxfy differensial tenglamaning 
,00

yy xx  00
yy xx   , ,00

yy xx   …, )1(
0

)1(

0




  n
xx

n yy  shartlarni qanoatlantiruvchi  
yechimi   mavjud va  yagona  bo‘ladi.  

1-misol. 
x
yy

y


  differensial tenglama yechimining mavjudlik va  

yagonalik sohasini toping. 

x
yy

yyxf


),,(  funksiya  va uning 
x
y

y
f 



  xususiy hosilasi 

0,0  yx  da uzluksiz.  
yx

y
y
f






2

  xususiy hosila 0,0  yx  da uzluksiz.   

        Demak, berilgan  tenglama 0,0  yx  da  yagona yechimga ega  
bo‘ladi. 

  Ayrim hollarda n tartibli differensial tenglamaning shunday 
yechimini topish zaruriyati tug‘iladiki, bunda yechim qaralayotgan 
kesmaning chetki nuqtalarida berilgan qiymatlarni qabul qiladi. Bunday 
shartlar chegaraviy shartlar deyiladi. Tenglamaning chegaraviy shartlarini  
qanoatlantiruvchi yechimni topish masalasi chegaraviy masala deyiladi. 

       Yuqori tartibli differensial tenglamalarni yechish usullaridan biri  
tartibini pasaytirish usuli hisoblanadi.  

)()( xfy n     ko‘rinishdagi tenglama  

O‘ng tomoni kvadraturada integrallanuvchi, uzluksiz )(xf  funksiyadan  
iborat bo‘lgan )()( xfy n   tenglama bevosita integrallash orqali tartibi bittaga 
past bo‘lgan va bitta ixtiyoriy o‘zgarmasni o‘z  ichiga olgan differensial 
tenglamaga keltiriladi. Integrallash yana 1n  marta bajariladi va berilgan 
tenglamaning n ta ixtiyoriy o‘zgarmasni o‘z ichiga olgan umumiy yechimi 
topiladi: 

....
)!2()!1(

)))((...()(
2

2

1

1 n

nn

C
n
xC

n
xCdxdxxfxy 









    

2-misol. 2

ln
x

xy   differensial tenglamaning umumiy  yechimini toping. 

Tenglamaning o‘ng tomoni  faqat x  ga bog‘liq. Shu sababli 
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differensial tenglamaning chap va o‘ng tomonlarini ketma-ket uch marta  
integrallaymiz:  

,1ln1ln1
1,

,lnln
12

2

2
C

x
x

xx
dxx

x
x

v
x
dxdv

x
dxduxu

dx
x

xy 



   

,lnln
2
1lnlnlnln1

21
2

11 CxCxxxCxxxdxC
x

dxdxx
x

y    





 

xvdxdv
x

dxxduxuxCxCxdxdxxy
,

ln,ln
2
1

2
1lnln

2
1 2

2
2

1
2  

.
2
1ln

22
1lnlnln

2 32
2

1
2

32
2

1
2 CxCxCxxCxCxCxdxxdxxx    

3-misol. 260xy   tenglamaning ]2;1[  kesmada  ,91xy   ,342xy   
01

xy  chegaraviy shartlarni qanoatlantiruvchi xususiy yechimini toping. 
260xy   tenglamaning umumiy yechimini topish uchun uni ketma-

ket uch  marta integrallaymiz: 
,20 1

3 Cxy      ,5 21
4 CxCxy    .

2
1

32
2

1
5 CxCxCxy   

321 ,, CCC   o‘zgarmaslarni chegaraviy shartlardan aniqlaymiz: 

,
2
119 321 CCC      ,223234 321 CCC      .50 21 CC   

Bundan ,21 C   ,32 C .123 C   
Demak, izlanayotgan xususiy yechim  

.12325  xxxy  

0),...,,,( )()1()(  nkk yyyxF ko‘rinishdagi tenglama 

Noma’lum funksiya va uning )1( k  tartibgacha hosilalari oshkor 
qatnashmagan  0),...,,,( )()1()(  nkk yyyxF tenglamaning tartibi )()( xpy k   o‘rniga 
qo‘yish orqali k  birlikka pasaytiriladi:  

0),...,,,( )(  knppppxF . 
Bu tenglamani integrallash mumkin bo‘lsa, ya’ni 

),...,,,( 21 knCCCxp    yoki   ),...,,,( 21
)(

kn
k CCCxy   

yechim mavjud bo‘lsa, izlanayotgan )(xy funksiya ),...,,,( 21 knCCCx   
funksiyani k  marta integrallash orqali topiladi. 
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4-misol. Koshi masalasini yeching: xtgxyy 2sin , .1)0(,3)0(  yy  
Tenglamada y  oshkor qatnashmaydi. Shu sababli )(xpy  , py   

almashtirishlar bajaramiz.  
        U holda  

xptgxp 2sin  
birinchi tartibli chiziqli tenglama kelib chiqadi. Bunda 

.2sin)(,)( xxQtgxxP   
Bu tenglamani yechamiz: 

  )2(sin 1Cdxexep tgxdxdxtgx
  )2sin( 1

|cos|ln|cos|ln Cdxexe xx  
  )2sin(cos 1Cxdxx .cos2cos)cos2(cos 2

11 xxCCxx   
yoki 

.cos2cos 2
1 xxCy   

1)0( y  boshlang‘ich shartdan  topamiz: .3,21 11  CC  
U holda  

xxy 2cos2cos3   
bo‘ladi. Tenglamani integrallaymiz: 

22
2sinsin3 Cxxxy  . 

3)0( y  boshlang‘ich shartdan topamiz:  .3 2C  
Demak, berilgan Koshi masalasining yechimi 

.3cossinsin3  xxxxy  

5-misol. 0 yyx  differensial tenglamaning umumiy  yechimini 
toping. 

Tenglamada y  va yqatnashmaydi. Shu sababli )(xpy  , py   
almashtirishlar bajaramiz.  
        U holda  

0 ppx  
birinchi tartibli o‘zgaruvchilari ajraladigan tenglama kelib chiqadi.  

Bu tenglamani yechamiz: 
,

x
dx

p
dp

     ,ln||ln||ln 1Cxp     .1xCp   

Bundan   .1xCy   
      Oxirgi tenglamani ketma-ket ikki marta integrallab, berilgan 
tenglamaning umumiy yechimini topamiz: 

   .
6
1

32
3

1 CxCxCy   
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0),...,,( )(  nyyyyF ko‘rinishdagi tenglama 

x  erkli o‘zgaruvchi oshkor qatnashmagan 0),...,,( )(  nyyyyF  
tenglamaning tartibini pasaytirish uchun  )( ypy   o‘rniga qo‘yish orqali    
yangi noma’lum funksiya )( yp  va  yangi erkli o‘zgaruvchi y  kiritiladi. 

Bunda barcha nk
x
yy k

k
k ,...,2,1,)( 




  hosilalar p  funksiyaning y bo‘yicha 

hosilalari bilan almashtiriladi: ,p
dx
dyy          ,

dy
dpp

dx
dy

dy
dp

dx
dpy   

2

2

2
2

2

2






































dy
dpp

dy
pdp

yd
pdp

dy
dp

dy
dpp

dx
dy

dy
dpp

dy
d

dy
dpp

dx
dy va 

hokazo. 

      Bunda har qanday k tartibli k

k
k

x
yy




)(  hosila tartibi  )1( k dan katta 

bo‘lmagan p  funksiyaning y  bo‘yicha hosilalari bilan ifodalanadi. Shu 
sababli )1(,...,,  nyyy  hosilalar berilgan tenglamaga qo‘yilganda, uning  tartibi  
bittaga pasayadi. 

6-misol. 0)(3 2  yyy  differensial tenglamaning umumiy  yechimini 
toping. 

Tenglamada x  oshkor qatnashmaydi.  
Shu sababli )( ypy  almashtirish bajaramiz.  Bundan   

.,
2

2

2
2











dy
dpp

dy
pdpy

dy
dppy  

U holda berilgan tenglamadan 

02
2

2

2
2 




















dy
dp

dy
pdpp  

tenglik kelib chiqadi. Bu tenglikni 2p ga bo‘lamiz ( bunda 0p  yoki Cy   
yechim tushib qoladi): 

02
2

2

2











dy
dp

dy
pdp .     

Bu tenglamada ,t
dy
dp

  
dp
dtt

dy
pd
2

2

 o‘rniga qo‘yishlarni bajaramiz: 

02 2  t
dp
dtpt . 
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Bu tenglikni t ga bo‘lamiz ( bunda 0
dy
dpt  yoki 43 CxCy   yechim  

tushib qolishi mumkin; bu yechim avval tushib qolgan 0C yechimni o‘z 
ichiga oladi): 

02 
p

dp
t
dt .     

Bundan  2
1 pCt     yoki   2

1 pC
dy
dp

 .  Bu tenglikni integrallaymiz: 

21

1 CyC
p

   yoki .21 CyC
dy
dx

  

       Bundan 
.

2
1

32
2

1 CyCyCx   

      Demak,  berilgan tenglamaning yechimlari 
.,

2
1

4332
2

1 CxCyCyCyCx   

7-misol. 0)(1 2  yy  differensial tenglamaning umumiy  yechimini 
toping. 

Tenglamada x va y  oshkor qatnashmaydi. Shu sababli )( ypy   va 
)(xpy  o‘rniga qo‘yishlardan birini bajarish mumkin. Bunday hollarda 

soddaroq yechimga olib keluvchi almashtirish bajariladi. Shu sababli 
pyxpy  ),(  deymiz. U holda  

21 pp   
tenglama kelib chiqadi.  
       Bu tenglamani yechamiz: 

,
1 2

dx
p

dp



    ,arcsin 1Cxp     )sin( 1Cxp  . 

Bundan  
)sin( 1Cxy        yoki  21 )cos( CCxy  . 

0),...,,,,( )1(  nyyyyyF
dx
d  ko‘rinishdagi tenglama 

Chap tomoni x ning biror funksiyasi to‘liq differensialidan iborat bo‘lgan 
0),...,,,,( )1(  nyyyyyF

dx
d tenglamani ng tartibi  x bo‘yicha integrallash orqali  

bittaga kamaytiriladi.  
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8-misol. Koshi masalasini yeching: 0)( 2  yyy , .2)0(,1)0(  yy  

Tenglamani 02 y  ga bo‘lamiz:  02

2




y
yyy . Bu tenglamaning chap 

tomoni 
y
y  ifodaning to‘liq differensialidan iborat. Shu sababli berilgan 

tenglamadan  0






 
y
yd  tenglama kelib chiqadi.  Bu tenglamani yechamiz: 

,1C
y
y

   ,1dxC

y
dy

    ,lnln 21 CxCy    xCeCy 1

2 . 

21 ,CC  o‘zgarmaslarni boshlang‘ich shartlardan aniqlaymiz: .1,2 21  CC  
Bundan xey 2  kelib chiqadi. 
Nolga teng emas deb faraz qilingan 0y  berilgan tenglamaning yechimi 

bo‘ladimi? Buni tekshiramiz: Cy   tenglamaning yechimi bo‘ladi, chunki 
0y  berilgan tenglamaga qo‘yilsa, 00  ayniyat hosil bo‘ladi. Bu yechim 

berilgan Koshi masalasining yechimi bo‘lmaydi, chunki misolning shartiga 
ko‘ra .1)0( y   

Demak,  berilgan Koshi masalasining yechimi:  .2xey   

9-misol. )1(  yyyy  differensial tenglamaning umumiy  yechimini 
toping. 

Tenglamani 0)1( yy  ga bo‘lamiz: 

y
y

y
y 




1

. 

      Oxirgi tenglamani 
ydyd ln)1ln(   

ko‘rinishda yozish mumkin.   Bundan  
1lnln)1ln( Cyy    yoki   yCy 11 . 

      Bu tenglamani yechamiz: 
,11  yC

dx
dy   ,

11

dx
yC
dy




  ,
11

dx
yC
dy




   ,ln1ln1
21

1

CxyC
C

    

.1
1

2
1

xCeC
C

y   

Nolga teng emas deb faraz qilingan  0y  va  01y  (yoki 1Cxy  )  
berilgan tenglamaning yechimlari bo‘ladi, chunki har ikkala holda  
yechimlar tenglamaga qo‘yilsa, 00  ayniyat hosil bo‘ladi.  
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Noma’lum funksiya va uning hosilalariga nisbatan bir jinsli bo‘lgan 
0),...,,( )(  nyyyxF  ko‘rinishdagi tenglama 

Chap tomoni noma’lum funksiya va uning hosilalariga nisbatan bir jinsli 
funksiyadan iborat, ya’ni  ),...,,,(),...,,,( )()( nnn yyyxFttyyttxxF   bo‘lgan 
  0,...,,, )(  nyyyxF  tenglamaning tartibini pasaytirish uchun yzy   o‘rniga 

qo‘yish bajariladi hamda yy  ,  va boshqa hosilalar topiladi: 
);()( 22 zzyzyyzzyzyyzy    )3( 3 zzzzyy   va hokazo. 

Bunda hosilalarning har biri y  ko‘paytuvchini o‘z ichiga oladi. Berilgan 
tenglamaning chap tomoni bir jinsli funksiya bo‘lgani uchun ,...,, yyy   lar  

,...,, ytytty   lar bilan almashtirilganda bu funksiya o‘zgarmaydi. Shu sababli 

y
t 1
 o‘rniga qo‘yish orqali tenglamadan y ni yo‘qotish mumkin bo‘ladi va  

tenglamaning tartibi bittaga pasayadi. 

10-misol. 0)( 22  yxyyyx  differensial tenglamaning umumiy  
yechimini toping. 

Tenglamani chap tomoni  yyy ,,  larga nisbatan bir jinsli, chunki 
),,,())(()(),,,( 222222 yyyxFtyxyyyxtytxtyytytxytyttyxF  . 

Shu sababli yzy   va )( 2 zzyy   o‘rniga qo‘yishlar bajaramiz.  
       U holda berilgan tenglamadan 

0)()( 2222  xyzyzzyx    yoki     0)1()( 2222  xzzzxy  
kelib chiqadi. 
       0y  berilgan tenglamaning yechimi bo‘ladi. 0y  da topamiz: 

021 22222  zxxzzxzx . 
Bundan 

2

12
x

z
x

z  . 

      Tenglamani yechamiz: 

.11
2
1

1

2

2

2

x
C

x
Cdxe

x
ez x

dx
x
dx








  


  

U holda  yzy   dan  zdxeCy 2  kelib chiqadi.  Bundan 
 






 

 
dx

x
C

xzdx eCeCy 2
11

22    yoki 

.
1

2
x

C

xeCy


  
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Mashqlar 

 3.2.1. 21 CxCctgy   ifoda 2)(2 ytgyy   differensial tenglamaning 
yechimi ekanini ko‘rsating. 

 3.2.2. 32
2
3

1 )2(3 CxCxCy   ifoda 3)(yy   differensial tenglamaning  
yechimi ekanini ko‘rsating. 

        3.2.3. yyy  ln  differensial tenglama yechimining mavjudlik va  
yagonalik sohasini toping. 

        3.2.4. yxxy  2  differensial tenglama yechimining mavjudlik va  
yagonalik sohasini toping.        

        3.2.5. Differensial tenglamalarni yeching: 

  1) ;
1

1
2x

y


                                                  2) ;ln xxy   

  3) ;2cos xy                                                   4) ;3xIV ey   
  5) ;1)(2 2  yyyx                                          6) ;0ln  yyxx  
  7) ;0)1(  yyx                                          8) ;)( 22 xeyyy x  
  9) ;)( 22 yyyyy                                        10) ;0)(2 3  yyy  
11) ;1)( 2  yyy                                            12) ;)()( 32 yyyy   
13) ;2)1( 2 xyxyx                                    14) ;2 yyxyx   
15) ;)( 2 xyyy                                            16) ;12  xyyx  
17) ;0)(  yyxyyxy                                 18) .4)(32 22 yyyy   

        3.2.6. Koshi masalasini yeching: 

  1) ;1
4

;
2
2ln

4
,

cos
1

2 














 yy
x

y              2) ;1)0(;2)0(,sin  yyxxy  

  3) ;1)2(,1)2(;2)2(,0)1(  yyyyxy  4) ;4)2(;0)2(,
2







 yy
y
x

x
yy  

  5) ;1
2

;
22

,)(2 2 












  yyytgyy            6) ;1)0(;0)0(,2  yyey y                        

  7) ;3)1()1(,)( 2  yyyyyxyxy                8) .0)0(;1)0(,)( 22  yyyyyy  
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   3.3. CHIZIQLI  BIR  JINSLI   
DIFFERENSIAL TENGLAMALAR 

Ikkinchi tartibli chiziqli bir jinsli differensial tenglamalar.   
Ikkinchi tartibli chiziqli bir jinsli o‘zgarmas koeffitsiyentli  

differensial tenglamalar. Yuqori   tartibli   chiziqli   
 bir   jinsli differensial   tenglamalar 

3.3.1. Ushbu 
0)()(  yxqyxpy                                        (3.1) 

ko‘rinishdagi tenglamaga ikkinchi tartibli chiziqli bir jinsli differensial 
tenglama deyiladi, bu  yerda )(),( xqxp erkli o‘zgaruvchi  x ning uzluksiz 
funksiyalari. 
         Agar (3.1) tenglamaning )(1 xy  va  )(2 xy  yechimlari uchun kamida 
bittasi nolga teng bo‘lmagan shunday 21,   o‘zgarmaslar topilsa va istalgan 

);( bax da 
0)()( 2211  xyxy                                        (3.2) 

tenglik bajarilsa, )(1 xy  va  )(2 xy  yechimlarga );( ba intervalda chiziqli bog‘liq 
yechimlar deyiladi. 

Agar istalgan );( bax  uchun (3.2) tenglik faqat 021   bo‘lganda 
bajarilsa, )(1 xy  va  )(2 xy  yechimlarga );( ba intervalda chiziqli erkin 
yechimlar deyiladi. 

(3.1) tenglamaning  )(1 xy  va  )(2 xy  chiziqli erkin yechimlari to‘plamiga 
bu tenglamaning  fundamental yechimlari sistemasi deyiladi. 

)(1 xy  va  )(2 xy  yechimlar va ularning  hosilalaridan tuzilgan 

)()(
)()(

),()(
21

21
21 xyxy

xyxy
yyWxW


                                  (3.3) 

diterminantga Vronskiy determinanti (yoki vronskian) deb ataladi. 
1-teorema. Agar (3.1) tenglamaning )(1 xy  va  )(2 xy  yechimlari  ];[ ba  

kesmada chiziqli bog‘liq bo‘lsa, u holda istalgan ];[ bax  da  0)( xW bo‘ladi. 
2-teorema. Agar )(1 xy  va  )(2 xy   ];[ ba  kesmada (3.1) tenglamaning 

chiziqli erkin yechimlari bo‘lsa, u holda Vronskiy determinanti bu 
kesmaning hech bir nuqtasida nolga teng bo‘lmaydi. 
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1-misol. Berilgan funksiyalarni chiziqli bog‘liqlikka tekshiring: 
  1) arctgxy 1  va  arcctgxy 2 ;                    2) xy 2cos11   va xy 2

2 cos .  
    1) arctgxy 1  va arcctgxy 2 funksiyalar  );( x aniqlangan. 
        Vronskianni hisoblaymiz: 








22

21

1
1

1
1),(

xx

arcctgxarctgx
yyW  

.,0
)1(2

)(
1

1
22 Rx

x
arcctgxarctgx

x








  

Demak, arctgx  va arcctgx  funksiyalar Rx da chiziqli erkin bo‘ladi. 

2) xy 2cos11   va xy 2
2 cos  funksiyalar  );( x aniqlangan. Bunda 







xxx
xx

yyW
sincos22sin2

cos2cos1
),(

2

21   

.02sincos22sincos22sincos2)2sin)(2cos1( 222  xxxxxxxx       
Demak, x2cos1  va x2cos  funksiyalar Rx da chiziqli bog‘liq bo‘ladi. 

 Agar )(1 xy  va  )(2 xy   xususiy yechimlar ],[ ba  kesmada fundamental 

sistema tashkil qilsa,  istalgan ];[ bax da const
xy
xy


)(
)(

1

2  bo‘ladi. 

3-teorema.  Agar (3.1) tenglamaning  ikkita )(1 xy  va  )(2 xy  xususiy 
yechimi  ];[ ba  kesmada fundamental sistema tashkil qilsa, u holda  
(3.1) tenglamaning umumiy yechimi  

)()()( 2211 xyCxyCxy  ,                                     (3.4) 
ko‘rinishda bo‘ladi, bu yerda 21, CC ixtiyoriy o‘zgarmaslar. 

2-misol. xy 1  va  2
2 xy   funksiyalar 022

2  y
x

y
x

y  tenglamaning 

fundamental yechimlari sistemasini tashkil etishini ko‘rsating va 
tenglamaning umumiy yechimini toping. 

xy 1  va 2
2 xy   larni 022

2  y
x

y
x

y  tenglamaga qo‘yamiz:   

xy 1 da   ;0212022
2 

xx
x

x
x

x
x  

2
2 xy  da    .022222)(2)( 2

2
22  x

x
x

x
x

x
x  

Demak,  xy 1  va  2
2 xy   funksiyalar 022

2  y
x

y
x

y  tenglamaning  
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xususiy yechimlari bo‘ladi. 
Berilgan tenglamada 2

2)(,2)(
x

xq
x

xp  . Shu sababli xy 1  va  2
2 xy   

yechimlarning yagonalik sohasi  }0:),{(  xyxD . D  sohada 

constx
x
x

y
y


2

1

2 .  Demak, xy 1  va  2
2 xy   yechimlar  fundamental sistema 

tashkil qiladi va berilgan tenglamaning umumiy yechimi 
2

21 xCxCy  . 

      (3.1) tenglamaning umumiy yechimini topish uchun uning 
fundamental sistema tashkil qiluvchi ikkita xususiy yechimini bilish yetarli 
bo‘ladi.   
       Agar xususiy yechimlardan bittasi 1y  berilgan bo‘lsa, 2y  yechim 

dxe
y

yy
x

x

dxxp




 0

)(

2
1

12

1                                           (3.5) 

formula bilan aniqlanadi. 

3-misol.  0
1

2
1

2
22 





 y

x
y

x
xy  tenglamaning xy 1  xususiy yechimi 

ma’lum bo‘lsa, uning umumiy yechimini toping. 
   Berilgan tenglamada 22 1

2)(,
1

2)(
x

xq
x
xxp





   va yechimlarning 

yagonalik sohasi  }.1,1:),{(  xxyxD  
Ikkinchi xususiy yechimni (3.5) formula bilan topamiz: 













   dx

xx
x

xx
dxxdxe

x
xdxe

x
xy x

dx
x
xx

2222
|1|ln

2

1
2

22 1
11

)1(
11 2

0
2  

.1
1
1ln

21
1ln

2
11

















x
xx

x
x

x
x  

Bunda xususiy yechim izlanayotgani uchun integrallash o‘zgarmasi nolga  
teng deb olindi.   

xy 1  va  1
1
1ln

22 




x
xxy  yechimlar uchun const

xx
xx

y
y






1

1
1ln

21

2 .     

Demak, yechimlar fundamental sistema tashkil qiladi va tenglamaning 
umumiy yechimi 














 1
1
1ln

221 x
xxCxCy . 
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4-misol.  Bir jinsli chiziqli ikkinchi tartibli differensial tenglamaning 
fundamental yechimlari xy 1 va xey 2

2   dan iborat. Bu tenglamani tuzing. 
   Berilgan yechimlar uchun vronskianni tuzamiz: 

)12(2
21

)( 222
2

2

 xeexe
e

ex
xW xxx

x

x

. 

Demak, yechimlarning yagonalik sohasi  .
2
1:),(






  xyxD  

D  sohada tenglamaning umumiy yechimi xeCxCy 2
21   bo‘ladi. 

Bundan xeCCy 2
21 2 ,  xeCy 2

24 . Bu tengliklardan topamiz: 

),2(
2
1

1 yyC     .
4
1 2

2 yeC x    

1C  va 2C  ning topilgan qiymatlarini xeCxCy 2
21   ifodaga qo‘yib, 

almashtirishlar bajaramiz: 
,

4
1)2( 22 xx eyexyyy       ,244 yyxyxy   

,044)21(  yyxxy     .0
21

4
21

4






 y

x
y

x
xy  

Demak, izlanayotgan tenglama  
.0

21
4

21
4







 y
x

y
x

xy  

3.3.2. (3.1) tenglamaning xususiy holi bo‘lgan 
0 qyypy                                              (3.6) 

tenglamaga ikkinchi tartibli chiziqli bir jinsli o‘zgarmas koeffitsiyentli 
differensial tenglama deyiladi, bu yerda qp, o‘zgarmas haqiqiy sonlar. 

Ushbu 
02  qpkk .                                           (3.7) 

algebraik tenglamaga (3.7) differensial tenglamaning  xarakteristik  
tenglamasi deyiladi.       

 1k  va 2k  (3.7) xarakteristik tenglamaning ildizi bo‘lsin.  
         U holda (3.6) differensial tenglamaning yechimi  quyidagi uch 
formuladan biri bilan topiladi:  

 1) agar 1k  va 2k  haqiqiy va  21 kk   bo‘lsa, u holda  
xkxk eCeCy 21

21  ;                                       (3.8) 
2) agar kkk  21  bo‘lsa, u holda             

       )( 21 xCCey kx  ;                                        (3.9) 
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3) agar  ik 1 va   ik2  kompleks-qo‘shma bo‘lsa, u holda 
)sincos( 21 xCxCey x   .                          (3.10) 

5-misol.  Differensial tenglamaning umumiy yechimini toping: 
  1) 023  yyy ;            2) 096  yyy ;             3) 052  yyy .                                        

      1) Ikkinchi tartibli chiziqli bir jinsli o‘zgarmas koeffitsiyentli 
differensial tenglama berilgan.  
      Uning xarakteristik tenglamasini tuzamiz:  

0232  kk . 
Bu  tenglama  haqiqiy va har xil ildizlarga ega: ,11 k 22 k .  

U holda uning umumiy yechimi  
xx eCeCy 2

21
   

ko‘rinishda bo‘ladi. 

2) Tenglamaning  xarakteristik tenglamasini tuzamiz:  
0962  kk . 

Bu  tenglama ikkita  bir xil haqiqiy  ildizga ega: .321  kkk   
        Demak, tenglamaning umumiy yechimi   

).( 21
3 xCCey x   

3)  0522  kk  xarakteristik tenglama  ik 211   va ik 212   
ildizlarga ega.  Bundan  1  va 2 .  

 U holda tenglamaning umumiy yechimi   
)2sin2cos( 21 xCxCey x    

ko‘rinishda bo‘ladi. 

3.3.3. Ikkinchi tartibli chiziqli bir jinsli differensial tenglama uchun 
qabul qilingan ta’riflar va  olingan natijalarni  

0)()(...)( 1
)1(

1
)(  

 yxayxayxay nn
nn                          (3.11) 

ko‘rinishdagi )2(  nn tartibli chiziqli bir jinsli differensial tenglama uchun 
tatbiq etish mumkin.  
         Xususan: 
         1. Agar (3.11) tenglamaning  nyyy ,...,, 21  yechimlari uchun kamida 
bittasi nolga teng bo‘lmagan shunday  n ,...,, 21   o‘zgarmaslar topilsa va 
istalgan );( bax da   

0...2211  nn yyy                                    (3.12) 
tenglik bajarilsa, nyyy ,...,, 21  yechimlarga chiziqli bog‘liq yechimlar deyiladi. 
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Agar istalgan );( bax  uchun (3.12) tenglik faqat 0...21  n  uchun 
bajarilsa, nyyy ,...,, 21  yechimlarga );( ba  intervalda chiziqli erkin yechimlar 
deyiladi. 

2. (3.11) tenglamaning  chiziqli erkin nyyy ,...,, 21  yechimlari to‘plamiga 
bu tenglamaning  fundamental yechimlari sistemasi deyiladi. 

3. nyyy ,...,, 21  yechimlar va ularning  hosilalaridan tuzilgan 

)1()1(
2

2

2

2

)1(
1

1

1

1

...
...
...
...
...
...

......
)(














n
n

n

n

n

nn y

y
y
y

y

y
y
y

y

y
y
y

xW                                      (3.13) 

determinantga Vronskiy determinanti (yoki vronskian) deyiladi. 
4. Agar nyyy ,...,, 21  ];[ ba  kesmada (3.11) tenglamaning fundamental 

yechimlarini tashkil qilsa, barcha );( bax  da 0)( xW  bo‘ladi. 
5. Agar (3.11) tenglamaning  nyyy ,...,, 21  xususiy yechimlari  ];[ ba  

kesmada fundamental sistema tashkil qilsa, bu tenglamaning umumiy 
yechimi  

nn yCyCyCy  ...2211                                   (3.14) 

ko‘rinishda bo‘ladi, bu yerda nCCC ,...,, 21 ixtiyoriy o‘zgarmaslar.  
6. Agar (3.11) tenglama  o‘zgarmas  koeffitsiyentli, ya’ni  

0... 1
)1(

1
)(  

 yayayay nn
nn                            (3.15) 

ko‘rinishda bo‘lsa u holda uning  nyyy ,...,, 21  xususiy yechimlari   

 0... 1
1

1  


nn
nn akakak                               (3.16) 

xarakteristik tenglama yordamida topiladi, bu yerda naaa ,...,, 21 o‘zgarmas  
haqiqiy sonlar.  
       Bunda   (3.16) xarakteristik tenglamaning  har bir m  karrali  haqiqiy k  
ildiziga (3.15) tenglamaning m  ta chiziqli erkin  kxmkxkx exxee 1,...,,    
yechimlari mos keladi,  xarakteristik tenglamaning  har bir r  karrali 
kompleks-qo‘shma ,1  ik    ik 2  ildizlari juftiga (3.15) 
tenglamaning r2  ta chiziqli erkin ,sin,cos xexe xx    ,sin,cos xxexxe xx   …, 

xexxex xrxr   sin,cos 11    yechimlari mos keladi. 
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5-misol. 0 yyyyY  differensial tenglamaning umumiy yechimini 
toping. 

Beshinchi tartibli chiziqli bir jinsli o‘zgarmas koeffitsiyentli  
tenglama berilgan. Tenglamaning xarakteristik tenglamasini tuzamiz:     

01235  kkk  yoki  0)1()1)(1( 22  kkkk . 

Bundan   ,11 k ,13,2 k  ,
2
3

2
1

4 ik   .
2
3

2
1

5 ik   

Tenglamaning 11 k  ildiziga xey 1   yechim,  ikki karrali 13,2 k  

ildiziga xx xeyey  32 ,   yechimlar va ,
2
3

2
1

4 ik   ik
2
3

2
1

5   ildizlar 

juftga ,
2
3cos2

1

4 xey
x

  xey
x

2
3sin2

1

5


   yechimlar mos keladi.   

Demak, tenglamaning umumiy yechimi: 

.
2
3sin

2
3cos)( 54

2
1

321 









 xCxCexCCeeCy
xxx  

 
Mashqlar 

   3.3.1. Berilgan funksiyalarni chiziqli bog‘liqlikka tekshiring: 
  1) xy arcsin1   va  xy arccos2  ;                2) xy 2cos11   va xy sin2  ;  
  3) ,1

xey   va  2
2

 xey ;                             4) chxy 1  va .2 shxy    

  3.3.2. 1y  va 2y  funksiyalar berilgan tenglamaning fundamental 
yechimlari sistemasini tashkil etishini ko‘rsating va tenglamaning umumiy 
yechimini toping: 
  1) xy 1  va  12

2  xy ,  0
1

2
1

2
22 





 y
x

y
x

xy ; 

  2) 3
1 xy   va  4

2 xy  ,  0126
2  y

x
y

x
y ; 

  3) xey 2
1   va  xxey 2

2  ,  044  yyy ; 
  4) xy sin1   va  xy cos2  ,  0 yy . 

  3.3.3. Berilgan tenglamaning 1y  xususiy yechimi ma’lum bo‘lsa, uning 
umumiy yechimini toping: 
  1) 02

 yy
x

y , 
x

xy cos
1  ;                   2) 0

sin
2

2  y
x

y , ctgxy 1 ; 

  3) 032  yyy , xey 1 ;                      4) 04  yy , xy 2sin1  . 
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  3.3.4. Berilgan fundamental yechimlar sistemasiga ko‘ra bir jinsli  
chiziqli ikkinchi tartibli differensial tenglamani tuzing: 
  1) xy 1  va  ;3

2 xy                                 2) 11 y  va  ;sin2 xy     

  3) xey 3
1   va  ;3

2
xxey                            4) xy

2
3cos1   va  .

2
3sin2 xy     

3.3.5. Differensial tenglamaning umumiy yechimini toping: 
  1) 06  yyy ;                                  2) 022  yyy ; 
  3) 044  yyy ;                                4) 069  yyy  
  5) 0294  yyy ;                              6) 0584  yyy ; 
  7) 02  yyy ;                                8) 013175  yyyy  
  9) 0168  yyy IY ;                             10) .096  yyy IYY     

         3.3.6. Differensial tenglamaning xususiy yechimini toping: 
  1) ;6)0(,1)0(,065  yyyyy                                              
  2) ;1)0(,0)0(,0168  yyyyy  
  3) 1)0(,1)0(,3)0(,0  yyyyy ;                                           
  4) .2)0(,1)0(,1)0(,0485  yyyyyyy  
 
 

3.4. CHIZIQLI  BIR  JINSLI  BO‘LMAGAN   
DIFFERENSIAL TENGLAMALAR 

Ikkinchi tartibli chiziqli bir jinsli bo‘lmagan differensial tenglamalar.   
Ixtiyoriy  o‘zgarmasni variatsiyalash usuli. Ikkinchi  tartibli chiziqli   

bir  jinsli  bo‘lmagan o‘zgarmas  koeffisiyentli  differensial  tenglamalar.  
Yuqori  tartibli  chiziqli  bir  jinsli  bo‘lmagan differensial  tenglamalar 

 
3.4.1. Ushbu 

)()()( xfyxqyxpy                                       (4.1) 
ko‘rinishdagi tenglamaga ikkinchi tartibli chiziqli bir jinsli bo‘lmagan 
differensial tenglama deyiladi, bu yerda  0)(),(),( xfxqxp erkli 
o‘zgaruvchi  x ning uzluksiz funksiyalari. 

Chap tomoni (4.1) tenglamaning  chap tomoni bilan bir xil bo‘lgan   
0)()(  yxqyxpy                                        (4.2) 

tenglamaga (4.1) ga mos bir jinsli tenglama deyiladi. 
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Agar (4.2) tenglamaning )(1 xy  va  )(2 xy   xususiy yechimlari ];[ ba  

kesmada  fundamental sistema tashkil qilsa, tenglamaning umumiy yechimi    
)()()( 2211 xyCxyCxy   

ko‘rinishda bo‘ladi, bu yerda 21, CC ixtiyoriy o‘zgarmaslar. 
1-teorema. (4.1) tenglamaning )(xY umumiy yechimi bu tenglamaning 

birorta )(xy  xususiy yechimi bilan mos bir jinsli (4.2) tenglama )(xy  
umumiy yechimining yig‘indisiga teng bo‘ladi, ya’ni 

)()()( xyxyxY  . 

3.4.2. Ixtiyoriy o‘zgarmasni variatsiyalash usulida (4.1) tenglamaning   
xususiy  yechimi (4.2) tenglamaning fundamental sistema tashkil qiluvchi  

1y  va  2y   xususiy yechimlarining chiziqli kombinatsiyasi shaklida, ya’ni 
2211 )()( yxCyxCy   

ko‘rinishda izlanadi. )(1 xC  va )(2 xC  noma’lum funksiyalarni topish  uchun 
avval  








)()()(
,0)()(

2211

2211

xfyxCyxC
yxCyxC  

sistema tuziladi va bu  sistemadan  )(1 xC  va )(2 xC  hosilalar   aniqlanadi. 
Keyin )(1 xC va )(2 xC  hosilalar integrallanadi,bunda integrallash o‘zgarmaslari  
nolga teng deb olinadi. 

1-misol. xey 1  va  xy 2  lar 0
1

1
1







 y
x

y
x

xy  tenglamaning 

fundamental yechimlari sistemasini tashkil qilishini ko‘rsating va  
2)1()1(  xyyxyx  differensial tenglamaning umumiy yechimini 

toping. 

      xey 1  va  xy 2 funksiyalarni berilgan tenglamaga qo‘yamiz: 
xey 1 da   0

1
1

1
1

1
1)(

1
)( 




















xx
xee

x
e

x
xe xxxx ; 

xy 2 da  0
111

1)(
1

)( 












x

x
x

xx
x

x
x

xx . 

Demak,  xey 1  va  xy 2  lar 0
1

1
1







 y
x

y
x

xy  tenglamaning 

xususiy yechimlari bo‘ladi. 
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Berilgan tenglamada 
1

1)(,
1

)(






x

xq
x

xxp . Demak, xey 1  va  xy 2   

yechimlarning yagonalik sohasi  }1:),{(  xyxD . D sohada const
e
x

y
y

x 
1

2 .       

Shunday qilib, xey 1  va  xy 2   yechimlar  fundamental sistema tashkil 

qiladi va 0
1

1
1







 y
x

y
x

xy  tenglamaning umumiy yechimi xCeCy x
21   

bo‘ladi. 
2)1()1(  xyyxyx  tenglamaning chap va o‘ng tomonini )1( x ga 

bo‘lamiz: 
.1

1
1

1






 xy

x
y

x
xy  

Bu tenglamada 1)(  xxf .  Mos bir jinsli tenglamaning umumiy yechimi  
xCeCy x

21  .  Ixtiyoriy o‘zgarmasni variatsiyalash usuliga ko‘ra berilgan 
tenglamaning xususiy yechimini  

xxCexCy x )()( 21   
ko‘rinishda izlaymiz.  Bu yerda )(1 xC  va )(2 xC  funksiyalar 










1)()(
,0)()(

21

21

xxCexC
xxCexC

x

x

 

sistemadan topiladi.   
       Sistemaning  yechimi:  .1)(,)( 21   xCxexC x  

Bu hosilalarni integrallaymiz: 
,)1()( 11 CexxC x     .)( 22 CxxC   

021 CC  deymiz va )(1 xC  va )(2 xC ni xxCexCy x )()( 21   tenglamaga 
qo‘yamiz: 

.12  xxy  
       Demak, berilgan tenglamaning umumiy yechimi 

)1(,1 2
*
2

2*
21  CCxxCeCY x . 

2-teorema. Agar (4.1) tenglamaning o‘ng tomoni ikki funksiyaning 
yig‘indisidan iborat, ya’ni 

)()()()( 21 xfxfyxqyxpy                                 (4.3) 
va )(1 xy , )(2 xy  o‘ng tomoni mos ravishda )(1 xf , )(2 xf  bo‘lgan  
(4.1) tenglamaning yechimlari bo‘lsa, u holda  

)()()( 21 xyxyxy   
yig‘indi (4.3) tenglamaning yechimi bo‘ladi. 
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2-misol.  xx eeyyy 265    differensial tenglamaning umumiy 
yechimini toping. 

 Berilgan tenglamaga mos xarakteristik tenglama 21 k  va 32 k  
ildizlarga ega. Demak, berilgan tenglamaga mos bir jinsli  tenglamaning 
umumiy yechimi:  

.3
2

2
1

xx eCeCy    
Tenglamaning o‘ng tomoni ikkita xexf )(1  va xexf 2

2 )(   
funksiyalarning yig‘indisidan iborat.  Shu sababli  ikkita  

xeyyy  65   va  xeyyy 265   
tenglamani yechamiz. 

Birinchi tenglamaning xususiy yechimini xx exCexCy 3
2

2
11 )()(     

ko‘rinishda izlaymiz.   
Bu  yerda )(1 xC  va )(2 xC  funksiyalar 












xxx

xx

eexCexC
exCexC

3
2

2
1

3
2

2
1

)(3)(2
,0)()(  

sistemadan topiladi.   
       Sistemani yechamiz:  .)(,)( 2

21
xx exCexC     

Hosilalarni integrallaymiz: 
,

2
1)(,)( 2

21
xx exCexC   

)(1 xC  va )(2 xC ni  1y  ga qo‘yib, birinchi tenglamaning xususiy yechimini 
topamiz: 

.
2
1

2
1 322

1
xxxxx eeeeey    

Ikkinchi tenglamaning xususiy yechimini xx exCexCy 3
4

2
32 )()(    

ko‘rinishda izlaymiz.   












xxx

xx

eexCexC
exCxexC

23
4

2
3

3
4

2
3

)(3)(2
,0)()(  

sistemadan   xexCxC  )(,1)( 43    yoki   xexCxxC  )(,)( 43  kelib chiqadi.         
        Bundan  

xexy 2
2 )1(  . 

Berilgan tenglamaning umumiy yechimini 21 yyyY   tenglik bilan 
topamiz: 

.1,
2
1

1
*
1

23
2

2*
1   CCxeeeCeCY xxxx  
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3.4.3.  (4.1) tenglamaning xususiy holi bo‘lgan  
)(xfqyypy                                            (4.4) 

tenglamaga ikkinchi tartibli chiziqli bir jinsli bo‘lmagan o‘zgarmas 
koeffitsiyentli differensial tenglama deyiladi bu yerda qp, o‘zgarmas 
haqiqiy sonlar,  0)(xf erkli o‘zgaruvchi  x ning uzluksiz funksiyasi. 

(4.4) tenglamani ixtiyoriy o‘zgarmasni variatsiyalash usuli bilan yechish 
mumkin.  

Agar (4.4) tenglamaning o‘ng tomoni  «maxsus ko‘rinish» deb ataluvchi    
I. )()( xPexf n

x      yoki  II. )sin)(cos)(()( xxQxxPexf mn
x     

ko‘rinishda bo‘lsa, bu tenglamani yechishda uning )(xy  xususiy yechimini 
topishning ancha oson bo‘lgan nom’alum koeffitsiyentlar usulidan 
foydalanish mumkin. 

Noma’lum koeffitsiyentlar usulida avval (4.5) tenglama o‘ng tomoni 
)(xf ning ko‘rinishiga  mos xususiy yechimning noma’lum koeffitsiyentli 

izlanayotgan shakli yozib olinadi, keyin u (4.4) tenglamaga qo‘yiladi va hosil 
bo‘lgan ayniyatdan noma’lum koeffitsiyentlarning qiymati aniqlanadi. 

 I hol. (4.4) tenglamaning o‘ng tomoni )()( xPexf n
x    ko‘rinishda 

bo‘lsin, bu yerda )(xPn 0n  darajali ko‘phad;  02  qpkk  
xarakteristik tenglamaning r  karrali ildizi.  

Bu holda (4.4) tenglamaning xususiy yechimi  
)(xQxey n

rx                                             (4.5) 
ko‘rinishda  izlanadi, bu yerda )(xQn  koeffitsiyentlari noma’lum bo‘lgan 
n darajali ko‘phad.  

II hol. (4.4) tenglamaning o‘ng tomoni )sin)(cos)(()( xxQxxPexf mn
x    

ko‘rinishda bo‘lsin, bu yerda )(),( xQxP mn  ,n m darajali ko‘phadlar; 
  i 02  qpkk  xarakteristik tenglamaning r  karrali ildizi. 

Bu holda (4.4) tenglamaning xususiy yechimi   
 xxNxxMxey ll

rx  sin)(cos)(                           (4.6) 
ko‘rinishda izlanadi, bu yerda )(),( xNxM ll  koeffitsiyentlari noma’lum 
bo‘lgan l darajali ko‘phadlar, ).,max( nml    

(4.4) tenglamaning xarakteristik tenglamasi kvadrat tenglama bo‘lgani 
uchun I holda  r  soni 2,1,0  qiymatlarni,  II holda  1,0  qiymatlarni qabul 
qilishi mumkin. Bunda r soni 0  qiymatni     yoki   i  xarakteristik 
tenglamaning yechimi bo‘lmaganda qabul qiladi. 
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Izohlar: 1. (4.6) ifodani (4.4) tenglamaga qo‘ygandan keyin 
tenglamaning chap va o‘ng tomonidagi bir nomdagi trigonometrik 
funksiyalar oldidagi ko‘phadlar tenglashtiriladi. 

2. (4.6) shakl 0)( xPn  yoki 0)( xQm  bo‘lganda ham saqlanadi. 
3. Agar (4.4) tenglamaning o‘ng tomoni I  yoki II shakllarning 

yig‘indisidan iborat bo‘lsa, xususiy yechim ham mos shakllarning yig‘indisi  
ko‘rinishida izlanadi. 

3-misol.  )(xfyyyy i
iV   differensial tenglamaning umumiy  

yechimini toping, bu yerda   1) ;25)(1 xxf        2) ;4)(2
xexf       

    3) ;)64()(3
xexxf                                            4) ;sin6cos2)(4 xxxf         

    5) ;2sin32cos)(5 xxxf                                     6) ).sin(cos5)(6 xxexf x    
 Berilgan tenglamaga mos xarakteristik tenglama 01 k , 12 k , 
,3 ik  ik 4   ildizlarga ega. Demak, berilgan tenglamaga mos bir jinsli   

tenglamaning umumiy yechimi:  
.sincos 4321 xCxCeCCy x   

U holda berilgan tenglamaning umumiy yechimi  
i

x
i yxCxCeCCY  sincos 4321  

bo‘ladi,  iy berilgan tenglamaning )(xf i  funksiyaga mos xususiy yechimi. 
Har bir )(xf i  uchun tenglamaning iy  xususiy yechimini noma’lum 

koeffitsiyentlar usuli bilan topamiz.  
1) xxf 25)(1   funksiya uchun .1,0  n  0  xarakteristik 

tenglamaning bir karrali ildizi bo‘lgani uchun .1r  Birinchi darajali 
noma’lum koeffitsiyentli ko‘phadning umumiy ko‘rinishi  .)(1 BAxxQ    

Bu holda xususiy yechimni  
BxAxBAxxey x  210

1 )(  
ko‘rinishda izlaymiz. 

BAxy  21 , ,21 Ay   011  IVyy  hosilalarni berilgan tenglamaga 
qo‘yamiz:   

xBAxA 2522  . 

x ning bir xil darajalari oldidagi koeffitsiyentlarni tenglaymiz: 










.52
,22

BA
A  

Bundan .3,1  BA  
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Demak, tenglamaning xususiy yechimi  
xxy 32

1   
va umumiy yechimi 

.3sincos 2
43211 xxxCxCeCCY x   

2) xexf 4)(2   funksiya uchun .0,1  n  U holda ,1r  .)(0 AxQ    
Bundan 

xx AxeAxey  11
2 . 

,)1(2
xexAy   ,)2(2

xexAy   xIVx exAyexAy )4(,)3( 22    
hosilalarni berilgan tenglamaga qo‘yib, topamiz:  42 A  yoki 2A . 

Demak, tenglamaning xususiy yechimi  
xxey 22   

va umumiy yechimi 
.2sincos 43212

xx xexCxCeCCY   

3) xexxf  )64()(3  funksiya uchun .1,1  n   
        Bu holda ,0r  BAxxQ )(1   va  xx eBAxBAxxey   )()(01

3 bo‘ladi. 
,)(3

xeABAxy      ,)2(3
xeABAxy   

,)3(3
xeABAxy       xIV eABAxy  )4(3  

hosilalarni berilgan tenglamaga qo‘yamiz va x ning bir xil darajalari oldidagi 
koeffitsiyentlarni tenglab, topamiz:  .1,1  BA    

Bundan  
xexy  )1(3 ,   

 .)1(sincos 43213
xx exxCxCeCCY   

4) xxxf sin6cos2)(4   funksiya uchun .,0,1,0 iin     
       Bunda ,1r  ,)(0 AxM   BN 0 .  
U holda  )sincos()sincos(10

3 xBxAxxBxAxey x  . 
,sin)(cos)(4 xAxBxBxAy       ,cos)2(sin)2(4 xAxBxBxAy   

,sin)3(cos)3(4 xAxBxBxAy    xAxBxBxAy IV cos)4(sin)4(4   
hosilalarni berilgan tenglamaga qo‘yamiz va xx sin,cos  funksiyalar oldidagi 
koeffitsiyentlarni tenglab, topamiz: .1,2  BA  

Bundan  
)sincos2(4 xxxy  ,    

).sincos2(sincos 43214 xxxxCxCeCCY x   
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5) xxxf 2sin32cos)(5   funksiya uchun .2,0,2,0 iin     
        Bunda ,0r  ,)(0 AxM   BN 0 .  
U holda xBxAxBxAxey x 2sin2cos)2sin2cos(00

3  . 
,2cos22sin25 xBxAy       ,2sin42cos45 xBxAy   

,2cos82sin85 xBxAy        xBxAy IV 2sin162cos165   
hosilalarni berilgan tenglamaga qo‘yamiz va xx 2sin,2cos  funksiyalar 

oldidagi koeffitsiyentlarni tenglab, topamiz: .
6
1,

6
1

 BA  

Demak,  
)2sin2(cos

6
1

5 xxy  ,    

).2sin2(cos
6
1sincos 43215 xxxCxCeCCY x   

6) )sin(cos5)(6 xxexf x   funksiya uchun .1,0,1,1 iin     
        Bunda ,0r  ,)(0 AxM   BN 0 .   
U holda  )sincos()sincos(01

3 xBxAexBxAxey xx  . 

),sin)(cos)((6 xABxBAey x       ),sin2cos2(6 xAxBey x   
),sin)(2cos)(2(6 xABxABey x      xBxAey xIY sin4cos46   

hosilalarni berilgan tenglamaga qo‘yamiz va xx sin,cos  funksiyalar oldidagi 
koeffitsiyentlarni tenglab, topamiz: .2,1  BA  

Demak,  
)sin2(cos5 xxey x  ,    

).sin2(cossincos 43216 xxexCxCeCCY xx   

Agar (4.4) tenglama o‘ng tomonining ko‘rinishi I  yoki II shaklga  
to‘liq mos kelmasa, u holda )(xy  xususiy yechimni  

   )))((( 2121 )( dxdxexfeey xkxkkxk                               (4.7) 
formula bilan topish mumkin, bu yerda 21 ,kk  xarakteristik tenglamaning 
ildizlari. 

Bunda 1k   va 2k   kompleks-qo‘shma yechim bo‘lgan holda trigonometrik  
funksiyalarni Eyler formulasidan kelib chiqadigan 

)(
2
1sin),(

2
1cos   iiii ee

i
ee                        (4.8) 

formulalar orqali ko‘rsatkichli funksiyalarga o‘tkazish qulay bo‘ladi. 
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4-misol.  xeyyy x ln44 2  differensial tenglamaning umumiy 
yechimini toping. 

 Berilgan tenglamaga mos xarakteristik tenglama 221  kk  ildizga 
ega. Demak, berilgan tenglamaga mos bir jinsli  tenglamaning umumiy 
yechimi:  

.)( 2
21

xexCCy   

        xexf x ln)( 2  funksiyaning ko‘rinishi I  yoki II shaklga to‘liq mos  
kelmaydi. Shu sababli  bu tenglamaning  xususiy yechimni  

   )))((( 2121 )( dxdxexfeey xkxkkxk  
formula bilan topamiz: 

     ))ln(())ln(( 222)22(2 dxxdxedxdxxeeeey xxxxx  







 






    22222222

2
3ln

2
1

2
1

4
1ln

2
1)ln( xxxexxxxedxxxxe xxx . 

Demak, tenglamaning  umumiy yechimi 

.
2
3ln

2
1 222

21
xexxxxCCY 






   

3.4.4. Ikkinchi tartibli chiziqli bir jinsli bo‘lmagan differensial tenglama 
uchun olingan natijalarni  

)()()(...)( 1
)1(

1
)( xfyxayxayxay nn

nn  
                        (4.9) 

ko‘rinishdagi )2(  nn tartibli chiziqli bir jinsli differensial bo‘lmagan 
differensial tenglama uchun tatbiq etish mumkin.  

Xususan: 
1. Bu tenglamaga mos bir jinsli tenglama  

0)()(...)( 1
)1(

1
)(  

 yxayxayxay nn
nn                        (4.10) 

ko‘rinishda bo‘ladi. 
2. Bir jinsli bo‘lmagan (4.9) tenglamaning umumiy yechimi yyY   

formula bilan aniqlanadi, bu yerda y  (4.10) tenglamaning umumiy 
yechimi, y berilgan (4.9) tenglamaning yechimlaridan biri. 

3. (4.9) tenglamani yechishning umumiy usuli ixtiyoriy o‘zgarmaslarni 
variatsiyalash usulidan iborat. Bu usulda (4.10) tenglamaning nyyy ,...,, 21  
fundamental yechimlar sistemasi ma’lum bo‘lsa (4.9) tenglamaning xususiy 
yechimi quyidagi ko‘rinishda izlanadi: 

nyxCyxCyxCy )(...)()( 2211  ,                            (47.11) 
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bu yerda )(),...,(),( 21 xCxCxC n  funksiyalar quyidagi sistemadan topiladi: 
























)()(...)()(
,0)(...)()(

...........................
,0)(...)()(
,0)(...)()(

)1()1(
22

)1(
11

)2()2(
22

)2(
11

2211

2211

xfyxCyxCyxC
yxCyxCyxC

yxCyxCyxC
yxCyxCyxC

n
nn

nn

n
nn

nn

nn

nn

                 (47.12) 

4. n tartibli chiziqli  bir  jinsli  bo‘lmagan o‘zgarmas  koeffisiyentli  
differensial tenglamaning xususiy yechimi ixtiyoriy o‘zgarmasni 
variatsiyalash usuli bilan topiladi. Bunda tenglamaning o‘ng tomoni maxsus 
ko‘rinishda bo‘lsa, uning xususiy yechimi noma’lum koeffitsiyentlar usuli 
bilan topilishi mumkin. 

5. Agar )(xf funksiyaning ko‘rinishi I  yoki II shaklga to‘liq mos  
kelmasa, u holda  )(xy  xususiy yechimni  

    ))...)))((...((( 2123121 )()()( dxdxdxdxexfeeeey xkkkkkxkkxk nn            (4.13) 
formula bilan topish mumkin, bu yerda nkkk ,...,, 21  xarakteristik 
tenglamaning ildizlari. 

 
 

Mashqlar 

  3.4.1. 2
1 xy   va xy 2  funksiyalar 022

2  y
x

y
x

y  tenglamaning 

fundamental yechimlari sistemasini tashkil qilishini ko‘rsating va 
xexyyxyx 32 22    differensial tenglamaning umumiy yechimini toping. 

  3.4.2. 3
1 xy  va 4

2 xy   funksiyalar 0126
2  y

x
y

x
y tenglamaning 

fundamental yechimlari sistemasini tashkil qilishini ko‘rsating va  
xyyxyx 31262    differensial tenglamaning umumiy yechimini toping. 

  3.4.3. xx eeyyy  2  tenglamaning umumiy yechimini toping. 

  3.4.4 2xeyy x    tenglamaning umumiy yechimini toping. 

  3.4.5. Differensial tenglamalarni ixtiyoriy o‘zgarmasni variatsiyalash 
usuli bilan yeching: 

  1) ;2
x

eyyy
x

                                      2) ;sin2 xx eeyy   
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  3) ;
sin

1
x

yy                                            4) .
cos

1
3 x

yy   

  3.4.6.  )(23 xfyyy i  tenglamaning umumiy yechimini toping:        
  1) ;6)(1

xexf                                               2) ;3)( 2
2

xexf       
  3) ;)43()(3

xexxf                                       4) .sin2)(4 xexf x        

  3.4.7.  Differensial tenglama xususiy yechimini yozing:     
  1) ;cos3 22 xxxeyy x                           2) ;cos5 xexeyy xx       
  3) ;sin4 2 xxexxyy x                         4) .cos22 xxxeyy x         

 3.4.8.  Differensial tenglamaning umumiy yechimini toping:     
  1) ;32  xyy                                         2) ;42  xyyy      
  3) ;22 2xyyy                                      4) ;93 2xyy           
  5) ;2 xeyy                                              6) ;xeyy   
  7) ;2 xxeyyy                                       8) ;4 4 xxeyy   
  9) ;cos2 xyyy                                   10) ;3sin2665 xyyy   
11) ;sin xxyy                                         12) ;cos2 xxyy   
13) ;sin67 xeyyy x                             14) ;cos9 3 xeyy x  
15) ;65 2xeyyy x                               16) ;2 xx exeyy   
17) ;xeyy                                            18) ;2 xxeyyy   
19) ;xIV eyy                                              20) .3xyy IV   

  3.4.9.  Differensial tenglamani  yeching:     

  1) ;
1

23
2











 x

x

e
eyyy                            2) .

4
2

2x
eyyy

x


  

 

3.5. DIFFERENSIAL   TENGLAMALAR   
SISTEMALARI 

 
 Normal sistemalarni integrallash usullari. O‘zgarmas koeffitsiyentli  

chiziqli differensial tenglamalar sistemalari 

3.5.1. Tenglamalari noma’lum funksiyalarining yuqori tartibli hosilasiga 
nisbatan yechilgan differensial tenglamalar sistemalariga kanonik sistemalar 
deyiladi.      
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m  noma’lumli m ta differensial tenglamalarning kanonik sistemasi 
umumiy ko‘rinishda 

miyyyyyyxfy mi k
mmm

k
i

k
i ,1),,...,,,...,,...,,,( )1()1(

111
)( 1                    (5.1) 

kabi yoziladi, bu yerda x erkli o‘zgaruvchi, )(),...,(),( 21 xyxyxy m  noma’lum 
funksiyalar. 

Noma’lum funksiyalarning hosilalariga nisbatan yechilgan  
niyyyxfy nii ,1),,...,,,( 21                                     (5.2) 

birinchi tartibli differensial tenglamalar sistemasiga normal sistema deyiladi. 
Agar (5.1) sistemada )1(,...,,  ik

iii yyy  hosilalarni yangi yordamchi 
noma’lum funksiyalar deb olinsa, (5.1) kanonik sistemani bu sistemaga 
ekvivalent bo‘lgan va  mkkkn  ...21  ta tenglamalardan tashkil topgan  
(5.2) normal sistema bilan almashtirish mumkin bo‘ladi.  

1 misol. Differensial tenglamalar yoki sistemalarni differensial  
tenglamalarning normal sistemasiga keltiring ( x erkli o‘zgaruvchi): 
  1) 0 kyy ;                                             2) 02 2  yyxyy ; 

  3) 







xyy
xyyy

sin
,cos23

21

121 ;                           4) 







3
,ln

21

121

yy
xyyy       

      1) 1yy   deymiz. Bundan 1yy   bo‘ladi.  
U holda  berilgan tenglamani   








kyy
yy

1

1 ,  

ko‘rinishda yozish mumkin. 

 2) Qo‘shimcha funksiyalar kiritamiz:  
., 211 yyyyy   

U holda berilgan tenglama  2
112 2 yxyyy  kabi yoziladi.   

       Natijada 













2
112

21

1

2
,
,

yxyyy
yy
yy

 

normal sistema kelib chiqadi. 
3) Ikkinchi tenglamadan topamiz: 

.sin21 xyy   
Bu ifodani birinchi tenglamaga qo‘yamiz va uni 2y  nisbatan yechamiz:    

.32cossin3 212 yyxxy   
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Demak,  








.32cossin3
,sin

212

21

yyxxy
yxy  

4) Qo‘shimcha 2413 , yyyy   funksiyalar kiritamiz va berilgan sistemani 








3
,ln

43

143

yy
xyyy  

ko‘rinishga keltiramiz.   
       Bundan 

















.3
,ln

,
,

34

143

42

31

yy
yyxy

yy
yy

 

normal sistema hosil bo‘ladi. 

 (5.2) normal sistemaning yechimi deb bu sistemaning har bir 
tenglamasini qanoatlantiradigan )(),...,(),( 21 xyxyxy n  funksiyalar to‘plamiga 
aytiladi. 

(5.2) sistemaning 0
0

0
202

0
101 )(,...,)(,)( nn yxyyxyyxy   boshlang‘ich 

shartlarni qanoatlantiruvchi xususiy yechimini topish masalasiga Koshi 
masalasi deyiladi.  
Yo‘qotish usuli 

Normal sistemani yechishning asosiy usullaridan biri sistemani bitta 
yuqori tartibli differensial tenglamaga keltirish va keyin yechish hisoblanadi. 
Bu usulda normal sistemaning noma’lum funksiyalaridan birini 
differensiallash orqali uning bitta noma’lumidan boshqa barcha 
noma’lumlari ketma-ket yo‘qotiladi. Bu usul noma’lumlarni yo‘qotish usuli 
deb ataladi 

Normal sistemani yo‘qotish usuli bilan yechish quyidagi tartibda amalga 
oshiriladi: 

.1o  (5.2) sistemaning istalgan, masalan, birinchi tenglamasi x  bo‘yicha 
differensiallanadi 

.... 1
2

2

1
1

1

11
1 n

n

y
y
fy

y
fy

y
f

x
fy 
















  

va o‘ng tomondagi iy  hosilalar o‘rniga  if  ifodalarni qo‘yib, 1y   topiladi: 
),...,,,( 2121 nyyyxFy  ; 
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.2o Bu jarayon davom ettiriladi va quyidagi sistema hosil qilinadi: 
















;),...,,,(
...............

),,...,,,(
),,...,,,(

21
)(

1

2121

2111

nn
n

n

n

yyyxFy

yyyxFy
yyyxfy

                                    (5.3) 

.3o (5.3) sistemaning birinchi )1( n ta tenglamasidan )1( n  ta 
nyyy ,...,, 32  funksiyalar  )1(

1111 ,...,,,,  nyyyyx  o‘zgaruvchilar orqali ifodalanadi va  























),...,,,(
...............

),,...,,,(
),,...,,,(

)1(
11

)1(
11133

)1(
11122

n
mnn

n

n

yyyxy

yyyxy
yyyxy






                                   (5.4) 

sistema hosil qilinadi; 
        .4o

nyyy ,...,, 32  larning bu ifodalari (5.3) sistemaning oxirgi tenglamasiga 
qo‘yiladi va 1y  funksiyaning n tartibli differensial tenglamasini hosil 
qilinadi: 

),...,,,( )1(
111

)(
1

 nn yyyxy . 
       .5o  Bu tenglama yechiladi va  ),...,,,( 2111 nCCCxy   yechim topiladi; 

.6o  1y  yechim )1( n marta differensiallanadi, )1(
111 ,...,,  nyyy lar(5.4) sistema 

tenglamalariga qo‘yiladi va (5.2) sistemaning qolgan yechimlari topiladi: 
),,...,,,( 2122 nCCCxy  …, ).,...,,,( 21 nnn CCCxy   

2 misol. Normal sistemalarni yo‘qotish usuli bilan yeching: 

  1) 







0
,03

212

211

yyy
yyy

;                          2) 







xxyyy
xyyy

cossin2
,cos

212

211 . 

1) Sistemaning birinchi tenglamasini  differensiallaymiz: 
.03 211  yyy  

Berilgan sistemaning tenglamalari yordamida oxirgi tenglikdan 2y  va 2y  
larni yo‘qotamiz: 

.044 111  yyy  

Hosil bo‘lgan o‘zgarmas koeffitsiyentli chiziqli bir jinsli differensial 
tenglamani yechamiz: 

.)( 2
211

xexCCy   
Bundan 

.)22( 2
2121

xexCCCy   
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1y  va 1y  larni sistemaning birinchi tenglamasiga qo‘yib, topamiz: 
.))1(( 2

212
xexCCy   

Demak, berilgan sistemaning umumiy yechimi: 












.))1((
,)(

2
212

2
211

x

x

exCCy
exCCy  

2)  Sistemaning birinchi tenglamasini  differensiallaymiz: 
.sin211 xyyy   

Bu tenglikka  2yning  sistema ikkinchi tenglamasidagi ifodasini qo‘yamiz:  
.cossin22 2111 xxyyyy   

Sistemaning birinchi tenglamasidan 1y ni topamiz va oxirgi tenglamaga 
qo‘yamiz:   

   .sin211 xyy   

Hosil bo‘lgan  ikkinchi tartibli o‘zgarmas koeffitsiyentli bir jinsli  
bo‘lmagan tenglama bir jinsli qismining  yechimi: 

xCxCy sincos 211  . 

Uning xususiy yechimini  )sincos(1 xBxAxy    ko‘rinishda izlaymiz. 
Bundan  

,sin)(cos)(1 xAxBxBxAy    .sin)2(cos)2(1 xBxAxAxBy   
1y  va  1y   ni xyy sin211   tenglamaga qo‘yib topamiz:  

,0,1  BA xxY cos1  . 
Bundan    

,cossincos 211 xxxCxCy   

.sincoscossin 211 xxxxCxCy   
Sistemaning birinchi tenglamasidan topamiz:  

.cos112 xyyy   

Bu ifodaga 1y  va  1y  larning ifodalarini qo‘yamiz: 
).sin(cossin)(cos)( 21122 xxxxCCxCCy   

Shunday qilib, berilgan sistemaning umumiy yechimi: 








).sin(cossin)(cos)(
,cossincos

21122

211

xxxxCCxCCy
xxxCxCy  
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3-misol. Koshi masalasini yeching: 













.1)0(,1)0(,3)0(,
,
,

3213213

12

21

yyyyyyy
yy
yy

 

Sistemaning birinchi tenglamasidan topamiz: 
21 yy   

yoki ikkinchi tenglamadan 
011  yy  

kelib chiqdi. 
Bundan 

,211
xx eCeCy      .212

xx eCeCy   
1y  va 2y  larning bu qiymatlarini uchinchi tenglamaga qo‘yamiz: 

xeCyy 133 2 . 
Bu tenglamani yechamiz: 

.2 313
xx eCxeCy   

Ixtiyoriy o‘zgarmaslarni boshlang‘ich shartlardan topamiz: 
,321  CC     ,121 CC    .13 C  

Bundan .1,1,2 321  CCC  
Demak, berilgan sistemaning xususiy yechimi 

















.)14(
,2
,2

3

2

1

x

xx

xx

exy
eey
eey

 

Integrallanuvchi kombinatsiyalar usuli 

Normal sistemani yechishning integrallanuvchi kombinatsiyalar usulida 
arifmetik amallar yordamida berilgan sistemaning tenglamalaridan  yangi 
noma’lum funksiyaga nisbatan oson integrallanuvchi differensial tenglamalar 
hosil qilinadi.  

(5.2) normal sistema berilgan bo‘lsin. Bitta integrallanuvchi  
kombinatsiya  erkli o‘zgaruvchi x  va nyyy ,...,, 21  noma’lum funksiyalarni 
bog‘lovchi bitta   1211 ,...,,, Cyyyx n   tenglamani beradi. Chekli sondagi 
bunday tenglamalarga (5.2) sistemaning birinchi integrallari deyiladi. 

(5.2) normal sistemaning n ta n ,...,, 21 birinchi integrallari topilgan 
bo‘lsa va bu funksiyalar bog‘liq bo‘lmasa, ya’ni n ,...,, 21  funksiyalar 
sistemasining yakobiani nolga teng bo‘lmasa, (5.2) sistemaning barcha   
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)(),...,(),( 21 xyxyxy n  noma’lum funksiyalari 
















nnn

n

n

Cyyyx

Cyyyx
Cyyyx

),...,,,(
...............

,),...,,,(
,),...,,,(

21

2212

1211

 

sistemadan topiladi. 

4-misol. Normal sistemalarni integrallanuvchi kombinatsiyalar usuli 
bilan yeching: 

  1) 







1
,1

12

21

yy
yy

;                                               2) 







2
2212

21
2
11 ,

yyyy
yyyy

. 

1) Sistemaning birinchi tenglamasiga ikkinchi tenglamasini hadma-
had qo‘shamiz: 

.22121  yyyy  
Bundan 

dx
yy
yyd




2

)2(

21

21     yoki   .2121  xeCyy  

Sistemaning birinchi tenglamasidan ikkinchi tenglamasini hadma-had 
ayiramiz va hosil bo‘lgan tenglikni integrallaymiz: 

xeCyy  221 . 
Topilgan birinchi integrallardan  

















1)(
2
1

,1)(
2
1

212

211

xx

xx

eCeCy

eCeCy
 

kelib chiqadi. 

2) Sistemaning birinchi va ikkinchi tenglamalarini qo‘shamiz: 
2
221

2
121 2 yyyyyy  . 

Bundan 
dx

yy
yyd





2
21

21

)(
)(  yoki 1

21

1 Cx
yy




 .  

Sistemaning birinchi tenglamasini ikkinchi tenglamasiga bo‘lamiz va  
hosil bo‘lgan tenglikni integrallaymiz: 

2

1

2

1

y
y

dy
dy

    yoki  .221 yCy   
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Birinchi integrallardan avval 2y va keyin 1y  ni yo‘qotib, topamiz: 
















.
))(1(

1

,
))(1(

12
2

12

2
1

CxC
y

CxC
Cy

 

(5.2) normal sistemada integrallanuvchi ko‘paytuvchilar ajratish  
uchun sistemani simmetrik forma deb ataluvchi  

),...,,(
...

),...,,(),...,,(1 112

2

11

1

nn

n

nn yyxf
dy

yyxf
dy

yyxf
dydx

  

ko‘rinishda yozib olish va keyin teng kasrlarning quyidagi xossasidan 
foydalanish mumkin: agar 

n

n

v
u

v
u

v
u ...

2

2

1

1  bo‘lsa, u holda istalgan 

n ,...,, 21  da 







nn

nn

vvv
uuu

...

...

2211

2211  bo‘ladi. 

Bunda n ,...,, 21  lar shunday tanlanadiki,  oxirgi tenglikning yoki surati  
maxrajining to‘liq differensiali bo‘ladi yoki maxraji nolga teng bo‘ladi. 

5-misol.  




















12

1
2

12

2
1

2
2

,
2

)(2

yy
yxy

yy
xyy

 differensial tenglamalar sistemasini yeching. 

Sistemani simmetrik ko‘rinishda yozib olamiz: 








 1

2

2

1

12 2222 yx
dy

xy
dy

yy
dx . 

Integrallanuvchi kombinatsiyalardan birinchisini  topamiz: 



0

22 21 dydydx    yoki  .0)22( 21  yyxd  

Bundan 
.22 121 Cyyx   

Integrallanuvchi kombinatsiyalardan ikkinchisini  topamiz: 



0

222 2211 dyydyyxdx     yoki    .0)( 2
2

2
1

2  yyxd  

Bundan 
.2

2
2
2

2
1

2 Cyyx   
121 22 Cyyx    va  2

2
2
2

2
1

2 Cyyx   birinchi integrallar berilgan  
sistemaning umumiy yechimini oshkormas aniqlaydi. 
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3.5.2. Normal sistemalarning xususiy hollaridan biri ushbu 
nixfyayayay ininiii ,1),(...2211                          (5.8) 

o‘zgarmas koeffitsiyentli chiziqli differensial tenglamalar sistemasi 
hisoblanadi, bu yerda ija berilgan o‘zgarmas koeffitsiyentlar.  

0)( xf i  bo‘lsa (5.8) sistemaga bir jinsli sistema deyiladi. Bir jinsli 
sistema 0)( xyi trivial yechimlarga ega bo‘ladi. 

(5.8) sistemaga mos bir jisli  
















nnnnnn

nn

nn

yayayay

yayayay
yayayay

...
...............

,...
,...

2211

22221212

12121111

                                (5.9) 

sistema berilgan bo‘lsin. Bu sistema yechimlarini topishning Eyler usulida 
sistemaning xususiy yechimi ,11

xey  ,22
xey  …, x

nn ey   funksiyalar 
ko‘rinishda izlanadi, bu yerda ),1( nii  ,  o‘zgarmaslar. 

),1( nii   va  ning qiymatlarini topish uchun avval x
ii ey  , x

ii ey    
(5.9) tenglamalar sistemasiga qo‘yiladi  va n ,...,, 21  larga nisbatan 
















0)(...
...............

,0...)(
,0...)(

2211

2222121

1212111

nnnnn

nn

nn

aaa

aaa
aaa






                             (5.10) 

algebraik tenglamalar sistemasi hosil qilinadi. 
Keyin (5.10) sistemaning xarakteristik tenglamasi deb ataluvchi  

0

...
............

...

...

21

22221

11211






nnnn

n

n

aaa

aaa
aaa




.                            (5.11) 

tenglamadan  A  matritsaning xos sonlari  n ,...,, 21  topiladi. 
(5.11) xarakteristik tenglamaning barcha yechimlari haqiqiy va har xil bo‘lsa 
(5.9) differensial tenglamalar sistemasi quyidagi yechimlarga ega bo‘ladi: 
















....
...............

,...
,...

2211

22222112

11221111

222

121

x
nnn

x
n

x
nn

x
nn

xx

x
nn

xx

nnn eCeCeCy

eCeCeCy
eCeCeCy











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Agar (5.12) xarakteristik tenglamaning ildizlari orasida kompleks yoki 
karrali ildizlar bo‘lsa, u holda bu ildizlarga mos xususiy yechimlar n  
tartibli chiziqli o‘zgarmas koeffitsiyentli bir jinsli differensial tenglamalarda  
topilgandagi kabi topiladi.  

6-misol. Differensial tenglamalarning umumiy yechimini toping: 

  1) 







212

211

43
,2

yyy
yyy ;                2) 








212

211

3
,5

yyy
yyy

;              3) 







212

121

52
,7

yyy
yyy .                                   

1) Sistemaning xarakteristik tenglamasini tuzamiz: 

0
43

12






  

yoki .0562   Bundan .5,1 21    
Sistema matritsasining xos vektorlarini topish uchun  








0)4(3
,0)2(

21

21




 

sistemani tuzamiz. Bu sistemadan 11   da topamiz: 
,02111     .033 2111    

Bu tenglamalardan biri ikkinchisidan kelib chiqadi. Shu sababli 
tenglamalardan birini olib qolamiz. Bundan 1121    yoki 111   desak,  

121   kelib chiqadi.  
       Yuqoridagi sistemadan 52   da shu kabi topamiz:  .3,1 1222    

Demak, berilgan sistemaning yechimi 








.3
,

5
212

5
211

xx

xx

eCeCy
eCeCy  

2) Sistemaning xarakteristik tenglamasi 

0
31

15






 ,    .01682    

Bundan 
.421    

Bu ildizlarga 
),( 21

4
1 CxCey x      )( 43

4
2 CxCey x   

yechimlar mos keladi. 
1y  va 2y  larni differensiallaymiz: 

),44( 211
4

1 CxCCey x       ).44( 433
4

2 CxCCey x   
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1y , 2y , 1y  va 2y  larni berilgan sistemaga qo‘yamiz: 








.3344
,5544

4321433

4321211

CxCCxCCxCC
CxCCxCCxCC  

Ayniyatlarning chap va o‘ng tomonlarida x ning bir xil darajalari 
oldidagi koeffitsiyentlarni tenglashtiramiz: 








,34
,54

313

311

CCC
CCC     va    








.34
,54

4243

4221

CCCC
CCCC  

Birinchi sistemadan  13 CC   va ikkinchi sistemadan  124 CCC   kelib 
chiqadi. 

Demak, sistemaning umumiy yechimi







).(
),(

121
4

2

21
4

1

CCxCey
CxCey

x

x

 

3) Sistemaning xarakteristik tenglamasini tuzamiz va yechamiz: 

0
52
17







 ,  .6,6 21 ii    

i 61  da 










02)1(2
,0)1(

2111

2111




i
i  

sistemadan 1121 )1(  i  yoki 111   desak,  i121  kelib chiqadi. 
        i 62  da shu kabi topamiz:  .1,1 2212 i   

U holda berilgan sistemaning yechimi 












xixi

xixi

eCieCiy
eCeCy

)6(
2

)6(
12

)6(
2

)6(
11

)1()1(
,  

bo‘ladi. Bu sistemaga Eyler formulasini qollab, berilgan sistemaning 
umumiy yechimini topamiz: 












))()((cos))((((
),sin)(cos)((

21212121
6

2

1221
6

1

CCiCCxCCiCCey
xCCixCCey

x

x

 

yoki  












)sin)(cos)((
),sin)cos(

1221
6

2

21
6

1

xCCxCCey
xCxCey

x

x

 

bo‘ladi, bu yerda ).(, 122211 CCiCCCC   

(5.8)  sistemaning  xususiy yechimlari ixtiyoriy o‘zgarmasni  
variatsiyalash usuli yoki aniqmas koeffitsiyentlar usuli bilan topiladi. 



 215 

7-misol. Differensial tenglamalarning umumiy yechimini toping: 

  1) 









2

212

211

2
3

,4142

xyyy

xyyy
;                2) 








xyy
yyy
sin5

,02

12

211 .               

1) Sistemaning mos bir jinsli tenglamani tuzamiz: 








0
,042

212

211

yyy
yyy

    yoki    







.
,42

212

211

yyy
yyy

 

Sistemaning xarakteristik tenglamasini tuzamiz va yechamiz: 

0
11

42






 ,  .2,3 21    

31   da 








04
,04

2111

2111




 

sistemadan 2111 4   yoki 121   desak,  411   kelib chiqadi. 
      22   da shu kabi topamiz:  .1,1 2212    

U holda berilgan sistemaning yechimi 












.
,4

2
2

3
12

2
2

3
11

xx

xx

eCeCy
eCeCy

 

bo‘ladi.   
        Berilgan sistemaning yechimini ixtiyoriy o‘zgarmasni variatsiyalash 
usuli bilan topamiz: 












.)()(
,)()(4

2
2

3
12

2
2

3
11

xx

xx

exCexCy
exCexCy

 

       2121 ,,, yyyy   larni berilgan sistemaga qo‘yamiz va almashtirishlar 
bajaramiz:  
 
 
 
Bundan  

xx exxxCexxxC 22
2

32
1 )146(

5
1)(,)283(

10
1)(  . 

Bu ifodalarni integrallaymiz: 

2
22

21
32

1 )3(
5
1)(,)2(

10
1)( CexxxCCexxxC xx   . 














.
2
3)()(

,41)()(4
22

2
3

1

2
2

3
1

xexCexC

xexCexC
xx

xx
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Demak, berilgan sistemaning umumiy yechimi 














.
2
1

,4
22

2
3

12

22
2

3
11

xeCeCy

xxeCeCy
xx

xx

 

2) Sistemaning mos bir jinsli sistemani yechamiz: 








xyy
yyy
sin5

,2

12

211  

0
01

21






 ,  .2,1 21    

11   da 








0
,022

2111

2111




 

sistemadan 2111    yoki 111   desak,  121   kelib chiqadi. 
      22   da shu kabi topamiz:  .1,2 2212    

U holda berilgan sistemaning yechimi 












xx

xx

eCeCy
eCeCy
2

212

2
211 ,2  

bo‘ladi.   
      Berilgan sistemaning  xususiy yechimini  








xBxAy
xBxAy

sincos
,sincos

222

111  

ko‘rinishda izlaymiz. 
1y , 2y , 1y  va 2y  larni berilgan sistemaga qo‘yamiz: 








.sin5sincoscossin
,sin2cos2sincoscossin

1122

221111

xxBxAxBxA
xBxAxBxAxBxA

 

Ayniyatlarning chap va o‘ng tomnlarida xcos  va xsin lar oldidagi  
koeffitsiyentlarni tenglashtiramiz: 








,2
,2

211

211

AAB
BBA

    va    






.

,5

12

12

AB
BA

 

Sistemalarni yechamiz: .1,2,3,1 2211  BABA  
Demak, sistemaning umumiy yechimi 












.sincos2
,sin3cos2

2
212

2
211

xxeCeCy
xxeCeCy

xx

xx
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Mashqlar 

  3.5.1. Differensial tenglamalar yoki sistemalarni differensial  
tenglamalarning normal sistemasiga keltiring ( x erkli o‘zgaruvchi): 

   1) 032  yyy ;                                   2) 2yyxyy  ; 

   3) 







xxyy
xyyy

sincos
,sin34

21

121 ;                           4) 







xyyy
yyy

121

122 ,02
 .     

  3.5.2. Normal sistemalarni yo‘qotish usuli bilan yeching: 

   1) 













2

2
1

2
2

1
1 ,

xy
y

y
xy

x
yy

;                                    2) 










2

1
2

2
21

2

,

y
yy

xyy
; 

   3) 










12

2

2
1

1 ,

yy
y
yy ;                                              4) 













x
yy
x
yy

1
2

2
1 ,

; 

   5) 







212

21

43sincos4
,cos

yyxxy
yxy ;                6)  








x

x

eyyy
eyyy

212

211 , .           

  3.5.3. Koshi masalasini yeching: 

   1) 













.2)0(,0)0(,0)0(,
,

,

321133

32

231

yyyyyy
yy

yyy
 

   2) 













.0)0(,1)0(,0)0(,
,

,

321313

212

321

yyyxyyy
xyyy

yyy
 

  3.5.4. Normal sistemalarni integrallanuvchi kombinatsiyalar usuli bilan 
yeching: 

   1) 







12

21 ,
yy
yy

;                                              2) 







12

21 ,
xyy
xyy

;                                                    

   3) 
















12

2
2

12

1
1

2

,
2

yy
yy

yy
yy

;                                    4) 
















2
12

1
2

2
12

2
1

)(

,
)(

yy
yy

yy
yy

; 
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   5)  ;
1

2

2

1

12 xy
dy

yx
dy

yy
dx








                       6) .

22)3( 2
2
1

2
3
1

1
2
1

2 yy
dy

y
dy

yxx
dx




 

  3.5.5.  Differensial tenglamalar sistemasining umumiy yechimini 
toping: 

   1) 







212

211

22
,3

yyy
yyy

;                                    2) 







212

211

5
,3

yyy
yyy

;                

   3) 







212

211

64
,2

yyy
yyy

;                                    4) 







212

211

3
,4

yyy
yyy

;        

   5) 







212

211 ,
yyy
yyy

;                                        6) 







212

211

2
,2

yyy
yyy

;          

   7) ;,
,2

313

3212

3211













yyy
yyyy
yyyy

                              8) ;,
,

3213

3212

3211













yyyy
yyyy
yyyy

       

   9) 







xyy
xyy

12

21 ,
;                                       10) 








xeyy
xeyy

x

x

22

21 ,
;                

 11) 







212

211

43
,23

yyy
xyyy ;                             12) 








xeyy
xyy

12

21 ,
.      

           

 NAZORAT ISHI 

 
1-variant 

  1.  a) ,0 yy b) ,0584  yyy  c) .0106  yyy  

  2.  .56  xyy                                         3. 







.63
,2

212

211

yyy
yyy  

2-variant 
  1.  a) ,05  yy b) ,069  yyy  c) .086  yyy  

  2.  .52665 2  xxyyy                       3. 







.
,

22

11

yy
yy  

1.- 2. Differensial tenglamaning umumiy yechimini toping. 
3. Differensial tenglamalar sistemasini Eyler usuli bilan yeching.     

 



 219 

3-variant 
  1.  a) ,016  yy b) ,0204  yyy  c) .0103  yyy  

  2.  .163  xyy IV                                      3. 







.64
,24

212

211

yyy
yyy  

4-variant 
  1.  a) ,04  yy b) ,02510  yyy  c) .023  yyy  

  2. .16 2  xyy                                         3. 







.43
,2

212

211

yyy
yyy  

5-variant 

  1.  a) ,02  yy b) ,096  yyy  c) .03712  yyy  

  2.  .3223 2  xxyyy                         3. 







.4
,4

212

211

yyy
yyy  

6-variant 

  1.  a) ,09  yy b) ,02  yyy  c) .044  yyy  

  2.  .333  xyyyy IV                          3. 







.43
,2

212

211

yyy
yyy       

7-variant 

  1.  a) ,04  yy b) ,0134  yyy  c) .023  yyy  

  2.  .11213 xyyy                                 3. 







.2
,38

212

211

yyy
yyy

 

8-variant 

  1.  a) ,03  yy b) ,065  yyy  c) .052  yyy  

  2.  .42 2xyyy IV                                     3. 







.48
,84

212

211

yyy
yyy  

9-variant 

  1.  a) ,02  yy b) ,0102  yyy  c) .02  yyy  

  2.  .3296  xyyy IV                              3. 







.4
,82

212

211

yyy
yyy
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10-variant 

  1.  a) ,04  yy b) ,0172  yyy  c) .012  yyy  

  2.  .36 2 xxyy                                        3. 







.4
,

212

211

yyy
yyy  

11-variant 

  1.  a) ,09  yy b) ,06  yyy  c) .0204  yyy  

  2.  .127 xyy                                              3. 







.54
,45

212

211

yyy
yyy  

12-variant 

  1.  a) ,049  yy b) ,054  yyy  c) .032  yyy  

  2.  .612  xyy IV                                        3. 







.32
,4

212

211

yyy
yyy  

13-variant 

  1.  a) ,06  yy b) ,0258  yyy  c) .0239  yyy  

  2.  .6122 2 xxyyy IV                             3. 







.
,2

22

11

yy
yy

 

14-variant 
  1.  a) ,016  yy b) ,0376  yy  c) .044  yyy  

  2. .432 2  xxyy                                  3. 







.
,8

212

211

yyy
yyy

 

15-variant 
  1.  a) ,03  yy b) ,0106  yyy  c) .045  yyy  

  2.  .2323 2 xxyyy                               3. 







.58
,36

212

211

yyy
yyy  

16-variant 
  1.  a) ,07  yy b) ,054  yyy  c) .086  yyy  

  2.  .3244 2xyyy IV                               3. 







.
,32

12

211

yy
yyy
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17-variant 

  1.  a) ,05  yy b) ,069  yyy  c) .03712  yyy  

  2.  .233 xyyyy IV                                 3. 







.34
,2

212

211

yyy
yyy  

18-variant 

  1.  a) ,08  yy b) ,0384  yyy  c) .0102  yyy  

  2.  .5 2xxyy                                             3. 







.44
,

212

211

yyy
yyy  

19-variant 

  1.  a) ,010  yy b) ,032  yyy  c) .044  yyy  

  2.  .)2(3 2 xyy IV                                         3. 







.82
,23

212

211

yyy
yyy  

20-variant 
  1.  a) ,0 yy b) ,096  yyy  c) .0522  yyy  

  2.  .96 2xxyyy IV                                   3. 







.3
,3

212

211

yyy
yyy

 

21-variant 
  1.  a) ,025  yy b) ,032  yyy  c) .084  yyy  

  2.  .32  xyy IVV                                            3. 







.23
,2

212

211

yyy
yyy  

22-variant 
  1.  a) ,09  yy b) ,02110  yyy  c) .022  yyy  

  2.  .144 2  xxyyy IV                             3. 







.6
,25

212

211

yyy
yyy

 

23-variant 
  1.  a) ,049  yy b) ,0136  yyy  c) .078  yyy  

  2.  .4324 2xxyy                                    3. 







.23
,6

212

211

yyy
yyy  



 222 

24-variant 

  1.  a) ,06  yy b) ,02910  yyy  c) .022  yyy  

  2. .39181213 2  xyyy                              3. 







.45
,32

212

211

yyy
yyy  

25-variant 

  1.  a) ,025  yy b) ,096  yyy  c) .0258  yyy  

  2.  .145 2xyyy                                       3. 







.3
,85

212

211

yyy
yyy

 

26-variant 
  1.  a) ,03  yy b) ,087  yyy  c) .0134  yyy  

  2.  ).1(2168 xxyyy IV                               3. 







.
,4

212

211

yyy
yyy

 

27-variant 
  1.  a) ,081  yy b) ,01610  yyy  c) .0252  yyy  

  2.  .2443 2xyy                                           3. 







.3
,4

212

211

yyy
yyy  

28-variant 

  1.  a) ,011  yy b) ,0183  yyy  c) .0523  yyy  

  2.  .24 xyy IV                                                   3. 







.36
,2

212

211

yyy
yyy  

29-variant 

  1.  a) ,081  yy b) ,0816  yyy  c) .0252  yyy  

  2.  .)1(45 2 xyyy                                    3. 







.8
,3

212

211

yyy
yyy  

30-variant 

  1.  a) ,064  yy b) ,034  yyy  c) .056  yyy  

  2.  .3216 2xxyy                                      3. 







.55
,37

212

211

yyy
yyy  
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MUSTAQIL UY ISHI 

 
1-variant 

   1. .1)1(   yye x                                               2.  .22 yxyyxy                

   3. .sin xx
x
yy                                                4. ,

3

2xyyxy     .3)1( y                      

   5. .02sin)12cos( 2  ydyxdxyx       
   6.  xy 2cos .                                                  7. ctgxyy   .       

   8.  xxxfxexf x 2sin22cos)(),63()( 2
2

1   .   9. 







.
,3

212

211

xyyy
eyyy x

  

2-variant 
   1. .ln 3' xeyy                                                     2. .332 yxyxy                 

   3. .3 3xe
x
yy x                                                4. .

4
9)0(,2  yyeyy

x

                    

   5. .0)1(   dyxedxe yy       
   6.  2yx .                                                       7.   xtgyy 24  .       

   8.  xxxfxexf x sin4cos)(),45()( 2
2

1  .    9. 







.sin23
,cos2

212

211

xyyy
xyyy

 

3-variant 
   1. ).2(cos)2cos(cos3 yxyxyy                  2.  .0)75()54(  dyxydxxy              
   3. .2

2xeyy                                                  4. .1)0(,2  yxyyy                      
   5. .0)sin()cos(  dyyexdxyey xx       
   6.  xyyx cos)sin1(  .                                  7.   xxyy 2cos .       

   8.  )sin(cos)(,23)( 2
2

2
1 xxexfxxf x   .       9. 








.22
,

212

211

xyyy
xyyy  

    1.-3. Differensial tenglamaning umumiy yechimini toping.  
    4. Koshi masalasini yeching. 
    5.-6. Differensial tenglamaning umumiy yechimini toping.  
    7. Differensial tenglamani ixtiyoriy o‘zgarmasni variatsiyalash usuli 
bilan yeching.  
    8. )(),( 21 xfxf  berilgan.  )()(2 21 xfxfyy   differensial  
tenglamaning umumiy yechimini toping. 
    9. Differensial tenglamalar sistemasining umumiy yechimini toping.  
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4-variant 
   1. .02)8(  dxyeye xx                                    2.  .1ln 






 

x
yyyx               

   3. .)1(
1

2 2


 x
x

yy                                        4. .
2
1)1(,ln2 2  yxyyyx  

   5. .0)(  dyeydxye xx       
   6.  .ln xyyx                                                7. tgxyy  .       

   8.  ).sincos2()(,16)( 2
2

2
1 xxexfxxf x        9. 








.3
,
2

212

211

xyyy
xyyy   

5-variant 
   1. .03

2

 xdxdyyx                                            2. .0)2(  yyxxy                

   3. .1ln
x
x

x
yy 
                                             4. .

2
1)0(,2 2  yeyyy x                     

   5. .0)2()2( 2323  dyyxydxxyx       
   6.  1 ytgxy .                                              7. xctgyy 24  .       

   8. xxxfxexf x 2sin32cos2)(),72()( 2
2

1   .   9. 







.2
,3

212

2
211

xyyy
eyyy x

 

6-variant 
   1. .0)1( 22

 dxyxdye x                                   2.  .sin
x
y

x
yy                

   3. .sin xyctgxy                                           4. .1)1(,)54(53 4  yyxyyx                    

   5. .01
2 


 dy

x
xydx

x
y       

   6.  xxy sin .                                                 7.   xxeyyy  2 .       

   8. xxfxexf x 4cos3)(),1()( 2
22

1   .                9. 







.25
,12

212

211

xyyy
yyy  

7-variant 
   1. .3 ydydxe xy                                                  2.  ).( 223 xyyyx                

   3. .12
2xx

yy                                                  4. .2)0(,22 23  yyxxyy                     

   5. .0)6()46( 3232  dyyyxdxxxy  
   6.  yxtgy  44 .                                              7.   .4 22 xx eeyy       

   8. xxxfxxxf 4sin34cos2)(,123)( 2
3

1  .  9. 







.
,4

3
212

211
xeyyy

yyy
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8-variant 

   1. .0)(  xyyyxyx                                   2.  .
x
ytg

x
yy                

   3. .
cos
sin

cos 32 x
x

x
yy                                        4. .1)0(,2  yxyyy  

   5. .02222 












 yx
xdydxe

yx
y x       

   6.  2

22
x

yyx  .                                           7. 
x

yy
2sin

14  .       

   8.  )sincos3()(,3)( 2
2

2
1 xxexfexf xx           9. 








.3
,3

212

211
x

x

eyyy
eyyy

  

9-variant 

   1. .)1(2 22 dxxdyyx                                        2. .ln)( 





 


x

yxyxyyx                

   3. .cos xx
x
yy                                              4. .2)0(,)(2 2  yxyyy                     

   5. .0cos1cos2
23 






 






  dyxyx

x
dxxyy

x
y       

   6.  
x
yyyx


 ln .                                              7. xe
yyy 21

165


 .       

   8. )sin3(cos)(,123)( 2
2

2
1 xxexfxxxf x   . 9. 








.2
,cos

212

21

yyy
xyy

 

10-variant 

   1. .0)()( 22  yxyyxxy                               2.  .x
y

xeyyx                

   3. .
11 22 x
arctgx

x
yy





                                         4. .2)1(,ln)(2 2  yxyyyx                     

   5. .01
2 





  dy

x
dx

x
yxe x       

   6.  
x

yyx 1
 .                                               7.   .

1
 x

x

e
eyy .       

   8. xxxfxxxf 2sin2cos3)(,3)( 2
2

1  .         9. 







.2
,1454

212

211

xyyy
xyyy
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11-variant 
   1. .)1( 2 dxxxydy                                            2.  .lncos 








x
yyyx               

   3. ;22 3xxyy                                               4. .1)0(,cos4  yxyytgxy                     

   5. .01
2222

















dy

yx
ydx

yx
x  

   6.  0 xyyx .                                         7. .
cos

22
x

eyyy
x

      

   8. xxxfxxf 2cos)(,2)( 2
2

1  .                     9. 







.cos24
,sin2

212

211

xyyy
xyyy

 

12-variant 

   1. .0
1
1

2

2






x
yy                                            2.  .)2( 22 yxyyxyx                

   3. .012  xyyx                                            4. .2)1(,2  yxyyxy  

   5. .01
2  dy

x
dx

x
y       

   6.  xyxyx  23 .                                        7. .44 3

3

x
eyyy

x

 .       

   8.  xxexfxexf xx sin)(),1()( 2
2

2
1

  .             9. 











.4
,

212

211
x

x

xeyyy
eyyy   

13-variant 

   1. .sincoscossin xdxyxdyy                               2. .
y
x

x
yy                 

   3. .
1

2x
x

yy 


                                               4. .1)1(,42 2  yyyxyx                     

   5. .02222 



















 dy
yx

xydx
yx

yx       

   6.  022  yxctgy .                                       7. 
x

yy
sin

1
 .       

   8. xxxfxexf x sin)(),13()( 2
2

2
1   .               9. 








.154
,45

212

211

yyy
eyyy x
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14-variant 

   1. .10 yxy                                                    2.  .)( yxxyy                

   3. .1
1
2 2

2 x
x

xyy 


                                      4. .1)0(,33  yyyxy                      

   5. .0)(cos  dyxeydxe yy  

   6.  2)(1 yy  .                                            7. .2
x
eyyy

x

      

   8. xexfxexf xx sin)(),1()( 2
2

2
1

  .             9. 








.125
,2

2
212

211

xyyy
yyy

 

15-variant 

   1. .011 22  dxyxdyx                           2.  .0ln  xdydx
x
yy               

   3. .sin
x

x
x
yy                                              4. .1)0(,sin

3
2 4  yxyytgxy  

   5. .01212 2 





 






  dy

x
ydx

x
yx       

   6.  42)( yyyy  .                                        7. .2 2x
eyyy

x

     

   8.  xxexfxexf xx sin)(),1()( 21  .              9. 







.3
,35

2
212

2
211

x

x

eyyy
xeyyy

  

16-variant 

   1. .)1()1( dyxdxy                                     2. .2 22 xyyxy                 

   3. .cos2 xytgxy                                        4. .2)0(,2  yye
y
xy x                      

   5. .022 



yx
xdyydx       

   6.  02)( 2  yyy .                                       7. .12 xxe
yyy  .       

   8. xxexfxexf xx cos)(),43()( 2
2

2
1

  .        9. 







.2
,4

212

211
xxeyyy

yyy
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17-variant 
   1. .04 22  xxyyx                              2.  .)2( 22 yxyxyxy                
   3. .34)1( 2  xyyx                                    4. .1)1(,ln2  yxyyyx                      
   5. .0)3()cos( 23  dyexydxxy y  

   6.  yxxy  ln .                                            7. 
x

yy
3sin

19  .     

   8. xexfxexf xx sin)(),4()( 2
2

1  .              9. 







.
,3

212

211
xeyyy

yyy
 

18-variant 

   1. .0)32(2  dxyxydyx                              2.  .0)2(  ydxdyxy               
   3. ).cos( xxyxy                                       4. .1)1(,)(2 2  yxyyyx  
   5. .0)( 222  dyyxydxxy       

   6.  xexyxy 2 .                                         7. .
cos

54
2

x
eyyy

x

     

   8.  xxexfxexf xx cos)(),2()( 2
2

2
1

 .          9. 







.2
,13

212

211

xyyy
yyy

  

19-variant 
   1. .0)1( 2  dyxdxy                                  2. .)63()32( 2322 dxyxyxdyxy                
   3. .sin xytgxy                                           4. .3)1(,ln)(3 2  yxyyyx                     
   5. .0)23sin3()73cos3( 23  dyyxydxxy       

   6.  xey x  2 .                                             7. .
2cos

14
x

yy  .       

   8. )3cos3(sin)(,12)( 2
3

1 xxxxfxxxf  .  9. 







.2
,4

212

3
211

yyy
eyyy x

 

20-variant 
   1. .0)1(1  yey                                          2. .)(2 yyxxy                 
   3. .02 2  xyyx                                         4. .2)1(,2  xyxxxy                      
   5. .0)32()23( 2  dyxdxyx       

   6.  2)2()23( yyy  .                                    7. .
1

123


 xe
yyy      

   8. )cos(sin)(,4)( 2
2

1 xxexfxxf x  .        9. 







.25
,2

2
212

211

xyyy
xyyy  
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21-variant 

   1. .0)33()24( 22  dyyxydxxyx               2.  .02)3( 22  xydydxyx               
   3. .arcsin1 2 xyxy                               4. .2)0(,0cos2  yxyyy                       
   5. .0)3()3( 2332  dyxyxdxyyx  
   6.  0 tgxyy .                                        7. .ln44 2 xeyyy x .     

   8. xexfxexf xx sin)(),2()( 2
2

2
1

  .           9. 







.3sin4
,3cos2

212

211

xyyy
xyyy  

22-variant 

   1. .cos2cossin xxyyy                               2.  .0)2( 22  dyxdxxyy               
   3. .1cossin  xyxy                                     4. 3322 .3)1(,  yyxyxy  
   5. .0)1(3 32  dyexdxex yy       
   6.  yyyy  2)()1( .                                 7. .2 xxeyy      

   8. )cos4(sin)(),62()( 21 xxexfxexf xx  .  9. 







.2
,52

2
212

211
xeyyy

yyy
  

23-variant 

   1. .)12( tgxyy                                             2. .22 dyyxxdyydx                 
   3. .))(1( xeyyx                                       4. .8)2(,2 3  yyyxyx                     
   5. .0)cos()sin3( 32  dyyxdxxyx       
   6.  2)5()1( yyy  .                                       7. ).sin(2 xx eeyy         

   8. xxfxexf x 3cos3)(),23()( 2
2

1   .              9. 







.sin23
,cos42

212

211

xyyy
xyyy  

24-variant 

   1. .3 22 ydyxydydxy                               2. .24 22 yyxyx                 
   3. .)( xeyyx                                               4. .1)1(,2  yxyyyx                      
   5. .0)4()3( 32  dyyedxxe xyyx       
   6.  0)(1)1( 22  yyx .                             7. .)cos(2 xx eeyy       

   8. xxxfxexf x 2cos32sin2)(),34()( 21  .  9. 







.22
,32

212

211
x

x

xeyyy
eyyy
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25-variant 

   1. .0)4(  dyedxex yy                                  2.  .22 yexyxye y
x

y
x









               

   3. .
1

1
1 22 xx

xy





                                       4. .4)0(;  ye
y
xyy x                      

   5. .032
4

22

3 


 dy
y

xydx
y
x  

   6.  2)(ln2 yyyyyy  .                                 7. .44 3

2

x
eyyy

x

      

   8. xxexfxxxf x 3sin)(,46)( 2
2

1  .           9. 











.23
,2

212

211
x

x

eyyy
eyyy

 

26-variant 
   1. .0122 22  yxxyx                              2.  .0ln  ydxdy

y
xx               

   3. .sin
x

x
x
yy                                               4. .2)1(,3

2









 xdyy

y
xxdx  

   5. .0sin2sin
2

2


















 dy

y
xydxx

y
x       

   6.  0)1(  yxy .                                       7. .
3cos

12
x

yy      

   8. xxexfxxxf x 3cos)(,15)( 2
2

1  .            9. 







.cossin3
,cos

212

211

xxyyy
xyyy

  

27-variant 

   1. .0)ln1(  yxyy                                      2. .03sin33sin3 ' 







 y

y
xxy

y
xy               

   3. .ln
ln

xx
xx

yy                                         4. .
2
2)0(;

23   yeyxyy x                     

   5. .0)()(
22 




yx
dyyxdxyx       

   6.  12 2  yyyx .                                       7. .
sin

2
2 x

yy         

   8. xxxfxexf x 2sin)(),23()( 2
21  .            9. 








.22
,364

212

211
xeyyy
xyyy  
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 28-variant 

   1. .0cos1 22  yxy                                  2.  ).( x yeyxy                

   3. .2
2

2 xx
x

yy 


                                     4. .2)1(;2  yxyyxy                      

   5. .01
22222




























dy

xyx
ydx

x
y

yx
x  

   6.  .1
2x

yyx                                           7. .
sin

2
2

x
yy


       

   8. .2cos)(),45()( 2
2

1 xxxfxexf x                9. 







.4
,2

212

211
xxeyyy

yyy
 

29-variant 

   1. .0)1(  dxeydye yx                                  2.  .2)( 22 xydxdyxy                

   3. .2sin
2
1cos xxyy                                    4. .2)1(,2  yyxyxy  

   5. .01731 6372 




















dy

yx
yxdxyx

yx
      

   6.  xexyyx 22 .                                         7. .
sin

1
x

yy      

   8. xxexfxxxf x 3cos)(,15)( 2
2

1  .           9. 







.sincos443
,cos

212

21

xxyyy
xyy   

30-variant 
   1. 034 22  dyxydxyx .                       2. 03)3( 22  yyxxy .               
   3. 0

2

  xxeyyx .                                       4. 

2
1)0(,0cos2  yxyytgxy .                       5. 0

1)1(
)1(2

222 




 dy

x
edx

x
ex yy

.      

   6.    42 2  yyyx .                                        7. 
x

yy
3sin

19  .       

   8. )25()(),sin(cos6)( 2
21   xexfxxexf xx .  9. 








.cos3
,sin

212

211

xyyy
xyyy  
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NAMUNAVIY  VARIANT   YECHIMI 
          1. Differensial tenglamaning umumiy yechimini toping. 
  1.30. 034 22  dyxydxyx .                                          

  O‘zgaruvchilari ajraladigan differensial tenglama berilgan. Uning 
harikkala tomonini 034 22  xy  ga bo‘lib, o‘zgaruvchilarni  ajratamiz: 

0
43 22





 y

ydy
x

xdx . 

Bu tenglikni integrallaymiz: 
Cyx  22 43 . 

Bundan 
      22 34 xCy      

yoki  
      4)3( 22  xCy . 

          2. Differensial tenglamaning umumiy yechimini toping. 
  2.30. 03)3( 22  yyxxy .                                          

    Berilgan tenglamani   

2

2

3
3

xxy
yy


  

ko‘rinishga keltiramiz. Bu ifodada     

2

2

3
3),(

xxy
yyxf


  

bir jinsli funksiya. Demak, berilgan tenglama bir jinsli tenglama. 
Tenglamada xxuyuxy  ,  o‘rniga qo‘yish bajaramiz:  

22

22

3
3

xux
uxuxu


   yoki 
13

3 2




u
uuxu . 

Bundan  

           
13

33 22





u

uuuxu    yoki    .
13 


u
uxu  

O‘zgaruvchilarni ajratamiz:  
.13

x
dxdu

u
u


  

Tenglamani integrallaymiz:  

 


x
dxCdu

u
u ln13     yoki    .||lnln3||ln xCuu   
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Bundan  
xu
Cu ln3  .  

x
yu   o‘rniga qo‘yish bajaramiz:  

           
y
C

x
y ln3       yoki    x

y

Cey
3


 . 

          3. Differensial tenglamaning umumiy yechimini toping. 
  3.30. 0

2

  xxeyyx .                                          
Tenglamani   

2xe
x
yy   

ko‘rinishiga keltiramiz. Bu tenglama chiziqli tenglama.  
Bunda 

,1)(
x

xP    .)(
2xexQ   

,uvy    uvvuy   o‘rniga qo‘yish bajaramiz:   
2xe

x
vvuvu 





   

Bu tenglamada v  funksiyani tanlaymiz va  










 2

,0
xevu

x
vv  

tenglamalar sistemasini hosil qilamiz.  
 Birinchi tenglamani integrallaymiz:  

x
dx

v
dv

      yoki     .
x

dx
v
dv   

Bundan 
   Cxv ln||ln||ln       yoki 1C   da  

x
v 1
 . 

v ni sistemaning ikkinchi tenglamasiga qo‘yamiz:  
.1 2xe

x
u   

U holda 
2xxeu        yoki         .

2
1 2 Ceu x    

Demak,  tenglamaning umumiy yechimi  

     .
2

2

x
C

x
euvy

x



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4. Koshi masalasini yeching.    
  4.30. 

2
1)0(,0cos2  yxyytgxy . 

  Tenglamani  xyytgxy cos2  ko‘rinishda yozamiz. Bu  tenglama 
Bernulli tenglamasi. Bunda 2n .   

121   yyz  belgilash kiritamiz va chiziqli  
xztgxz cos  

tenglamani hosil qilamiz. 
       ,uvz    uvvuz    o‘rniga qo‘yish bajaramiz: 

.cos)( xvtgxvuvu   
vu,  funksiyalarni topish uchun  








xvu
vtgxv

cos
,0  

sistemani tuzamiz. 
Sistemaning birinchi tenglamasidan xv cos  xususiy yechimni topamiz 

va uni sistemaning ikkinchi tenglamasiga qo‘yamiz: 
xxu coscos     yoki   1u . 

Bundan 
.Cxu   

Berilgan  tenglamaning umumiy yechimini topamiz: 
,uvz       .cos)( xCxz   

Bundan 
        xCxy cos)(1      yoki     .

cos)(
1

xCx
y


  

Tenglamaning xususiy yechimni topish uchun ixtiyoriy o‘zgarmasning 
qiymatini boshlang‘ich  shartdan  topamiz:    

                                                 
C
1

2
1
    yoki   2C . 

        Demak, tenglamaning  izlanayotgan xususiy yechimi    
.

cos)2(
1

xx
y


  

        5. Differensial tenglamaning umumiy yechimini toping. 

  5.30. 0
1)1(

)1(2
222 





 dy

x
edx

x
ex yy

.                                          

Tenglamada   ,
)1(

)1(2),( 22x
exyxM

y




    21
),(

x
eyxN

y


 .  
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Bundan 

,
)1(

2
22x

xe
y

M y





    22 )1(

2
x

xe
x
N y





 ,  ya’ni   .

x
N

y
M






  

Demak,  tenglama to‘liq differensialli. 

         22 )1(
)1(2),(

x
exyxM

x
u y






  tenglikni x  bo‘yicha integrallaymiz :   

)(
1

1)1( 2 y
x

eu y 








     yoki      .

1
1)( 2x

euy
y




  

Bundan 

21
)(

x
e

y
uy

y







 . 

U holda 

21
),(

x
eyxN

y
u y





  

ekanidan 
0)(  y   yoki     Cy )( . 

Demak,  

21
1

x
eCu

y




   yoki     C
x

e y





21
1 . 

        6. Differensial tenglamaning umumiy yechimini toping. 
  6.30. 4)(2 2  yyyx .                                          
    )(),( xpyxpy   o‘rniga qo‘yish bajaramiz: 

42 2  ppxp . 
Bu tenglamada  o‘zgaruvchilarni ajratamiz: 

42 2  p
dx
dpxp   yoki   

x
dx

p
pdp


 4

2
2 . 

Integrallaymiz: 
.lnln|4|ln 1

2 xCp   
Bundan 

41  xCp . 
y  o‘zgaruvchiga qaytamiz: 

41  xCy .    
       Bundan 

21 4 CdxxCy       yoki   .)4(
3
2

2
2
3

1
1

CxC
C

y   
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7.   Tenglamani ixtiyoriy o‘zgarmalarni variatsiyalash usuli bilan  
yeching. 
  7.30. 

x
yy

3sin
19  .                                          

       092 k  xarakteristik tenglama  ik 32,1   ildizlarga  ega.  U holda 
mos bir jinsli tenglamaning umumiy yechimi xCxCy 3sin3cos 211    
ko‘rinishda bo‘ladi. 

Berilgan tenglamaning xususiy yechimini  
xxCxxCy 3sin)(3cos)( 21   

ko‘rinishda izlaymiz.   
)(1 xC  va )(2 xC  funksiyalarni topish uchun 











x
xxCxxC

xxCxxC

3sin
13cos)(33sin)(3

,03sin)(3cos)(

21

21

 

sistemani tuzamiz va yechamiz:   
.3

3
1)(,

3
1)( 21 xctgxCxC   

Bundan   
.|3sin|ln

9
1)(,

3
1)( 21 xxCxxC   

Demak,  berilgan tenglamaning xususiy yechimini 
xxxxy 3sin|3sin|ln

9
13cos

3
1

  

va umumiy yechimi  
xxxxxCxCy 3sin|3sin|ln

9
13cos

3
13sin3cos 21   

yoki 

xxCxxCy 3sin|3sin|ln
9
13cos

3
1

21 





 






  . 

8. )(),( 21 xfxf  berilgan.  )()(2 21 xfxfyy   differensial  tenglamaning 
umumiy yechimini toping. 
  8.30. )25()(),sin(cos6)( 2

21   xexfxxexf xx . 
 022  kk  xarakteristik tenglama  2,0 21  kk  ildizlarga ega. Mos 

bir jinsli tenglamaning umumiy yechimi  xeCCy 2
21

  ga teng. 
Tenglamaning o‘ng tomoni ikkita )sin(cos6)(1 xxexf x   va  

)25()( 2
2   xexf x funksiyalarning yig‘indisidan iborat. Shu sababli ikkita  
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bir jinsli bo‘lmagan  
)sin(cos62 xxeyy x    va   )25(2 2   xeyy x  

tenglamalarni yechamiz. 
Birinchi tenglamaning o‘ng tomoni )sin)(cos)(()( xxQxxPexf mn

x    
ko‘rinishda berilgan. Bunda 6)(,6)(,1,1 00  xQxP , ii  1  
xarakteristik tenglamaning ildizi emas.  
         U holda tenglamaning xususiy  yechimini  

)sincos(1 xBxAey x   
ko‘rinishda izlaymiz. 
         ),sin)(cos)((1 xABxBAey x    )sin2cos2(1 xAxBey x   larni berilgan  
tenglamaga qo‘yamiz: 

)sin(cos6)sin)(cos)((2)sin2cos2( xxexABxBAexAxBe xxx  . 
         Chap va o‘ng tomondagi  xcos  va  xsin  lar oldidagi koeffitsiyentlarni 
tenglab, topamiz:  .

5
9,

5
3

 BA  

         Demak,  birinchi tenglamaning xususiy yechimi 
)cossin3(

5
3

1 xxey x  . 

Ikkinchi tenglamaning o‘ng tomoni )()( xPexf n
x  ko‘rinishda berilgan.  

Bunda .25)(,2 1  xxP  2  xarakteristik tenglamaning bir karrali 
ildizi.  
         Tenglamaning xususiy  yechimini  

)(2
2 DCxxey x    

ko‘rinishda izlaymiz. 
         ),)22(2( 22

2 DxDCCxey x     )42)84(4( 22
2 DCxCDCxey x    

larni berilgan tenglamaga qo‘yamiz: 

)())22(2(2)42)84(4( 22222 DCxeDxDCCxeDCxCDCxe xxx    

Bundan  .
4
1,

4
5  DC  

         Demak,  ikkinchi tenglamaning xususiy yechimi 
)15(

4
1 2

2   xxey x . 

Shunday qilib, berilgan tenglamaning  umumiy yechimi 

)15(
4
1)cossin3(

5
3 22

21   xxexxeeCCy xxx . 



 238 

9. Differensial tenglamalar sistemasining umumiy yechimini toping.  

  9.30. 







.cos3
,sin

212

211

xyyy
xyyy  

1) Sistemaga mos bir jinsli tenglamani tuzamiz: 








.3
,

212

211

yyy
yyy      

Sistemaning xarakteristik tenglamasini tuzamiz va yechamiz: 

0
13
11







 ,  .2,2 21    

21   da 03 2111   tenglikdan 1121 3   yoki 111   desak,  321   
kelib chiqadi. 
        22   da shu kabi topamiz:  .1,1 2212    

U holda bir jinsli sistemaning yechimi 












xx

xx

eCeCy
eCeCy

2
2

2
12

2
2

2
11

3
,  

bo‘ladi.  
Berilgan sistemaning xususiy yechimini  








xBxAy
xBxAy

sincos
,sincos

222

111  

ko‘rinishda izlaymiz.  Bundan 








.cossin
,cossin

222

111

xBxAy
xBxAy  

       2121 ,,, yyyy   larni berilgan sistemaga qo‘yamiz  xcos  va xsin lar 
oldidagi koeffitsiyentlarni tenglab, topamiz: 

.
5
4,

5
1,

5
1,0 2211  BABA  

Demak, berilgan sistemaning xususiy yechimi va umumiy yechimi: 













xxy

xy

sin
5
4cos

5
1

,sin
5
1

2

1

 

















.sin
5
4cos

5
13

,sin
5
1

2
2

2
12

2
2

2
11

xxeCeCy

xeCeCy

xx

xx
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IY bob   
SONLI  VA  FUNKSIONAL QATORLAR 

4.1. SONLI QATORLAR 

 Sonli qatorlarning xossalari. Qator yaqinlashishining zaruriy alomati. 
Musbat hadli qatorning yaqinlashish alomatlari.  
Ishora almashinuvchi qatorlar. Leybnis alomati. 

O‘zgaruvchan ishorali qatorlar. Absolut va shartli yaqinlashish 

       4.1.1. ,...,...,, 21 naaa  haqiqiy yoki kompleks sonlar ketma-ketligidan 
hosil  qililngan   







1
321 ......

n
nn aaaaa  

ifodaga sonli qator (qator) deyiladi.  Bunda ,...,...,, 21 naaa qatorning hadlari,  
na qatorning umumiy hadi deb ataladi 

 Qatorning birinchi n ta hadlarining yig‘indisi nS  ga qatorning n -
qismiy yig‘indisi  deyiladi. 

        Agar qismiy yig‘indilar ketma-ketligi  nS  ketma-ketlik chekli 
limitga ega, ya’ni SSnn




lim  bo‘lsa, 


1n
na  qatorga yaqinlashuvchi qator 

deyiladi. Bunda S  qatorning yig‘indisi deb ataladi va 





1n
naS kabi yoziladi.  

 Agar  nS  ketma-ketlik chekli limitga ega bo‘lmasa, 


1n
na   qatorga  

uzoqlashuvchi qator deyiladi. 

1-misol. Qatorlarni yaqinlashishga tekshiring. Yaqinlashuvchi 
qatorlarning yig‘indisini toping: 

  1) ;
239

1
1

2


 n nn
                          2) 










 

1

11ln
n n

;                      3) 






1

1

n

naq .                              

      1) Qatorning umumiy hadini sodda kasrlar yig‘indisiga keltiramiz: 

.
23

1
13

1
3
1

)23)(13(
1

239
1

2 



















nnnnnn
an  

Bundan 







 

5
1

2
1

3
1

1a ,   





 

8
1

5
1

3
1

2a ,   





 

11
1

8
1

3
1

3a ,   





 

14
1

11
1

3
1

4a ,… 
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U holda 




















 






 






 






 

23
1

13
1

3
1...

14
1

11
1

3
1

11
1

8
1

3
1

8
1

5
1

3
1

5
1

2
1

3
1

nn
Sn  

.
23

1
2
1

3
1

23
1

13
1...

14
1

11
1

11
1

8
1

8
1

5
1

5
1

2
1

3
1




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
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







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nnn
 

Bundan 

6
1

23
1

2
1

3
1limlim 













 n
S

n

nn
. 

Demak, qator yaqinlashadi  va uning yig‘indisi  
6
1  ga teng. 

2) Qatorning umumiy hadida almashtirishlar bajaramiz: 

.ln)1ln(1ln11ln nn
n

n
n

an 





 







   

Bundan 
),1ln(ln)1ln(...3ln4ln2ln3ln1ln2ln  nnnSn  




n
nn

nS )1ln(limlim . 

Demak, qator uzoqlashadi. 

3)  






1

1

n

naq  qator (geometrik progressiya) uchun elementar matematika 

kursidan ma’lumki,   ,1,
1
1





 q
q
qaS

n

n ya’ni    

 
















.1||,

,1||,
11

1
limlim

q

q
q

a
q

q
aS n

nnn
 

1q da naaaaSn  ... , 


naS
nnn
limlim , 1q da 

... aaaaSn  , ya’ni n  juft bo‘lganda 0nS  va n  toq bo‘lganda aSn  .       
Shunday qilib, geometrik progressiya 1|| q  da yaqinlashadi  va uning  

yig‘indisi 
q

aS



1

 ga teng bo‘ladi,  1|| q  da  uzoqlashadi.  

Sonli qatorlar quyidagi  xossalarga ega. 
       .1o  Agar 



1n
na   qator yaqinlashuvchi va uning yig‘indisi S  ga teng bo‘lsa, 

u holda 


1n
na   qator ham yaqinlashadi va uning yig‘indisi S  ga teng 

bo‘ladi, bu yerda  ixtiyoriy son. 
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.2o  Agar 


1n
na  va 



1n
nb  qatorlar yaqinlashuvchi va ularning yig‘indilari 

mos ravishda 1S  va 2S  ga teng bo‘lsa,  )(
1






n
nn ba qator ham yaqinlashadi va 

uning yig‘indisi 21 SS   ga teng bo‘ladi.  
.3o   Agar  



1n
na   qator yaqinlashuvchi bo‘lsa, bu qatordan chekli sondagi 

birinchi k ta hadlarni  tashlab yuborish natijasida hosil qilingan 


 1kn
na  qator 

ham yaqinlashadi va aksincha, agar 


 1kn
na  yaqinlashuvchi bo‘lsa, bu qatorga 

chekli sondagi hadlarni qo‘shish natijasida hosil qilingan 


1n
na qator ham 

yaqinlashadi.  



1n
na  qatordan hosil qilingan 






1ni
in ar  qatorga uning  n qoldig‘i 

deyiladi.  
  1-natija. Agar  qator yaqinlashuvchi bo‘lsa, uning istalgan qoldig‘i 

yaqinlashadi va aksincha,  qoldig‘i yaqinlashuvchi bo‘lgan har qanday qator 
yaqinlashuvchi bo‘ladi.  

2-natija. Agar qator yaqinlashuvchi bo‘lsa, 0lim 
 nn

r  bo‘ladi. 

        4.1.2. 1-teorema (Koshi kriteriyasi) 


1n
na qator yaqinlashishi uchun 

istalgan 0  sonda shunday )(NN   nomer topilishi va barcha Nn  , 
...2,1,0p lar uchun    || 1npn SS   bo‘lishi zarur va yetarli. 

2-misol. 


1

1
n n

  qatorni yaqinlashishga tekshiring.  

    


1

1
n n

 qatorga garmonik qator deyiladi. Bu qatorning n2  va n qismiy 

yig‘indilari ayirmasini qaraymiz: 
.

2
1...

2
1

1
1

2 nnn
SS nn 





  

Bunda har bir qo‘shiluvchini  ulardan kichik bo‘lgan 
n2

1  kattalik bilan 

almashtiramiz:   .
2
1

2
1

2
1...

2
1

2
1

2 
n

n
nnn

SS nn  

Bu tengsizlik garmonik qator uchun np   da Koshi kriteriyasining  
bajarilmasligini bildiradi. Demak,  qator uzoqlashadi. 
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       2-teorema (qator yaqinlashishining zaruriy alomati). Agar 


1n
na qator 

yaqinlashuvchi bo‘lsa, u holda  0lim 
 nn

a  bo‘ladi.  
3-natija (qator uzoqlashishining yetarli alomati). Agar n da 

qatorning umumiy hadi nolga intilmasa,  u holda qator uzoqlashadi.  

3-misol. 


 1
2

2

23n nn
n   qatorni yaqinlashishga tekshiring. 

Berilgan qator uchun 

.01
23

limlim 2

2





 nn

na
nnn

 

Qator uzoqlashishining zaruriy alomatiga ko‘ra bu qator uzoqlashadi. 

4.1.3. 3-teorema  (taqqoslash alomati).  


1n
na va 



1n
nb  musbat hadli 

qatorlar berilgan bo‘lib, n  ning biror )1( 00 nn  qiymatidan boshlab barcha 

0nn   lar uchun nn ba   tengsizlik bajarilsin. U holda 


1n
nb  qatorning 

yaqinlashuvchi bo‘lishidan 


1n
na qatorning yaqinlashuvchi bo‘lishi kelib 

chiqadi  va 


1n
na  qatorning uzoqlashuvchi bo‘lishidan 



1n
nb   qatorning 

uzoqlashuvchi bo‘lishi kelib chiqadi.  
4-teorema (taqqoslashning limit alomati). Agar  musbat hadli 



1n
na  va 




1n
nb   qatorlar uchun )0(lim 


AA

b
a

n

n

n
 bo‘lsa, u holda har ikkala qator bir 

vaqtda yaqinlashadi yoki bir vaqtda uzoqlashadi.  
       5-teorema (Dalamber alomati). Agar 



1n
na  qator uchun qandaydir 0nn   

nomerdan boshlab l
a
a

n

n

n




1lim  limit mavjud bo‘lsa, u holda 1l  da qator 

yaqinlashadi va  1l da qator uzoqlashadi.  
6-teorema (Koshining ildiz alomati). Agar 



1n
na  qator uchun qandaydir 

0nn   nomerdan boshlab lan
nn



lim  limit mavjud bo‘lsa, u holda 1l  da 

qator yaqinlashadi va 1l da qator uzoqlashadi.  
 Izoh. Dalamber va Koshining ildiz alomatlarida 1l  bo‘lganda qator 

yaqinlashishi ham uzoqlashishi ham mumkin. Bunda qatorning yaqinlashishi 
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boshqa  yetarli alomatlar bilan tekshiriladi. 
7-teorema (Koshining integral alomati). 



1n
na  qatorning hadlari );1[   

oraliqda aniqlangan musbat, monoton kamayuvchi )(xf  funksiyaning 
,...,...,2,1 nx  dagi qiymatlaridan iborat, ya’ni ),...(),...,2(),1( 21 nfafafa n   

bo‘lsin.  U holda 


1

)( dxxf  xosmos integral yaqinlashsa, qator ham  

yaqinlashadi va 


1

)( dxxf  xosmos integral uzoqlashsa, qator ham uzoqlashadi.  

4-misol. Musbat hadli qatorlarni  yaqinlashishga tekshiring: 
  1) ;

3
1

1



 n
n n

                                                       2) 


 


1
2 5

12
n nn

n ; 

  3) ;
21

3




n
n

n                                                               4) 


1
;

!n

n

n
a       

  5) ;1
2
1

2

1

n

n
n n

n










 
                                                6) )0(,1

1








n n

. 

    1) 


1 3
1

n
n  yaqinlashuvchi qatorni olamiz.  Berilgan qatorning hadlari 

uchun  
,...2,1,

3
1

3
1




n
n nn

 

tengsizlik bajariladi.  
       U holda  taqqoslash alomatiga ko‘ra berilgan qator yaqinlashadi. 

2) Berilgan va garmonik qatorlar hadlari nisbatlarining limitini topamiz:  
.2

5
12lim

5
12lim 2 








 n
nn

nn
n

nn
 

Garmonik qator uzoqlashuvchi bo‘lgani uchun taqqoslashning limit  
alomatiga ko‘ra berilgan qator uzoqlashadi. 

        3) Berilgan qatorda  nn

na
2

3

 ,    1

3

1 2
)1(




 nn

na .  

U holda 

.1
2
11

2
1lim

2
2)1(limlim

3

31

3
1 






 










 n
n

n
n

a
a

nn

n

n
n

n

n
 

Demak, Dalamber alomatiga ko‘ra qator yaqinlashadi. 
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        4) Berilgan qator  uchun  
!n

aa
n

n  ,  
)!1(

1

1 




 n
aa

n

n   va 

.10
1

lim
)!1(

!limlim
1

1 















 n
a

na
na

a
a

nn

n

n
n

n

n  
Demak, Dalamber alomatiga ko‘ra qator yaqinlashadi. 

5) Qatorni yaqinlashishga Koshining ildiz alomati bilan tekshiramiz: 

.1
2

11lim
2
11

2
1lim1

2
1limlim

2







 






 







 




e
nn

n
n

na
n

n

n

n
n

n

nn
n

nn  
Demak, qator uzoqlashadi. 

6) 


1

1
n n

 )0(   qatorga umumlashgan garmonik qator deyiladi.  

Bu qatorga mos );1[   oraliqda aniqlangan, uzluksiz, monoton 

kamayuvchi 
x

xf 1)(   funksiyani olamiz.   

U holda agar 1  da  

).1lim(
1

1
1

limlim)( 1

1

1

11

















  b

b

b

b

b
bx

x
dxdxxf 



 
 

Bu integral 1 da yaqinlashadi va 1  da uzoqlashadi.  
Demak, Koshining integral alomatiga ko‘ra umumlashgan garmonik 

qator 1 da yaqinlashadi va 10  da uzoqlashadi.  
1 bo‘lganda bu qatordan uzoqlashuvchi  



1

1
n n

 garmonik qator kelib 

chiqadi. Shunday qilib, umumlashgan garmonik qator 1 da yaqinlashadi  
va 10  da uzoqlashadi. 

4.1.4.  Agar qatorning har bir musbat hadidan keyin manfiy had 
kelsa va har bir manfiy hadidan keyin musbat had kelsa, bu qatorga ishora 
almashinuvchi qator deyiladi. 

Ishora almashinuvchi qatorni )0(,)1(
1

1 





n

n
n

n aa  kabi yozish mumkin. 

7-teorema (Leybnits alomati). Agar 





1

1)1(
n

n
n a  qatorda }{ na  ketma-ketlik 

kamayuvchi, ya’ni ),2,1(1  naa nn  va 0lim 
 nn

a  bo‘lsa,  u holda bu qator  
yaqinlashadi va uning yig‘indisi 10 aS   tengsizlikni qanoatlantiradi.  
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5-misol. Ishora almashinuvchi qatorlarni yaqinlashishga tekshiring: 
  1) ;

)1(
1)1(

1
2

1









n

n

nn
                                           2) 






1

)1cos(
n n

n  ; 

  3) ;
1
2)1(

1

1










n

n

n
n                                                 4) 






1

3
1 .3)1(

n

n
n

n
      

       Ishora almashinuvchi qator yaqinlashishga Leybnits alomati bilan 
tekshiriladi. Berilgan qatorlar uchun Leybnits alomatining shartlarini 
tekshiramiz. 

1)  Berilgan qator uchun 2)1(
1



nn

an .  

Bunda 
1) ...,

)1(
1....

43
1

32
1

21
1

2222 









 nn

       2) .0
)1(

1lim 2  nnn
 

        Demak, qator yaqinlashadi.  

2) 





1

)1cos(
n n

n   qatorni 





1

1 1)1(
n

n

n
 kabi yozib olamiz.  

U holda 
1) ...,1....

3
1

2
1

1
1


n

       2) .01lim 
 nn

 

Leybnits alomatiga ko‘ra qator yaqinlashadi. 

3) 










1

1

1
2)1(

n

n

n
n  qator uchun 

1) ...,
1
2....

4
5

3
4

2
3






n
n        2) .01

1
2lim 




 n
n

n
 

Demak, Leybnits alomatining ikkinchi sharti bajarilmaydi. Shuning  
uchun qator uzoqlashadi.  

4) 3

3
n

a
n

n   had uchun 

64
81

27
27

4
9

1
3

  

bo‘ladi, ya’ni 4n  larda Leybnits alomatining birinchi sharti bajarilmaydi.  
      Demak, qator uzoqlashadi. 

4.1.5. Ham musbat va ham manfiy hadlardan tashkil topgan 


1n
na  qatorga 

o‘zgaruvchi ishorali (ixtiyoriy hadli) qator deyiladi.  
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Agar 


1n
na  qator hadlarining absolut qiymatlaridan tashkil topgan   




1
||

n
na  qator yaqinlashuvchi bo‘lsa, 



1n
na  qatorga absolut yaqinlashuvchi 

qator deyiladi. 
 Agar 



1n
na  qator yaqinlashuvchi bo‘lib, 



1
||

n
na  qator uzoqlashuvchi 

bo‘lsa, 


1n
na  qatorga shartli yaqinlashuvchi qator deyiladi.  

8-teorema (o‘zgaruvchi ishorali qator yaqinlashishining yetarlilik 
alomati). Agar 



1
||

n
na  qator yaqinlashuvchi bo‘lsa, u holda 



1n
na  qator ham 

yaqinlashadi, ya’ni absolut yaqinlashuvchi qator oddiy ma’noda ham  
yaqinlashuvchi bo‘ladi.  

5-misol. Qatorlarni shartli yoki absolut yaqinlashishga tekshiring: 

  1) ;
)10(ln

cos
1



n
n

n                                                          3) ;
3

)1(
1

2

2

n
n

nn n







  

  3) ;
54

1)1(
1

1










nn

n                                              4) .
lnln

1)1(
3 nnnnn

n



                   

 1) Qator o‘zgaruvchi ishorali.   ning har qanday qiymatida 
0

)10(ln
coslim 

 nn

n  bo‘lgani uchun qator yaqinlashishi mumkin. Bu qator 

hadlarining absolut qiymatlaridan tashkil topgan 


1 )10(ln
|cos|

n
n

n  qatorni qaraymiz. 

Bu qatorning hadlari 


1 )10(ln
1

n
n

 qator mos hadlaridan katta bo‘lmaydi. 




1 )10(ln
1

n
n

 qator Koshining ildiz alomatiga ko‘ra yaqinlashadi: 

.1
10ln
1lim

)10(ln
1lim 

 n
n

nn
 

Demak, 


1 )10(ln
|cos|

n
n

n  qator yaqinlashadi. U holda 8-teoremaga ko‘ra  

berilgan qator absolut yaqinlashadi.  

2) Qatorning yoyilmasini yozamiz:  

....
81
4

27
3

9
2

3
1

3
)1(

1

2

2








n
n

nn n  
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Demak, qator o‘zgaruvchi ishorali.  
Bu qator hadlarining absolut qiymatlaridan tashkil topgan 



1 3n
n

n qatorni  

Dalamber alomati bilan yaqinlashishga tekshiramiz: 

.1
3
1

3
3)1(limlim
31

1 








 n
n

a
a

n

n

n
n

n

n  
        



1 3n
n

n  qator yaqilashdi. Demak, berilgan qator absolut yaqinlashadi. 

3) Qator ishora almashinuvchi.  
Bu qator hadlari uchun Leybnits alomatining shartlarini tekshiramiz: 

1) ...,
54

1....
17
1

13
1

9
1





n

       2) .0
54

1lim 
 nn

 

Demak, berilgan qator yaqinlashadi. Bu qator hadlarining absolut 
qiymatlaridan tashkil topgan 



 1 54
1

n n
qator uzoqlashadi.  

Shunday qilib, berilgan qator shartli yaqinlashadi. 

4) Berilgan qator uchun Leybnits alomatining har ikkala sharti bajariladi: 

1) ...,
lnlnln

1....
4lnln4ln4

1
3lnln3ln3

1


nnn
    2) .0

lnlnln
1lim 

 nnnn
 

Demak, qator yaqinlashadi. 




3 lnln
1

n nnnn
 qatorni yaqilashishga Koshining integral alomati bilan 

tekshiramiz: 
  

 b

b xxx
dx

xxx
dx

33 lnlnln
lim

lnlnln
 







  

b

b t
dtdt

xx
dxtx

lnln

3lnln
lim

ln
,lnln  

.3lnln2)ln(ln22lim
lnln

3lnln




b

b
t  

Bundan 


3 lnln
1

n nnnn
 qatorning uzoqlashishi kelib chiqadi.  

Demak, berilgan qator shartli yaqinlashadi. 
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Mashqlar 

   4.1.1. Qatorlarni yaqinlashishga tekshiring. Yaqinlashuvchi qatorning  
yig‘indisini toping: 

  1) ;
)3(

1
1



 n nn
                                                    2) ;

)72)(52(
1

1



 n nn
 

  3) ;
10219

1
1

2


 n nn
                                       4) ;

344
1

1
2



 n nn
 

  5) ;
)1(

12
1

22


 


n nn
n                                                   6) ;

)12()12(
4

1
22



 n nn
n  

  7) ;)13()1(
1






n

n n                                               8) 









 

1 2
3)1(

2
7

n

n ; 

  9) ;
15

53
1






n

n

nn

                                                   10) 





1
3
;

2
1

n
n       

11) 














1 23
14ln

n n
n ;                                              12) 















1
2 1

3
n n

narcctg . 

  4.1.2. Qatorlarni yaqinlashishga taqqoslash alomati bilan tekshiring: 

  1) ;
1

1
1

2


 n n
                                                      2) ;

)1ln(
1

1



 n n
 

  3) ;
2

cos1
1










 

n
n

                                       4) .
23

1
1

1



 n

n  

  4.1.3. Qatorlarni yaqinlashishga taqqoslashning limit alomati bilan  
tekshiring: 

  1) ;
41













n n
tg                                                      2) ;sin

1
2












n n
n   

  3) ;
4
53

1
4

2




 


n nn
n                                       4) .1ln

1
2

2












 
n n

n  

  4.1.4. Qatorlarni yaqinlashishga Dalamber alomati bilan tekshiring: 

  1) ;
21




n
n

n                                                           2) ;
)32(...975

)3(...654
1



 


n n
n  

  3) ;!
1



n
ne

n                                       4) .
!1




n

n

n
n  
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  4.1.5. Qatorlarni yaqinlashishga Koshining ildiz alomati bilan  
tekshiring: 

  1) ;
23
12

1

22



















n

n

n
n                                              2) ;

3
1

1

2













n

n

narctg  

  3) ;
4

14
1

2











 

n

n

n
n                                      4) .1

2
1

1

2











 

n

n

n n
n  

  4.1.6. Qatorlarni yaqinlashishga Koshining integral alomati bilan  
tekshiring: 
  1) ;

)13(
1

1
2



 n n
                                                 2) ;2

1 3






n nn

n  

  3) ;
ln
1

2



n nn
                                    4) .

)23(ln)23(
1

1
2



 n nn
 

  4.1.7. Qatorlarni yaqinlashishga tekshiring: 

  1) ;
1
1ln1

1















n n
n

n
                                          2) ;

35
2

1

1








n
n

n

 

  3) ;
2 24

23 2




 


n nn

nn                                     4) ;
!2
)!1(

1






n

n n
n  

  5) ;
)!1(

3
1

1








n

n

n
                                                   6) ;

)!2(
)!(

1

2




n n
n  

  7) ;
22

100




n
n

n                                     8) ;11
3
1

1

2











 

n

n

n n
 

  9) ;
ln
1

2
2



n nn
                                                 10) 



3
2 .

)ln(lnln
1

n nnn
 

  4.1.8. Qator yaqinlashishining yetarli alomati asosida isbotlang: 

  1) ;0
!

lim 
 n

a n

n
                                                 2) .0

)!2(
lim 

 n
n n

n
 

  4.1.9. Ishora almashinuvchi qatorlarni yaqinlashishga tekshiring: 
  1) ;1)1(

1

1





n

n

n
                                             2) 






2

ln)1(
n

n

n
n ; 

  3) ;
)12(...531

!)1(
1

1









n

n

n
n                         4) 






1

1)1(
n

n

n
; 

  5) 


 


1 56
)1(

n

n

n
n ;                                          6) 






1

2
1 .2)1(

n

n
n

n
     9 
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4.1.10. Qatorlarni shartli yoki absolut yaqinlashishga tekshiring: 
  1) ;

)3(ln
sin

1



n
n

n                                                  2) 


 


1
2 5

)1cos(
n n

n  ; 

  3) ;1)1(
1 4 5






n

n

n
                                            4) 



 


1 )1ln()1(
1)1(

n

n

nn
; 

  5) 


 


1 )1ln(
1)1(

n

n

n
;                                      6) 





 





 

1

1

3
11)1(

n
n

n ;      

  7) 


 



1

2

2

14
3)1(

n

n

n
n ;                                        8) 












1
2

1sin)1(
n

n

n
;      

  9) 















1

;
23
12)1(

n

n
n

n
n                                   10) .

)23(...741
)32(...975)1(

1

1










n

n

n
n     

 
 

4.2. FUNKSIONAL  QATORLAR 

Funksional qatorlarning yaqinlashishi. Tekis yaqinlashuvchi  
qatorlar. Darajali qatorlar.  Funksiyalarni darajali qatorga yoyish.   

Qatorlarning taqribiy hisoblashlarga tatbiqi 
 

       4.2.1. RX   to‘plamda ),...(),...,(),( 21 xuxuxu n  funksiyalar aniqlangan 
bo‘lsin. Bu funksiyalardan tuzilgan ketma-ketlik X  to‘plamda berilgan 
funksional ketma-ketlik deyiladi va )}({ xun  bilan belgilanadi.  

RX   to‘plamda berilgan )}({ xun  funksional ketma-ketlik hadlaridan 
tashkil topgan 



1
)(

n
n xu  ifodaga  funksional qator deyiladi. Bunda 

),...(),..,(),( 21 xuxuxu n  funksional qatorning hadlari, )(xun funksional 
qatorning umumiy hadi deb ataladi. 

Agar 


1
)(

n
n xu  qatorda x ning o‘rniga ixtiyoriy Xx 0  qiymat qo‘yish 

natijasida hosil qilingan 


1
0 )(

n
n xu  sonli qator yaqinlashuvchi (uzoqlashuvchi) 

bo‘lsa 


1
)(

n
n xu  funksional qatorga 0x  nuqtada yaqinlashuvchi (uzoqlashuvchi) 

deyiladi. Bunda 0x  nuqta 


1
)(

n
n xu  funksional qatorning yaqinlashish 

(uzoqlashish) nuqtasi deb ataladi. 
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  


1
)(

n
n xu funksional qatorning barcha yaqinlashish nuqtalaridan iborat 

bo‘lgan  XXX 00  to‘plamga funksional qatorning yaqinlashish sohasi 
deyiladi. 

Agar 


1
)(

n
n xu qator hadlarining absolut qiymatlaridan tashkil topgan  




1
|)(|

n
n xu  qator yaqinlashuvchi bo‘lsa, 



1
)(

n
n xu  qatorga absolut yaqinlashuvchi 

qator deyiladi. 
Ayrim funksional qatorlarning yaqinlashish sohasi musbat hadli  

qatorlar yaqinlashishining yetarli alomatlari bilan topiladi. 

1-misol. Funksional qatorlarning yaqinlashish sohasini toping: 

  1) ;1
1

lg


n
xn

                                               2) 


 1
2 )1(n

n

n

x
n . 

         1) 


1

1
n n

 umumlashgan garmonik qator 1 da yaqinlashadi 1  da 

uzoqlashadi. xlg desak umumlashgan garmonik qatordan berilgan qator 
kelib chiqadi. Bu qator 1lg x  da, ya’ni 10x da yaqinlashadi va 1lg x  da, 
ya’ni 100  x  da uzoqlashadi. Demak, berilgan qatorning yaqinlashish  
sohasi );10(   dan iborat.  

2)  Berilgan qatorning hadlari  x  da aniqlangan va uzluksiz. 
Koshining ildiz alomati bilan topamiz: 

,
1

lim
)1(

lim 22 






 x

n
x

nl
n

n
n

n

n
 );( x . 

Demak, qator  x da uzoqlashadi. 

        4.2.2. Ixtiyoriy 0  son uchun shunday )(0 n  nomer topilsaki, 0nn   

bo‘lganda barcha  bax ;  da yaqinlashuvchi 


1
)(

n
n xu qator uchun |)(| xRn  

tengsizlik bajarilsa, bu qatorga ];[ ba  kesmada tekis yaqinlashuvchi qator 
deyiladi.  

1-teorema (Veyershtrass alomati). Agar 


1
)(

n
n xu  funksional qator uchun 

shunday musbat hadli yaqinlashuvchi 


1n
na  sonli qator topilsaki, barcha  

];[ bax  da nn axu |)(| , ,...2,1n  tengsizlik bajarilsa, u holda 


1
)(

n
n xu  qator 
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];[ ba  kesmada absolut va tekis yaqinlashadi.  




1n
na  qatorga 



1
)(

n
n xu qator uchun majorant qator deyiladi. 

2-misol. Qatorlarning tekis yaqinlashish sohasini toping: 
  1) ;1)1(

1
2

1









n
n

n

nx
                                                 2) 



 1 22 )1(
cos

n nxn
nx . 

         1) Berilgan qator );( x  nuqtalarda Leybnits alomatiga ko‘ra 
yaqinlashadi: 

1) ...,1....
3

1
2

1
1

1
2642 









 nxxxx n        2) .01lim 2 

 nx nn
 

U holda qatorning qoldig‘i |)(||)(| 1 xuxR nn   tengsizlik bilan baholanadi.  
Bundan  

1
1

1
1|)(| 22 





 nnx

xR nn . 


1
1

n
 tengsizlikdan 11




n kelib chiqadi. U holda Nn   dan boshlab 

|)(| xRn  bo‘ladi, bu yerda .11



N   

Demak, berilgan qator );( x da tekis yaqinlashadi. 

2) Qatorning hadlari  ]1;1[  kesmada aniqlangan va uzluksiz. 
Ixtiyoriy n natural son uchun 

nnnn a
nxnxn

nxxu 





 22222

1
)1(

1
)1(

cos)(  

tengsizlik bajariladi.  




1
2

1
n n

 sonli qator yaqinlashuvchi. U holda Veershtrass alomatiga ko‘ra  

berilgan qator  ]1;1[  kesmada tekis yaqinlashadi. 

4.2.3. Ushbu





0
0 )(

n

n
n xxa   ko‘rinishdagi funksional qatorga darajali 

qator deyiladi. Bunda ,...,...,, 10 naaa  o‘zgarmas sonlar darajali qatorning 
koeffitsiyentlari, 0x darajali qatorning markazi deb ataladi. 
        Xususan, 00 x bo‘lganda 



0n

n
n xa  darajali qator hosil bo‘ladi. Bu qatorda  

n
n xa  had )1( n  o‘rinda turgan bo‘lsa  ham  qulaylik uchun uni n had deb  

qaraladi.  
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2-teorema (Abel teoremasi). Agar 


0n

n
n xa darajali qator 00  xx  nuqtada 

yaqinlashsa, u holda u x ning |||| 0xx   tengsizlikni qanoatlantiruvchi  barcha 
nuqtalarida absolut yaqinlashadi. 

1-natija. Agar 


0n

n
n xa darajali qator 1xx   nuqtada uzoqlashsa, u holda  

u x ning |||| 0xx   tengsizlikni qanoatlantiruvchi  barcha nuqtalarida 
uzoqlashadi.  
 Agar 



0n

n
n xa  



0n

n
n xa darajali qator  Rx ||  da absolut yaqinlashsa va 

 Rx ||  da uzoqlashsa 0R  soniga darajali qatorning yaqinlashish radiusi, 
 RR;  oraliqqa darajali qatorning yaqinlashish intervali (sohasi) deyiladi.  

Darajali qator yaqinlashish intervalining chegaraviy Rx   nuqtalarida 
yaqinlashishi ham uzoqlashishi ham mumkin. Shu sababli darajali qator bu 
nuqtalarda alohida tekshiriladi.  

Agar 


0n

n
n xa darajali qatorning barcha ,...,...,,, 210 naaaa  koeffitsiyentlari  

nolga teng bo‘lmasa, uning yaqinlashish radiusi quyidagi formulalardan  
biri bilan topiladi:                                      

1

lim





n

n

n a
aR  ,        

n
n

n a
R 1lim


 . 




0n

np
nxa  darajali qatorning yaqinlashish radiusi  

p

n

n

n a
aR

1

lim



 ,          p

n
n

n a
R 1lim


  

formulalardan biri  bilan topiladi.  



0n

n
n xa  qatorning yaqinlashish oralig‘i markazi 00 x  nuqtada bo‘lgan  

 RxRx  00 ;  intervaldan iborat bo‘ladi.  

3-misol. Darajali qatorlarning yaqinlashish sohasini toping: 

  1) 


1
;

!n

n

n
x                                                    2) ;11

1

2











 

n

n
n

x
n

 

  3) 





1

2

)2(
n

n

n
x ;                                           4) .

9
)1(

1

2




 


n
n

n

n
x  

1) Berilgan qatorda     
)1(!

1
)!1(

1,
,!

1
1





  nnn

a
n

a nn .    



 254 

U holda 








 !

)1(!limlim
1 n

nn
a
aR

n
n

n

n
. 

Demak, qator ),( x  da yaqinlashadi.  

       2) Berilgan qator uchun   
2

11
n

n n
a 






  .     

Bundan 

e
nn

R n

n
n

nn

1
11lim

1

11

1lim
2









 









 






. 

e
x 1

  da qator 









 

1

2

111)1(
n

n

n
n

ne
 ko‘rinishni oladi. Bu qator uchun 

Leybnits alomatining ikkinchi sharti bajarilmaydi: 

01111lim
2







 



n

nn ne
. 

Shu sababli 









 

1

2

111)1(
n

n

n
n

ne
qator uzoqlashadi va shu kabi 

e
x 1
  da qator  

uzoqlashadi.  Demak, berilgan qator 







ee
1;1  oraliqda yaqinlashadi. 

3)  Berilgan qator uchun 212 )1(
1,1


  n
a

n
a nn . 

Bundan 

1)1(limlim 2

2

1








 n

n
a
aR

n
n

n

n
. 

Demak, qator )12;12(   ya’ni )3;1(  oraliqda yaqinlashadi. 
 Intervalning chegaraviy nuqtalarida tekshiramiz.  

1x  da qator 





1

2

)1(
n

n

n
 ko‘rinishni oladi.  Leybnits alomatiga ko‘ra  

1) ...;
9
1

4
11          2) 01lim 2  nn

. 

Demak, qator 1x da yaqinlashadi. 3x  da qator 


1
2

1
n n

ko‘rinishini oladi. 

Bu qator yaqinlashuvchi.  
Shunday qilib, qatorning yaqinlashish sohasi ]3;1[  dan iborat.  
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4) 


 


1

2

9
)1(

n
n

n

n
x  qatorning yaqinlashish radiusini topamiz: 

3
9

9)1(limlim
1

1











 n

n

n
n

n

n n
n

a
aR . 

Demak, qator )31;31(   ya’ni )4;2(  oraliqda yaqinlashadi. 
Chetki 2x va 4x  nuqtalarda berilgan qatordan uzoqlashuvchi 

garmonik qator kelib chiqadi. Shunday qilib, qatorning yaqinlashish sohasi  
)4;2(  dan iborat. 

1o. Darajali qator yaqinlashish oralig‘i ichida yotuvchi har qanday 
 RR;  kesmada tekis yaqinlashadi.  

2o. Darajali qatorning yig‘indisi bu qatorning yaqinlashish oralig‘iga 
tegishli bo‘lgan har bir nuqtada uzluksiz bo‘ladi. 

3o. Darajali qatorni o‘zining yaqinlashish oralig‘ida hadma-had 
differensiyallash (integrallash) mumkin. Darajali qatorni hadma-had 
differensiyallash (integrallash) natijasida hosil qilingan qatorning 
yaqinlashish oralig‘i ham  berilgan qatorning yaqinlashish oralig‘i bilan bir  
xil bo‘ladi.  

4-misol. Qatorlarning yig‘indisini toping: 

  1) 


1
;

n

n

n
x                                            2) 



1
.

n

nnx  

     1) Berilgan qator uchun 
1

1,1
1 
  n

a
n

a nn . Bundan  

11lim
1







 n
n

a
aR

n

n

n
. 

Qatorni 1|| x  da hadma-had differensiyallaymiz:  

x
xxx n


 

1
1.....1 12 . 

       Bu qatorni va uning yig‘indisini 1|| x  da hadma-had integrallaymiz: 

    


  |1|ln
1

......)( 12 x
x

dxdxxdxxxdxdxxS n . 

Demak, qatorning  yig‘indisi |1|ln)( xxS   ( 1|| x  ) ga teng.  

   2) Bu qator uchun 1, 1   nana nn va  

1
1

lim
1







 n
n

a
aR

n

n

n
. 
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Qatorni 
)......321(

1

121




 
n

nn nxxxxnxx  

ko‘rinishda yozib olamiz. 
)......321

1

121




 
n

nn nxxxnx  qatorni 1|| x  da hadma-had 

integrallaymiz:  

x
xxxxx n




1
......32 . 

       Bu qatorni va uning yig‘indisini 1|| x  da hadma-had differensiallaymiz: 

.
)1(

1...)...321()( 2
12

1 x
nxxxxS n


   

       Demak,   


1n

nnx  qatorning  yig‘indisi  

21 )1(
)()(

x
xxxSxS


  ( 1|| x  ). 

4.2.4. 0x  nuqtada cheksiz differensiyallanuvchi )(xf  funksiya uchun 
tuzilgan 

 
1

0

1

0
0

0
)(

)(
)!1(
)()(

!
)()( 








 n
n

k
n

n

k

xx
n

cfxx
k

xfxf  ,  );( 0 xxc  

qatorga Teylor qatori (Lagranj ko‘rinishidagi qoldiq hadli) deyiladi.  

5-misol. 123)( 234  xxxxf  funksiyani 20 x  nuqta  atrofida Teylor 
qatoriga yoying.  
 Funksiya va funksiya hosilalarining 20 x  nuqtadagi qiymatlarini 
topamiz:  

123)( 234  xxxxf ,     ;1)2( f  
,494)( 23 xxxxf       ;4)2( f  

41812)( 2  xxxf ,     ;16)2( f  
1824)(  xxf ,     ;30)2( f  

24)( xf IY ,     .24)2( IYf  
Topilgan qiymatlarni Teylor formulasiga qo‘yamiz: 

432 )2(
!4

24)2(
!3

30)2(
!2

16)2(41)(  xxxxxf  

 yoki 
432 )2()2(5)2(8)2(41)(  xxxxxf . 
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00 x  da Teylor qatoridan kelib chiqadigan  
   

1
1

0 )!1(
)(

!
)0()( 



 
 n

n
k

n

k

k

x
n

cfx
k

fxf     );( 0 xxc  

qatorga Makloren qatori (Makloren formulasi) deyiladi.  
Asosiy elementar funksiyalarning Makloren qatoriga quyidagicha 

yoyiladi:  

1. ...
!

...
!3!2

1
!0

32




 n
xxxx

n
xe

n

n

n
x  ,    x ; 

2.  ...
)!12(

)1(...
!5!3)!12(

)1(sin
12

0

5312

















 n
xxxx

n
xx

nn

n

nn

 ,   x ; 

3.  ...
)!2(

)1(...
!4!2

1
)!2(

)1(cos
2

0

422










 n
xxx

n
xx

nn

n

nn

 ,  x ; 

4.  ...)1(...
321

)1()1ln(
1

0

321
















 n
xxxx

n
xx

nn

n

nn

 , 11  x ; 

5.  







1 !
)1()1(1)1(

n

nx
n

nx    = 

  ...
!

)1()1(...
!2

)1(1 2 





 nx
n

nxx 


  ,  11  x ; 

6.  ...
12

)1(...
5312

)1( 12

0

5312

















 n
xxxx

n
xarctgx

nn

n

nn

 .    11  x . 

6-misol. Funksiyalarni x  ning darajalari bo‘yicha qatorga yoying:  
  1) ;

)3(
2)( 2


x

xf                                                2) .sin)( 2 xxf   

    1)  












 3
2

)3(
2

2 xx
 bo‘lishini hisobga olib, avval  

3
1

1
3
2

3
2

xx 



 

funksiyani x  ning darajalari bo‘yicha qatorga yoyish masalasini qaraymiz.  
)1( x  funksiyaning Makloren qatoriga yoyilmasidan 1 da topamiz: 

...,)1(...1
1

1 2 


nn xxx
x

    1|| x . 

Bu formula bilan topamiz: 








 





...
3

...
33

1
3
2

3
1

1
3
2

3
2

2

2

n

nxxx
xx

  , 1
3


x  
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Bu qatorni yaqinlashish sohasida hadma-had differensiallaymiz. 








 













...
3

...
3
2

3
1

3
2

3
2 1

2 n

nnxx
x

  , 1
3


x . 

Bundan 







 








 
 0

1

1

22 3
)1(

3
2...

3
...

3
2

3
1

3
2

)3(
2

n
n

n

n

n xnnxx
x

  , 1
3


x . 

2) Berilgan funksiyaning x  ning darajalari bo‘yicha yoyilmasini  
)2cos1(

2
1sin 2 xx   

almashtirishga x2cos  funksiyaning Makloren qatoriga yoyilmasini qo‘yish 
orqali topamiz. x2cos  funksiyaning x  ning darajalari bo‘yicha yoyilmasini 

xcos  funksiyaning Makloren qatoriga yoyilmasida x ni x2  bilan almashtirib, 
topamiz: 

...
)!2(

2)1(...
!4

2
!2

212cos
224422


n
xxxx

nn
n  ,  x . 

Bundan 









 ...

)!2(
2)1(...

!4
2

!2
21

2
1

2
1sin

224422
2

n
xxxx

nn
n  

yoki 

...
)!2(

2)1(...
!4

2
!2

2sin
212

1
432

2 




n
xxxx

nn
n  ,  x . 

4.2.5. Funksiyalar qiymatini taqribiy hisoblash 

        )(xf  funksiyaning 0xx   qiymatini berilgan aniqlikda hisoblash talab 
qilingan bo‘lsin.  Bu funksiya  RR;  oraliqda darajali qatorga yoyilsin va 

 RRx ;0   bo‘lsin.  
U holda )(xf  funksiyaning 0x  nuqtadagi aniq qiymati Teylor qatori bilan 

taqribiy qiymati esa shu qatorning n qismiy yig‘indisi bilan hisoblanishi 
mumkin, ya’ni )()( 00 xSxf n . Bu tenglikning aniqligi n  ning ortishi bilan 
ortib boradi. Bu tenglikning absolut xatosi )()()( 000 xSxfxR nn   ga teng 
bo‘ladi.  

Agar )( 0xf  qiymatni 0  aniqlikda hisoblash talab qilinsa,   shunday  
dastlabki hadlar yig‘indisni olish kerak bo‘ladiki,  bunda )( 0xRn   
bo‘lishi lozim.  
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Musbat hadli qatorning qoldig‘i 



n

n dxxfR )(  tengsizlik bilan, ishora 

almashinuvchi qatorning qoldig‘i  || 1 nn aR  tengsizlik bilan baholanadi. 

Bundan tashqari  qator qoldig‘i  


 


1
0

)1(

0 )(
)!1(
)()( n

n

n cx
n

cfxR  tengsizlik bilan  

ham baholanishi mumkin. 

7-misol. e sonini 001,0  aniqlikda hisoblang.  
xe  funksiyaning Makloren qatoriga yoyilmasidan foydalanamiz: 

1x  da ...
!

1...
!3

1
!2

111 
n

e   . 

Bunda  ,
)!1(

)1(



n

eR
c

n  )1;0(c  yoki 31  eec bo‘lishi hisobga olinsa, 

)!1(
3)1(



n

Rn  kelib chiqadi.  

      6n  da .001,000069,0
!7

3)1(6 R  

      Demak,  
718,2

!6
1

!5
1

!4
1

!3
1

!2
111 e . 

8-misol. o18cos ni 0001,0  aniqlikda hisoblang.  
Argumentni radian o‘lchamiga o‘tkazamiz va topilgan sonni xcos   

funksiyaning Makloren qatoriga qo‘yamiz: 

...
10!4

1
10!2

11
10

cos18cos
42
















o  ., bunda ,31416,0
10


     

,09870,0
10

2







     .00974,0

10

4







   

Qator ishora almashinuvchi.   
      Shu sababli 

0001,0
10!6

1 6

41 







aan  va || 3aRn  . 

Demak, 
9511,0

24
00974,0

2
09870,0118cos o . 
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Aniq integrallarni taqribiy hisoblash 


b

a
dxxf )(  integralni 0  aniqlikda hisoblash talab qilingan bo‘lsin. 

Integral ostidagi funksiyani ];[ ba  kesmani o‘z ichiga olgan  RR;  oraliqda 
darajali qatorga yoyish mumkin bo‘lsin. U holda berilgan integral qatorni 
hadma- had integrallash bilan integrallanadi. Integrallashning aniqligi  
funksiya qiymatini taqribiy hisoblashdagi kabi baholanadi. 

9-misol. dx
x

arctgxx


0

 integralni toping.  

arctgx  funksiyaning qatorga yoyilmasidan integral ostiga qo‘yamiz 
va  0  dan x gacha integrallaymiz: 








 


 


 dx
n
xxxdx

x
arctgx x n

n
x

0

22
1

42

0

...
12

)1(...
53

1  

...
)12(

)1(...
53 2

12
1

2

5

2

3









n
xxxx

n
n  

Dalamber alomatiga ko‘ra 1
)12(
)12(lim 2

2






 n

nR
n

.  

Intervalning chegaraviy nuqtalarida tekshiramiz.  

1x  da qator 









1
2

1

)12(
)1(

n

n

n
  va 1x  da qator 



 


1
2)12(

)1(
n

n

n
 bo‘ladi.  

Bu qatorlar Leybnits alomatiga ko‘ra yaqinlashuvchi.  
Demak, qatorning yaqinlashish sohasi ]1;1[ dan iborat. 

        10-misol.    


1,0

0

1ln dx
x

x  integralni 0001,0  aniqlikda hisoblang.  

    










  




1,0

0

1,0

0

1

0 1
)1(1)1ln( dx

n
x

xx
x n

n

n   

0076,0
10003
1

1002
1

10
1

)1(
)1(

1
)1( 22

1.0

00
2

11,0

00












 







 n

n
n

n

n

n

n
xdx

n
x  

Differensiyal tenglamalarni taqribiy yechish 

 Aytaylik, ),( yxfy   differensial tenglamaning 00 )( yxy   boshlang‘ich 
shartini qanoatlantiruvchi yechimini topish talab qilingan bo‘lsin.  

Bu tenglamaning yechimini 





0

0
0

)(

)(
!

)(
n

n
n

xx
n

xyy  ko‘rinishida izlanadi.  
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Bu yerda 00 )( yxy  , ),()( 000 yxfxy  bo‘ladi. )( 0xy  va boshqa  hosilalar 
berilgan tenglamani ketma-ket differensiallash hamda ,,, yyx   qiymatlar 
o‘rniga ,,, 000 yyx   qiymatlarni qo‘yish orqali topiladi.  

Yuqori tartibli differensial tenglamalarni Teylor qatori yordamida 
yechish shu kabi bajariladi. Differensial tenglamalarni taqribiy yechishning  
bu usuliga ketma-ket differensiallash usuli deyiladi.  

11-misol. 1)0(,0)0(,2  yyyxy  tenglama yechimi yoyilmasining  
dastlabki to‘rtta noldan farqli hadini toping. 

         ,11021)21()0(,000)0( 0  xyyyy  

,200212)22()0( 0
2  x

IV yyyy  

,0102016)26()0( 0  x
V yyyyy  

.820206118)268()0( 2
0

2  x
IVVI yyyyyy  

Demak, izlanayotgan yechim 

!6
8

!4
2

!3!1

643 xxxxy     yoki    .
90
1

12
1

6
1 643 xxxxy   

Differensial tenglamalarni taqribiy yechishning yana bir usuli noma‘lum 
koeffitsiyentlar usuli deb ataladi.  

Aytaylik,  
)()()( xfyxqyxpy   

differensial tenglamaning 00 )( yxy  , 00 )( yxy   boshlang‘ich shartlarni 
qanoatlantiruvchi yechimini topish talab qilingan bo‘lsin.  

)(),( xqxp  va )(xf funksiyalar biror  RxRx  00 ;  oraliqda 0xx   ning 
darajalari bo‘yicha qatorga yoyiladi deb faraz qilib,  tenglamaning yechimi  







0
0 )(

n

n
n xxcy ko‘rinishida izlanadi. Bu yerda ,....,, 210 ccc  noma’lum 

koeffitsiyentlar. 
0c  va 1c  koeffitsiyentlar boshlang‘ich shartlardan topiladi: ., 1100 ycyc   

Keyingi koeffitsiyentlarni  topish  uchun 





0
0 )(

n

n
n xxcy tenglama ikki marta 

differensiallanadi, y va uning differensiallari )()()( xfyxqyxpy    
tenglamaga qo‘yiladi, )(),( xqxp  va )(xf funksiyalar yoyilmalari bilan 
almashtiriladi. Natijada ayniyat kelib chiqadi. Bu ayniyatdan qolgan 
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koeffitsiyentlar topiladi. Hosil qilingan 





0
0 )(

n

n
n xxcy qator  RxRx  00 ;  

oraliqda yaqinlashadi va  )()()( xfyxqyxpy   tenglamaning yechimi  
bo‘ladi. 

12-misol. 1)0(,0)0(,cos  yyxxyyxy  tenglamani noma’lum 
koeffitsiyentlar usuli bilan yeching. 

Tenglama koeffitsiyentlarini darajali qatorga yoyamiz: 

....
!4!2

1cos)(,1)(,)(
42








 
xxxxxxfxqxxp  

        Tenglamaning yechimini  
...3

3
2

210  xcxcxccy  
ko‘rinishda izlaymiz. 

U holda 
...,432 3

4
2

321  xcxcxccy  
....43322 2

432  xcxccy  
Boshlang‘ich shartlardan topamiz: .1,0 10  cc  
Topilgan qatorlarni differensial tenglamaga qo‘yamiz: 

xxcxcc  ....)43322( 2
432  ...)4321( 3

4
2

32 xcxcxc  

 ...)( 3
3

2
2 xcxcx ....

!6!4!2
1

642








 
xxxx  

x ning bir xil darajalari oldidagi koeffitsiyentlarni tenglashtiramiz: 
                                         ,02: 2

0 cx  
                                         ,1232: 3

1  cx  
                                         ,0343: 24

2  ccx  

                                         ,
2
1454: 35

3  ccx  

                                         ,0565: 46
4  ccx  

                                          ……………………… 

Bundan .
!7

1,
!5

1,
!3

1,0... 753642  cccccc  

Demak, izlanayotgan yechim 

...
!7!5!3

753


xxxxy   

ya’ni 
.sin xy   
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Mashqlar 

  4.2.1. Funksional qatorlarning yaqinlashish sohasini toping: 
  1) ;

1
1

1
2



 n
nx

                                                    2) 





1

1)1(
n

nxn ne ; 

  3) ;
3

)18(
1

2







n

n

nx                                                4) 





1
)2(lg

n

n x ; 

  5) 











1 3
sin2

n
n

n x ;                                              6) 


1
ln

1
n

xn
. 

  4.2.2. Qatorlarning tekis yaqinlashish sohasini toping: 
  1) ;)1(

1
24



 


n

n

nx
n                                            2) ;

4
1)1(

1 22


 


n

n

nx
 

  3) 


1
2

cos
n n

nx ;                                                    4) ;
9

sin
1 22



 n nx
nx  

  5) 





1
12

sin
n

n

nx ;                                                    6) 











1n nn
xarctg . 

  4.2.3.  Darajali qatorning yaqinlashish sohasini toping: 

  1) ;
)1(30




 n
n

n

n
x                                                 2) ;2

1



n

nn

n
x                              

  3) ;
21




 n
n

n

n
x                                                      4) ;

3
2

1



n

n

n

n x                              

  5) 


 1
;

)1(
!

n
n

n

n
xn                                                  6) ;

!
)1(

1

n
n

n

n

x
e
n

n










                   

  7) ;
3

)2()1(
0

3

1











n

nn

n
x                                         8) ;

2)23(
)4()1(

0



 


n
n

nn

n
x  

  9) 


 1

2

;
10n

n

n

n
x                                                  10) ;

)1(81
2

3




 n
n

n

n
x                       

11) ;
3
)2(

1
2

2




 


n
n

n

n
x                                               12) ;

12
)3(

1

5




 n

n

n
x                       

13) 


1 sinn
n

n

n
x ;                                                  14) .

2
sin)2(

1






n

n
nx   

  4.2.4. Qatorlarning  yig‘indisini toping: 

   1) ;
12

)1(
1

121











n

nn

n
x                                             2) ;

21

2




n

n

n
x  

   3) ;2
1



n

nn xn                                                    4) 






1

12 .
n

nxn  
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  4.2.5. 124)( 34  xxxxf  funksiyani 10 x  nuqta  atrofida Teylor  
qatoriga yoying.  

  4.2.6. 1)( 35  xxxxf  funksiyani 10 x  nuqta  atrofida Teylor  
qatoriga yoying.  

  4.2.7. Funksiyalarni x  ning darajalari bo‘yicha qatorga yoying:  
  1) ;

4
3)(

x
xf


                                              2) ;

23
)(

x
xxf


                                               

  3) ;
2

3)( 2xx
xf


                                       4) );1712ln()( 2  xxxf                                                     

  5) 12)(  xxexf ;                                             6) .cossin)( 22 xxxf                                                

  4.2.8. Darajali  qatorlar yordamida 0,0001 aniqlikda hisoblang: 

  1) ;1,1ln                                                           2) ;12sin o                        
   3) ;e                                                            4) .5203  

  4.2.9. Darajali  qatorlar yordamida integrallarni toping: 

  1)  x
xdxsin ;                                                   2)  x

dxe x

;                       

   3) ;)1ln(
0

dx
x

xx


                                               4) .cos

0

2
x

dxx      

4.2.10. Integrallarni  0,0001 aniqlikda hisoblang: 

  1) ;cos11

0

 dx

x
x                                               2) ;

4
1

0

2

  dxe x                       

   3) ;
2,0

0
 x

arctgxdx                                                4) .cos
1

0
 dxx  

4.2.11. Differensial tenglamalar yechimi yoyilmasining dastlabki to‘rtta  
noldan farqli hadini toping: 

  1) 1)0(,22  yyxy ;                                2) 1)0(,cos2 2  yxyxy ; 
  3) 0)0(,1)0(,  yyeyyxy x ;            4) 0)0(,1)0(,cos  yyxxyy . 

4.2.12. Differensial tenglamalarni noma’lum koeffitsiyentlar usuli bilan 
yeching: 
  1) 0)0(,0)0(,1  yyyyxy ;         2) 0)0(,0)0(,  yyxyyxy . 
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4.3. FURE   QATORLARI 

 Fure qatorining yaqinlashishi. Juft va toq funksiyalarning Fure 
qatorlari. Davri l2  bo‘lgan funksiyalarning Fure qatorlari. Nodavriy 

funksiyalarni Fure qatoriga yoyish 
 

        4.3.1.  Koeffitsiyentlari 








,cos)(1 nxdxxfan  ),,2,1,0( n   







,sin)(1 nxdxxfbn  ),2,1( n  

formulalar bilan aniqlanadigan  







1

0 )sin(cos
2

)(
n

nn nxbnxaaxf  

qatorga davri 2  bo‘lgan )(xf  funksiyaning  ];[   intervaldagi Fure qatori 
deyiladi. 
        Agar )(xf  funksiya ];[ ba  kesmada monoton bo‘lsa yoki ];[ ba  
kesmani chekli sondagi qismiy kesmalarga bo‘lish mumkin bo‘lsa va bu 
kesmalarning har birida )(xf  funksiya monoton (faqat o‘ssa yoki faqat 
kamaysa) yoki o‘zgarmas bo‘lsa, )(xf  funksiyaga ];[ ba  kesmada bo‘lakli-
monoton funksiya deyiladi.  

Agar )(xf  funksiya ];[ ba  kesmada chekli sondagi birinchi tur uzilish 
nuqtalariga ega bo‘lsa, )(xf  funksiyaga ];[ ba  kesmada bo‘lakli-uzluksiz 
funksiya deyiladi.  

 Agar )(xf  funksiya ];[ ba  kesmada uzluksiz yoki bo‘lakli-uzluksiz 
bo‘lib, bo‘lakli-monoton bo‘lsa )(xf  funksiya ];[ ba  kesmada Dirixle 
shartlarini qanoatlantiradi deyiladi. 

2-teorema (Dirixle teoremasi). Davri 2  bo‘lgan )(xf  funksiya ];[   
kesmada Dirixle shartlarini qanoatlantirsa, u holda bu funksiyaning Fure 
qatori ];[   kesmada yaqinlashadi. Bunda: 

1) )(xf  funksiya uzluksiz bo‘lgan har bir nuqtada qatorning )(xS  
yig‘indisi )(xf  funksiyaning shu nuqtadagi qiymati bilan ustma-ust tushadi: 

);()( xfxS     

2) Har bir uzilish nuqtasi 0x  da  
2

)0()0()( 00
0




xfxfxS bo‘ladi; 

3) x va x  nuqtalarda 
2

)0()0()()(   ffSS  bo‘ladi. 
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1-misol. ];(   intervalda xxf )(  formula bilan berilgan davri 2  
bo‘lgan funksiyani Fure qatoriga yoying (1-shakl). 
 
 
 
 
 
 
 
 
 

Bu funksiya Dirixle shartlarini qanoatlantiradi. Demak, uni Fure  
qatoriga yoyish mumkin.  

Fure koeffitsiyentlarini topamiz:  

;0
2

11 2

0 









 
xxdxa  





























 
nx

n
nxdx

nn
nxxnxdxxan cos1sin1sin1cos1

2  

;0))(cos(cos1
2  


nn
n

 









 













 
nxdx

nn
nxxnxdxxbn cos1cos1sin1  







 









xn

n
nn

n
sin1)(coscos1

nn
n

n
nn 2)1()1(2cos2 1  . 

Shunday qilib, )(xf  funksiyaning Fure qatori quyidagi ko‘rinishda 
bo‘ladi: 

....sin)1(...
3
3sin

2
2sin

1
sin2sin2)1(

1

11




 





 

n

nn

n
nxxxxnx

n
x  

         4.3.2. Juft funksiyaning Fure qatori faqat kosinuslarni o‘z ichiga oladi:  







1

0 ,cos
2

)(
n

n nxaaxf  

bu yerda 




 0
0 ,)(2 dxxfa   



 0

cos)(2 nxdxxfan . 

 

1-shakl. 

 

  

 

    5  

y  

. 
 

. 
 

. 
 

. 
 

. 
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Toq funksiyaning Fure qatori faqat sinuslarni o‘z ichiga oladi:    







1

,sin)(
n

n nxbxf  

bu yerda 




 0

sin)(2 nxdxxfbn . 

2-misol. ];[   intervalda ||)( xxf   formula bilan berilgan 2 davrli 
)(xf  funksiyani Fure qatoriga yoying (2-shakl) va yoyilmadan foydalanib 




 1
2)12(

1
n n

qatorning yig‘indisini toping. 

 
 

Funksiya juft. Fure koeffitsiyentlarini topamiz: 

         




 
0

2

0
0 2

22 xxdxa ; 

).1)1((2cos2sin1sin2cos2
202

000









  n

n n
nx

n
nxdx

nn
nxxnxdxxa






 

       Shunday qilib,   

 



nx

n
x

n

n cos)1)1((2
2

||
1

2















 ...
)12(

)12cos(...
3

3cos
1

cos4
2 222 n

xnxx


  

yoki        
.

)12(
)12cos(4

2
||

1
2



 



n n

xnx


  

0x  deb, topamiz:  
.

)12(
14

2
0

1
2



 


n n
  

Bundan  

.
8)12(

1 2

1
2








n n
 

2-shakl 

2  

 

      

y  

2  



 268 

 4.3.3.  Davri l2  bo‘lgan )(xf  funksiyaning Fure qatori 











 

1

0 sincos
2

)(
n

nn x
l

nbx
l

naaxf  , 

bo‘ladi, bu yerda 





l

l

dxxf
l

a ,)(1
0       








 ,cos)(1 xdx
l

nxf
l

an       







 xdx
l

nxf
l

bn sin)(1  . 

Davri l2  bo‘lgan juft va toq funksiyalarning Fure qatorlari quyidagicha 
topiladi:  

Juft funksiya uchun 
,cos

2
)(

1

0 x
l

naaxf
n

n







  

bu yerda 
,)(2

0
0 

l

dxxf
l

a  
l

n xdx
l

nxf
l

a
0

cos)(2  . 

 Toq funksiya uchun 
,sin)(

1
x

l
nbxf

n
n







  

bu yerda 


l

n xdx
l

nxf
l

b
0

sin)(2  . 

3-misol. ]1;1(  intervalda 1)(  xxf  formula bilan berilgan 22 l  davrli 
funksiyani Fure qatoriga yoying.  

1l  uchun  Fure koeffitsiyentlarini topamiz: 

2
2

)1()1(
1

1

21

1
0 







xdxxa ; 









1

1

sin,cos

,1
cos)1(




n
xnvdxndv

dxduxu
xdxnxan  







  




1

1

1

1
sinsin)1(1 xdxnxnx

n



 

  ;0)cos(cos1cos1
22

1

1










nn
nn

xn
n

 





1

1

sin)1( xdxnxbn  





  




1

1

1

1
coscos)1(1 xdxnxnx

n



 




 nnn
nn

n
n

n 2)1()1(2sincos21 1
1

1
















 . 
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Demak,  












1

1 sin)1(211
n

n

n
xnx 


.sin)1(...

2
2sin

1
sin21 1 






  

n
xnxx n 


 

4.3.4.  )(xf funksiya ]0;[ l  kesmada juft tarzda, ya’ni ]0;[ lx  da  
)()( xfxf   boladigan qilib davom ettirilsa, uning Fure qatori faqat 

kosinuslar va ozod haddan iborat bo‘ladi. 
)(xf funksiya ]0;[ l  kesmada toq tarzda, ya’ni ]0;[ lx  da  )()( xfxf    
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    1. Qatorning yig‘indisini toping. 
    2.- 6. Qatorni yaqinlashishga tekshiring.     
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    8. Qatorning yaqinlashish sohasini toping. 
    9. Qatorning yig‘indisini toping. 
  10.  Funksiyani x ning darajalari bo‘yicha Teylor qatoriga yoying. 
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2
1

max 





 zz   

12) .)1,1(max ezz  1.3.4. .
2
2,2

3
3 VhVba   1.3.5.

3
32Rzyx  . 

1.3.6.  1) ;55,174,0  xy     2) .43,011,2  xy  

2.1.Ikki karrali integrallar 

2.1.1. 1) );56;8(   2) )1;0( ; 3) 







3
2;8 ; 4) ).64;4(   2.1.2. 1)  

1

0

3

;),(
x

x

dyyxfdx   2)  
4

0

25

2
3

2

;),(
y

y

dxyxfdy     

3)    











0

1

12

12

8

0

2

12

;),(),(
x

x

x

x

dyyxfdxdyyxfdx   4)      





3

0

3

9

4

3

3

0

5

4

25

02

2

.),(),(),(
y

y

dxyxfdydxyxfdydxyxfdy                                   

 2.1.3. 1) ;2  2)
40
1 ; 3)

4
12 e ; 4) .2ln

6
1 3   2.1.4. 1) ;

105
26  2)

20
51 ; 3)(e 1 )(e 1 );  4) ;2   

5) ;
4

122    6) ;
4
9   7) ;

6
  8) );23(

6
1 26  ee  9) 

105
8 3a ;  10) ;

15

23ba  11) ;
3
20  12) ;2ln2   13)18 ;    

14) ;
3

49  15) ;3ln
2
  16)18 ; 17) ;

3
8  18) 3 ;   19) 18;   20) .

2
7   2.1.5. 1) ;

2
9  2) ;

6
ab  3) ;

3
42     

4) ;
2
3ln6

2
5
   5) );2(3   6) 4;  7) ;3ln3    8) 24 .  2.1.6. 1) 

3
13 ; 2) )155(

3
2


 ;  3) ;24   4) 

.36  2.1.7. 1) ;
6

3a 2) 2ln8 ; 3)8;  4) ;
105
88  5) ;

35
3  6) ;8 7) ;

21
256 8) ;

15
128  9) ;3ln

4
3  10) .72   
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2.1.8.1) ;
4

27 2) .104  2.1.9. .
3

,
3

byax cc  2.1.10. .
5
6,

2
3

 cc yx  2.1.11. .
15

128
yI  2.1.12. .4yI  

2.2.Uch karrali integrallar 

2.2.1. 1) ;26  2) ;1e   3) ;
4
81   4) .

6
1   2.2.2. 1) ;4  2) 

720
1 ;  3)

6
1 ;   4) ;8   5) ;

3
16    6) ;8   7) ;

3
64   

8) ;
135

232  9) ;
5

128   10) .
105

1   2.2.3.1) ;
12
7  2) ;18   3) ;16   4) .

128

2  2.2.4. .
4
km    

2.2.5. .
3
2;0;0 





c 2.2.6. .

8
3;0;0 






 Rc  2.2.7. .

5
2,

5
3 22

0 g
PRI

g
PRI R    2.2.8. .

135
232 5aI z   

2.3.Egri chiziqli integrallar 

2.3.1. 1) ;
2

35  2) ;
2
   3) ;155    4) ;16   5)10 ; 6) ;

3
2 4R  7) ;

15
256 3a  8) ;22 aa  9) );41(4 2   

10) .
2
2  2.3.2. 1) ;

2
5

  2) ;
5
8

   3) ;
2

12 e   4) ;12 e   5) );(
3
2 abab   6) ;2) 2Ra    b) ;

3
2  c) ;12  

d) ;24   7)7;  8) .
3

64 3  2.3.3. 1) ;1  2) .4R   2.3.4. 1) ;cossin
2
1 2 Cyyxxu   

2) .sin Cyexyu x  2.3.5. .
2

15    2.3.6. .
3

13  2.3.7. .24   2.3.8. .4 a  2.3.9. .
8
   2.3.10.  .

6
11   

2.3.11. .ab  2.3.12. .6 2a 2.3.13. ).(2 22 ba     2.3.14. .
3

3R  

2.4.Sirt integrallari 

2.4.1. 1) ;1454  2) ;
360

3   3)
3
22    4) ;3   5) ;8  6) .

4
3 3R  2.4.2. 1)3 ;   2) ;

2
1   3)

5
81   4) ;4 a   

5) ;
3

4  6) .
15

4 3HR    2.4.3. 1) ;4 abc    2) ;6 2hR    3) );316(
12

2

baba
 4) 5

5
12 R    2.4.4. 1) ;

4

4R
   

2) .4 2.4.5. 1) 14;   2) .141      2.4.6.  .
9
28    2.4.7.  .2R    2.4.8.  .

2

32 R    2.4.9.  .
2

2 4h     

2.5.Maydonlar nazariyasi elementlari 

2.5.1.  1) ;2   2) ;
95
103   3) ;

3
32

  4) ;
13
68  5) ;22   6) ;

3
2 e   7) .0    2.5.2.  1) ;6   2) ;

4
3  3) ;33    

4) .104   2.5.3.1) ;
2
   2) .

2
   2.5.4. 1) ;, 21 zCyyCx   2) ;, 3

2

21 zCyeCx y    

3) .,23 21
22 CyCzx    2.5.5. 1) ;4 3Rx   2) .

6
    2.5.6. 1) ;108   2) ;

5
4 5R   3) ;6 2 HR    

4) ;   5) ;
6
1   7) .4   2.5.7.  1) ;

3
2  2) .2   2.5.8. 1) ;ab  2) ;2   3) ;8   4) .18   2.5.9. 1) ;6   2) .5     

3.1.Birinchi tartibli differensial tenglamalar 

3.1.1. 02  kvvm .  3.1.2. 0 kvvm .  31.3. 2kvmgvm  . 3.1.4. 0
v
tkvm .  
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3.1.5. 0
2


x
yy . 3.1.6. 2

2
y
S

y
xx  .     3.1.8. 1) ;222 Cyx   2) ;32 Cyyx    

3) ;)1( xexCy    4) ;arccos Cxey    5) ;
sin

1
x

y    6) ;1 tgytgx    7) ;Cee yx     

8) ;333 Cyyx    9) ;cossin Cxy    10) ;
2

sin
4

xCytg    11) ;arcsin1 2 Cxy   

12) ;
1
1

2

2

C
y
x



  13) 2

xtg
ey  ; 14) ;

2
1sin2 2  xy  15) ;ln xyxy   16) ;1 2xey   

17) ;xCexy   18) |;22|ln  yxCy  19) ;1242|ln2124 Cxyxyx    

20) .12
2










 

Cx
xytg 3.1.9. 1) ;2 xCxy   2) ;2 22 Cxxyy   3) ;||ln 2y

Cxxy    

4) ;22 Cyxy    5) ;0||ln
2 2

2

 yC
y

x   6) |;|ln Cx
x
yarctg   7) |;|ln Cxe x

y




 

8) );arcsin(Cxy   9) ;2||ln2  y
y
x   10) ;223 xyy    11) ;22 Cyxxyyx   

12) ;2),1()2( 2  yyxCy  13) ;|3|ln52 Cyxyx   14) .|12|ln2 Cyxxy   

3.1.10. 1) ;2
22 zx

xzz


  2) .
4

4
z

xzz 
   3.1.11. 






 

2
22 CxCy .   3.1.12. .)( 2yxy   

3.1.13. 1) ;1)12(|12|ln)12(  xCxxy   2) ;
cos

2
ln

1
x

xCtg
y     3) ;2 Cyyx    

4) .12

y
Cyx   3.1.14. 1) ;24 Cxxy   2) ;||ln

x
Cxxy    3) ;62

x
eey

x 
   4) .sin xy    

3.1.15.  .1 xey x     3.1.16.  .1 











 t
m
k

e
k

mgv  3.1.17. 1) ;
|)1|ln)(1(

1



xCx

y   

2) ;
ln3

1

3
x
Cx

y     3) ;ln2

x
Cxy    4) ;

||ln1
1

Cxx
y


  5) ;

cos)(
1

xCx
y


  6) .

cos)1(
1
3 xx

y


  

3.1.18. 1) ;22 22 Cyxyx   2) ;ln4 4 Cyxy   3) ;323 Cyxyx    4) ;2 Cyxe y    5) 

;cos||ln2 Cyyxx   6) .4224 Cyyxx   3.1.19. 1) ;C
x
yx   2) ;22 Cyxyx   

3) ;cos Cxex y     4) .sin 22 Cxyx    31.20. 1) ;,)1( 2 pp epyCepx     

2) ;
1

2,
1

1








p
pyC

p
x  3) ,1 2ppy  ;0,||ln|11|ln12 22  yCpppx    

4) ;)1(, pp epyCex   5) ,23  ppx ;
2
1

4
3 24 Cppy    

6) ;|,|ln2 2 Cppyppx    7) ;
2
12,||ln2 2 Cppyppx   

 8) ,12  ppx ;
2
1

3
2 23 Cppy    9) ,

2
1 2 Cxy  ;

2
2

2

Cxxy  10) .)1( 2Cxy    
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3.1.21. 1) ;2)1(),1(2 2  ppCeypCex pp   2) ,
)1(2

1
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Cpx


 ;
)1(2

1
2

2
2

p
Cppy

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
p
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
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2
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p
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






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3 3
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3
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2

2
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C
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C
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3.2.Yuqori tartibli differensial tenglamalar 
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36
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1
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2
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8
1
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2
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2
1

6
1
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1
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2

2
3

1
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3
2

2
3

1
1
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C
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1
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Cy

y



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3
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3
1

21
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 16) ;||ln
2
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6
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2
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2
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2
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2 


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
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  3.2.6. 1) |;cos|ln xy    2) ;cos2sin xxxxy   3) );463(
6
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3.3.Chiziqli bir jinsli  differensial tenglamalar 

3.3.1. 1) chiziqli erkin;  2) chiziqli bog‘liq; 3) chiziqli bog‘liq; 4) chiziqli erkin. 
3.3.2.  1) );1( 2
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2

3
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2
2

1
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3.4. Chiziqli bir jinsli bo‘lmagan  differensial tenglamalar 
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Ilova 
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