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HYaem . Nurelinan anrebpa

Tasa I DIIEMEHTHI BEKTOPHOM AJITEBPBI.

Bekrtopsl 1 onepauuu Haji HUMHU.

[ToHsiTHE 1-MEPHOTO BEKTOPHOT'O ITPOCTPAHCTBA
CxkanspHO€e NIpONU3BEICHUE BEKTOPOB

Yron Mexay n-MepHbBIMH BEKTOpPaMHU
JInHeiHas 3aBUCUMOCTb BEKTOPOB

ba3uc u paHr cucteMbl BEKTOPOB
OpToHOpMHUPOBAHHBIN Oa3uC

VVVVVVYVYY

§ 1. BekTopbl U onepanyu HAA HUMH.

B cBoel npakTUYecKou AEATEIbHOCTH YEJIOBEK BCTPEYACTCS ¢ BEIMYMHAMU pas3-
auyHoro poja. OOHU M3 HUX, HampHUMeEp, IJIOLAab, 00bEM, Macca, TeMIeparypa
IIOJIHOCTBIO XapaKTEPU3YIOTCs 3aJaHUEM CBOMX YMCJIEHHBIX 3HaueHWW. Takue Benu-
YUHBI HA3bIBAIOTCS CKAJSAPHBIMH. Jlpyrue ke BEIWYMHBI, HAIlpUMEp, CUJIA, CKO-
pPOCTb, YCKOPEHUE OIPENEIAIOTCS HE TOJIBKO CBOMM YHCIIOBBIM 3HAYEHUEM, HO U
HaIIpaBJICHUEM UX JNEUCTBUA. Takue BEIIMYMHBI HA3bIBAIOT BEKTOPHBIMHU. [Ipu sTOM
JUIsl aHAJIU3a BEKTOPHBIX BEJIIMYHMH C OJUHAKOBBIM YCIIEXOM HCIIOIB3YHOT KaK I€O0-
METPUYECKYI0, TaK U aNredpandeckyro OopMbl UX MPEACTABICHUS.

B reomerpun BEKTOpOM Ha3bIBAIOT HANPABIICHHBIM OTpPE30K. l'eomeTpuueckoe
IpeICTaBICHNE BEKTOpA Ha IJIOCKOCTU NMPUBOAMUIIOCH B LIKOJIE, U MIOTOMY He OyneM
€ro 3/1€Ch B JIE€TAJISAX IPUBOIUTD.

Jnst aneebpauveckozo onucaHusi BEKTOPOB MX CBSI3bIBAIOT C HEKOTOPOM CHUCTE-
MOI koopauHaT. B (uKcHpOBaHHON cUCTEME KOOpIMHAT, HAPUMEpP, B IJIOCKOCTH
KaX/Ibll BEKTOp d OINpEAENseTcs OJHO3HAUYHO CBOMMH JIByMs KOOpAMHATAMHU:

a =(ay, a,); BEKTOp B POCTPAHCTBE — TpeMsi KOOpAHHATAMK: a =(ay, a,, a3).

3ameuanue. 1lpu reoMeTpuYECKOM H300pAKEHUH BEKTOPOB YACTO UCIIOJIb3Y-
IOT MOHATHE CBOOOAHBIX M CBSI3aHHBIX BEKTOPOB. [1oj CBA3aHHBIM BEKTOPOM IOHH-
MarOT HaIIPABJIEHHBIA OTPE30K MPSMOW, Y KOTOPOTO YKa3aHO KaKOW M3 KOHLIOB SIBJISI-
€TCSl HayaJioM U KOHIIOM. [[TMHOM BeKTOpa Ha3bIBAIOT paccTosiHue (B BHIOpaHHOM
MacmTabe) MeKIy KOHEUHBIMHA TOYKaMU OTpe3ka. YacTo Hayajao BEKTOpa HE UMEET
3HAYEHHUS], CYIIECTBEHHBI JIMIIb €ro JJIMHA W HamnpasjcHue. J[Ba BEKTOpa HA3bIBAIOT
SKBUBAJICHTHBIMU, €CJIM OHU MUMEIOT OJWHAKOBYIO JIJIMHY M OJWHAKOBO HAIPABIICHBI
(conampaBiensl). [IoHATHO, YTO eciid ecTh (PUKCUPOBAHHBIA CBS3AHHBIA BEKTOP, TO
€My COOTBETCTBYET OECKOHEYHO MHOI'O IKBHBAJICHTHBIX €MY CBSI3aHHBIX BEKTOPOB.
Bce MHOXECTBO — 3TO MHOKECTBO SKBUBAJIEHTHBIX CBSI3aHHBIX BEKTOPOB (ITyYOK BEK-
TOPOB) HA3bIBAIOT CBOOOAHBIM BeKTOPOM. [t 3amaHust CBOOOHOTO BEKTOpA J10CTA-
TOYHO 3aJaTh KaKOW-HUOYAb OJIMH €ro Mpe/ICTaBUTEIb, HAPUMEpP, BBIXOIAIIUN U3
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Hayajga KoopauHaT. Torma BTOpOHl KOHEI| BEKTOpa OJHO3HAYHO OINPEAEIUT €IUH-
CTBEHHYIO TOUKY (al, a,, a3)—KOHeLI BEKTOpa (371eCh TOBOPUM O BEKTOpPax B IpPO-
ctpancTBe). M HaoO0poT, 3a/1aB TOUKY (al, a,, a3), MbI (PU3UYECKHU 33/1a€M BEKTOP C
HA4auoM B Hayaje KOOPIMHAT, a KoHel — (a;, a,, a3).

[IpuBenem tenepb 0600w eHUe TTIOHITUS BEKTOPa Ha MPOU3BOJIbHBIN 7-MEPHBIN
ciydail. Takoe 000011IeHUE €CTECTBEHHO M JAMKTYETCs MpuiokeHusaMu. Yacro mpu-
XOJUTCS U3y4aTh 0OBEKTHI, I 33JaHUsI KOTOPBIX HEJAOCTATOYHO 33/1aTh 2 UM 3 KO-
opauHaTel. HanmpuMmep, nosiockeHre camoJsieTa OnpeaerseTcss B IPOCTPAHCTBE 3a/aH-
HOM 3-X KOOpJMHAT €ro LEHTpa Macc, 2-Ms yIJlaMH OIMCHIBAOLME HAIIPABIECHUE OCH
camoJieTa, yroj MoBOpOTa CaMoJIeTa BOKPYT €ro ocH (yIJibl aTakd, TaHraxa) u Jp.
Hpyroii npumMep, MycTh HEKOTOPOE MPEAIPUITHE B CBOEM IIPOU3BOICTBE UCIOJIb3YET
n BUAOB cbipbs. Toraa, ecinu uepe3 x;,i=1,2,...,n 0003HAUYUTH KOJIUYECTBO ChIPbS i-
ro BHJA, HEOOXOAUMOE MPEANPUATHUIO HAa OAHM CYTKHM, TO Toraa HaOop uucen
(xl, Xyttt xn) 03HAYaeT BCE ChIPbE, KOTOPOE UCIIOJIb3YET MPEANPUSITHE B CBOEM

IMPOU3BOACTBC B TCUCHHUC CYTOK.

Onpenenenue 1. Jlro60ii ynopsoouennviii HAOOP U3 N-0eUCMBUMENbHBIX YUCE]L
(x;, X,, =+, X,,) HA3bIBAEMCA N-MEPHbIM BEKMOPoM U obosHauaemcs x. Yucna

X; izl,..., n, cocmasjdrnouiue yl’IOM}ZHymwﬁ HCl60p, Haszvlearomcia KOMNOHeEHmamu

i
(koopouHamamu) eekmopa x.

YacTo BeKTOp x OyzeM mucath MPOCTO Kak x (IUIsl yIpoIIeHus 3anucen 0e3
YepThI CBEPXY, €CJIM ITO HE OyAET MPUBOJUTH K HEIOPA3yMEHUIO) TaK, YTO BO3MOXK-
Ha 3aluCh BEKTOpa B BUIE X :(xl, ey xn).

KoopauHatsel n-MepHOTO BEKTOpa MOKHO PACHOJOXHUTh JUOO B CTPOKY

X
xz(xl, T xn), aubo B crosben x = . Unorpa B nuteparype npeanuchbiBa-

x}’l
I0OT 3aMUCHIBATh 7-MEPHBINA BEKTOP KaK BEKTOP CTOJOEI U TOTJAA IS TOTO, YTO-

OBl 3amucaTh B BUAC CTPOKHW HCIHOJB3YIOT OICPAINI0O TPAHCIIOHUPOBAHUA
T

Mp1 He OyeM clie0BaTh KECTKOMY CTHII0 0003HAUYEHUH.
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Onpenenenue 2. /[ea n-mepuvix sekmopa (m.e. 08a 8eKmopa ¢ 0OHUM U mem

orce uucaom n koopounam) x=(x,, X, ..., X,) u y=(¥, ¥o» ..., ¥, ) pasusi, mozoa
U MONbKO mo20a, Ko20a4 PAasHbl UX ~ COOMBEMCMBYIouWUe  KOOPOUHAMbL
N=V6 X =00 e X =Dy

Onpenenenne 3. Bexmop, 6ce KoopouHamuvl KOMOPO20 PAGHLL HYI0, HA3bIEA-
emes nyneesin 0=(0, 0, ..., 0).

HaunGonee dacteiMu omepanusiMd, KOTOPBIE COBEPINAIOTCS HaJ BEKTOpPaMH,
ABIISIETCS CTIOHCEHUE U YMHOICEHUE HA YUCTO.

Onpenenenue 4. [lycmv Oanvl 08a N-MepHuIX 6eKMOpA X = (xl, ey xn) u
y:( Vs wees yn). Cymmou z 6ekmopog X+ )y HA3b186AeMCsl BEKMOD 8Uoa
z =(x1 + Vi Xp F Vs s X, +yn) U 3aNUCbl8arom Kaxk z=Xx+Y.

Ilycmo L — nmoboe Oeticmeumenvhoe yucino. IIpoussedenuem eexmopa X Ha

UCIO A Hazbleaemcs n-mepholii 6ekmop ¢ uda ¢ =(Ax;, Axy, ..., Ax,) u sanu-
CbIBAIOM KAK C=A - X.

BBeznennbie Bblle J1BE ONEPALIMU HA3bIBAIOT JUHEUHBIMU ONEPAYUIMU.
3ameuanue. IIpu reomMmeTpuyecKoM U300paKEHUU BEKTOPOB CYMMY 2-X BEKTO-
POB MOKHO HaXOJUTh MO MPaBUiTy MapajieaorpaMmma

xty

[Toz:xe ybemuMmcsi, 9TO Takoe OINpeaesicHHe MPUBOAUT K TOMY K€ Pe3yJbTaTy, 4To H
paHee.

§ 2. [loHsiTHE P-MEPHOT0 BEKTOPHOI'0 MPOCTPAHCTBA

Tak kak JMHENMHbIE onepauuy (CI0KEHNE U YMHOKEHHE Ha YHCIIO) CBOASATCS K
ornepauusM HaJ UX KOOPJAMHATAMH, & OHH B CBOKO OY€pEdb SIBISIOTCS OOBIYHBIMU
JNEUCTBUTENBHBIMU YHUCIAMH, TO JIETKO MPOBEPUTH CHPABEIIMBOCTD CIIEAYIOMINX
CBOMCTB BBEJICHHBIX BBILIE ONEPAIMN HAJl BEKTOPAMHU.

Ilycts X, y, z — IPOU3BOJIBHBIE n-MEPHBIE BEKTOPHI. Toraa:
1) x+ y=y+ x —nepeMecTUTeNbHbII 3aKOH (MM KOMMYTaTUBHOCTb);
2) (x + y) +z=x+ ( v+ z) —COYeTaTeNbHbIN 3aKOH (MJIM 3aKOH aCCOLMaTUBHOCTH OT-

HOCHTCJIIBHO CJIO}KCHI/I}I);
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3) ﬂ(; + ;) = Ax+ ﬂ;, r7ie A — ACHUCTBUTEIBHOE YUCIIO (AUCTPUOYTUBHBIN 3aKOH OT-

HOCHUTEJIBHO CIIOXKEHHS BEKTOPOB);
4) (A+p)x=Ax+ ux, rae A, u — NEACTBUTENIbHBIE YUCIIAa (IUCTPUOYTUBHBIN 3aKOH
OTHOCHUTEIFHO CJIOKEHUS YnCen);

54 ( ,ux) = (A44)x —accolMaTUBHBIN 3aKOH OTHOCUTEILHO YMHOXEHUS HA YHCIIA;

6) x+0=x, e 6=(0, )

7) st mo00r0 BEKTOpa X CYILIECTBYET TaKOH BEKTOP (—x) , 9TO X + (—x) =0;

Omnpenenenue S. Cosoxynnocms gcex n-mepHulX 6eKMopo8 ¢ JTUHEUHbIMU One-
payusamu (crodcenue u YMHONCEHUe HA OelucmeumenbHoe 4ucio), nOOYUHAIOWUECS
ceovicmeam 1) — 9), Hasvlieaemcss n-mepHviM JTUHEHHbIM (UTU 8EKMOPHBIM) NPO-
cmpancmeom. Eciu xoopounamvl 6ekmopos — Oelicmeumenvhbie YUcid, mo npo-

CMpAanHcmeo HA3bleaemcs apudvnemuuecxum u obosnauaemcsi R" .

Hampumep, R' = R —MHOXeCTBO [eHCTBUTENIBHBIX HHCEI — OJTHOMEpHOE apudmeTu-
YECKOE MIPOCTPAHCTBO.

OTMmeTnM, 4TO B ONPENEIICHUE BEKTOPHOTO MPOCTPAHCTBA HE BXOJUT HUKAKOE
YMHOKEHUE BEKTOpPA HA BEKTOP.

3ameuanue. MHOXECTBO BCEX BEKTOPOB MOT'YT OOpa30BBIBATH U JIPYTHE all-
reOpanyeckue CTPYKTYphl , TaKM€ KakK CpYyINa, KOJbIO, TEJIO, METPUYECKOE Mpo-
CTPaHCTBO U JIp. DTH CTPYKTYpbI MOJYYAOTCS, €CJIA MPU OINPEAEICHUH OIEpalnii
HaJl BEKTOPAaMHU OTKAa3aThCAd OT HEKOTOPBIX MPUBBIYHBIX HAM CBOWCTB WJIU JOIYCTUTh
Ipyrue omnepanuu (Hampumep, OT CBOMCTBA KOMMYTaTUBHOCTH, WM BBECTH HOBYIO
OTIEpaIMI0 YMHOXEHHSI BEKTOpA HAa BEKTOP U T.1.) .

3ameuanue. JIuHeilHbIE MPOCTPAHCTBA MOTYT OBITH OOpa3oBaHbl HE TOJBKO
JIUIIBL C TIOMOIIBI0 BEKTOPOB, ITH MIPOCTPAHCTBA MOT'YT OBITh TOCTPOEHBI U3 OOBEKTOB
caMOM pa3IUYHON MPUPOABI (BO3MOXKHOCTH TAaKOr0 abOCTparupoBaHMs, a 3HAYUT, U
pa3pabOTKH YHUBEPCATBHBIX METOJIOB UCCIIEAOBAHUSA, OTINYAET MATEMATUKY OT JIPY-
rux Hayk!). Hanpumep:
1) MmHOXECTBO P[Xx] BCE€X MHOTOWICHOB OT OJHOM JACHCTBUTEIILHOW NMEPEMEHHOMU C
JNEUCTBUTENBHBIMU KO3 (UIIMEHTAMU, €CJIM CJIOKEHHE W YMHOXKEHHME Ha YHUCIIO
OTPEICeIUTh OOBIYHBIM 00Pa30M;

2)MHOKECTBO BCEX OECKOHEUHBIX IMOCIENOBATEIbHOCTEN ymcen (Xi,...,X,,....), €CIH

CJIOKCHNC N YMHOKCHHUC OIPCACIIUTDb TIOKOMIIAHCHTHO,



Jlexuns Nel BexTops! 1 onepanuu HaJl HUIMU npod. Jsivro M.II. 5

3) muoxectBo Cla,b] Bcex HEMPEphIBHBIX HA OTPe3Ke (PYHKIMI C MOTOYCUHBIM 3a-

JAHWEM OIEepaLUH.

§ 3. CkansipHoe nnpon3Be/ieHNe BEKTOPOB

[Mousitue n-MepHOTO TMpOCcTpancTBa R”, mpu n >3 Ialeko He B MOJHOW Mepe

2
06061maeT npuBbIYHbIe IpocTparcTBa R, R’ . Tak, HAIpHMep, MOKA HE OMPEICICHb
MOHATUS UIMHBI BEKTOPA, yria MeXAy BEKTOpamMu (HalmpuMmep, Kak 3TO IMPEICTaBUTh

B 5-MepHOM mpocTpaHcTBe R’ ). OKa3bIBACTCS, YTO IONOKCHHE MOJKHO HCIIPABHTh
IyTEeM BBEJICHUS MOHATHUS CKAJIIPHOTO MPOU3BEICHHS BEKTOPOB.

Onpenenenue. CranapuolM — npouzsedeHuem (;, ;) 08YX  BeKMOpO8

X = (xl, e xn) uy= ( Vs wees yn) HA3bI8AEMCSl YUCTI0, PABHOE CYMMeE NPOU3BE0eHUl

coomeemcmeyrouux (OOHOMMQHHIJZX) KOOpOuHam
- — n
(X,y)le "V TX Yyt +X, 0 ), :le. ;-

U3 JaHHOT'O OIPCACIICHUS CICAYIOT CIICAYIOIINC OCHOBHBIC CBOMCTBA CKaJIIPHOT O
IMTPONU3BCACHNA BEKTOPOB:

D (% 5)=(x);
) (42 3)= 2% y);
3 (x.2)=(x)+(n2);
4) (xx)20mpu vV x#0u(x,x)=0 < x=0.

JlJis noka3zaTenbCcTBa Kakoro-inbo m3 cBOMCTB 1) — 4) gocTarovyHo, HAMpUMeED,
HAWTHU 4YuCla B JIEBOU M MPaBOM YaCTSAX COOTBETCTBYIONINX BHIPAKCHUNU U YOSIUTH-
Csl, YTO OHHU paBHbL (Y1Ip.)

Onpenenenue. BexmopHoe npocmpancmeo ¢ 86e0€HHbIM 8 HeM CKANAPHbIM
npouszeeoeHueM Ha3vl8aemcs e6KAUO08bIM RPOCHMPAHCHEOM.

Ol'[peﬂe.]'leHl/le. ,ZZJZMHOIZ n-mepHoco eekmopa X Hasvleaemcs 4Yucio (X, )C)

(apugpmemuuecroe 3nayeHue K8ao0pamuoz2o KopHsa). /[nuny eekmopa Oyoem 00603HA-

(umobbvl He cmewusams ¢ NOHAMUEM AOCOTIOMHBIX GEIUYUH).

uame ‘x‘ unu |
Takum obpa3om, JrHA J1H000T0 BEKTOpA €CTh ‘x‘ = ,/(x, x) TN ||x|| = (x, x) .

N3 cBoiicTBa 4) criemyer, 4To KaX/blil 7-MEpPHBI BEKTOp X 00JIa/IaeT JTMHOM, TIPUYEM HY-

1eBoM BEKTOp () SIBIISIETCS €IMHCTBEHHBIM BEKTOPOM, JITMHA KOTOPOro pasHa (.
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HNuorna CKAJLIPHOC ITPOU3BCACHUC (X, X) Ha3bIBAIOT CKAJAPHBIM KBaJpaToM

— —2
BeKTOpa X W o0o3HayaroT x . Torma u3 GOpMyJbl JUIMHBI BEKTOpa CIEIyeT

-2 = =\ 2
‘x‘ = (x, x) =X , T.€. KBaJIpaT JJIMHBI BEKTOpa paBeH CKAJISIPHOMY KBaapaTy. MOKHO

JI0Ka3aTh, YTO BEPHO CIIEYIOLIEE YTBEPKICHUE.

TeopeMa. Ecmu x u Y — Nn-MEpPHbIE 6EKMOPbL, MO cnpaeedfzuebl COOMHOUWICHUAL.!

1) [ax=|4]-|x

, e0e A —uucno;

2) ()_c, ;)‘S‘;‘-‘;‘—(Hepaeeﬂcmeo Kowu-byHnsakoeckozo,

3) X+ ;‘ < M + ‘y‘ — (Hepasencmeo mpey2onibHUKa).

CaeacrBue. ‘—x‘ = ‘x‘ JleCTBUTENBHO,

=D ==l
Onpenenenue. Bexmop Hazvieaemcs: HOPMUPOBAHHBIM, ecC/iu €20 ONIUHA PasHa 1.
[ToxaxxeM, YTO KaKIbli HEHYJEBOM BEKTOP X MOXHO HOpMHpoOBaTh. Jljisi 3TOrO

YMHOUM BEKTOp X Ha uuciio A =—. Tormoa

=1 —

=l

S hid iy
‘/I-x‘: =Xl == "X‘ZTZI,
g
YTO U TpeOOBAJIOCH J10KA3aTh.

§ 4. YroJa mexkay n-MepHbIMUA BEKTOPAMU
N3 Hepasencra Konm-byHIKOBCKOro ‘(;, ;)‘ < M . M CIIEAYET IBOMHOE HEPABEHCTBO
i< )= +d-p

HJIK €CJIN Pa3ACiInM €Iro Ha ‘x‘ : ‘y , TO IIOJIYYUM

X
<®Y (1)
-
Onpenenenue. Yenom ¢ medxcoy Henynre8biMu N-MeEPHbLIMU BEKMOPAMU X U )
Hassleaemc: peuterHue ypasHeHUuA

cos @= @ (2)
|

KOMOpoe NPUHAOeNHCUm Ompe3K)y [O, 7z]
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13 ycnosus (1) cienyer, uro ypaBhenue (2) uMeer Ha otpeske [0, 7| emun-

CTBEHHOE pemieHue npu Jo0bix x#0, y#0 (4TO CBUACTENBCTBYET O KOPPEKTHO-

CTH BBEJICHHOT'O BBIIIE ONPECICHHUS).

CaencrBue. [lepenuiem paBeHCTBO (2) B Buje
(x, 3)=[x|-[y]-cosg. (3)
Taxum 00pa3oM, ckayipHOE MPOU3BEIEHNUE PABHO NMPOU3BEACHUIO UIMH 3THX BEKTO-

POB Ha KOCUHYC yTJIa MEXIY HUMM.

3ameuanue. Yacto B KaueCTBE ONMPEACICHUS CKAISIPHOTO MPOU3BEJACHUS BEKTO-
pPOB HNpUHUMAIOT paBeHCTBO (3). B »aToM cimydae TpeOyrOTCS HEKOTOPBIE MOSICHEHUS
MOHSTHUS yIJia MEXAY BEKTOPaMU B 7 - MEPHOM IIPOCTPAHCTBE.

Omnpenenenune. /) /[ea nenynegvlx n-mepHvix 6eKmopa X U y HA3bIBAIOMCSL

KOJLTUHeapHuIMU, eciu 2o mexcoy Humu paser 0 unu w. Ecau ¢ = 0, mo éexkmopwl
HA3bI8AIOM 0OUHAKOBO HANPAGNEHHbIMU, eClU @ =TT, MO NPOMUBONOJIONCHO HANPAG-

JIEHHbIMU.

2) /lsa Hemynesvix n-mepHuIX 6eKMOpa X U Y HA3bIBAIOMCS OPMOZOHATbHBIMU, €CU UX
- = V4
CKATISIPHOE NPOU3BEOCHUE DABHO H)JIHO (x, y) =0 (ww yeon mexcoy HuMu pageH By ).
Mo>KHO MOKa3aTh, 4YTO BEPHO CIIEAYIOIIEE YTBEPKICHNUE.

Teopema. Henynesvie gexmopvl X U )y KOJLIUHEAPHbL M0O20a U MOJbKO mo2od,
K020a (<)MOJCHO HAUMU maKoe Yucio A, umo x=A74-y.
Ecau BeKTOpHBI 3a/1aHBI CBOMMHU KOOPIMHATAMH X = (xl, ey X, ), y= ( Vs weer Vp ),

TO N3 YCIOBHA PaBCHCTBA BCKTOPOB x=/1-y NN B KOOpILHH&THOﬁ 3altnucu

(%1, . x,)=(A), ..., Ay, ) CHeLyeT, YTO BEKTOPHI KOIIMHEAPHBI TOIZA W TOJIBKO

TOT'/1a, KOT1a BBIIIOJIHAIOTCS CIEAYIOIHE paBeHCTBa X; = A -y;, i=1n. [Ipyrumu cio-

BaMH, BEKTOPbI KOJUJIMHEAPHBI, KOTrJa OJHOMMEHHBIE KOOPAMHATHI BEKTOPOB IPOIOP-
LUOHAJIbHBI (C OAHUM U T€M k€ KO3 PUIIMEHTOM NPOMOPIUOHATBLHOCTH A! ), T. €.

R . '
M Yn
3ameuanue. I1pyu reoOMETpUUECKOM H3JI0KEHUU BEKTOPOB, OMPEACIICHUE KOJIIH-
HEAPHBIX BEKTOPOB 3BYUYHUT TaK: FOBOPAT, YTO BEKTOPHI Ha IJIOCKOCTH (M B MIPO-

CTPaHCTBE) KOJUIMHEAPHBI, €CIM OHU JIe’KaT Ha OJAHOM MPSMOW WIIM Ha Mapajiiesib-

HBIX IIPSAMBIX. I[anee, TPHU BCKTOpPA B MPOCTPAHCTBEC HA3BIBAKOT KOMILIAHAPHBIMH,
CCJIM OTHU BCKTOPHI JICIKAT B OI[HOI71 IIJIOCKOCTH WJIX B IAPAJIJICIIbHBIX ITJIOCKOCTAX.
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*
3ameuanue. (YHp ) CYHICCTBYIOT, IIOMHMO CKaJIAPHOI'O IMPOU3BCACHUSA BCK-

TOPOB, JPYTHE MOHATHUSA IPOU3BEACHUA BEKTOpOoB. Hanmpumep:

1) BeKkTOpHOE MPOU3BEACHHUE 2-X BEKTOPOB [xx y], pe3yabTaTOM KOTOPOIO SIB-

JISIeTCA HE YUCIIO, a BEKTOP;
2) cMemiaHHOe  (BEKTOPHO-CKaJISIpHOE)  MOpPOU3BEIEHHE  3-X  BEKTOPOB

(|:X X y:|, Z) , P€3YJIbTAaTOM KOTOPOTO ABJIACTCA YUCIIO.

Nmeercs onpeneneHHbld TeOMETPUYECKUN U (PU3UYECKUI CMBICT TaKUX MPOU3-
BeneHun. Hanpumep, BEKTOpPHOE NPOU3BEACHUE UCIIOJIB3YETCs ISl IPOBEPKU KOJI-
JIMHEAPHOCTU BEKTOPOB, BEIYMCIICHUU IUIOLIANEH IapajuiesiorpaMMa U TPEYTroabHU-
Ka, Il HaXOXKJCHUS JIMHEHHOW CKOPOCTH BpallleHHs TBepaoro tena). CMemaHHoe
IIPOU3BEICHUE MOKHO UCIIOIb30BaTh IS ONIPEAEICHUsT KOMIIIAHAPHOCTU BEKTOPOB,
BBIUMCJICHUS 00beMa NapajulenuIea, MupaMuabl U Jp.

§ 5. J/InHeiiHas 3aBUCHUMOCTb BEKTOPOB

[Ipu pemieHny pa3iauvHbIX 3a/1ay, KaK MPaBUIIO, TPUXOAUTCS UMETh JENIO HE C
OJIHUM BEKTOPOM, a C HEKOTOPOH COBOKYIIHOCTBIO BEKTOPOB OOBIYHO OJMHAKOBOM
pa3MepHOCTH, KOTOPYIO 0003HAYNM Kak

a, ay, ..., a,. (1)
Omnpenenaenne. [lycmo A, A,, ..., A —npoussonvhbie oeticmeumenbHbie Yucia.
Jluneiinoi komounayuel 6ekmopos ai, ..., ax Hazvigaemcs ekmop b euoa
— — S -k
b=Xa,+...+ a,, uw b= Aa (2)

i=1
byoem eoeopumv, umo 3adanmwiii éexmop b paznazaemca no eexmopam
ai, ..., Qi (MUHEIHO 8LIPAMNCACMCA), eCiU HAUOYMCA YUCAA Ay, ..., A, makue, 4mo
8epHO cledyioujee paseHCcmeo
_ ok
b=> Aa;.
i=1
3ameuanue. BcnoMuuM, 4TO J1Ba BEKTOpa b M a HA3BIBAIOTCS KOJUIMHEAPHBI-

Mu, el b= Aa, tiae A — HEKOTOpoe Ynciio. [IoaToMy B HEKOTOPOM CMBICIIE TIOHSTHE
JUHEWHOW KOMOMHAIIMM BEKTOPOB 0000IIaeT IMOHSATHE KOJTMHEAPHBIX BEKTOPOB.
31ech Mbl O0BETMHUIIN IBE OTIEPAIIUN — CIIOKEHUE BEKTOPOB U YMHOKCHHE BEKTOPOB
Ha YHUCJIO.

HpHMep. a_1:(17 2, O), 62(2, 1, 1), (l_3:(—1, 1, —2) HYCTB 11:2’ 22:3,

Ay =4. Torna nuHeliHas KOMOUHALUSA BEKTOPOB eCTb b= A4 a; + L, a, + Ayay =
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1 2 -1 4
(nns BeIUMCIIEHUM ya00Hee cTosioneBas 3anuck) =2| 2 [+3| 1 |+4] 1 |=| 11
0 1 -1 -5

Onpenenenne. 5yoem 2osopumsv, umo cucmema 6eKmopos a, ..., a; A6JA-

emcs TUHENHO 3A6UCUMOIL, eclu CYWecmeyom makue ducia A, ..., A, u3z Kkomo-

pulx Xxoms Obl 00HO OMAUYHO Om HYAA (UHO20a >mom ¢haKm 3anucbleaom Kax

n
z&iz # (0 ), umo 6epHo paseHcmao
i=1
/7,1(11+...+/1kak=0, (3)
m.e. TUHeNHAs KOMOUHAYUS BEKMOPO8 PABHA HYNeB80MY BEKMODY.
Ecnu orce pasencmeo (3) 6o3modrcno auwv npu Ay =4, = ...=4, =0, mo ma-

Kasd cucmema 6EKmopoes Ha3vleaemcs JIUHEUHO He3A8UCUMOU.

[IpocTeiime CBOMCTBA JMHEMHO 3aBUCHUMBIX Y HE3aBUCUMBIX BEKTOPOB:

1) HyneBoii Bexktop 0 paznaraercst mo jr00il cucTeMe BEKTOPOB, TaK KakK CIpaBe-
nuBo paBeHCTBO 0=0-a; +...4+0-a; , c HyJeBbIMU KOG PHULIHEHTAMHU.

2) Ecnu BekTOp pasziaraercsl M0 4acTH BEKTOPOB, B3SATHIX M3 33JaHHON COBOKYITHO-
CTH, TO OH pa3jlaraeTcs M Mo BCeU CHCTeMe BEKTOPOB (JOTONHSSI OCTAaJIbHBIC Cllarae-
MbI€, HAPUMEP, HYJIEBBIMU KOIPPHUIIMCHTAMH).

3) Kaxaplil n-MepHbIid BEKTOp b = (b1 s eees bn) pasyiaraercs no ciIeayromenl Auaro-
e=(,0,...,0)
. e,=(0,1,...,0)
HAJILHOM CHCTeMe eJUHUYHBIX 7-MEPHBIX BEKTOPOB
e,=(0,0,..,1)
B BUJIC b=be+...+b,e,.
MoO>HO 1OKa3aTh, YTO IUArOHAJIbHBIE CUCTEMBI BEKTOPOB €, ..., €, — IMHEH-

*
HO HE3aBUCHUMBI IJIA JIF000r0 OeJIoro yucia n. (YHp )

4) Ecnu cucrema BEKTOPOB 3aBHCHMa, TO B cymMme (3) HaleTcs ciiaraeMoe, y KOTo-

poro A, # 0, a 3Ha4UT, BEKTOP @, MOXHO JMHEHHO BBIPA3UTh Y€PE3 OCTAJIbHBIC BEK-
TOPBI (pa3feuB BCE COOTHOUICHHS HA A, U MIEPEHOCS B IPYTYIO YacCTh).

5) CucreMa BEKTOPOB, COJIeprKalllas HyJI€BOW BEKTOP, BCEr/a JIMHEITHO 3aBUCUMA.

6) /IBa BEeKTOpa JMHENHO 3aBUCHMBI TOT/1a U TOJIBKO TOTAA, KOTJ1a OHU KOJUIMHEAPHBI.
Tpu 3-MepHBIX BEKTOpA JIMHENHO 3aBUCUMBI TOTAA U TOJBKO TOT/A, KOIAa OHU KOM-
IJIaHAPHBI.
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7) Ecnu cucrema ay, ..., a, JNUHEHHO HE3aBUCHMA, TO M J00as €€ MOACUCTEMA JIH-
HEMHO HE3aBUCHMA.

8) Haobopor, eciu B cucreme a,, ..., a;, Kakas TO €€ 4acTb JIMHEWHO 3aBUCHMA, TO U

BCSI CUCTEMA JIMHEWHO 3aBUCHUMA.

Yup. — npoBepuTh cBolicTBa 1) — 8).
§ 6. ba3uc u paHr cucTeMbl BEKTOPOB

Bbiiie MBI OKa3a1d, 9TO 060t n-MepHbIA BekTop b= (b, ..., b,) MOXKHO pa3-
JIOKHUTB 10 IMATOHAIBHOM CUCTEME €IMHMYHBIX BEKTOPOB €, ..., €,. BO3HUKaeT BO-

IIPOC: CYLIECTBYIOT JI APYTUE, OTINYHBIE OT €AUHUYHBIX BEKTOPOB, BEKTOPHI TaKHE,
YTO JI0O00M 1-MEPHBII BEKTOP MOKHO MPEACTABUTh KaK JTUHEHHYIO NX KOMOMHALNIO?
Ecnu na, To Kak UX onucarth?

Onpenenenue. /lycmo 3a0ana cucmema eéexkmopos (1). MakcumanbHo nezasucu-

Mou_noocucmemou cogokynwocmu (1) (eéexkmopos ay, ..., a,) Hazvieaemcs a060U

YacmuyHbLIL HAOOP 8eKMOPO8 IMOU CUCTEMbL, YOOBIeMEOPAIOUULL O8YM YCIO0BUIM.
1) 8exmopwl 5moeo wacmuuHo2o0 HAOOPA NUHENHO He3A8UCUMbL,

2) 110601 8eKmMop UCXoOHOU co8oKynHocmu (1) nuHeliHo 8blpadicaemcs uepes 6ek-
Mopbl IMO20 YACMUYHO20 HAbOopa.

HGpr,IIHO BUACTH, 4TO, BOO6HIC roBop:, IpOU3BOJBbHO 3adaHHAA COBOKYIIHOCTDH
BCKTOPOB MOKCT UMCTb HCCKOJIBKO PA3JIMYHBbIX MAdKCHUMAJIbHBIX JIMHEHO HE3aBHUCH-
MBIX ITIOACHUCTCM. OI[HaKO, HMCCT MCCTO CJIICAYIOIICC YTBCPIKIACHHUC!

TeopeMa. Bce maxkcumanvruo neszasucumvle noocucmemvl 3a0AHHOLU COBOKYNHO-
cCmu 6eKmopoe umeroni 00HO U MO dHce YUCTO 6EKMOpPO86.

910 YTBCPKKACHUC ACTIaCT BO3ZMOKHBIM CJICAYIOIICC OIIPCACIICHMC.

Onpezle.ﬂe}me. Maxcumanvrno Hezasucumas noocucmema cucmemvl 6EKMopoe6
Hazvieaemcs ee dazucom. Yucno 6EKMOpos6 basuca Hazvieaemcs panzom UCXOOHOU
CUCmembl 6EKMOpOoe.

Apyrumu CJIO0BaMH, paHI' CHCTCMbI BCKTOPOB — 9TO MAKCHUMAJIbHOC YUCJIO JIMHEHHO

HE3aBUCHUMbBIX BEKTOPOB CUCTEMBI.
SICHO, 4TO €CM paHT CUCTEMBI BEKTOPOB 4, ..., d; MEHBIIE YUCIIA K, TO dTa CHU-

CTeMa MOYKET MMETh HECKOJILKO 0a3HCOB.

3ameuanue. OnuH U3 BO3MOXKHBIX CITIOCOOOB BBIUUCIICHUSI PAHTa CUCTEMbI BEKTO-
POB HETIOCPEJCTBEHHO CIEAYeT U3 OmpeaeneHus (IyTeM oueBUIHOTO repebopa pas-
JTUYHBIX KoMOuHawii). O Ipyrux cmoco0ax BBEIYHCICHUS paHTa CHCTEMBI BEKTOPOB
Oyner ckazano B ['maBe 2 (Matputibl).
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Jemma. Cucmema B8eKmMopoes, cocmosauad bonee yvem us n-uwmyK n-mepHvlx 6eK-
mopoe, JUHEHO 3a68UCUMA.

HoxkazarensctBo. Ilycts ay, ..., a,,, m>n. JlobaBuUM K HeHl elle n ITYK eJUHUY-

m?°

HBIX BEKTOPOB ¢, ..., ¢,. B pacmupennon cucreme a, ..., 4,,, €, ..., €, BEKTOPbI

m?

e, ..., e, 00pa3yrT 0a3uc, Tak Kak OHHU, BO-IIEPBBIX, JIMHEIHO HE3aBUCUMBI (TIHULIYT
uHorna cokpaieHHo kak JIH3 ), u, BO-BTOpBIX, 1000 BEKTOp @; SABISAETCS UX JIU-

HEWHOW KOMOUWHaIMe (CM. paHee)]. 3HaUUT, paHT PACIIMPEHHON CUCTEMbl PABEH H.
Ho n Torna n panr uCXOIHON CUCTEMBI BEKTOPOB paBeH 7. A Tak Kak m >n, TO UC-
XOJHasl CHCTEMA BEKTOPOB SBISICTCS JIMHEHHO 3aBUCUMON. gy

Jlo cuX mop MBI TOBOPUIIM O KOHEYHOW COBOKYIIHOCTH BEKTOPOB 4, ..., d; OJH-

HaKOBOM pa3mepHocTH. Kak ObITh, €CIIM PacCMOTPETh CHCTEMY BEKTOPOB, COJEP-
Kallylo OECKOHEUHOE YHCJIO BEKTOPOB aj, Ay, ..., Aj, ...

JlokazaHHas JieMMa IO3BOJISIET PaCHpPOCTPAHHUTh TMOHATHE Oa3uca W paHra M Ha
OCCKOHEUHYIO COBOKYIHOCTh. COTJIaCHO 3TOH JieMMe 0a3uc JIF0OOM TaKOW COBOKYII-
HOCTH 1-MEPHBIX BEKTOPOB COCTOUT M3 KOHEYHOT'O YHCJIa BEKTOPOB, HE ITPEBOCXOS-
MIMX YUCTa 1 , TI€ 71 — Pa3MEPHOCTH MPOCTPAHCTBA BEKTOPOB, U3 KOTOPBIX 00pa3oBa-
Ha JaHHOE MHOECTBO BEKTOPOB. 3HAYMUT, Mbl MOXXEM TOBOPUTH O 0azuce W paHre

CHCTEMBI BCEX N-MEPHBIX BEKTOPOB, T.€. BCErO 1-MEPHOTO MpocTpancTBa R” (cM. pa-
Hee). OqauM 13 0a3UCOB ATOTO MPOCTPAHCTBA ABJISIETCS] CUCTEMA €AMHUYHBIX BEKTO-
poB €|, €,, ..., €,, BBEJICHHBIX BBILIE.

C Y4€TOM CKa3aHHOI'O0 BBIIIC MOYKHO CHACJIATb CICAVIONINHN BEIBOA: B JIIOOOM 7-

MEPHOM BEKTOPHOM IPOCTpaHCTBE R” CyIIeCTByeT MHOTO GasucoB; 000 Gas3uc n-

MEPHOTO BEKTOPHOTO MPOCTPAHCTBA R" COMEPKUT POBHO 7-BEKTOPOB.
3ameuanue. CymiecTByloOT OECKOHEYHOMEpHBIE JIMHEWHBIE MPOCTPAHCTBA.

Hanpumep, mpocTpaHCTBO BCeX HEMPEpHIBHBIX Ha OTpe3ke [a,b]dyHKiuil mmeer

. 2
OeckoHeuHbIl 0asuc Buaa 1,x,x°,...,x",....

[TycTs cucTrema BEKTOPOB 4, d;, ..., 4; SBISETCS 0a3MCOM HEKOTOPOI COBOKYII-
HOCTH BEKTOPOB, & BEKTOP b SIBISETCS UX JTUHEHHON KOMOMHAIUEH
b:llal +...+ikak N
HNmeet MecTo crenyromias Teopema

Teopema. Pa3znooicenue 1106020 6eKkmopa KOHEUHOMEPHO20 8eKMOpPa 8 3A0aAHHOM
bazuce, eciu OHO cyujecmeyem, eOUHCIMEEHHO.

Cneocmeue. Ilycmo menepv eekmopwl ai, ..., d, — basuc npocmpancmea R" .

Toz0a nobou sekmop us npocmparncmeéa R" o6szamenvrno npedcmasum 6 euoe pas-

JIOJHCEHUA NO 6613146’)/

b:a1a1+..+anan.
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Yucna «, ..., a, Hazvliearwomcs Koopounamamu eexkmopa b 6 basuce ay, ..., a,, u

n’

KaK cinedyem u3 8bllenpuse0eHHol meopemvl 9mo Habop uucen eOUHCMBEeHHbLU O

3a0aHH020 basuca.

SIcHO, 4TO OWH W TOT XK€ BEKTOp b B ApyroMm Oasuce (uMx ke mMHoro!) Oymer
UMETH APYTHE KOOPANHATHI.
BaxxHOCTh TEOpeMBI (CNEACTBHE K HEW) 3aKIIF0YaeTCss B TOM, YTO Ha €€ OCHOBE

HN3YyUCHHUC MHOKCCTBA BCKTOPOB 7-MCPHOI'O ITPOCTPAHCTBA R" , COACPKAIICTO Oecko-
HCYHO MHOI'O 3JICMCHTOB, MOKHO (baKTI/I‘{eCKI/I CBCCTH K U3YUYCHUIO KOHCYHOT'O MHO-
JKCCTBA BCKTOPOB 0asuca 3Toro IIpOCTpaHCTBA.

§ 7. OproHOopMHUpOBaHHBIN 0a3HUC

Hawnbonee yno6HO u3yyars pas3iosKeHHE #-MEPHBIX BEKTOPOB 10 CHEIMATBHBIM Oa31caM.

PaccMmorpuM Gasuc mpocTpaHcTBa R”, cOCTOSAIIMI U3 OPTOrOHAIBHBIX BEKTOPOB
(Tak Ha3bIBAEMbI opmozoHanbHblil 6a3uc) , T.€ CUCTEMa BEKTOPOB BUJIA :

1, 12, ..., In, 0712 KOMOPBLIX CKANAPHOE NPOU3BEOEHUE (ll-, lj):O, eciu i#j (4).
3ameuanue. OproroHarbHblE 0a3KCHl XOPOILIO U3BECTHBI HA
IUIOCKOCTU U IIPOCTPAHCTBE

Uem ynoOHbI Takue 6a3uchl? [Ipexae Bcero teM, 4To Ko-
OpPJIMHATHI PA3JIOKEHHUS MPOU3BOJIFHOTO BEKTOPA BEChbMa MPOCTO OMPEICIIUTD.

[TycTh TpeOyeTcs HaATH KOOPAWHATHI PA3JIOKEHUS MPOU3BOJILHOTO BEKTOPA b B
Oasuce (4), T.e. HaO HalTH YKCNIA ¢; , [ =1,...,n B PaBEHCTBE
E:a171+05272+...+an7n. (5)
VYMHOXHMM CKaIsIpHO 00€ 4acTu paBeHCTBA (5) (3TO ke BEKTOpbI!) HA BekTOp /;,
UCTIOJIB3YSI TIPY ATOM CBOMCTBA CKAJISIPHOTO MPOU3BEICHUS BEKTOPOB:

(b.5) = ey (1.1) + o+ e (Bl ) + o+, (1,01

Tak kak (li, lj):O Il 1# j, TO MOIy4aeM
(b,1,)=0+...+a;(I,;)+...+0.

(b’ li)_(b’ ll) i=1.2
(li, li)_ |Zl'|2 ? 5 &

Onpepnenenne. Opmozonanvuvie bazucel éuoa (4), y komopuwix ||1;||=1, nazviea-

Otcroma «; = ooy N

rom OpmoHOPMUPOEAHHbIMU boazucamu.

Koopaunatel pasznokeHusi B TAaKOM 0a3uce UMEIOT TIPOCTOM BHUI — 3TO YHCIA, KO-
TOPBIE BBIUUCIAIOTCA IO pOpMyJIaM @ = (b, l; ), i=1,..,n.
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I'masa [I. MATPULIBI VI MATPUYHOE MCHHUCIIEHWIE.

§ 1. MaTpuubl. OCHOBHBbIE TOHATHUSA

B aT0i1 r1aBe BBeieHbI HOBbIE OOBEKTHI (CPABHUTE C BBEJACHHBIMU PaHEE MOHS-
TUSMH: 4YHCJa, BEKTOPHI U JIp.) U OCHOBHBIE OMEpaIlMy HAJ HUMH. Takxke MOKa3aHO
KaK 3T HOBbIE OOBEKTHl MOXXHO HCIOJIB30BaTh MPHU PEUICHUU KOHKPETHBIX 3ajad.
Kak oka3zamoch, MaTpUYHOE UCUYUCICHUE ABJISETCS BEChbMa BBIPA3UTEIBHBIM U KOM-
MaKTHBIM MAaTEMaTHYECKHUM armaparoM IMpU MOJECIUPOBAHUM MHOTHX IPOIECCOB B
Pa3IUYHBIX 00JIACTSIX.

Onpenenenue. [Ipsamoyeonvras mabauya 0elucmsumeibHblX Yuceil

all a12 aln
A _ a21 a22 a2n ’
aml am2 tee amn

codepaicawyas m cmpok U n cmobyos, Ha3vleaemcs (4Uciosoll) mampuyei pamepa
mXx n.
(3ameTuM, 4TO BCE CTPOKH (M BCE CTOJIOIIBI) UMEIOT OJUHAKOBYIO JUIMHY — /M1 U 1 !).

Yucna a,;,a,,,...,d HA3bIBAIOTCS AJIEMEHTAMHU MaTpUIlbl. Kaxxablil 3JIeMEeHT

mn

a; CHAOXKEH IByMs MHJIEKCAMU: TICPBBIM MHJIEKC YKa3bIBAET HOMEP CTPOKH, BTOPOH —

HOMEP CTOJIONA, B KOTOPOM PACIOJIOKEH ITOT JIEMEHT.
Martpuiibl B nanpHeiiem 0yieM o003HauaTh 3ariaBHbIMU OykBamu 4, B, C, win

A4,4,,.... Hacto BMecTo moapoGHOIl 3amucu Beeil TabIMIBI MCIONB3YIOT COKpa-
IIEHHYI0 3alKiCh  BHUJIA Az(aij), i=1,2,...,m, j=1...,n WIN
A= ‘ a|l, i= 1,2,..m, j =1,2,...,n. Korna cymiecTBeHHBIM SIBJISETCS YKa3aTh JIHIIIb

PasMEPBI MaTpulibl, TO MaTpHUIlbl HHOI'Ad 3aIIMCBIBAIOT KaK Amxn

Martpuua, y KOTOpou 71 = 1, Ha3bIBa€TCs KBAJAPATHOM.

DneMeHThl KBaJIpaTHBIX MaTpHIl, CTOAIIME HA AUArOHAIM, UAYILIEH C BEPXHETO
JIEBOrO yria, 00pa3yloT TaK Ha3blBAEMYIO IVIABHYIO JAMATOHAJb. DJIEMEHTbHI KBaJ-
paTHBIX MaTpHI, CTOSIINE HA JUArOHalIM, UAYIIEH C BEpXHEro MpaBoro yria, oopa-
3YIOT OOOYHYI0 TUATOHAJIb.

KBagpaTHas Marpuma Ha3bIBAETCS AUATOHAJIBHOM, €CIM Y HEE HEHYJIEBBIMU

AJIEMEHTAMM SBJISIFOTCS JIUIIL 3JIEMEHTBI IJ1aBHOU JvaroHaliau.

KBaI[paTHaH MaTpuilia Ha3bIBACTCA CHMMeTpH‘IeCKOﬁ, €CJIn €€ DJICMCHTHI, CUM-

MCTPHUYHBIC OTHOCUTCIIBHO JIaBHOM AWaroHalii, paBHBI.
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Martpuua, Bce 351eMEHThI KOTOPOM paBHBI (), HA3bIBa€TCS HYJICBOI.
Ecnu Bce HEHyJEBbIE JIEMEHTHI JTUArOHAJIBHOM MaTpulbl paBHBI 1, TO Takas
KBaJpaTHas MaTPULIA HA3bIBACTCSA €AUHUYHOU, T.€., CAUHUYHAS MAaTPULIA UMEET BUJL

I 0 ... O

o 1 ... 0
E =

0 0 ... 1

KBangpaTHas maTpuiia, y KOTOpOM BCE 3JIEMEHTHI, JIe)Kalllie HUXKEe (WM BBIIIE)
[JIaBHOW JHUaroHayu, paBHbl (0, HA3bIBA€TCS TPEYroJbHOM (HUKHE-TPEYroJbHON WK
BEPXHE-TPEYTOJIbHOMN).

Ormerum, uto exuHnuHas FE u HyneBas () Marpuipl UTPalOT B MAaTPUYHOM
WCYHUCJICHUH POJIb, B HEKOTOPOM CMEBICIIe OMu3Kyro K poiu 1 u 0 B apudmeTuke.

Martpuiry, COCTOSIIIYIO U3 OJTHOM CTPOKH U 71 CTOJIOIOB, HA3bIBAIOT MHOTA MAaTPH-
1EeH-CTPOKON. AHAJIOTMYHO TOBOPST O MaTpulile-cToao1e. OTMETHM 3/1€Ch CXOXKECTh
TaKuX MaTpHIl ¢ BekTopaMu. Ml mo3TOMY UX 4aCTO HA3bIBAIOT BEKTOPAMH.

JlBe matpunbl A ¥ B HA3BIBAIOTCA PABHBIMH (U 5TOT (aKT 3alMCHIBAIOT KaK
A= B), ecnu oun

1) umerT 0JMHAKOBBIE pa3MEpHI;
2) COOTBETCTBYIOIIME 3JIEMEHThI MAaTPHUI] PABHBI, T.€.
a; =b,

I 2

i=1,..m; j=1,.,n.

§ 2. Onepanuu Ha MATPUIIAMHA

1. Cinoxkenmne MaTpHUIl BBOAUTCA TOJIBKO JIA MAaTPHL OAMHAKOBBIX Pa3MCpPOB.

Cymmoit marpun 4 = (al.j) uB = (b. ) HaspiBaercst matpuna C, = (Cij ) , dJIe-

mxn ij

MEHTBI KOTOPO#i eCThb C; = d; + bl.j, i=1,m, j=1,n. Kparko stor akT 3anucei-

BaroT kak C = 4 + B.

1 4 -1 —4 0 0
Hpumep. A= , B = ,C=A+B=
2 3 -2 1

AHQJIOTMYHO OIPENEIACTCS PA3HOCTh MATPHIL.
2. YMHOXKEeHHUEe MATPHUIBI HA YUCJI0.

[IpousBenenrue MaTpuibl Amxn = (al.j) Ha JEHCTBUTEIHHOE YHUCIIO A HA3bIBAET-

Cs1 MaTpHIA, KAKIBIMA 2JIEMEHT KOTOPOU MOJy4aeTCsl YMHOKEHHEM COOTBETCTBYIOIIE-
ro 3J€MEHTa MaTpULIbl A HAa YUCIO A

/1-A=(/1-al.j).
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I -1
Ipumep. Ilycts A = 0 3 u A=2. Torma marpuna C uMeeT BH[
1 -1 2 -2
C=2. _
0 3 0 6

CsoiicTBa BBCJCHHBIX ONEPALIMM CII0KEHMUS 1 YMHOXKCHHUS HA YUCIIO HCIIOCPCI-

CTBEHHO BBITEKAIOT U3 UX ONPEACIICHHUS.
[Tycte A, B, C — MaTpuIlbl, UMEIOIIME OJIMHAKOBBIN pa3Mep, a a U S — HEKOTO-
pbI€ NEUCTBUTENBHBIE Yncia. Torna BEpHbI CIEAYIOIE CBOMCTBA:

1. A+B=B+4; 2.(A+B)+C=4+ B+ C);
3.  a(A+B)=o0d+aB; 4.(a+p)-A=0ad + pA;

5. (a-p)-A=(ad) - p; 6.4 +0 =A4

7 OAmxn = Omxn :

3. Ilpou3BeneHue MaTpUIbI HA MAaTPHILY.

1! Onepayus ymuooicenus 08yx mampuy 68600UMCsi MOAbKO 015 CIYYAS, KO20d
YuUCI0 CMoaOY08 Nepeoti Mampuybl pAeHO YUCTY CIMPOK 8MOPOL MaAmpuybvl (Uiu ewje
2080psam, Ko20a mampuybvl co2nacosartvle) !!!

.j) Ha matpuuy B, = (b jk) Ha3bIBACTCSI

l

IIpoussenenue Marpuusl 4 = (a
marpuna C, = (cik ) , TaKast 9To

Cik=ai1b1k+ai2b2k+"'+ain s l:l)m, k:l’p,
T.€. DIIEMEHT -0l CTPOKH M A-ro cTosdua MaTpuisl npoussenenus C paBeH CyMME

IIPOU3BENCHUN 3JIEMEHTOB i-OM CTPOKH MAaTpULbl A HA COOTBETCTBYIOLIME DJIEMEHTHI
k-ro crosbiia matpursl B .

CxeMaTU4YHO BBIYMCICHUE DJIECMEHTOB MaTpulbl C MOXHO I/I306pa3I/ITB KakK

+
—»
— I
i-ag / 'Y
cTpoKa . . —Tt—F+— »

K-BIH
cToIOEL]

Hpyrumu cioBaMu, NpyU NEPEMHOKEHUH CTPOKH MAaTpPULbl A Ha cTOJ0el Mat-
puubl B ocymiectBisiercsi 0ObIYHOE CKalsIPHOE MPOMU3BENICHUE JIBYX BEKTOPOB, MpH-
YeM KOOPJMHATAMU IEPBOTO BEKTOPA SBIIAIOTCSA AJIEMEHTHI CTPOKH, a KOOPJIAWHATAMU
BTOPOr'0 BEKTOPA — AJIEMEHTHI CTOJIONA.
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1 -1 O

I I A=
pumep. Ilyctp (2 |3

1 0 2
j,B=2113
23 01 0

1 0 2 -1
Torﬂa(l -1 Oj 142 1 1 3 =(C” ‘2 G CM] , TIIE
2 3 %10 1 0 -1 Cyi Cpn Cpn Cn )y
3x4
1
c,=(1 -1 0)2|=11+(-1)-2+0-0=—1,
0
0
¢,=(1 -1 0):]1|=1-0+(-1)-1+0-1=—1,
1
2
cy;=(1 =1 0):[1{=1-2+(-1)-1+0-0=1,
0
-1
=1 -1 0):| 3 |=1-(-D+(-1)-3+0-(-1)=—4,
-1
1
cy=(2 1 3)|2[=2-141-2+3-0=4,
0
0
¢y, =(2 1 3):|1|=2-0+1-1+3-1=4,
1
2
cy=(2 1 3)|1|=2-2+1-1+3-0=5,
0
-1
u=(2 1 3)| 3 |=2-(-D)+1-3+3-(-)=-2.
-1
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Takum oOpazom, MaTpuIla TPOU3BEACHUS UMEET BUJT

1 -1 1 -4
C=AB= .
4 4 5 2

OTmeTuM HEKOTOpbIe crenupuIecKkue OCOOCHHOCTH M CBOMCTBA ONEpALMH
YMHOEHHUSI MaTpull (IpU YCIOBHUH, YTO pacCMaTpUBaEeMbIe TaM MPOU3BEIACHUS MaT-
pHII CYHIECTBYIOT), U KOTOPBIE JIETKO MMPOBEPUTH HA MPUMEPAX.

1. [na npamoyzonvuvix mampuy A u B uz mozo, umo cywecmeyem npouzeeoeHue
AB ne cneoyem, umo cywecmeyem npouseedenue BA. Ho dagice, ecnu smo mak, mo
AA+# AA, soobwe 2o6ops. (Yup. IIposeputs ).

B cBs13u ¢ 3TUM €CTECTBEHHBIM SIBJISIETCS BBECTH CIIEAYIOIIEE ONpeIe/ICHNUE.
Martpuiibl Ha3bIBAIOT MEPECTAHOBOYHBLIMM, eclid AB = BA.

2. Ecau A u B — keadpamubie mampuyvl 001020 pasmepa, mo AB u BA
cywecmgyrom (Kax cienyet u3 npeasiaymero AB # BA, BooO1e roBopsi).

Creneny KBaapaTHON MATPHUIIBI ONPEAEIIAIOTCS OUEBUAHBIM 00pa3oM
k
A" =A-...- A, rae k — uenoe uucno, A — KBagpaTHas MaTPHILA.

Tpwu 5Tom, 10 onpeenermio monaraior A° = E, A' = A

3. A-(BC)=(AB)-C, (cciH CyLECTBYIOT yKA3aHHBIE IPOH3BEIICHIA).
4. (A+B)-C=AC+BC.

5. a-(AB)=(aA)-B.

6. Ponb eOuHUYHOU (K8AOPAMHOLL) MAMPUYBL. YMHONCEHUE Cle6d, CNpasa Ha OAHHYIO
Mampuyy He U3MEeHI0M UCXOOHYIO MAMPULY

E ) Amxn = Amxn

mxm

A ’ Aan = AmXI’l

mxn

(Eppon A = Ay By = 4,0 )

mxm mxm mxm mxm

7. Ponv nynesou mampuyut

(0 ) Amxn - Amxn ) Ol’l

mxm

0,.)

xn  mxn

OtMmeTuM, 4TO BO3MOXKHEI ciydan, korga AB = O, ognaxo A # O,B # O
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4. TpancnioHupoBaHHEe MATPHIIBI.

Mampuya, cmpoxkamu KOmopou A6IAI0Mcs cmoioyvl mampuysvl A ¢ mem dnce
HOMEpPOM U COXPAaHeHUeM NOPSAOKA CAe008AHUs IIEeMEHMO8, HA3bIBAemc sl MPAHCNO-

. . T
HUpPOBaHHOI K danHoli u obosnavaemca kax A wum A'.

(OT™MeTuM, 4TO TP OMpEETICHUU OIepalid TPAHCIIOHUPOBAHUS BMECTO 3a-
MEHSIEMBIX CTOJIOIIOB UCXOJHOU MATPUIILI MOXHO TOBOPUTH O 3aMEHE €€ CTPOK!)

mpumep. A=| - s 7= 2] a=[O) 4 =0 1)
PEMER- 2= 4 ) 7 Tl 4) "7 1) 7 7

(cpaBHHUTE C TIOHSATHEM TPAHCIIOHUPOBAHUSI BEKTOPOB).
T
B oOmiem cityyae mis kBajgpaTHbix Matpury A # A’ . Jlerko mpoBepuTh, YTO €CIH

T .
A= A", 1o marpuna A Ha3bIBAETCS CHMMETPHYECKOM.

Cesolicmea onepauuu MpaHcnOHUPOSAHUAL.
1 (A7) =45 2. (4B) =B"A"; 3.(4+B) = A" +B"; 4. (ad) =ad’.

T
3aMeTI/IM, YTO eciau A — KBaApaTHad CUMMCTPHUYCCKAAd MaTpuia, To A = A .

§ 3. Onpenenuresib MaTpULbI
Ilycte A — kBagpaTHas Matpula nopsaka n. Marpuie 4 MOXHO IMOCTaBUTh B
COOTBETCTBHE JeHCTBUTENbHOE yucio det 4 (MHOraa 0003HAYaI0T 3TO YUCIIO KaK |A|

Wik A), KOTOPOE Ha3bIBAETCS ONpeAeuTeeM (JIeTEPMUHAHTOM) MaTpUIlbl , BBenem
MOHATHE ONPENSIUTEN MaTpuisl st 1 =1,2,3,...110 Mepe pocTa pasMepoB KBa/i-

pPaTHOM MaTPUIIBI CIETYIOUIUM 00pa3oM:

1. Ipun=1,1.e ectu 4 =a,,, To nonoxum det 4 =aq,,.

a, 4y
2. lpun=2,reeciu A= , TO TIOJIOKUM
ay Ay

det A = TR T B
etAa= =a,,0y, — a4y,
a, 4

CUMBOJIMYECKH = \ - /

35
Mpuvep.  detd=|"  |=3:7-(-2):5=21+10=31
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a, 4, d4a;

3. Mpun=3, re.ecu A=|a, a, a, , TO

a, 4, d4a;
A=\a, a, ay|l=a,:- —dp +a;-
dy; Qs gy

I/IJ'II/I, CCJIKX BOCIIOJIB30BATHCA IPCAbIAYIIUM, TO

a, 4, d4a;
Ay Gy Ap|= A~y Ay T Ay, Ay Q) 01500y Ay —
a4 dsg _(an "Qyy Ay + Ay Ay Ay T4y Ay 'asl)-

Jnist oGnerdeHust 3amoMUHAHUS YA0OHO BOCTIOIB30BATHCS MPABUIIOM TPEYTOJLHUKOB
(wn mpasuio Capproca)

4. OO6miee onpenesieHUe MOXKET ObITh JaHO CIIEAYIOIIMM 00pa3oMm.

Onpenenenue. Onpederumenem Keaopamuou mampuyvl A n-2o nopsoka
naszvieaemcs anzeopauueckas cymma n!=1-2-...-n npouseedenuii n-20 nopsoka

(m.e. kadxcooe npoussedeHue cooepHCUm n COMHONICUMenell) INeMeHmos Mot Mam-
puysl, npudem 6 Kaxcooe NpouszgedeHue 8xooum no 0OHOMY DJeMEHmM) U3 Kaxicoou
CMPOKU U KAHCO020 CIMONOYA OAHHOU MaAmMpuybvl. 3HAK KAHCO020 C1a2aemozo onpeoe-

JILEMCsl ¢ NOMOUWBIO NOOCYema Max HA3bleAeMblX UHBEPCULl 8 NEPECHAHOBKe YUCel
(1, 2, ..., n).

Kak Bugno, npu n > 3 npaBuia (omnpenesieHHs]) BIYUCICHUS ONMpPEACTUTENS
CJIO>KHBI JJIs1 BOCIIPUATHUS U UX HEMOCPEACTBEHHOIO MpuMeHeHHs. OTHAKO, U3BECTHBI
METO/Ibl, MO3BOJISIIOIINE PEATTU30BATH BRIYMCIIEHUE OMPEICIUTENIECH BRICOKOTO MOPSI-
Ka Ha OCHOBE BBIUYMCIJIEHUS OMPEICIUTENICH HU3MIEero nopsaka. OIuH U3 TakKuX METO-
JIOB OCHOBAaH Ha PA3JI0KEHUHU OMNPEIEIUTEN MO 3JIEMEHTaM HEKOTOporo psiaa (B
JaNbHEHIIEeM CTPOKH M CTOJOIBI OyJeM MPOCTO Ha3bIBaTh pPsiiaMH). DTOT CHOCO0
BBIYHCIICHUS ONIPEIeNUTENeH MaTpull OyJIeT TOKa3aH HIDKE.

Brruucnenue onpenenureneil 00ier4aeT 3HaHUE €T0 OCHOBHBIX CBOWCTB. DTH
CBOWCTBA JIETKO MPOBEPUTH, HAIIPUMEDP, OpU 1 = 2, 3.
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OcHogHble ceoiicmea onpedenumeneil.

1. detA=detA4”.

2. Ecnu cmpoxka (unu cmonbey) mampuywvt A nyneevie, mo det A =0.

3. Ilpu nepecmanoske mecmamu 08yX CmMpoK (Cmoioyos) mMampuybl onpeoeiument MeHs-
em 3HAK (COXpamsis npu SMOM C80€ HUCII080€ 3HAYEHUe NO ADCONIOMHOU 8eUUUHE).

4. Onpeodenumensy mampuybl, Cooepicauuli 08e 00UHAKo8ble cCmpoku (cmonbya) paser ().
([leficTBUTENIEHO, IIOMEHSAB MECTaMU CTPOKH, HMEEM COTJIAaCHO MPEABIAYIIETO CBOM-

ctBa, yto A,.. =—A a 9TO BO3MOXKHO eciii Toabko A =0.)

ira 70 a0 °
5. O6mwmit MHOXUTENH 000N CTPOKH (T.€. €CJIM BCE JIEMEHThI UMEIOT OJWH U TOT
YK€ MHOXXUTEJb!) MOKHO BBIHECTH 3a 3HAK OMPEACTUTEIA.
6. 113 cBolicTB 4 — 5 cieayeT, 4To onpedeiumens ¢ 08YyMs NPONOPYUOHATLHLIMU PSi-

oamu paeser (). Hanmpumep,

a a, dj a, d, dj
ka,, ka, ka, =kla, a, a;=k-0=0.
3 4z dy Qs Asp A

6. Ecnu xkasicowiil 21emenm HeKomopoll CmpoKy Mampuybl Npeocmasien 8 guoe cym-
Mbl 08YX ClA2AeMblX, MO dMOmM Onpeoeiumesb pageH cymme 08yx onpeoeaumenceti.
Hanpumep, nipu n =3
ay ap a3
_ ! " ! " ! "l _
Ay=lay +ay  ay+ay, ay+ay=
s as, 33
dy  4dp A |4y 4 4y
!/ !/ ! 14 4 4 ! 4
=|ay Ay an|t|ay Ay ay|=Ay+A

ay; Ay Ayz| (A3 4y Ay

7. Onpeodenumens He UBMEHUMCS, eClU K eMeHmam nodol cmpoku (cmoioya) npu-
basums coomeemcmeayrouwue 3eMeHmsl Opyeoli CMpPoKU (cmoadbya), YMHOMCEHHble
Ha aroboe yucno. (ITo CBOUCTBO €CTh CJIEACTBUE CBOUCTB 3) —7). DTO CBOMCTBO ellie
Ha3bIBAIOT JIEMEHTAPHBIM NMPE0OPA30BAHUEM OIPEACIIUTETIS.

3ameuanue. V13 nepeyncieHHbIX CBONUCTB CIEYET, YTO ONpeaenuTens paseH 0,
€CJIH, TI0 KpaiiHeW Mepe, 0JIHa U3 CTPOK (CTOJIOIIOB) ABJISETCS JIMHEHHOW KOMOWHAIIH-
el npyrux ero ctpok (crosidnos). [Ipu 3TOM, onpenencHne TUHEMHONM KOMOWHAIIMN
AQHAJIOTUYHO JTAHHOMY paHee Jii BEKTOPOB. JTO €CTECTBEHHO, TaK KaK KaXIYIO
CTPOUKY (MOXXHO paccMaTpuBaTh Kak BEKTOp (3TO ke TOxe HAOOp 4Yucesl — TOJIbKO
3leCh pasnensseM ux 3amsaToi)). OTciofa BhITEKAaeT HEO0X0AMMOEe U 10CTATOYHOe
YCIIOBUE PABEHCTBA HYJIO OMNPENCIUTENS: Onpedenumensd pageH Hy1i0 moz20a u
MONBbKO Mo20a, Ko20a e2o cmpokKu (cmoadoysl) TUHEHHO 3A6UCUMDL.
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Jlnst nanpHEHero u3y4eHus: MaTpUIl U UX OINpEJeNUTeNed HaM MOHaJI00uTCs
NOHATHE MUHOPOB U aIreOpanyecKux JOMOIHEHUH 31EMEHTOB MaTpULL.

nxn

Onpenenenne. Munopom Ml.j ojemenma Q; Keaopamuou Mampuiybsl A

Hazvlgaemcs onpeoenumenb mampuysvl (n — 1) nopsaoka, noiyyeHHvll U3 UCXOOHOU
Mampuysbl nymem Gbl4epKUBAHUS CMPOKU U CMONOYA, HA NepeceyeHuu KOmopbvlx

Haxoo0umcsi 6blOPAHHbLU SNeMeHm a;

all e o 0 ‘alj ‘ e o 0 aln
a. a.. .
| L U _in
M, = —
anl anj ann

Omnpenenenune. Anzedpauueckum 0ononHeHuem Al.j anemenma Q; Ha3blea-

"
emes uucno A; =(=1)""M;, m.e omo munop co smaxom «+», ecnu uucio

(i + j) —uemnoe, u co snaxom «—», ecie neuemmnoe .

MuHopb! U anredpanyecKkre JOMOJHEHUS UTPAIOT BAXHYIO POJIb B MATPUYHOM
VICUHCIICHUMU. B yacTHOCTH, OHM MCIIOJB3YIOTCS JUIsI BBIYMCIICHUS OIPEIEIIUTE-
JIeW MaTPULl BBICOKOI'O MOPSAKA.

8. Pasznorcenue onpedenumens no 3jiemeHmam HeKOmMopozo paoa.

OnpenenuTenb paBeH CyMME IIPOU3BEIACHUN JIIEMEHTOB JIF0OOM CTPOKHU Ha UX alreo-
panyecKue AOMOJHEHHUS:

A, =a,4,+a,A4,+...+a,4, (1<i<n).

AHanoruyHoOe yTBEPKACHUE BEPHO JJIsi CTOJIOIOB MATPHIIBIL.

Ota BaxkHast opMyJia — OHA CBOJUT BBIUUCIICHUE ONPEICIIUTENS 1-TO TOpSaKa
K BBIYHMCIICHUIO ompenenuTeneit (n -1)-ro mopsaka, 1 TakuM o0pa3oM, Mociae MHOTO-
KpPaTHOTO €€ NMPUMEHEHHUs MO3BOJSET CBECTH K BBIYMCIICHUIO ONPEACIUTENEH NOpsI-
Ka2wu3.

3ameuanue. 1) OO0beM BBIYMCICHUI YMEHbBILIAETCA, €CIU PAJl UMEET HYJIb.
WNHorna ¢ 3Toil 1ebi0 mepe/l BEIYUCICHUEM ONMpPENeUuTeNs] OCYIIECTBISIOT €ro dJje-
MEHTapHbIe TpeoOpa3oBaHus (CM. CBOWCTBO §), a 3aTEM YXKE€ peau3yIoT €ro BbhIYHC-
JICHUE.

AN »n A~

1 3
Ilpumep. Berumciurs onpepenurens Matpuisl A =| 1 2
4 7
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Briutem U3 371€MEHTOB BTOPOTO CTOJI0IIA JIEMEHTHI IEPBOTO, YMHOKEHHBIE Ha 3, a U3
AJIEMEHTOB TPEThEro CTOJOIA BBIYTEM COOTBETCTBYIOIIME AIIEMEHTHI IIEPBOTO,
yMHOk€eHHbIE Ha 4. [lonydeHHBI ONpeneNnuTeNb BEIUUCIUM OCPEACTBOM €ro pas3-
JI0’KEHUSI IO TIepBo cTpoke. [Tomyunm:

1 3 4 (1 O 0 i
detA={1 2 5|=|1 -1 1 =(—1)1+1 5 O=10+5:15.

4 7 6 4 =5 -10
2) CyuecTBYIOT 000011I€HIE CBOMCTBA Pa3/I0KEHHSI — MOKHO OCYILIIECTBUTH pa3iIoikKe-
HUE HE T10 OJTHOMY Py, a 10 HECKOJIbKUM OJTHOBpEMEHHO (TeopeMa Jlamaca).

9. (cpaBHuTE co cBOMCTBOM 8). Cymma npouszgedenutl d1eMeHmos KaKko2o-iuoo psaoa
Ha aneebpauveckue OONOTHEHUs. COOMBEMCMEYIOUUX IIEMEHMO8 OpYy2020 Napa-

JIeNIbHO20 P0a PasHa HYJo.
Hampumep, cymma 351eMEHTOB MEPBOM CTPOKU Ha alreOpanyeckue JOMOJHEHHS CO-
OTBETCTBYIOLIMX AJIEMEHTOB BTOPOU CTPOKH PABHO

a4, +a,A4,+...+a,4, =0.

§ 4. O0parnass maTpuna

Iycts A = (al.j ) — KBaJpaTHas /1 X ¥ MaTpuIia.

Onpenenenune. [osopsm, umo mampuya A  HeBbIPOIHCOEHHAs, eCau
det A # 0. B npomusnom ciyuae m.e ecnru det A=0, mampuya A nasvieaemcs
8bIPOIHCOCHHOU Mampuyeil.

3ameuanue. MoxHO IMOKa3aTb, YTO MAaTPHUlld HCBBIPOKIACHHAA TOr'Aa U TOJBKO
TOoraa, Kkorjia €€ CTpokKu JIMHEHHO HE3aBUCHUMBI.

-1 o
Onpenenenne. Mampuya A nazeisaemcs o6pamuoi Kk mampuye A, eciu
-1 -1
goinonneno ycnosue A - A=AA" =E .
(CpaBHHTE ¢ MOHATHEM OOPATHBIX YHCEN, BBEACHHOC [T HEHYJICBBIX JCi-

-1 o -1
CTBUTENIbHBIX yncel d-a  =1. He IIyTauTe obosnauenue A ¢ OTPpHUIATCIIbHBIMHU

1

o -1
IMOKa3aTCIsAMH, BBCICHHBIC TOJIBKO IJI ACHUCTBHUTCIIbHBIX YHCCII. 3anuch A * —

HE UMEeT cMbIcia !)

Teopema. Bcsakas negvlpodicOeHHas K8AOPAMHAS Mampuya umeem oopammyio,
npuyem OHa eOUHCMBEeHHAs.

-1
HanomuumM, uro eciu @ # 0, TO0 @~ — €IMHCTBEHHO.
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CBoiicTBa 00PATHON MATPUIIBL.

1
1. detA™' = :
det 4
2. (A-B)"' =B A" (cpaBuure ¢ onepawueil TPaHCIOHUPOBAHNS);

3.(47) " =(47) .

Pemenne MATPUYHBIX VPABHEHHUI.

Mampuunvim Hazviéaemcs ypasHeHue, 8 KOMOopom poJib HEeU36eCmMHO20 uzpa-
em nekomopas mampuya X.
[Ipocrenmmmu npuMepamMmu TAKUX YPaBHEHUN MOTYT CIIyKUTb BBIPAXKEHUS BUAA

A-X=C,X-B=C,A-X-B=C,

rae X u C — npsiMOYrojbHbIE MATPUIIbI PaBHBIX pa3MepoB, a A U B — KBaJipaTHbIE
MaTpHIIbl TAKUX Pa3MEpPOB, YTO UMEIOT CMBICH BBIITMCAHHbBIC MPOU3BEICHUS MATPHI (
TOBOPSIT €111, YTO MATPHUIILI UMEIOT COTJIACOBAHHBIC PA3MEPHI).

Ecim A u B HEBBIPOXKIECHHBIE MATPHULbI, TO YMHOasl JAHHBIE BBIPAKECHUS
ciieBa M\WJIM CIIpaBa Ha COOTBETCTBYIOLIUME OOpaTHbIE MATPUIIbI, JIETKO MOJYyYUTh
pELICHUS 3TUX YPABHEHUMU

X=4"C, X=CB"', X=4"CB™".
OTU W Jpyrue 3ajayd MOKa3bIBAIOT, YTO HEOOXOJIWMO YMETh HaXOJUTh OOpaTHBIC
MaTpULbI.

Cy111ecTBYET HECKOJILKO CIIOCOO0B HAX 0K IEHHUS A_l;
1.Iycrs A, = (al.j ) —HeBbIpoxaeHHas Marpuna det A # 0.

Onpenenenue. Matpuriielt, npucoeAUHEHHON K A (MU TOBOPSIT €IIIe COIO3HOM)

4, 4, 4,
e |4 Ay 4,
n
Ha3pIBaeTCs Matpuia Buga A = , T1ie Al.j —anredpanyeckoe
4, 4, ... 4
n nn

JOITIOJIHCHHUC K al.j .

* *
3ameuanue. A wMeer TpaHCIIOHMPOBAHHBIM Xapakrep, T.e. 4 —3TO MaTp-
11a, 3JIEMEHThl KOTOPOW SIBIISIOTCS aNreOpandecKuM JOMOJHEHUEM K TPAHCIIOHUPO-

BAHHON MAaTpPHIIE AT
MOKHO [OKa3aTh, YTO BEPHA CJIEAYIOIIAsS TEOPEMA.
Teopema. A - A=FE -detA.
Yup.* Jlokazate 1 n = 3.

OTcroz1a JIErKO MOIYYUTh CII0CO0 BBIYUCIEHHS 0OPATHOM MaTPHUIIbI
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CaencrBue. 4 =

3 -1

IIpumep. Boruncnute 00paTHYIO MaTpULy JUIst MAaTPULIBl 4 =
1
. (A4, 4
Coro3Hast Marpuiia uMeeT BUIL : 4 =| ! 21
A12

A, =DM, =1, A, =DM, =1,

j, Tac aiar e6paI/I‘—ICCKI/IC JOIIOJIHCHMSA C€CTh:
22

A, =-D" M, =-2, A, =(-1)""-M,, =3.

a a
. 11 12
Onpenenurens ncxonnoi Marpunsl det A = =a,,"Ay — Ay, Ay =3.

dy Ay
Torna
I 1
Alzl,(l lj: 505
52 3 2 3
5 5

Haxoxnenue o0paTHON MATPHUIILI ¢ MOMOIILIO YJIEMEHTAPHBLIX IPeo0pa3oBaHui

Onpenenenue. DiemeHmapubiMu NPpeooPaA308anUAMU CIPOK MaAmMpuysl 6yoem
HA3bI8AMD:

1) nepemeny 08yx cmpok mecmamii;
2) ymHOMICEHUE 8CEX DNIEMEHMOE8 CMPOKU HA YUCTO, HE PABHOE HYTIO,

3) npubasnenue KO 6ceM IJeMEHMAM OOHOU CMPOKU COOMBEMCMEYIOUUX
971eMeHmMO8 OPY20li CMPOKU, YMHONCEHHOU HA HeKomopoe (00HO u mo dice) YUucio.

-1
Kak 51u nnpeoOpa3oBanus HMCIOIB3YIOTCS s Beruuciaenus A ?
CocTaBUM pacHIMPEHHYIO MATPHUILY

a, ... a, 1 0 ... 0
[AE]=| ... .. .. P01 .0
a, ... a : 00 ... 1

Hanx nosyyeHHOM DPSMOYTOJBHOM MaTpPULEH OCYIIECTBUM JJIEMEHTApPHBIE

npeobOpa3oBaHus CTpoK (cMm. nanee meroi ['aycca) 10 Tex mop, Moka HE MOJYy4YUM
MaTpUILy BUIA
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Tak kak

ANAE|=| a4 4E|=|Eia ],
10 A =B. Takum 0o0pa3om, MaTpuIlla, COCTABJICHHAS U3 DJIEMEHTOB bl.j, Oyner
HCKOMOIH o6patHoit Matpuueit 4~ = B.

§ 5. Panr maTpunsbl

MBI yXe yIIOMHHAIH, YTO HPSIMOYTObHbIE A MAaTpHIbI MOXKHO PacCMaTpH-

n
BaTh KaK CUCTEMY, COCTOSIIYIO U3 M IITYK #-MEPHBIX BEKTOPOB-CTPOK (MJIM KaK CUCTE-
My U3 1 IITYK M-MEPHBIX BEKTOPOB). [103TOMY €CTECTBEHHBIM SIBJIIETCSI PAHIOM MaTt-
PUIIbI HA3BaTh PAHT MOJYYEHHBIX CUCTEM BEKTOPOB. OJIHAKO, Mbl UMEEM JIBE pa3INy-
HbIe cucTeMbl BeKTOpoB. Kak ObITh? OKa3bpiBaeTCs, BEpHA CIEAYIOIIas TeOpeMa.

TeopeMa. ,ZZ/Z}Z mampuybl Amxn MAKCUMANbHOE YUCTO JTUHEUHO He3A68UCUMBIX

CMPOK PABHO MAKCUMATLHOMY YUCTY TUHEUHO He3A8UCUMBIX CIOIOYO8.
[ToaTOMY KOPPEKTHO ClenyrolIee OnpeaesicHHe.

Onpeneaenue. Panecom mampuysvt A Hazoeem MakKCumMaibHoe YUCIo ee TUHEel-
HO He3A8UCUMBIX 8EKMOPOB-CIMPOK (UIU CMOJIOY0B).

Panr marpunpl o603Havaercs kak rank A wiu r (A4).

CrpaBennuBo HepaBeHCTBO rank A < min{m, n}

Kak naxomuth rank A? B OCHOBY BBIYHCIEHHS paHTa MaTpHUIlbl (COOTBET-
CTBEHHO M paHra cucreMbl BEeKTOpoB (cM. YacTh 1)!) MOTYT OBITH MIOJIOKEHBI CIIETY-
IOIII1€ CBOMCTBA.

CBoOliCTBA PAHTa MATPUIILI.

1. Ilpu mpancnonupoganuu Mampuysl pane He MeHAemcs.
2. Ecnu uz mampuybl 8bl4epKHymb HY1€60U Ps0, MO pane Mampuybl He U3MEHUMCS.
3. Pane mampuysl He U3MEHUMCS NPU 2eMEeHMAPHBIX NPE0OPA308AHUIAX MAMPULDL.

Oxa3bIBaeTCsl, UTO C MOMOIIBIO JIEMEHTAPHBIX NMpeoOpa3oBaHUil J00YI0 Mat-
pHUIlY MOKHO IIPUBECTH K TAK HA3bIBAEMOM KAHOHUYECKO# (hopMe MAaTpHUIbI, T.€. K

MaTpHIE BUAA

1 0 0
0

0 O 1 0 O
0 O 0 0 O
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T.€. MaTpULa, Y KOTOPOIl B Hayaje AHaroHalM, UCXOJSIIEH U3 JIEBOIO BEPXHETO YrI-
na, ctosT 1, a Bce octanbHbIe 35ieMeHThI paBHbl (). Torjga panr MaTpHIlbl paBeH KO-
JMYECTBY €IMHUIL HA JUArOHAJIH.

CyuiecTByIOT Jpyrue (3KBHBAJEHTHBIE MPEIBIAYIIEMY) OIpEIEICHUsS paHra
Matpubl. [Ipexe BBe1eM HOBbIE MOHSITHSI.

Onpenenenne. Paccuompum mampuyy A . Bosvmem nwoboe namypaishoe

yucno k. Boioenum 6 neit k cmpox u k cmonbyos, 20e k < min{m, n} U3 snemen-

mo8, CMoAWUX HA NepeceyeHull 8bl0eleHUss CMPOK U CIOLOY08, COCMABUM MAMPULY
nopsoka k. Onpederumens nOny4eHHOU MAMpuybl HA3bl8aemcss MUHopom k-zo no-
PpAOKa (paree ObLl 66e0eH MUHOD DNIeMEeHMA MAMPUYbL).

OquI/II[HO, TaKUX MHUHOPOB k-0 InopssaKa MOKECT OKa3aTbCsl HECKOJIBKO.

Onpenenenue. Paneom mampuysl A Hazvieaemcs HAuOOIbWUL U3 NOPAOKOS
MUHOPO8 Mampuybl A, OMAUYHBIX OM HYJIA.

Ouesuno, uto 0 < 7r(A4) < min{m, n}
MuHop, MOPSAOK KOTOPOTO OMpEneNsieT paHT MaTpHuIllbl, Ha3bIBaeTCs Oa3mc-
HbIM. Y MaTpUIbl MOXET OBITh HECKOIBKO 0a3MCHBIX MUHOPOB.

OnuH HU3 cnocoOOB HAaXOXKIEHUs paHra MaTpHUllbl, OCHOBAaHHBII Ha JaHHOM
ONPENEIICHUN — «METOJ OKAUMIISIIOIINX MHUHOPOBY.

2 3 1 5 4 2 7
4 4 4 4 4 4 4
Ipumep. Haiitu r (4), tne A, =7 7 7 7 7 7 7
0O 000 0 0O
8 8 8 8 8 8 8§

3/1ech paHT MaTpHUllbl paBeH ABYM F (A) = 2, Tak Kak JIETKO BUJIETh, YTO €CTh HEHYJIe-
BbIE MUHOPBI BTOPOTO NOPsAJIKA, a BCE MUHOPBI 3-ro nopsiaka pasHsl 0.
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Tnasa M. Cucmens) mukHelHbIX aneedpauyeckuy ypasHeHud
(CIIAY)

JIuneitHoe ypaBHeHue. OCHOBHBIE ITOHATHUSA

CucTembl JINHENHBIX YpaBHEHUI

Teopema Kponekepa-Kanennu

Meron oOpatHoii Matpulibl. Meton Kpamepa

Merton 'aycca pemennst CUCTEM JTMHEWHBIX YPABHEHUN
OnHOpPOIHBIE CUCTEMBI YPAaBHEHUIN

CoOcTBEHHBIE BEKTOPBI U COOCTBEHHBIE YU CIIA

YVVVVVYVYY

§ 1. JIuneiinoe ypaBHeHue. OCHOBHbIEC OHATHS

Onpenenenue. JluneiinvivM ypasHeHuem OMHOCUMENbHO HEU38ECHHbIX Oell-
CMEUMENbHBIX YUCENl X, Xy, ..., X, HA3bI6ACMCS 6bIPAdICEHUE BUOA

ax, +a,x,+---+ax =b, (1)

e0e a,, ..., a,,b—s3a0annvie yucna. IIpu smom a,, ..., a, —Ha3pIBAOTCA KO3 U-

[IUEHTAaMU ypaBHEHUS, b — CBOOOHBIN YJICH.

Onpenenenne. CosokynHocms n wmyK Ynopsa0O4eHHbIX YUCen Cyy Cyy ..., C,

Haszvlgaemcsi peuwienuem  ypasHenus (1), eciu nocire ux  NOOCMAHOBKU

X, =C, Xy =6y ..y X, =C, 8 O0aHHOe YpaeHeHUEe OHO npespamunicia 6 6€pHOE YUC-

Jlo60€ paseHCcmeo.

IIpumep. [ns ypaBHenus 2x, +3x, —5x; +x, =4 Habop uucen (2, 1, 1, 2)
SIBJISIETCS €70 OJIHUM M3 pelieHuid, a Haodop (3, 0, 0, 1) — Her.

IToguepkHEM, 9TO COBOKYITHOCTb YHCEN C;, C,, ..., C, COCTaBJIET OJHO pe-
meHue ypaBuenus (1) (a He n peuienuii!), 1 mo3TOMy pelieHUe YpaBHEHUs OyeM 3a-

IHCBIBATh B CKOOKaX (cl s eees cn) KaK €IMHOE LIENOE .

OueBuaHO, 4TO ypaBHeHue (1) umeet, BOOOIIE rOBOPSI, MHOT'O PEIICHMIA.

JlBa pemenus ypaBuenus (1) ¢ = (cl, e cn) ul= (ll, e ln) OyzeM cuuTaTh
OJIMHAKOBBIMH TOTJA M TOJBKO TOTAA, KOTJa BBIMIOJIHSAIOTCS CIEIYIOIINE PaBEHCTBA
< ¢ =/, ..., ¢, =1 .BupoTUBHOM CiTy4ae peIeHNUs CIUTAIOTCS Pa3HBIMH.

JIBa JIMHEWHBIX ypaBHEHUS! HA3BIBAIOTCS PABHOCHJIBHBIMH, €CIIM MHOXECTBA
WX PEIICHHS KaK MHOXECTBA COBMAJAIOT.

Pemnts ypaBHeHue (1) o3HauaeTr HaWTU BCE €r0 PEIICHUS, WIM YCTaHOBUTD,
YTO UX HET.

B 3aBucumocTu ot TOro, KakoOBbI 3aJlaHHbIC YKCla 4, ..., d,, b MoxHO o1Ipce-

ACJINTh, UMCCT JIW YPABHCHUC (1) pPeUICHUC UJIN HCT, a TAKKC UX KOJIMYICCTBO.
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B03MOKHO TOJIBKO CIIEAYIOIIUE TPH CIIydast:
1) Ecm a,=a,=...=a,=0, b#0, T.e.  ecaum ypaBHEHHE HUMEET BUJ
0-x,+0-x,+...40-x, =b, b#0, To O4EBUIHO, YTO OHO HE UMEET PELICHUH, 10O
Kakoe Obl C= (c1 s e cn) HE IIOJACTaBMJIM, TO TIIOJyYdM BBIPAKEHHE BHJA

0=>b#0, yTo HEBO3MOKHO;

2) Ecmn a, =0, =0, 1.e. ecau ypaBnenue umeer Bux 0-x, +...+0-x =0, 10
r00ast MOCIIeI0BATEIbHO YUCEII C = (cl, e cn) SBIIIETCS peleHueM. Takoe ypas-
HEHME Ha3bIBalOT TPHUBHAIBHBIM;

3) Ecim xo14 ObI 0ftHO 13 uncen a, He paBHO 0 (ycTh a1 onpenenenHocta a, # 0),

TO TOT/Ia PA3JIENIMB BCE BBIPAKEHUE HA @, UMEEM —=> X, =C, +C, "X, +...+C, "X,

rac COZ% » C; :b—l.
1
1

Takum 06p3,30M, YPaBHCHHUC B 9TOM CJIydac UMCCT OeCUHCICHHOE MHOXKECTBO peuic-

HWM, TaK KaK 3HA4ECHUs JJI HEU3BECTHBIX X,, ..., X, MOXXHO BBIOMpAaTh OCCKOHEY-

HBIM YHCJIOM Pa3JIMYHbIX CIIOCOOOB.

HUrak, npu n > 1 ypasaenue (1): 1u00 1) He umMeeT pelieHus;
Ju00 2) umeeT 0eCYUCIEHHOE MHOKECTBO PellleHIH.

§ 2. Cucrembl JIMHEHHBIX YPaBHEHUI

IlycTp Tenepp maHa cucTema, COCTOAIIAs U3 M IUTYK JUHEWHBIX YPaBHEHUHN

OTHOCHUTCJIBHO HCHU3BCCTHBIX X, X5, ..., X . ypaBHeHI/Iﬂ CHUCTCMBI 6YI[6M CUMTAaTb

POHYMEPOBAaHHBIMA — TIEPBOM, BTOpoe U T.1. Tak 4To KO3 UIMEHTH TPU HEU3-

BECTHBIX B I-OM YPaBHCHHUN CHUCTCMBbI 6y,Z[€M 0003HAYaTh qcpe3 a Ay veey 4,

il° in
(IepBBI MHACKC YKa3bIBa€T HOMEp YpaBHEHHS, BTOPOH — HOMEp HEHM3BECTHO, MpHU
KOTOPOM CTOUT 3TOT K03 (HIHeHT), cBOOOHBII wieH — b, .

Torma cucrema JIMHEWHBIX YpaBHEHUI OyIET BBITJISIICTD CIICTYIONM 00pa3oM:
a,x, +a,x,+...+a,x =b,
a, X, +a,x,+...+a,x, =b,,

(1)

a,x ta,x,+...+a,x, =b,
Hucna a; —KodIQPHUUMCHTBI CHCTEMBI, b . — CBOOOJIHBIC YJICHBL.

3amMeTHM, 4TO B CHCTEME ypaBHEHUH (1) KOIMYECTBO HEM3BECTHBIX 71 MOXKET
HE COBIIAATh C YUCIIOM YPaBHEHUHN M.
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Onpenenenne. Pewernuem cucmemvl ypasnenuil (1) Hazvleaemcs maxas ynopsooyeH-

Has COBOKYNHOCMb 4Uceil (C1 s Cry veey € ), Komopasl A6JIslemcs peuleHuem KaxC0020 ypaes-

HeHUsl CUCmeMbl, M.e. npu NOOCMAHOBKe SHAYEHULL HeU3BECHHbIX X, =C, ..., X, =C, 6 (1)

8ce YPaBHeHUsL CUCHEMbl 00PALYAIOMCSL 8 BEPHbIE PABEHCMEA.

Cucrtema ypaBHEHHUH, KOTOpasi UMEET XOTs OBl OJTHO, pellieHHE Ha3bIBAIOT COB-
MECTHO#, B IIPOTUBHOM Clly4yae — HeCOBMeCTHOM. [Ipu 3TOM Kaxaoe ee OTAEIbHOE
pEILICHNE HA3bIBAIOT YACTHBLIM pemeHueM. COBOKYITHOCTh K€ BCEX YACTHBIX pelle-
HUW Ha3bIBAIOT 00IMM pPellieHHeM.

Pemuth cUCTEMY — ATO 3HAYUT BBIAAICHUTH, COBMCCTHA OHa MJIM HCCOBMCCTHA.

Ecnu cucrema coBmecTHa, TO TpeOyeTcs HAWTU BCe €€ pelIeHus, T.e. HAlTH ee ol1iee
pelieHue.

B nanpHeiiemM yBUauM, YTO BO3MOXHBI TOJIBKO CJIEAYIOIINE TPH CIIydasi:
1) cuctema ypaBHEHHI HECOBMECTHA, T.€. CUCTEMa HE UMEET HU OJTHOTO PEIICHUS;

2) cucreMa ypaBHEHHH SIBJISIETCS. ONPEJIENICHHOM, T.€. UMEET €AMHCTBEHHOE PELLIECHME;

3) cucrema ypaBHEHUH SBIISIETCSI HEONPEAEJIECHHOM, T.€. UMeeT OECUUCIEHHOE MHO-

YKECTBO PEIICHUM.
JIBe cuctembl ypaBHeHU Buaa (1) HA3bIBAIOTCS IKBUBAJEHTHBIMM, €CITU OHU
VMEIOT OJTHO U TO K€ MHOKECTBO PELICHUMN.

DnemeHmapHvIMu nPeodpa3eeaHuAMU CUCHEMbL HA3bIBAIOMCS Clledyioujue:
1) yoanenue (sviueprusanue) uz cucmemvi Hy1e80l CmMpoKu
0-x,+0-x,+...40-x, =0 (max xax ono «iuwmnee» u HUKAK He 6lUsemM HA
MHOIHCECMBO peUleHUlL);
2) nepecmano8Kka Mecmamu ypagHeHUuti CUCIEeMbl,
3) ymHOdICeHUe obeux Yacmeli 00HO20 U3 YpasHeHUll Ha iloboe omauyroe om ) uucno;
4) npubasnenue Kk 0beum yacmam 00H020 YPAGHEHUSI COOMBEMCMBYIOWUX Yacmell
OpYy2020 YPAGHEHUS IMOU CUCEMbL, YMHONICEHHO20 HA T000e YUCTIO.

OKEBBIB&@TCH, YTO ecau K UCXOOHOU cucmeme npumeHums nakxK Hdasvleaemovle
JdjiemenmapHrble npeoﬁpwoeanuﬂ cucmembnl, mo noJy4eHHasA 6 umoee cucnmema K-
BUBANICHMHA UCXOOHOII.

Onpenenenue. Cucmema nunetinvix ypaeuenuil (1) Hazvieaemcs 00OHOPOOHOIL,

ecnu 6ce c60600mbie unenvl pasuvl 0; b, =b, =...=b =0.
3ameTnM, YTO  OJHOPOAHAs  CHCTEMa  BCELJa  COBMECTHa,  T.K.
x,=0, ..., X, =0 sBnsercs pereHne cUCTEMbL. DTO PEIICHIE HA3bIBAIOT HYJIeBbIM

WNJIM TPUBHUHAJIBHBIM.
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§ 3. Teopema Kponekepa-Kanesuain

[lycTh naHa mpou3BOJIbHAS CHCTEMa /1 JMHEHHBIX YpaBHEHHU C n HEU3BECT-
HeIMU Buja (1).
[IpencraBum cuctemy (1) B maTpuunoit popme. st aToro:
a, ... a

1) chopmupyem u3 kodrpduIMeHTOB cucTeMbl Matpuy A =| ... ... ... |,

mn °cc mn
xl

2) Marpuiy-cronder (MU 1 — BEKTOP-CTON0EN) HEU3BECTHBIX X =| : |,

bl
3) m — BeKTOp-cTONOE CBOOOAHBIX YIeHOB b =| :

b

m

C yderoM BBEJCHHBIX OOO3HAYEHUW W TPaBUJI YMHOXKEHUS MaTpHIll (37ecCh
MaTpPHIIbl COTJIACOBAHBI) CUCTEMY JIMHEHHBIX ypaBHeHU# (1) MOXXHO mepenucaTh B
KpaTKOW MaTpUYHON (HhOpME CIETYIONITM 00pa3omM

Ax=D>. 2)

(3mech paBeHCTBO BEKTOPOB 03HAYAET MOKOMIIOHEHTHOE PABEHCTBO. )
Hetpyano nmpoBepuTh, 4TO MaTpuyHOE ypaBHEHHE (2) COJIEPKUT BCE ypaBHE-
HUsI cucTtemsl (1).

IIpouiecc HaxOXAEHUS PELICHUM CUCTEMBbI YPABHEHUN BECbMa TPYIOEMKHM.
Yacto oHaKO OBIBAET HOCTATOYHO 3HATh, JIMIIb YTO CHUCTEMA COBMECTHA WJIM HECOB-
MECTHA, & CAMH COOCTBEHHO YMCJICHHBIEC 3HAYEHMSI PELICHHs CaMU IO ce0e HE Ba)KHBI.
HcuepnibiBaroniuii OTBET HAa BOIIPOC O COBMECTHOCTH CUCTEMBI AacT TeopeMe KpoHe-
kepa-Kanemnu. [{ns ee popMynnpoBKU BBeIEM €lIe TaK HAa3bIBAEMYIO PACILIUPEHHYIO
MAaTpPULLy CUCTEMBI

Teopema (Kponekepa-Kanesuin) (KpuTepuii COBMECTHOCTH CHCTEMBI).
Cucmema nunelinvlx aneeopaudeckux ypastuenuti (1) coemecmna moeoa u monavko mozoa
K020 pame Mampuybl CUCHEMbl PABEH PAHZY PACUIUPEHHOU MAMPUYbl CUCEMb]

rang 4 = rang 4, (r(A) =r(4, ))
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CrpaBeJIMBO TaKXe CIEIYIOLIEe YTBEPKIECHUE, KOTOPOE YTOUHSET TEopeMy
Kponekepa-Kanemnm.

Teopema. FEcau ewvinonusemcs yciosue meopemvl Kponexepa-Kanennu
rangA = rangA, =r (m.e. Opyeumu cnoeamu, eciu cucmema coBMecmua), mo:

1) npur =n (m..eeciu pane cucmemvl paseH YUCTY HEU3BECMHbBIX), CUCHEMA
umeem eOUHCMBEHHOe peuleHue;
2) npu r<n cucmema umeem OECUUCIEHHOE MHONICECTBO PeUleHU.

3ameuanmue. /[aquM reoMeTpUUYECKYIO HILTIOCTpaIuio TeopeMbl Kponekepa-Karemnm.
Jlnst aTOrO BBEAEM M -MEPHBIE BEKTOP-CTOJIOIIBI, COCTABIICHHBIE M3 KOA(PDUIIMECHTOB
CHUCTEMBI U €0 CBOOOJIHBIX YJICHOB:

a; b,
— |a,. - |b

2i . 2
a =|. ,i=12,..,n, b=\,

ami bm

Torma wucxomnast cucteMa ypaBHeHUM (1) MOXKET ObITh 3aMucaHa B BEKTOPHOM
dopme Kak

X, @ Xy Gy . X,-a, =b
DTO paBEHCTBO MOKHO PACCMATPHUBATh KaK pa3jioKEHHE BEKTOpa b 1Mo cucreMe Bek-
TOPOB d,,....,d, . HETpyIHO BHJETh, YTO PEIIUTH CUCTEMY O3HAYaeT HAWTH KO PH-
LIMEHTBI PA3JI0KEHUSA  X,,....,X, B JJAHHOW NMHEHON komOuHanmu. Teopema Kpone-
kepa-Kanemmu mo cytu gaeT yclnoBuUs, TP KOTOPHIX TaKOE Pa3I0KEHUU BO3MOXKHO,

a UMEHHO, KOI'JIa KOJIMYECTBO JTMHENHO HE3aBUCHMBIX BEKTOPOB Yy JIBYX CHCTEM BEK-
TOpOB  d,,.....d, ® 4,.....a,,b oguHaKoBO. B 3TOM ciydae BexTop b Beerna

n

MOXET OBITh PA3JIOXKEH 10 CUCTEME d,....,d, . lIpu 3TOM, ecnu cucTteMa BEKTOPOB
a,,....,a, WMEeT MaKCHMaJbHBIIl paHT, TO TaKoe pas3lioKeHHe Bekropa b Oyner
€IUHCTBEHHbIM. Eciii € paHr He SBJISETCd MAaKCUMalbHbIM, TO B  CHUCTEME
a,,....,d, MOXET OBITh MHOT'O JMHEHHO HE3aBUCHMBIX IIOJCUCTEM BEKTOPOB, 4 3HAYMUT

MHOT'O BapHaHTOB Pa3IOKEHHUS BEKTOpa b H, cleIoBaTeabHO, MHOTO PEINCHHM IS
MCXOJIHOM CUCTEMBbI YPaBHEHUM.

Taxxe MoxHo TpakToBaTh CJIAY crnenyromum o6pazoM. MHOXKECTBO BCEBO3-
MOXKHBIX JMHEHHBIX KOMOMHAIUH BEKTOPOB d,....,d, OOpa3yeT KOHEYHOMEPHOE
JIMHEWHOE NPOCTPAHCTBO, PA3MEPHOCTHh KOTOPOTO PaBHA PAHTY 3TOW CUCTEMBI BEKTO-
poB. Eciu Bektop b nexuT (IPUHAIJICHKUT) B 3TOM MPOCTPAHCTBE, TO OH MOYKET
OBITh pa3yioKeH MO Oa3UCHBIM BEKTOpPaM 3TOr0 MPOCTPAHCTBA, YTO O3HAYAET COB-
MECTHOCTb UCXOJHOM CUCTEMbI YPaBHECHUII.
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M3 »THMX TEOpeM BBITEKACT CICAVIONIES OOIee MNpaBUJIO IPAKTUYECKOIO

HaXOXKACHUS PEIICHUS TPOU3BOJIBHON CUCTEMBI JIMHEHHBIX YPAaBHCHUM:

1) HaiiTu paHru OCHOBHOW U paCHIMPEHHOM MaTpull cucteMbl. Ecnu

I"(A) #* I"(Ab), TO CUCTEMA HCCOBMCCTHA, W CJICHAOBATCIBHO IIPOHCCC PCHICHUA 34d-

BEpIIICH.

2) Ecnu rang A =rang A, = r (0003HaunaM oOlIee 3HAYEHHE PAaHTa Kak 7), TO

cuctema coBmectHa. Hajo HaliTH kakoil-mubo Ga3uCHBI MUHOP MOpsiaKa » (HamoMm-
HUM: MUHOD, OPSIIOK KOTOPOTO OINPEAEIIAET PaHT MATPHULIbI, HA3bIBAETCS OA3UCHBIM).
B3sate 7 mTyk ypaBHeHui (kakux?) u3 K0d(PQGUIHUEHTOB KOTOPHIX COCTABJICH Oa3uc-
HBIM MUHOD (OCTaJbHbIE ypaBHEHUSI OTOPOCUTH). [lanee » MTyK HEU3BECTHBIX, KOI(]-
(UIMEHTHI KOTOPBIX BXOAAT B 0a3MCHBIN MMUHOD, HAa3bIBAIOT [JIABHBIMH U OCTaBJISIOT
UX CJIEBA, a OCTaJIbHbIE (1 — ¥) HEU3BECTHBIX HA3BIBAIOT CBOOOJHBIMHU U MEPEHOCST
UX B IIPaBbl€ YaCTH YPaBHEHUH.

3) Haiitu BbIpakeHUs IIaBHBIX HEM3BECTHBIX depe3 cBOOOAHBIE. [lomyueHHoOe
BBIPAJKEHHUE SABIISETCS OOIIMM PEUICHUEM CUCTEMBI.

4) Hsz[aBa}I CBO6OZ!HBIM HCU3BCCTHBIM IIPOU3BOJIBHBIC 3HAYCHU:A, ITOJTYUYHM
COOTBCTCTBYIOIIMEC 3HAYCHUA I'NIaBHBIX HCHU3BCCTHBIX, HAXOOS TCM CAMbIM YaCTHBIC
peuicHus CUCTCMEI.

x+y=1
IIpumep 1. MccnenoBaTe Ha COBMECTHOCTh CUCTEMY .
3x+3y=-2
1 1 1 1 1
Pemenne. 4= , A, =
3 3 3 2
Jlerko Buzets, uto r(A4) =1, a panr pacmmpenHoil marpuusl ectb r(A4,) =2, Tak
1 1
Kak A, = =-5%0
3 —
I 1
A =1%0, A, = =0 , a A,= =-5#0. Takum obGpa3om
3 3 3 2

= r(A)# r(Ab) = . DTO 03HAYACT, YTO CUCTEMAa YPAaBHEHHII HECOBMECTHA.

X —2x,+x;+x, =1,
IIpumep 2. Pemuts cucremy < X, —2x, +x; —x, =—1,

X, —2x, +x;+3x, =3.



Jlekmmsg Ne 3 CucreMsl TMHEHHBIX ajireOpandeckux ypasaenuii  npod. JAsiMxos M.IT. 33

1 -2 1 1 Lo
Pemenne. Umeem A=|1 -2 1 1|, A, = e -2#0.
1 -2 1 3

Bce ocranbabie MUHOPHI 3-T0 mopsinka Matpuibl A paBHbl 0. JIerko BuIETh, 4TO B
pacuMpeHHoON Matpune A, Bce MUHODBI 3-€r0 NOpsAKa, BKIIOYas U MUHOD , COCTaB-

JICHHBIN C IIOMOIIBIO CBO6OI[HBIX YJICHOB PAaBHLI HYJIIO!:

1 -2 1
A, =l -2 -1=0 (rax kak cTon6us! 1 u 2 NIPONOPINOHATIBLHBI).
1 -2 3

3uauut, r(A) = r(Ab) =2.

Janee, coriacHo 00IIUM peKOMEHAALMIM, OepeM JiBa EPBBIX ypaBHEHUsI (OHU BXO-
IT B 0a3UCHBIM MUHOp), BBIACISAEM B HUX IJIaBHbIE U CBOOOJHBIE MEPEMEHHBI, U B
UTOre HaX0JIUM OOlIIee pelIeHNuE:

X —2x,+x;,+x, =1, X, +x, =1-x +2x,,

=
X —2x,+x,—x, =—1, X, —x, =—1-x +2x,

X, =—Xx, +2x,,
= | — ob11ee pelIeHne CHCTEMBI.
X, =
4

§ 4. Metoa odpatHoii matpuubl. Metoa Kpamepa

PaccmoTpum gyacTHBIN ciy4dait cuctemsl (1), koraa m = n (4UCI0 ypaBHEHUN m
COBNAJAET C YUCIIOM HeusBecTHBIX 7). [Tockonabky MaTpuiia 4 CUCTEMbI

Ax=1B
kBazgpatHast, T0 eciii A=det 4 #0 (1.e, A — HEeBBIpOXKIEHHAs), TO YMHOXKas (2) Ha
A™' cneBa, nMeeM, 4TO MaTpUUYHOE ypaBHEHHE (2) HMEET €IUHCTBEHHOE PEIICHHE
x=A"b (3)
Oteickanue perieHus mo ¢Gopmysne (3) Ha3bIBAIOT MATPUYHBIM CIOCOOOM WJTH Me-

TOJAOM O0OpPaTHOM MATPHUUbI PelIeHUs] CUCTEMbI JTUHEWHBIX YPaBHEHUH.

MartpuyHoe paBeHCTBO (3) mepenuiieM B 0oJiee MOAPOOHON 3aHMCH, UCIIOb-
3yst pOpMYJIbI 11 HAXOXKJAEHU 00paTHOUM MaTpullsl. Toraa noiryyum
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l(Au'bl+Azl-bz+...J“4m.bn)
X, All A21 Anl bl IA
S 1 | L P R R RS S
. A :
X, Aln A2n N Ann bn 1 ..................................................
Z(Aln'b1+A2n'bz+...+Ann-bn)

CpaBHI/IBaH ITOKOMITIOHCHTHO ITOJIYYCHHBIC BCKTOPBI, UMCCM

X, :i(A“bl +...+A4,b,),....x, :i(Alnbl+...+A b,).

nn - n
[IpeoOpazyem nomyueHubie Ghopmybl. [Jias aToro paccMoTpuM, Harpumep, ornpese-

nuTenb A, HONydeHHBI U3 ompezaenuTenas A 3aMeHOH mepBoro cTondua croadnoM

CBO6OI[HBIX YJICHOB, T.C. paCCMOTPHUM OIIPCACIUTCIIb BUJA :

b a, .. a,
b, a a
2 22 tee 2
A= ] "
b a, .. a,

Paznoxxum 3TOT ompemenurens 1o mepBoMy croabumy: b A, +b,A4,,+...+b , .

nl

AHAJOTMYHO MOKHO BBINIHCATh W COOTBETCTBEHHO  PA3JI0XKUTh OINPEISIUTEIH
A, A,,...,A, . Torga npeapigyiue GopMyIibl MOKHO HEPENHCATh B BHIE

rae A, ecTb OmpejenuTellb MaTPUIbI, MOJYYEHHOW U3 MCXOIAHOW 3aMEHOU I-To

cTOJIOIA CTOJOIIOM CBOOOHBIX YJICHOB.
1o dopmyansl Kpamepa penieHusi cucTeM n YPaBHEHHH ¢ n HEM3BECTHBIMHU.

2x,—x,=0
IIpumep. Pewmmts cucremy .
x +3x, =7
Nmeem cornacuo popmyn Kpamepa
2 -1 0 -1 2 0 14
A= =7, A= =7, A, = =14, xlzzzl, X, =—=2.
I 3 7 3 I 7 7 7

§ 5. Meton I'aycca pemieHusi CMCTeM JIMHEHHBIX YPABHEHU I

[Ipexxne oTMeTHM, 4TO, Kak METOJ OOpaTHOW MaTpuIlbl, Tak U MeTo] Kpamepa
MPUMEHUMBI TOJIBKO IS citydast n = m. (O0a 3TH METOJbI SBIISIOTCS BECbMa TPYIIO-

o 2
CMKHUMHU II0 KOJHUYCCTBY BBIYHUCIUTCIBHBIX OIICpalluu H Tp€6YIOT rnopssaka n -n!
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apu(pMETUUYECKUX IEUCTBUN IJI1 HAXOXKJICHUS PEIICHUS CUCTEMbl JIMHEHHBIX YpaBHe-
Huii. Hanpumep, ipy n =5 310 coctaBuT okojio 3 000 gelictBuid, npu n = 10 —

8 . .
okojio 3,6-10° meticTBuii. Cepbe3nbie mpakTudyeckue 3agaund umeror n = 100 u 6o-

nee. Jlaxxe cynepKOMIBIOTEPHI TPEOYIOT 10JIroe BpeMsl [l BelunciaeHus. Kpome to-
ro, HEM30€XKHbIE MOTPEIIHOCTU MPU KOMIBIOTEPHOM OKPYTJICHUM JIEHCTBUTEIIBHBIX

qHCeIT 3 =0,3(3)... | yacTo BeyT K 3HAYMTEIILHBIM OIINOKAM.

CYHIGCTBYIOT 0oJsice IKOHOMHYHEIC MCTOAbI PCIICHMUA. B 4aCTHOCTHU, OAHHUM H3
HUX sBjasgeTca Merod ['aycca HJIK, KaK HUHA4YC TOBOPAT, MCTOJ ITOCJICAOBATCILHOI'O

HCKIKYCHMUS HEU3BECTHBIX. DaKTUUECKHU MCTOA OCHOBAH Ha IIPCABAPUTCIBHOM IIPC-

00pa30BaHUH PACUIMPEHHOW MATPHULIBI CUCTEMBI K CIIEMATIBbHOMY €€ BUAY (TaK Ha3bl-
Ba€MOMY, TpaleLeBUIHOMY, BOOOIIE rOBOPsl, BUlY). DTH IpeoOpa3oBaHus MaTPHULbI
(WM, OpYruMU CIOBaMH, NMpeoOpa3OBaHHME CUCTEMbl YpPAaBHEHMI) Ha3bIBAIOT €Il
KOPJAHOBBIMU MPE0OPA30BAHUSIMU.

Yro sto Takoe? KopaaHoBbl MpeoOpa3oBaHUsl COCTOST U3 DJIEMEHTAPHBIX Mpe-
0o0pa3oBaHMii, BBITIOJIHAEMbIX B OIpEAEIEHHOM Mopsake. HamomMHuM, 35ieMeHTapHbI-
MU NpeoOpa30oBaHUsIMU CHUCTEMBbI HAa3bIBAIOTCS:

1) nepemena MecTamu JIFOOBIX IBYX YPAaBHEHHU CHCTEMBI;

2) yMHOKEHHE (JIeTieHne) 00X YacTe KaKoro-Tu00 ypaBHEHHUS CHCTEMBI Ha
quciao A #0;

3) npubaBneHue K OJHOMY M3 YpPaBHEHUH APYroro ypaBHEHHUs, YMHOXKEHHOIO
Ha npousBosibHOE uncio A (A =0 Her cMbICT paccMaTpuBaTh, TaK Kak 3TO HHYETO
HE U3MECHSIET);

4) ynaneHue U3 CUCTEMBI HyJIEBOTO YPABHEHHSI, T.€. YPABHEHHSI BUAA

0-x,+...+40-x,=0.

CrnenoBatenbHO, pa3 *OPJAHOBBI MPEeoOpa30BaHUsI OCHOBAHBI HA JIEMEHTap-
HBIX MpeoOpa3oBaHUsIX, TO TaKue MpeoOpa3oBaHMs, KaK Mbl YIOMUHAIH YK€ paHee,
IPUBOJAT K CUCTEME YPaBHEHUN SKBUBAJICHTHON UCXOIHOM.

Cxema memooa.
IlycTh naHa cucTeMa JJMHEWHBIX VPAaBHEHUH :

.................................... (1)

HpOHCCC peuiCHusA 110 METOAY Faycca COCTOHUT U3 IBYX JTAIIOB.
Ha nepBom stame (HaBI)IBaIOT €ro eme Kak OpsMON XOJ METoJa ) CHCTCMaA C

MOMOIIBIO0 KOPJAHOBBIX MPEOOPa30BaHUMN CBOJIUTCSA K CTYNEHUYATOMY (TpareneBu-
HOMY ) BUAY ( YaCTHOCTH, 3TO MOXET OBITh M TPEYTrOJbHBIA BUJ):
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(al\x, +a,x, +..+a,x, +...+a x, =b

ay,x, +a,x, +..+a,x, +...+a,x, =b,
' ' ' o
ayX, +...+ay,x, +...+a,x, =b,,

)

e k<n,a, #0,i=1k.
Ha Bropowm srame (0GpaTHBIA X0[) UACT MOCIEAOBATEIBHOE OMPEICICHUE He-
M3BECTHBIX U3 CTYIICHYATON CHCTEMSI (2).

Onuiiem noapooHee meto ["ayeca.

IIpsimoii xoa. byaem cunrtarh, yTO yKe B ucxoaHou cucreme (1) koaddunu-
ent a,, #0. (Ecniu a;, =0, To cpeau ocTaBIINXCS ypaBHEHHH HaiiieM 7 -oe ypas-

HeHHe Takoe, uto a,, # 0. Takoe Bcerna Haiigercs,, 160 B IPOTUBHOM CIydae KOTrza
Bce Kodpduiuents! a,, =a,, =...=a,, =0 nepeMeHHas X, (aKTHUECKU HCKIIOYa-

eTcsl BOOOIIE U3 PACCMOTPEHHUSI.
Tenepb, ucnonb3ys dAeMEHTapHbIe TPeoOpa3oBaHus, MpPeodpasyeM CUCTEMY
(1), uckirouuB HEHM3BECTHOE X, BO BCEX ypaBHEHMAX Kpome mepsoro. Jlma storo

YMHOXHUM 00e JacTtu IICPBOI'0 YPABHCHUS Ha (—azl/an) N CJIOXKHUM ITOYJICHHO CO

BTOPHIM YPaBHEHUEM CHUCTEMBI. 3aT€M YMHOXHUM 00€ 4acTd MEepPBOTrO ypaBHEHUS Ha

(—a31/a11) U CJIOXKHM IIOYWICHHO C TpETbUM U T.H. Hponomxaﬂ IMponeccC, MmoKa HEC

JOAEM JI0 MOCIEHEN CTPOKU. DTUM 3aBEpIIACTCs NEPBBIN MIAar rayCCOBOr0 MCKIIIO-

yeHusd. B pe3ynbTraTe nosryyuM CHCTEMY, B KOTOPOW, HAYMHAsI CO BTOPOT'O YPaBHEHMS,
OTCYTCTBYIOT CJIaraeMbl€, COJEPKalINe HEU3BECTHOE X,

( =b

a,x, +a,x, +...+a,x, =0,

@ .. _ (M
Ay X, +...+a,’x =b,", (1(1))

N

) My —pD
| a,,x,+...+a, 'x =b

M

1
3nece -, bl.( ) —HoBbIe 3HAUCHHS KOY(D(HUIHEHTOB, KOTOPbIC MOTYYHINCH MOCIE
a .- a, b -a.
1 1 1 1 . .
TepBOro 1ara a;.) =a;, ———, b =b ———L =2 ..m;j=1,.,n
all all

3ameuanue. 1) BpiOpannsiii xoddodunuent a,, # 0 Ha3bBalOT paspemiaio-

MM 3JIEMEHTOM (Ha MEpPBOM IIIare), a CTpoka u crtosidel (IepBble B JaHHOM CITy-
qae), cofeprKallre pa3peniarolinid JIEMEHT Ha3bIBalOT pa3pemiaiolleid CTPOKOH U
CTOJOI[OM COOTBETCTBCHHO.

2) Ha mpakruke, 115 y1o0cTBa, BRIYUCICHUS KOI(P(HUIIMEHTOB MTpeoOpa3oBaH-

HON CHCTEMBI MOKHO I10JIb30BaThCs «IIpaBHJIOM IIPAMOYI'OJIBHUKA»: CTPOAT IIPAMO-
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YTOJIbHUK C «BEpLIMHAMHU» d,, d,

U.,al.l, alj W HOBBIM 3JICMCHT BBIYHCJIAT KAK pa3-

HOCTbH HpOH3BeHCHHﬁ AUaroOHaJbHBIX JICEMCHTOB .
a; =a;-a, —a,-a,;.
Jluaronasb, Ha KOTOPOM JIEXkKAT Pa3pellaioyii JIEMEHT @, ¥ MPeodpasyeMblil dJie-
MCHT aij — Ha3bIBACTCA FHaBHOﬁ, Apyrad iuaroHajib — mo0oYHasl.
3ameTuM, 4TO KOA(G(UIMEHTHI, MOIYYCHHBIE MO MPABUIY NPSIMOYTOJIbHUKA,

1
OTJINYAIOTCA OT KO3(Q(PUUMEHTOB U3 (1( )) Ha MHOXUTENb d,. JpyrumMu CioBamu,

1
€CM B (1( )) Ka)XX10€ ypaBHEHHEC YMHOXHUTh Ha 4uciI0 A =a,, (3TO e ecTb 3JIe-

MEHTapHOE MpeoOpa3oBaHKe, HE M3MEHSIOIIEee MHOXKECTBA perieHuid !), To Toraa
YHIOMSIHYThIE KOA(DPUIIUEHTHI COBMAAYT. DTOT (PakT jerko cieayet uz hpopmyn (*).

1
BepHeMCSI, OJHAKO, K CUCTCMC (1( )). B PaMKC BBIACJIICHA OCTATOYHAA 49aCTb

CHCTEMBI, KOTOPYIO Oy/IeM peniaTh aHaJOTUIHBIM 00Pa30M.

a, a, ... a, b,

l ’ : ’

4O _ 0O a, ... a, : b
b - . .

' ' : '

O a, ... a, : a,

Cunrasi paspelIaroliM IEMEHTOM d,, # 0, MCKII0YMM HEW3BECTHOE X, M3 BCEX

YpPaBHEHHUI CHUCTEMBI, KpoMe IepBoro u BToporo. ([ns mepecyera omsiTb MOYXKHO
M0JIb30BATHCS MTPABUIIOM «IIPSIMOYTOJIBHUKA» — TOJIBKO YK€ JIJI1 OCTaTOYHOUN YacTH).

[IpomomkaeM 3TOT MPOIECC, ITOKa 3TO BO3MOXKHO. IIpr 3TOM, €ClTi BCTPETUTCS HY-
neBas crpoka 0-x, +...+0-x =0, To ee BbIUCPKUBAIOT (yIAJISIOT).

B urore npornecc Takux npeodpazoBaHu IPUBOAUT K OJHOMY U3 JIBYX CIIy4aeB:

1) mmbo Berperurcs ypasaenue Buga 0-x, e+ 0-x0)=d, d+ ,u

TOrAa 9TO O3HAYACT, YTO paccMaTpuBacMasa CUCTEMa HCCOBMECTHA,

2) nu00 MOJyYUM CHUCTEMY CTYIIEHYATOro BUa O€3 OCTATOYHOM YacTH
bx, +b,x,+...+b,x +...+b x =c,

1n""n

by,x,+...+b, x. +...+b, x, =c,, )

Ecnu r = n, To TOBOpSAT, 4TO cucTema (2) UMEET TPEYroJibHbIN BHUJ, B MIPOTUBHOM
Cly4ae — TpanelueBUIHbIN . BO3MOXHOE yMEHBIIEHNE KOJIMYECTBA YPABHEHUM CBS-
3aHO C BBIYEPKUBAHUEM HYJIEBBIX ypaBHEHUNU . Ha 3TOM OpsMOi XOJ1 3aKOHYEH.
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OOpaTHbIi X0/1 3aKJIFOYAETCS B PEIICHUH CTYIIEHUYATOU CUCTEMBI (2).

a) Ecin 7 = n, TO nocneniHee ypaBHEHHE CUCTEMBI (2) HMEET BU/L
b,x,=c,, (b, #0),otxyna x, =c, /b, .

Torna, nogcraBuB HalAEHHOE X, B MPEANOCIEHEE YPABHEHUE, HAUAEM OTTY A X, | .

JIBurasice, TakuM 00pa3oM, CHHU3Y BBEpX IO YpPaBHEHHWIO CHUCTEMHI (2), HaiiieM Bce
HEU3BECTHBIE X, , X |, ..., X,

06) Ecnu r < n, To B MOCJIEeIHEM YpaBHEHUU CHUCTEMbl (2) TMepeMeHHbIE

X5 X ..., X, OOBSABISEM CBOOOJHBIMH (MOKHO APYIHE, OCTABHB JH000€ OIHO

r+12 429

H3 MCPCUNCICHHBIX HepeMCHHBIX) " IICPCHOCA UX B IMCPBYIO 4aCThb, HAXOJHUM OCTaB-

meecs HCU3BCCTHOC X, 4CPE3 CBO6OI[HI>I€:

!

ot '
X, =c +b x  +...+b x .

r+l

IToxcraBiss HaIEHHOE X, B IIPEAIIOCIECAHEE YPABHEHHUE, HAULEM X, |, KOTOPOE II0-
cJie MPUBEACHUS MOJOOHBIX WICHOB OYAET BBIPAXKATHCS TOJBKO 4Yepe3 CBOOOIHBIC

NepEeMEHHbIC (xm, e xn).

Takum 00pa3oMm, MOJHUMASICH CHM3Y BBEPX MO cuUcTeMe (2), Mbl HaXOJAUM B

UTOre BCE OCTABIINECS HEU3BECTHBIE X, ,, ..., X;, K&¥KI0€ M3 KOTOPBIX OyJIeT BbI-
PaXkaThbCs TOJILKO YEPE3 CBOOOHBIEC TIEPEMEHHBIE (xm, N )
ITpunasast cBOOOIHBIM HEM3BECTHBIM (xm, Xogs vees x”) TIPOU3BOJIBHBIE 3HAYe-

HUS, TIOJYYUM TEM CaMbIM OeCUMCIIEHHOE MHOYKECTBO pellieHri cuctemsl (1).

3ameuanue. Ha nipaktuke, mpeoOpa3oBaHUE CUCTEMbI 3HAUUTEIHHO Y00HEE
BBITIOJIHATD, €CJTU OTIEPUPOBATH C PACIIUPEHHON MaTpuiie K03PPUIIMEHTOB (MK KaK
TOBOPST MOJIB30BATHCS TAOTMIHON (DOPMOIT), KOTOpAsi TOCIIE IEPBOTO ITIara UMEET BUJI

a, a, ... a, b,

' ' : '

4O _ 0 a, .. a, : b
b - .

' ' : '

O a, ... a, : a,

B 371011 Tabnuue CTpoKH TOXe Ha3bIBAIOT YPABHEHUSMHU.
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§ 6. OnHOpOAHBIE CHCTEMBI YPaBHEHU I

Cucmema nunetinvlx ypasHenuul (1) nasvlieaemcs 0OHOPOOHOIU, ecliu 80 6cCex

ypasnenusx ce0600uvie uienvl pasnul 0, m.e. sexkmop b =0.
Torga ogHOpoAHAs cUcTEMa B MAaTPUYHOM (POpME HMMEET BH]L
Ax=0 (3)
rae matpuna 4 = A cocrasieHa u3 kodpduireHToB cuctemsl (1).
OueBnyHO, 4T0 BepHO paBeHCTBO #(A) = r(A4,). 3Hauut, cucrema (3) Beerzma cos-

mectHa. OueBrano, X =0 sBistercs pemenueM (3) (TPUBHAILHOE PELIEHME).
Korma cymecTByroT HEHYJIEBBIE pelieHus?

Teopema. /[ mozco, umobvl 00HOPOOHAsL cucmema m JTUHELHbIX YDAGHEHUlL C N He-
UBBECIMHBIMU, UMEA HEeH)IIedble PeUeHUs HeobX00umo u docmamoyno, umoowst r(A) < n.

JokazarenberBo. HeoOxoammocTp. Tak Kak paHr MaTpuilbl HE MOXKET ObITh OOJIb-
11€ pa3MepoB MaTpHlLbl TO 7 < 1. (SIcHO, uTo 7 < M TOXe — HO 3T0 HaMm He Hajo!). [pen-
TOJIOKUM BHavae, 4to 7 = 1. Toraa no tepeme Kponekepa-Kanemwm cucrema TMHENHBIX
YPaBHEHUI UMEET €IMHCTBEHHOE PEILICHHUE, @ UMEHHO HYJIEBOE PEILICHHE. 3HAUUT, IPYTHX,
KpPOME TPUBHAIIBHBIX peLICHNI HeT. MTak, ecii ecTh HETPUBUAIIBHOE PELIEHHE, TO JOJDKHO
BBITIOJIHATHCSI HEPABEHCTBO 7 < 71, 4TO U TPEOOBAIOCH JJOKA3aTh.

J10CTaTOYHOCT®.

Ecnm ecth cucTemMa ypaBHEHMI pa3mepa nxXn, W 7 <1, TO 3TO 03HAYAET, YTO
CTOJIOIBI MATPHUIEI KOA(PGUIIMEHTOB JTUHEHHO 3aBUCHUMBI. JTO O3HAYaeT, YTO B UX
JTUHEINHOW KOMOUHAIINH

X a,+x,-a,+..+x,-a =0
CYILIECTBYET HEHYJIEBOW HA0Op YUCeN X,,...,X,, YTO M TPEOOBAIIOCH IOKA3aTh.

Nwmeer MecTo crietytoniee yTBep>KIeHUe

Teopema. /[ moeco, umobvl 00HOPOOHAs cucmema n TUHEUHbIX YPAGHEHUL C N Heu3-
BECMHBIMU, UMENA HEeHYNesble peuleHUs, HeoOX00UMO U O0OCMAmMOYHO, 4mobbl ee
onpedenumens pasusiicsa wymo A=det 4 =0.

Cneocmeue. O0HopoOoHas cucmema, y KOmopotul 4Yucio YpasHeHUuli MeHblle YUcia He-
U3BECMHBIX 8Ce20d UMeenm HeH)legoe peuleHue.

§ 7. CoO6cTBEeHHBbIE BEKTOPbI M COOCTBEHHbIE YHCJIA
Paccmorpum kBagpaTHyro matpuny A TOpsiAKa 7, 3JIEMEHThl KOTOPOM AeH-
CTBUTENIbHBIC Yncia. [Ipr yMHOKEHUH TaKOM MaTpPHUIIBI Ha 7-MEPHBINA BEKTOp X € R”,

TOJTy4aeTCst HEKOTOPBIN 7-MepHBIN Bektop b= Ax, b€ R".
Bo mHorux 3amauax JuHEHHOW anreOpbl BO3HHMKAET CIIECIYIOIIMI BOIPOC:

MOYKHO JI HATH TaKoe YKCiI0 A, 4TO BEPHO paBeHCTBO b = AX, T.e.

Ax=Ax.
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[To-gpyromy, mjis KOHKpETHOU MaTpuIlbl A TpeOyeTcs 3HaTh, €CTh JIM TaKUE CIEIH-
dbudyecKkre BEKTOPHI X, YTO JACHCTBHE HA HUX MaTPHIBl 4 PaBHOCWIBHO IMPOCTO
YMHOCHHUIO 3TOTO BEKTOPA HA HEKOTOPOE YUCIIOo A

Onpenenenne. Yucro A € R nazvigaemes cobcmeennbim 4uciom K6aOPamuou

mampuysl A, eciu cywecmeyem makou Henyiesou sekmop X € R", umo evinonms-
emcs pagencmeo

Ax=Ax. (1)
Hpu 2MOM 8€Km0p X Haszvleaemc: CO6CI718€HHblM GeKmOPOM Mampl/llxlbl A, coomeem-

CMEYIOWUM COOCMEECHHOMY YUCTLY A .

VYpaBuenue (1) MOXXHO miepenucaTh B BUJIE
(A-AE)x=0 , 2)

riae E — enunnynas Matpuna, 0 — wHynesoii Bektop. Cucrema ypaHenuit (2) — on-
HopozaHas. CieqoBaTenbHO, OHA MMEET HEHYIIEBOE PEIICHHE TOI/A M TOJILKO TOIJA,
korma det(4—AE)=0. Dror onpeaenuresb MpeaCTaBiIsIeT cO00H MHOTOWIEH 7-0i

creneHd (OTHOCUTEIBHO TMEPEMEHHON A ) M OH Ha3bIBACTCS XapaKTePUCTUYECKUM
MHOTo4YJieHoM, a ypaBHenue det(A—AE)=0 xapakTepuCTHYECKUM ypaBHCHHEM

JUISL MATPULBI A.
Ero peiicTBuTENbHBIE KOPHU (€CIM OHU CYIIECTBYIOT) Ha3bIBAIOTCS COOCTBEH-

HBIMM Y1 CJIaMH MaTPHILIbI A.

3ameuanue. Oxa3biBaeTcsi, COOCTBEHHbIE BEKTOPbI 00pa3yroT 6a3uc NpocTpaH-
CTBa, B KOTOPOM BEChbMa IMPOCTO MPEJCTABISAIOTCS MHOTHE OOBEKTHI M TO3BOJISIOT
HAWTH pelIeHne Ipyrux 3aaad.

3 2 3 2 A0 3-4 2
IMpumep. 4= (A-AE)= — =
1 4 1 4 0 4 1 4-4

det(A—AE)=(3-1)-(4—-1)-2=1° —-TA+10=0=> 4, =2, A4, =5.
1 A, =2 coOCTBEHHBIN BEKTOP €CTh PEIICHUE CUCTEMBbl YPaBHEHUN

x, +2x,=0
(A-AE)x=0= = Ilycts x, =a = x;, = —2a = OOwee penieHune
x,+2x,=0
ectb (—2A4,4), rme a € R —n060e, o # 0. Vnu, BEIHOCS 00N MHOKUTEIb, HMEEM
(—24,4)=(-24,4) = A(-2,1). Orcioaa, yunuThiBasi, 94T0 YMHOXXECHHE Ha YHUCIO A
nist Bektopa (—2,1) o3HauaeT W3MEHEHWE JIMING €r0 JUTUHBI, TO B Ka4eCTBe COO-
CTBEHHOI'0 BEKTOp, COOTBETCTBYIOIIEIO COOCTBEHHOMY 4HCIy A, =2 MOXHO B3STb

BekTop (—2,1). AHAJOrMYHO HAXOTUTCS BTOPON COOCTBEHHBINH BEKTOP IS 21 =5
(Yp).
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rimema 4, NpuMeHeLe sneMeETes MkeiHer anrebpL B SRoMeMHALe

» Hcnonp3oBaHue anreOpbl MaTPHIL
» Hcnonp3oBaHue CUCTEM JTMHEHHBIX YPaBHEHUN

§1. Ucnosib30BaHMe ajredpbl MAaTpPULL

Hcnonk3oBanue 321eMEHTOB alreOphl MaTpUI] YIIPOIIAET M 00JIETYaeT PEIIeHUE MHO-
TUX SKOHOMHYECKHX 3aa4. OCOOCHHO aKTyaIbHBIM CTAHOBUTCS 3TOT BOMPOC MPU KOMITHIO-
TEPHOU pa3pabOTKe U WCIIONB30BAHUM PA3IMYHBIX 043 JTAHHBIX, B KOTOPBIX MOYTH BCS WH-

dopmarmst xpaHuTcst 1 00padaThIBacTCS B MATPUIHOM (hopme.

PaCCMOTpI/IM HpOCTGI;’IHII/IC IMPOU3BOACTBCHHBIC 3a/la41, B KOTOPBLIX MOHO HC-

I10JIb30BAaTh IMMOHATHC MATPHUIBLI U onepaunﬁ Hag HUMU.

IIpumep. PaccMoTpum 4 Gupmbl, BhITyCKarOUIMe 5 BUAOB MPOAYKLIMHU U TMO-
TpeOJSAIOIIKUE NPU 3TOM 3 TUIA ChIpbs. JlaHHBIE O JTHEBHOW MPOU3BOJUTEIBLHOCTH
3TUX (PUPM IO KKIOMY BHIYy M3AEIINNA, HOPMAax MOTPEOIEHUs KaKOr0 THUIIA ChIPbS
[0 KaKJOMY BUJY WU3JEIHH, MPOJOJIKUTEIBHOCTD pabOTHI (B JHIX) KaXKI0W (GUPMBI B

roay, a TakKiKC OCHbI KaXKIO0I'0 TUIIA ChIPbA IIPUBCIACHBI B Ta6JII/IIle:

Bun usnenus Tun ceipbst dupma
1 2 3 | 2 3 4
1 3 4 2 5 6 7 0
2 4 3 6 0 4 6 3
3 5 7 9 6 5 0 7
4 2 4 4 6 7 0 4
5 3 5 3 3 2 4 0
[TpoIOIKUTETLHOCTE ' 200 17/0 100 200
paboTel hUpMBI
Ilena enuHULIBI CHI- 3}/ 20 10
pbst
Marpuia JHEBHBIX Bana{CLIpBSI Marpuiia €XeIHEBHOW MPOU3BOJIH-
dbupMamMu Ha €AUMHUILY U3JEIIUs TEJILHOCTH I10 KaXJI0MYy BUAY U3AECIUN

(W31enust OMMHAKOBEI I BceX (hupM ,
YTO €CTECTBEHHO JIJII MOCTABIIIMKOB!)

TpeOyercsi onpeneauThb:
1) romoByI0 MPOU3BOIUTENBHOCTD KAXKI0H (DUPMBI 110 KaXKIOMY BUJLY U3JIEIIH;
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2) roAoBYIO MOTPEOHOCTh KAXKI0N (PUPMBI 110 KaXAOMY THUITY ChIPbS;
3) roloByI0 CyMMY KPEIWUTOB JJisl 3aKYIKH ChIpbs, HEOOXOJIMMYIO JJisi BBIITyCKa

OPOIYKLUHHU YKa3aHHBIX BUJOB U OOBEMOB.

Pemenne. CoctaBuM cieAyrOnMe MaTPULIbL:

56 70
0 4 6 3 MaTpHIla eKeTH. TPOU3BOAUTEILHOCTE (PUpPM
KaKIBICTONOCI] = THEBHAS MPOU3BOIUT.
Ho=l6 5 0 7| V(buﬂ pOIREOA :
OTZIETBLHON (PUPMBI 1O KaXKJIOMY BH
6 7 0 4 | CHOMBEP FONY B
U3
3240
34 5 2 3 €XKE/IH. 3aTpaThl ChIPbsl HA €AUHUILY
2)S=|4 3 7 4 5 |—|wusznenus (OHM OJMHAKOBBHI IS BCEX

2 6 9 4 3 bupm

Tak 4T0 §); OMUCBIBACT PACXOA i-TO THIIA CBIPbS HA IPOU3BOACTBO j-TO BUJA U3ACIINS.
3) BekTop-cTpoky (Matpuiia pazmepa 1x3) p= (30 20 10) -- CTOUMOCTb €MHU-

bl CBHIPbS
4) nuaroHaJpHYIO MaTpuIly (Tak Ham yaoOHee!) BpeMeHu paboThl PUPMBI

200 0
150
100
0 200

Tenepb 3anuuiem peuienue 3a0auu, UCnoJib3ya 66e0eHHble mampuuol:

1) T'onoBast NpOM3BOAUTENBHOCTD j-0i (PUPMBI MO KaXJAOMY BHY MPOIYKLIHUU MO-
Jy4aeTcs yMHOXKEHHUEM j-ro cToJiona maTpuilbl () Ha KOJMYECTBO paboOumx
nHel g 3toi pupMmel. TakuM 00pa3om, rogoBas NPOU3BOIUTEIBHOCT KaXk-
J0M (PUPMBI IO KXKIOMY U3EJIHIO ONMCHIBAETCS MaTPULIEH

1000 900 700 O

0 600 600 600

G=0T= : =| 1200 750 0 1400 |,

1200 1050 0 400

600 300 400 O

3nech j-blil cTonbel B NojdydeHHOM matpulle G €CTh TOJ0Basi IPOU3BOAMUTEIb-

HOCTb j-Oi (PUPMBI.
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2) JIHeBHOM pacxoj MO TUIIaM ChIpbsl Ha (hUpMax OMUCHIBAETCS MATPUIIEH, MMOIy-
YEHHOW YMHOXEHHEM JBYX MaTpull SO
66 79 57 55
SO = . =| 101 109 66 74
97 115 62 97

31ech i-asi CTPOKA MOJYYEHHOW MaTpulbl SO COOTBETCTBYET pacxony I —TO
THUIIA CBIPbA 10 (PUpMaM, j-bIid CTOJIOEL — PACXO[ ChIPbA j- OW (pUpMOI.
3) 'ogoBas mOTPEOHOCTH KaKA0W (PUPMBI 110 KAKIOMY ChIPBIO IMOIYYaETCs MIyTEM
YMHOKEHHUSI THEBHOU MOTPEOHOCTH (T. €. MaTpHIlsl SQO) HA COOTBETCTBYIOIIEE KO-
JUYECTBO paboyuX THEH Kaxa0i (UpMbI B oty (T. €. YMHOKEHHEM Ha MaTpuity 7):
13200 11850 5700 11000
20 200
SOT =
19 400
4) Torga cTOMMOCTh OOILEro TOAOBOIO 3amaca ChIpbs s KaXJ10i (GUpMBbl TOTY-

YyaeTcsl YMHOKEHUEM BEKTOpa 1eH (p) Ha rofoByto norpedHocts (SOT):
pSOT =(30 20 10)- =

:(994 000 855000 365000 82 OOO).

DneMeHThl B TOJYYEHHOM CTPOKE O3HAayaloT BEIMYMHY KpeauTa JUIsl Kaxaou
(Gupmbl, HEOOXOAUMOIO JUIsl 3aKYNOK ChIpbs, TpeOyeMOro B MpPOU3BOJCTBE JaH-

HBIX U30EJIUN.

§ 2. Ucnosib30BaHMe CUCTEM JIHHEHHBIX YPABHEHU I

Cy1iecTByeT MHOKECTBO SKOHOMUYECKHUX 3a]1a4, MPUBOSIINX K COCTABICHUIO
U PEIIEHUIO0 CUCTEM JIMHEHHBIX aareOpandecKux ypaBHEHHUI.

MBI paccMOTpUM Takyro 3aJady Ha NPUMEPE MAKPOIKOHOMHYECKOM MOJEIU
MHOT0OTpaciaeBoro xo3sicrea. Kaxnast orpacib, ¢ 0JTHOI CTOPOHBI, SABJISIETCS POU3-
BOJUTEJIEM, & C IPYrod — MOTpeOUTENeM NPOYKIIMHU BBIMTYCKAaeMOU JPYTUMH OTpac-
nassMu. Bo3HUKaeT 3ajada pacdeTa CBsi3ed MEXIy oTpaciasiMu U OajlaHca BblITyCKae-
MO 1 moTpebsiemoit mpoaykiuu. BriepBrie aTa mpobaema O6bu1a chopmynupoBaHa B
1936 . B Tpygax amepukaHckoro s3koHomucta Bacunus JleonTseBa (pycckoro smu-
rpanta 1913 r., naypeara HobeneBckoil mpemMun, OCyIIECTBIIsUT aHAIU3 MPUYUH KO-
Homuueckou nenpeccun B CIIA B 1929 — 1932 r.r.). MexoTpacieBbie MOJEIU HC-

MOJIB3YIOTCS BO MHOTHUX cTpaHax mupa (6osee 80), U MO3BOJISIIOT OpraHU30BaTh pa-
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HAOHAIBHOE YNPABICHUE MPOU3BOIACTBEHHBIMU CEKTOPAMHU HAIIMOHAJIBHBIX SKOHO-
MUK.

JIst mpOCTOTHI MPEANOJIONKUM, YTO H3Yy4aeMOE€ XO3SIUCTBO (MaKpOypOBEHB)
IpeCcTaBIseT coOO0M 7 OTpaciel, Kakaas u3 KOTOPhIX TPOU3BOIUT CBOM OJTHOPOIHBIN
pOayKT. MBI IIpeArnonaraem, 4To B OAHY OTPacib 00bEeTMHEHBI BCE TPOU3BOICTBA OJI-
HOro npoaykTa. IHTYUTUBHO SICHO, YTO YEM MEJIbUE «HApE3Ka» MPOU3BOJICTBEHHOIO
CEKTOpa HAIIMOHAILHON YKOHOMUKH Ha «OTPACIIN», T.€. UeM OOJIbIIE 11, TEM aJICKBaTHEE
MOXHO OINHUCATh CYIIECTBYIOIIME B3auMOcCBsi3u. Ho 31eck umeercst ahPpekT «Impoxis-
THE OECKOHEYHOCTH», CBA3AHHOMN C pa3MEpPHOCThIO MOJIy4aeMmbIX 3a1ad. B 1972 r. B
CCCP, n = 112. Ceituac B Anonuu n = 2000. Yamie Bcero, ucnoinb3ytot n = 500 - 600.
[Iporiecc mpou3BOACTBA OOBIYHO M3Yy4YaeTCs 32 HEKOTOPBIM nepuo (roj, Harpumep).
st obecrieueHusi CBOEro MPOM3BOACTBA KaK/as OTPaCib HYXK/IAeTCAd B MPOAYKIIMH
JIpYTUX oTpaciield (Mpou3BOACTBEHHOE MOTpebdIieHre) (HanpuMep, TPAKTOPHOMY 3aBO-
JTy HY>KHBI MOTOPBI U3 MOTOPHOTO 3aBO/IA).

CocTtaBuM MaTeMaTHYECKYIO 3a7ady JESTEIbHOCTH MHOTOOTPACIEBOrO X035ii-

CTBa, JJIs1 4€T0 BBCACM CIICAYIOINIHC 0003HaYCHMS:

1) x; —oOmwmii oObeM NpoayKUUM i-0i OTpaciu (BaJIOBOW BBINYCK); [=1,n,
x; 2 0 —110 cMBICITY;
2) x; —00beM NIPOAYKUHMH i-Oif OTpaciy, MOTPEOISIEMOi j-0if OTPacibiO B MPo-

L[ECCE IPOM3BOJCTBA NMPOLYKIMHU X;, j=1,7. ITo cmbIcTy X;j 2 0;

3) y; —00beM NPOAYKLMHU i-OW OTpaciy, NPEeJHA3HAYECHHOM I pealu3alu B
HEMPOU3BOJACTBEHHOU cdepe (MPOayKT KOHEUHOTO MOTPEOJICHHS, TUYHOE T0-
TpeOJieHue TpaxkJaH, OOIIECTBEHHOE MOTpeOJeHue, TOC. OpraHbl, ... ),

y;20.i=1n.
[Tpunuun GamaHca BO B3aMMOCBA3AX PA3JIUYHBIX OTpacied JAaHHOIO XO3sHCTBA CO-

CTOWT B TOM, YTO BAJIOBOU BBIITYCK i-OM OTPACIH JAOJHKEH PABHATHCS CyMMe 00bEMOB
noTpeOyieHrs] B MPOU3BOJICTBEHHON M HEMPOU3BOJACTBeHHOU cdepax. B camoit mpo-
cToil popme (TUroTe3a JMHEHHOCTH WM MPOCTOTO CIOXKEHUs) OallaHCOBBIE COOTHO-
HICHUS] UMEIOT BU/I:
X, =Xq+ X+ tx,+y, i=12,..,n (1)

VYpasuenue (1) Ha3bIBAIOT COOTHOIIEHUSIMU DasiaHcA.

3ameuanue. 110CKOIBKY NPOAYKILHMS Pa3HBIX OTpaciell UMEIOT pa3Hble U3MEpe-
HUS (METPBI, TOHHBI, IITYKH, ...), TO B JaJIbHEHIIIeM OyJieM UMETh B BUJTy CTOMMOCT-
HbIi1 0a1aHC (B €AMHBIX €AMHUIAX U3MEPEHUS, HATIPUMED, MIIH. pyOIieil).

bb1o ycranoBneHo (mepBbIM, BUIMMO, JIeoHTeBbIM B.B.) BaxkHOE CBOWCTBO: B Te-

YCHHE JUTMTCIBHOIO HEPHO/Ia BEIMYMHBI d; = X; / X:; 1, j=1,n MEHAIOTCA O4YeHb CIa00 U
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MOTYT PacCMaTpPHUBATHCS KaK TOCTOSIHHBIE YMCIIA. JTO MOKHO OOBSCHUTH, HAIPUMED, TEM,
YTO TEXHOJIOTUSI IPOM3BOJICTBA OCTAETCSl HA OHOM M TOM JK€ YPOBHE JUIMTEILHOE BPEMSL.
CnenoBarenbHO, 00beM MOTPEONIEHHUS j-0i OTPACIIbIO POAYKIIMH i-OM OTPACIH IIPU MPOU3-

BOJACTBC CBOCH IMPOAYKIIUHN obbema x Ji €CTh TEXHOJIOTMYECKass KOHCTaHTa. B CUIIy 3TOro

(hakTa MOXKHO CZIeNaTh CIEAYIolee JOMYIIeHHE: /Ui IPOU3BOJICTBA j-Oi OTPACIIHU MPOTYK-

Iy 00beMa X ; HY)KHO HCIONB30BaTh MPOIYKIMIO [-Oif OTpaciu B 00beME ay; - X;, [AC

i

a; — const:

[Ipu TakoM JOMYyLIEHUU TEXHOJOrWs MPOU3BOJCTBA MPUHUMAETCS JTUHEHHOM (TruIo-

Te3a JuHeHocTH). [Ipu 3TOM umcna a;; Ha3bIBAIOTCSA KOd(PuIHMEHTAMH NMPSIMBIX

3aTpaT WK TeXHOJOrn4ecKumMu kodppuunentamu. Torga ypapaenus 6ananca (1)

MOKHO IIEPECIINCATh B BUJC CUCTCMBbI

Xy =ap X +apx, ... +a,x, +y,  x,20
........................................................ . (2)
X, =0 X] + oo Aa,x, +y,, 20
BBeneM B paccMOTpeHrE BEKTOPHO-MaTpUYHbIE 0003HAUEHUS:
X Y1
X=| : |— BEKTOpBAIOBOTOBBIIYCKa; ¥ =| : |— BEKTOPKOHEYHOIO [IOTPCOIICHHS;
Xn Yn
dij
A= —Marpuua Ko3QPUIMEHTOB MNpAMBIX 3aTpaT (TEXHOJOTHYecKass mMaT-
i,j=1n
puLa).
Torna (2) B MaTpUYHO-BEKTOPHOM 3aMUCH €CTh
x=Ax+y, x>0, y=>0. 3)

OObIyHO ypaBHEHHE (3) HA3BIBAIOT YPABHEHUEM JIMHEIHOr0 MeKOTpPacjaeBoro 0a-
JIAHCA, a ONIMUCAHHYIO BBILIE MOJENb HA3bIBAIOT MOJe/NbI0 JICOHTheBa.
Mogenb MexoTpacieBoro 0ansaHca MOXKHO MCHOJIb30BaTh AJISl PA3IUYHBIX 1ie-
J€#, cpeay KOTOPBIX MO>KHO BBIJIEIIUTH IBE OCHOBHBIE:
1) B nepBom, 60s1ee npocTOM ciyyae, IyCTh U3BECTEH BEKTOP BaJOBOIO BBITYCKA
X ¥ U3BECTHA TeXHoJoruyeckas marpuua 4. Tpedyercsa paccuuTaTh BEKTOP KO-

HEYHOI0 MOTpedeHus y. ITO pemaeTcsi IpocTo y =x — Ax.
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2) Bo BTOpOM cilyuae UCHOJB3YETCs JJIsl PEIICHUs Ceayromue 3anaun: s me-
puoaa BpeMeHnu (Hampumep, Ha 1 roa) 7 3ajaH BEKTOP KOHEYHOTO MmoTpedsie-
Hus y. TpeOyercs onpenenuTs BEKTOP X BAJIOBOTO BbITyCKa (IIPU yCIOBUH, YTO
3aJlaHa TEXHOJIOTHYecKas MaTpuiia A4).

B 3TOM cnywae Hazio pemnTh CUCTEMY YPABHEHUN
x—Ax=y wm (E-A)x=y, 4)

rac y —3aaaHo, X — HCU3BCCTHO.

OtmeTuM, uto cucrema (4) umeer psii 0COOCHHOCTEH, CBI3aHHBIX C YKOHOMHU-

YECKUM XapaKTepoM ee IEMEHTOB: Bce dieMeHTsl a; 20, x; 20, y,20. tu oco-

OEHHOCTH YCIIOKHSIOT 3aja4y. BooO1e roBops, He JUIsl BCAKOTO 33JJaHHOTO Harepes
y >0 Haiigercs peuieHue cucteMsl (4), uto x > 0.

B ¢BA3M € 3TUM aguM CIEAYIOLIEE ONPEIEICHHUE
Omnpenenenne. Marpuna 4, Bce aneMeHTh KOTOpor > 0 Ha3pIBaeTCsa MPOAYK-

TUBHOM, €CM JIJIsl JIF0OOTO BekTopa y > () CyIIEeCTBYET pelieHue x ypaBHEHUs (4),
npudem x = 0.

Eciu cymectByer obparas marpuna (E— A)™', To ypaBHeHue (4) mmeer
eIMHCTBEeHHOE pemenne x = (E— A) ' y.

Marpuna (E — A)_1 HAa3bIBACTCS MATPHUIIEH MOJIHBIX 3aTPAaT.

Bomnpoc: Korga 4 — npoayktuBHa? Hamnpumep, koraa cymMMma 3J€MEHTOB 10

KaxoMy ctonoiy (ctpoke) <1.
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Yacts [l AHanuTnyeckas reomeTpus.

AHanuTHYEeCKas T€OMETPHUS MPEACTaBIIeT cOO0M pa3esn reoOMeTpHH, B KOTOPOM

reoMeTpuueckrue 00beKTHl ((HUTYphI) UCCIACAYIOTCS METOJaMH anreOpsl Ha OC-
HOBE MeToJa KoopAauHAT. OCHOBHBIMH MOHSATUSIMH (aHAIUTHYECKOI) TeOMET-
pHUM SBISIOTCS TMOHATHE T€OMETPHYECKON (PUTYPBI UM MPOCTO GUTYPHI, U TO-

HATHUEC CUCTCMbI KOOPAHWHAT.

[nasa, V. Ananumiseckas TeOMETDUA HA T0CKOCTH;

» CucreMbl KOOPJIMHAT Ha MJIOCKOCTH
> CBs3b NOJNAPHOM U MIPAMOYTOJILHON CHCTEM KOOPIUHAT
» Paccrosinne d MexIy AByMs TOUKaMH A(x1 , yl) u B(x2 , yz)

» Jlenenne oTpe3ka B JaHHOM OTHOIIIEHUHN
» Ilnomanp TpeyroabHUKa
» Jluauu Ha TiockocT. OCHOBHBIE TIOHATHUS

§ 1. CucremMbl KOOPAUHAT HA MJIOCKOCTH

ITox cucTteMoii KOOpAMHAT HAa TUIOCKOCTH TOHUMAIOT CIOCO0, MO3BOJISIOIINI
YUCJICHHO OMMUCATh MOJIOKEHUE TOYKH Ha MJIOCKOCTH.
OnHOM M3 TaKUX CHUCTEM SBIISICTCA NPSAMOYTOJbHas (JI€KapToBa) CHUCTEMa KO-

OpJVHAT.

[IpssMoyrosibHasl cHUCTeMa 3aJaeTcs ABYMS B3aWMMHO-TIEPICHANKYJISIPHBIMU
NPSIMBIMH — OCSIMH, Ha KaXXJI0W M3 KOTOPBIX: 1) BEIOPAHO MOJIOKUTEIHLHOE HaAIIpaBJIe-
HUE U 2) 3a7aH (eIMHUYHBIN) (MacmTaOHbIN) oTpe3ok. OOBIYHO, €MHUILY MacliTada
OepyT OJMHAKOBOM /I 00EnX Oceil.

Ocu Ha3bIBAIOT OCSIMH KOOPAUHAT, TOUKY UX nepecedeHuss O — HAYaJI0M KO-
opauHat. OHy U3 Ocell Ha3bIBAIOT OChio abcumce (ockto Ox), IPYryr0 — OChIO Op-
nuHart (ocwsto Oy) (cM. puc. ). V4
Ha pucynkax o0bIYHO OCh aOcuucC pacroyiararoT M
TOPU30HTAJILHO, W HAMPABICHHOW CJIeBa HaIpaBo,
OCh OpAWHAT — BEPTHKAIBHO U CHHU3Y BBepX. Ocu

KOOpAHWHAT ACJIAT INNIOCKOCTH Ha 4 obyact — 4er- T

e |

BEpTU (MU KBaAPAHTHI).
EnnHuunble BEKTOPHI Oce yacTto 0003Haua- O

-
]

—

T | U (ﬂ:‘j‘:l, i L, (i,j):O). Cucremy
koopauHat ob6o3nauvaroT Oxy (Oij), a MI0CKOCTh, KOTOPYIO 00pa3zyroT (B KOTOPOM

pacnoioKeHbl!) OCH KOOPAMHAT, HA3bIBAIOT KOOPAMHATHOM MJIOCKOCTBIO.
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Kax onucamw nonoosicenue mouku na niockocmu?

Paccmotpum npousBosibHY0 TOuKy M mmockoctu Oxy. Bektop OM Ha3blBaloT pa-
auyc-BekTopoM Toukd M. Ilonw3ysick BRIOpAaHHBIMH OCSIMH KOOPAMHAT, MOCTaBUM
3To# Touke M (1 paanyc-BekTopy OM TakKe) B COOTBETCTBUE /IBA YUCHA X U y — KO-
opAMHATBLI TOYKM M B 3amaHHOM cucteMe koopauHat. Kak? st aToro uz Touku M
OMYCTUM MEPHEHUKYJSApbl HA OCU KOOpAMHAT (cmpoenupyem). [nuHbl OTpe3KOB
IIPOEKITNU 0003HAYUM X U V , COOTBETCTBEHHO. [Ipr 3TOM OGepeM 3HaK « + » WIH « — »
B 3aBUCHMMOCTH OT MOJIOKEHUA OTHOCUTEIBbHO Hadana koopauHar O.

Takxum oOpazom, ABa yucia (x, y) OAHO3HAUYHO OMPENEISIOT MOJI0KEHHE TOUKH
Ha IJIOCKOCTH, @ UMEHHO: KaXJO0W mape uucen (x, ) COOTBETCTBYET €IMHCTBEHHAs
Touka U Haobopot. [lpu sToMm cumtaem, paauyc-Betop OM wuMeeT Te ke KOOpIuHa-
Tl OM =(Xx, y) .

Kak 3a1aTh BeKTOp AB ¢ HauamoM B Touke A (x,;»,) u xoHmOM B (xz; y2)?

Kak pa3znocts pangnyc-sexkropoB Touek A u B. Torna umeem = E(x2 —X5¥Y, =V )
JIpyro¥i nmpakTU4eCKH Ba)KHOM CHCTEMOW KOOPIMHAT SIBJIACTCS IOJAPHASA CU-
creMa kKoopauHat. [lonspHas cucteMa KOOpIMHAT 3anaercs Toukor 0, Ha3bpIBaeMou
noJirocom, stydoMm Op, Ha3bIBAEMbIM NMOJSAPHOH OCHK U €IUHUYHBIM MaCIUTAOHBIM

BEKTOPOM e Ha MOJIspHoit ocu Op.
Bo3zpbmem Ha mockoctw Touky M #O. Ilosno-

(r,0) JKEHHE TOYKU M omnpenensercs mapoum 4ucemn: ee
paccrosiHueM 7 oT noioca O U yriom ¢, oopaso-

4 @ BaHHBIM 0Tpe3koM OM ¢ NoJIIpHOHN OChIO (OTCUET —

R R IPOTUB 4YacoBoW crpenku). Yucna (r, ¢) — nousip-

O e . p' HbI€ KOOPJAMHATHI (# — MOJSIPHBIA paguyc, ¢ — Mo-

JSPHBINA YTOJI.)

[Ipu 3TOM 171 M3y4YeHUs BCEX TOYEK IUIOCKOCTHU JOCTATOYHO MOJSPHBIA yros ¢
OTPaHUYUTHh MPOMEKYTKOM — 7 <@ <7 (wm 0<@<27), a NONAPHBIA paguyc —
[O, +00). B 9ToM cirydae kaxknoii Touke (kpoMe 0!) COOTBETCTBYET eIMHCTBEHHAS T1a-

pa aucen (7, ¢), 1 HAOOOPOT.

CBsi3b NOJIAPHOI U MPAMOYT0JILHOM CHCTEM KOOPAUHAT

JIJis yCTaHOBJIEHUS CBSI3U MEXY YKa3aHHBIMU CUCTEMaMHU KOOPJAMHAT, COBMeE-
ctuM noiiroc O ¢ HayanoM KoopauHaT cucteMmsl Oxy, a MOJAPHYI0 och Op € MOJ0XKU-
TEJIbHBIM HarpasjieHueM ocu Ox.

[TycTh TOuka M nmeeT KOOpaUHATHI (X, ¥) U (7, @) B cucteMe Oxy U NOJISAPHOI
CUCTEME, COOTBETCTBEHHO.
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N3 pucyHka BUIHO, YTO JI€KAPTOBBI KOOPIUHATHI A
BBIPAXKAIOTCS Yyepe3 MosIpHbIE IO PopMyiam S v
X=r-cosQ r
y=r-sing. y
2, .2 - Loy
r=4x"+y 0 X »
[TonsapHbIe yepe3 AeKapTOBbI y
gp==-.
X

[Ipu sTOoM, ompezensst yroi ¢, cieyeT YCTaHOBUTH (110 3HaKaM X U )) YE€TBEpPTh, B
KOTOPOMH JIEKUT UCKOMBIN YTOJI, U YUUTBIBATh, UT0 7 < @ < 77 (umu 0 < o < 271).

§ 2. [IpocTeiiniue NMPUJI0KEHNSI METOAA KOOPAUHAT HA MJIOCKOCTH

1. Paccrosinue d Me:kay AByMs TOYKaAMH A(xl, yl) | B(xz, Vs )

VICKOMOE PacCTOSIHHE PaBHO IHHE BeKTOpa AB (x2 — X153 Vy — yl). Koopnuna-

Thbl BCKTOpPA MMOJIYYAOTCA ITYTEM BBIUYMTAHUA KOOPAUHAT TOUYKH A (Haqaﬂa BCKTOpa) H3
KOOpAHWHAT TOYKHU B— KOHIIA BCKTOPA.

Torna d:wliﬁ,ﬁjz\/(xz—x1)2+(y2—yl)2.

I[e.]'leHI/Ie OTpE3Ka B JAHHOM OTHOIIICHHUMA.

TpeOyeTtcs pa3genutb 0Tpe30K 4B, COeTUHSAIOMMI TOUYKH A(x1 , yl) 51 B(x2 , yz)

B 33JJaHHOM OTHOIeHUu A >0, T.e. HaAO0 HalTH TOUKy M (X, y) oTpe3ka AB TaKylo,

AM
g0 ——=A.
MB A A
Pemenne. Paccmorpum Bektopel AM u MB. Torma 7 M
dakTt, uto M nenutr oTpe3oB AB B OTHOIIEHUU A O3HAYAET, B

yT0 AM = A - MB wnu B KOOpAUHATHOW 3aUCH:

v

X=X | Ax, —x) 0 X
y=w) Ay -»))
_ At _ Nt

AHaNoruvuHo, |y

Orcroma, x —x; = Ax, — Ax w |x :
1+ 4 1+ 4

JT10 — hopMy.ia JejieHHs OTPe3Ka B TAHHOM OTHOLIEHHHU A.

B wactHoctH, mpu A = 1 (T.e. pa3aenuTh OTPE30K momojam), T.e korga AM = MB,

_htX o Nt

uMeeM X 7 y S KOOPJIMHATHI CepeMHBI OTpe3ka AB.
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3ameuanune. Ecin A = 0, To Toukn 4 u M cosnanarot. Eciim A < 0, To Touka M
JISKUT BHE OTpe3Ka AB — roBOpsT, 4TO TOYKa M JENUT OTPE30K BHEIIHUM 00pa3zoM

(A#-1, Tx. Torna OBl BBIMOJHSIOCH %: —1 umu AM + MB=0, 1.e. AB=0,

YTO HEBO3MOYKHO, €CJIU TOUYKH PA3IINYHbI).
2. Ilnomaas Tpeyroabuuka ABC ¢ BepummHamu A(xl, yl), B(xz, yz),
C(x3 V3 )

A Sapc = SAAIBIB + SBIBCCI - S_AlACq = Yup.

LX3 =X X, =X
SA:_ .
2vi=y YVa—n

C

»
L

A, B Ci

Ecnu u3 nanHoil popMysbl MOTYy4YMIIOCh OTPULIATENBHOE YMCIIO, TO CIEAYET B3AThb

1o ero abconroTHOU BenuuuHe. Ecnu xe S, =0 = TOuKH JiexKaT Ha OAHOM MpsIMOii

(HE CYILIECTBYET TPEYTOJIbHUK).

§ 3. JIunuu Ha mIockocTU. OCHOBHBIE OHATHS

Enre oqHuM 13 BaXXKHBIX MOHSATUNA aHATTUTUYECKOW F€OMETPUU SIBISICTCS TOHS-
TUE QUryphl (JIMHUU, KPUBOH, ...).

YacTo nuHUS 337a€TCA KaK HEKOTOPOE MHOXKECTBO TOUEK, 00BbEAMHEHHBIX CIIe-
U pUIecKuM, TPUCYIIUM TOJIBKO €My, CBOMCTBOM. Hampumep, oKpy>XKHOCTh pajauyca
R (Ha MJI0CKOCTH) — €CTh MHOXECTBO BCEX TEX TOYEK IJIOCKOCTU, KOTOPHIE yAAJICHBI
Ha paccTosiHue R OT HEKOTOpOou pukcupoBaHHON TOUYKH O (LIIEHTP OKPYKHOCTH).

Kak yxe ormevanu paHee, BBEJICHHE HA MIOCKOCTH CUCTEMbI KOOPAUHAT I103-
BOJISIET OTIPECIISTH TOJIOKESHHE JIFOOON TOYKHU IIOCKOCTH 33J]aHUEM JIBYX YHCEN — €€
koopauHat. [lojokeHue ke JIMHUU Ha TJIOCKOCTH MOKHO OINPEIETUTh C MOMOIIBIO
ypaBHEHUS (T.€. paBEHCTBA, CBS3BIBAIOIIETO KOOPAMHATHI TOueK 3Tou JiuHuM). [lo-

ATOMY OJIHOM M3 3a7]a4 aHAIUTHYECKOW T€OMETPUU COCTOUT B TOM, YTOOBI 1O 3ajaH-
HbIM I'€OMETPUYECKUM CBOICTBAM JIMHUU COCTaBUTh €€ YpaBHEHUE B 3aJaHHOW CH-
CTEME€ KOOpIUHAT.

Omnpenenenue. YpaBHeHUEM JIMHUU (WM KpUBOI) Ha miockoctu 0xy Ha3bIBa-
ercs Takoe ypaBHeHue F(x,y)=0 c qByMs NepeMEeHHbIMH, KOTOPOMY YIOBJIETBOPSI-
10T KOOPAUHATHI X U ) KQXKJAOW TOYKU JIMHUU U HE YJIOBJIETBOPSIOT KOOPAUHATHI JIFO-

00l TOYKHU, HE PUHAJIeKAIIEH dToM uHNK. [lepemMeHHbIe X ¥ y B ypaBHEHUU HA3bI-
BAIOTCS TEKYIIMMHU KOOPAMHATAMHU TOYEK JIUHHUH.
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Ipumep. Jlexar nmu touku K (-2; 1) u L (1; 1) Ha nuaum 2x +y + 3 =07 =
(moacTaBIsisi KOOPAMHATHI TOUYCK B ypaBHeHHe) K — na, L — Her.

YPaBHGHI/Ie JIMHHUH y,ZLO6HO TCM, YTO IIO3BOJIACT M3YUYCHUC I'COMCTPHYCCKHC
CBOMCTBA JUHHUU 3aMCHUTh HCCICA0OBAHHUCM CTO YPABHCHU .

AHaNOrugHBpIM 00pa30M BBOAWTCS IMOHSATHE JIMHUH B TIOJIIPHOM CUCTEME KOOD MHAT.
Nmenno ypaBHenue F'(r,¢)=(0 Ha3pIBaeTCs ypaBHEHHEM JIMHHU, €CIIA KOOPIHMHA-

Tl X @ JIFO00M TOYKH JIMHWH, U TOJIbKO OHU YAOBJICTBOPAIOT 3TOMY YPABHCHHIO.
JIMHUIO HA MJIOCKOCTU MOXKHO 3a1aTb TAKXKC IIPpU IIOMOIIU ABYX IIapaMCTPHYC-

CKMX ypaBHEHHMU x=x(1) IJ1I€ X U y — KOOpAUHATHI TKyIIeh Touku M (x, y), nexa-
y=y(),
1IEH HA JaHHOW JINHWM, a ! — IIEpEMEHHAas1, Ha3blBacMasi mapamerTpoM. KoHKpeTHbIe
3HAQ4YECHUS IMApaMeTpa ! ONPENEIAIOT ITOJIOKEHHE TOYKM Ha IUTOCKocTH. Hampumep,
x=t x=2

eciu , TO 3HAYCHUIO { = 2 COOTBETCTBYET TO4Ka M (2; 4), T.K.

y:tz y:22:4.

Ecnu mapametp ¢ Mensiercs, To Touka M (x, y) Ha IUIOCKOCTU IEepEeMeNIaeTcs,

TEM CaMbIM «IIPOYEPUUBAs» (OMKUCHIBAS) HEKOTOPYIO JIUHUIO.

x=t

IIpumep. MO>XHO MCKIIIOUUTH «» U3 ypaBHEHHH (ITyTEM IOJICTaHOB-

y:tz.

kn) = y=x"wuwm y—x>=0 (F(x,y)=0). Dranuxus — napa6oJa.

Hpumep. Daamunc.

Omnpenenenue. (I'eomerpuueckoe CBOMCTBO, OMUCHIBAIOIIEE ATY JIMHUIO)
Jlunus, Ona 6cex mouek KOMOPOU CYMMA pAcCMOAHUL OM 08YX 3A0AHHLIX MOYEK,
Ha3vl8aemvlx (oKycamu, eciu GelutuHa NOCMOSHHASA U 0OIbUUAS, YeM PACCMOsHUe
medxncoy hoxycamu, Ha3LIBAECMCSL ITITURCOM.

Kak «pucoBatb»? M(x, y
1) BCIIOMHUM OKPY>KHOCTh: €€ MOKHO HapHCOBAaTh
C IOMOIIbIO | TBO3AS M BEPEBKU;

v

2) »smmunc = 2 rBo3/s U BepeBKa Fi(-c.0) O| Fy(c.0)

CocraBuM ypaBHeHME uuauInca. [ 3Toro BBeaeM
obo3HaueHus: 1) pokycsl 0003HauuM uepe3 F; u F,; 2) paccrosiHue Mexay Gokyca-

MU — 2¢; 3) CyMMy PacCTOSIHUM OT MPOU3BOJIBHOMN (TeKylel) Touku M sanunca 1o
dokycoB — uepe3 2a (cM. Puc.) («2» — aiist ynooctsa). fdcHo, uto 2a > 2c, T.. a>c.

Bribepem cuctemy KOOpAMHAT Tak, yToObI (GOKYCHI Jexanu Ha ocu Ox, a Haya-
10 koopauHaT O COBHAJIO CO CpeAuHOoi oTpe3ka F(F,. Torna ¢pokycsl UMEIOT KOOp-

muHatel Fi(—c,0), F,(c,0).
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[Iycts M (x, y) — nmpou3BosibHAs TEKyllash TOYKa »JuiuIca. Torjga corjiacHo
reOMETPUYECKOMY OIHCAHMIO JJUIUICA JOJLKHO ObITh MF, + MF, = 2a . 3Hauut, OT-

crozia cienyet (cornacHo (opMyIie BEIUUCICHUS! PACCTOSHUMN )

\/(x +c) + 9y + \/(x —¢)* + y* =24 —5T0 110 CyTH ypaBHEHHE SIUINIICA.

Ero MoxxHO «ynpocTuTh» K Buay (Ymp.)

2 2
Xy
AR

=
a b
) 2
rJIe BBEJIU 0003HAUYEHHE b Kak a - —c =b

) KAHOHUYECKO0€ YPAaBHCHHE 3JIJIMIICA.

Yupasxksaenue. V3yunts cBONCTBA IIMICA: d, b — TIOTYOCH, SKCLIEHTPUCUTET

C c &
& = — —MCpa BBITAHYTOCTHU & = — —, AUPCKTPUCHI X = T—.
a a a

2. T'unep00s0il Hazvleaemcs MHOJCECNBO GCEX MOYEK NIOCKOCMU, MOOYJb
PAa3HOCMU PACCIMOAHUL O KAHCOOU U3 KOMOPBIX 00 08YX OAHHbIX MOYEK IMOU NIoC-

Kocmu, HAa3vledembvblx ¢0Kyca.znu, ecmb e6ejUYUHA NOCMOARHAA, MERHbULAA, YeEM pac-

cmosiHue mexcoy goxycamu.
Ecmu BBecTn 0003Ha4YeHMs, aHAIIOTUYHBIE MPEBIIYIIEMy, TO AHATUTUYECKU OIH-
CaHHOE TeOMETPUYECKU CBOMCTBO O3HAUYAET, UTO
IMF, — MF,|=2a wm MF, — MF, =+2a,

M (x, ) T.C. \/(x+c)2 +y? —\/(x—c)2 +y* =+2a.

[Tocne ynpoienuii (ynop.) noaydaeM KaHOHUYECKOE

» YpaBHEHHUE TUIEepOOIIbI
Fi(-¢,0) 0 F(c,0)

2
X

2
a

[\S}

=1|, roe b’ =c* —a* Qa<2c=c<a).

%[

Ynpaxxnenue. M3yuuts cBoMCTBa TUIIEPOOJIHI.

A
ACHUMIITOTHI
/ \
b
Ax(-a,0 41(a0
| | >
| | v
Fl('C,O) g Fz(C,O) X
-b
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3. [lapadoaoii Hazvieaemcsa MHONMCECMBO 8CeX MOYEK NIOCKOCMU, KAXCOas U3
KOMOPbIX 0OUHAKOBO VOaleHd Om OAHHOU MOYKU, HA3bI8AEMOU OKYCOM, U OaHHOU
npsamou, Haszvieaemol oupekmpucoii. Paccrosane ot dokyca F 1o mupexrpucse
Ha3bIBaCTCsI MapaMeTpoM mapabdosisl U o0o3HadaeTcs yepe3 p(p > 0).

Jlsis BBIBOJIa ypaBHEHHUS BbIOEpEM cucTteMy KoopauHat Oxy Tak, 4ToObl ocb Ox
npoxojauia yepe3 GoxKyc F NeprneHIuKYJJIIpHO TUPEKTPUCE B HANIPABIECHUHU OT AUPEK-
TpUCHI K F, a HayaJlo KOOPAMHAT PACIOJIOKUM IOCEPEIUHE MEXTY (POKYCOM U Ju-
PEKTPUCOM.

M(x.y)
N(-p/2.y)
p/2
2 0 F(p/2,0) ]
P __P P _
Torma F ( 5 ,OJ , 4 YPABHEHUE JUPEKTPUCHI UMEET BUJ X = nm x+—=0.

IIpoBenem MN 1 nupektpuce. = COTINIaCHO «OMHCAHUIO» IMapadobl UMEEeM

MF = MN wnnn \/ (x— %)2 +y? = \/ (x+ g)z = (mpeoOpaszyem, BO3BO/IS B KBaIpar)

2
y =2px— KaHOHUYECKOE ypPaBHECHHE MapadoJIbl.

Yunpa:xaenue. HapucoBath 1uHNN

x = Rsint
1) ; 2) r=a-cos3¢ (a>0)
y = Rcost
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[psimMasi Ha MIoCkoCTH

OO6uiee ypaBHEHUE MPSIMOI

VYpaBHeHuUe NpsAMOii ¢ yTrIIOBBIM KO3 (HULIMEHTOM

VYpaBHeHUEe NPsAMOIL ¢ 3aJaHHBIM YTJIOBBIM KO3(P(GULIHUEHTOM &k U MPOXO-
JAIIEN Yepe3 3alaHHy1o TOuKy M, (xo;yo) .

Y V VY

YpaBHeHHE NPsAMOM L, TpOXOAsIIEN Yepe3 ABE 3aJaHHbIE TOUKHU

VYron Mexay AByMs NPSIMBbIMU. Y CIIOBUS IEPIIEHIUKYJIIPHOCTH U Mapal-
JIETbHOCTH ABYX MPSMBIX

YpaBHEeHHE TPSMON B OTPE3KAX

Hopmanbhoe ypaBHeHMe npsiMoil (HOpPMUPOBAHHOE YPaBHEHUE MIPSIMOIA)
PaccrosiHue OT TOUKH 10 IpAMON

Y V

Y V V

[IpsiMyr0 Ha TIOCKOCTH OTHOCHUTEIHHO (PUKCUPOBAHHON CHUCTEMBblI KOOPAUHAT
MO>KHO 33/1aTh:
1) nByMs pa3au4YHBIMU €€ TOUKAMU;
2) TOYKOW W HampaBJeHUEM (BEKTOPOM) MPSIMOIA;
3) TOYKOW NPAMON U BEKTOPOM, NEPIEHIUKYIISPHBIM MPSMOM.
PaccmoTprM pa3uuHble BApUAHThI aHATUTHYECKOTO 331aHKs IIPSIMOM  Ha TIOCKOCTH.

1. O0mee ypaBHeHMe IPSAIMOI
Ilycts B IpsIMOYIOJIBHOM CUCTEME KOOP-
nuHaT Oxy 3aJaHbl BEKTOP n(A;B)H TOYKa

M, (XOQJ’O)-
3agauva. Hailtu ypaBHeHue npsiMmou L,
npoxonsuien uepe3 My u Kotopasi IepHeHIU-

KyJIsIpHa BEKTODY .

ITycts M (x,y) — npousBoiibHas (TEKy1Last)
TOYka HUCKoMoW mpsimoii L. Torma mnpu gr000M TOJIOKEHHMM TOYKA M BEKTOp
MM (x—xy,y—y,) momkeH ObiTb L Bektopy 1 (4; B). CrenoBarensHo, X CKaysip-

HOC IIPOU3BCICHNUC paBHO HYJIIO:

(M oM, Z) =(0— 3TO BEKTOPHOE ypaBHEHHUE MPSAMO. (1)

3anumem (1) B koopauHaTHOW (opme, TONB3YACh ONPEACICHHEM CKAIIPHOTO
MPOU3BEICHUS:
A(x—x0)+B(y—y0)=O (2)
WIH
Ax+By+C=0 3)

re C=-Ax,—By,, A*+B>#0.
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Takum 06pazom, Mmokazaam, YT0 KOOPAMHATHI JIFOOOH TOYKH TPSMON L TOJDKHBI

YJIOBJIETBOPSITH YpaBHEHUIO 1epBoit crenenu (3). MoxHO Jioka3aTh U 0OpaTHOI: BCSIKOE

ypaBHeHue (3) MepBOM CTENEHH (OTHOCHUTEIBHO MEPEMEHHBIX X U )) OIpenesseT Ha
IUTOCKOCTH R* HEKOTOPYO IPSMYO (IIepIICHMKYISIPHYIO BEKTOpY 71 (4; B)).

VYpaBHeHue (2) Ha3bIBAlOT YpaBHEHUEM MPSAMOM, MPOXOASIIEH Yepe3 JlaH-
HYI0O TOYKY NEPHEHIUKYJSIPHO K JAHHOMY BEKTOpY. YpaBHeHHE (3) Ha3bIBAIOT
O0ITMM ypaBHEHHEM TIPSIMOM.

2. YpaBHeHHe NPAMOH € YIJIOBBIM KO3 PHUIHEHTOM

[Ton yraom HakJIOHa NpsAMOU K ocu Ox MOHMMAIOT yroJl, OTCUMTHIBAEMBIN B
HaIlPaBJICHUU JIBUKEHUS, MPOTUBOIOJIOKHBIM JIBU)KEHUIO YaCOBOW CTPEIKH, OT
MOJIO’KUTENIBHOTO HAIIPABJIEHUS OCU X 10 JAHHOM HpsIMOil.

TanreHc yriia HakjgoHa npsMoi K ocu 0x Ha3bIBA€TCS YIJIOBBIM K03(pumu-
€HTOM 1TOU NpsIMOM U 0003HayaeTcs k.

1. Ecnu npsimas || ocu Ox, 10 k = 0. Ecin npsimast L ocu Ox, To £ He cye-
cTByeT (oOparaercs B o).

2. Ecnu uW3BECTEH YIJIOBOM KO- 4
addunment k u BenmuumHa b OTpe3Ka,
oTcekaeMoro npsmoit Ha ocu Oy, TO Kak
CJIelyeT U3 PUCYHKA, JUISl IPOU3BOJIBHOM
Touku M (x, y) D3TOM  mIpsAMOi
NM

y—>b
——=tga = k=——. OTKyIa
BN g X Y

y=kx+b 4)

(4) — ypaBHEHHE TIPSIMOM C YTJIOBBIM KO-

b hUIMeHTOM.

3. YpaBHeHMe NPSAMOM € 3aJAHHBLIM VIJ0OBLIM KOdYhdummenrom k "

npoxojsiuieii Yepe3 3a1aHHYI0 TOUKY M (x5, )

Hckomoe ypaBHeHue L umeet Bua y = kx +b. Ho tak kak M, € L, TO ee Ko-
OpPAMHATHI YJOBIETBOPSIOT JaHHOMY YPaBHEHHIO. 3HAUUT, ), = kx, +b. Beluuras

3TO M3 NPEABIAYILErO YPABHEHUS, UMEEM ) — ) = k(x - X )

4. YpaBHeHue npamoii L. npoxoasien yepes ABe 3aAAHHbIE TOYKH

ITycTs 3ananbl Ml(xl;yl) u M, (xz;yz), OpUYeM x; # x,. T.x. M, € L, 10 L umeer
BUJ (CM. BBIIIE) y — ) = k(x - X ) Ho aToit sxe npsMoy T0KHA MPUHAIEKATD U

touka M,. CuenoBarenbHo, M, yIOBIETBOPAET IOCIEAHEMY YPaBHEHHUIO:
Yy=—==n =k(x—x1) = V=N =k(x2 —xl). Orcroma k :(y2 —yl)/(x2 —xl). ITon-
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CTaBIIsAsl HAWJACHHBIM KOOX(QOUIMEHT B ypaBHEHHE ) — )| = k(x - X1) UMEEM

yz_)’l(

X —xl). Ecmu paznenum Ha (y, — ;) (OpH yCIOBHH Y, # V) ), TO
X=X

Yy=—nIn=
UMEEM B UTOTE
Y= _ X=X

Vo=V X=X

5. Yroa mexay ABYMSI NPSAMBbIMH. Y CJOBHMS NEPHEHAUKYJISAPHOCTH H

Hapa/LuIeJIbHOCTH ABYVX IPHAMBIX

Onpenenenue. Yeuiom mexcoy 08ymsa npamvimu (cm. Puc.) nazvieaemces nro-
00U U3 08YX Y2108, 00PA308AHHBIX NPAMBIMU NPU UX NepeceyeHUl.

[lycte ¢ (0<@p<7m)—yron Mexmy i
NpSIMBIME /| 1 [, , KOTOpBIE 331aI0TCSI  ypaB-
HeHUsIMU Yy =kx+b u y=k,x+b,, coor-

BETCTBEHHO, Ille k; =tga; u k, =tga,. To-

72 U3 pUC. BUIHO, 4TO O, =, + ¢ . OTKyzna / o
i

¢ =a, —a,. Torna, noms3yacs opmynamMu — % 0

T

TPUTOHOMETPUH, UMEEM

tga, —tga
1 2
ky—k
nn top=—2_"1_ *

Ecou npsivbre ||, 10 p=0 n tgp=0=k, —k; =0, 1.e. k; =k,.

W1 naobopor, eciu k, =k;, 10 ¢ =0, T.e. npsAMbIE .

Taxum 06pazom, HEOOXOTUMBIM B JOCTATOYHBIM YCIOBHUEM MAPAILIEIBHOCTH ABYX
NPSAMBIX SBJISETCS YCIOBUE k, = k; — PAaBEHCTBO YIJIOBBIX KO3()PHULHEHTOB.

Ecmu npsimbie L, T.e. ¢ =7/2, TO 0:2:§+051 = tgazztg(§+al):

—ctg oy :—%, T.€. k, :—ki win k, -k, =—1. Y HaoOopor: eciu k, -k, =—1, 10
1 1

u3 popmyisl (*) cienyer ¢ = 7z/2, TO €CTh IPSMBIE TEPIEHIUKYIIAPHBIL.

Takum oOpa3zoM, 11 NEPHIEHAUKYISIPHOCTU MPSIMBIX HEOOXOAMMO U JIOCTATOYHO,
4TOGBI BBITOJHSIIOCH PaBEHCTBO ky, =—1/k; (wm k, - k; =—1)

T.€. YIJ0BbIe KOA(DPUIIUEHTHI B3aUMO-00PaTHBI C MPOTHUBOIOI0KHBIM 3HAKOM.
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6. YpaBHeHHEe NIPAMON B 0TPE3KaX

[Tycth npsimas oTcekaet Ha ocax koopauHat Ox u Oy otpesku a =0, b#0,
COOTBETCTBEHHO. Torjaa JIerKO BHUJIETh, YTO TOYKH

&
HepeceueHusl MPsIMOM C OCSIMH KOOPIWHAT €CTh ¥
M,(a; 0), M,(0;b). CocraBuM Telepb ypaBHCHHE
IPSAMOM, MPOXOMSIIEH Yepe3 JaHHbIE TOUKH Iepece- \
Mal0E)

YeHUs Ml(a; O), Mz(O;b). b
Nmeem y—O:x—a wm 2+ =1 Miel) >

b—0 O0-a a b 4 \ X

— YpaBHEHHE NPSMOU B OTPE3KAX.

7. HopMajibHOe ypaBHeHNe NPAMO (HOPMHUPOBAHHOE VPABHEHNE MPSIMOii)

ITycTts Ha npsiMyto (He npoxoasauryto yepe3 O), onylleH neprneHaukyiasp OP, ni-
Ha KOTOpOro p, a yroix ¢ oceio Ox pasen . M3 puc. = x,=p-cosa,

i Y, =p-sina. Bossmem V touky M(x,y) Ha
Y .
\ npsmoit. T.k. mpsimeie OP u PM B3auMHO-
NEePHEHIUKYJIISAPHBI, TO
sina Vi = Ip
0 (cM. BBIBOJ YpaBHEHHs NpPSIMOM uepe3 ABe
_y—p-sina
Touku!), T.€. kpy =—"———.
X—p-cosa
Torna, noxcrasinsAs HallIEHHOE 3HAYEHUE B PABEHCTBO ki p - kp,, =—1, uMeeM

sing y—p-sina : :
YTP =—1 wm y-sma—ps1n2a—pcosza+xcosa:O.

Cosa x—p-Ccosax

OTCI-O,IIa B UTOI'C IIOJIYyYUM

x-cosa+ysina—p=0 — HOpMAJIbHOE YPaBHeHME NPSMOIi.

JInst HeTo XxapakTepHO:
1) cymma kBazipaToB KO3 (HUIIMEHTOB MPU NEPEMEHHBIX X U ) paBHA 1;

2) cBOOOIHBIN YJIeH (— p) — OTPHUIIATEIICH.

[Tycth nano obmiee ypaBHeHue npsimoit Ax+ By +C =0 u aJist 3TOH e npsSaMon —

ee HOpMalbHOE YypaBHeHHE Xx-cosa+ ysina—p=0. T.k. 3Tu ypaBHEHHS
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OTIPENIENSIOT OAHY U Ty JK€ MpsAMyto, TO KO3hOUIMEHTHl ATUX YpaBHEHUU
IIPONOPLHOHAIIBHBI, T.€.

cosa=p A, sma=uB,-p=ucC.

YtoOb! HaliTH KOA()PUIIMEHT £, UCIIOJIB3YEM MIEPBHIE 1BA PABEHCTBA
1
A* + B?
TaK Ha3bIBAEMBbI HOpMuUpylowuii MHOMCUmMENb, T.€. MHOXWUTEIb, IOCIE

cos2a+sin2a:1:y2(A2+Bz) = u=t=

YMHOXKEHHSI Ha KOTOpBIM 00Iee ypaBHEHHE MPUOOpPETaeT BHUJ HOPHUAIBLHOTO
YPaBHEHUS.

JUis  omnpeneneHuss 3HaKa «4» CIEAYET BOCIOJIB30BATHCA TPETHUM
paBeHctBom m(C =—p, W3 KOTOPOrO CIEIAyeT, 4YTO 3HAK 4 BBIOMpaeTcs

IIPOTUBOIIOJIOKHBIM 3HaKY Koddduimenta C.
ITpumep.

1 1
3x+4y-5=0=> y=+———==—=0,2 =0,2-3x+0,2-4y-0,2-5=0
37447 5

wmm  0,6x+0,8y—-1=0.

Bomnpoc: Ha kaKkOM pacCTOSHUM OT Hayajaa KOOPAUHAT HAXOAUTCS JaHHAas npsmas?
OtBer: Ha paccrossHUM d =1 (3TO ciaenyeT U3 cMbicia KOAPPUIUEHTOB HOPMaJIb-
HOT'O YPaBHEHMUSI MIPSAMOI)!

8. PaccTosiHMEe OT TOUKH 10 NPAMOM

3agaua. Haiitn paccrosinue d ot Toukn M (x,,y,) A0 MpsIMOH, 3a1aHHOI
HOPMAaJIbHBIM YpaBHEHUEM x-cosa+ysina—p=0.

s yno6ersa, mycts noka O u M|, nexat 1o
pa3HbIe CTOPOHBI OT MPSMOM.
YpaBHEHHE NpAMOM, Npoxomsalend uepe3 My u ] \ Mo
JTAHHOW MPSIMOM, UMEET BU/T P d .

x-cosa+ysina—(p+d)=0 (BCIOMHUTE CMBICI

HOPMaJIbHOTO ypaBHeHHs Tipsimoi!). Touka M, Ie-
XKUT Ha 3ToM mpsiMoi. ClenoBaTeNnbHO, €€ KOOPAMHATHI YAOBIETBOPSIOT 3TOMY
YPaBHEHHUIO , T.€. BEPHO PAaBEHCTBO X, -cosa + y,sina —(p+d)=0.

Orcrona d=Xxy-cosa+y,sina—p.
Herpyano mpoBeputh, uto eciu O u M, nexar mo OJHy CTOPOHY OT HpSIMOM
(Yup.), To dz—(xo -cosa + Y, sma—p).
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Takum 00pa3om, 0ObEIUHSS 3TU BBIpAXKECHHS UMeeM (HOPMYITY JIJIsl BEIYUCICHUS
PACCTOSIHHS OT TOYKH JI0 TIPSIMOA:

d= |x0 -COSa + Y, sina — p|
WM C YYETOM BHJIa HOPMHUPYIOIIETO MHOXUTENS AL

g |Ax0 +ByO+C|‘

N 4%+ B?
IIpumep. Hauntu paccrossHue ot TOUkH M (—1,3) 10 PAMOU

3x+4y-5=0.

[Ipexxne Hano HaWTU HOPMAIbHOE YPABHEHUE JAHHOU IPSIMOM.

Haxonum HOpMUpYOW Uil MHOMCUmEb 7 u3 paBeHCTBa

== \/;: + \/ 3 ! P = i%. YuuthiBas, YTO 3HaK 4 BHIOMpaeTcA
_+_

IPOTHBOIOJNIOKHBIM ~ 3HaKy kodp¢uimenta C =-5, mnoayuaem yz;

HopmanbsHoe ypaBHeHue npsamoii umeet Bua:  0,6x+0,8y —1=0

Torna  d=[0,6-(-1)+0,8-3-1/ =0,8.

_|Ax0+ByO+C|:|3-(—1)+4-3—5|:O q

W o BTOpoit popmyne: d = ,
VA® + B? V3% 447
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[maa Vl. [lpsnias 1 nnockocTs B MPOCTPaHCTBE

OO0muiee ypaBHEHUE IOCKOCTH

VYron Mexay miI0CKOCTAMHU. Y CIOBUS NEPHIEHANKYISIPHOCTH («L») H
napastensrocTH ( «| | » ) miockocreii

HopmanpHoe ypaBHEHHE INTIOCKOCTH

PaccrostHue OT TOYKM 10 IMIIOCKOCTH

[TapameTrpuueckoe ypaBHEHHE NPSIMOU B TPOCTPAHCTBE

Kanonunueckoe ypaBHEHHE NPSIMOI B TPOCTPAHCTBE

Yron Mexay npsMbeIMH. Y CIIOBUS «l»u«ly JBYX MPSIMBIX

Yo MexIy IPSIMOU Y TUIOCKOCTBIO. Y CJIOBUS dl»u«l» IPSMOY U ITIOCKOCTH
Touku nepecedyeHus NpsIMOM U INIOCKOCTU

YV VYV

YVVVVVYVYY

§ 1. TnockocTs B pocTpakicTse

1. OOuiee ypaBHeHHE IVIOCKOCTH
IIycte mnockocte P HPOXOAUT 4YeEpe3 TOUKY Mo(xo, yo,zo) IIEPIEHIUKYIISIPHO

BeKTOpYy 7 (4, B, C). BexTop n Ha3pIBalOT HOPMAJBHBIM BEKTOPOM IJIOCKOCTH. DTU

YCJIOBUS ONIPEIEIISIOT €AUHCTBEHHYIO IIIOCKOCTh B R’ . Haiinem ee YpaBHEHUE.

Bo3bmeM B mmockocTu P ipou3BosibHYIO0 TOUuky M (x,y,z). Torma BeKTop

MM (x—xy,y = yy,2 —z,) Oyner Ln.

Z A

CrnenoBarelbHO, MX CKAJIPHOE Mpou3BeAeHue paBHO ().

(n, M M ) = (0 — BEKTOPHOE YPAaBHEHUE ILIOCKOCTH. —

v

DTO paBEHCTBO B KOOPANUHATHOI (hopMe UMEET BUJL X
A(x=x))+B(y—yy)+C(z—2))=0 — ypaBHenue

IUIOCKOCTH, MPOXOJSIICH Yepe3 3aJaHHYI TOYKY M y
NEPICHAUKYJISPHOM 3aJJaHHOMY BEKTODY.

[Tocne npeobpazoBanms mocaeaHEE PABEHCTBO MPUHUMAET BU/T

Ax+By+Cz+ D=0 — o01ee ypaBHEHHUE TIIOCKOCTH, (**)

Ynpaxuenue. Eciu B (**) HexkoTopble KO3((PUIMEHTHl paBHBI HYJIIO, TO TakKas
IUIOCKOCTh UMEET XapaKTepHbIE OCOOCHHOCTH B PACIIOJIOKEHUH OTHOCUTEJIBHO OCEH
koopauHat. [Ipoananusupyiire!



Jlexumst Ne 7 T110CcKOCTE M IIpAMasi B IPOCTPAHCTBE npod. Isimxos M.IL. 61

2. Yroja MeKIAV IJIOCKOCTAMH. YCJOBHA NEePHEHIUKYJIAPHOCTH («1») W

NMAPALICJILHOCTH ( «| | » ) IJI0CKOCTEH

Ax+By+Cz+D;=0, i=1,2. bynem Ha3bIBaTh

i
i
IIycth 3aJ1aHbI JIBE TIOCKOCTH |
l
l

/'

YIUIOM @ MCKAY INNIOCKOCTAMU YIOJI, 06pa3OBaHHBIﬁ

v

HOPMAJIbHBIMM ~ BEKTOpAMHM  JTHX  ILIOCKOCTEi 0
n;,=(4;,B;,C;), i =1,2. CrenoBareisHo, e
n,n A-A, +B,-B,+C,-C
cos¢=(1’ ) _ e B B R OB )

|| 4P+ B+ CE 2+ B2 CE
ECHI/I IIJIOCKOCTH J_, TO BCKTOPBI I’ll nu n2 — OPTOT'OHAJIbHBI = HUx CKaJIAPHOC

npousseneHue = 0, T.e.

A Ay + B -B, +C,-C, =0 — ycaoBue NEPUEHIUKYIIPHOCTH MIIIOCKOCTEN.

Ecmu  mmockoctu ||, TO BCKIOpBI 7n; MW N, — KOJUIMHCAPHBI. CJ'IG,Z[OBaTe.]]I)HO, nx

KOOPJIMHATHI MPONOPIMOHATIBHBI ¢ HEKOTOPBIM KO3((PHUIIMEHTOM MPOIOPLUOHATBHOCTH £,

4 _B_G

= =¢ — YCJIOBHUE NApaJUICIbHOCTH INIOCKOCTEM.
AZ BZ C2

3. HopmaJjibHOe YPaBHEHHE IJIOCKOCTH

I1o aHATOTHMH C IPSIMOiT B R MOXKHO BBIBECTH HOPMAIIBHOE YPABHCHHE IUTOCKOCTH B BUC
x-cosa+y-cosff+z-cosy—p=0,

rae p — JAMHA TIEPIeHIUKYJIApa, OMyIIEHHOTO M3 Hadaja KOOPAMHAT Ha IUIOCKOCTH;

cos,cos [3,C0s ¥ — KOOPAMHATHI BEKTOpa HOPMAIH TIOCKOCTU €IUHUYHOW JUTMHBI WIIH,

HO-JPYTOMY, &, [,y — yIJIbl. 00pa30BaHHbIE HOPMAIIBIO C KOOPAMHATHBIMU OCSIMH ).

Hopmupyromuii MHOXUTENb 4 (T.€. TOT MHOXMHTENb, KOTOPBIA oOIiee
ypaBHEHHE IUIOCKOCTH Ax+ By+Cz+ D=0 npuBoauT K HOpMajdbHOU (opme),

HUMEET BU =t .
A JA2 + B2+ C?

D (7.e . BeiOupaer tak, utoObl 1 D < 0). (Ecimu D = 0, TO 3HaK 4 — NPOU3BOJIHHBIN ).

3HaK 4 BBIOMpAETCS MPOTUBOIMOJIOKHBIM 3HAKY

4. PaccTosiHME OT TOYKH JI0 IJIOCKOCTH

Io amanormu ¢ R*> paccrosuue d OT 3ajaHHON Touku M 0 (xo, yo,zo) 10 JaHHOU
wiockoctu Ax + By + Cz + D = O Beraucnsiercs mo Gpopmyiie
g |Axy + Byy + Czy + D)
VA + B+ 2
5. YpaBHEHUE IUIOCKOCTH, MPOXOAAIIEH Yepe3 TPU 3aJaHHbIC TOUKH (Y1p.)
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§ 2. Tpsnias B NpocTpaKCTee

1. IlapaMeTrpuuyeckoe ypaBHeHHE NPAMO

ITIycth nmaHbl TOUKa Mo(xo, yo,zo) Ha TIpsIMOW W BekTop s =([,m,n), nexamui Ha

3TOM mpsiMOM (WK eil mapaiuienbHol). Bektop S HA3BIBAIOT eLLe HAIIPABJIAIOIIUM
BEKTOPOM IPSAMOIi.

OTUMHM yCJIOBUSIMM OJIHO3HAYHO OMNpeNeNsieTca npsMmas B IpocTpaHcTse. Haiimem ee
ypaBHeHue. BozbmeM npon3BoibHYIO0 TOUKy M (X,),z) Ha OpsAMOM. SICHO, YTO BEKTOpBI

MM (x—xy,y—¥y,Z—2y) U S KOJUIMHEAPHBL

CanenoBarensHo, M M =t -5 — eCTb BEKTOPHOEC YPABHCHHUE IIPSIMOM.

B koopauHaTHOW  3amMCyM  TIOCIENHEE  ypaBHEHHME  HMMEET  CIEAYIOLIEe
[IapaMETPUYECKOE IIPEACTABICHUE

x=xy+t-l, y=y,+tm, z=zy+tn, —0<t<+0,

rae ¢t — «mpoberaerT» MPOMEKYTOK (—o0,00), (T.K. Touka M (x,y,z) HAOHKHA

«mpo0eraTb» BCIO MPSIMYIO).

2. Kanouunueckoe ypaBHeHHE NPAMO

HcknrounB mapameTp ¢ U3 NpeapIAyIINX YPAaBHEHUN, UMEEM

X=Xy _Y=Yo_Z—Z% (=1)—
/ m n

KaHOHHNYCCKOC YPAaBHCHHC prIMOﬁ.

3. ¥YroJa Mexay npsiMmbIMH. Y CJIOBHSI «l | » M «1>» IBYX NPSIMbIX

ITycTb nansl ABe npsMele L, : = , 1=
i m; n;

Onpenesnenue. Yriom Mexay nNpamMbiMH [, u L, Ha30BeM J1I000H yrois w3

x_xi:y_yi Z—2z =1.2

JBYX YTJIOB, OOpa30BaHHBIMHU JBYMsI MPSMBIMH, COOTBETCTBEHHO MapalieIbHBIMU
JAHHOW W OPOXOJSAUIMMHU 4Yepe3 OJHY TOYKY (IJii Yero BO3MOXHO TpelyeTcs
COBEPUIUTH MapasuIeNIbHbIA MEPEHOC OAHOUN U3 MPSMBIX).

W3 onpeneneHus cuemyer, uYTO OAMH M3 YIJIOB PaBEH YIIy ¢ MEXIy
HaIPaBJIAIONIMMU BEKTOpPaMH NIpsMbIX s, = ([}, my,n;) 1 s, =(l,,m,,n,), [a BTOpo#l yron

Torna Oyner paBeH (7 — @) |. Torma yron onpenensiercsi U3 COOTHOLICHUS

S1,8 ) . . .
. 2 2 2 2 2 2
L _m _n
[IpsiMble MapaIeNbHbl, €CIU §; U S, KOJUIMHEApHbl = — =—=— =t.

L my m

ITpsMble nepneHaUKyIsapHbl = 5, Ls, = [ -1, +m;-m, +n,-n, =0.
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4., Yroa Mexay npaMod M IUIOCKOCTHIO. Y CJIOBMS «I | » U «1» npamon

IIOCKOCTH

HYCTB npsAamast L 3alaHda CBOUM KaHOHUYCCKUM YPABHCHUCM

X—=Xg _YV—Yy_Z2—Z2
- - 9
/ m n

a IJIOCKOCTh P — ypaBHEHUEM
Ax+By+Cz+D=0.

Omnpenenenue. Yriom mexay npsamou L
U IUIOCKOCTBI0 p HA3bIBACTCS OCTPBIM yTOJ n
MEXIY IPAMOM L ¥ €€ MPOEKUHUEN HA TIIIOCKOCTb.

N3 ompenenenuss (M pucyHKa) CIEAyeT, /

4TO HMCKOMBIN yroJ 0] ABJISIETCS /

JOTOJHUTENBHBIM (O OPSAMOro yrjia) K Yriy

MEXJy BEKTOPOM HOPMAJIH E(A,B,C) 151

HaIPaBJIAIONIUM BEKTOpoM s(/,m,n).

(E,Z) _ |Al + Bm + Cn|
‘EHZ‘ \/A2 +B*+(C? ~\/12 +m*+n?

Torna cos(% - ¢J =sing =

(| . | Gepercst, uT06EI mOTYUNTH OCTPBIH yrom).
Ecmu L | |P, ToTOrga s L n= (E,Z):O =

Al+Bm+Cn=0—  ycuosue « | ».

Ecim L 1 P, 1o TOrma s KOJUIMHEAPHO 1 =
A B C

YCIIOBUE « L.
[ m n

5. Toukn nepeceyeHuss NPAMON U MJIOCKOCTH

L: x=xy+[-t,, y=y,+m-t, z=z,+n-t;
P: Ax+By+Cz+D=0.

[ToacTaBuB BhIpaKEHUS U1 X, ), Z B YPABHEHHUE IIJIOCKOCTH U NPe0Opa3oBas,

_Axg+Byy +Czy+ D

HaWJIeM t=
Al + Bm+Cn

Tenepp, €Ciau NOACTABUTH HANAECHHOE «» B MAPAMETPUYECKAE YPABHEHUS MIPSMOU,
TO HaNJEM UCKOMYIO TOUKY II€PECCUCHUs
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Uacts 3. OcHoBb! MaTEMATHYECKOrO aHamsa

OnHOM 13 OCHOBHBIX OTEpaIfii MAaTEMaTHYECKOTO aHAIM3a SIBIISIETCS OTepaus
IpeeNbHOTO Tepexoja, KOTopas BCTpedyaeTcs B Kypce B pasiuuHbIX ¢opmax. Mbl
HAa4YHEM C CaMOM MpocTeuield popMbl ONEpaLMK MPEIETbHOTO Mepexoa, OCHOBAaH-
HOI Ha TIOHATHU TIpejesia TaKk Ha3bIBAEMOW YMCIIOBOH MOCIIE0BATEILHOCTH. JTO 00-
JIETYUT HaM BBEJCHHUE U JPYroi BecbMa BaKHOU (DOpPMBI oTiepaliuu mpeaeabHoro Te-
pexona — npezaena pyHkuuu. B mocneayromeM KOHCTPYKLIMU MPEIeNbHbIX Mepexo-
OB OYyIyT MCIOJIB30BATHCS B MOCTPOCHUHU AU(GHEepEeHIIMATBPHOTO U UHTETPATHHOTO
UCUUCIICHHUS.

[masa VIl. Yucrosbie nocnenosare-HoCTH

Y

[ToHsATHE YMCITOBOM MTOCIEAOBATEILHOCTH. ApU(DMETHICCKHIE OTIepaIIK Ha/l
ITOCJICIOBATEILHOCTSIMU

beckoneuno manbie 1 0ECKOHEYHO OOJIBIITHE ITOCIICIOBATEIBHOCTH

CBs13b OeCKOHEYHO OOJIBIIMX M OECKOHEYHO MaJIbIX IOCIICA0BATEILHOCTEH.
[IpocTeiinue cBoMcTBa OECKOHEUHO MaJIbIX MOCIEI0BATEILHOCTEH
[Ipenen nmociienoBaTEIbHOCTH.

CBoMCTBa CXOJISIINXCS ITOCISIOBATEILHOCTEN

ApudmeTrnyeckue onepanuu Haj CXOISAIIUMHUCS TTOCISA0BATEILHOCTIMHU
MOHOTOHHBIE ITOCIEIOBATSIBHOCTH

Kpurepnii cxoqumoctn Komm

Uucno e 1 ero 5KOHOMUYECKAasi WILTIOCTPAIus.

YVVVVVYVVYVYYVVY

HpI/IMeHCHI/I€ IMPpEACIOB B 9KOHOMHYCCKHUX pacucTax

§ 1. UnciioBbIe MOC/IEA0BATEIbHOCTH M NIPOCTEHIINE CBOMCTBA

1. IlousiTHEe YHUCJIOBOI MOCJIEA0BATEILHOCTH. ApU(pMeTHIECKHE ONePAIUT
Ha/l 0CJIe10BATEeIbHOCTAMU

YucnoBble MOCIEN0BATENFHOCTH MPEICTABIAIOT CO00 OECKOHEYHbIE MHOXKE-
cTBa uucel. [Ipumepsl nmocienoBaTeNbHOCTEN U3BECTHBI U3 IIKOJIBI:
1) mociaenoBaTenbHOCTh BCEX YJIEHOB OECKOHEUHOW apu(pMEeTHYEeCKOW M reOMETpH-
YECKOM IIPOIPECCUi;
2) mocneAoBaTeNIbHOCTh NEPUMETPOB MPABHIIBHBIX 71-YTOJILHUKOB, BIMCAHHBIX B

JTAHHYIO OKPYKHOCTb;
3 33 333

3) mocnenoBaTeNbHOCTh Yucel —, ——, ——, ... NPUOJMKAIOIINX YUCTIO —.
10 100 1000 3
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Onpenenenne. Eciu KaxcoomMy 3HAYEHUr0 N U3 HAMYPATLHO2O pA0A YUCel

N = {1, 2, } CMasuUmcst 8 COOmeemcmeue no onpeoeieHHoOMy NpAeUTy HEeKOmopoe 6e-

WeCmeeHHoe YUCIO X, , MO MHOCECMBO0 3AHYMEPOBAHHbIX 6EUWECNBEHHBIX YUCE]]

Xis Xoy winy Xy e (1)

06yoem Ha3vieamv YUC080U NOCTE008AMEILHOCHbIO (UL NPOCMO NOCAe008AMelb-
HOCMbI0).

OtrnenpHblC YHMCNA X3, X5, X, OyleM Ha3pIBaTh dJI€MEHTAMH WIM YJIEeHAMH
nocnenoBaTeabHOCTH (1). CMMBOI X, Ha3bIBAIOT OOIIMM WJIM 7-M YICHOM JaHHOM
nocienoBarTenbHOCTH. IIpunasas 3Hadenue n = 1, 2, ... B 00IIEM YICHE X, MBI IIOJIY-

qacM, COOTBCTCTBCHHO, HCpBBIﬁ X1, BTOpOfI X, U T.A. YICHBI.

[TocnenoBaTenpHOCTh cuMTaeTcs 3amaHHoOM (cM. Omp.), ecnu ykazaH croco0
NoJTyueHust Jro0oro ee ajnemeHTa. YacTo mocCienoBaTelIbHOCTh 3a7aloT (PopMyIioi
JUISL OOIIIETO WIEHA ITOCIEI0BATEILHOCTH.

JIns cokpaleHus 3amycH MOCIe0BaTeIbHOCTh (1) MHOT/Aa 3amuChIBAIOT Kak
1 1

— ey —y ... ITIA
3 n

b

1
{x,}. Hanpumep, {— 03HAYaeT TOCIEN0BATENBHOCTD 1,

n 2

{ 1+ (—1)"} uveem  0,2,0,2, ... .
CrpykTypa o01iero wieHa (ero (opmyna) MOXET ObITh ClIoXKHOM. Harprimep,

n, ©CIH N-4ETHOE

X, =41 , nehN.
—» ©CIH N-HCYETHOEe
n

HNHorga mociienoBatesibHOCTh 3a/1a€TCsl TaK Ha3bIBAEMbIMU PeKYPPeHTHbIMHU ¢op-
MYyJIaMH, T.e. popmyliaMu, O3BOJISIOIMMU HAXOUTh MOCIEIYIOUIUE YJIEHBI MOCIe-
JIOBATEJIbHOCTHU IO U3BECTHBIM IPEIbLIYIUM.

IIpumep (unciaa Pudonayum). Ilycte x; =x, =1 U 3amaHa peKyppeHTHasd
dopmyna x, =x,_, +x, , man=3,4, ... . Torna umeem nocienoBareabHoCTsb 1, 1,

2,3,5,8, ... (uucna Jleonapao u3 [1u3br mo npo3suiry @uboHaqUN).
['coMeTprYecKH YHCIOBYIO MOCIEI0BATEILHOCTh MOXKHO M300pa3uTh Ha YHC-

JIOBOM OCHU B BH/JIC ITOCJICAOBATCIIbBHOCTU TOYCK, KOOPANMHATBI KOTOPBLIX PAaBHbBI COOT-

1
BETCTBYIOLIMM WICHAM IocienoBatenbHocTd. Hanpumep, {x, | = {— .
n

Xy Xy X X

| I - |
1 1

Y

1 1
4 3 2
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PaccMoTtpuM Hapsity ¢ nocne10BaTeIbHOCTBIO {xn} ellle O/IHY MOCIIEA0BATEIBHOCTD { yn} :

Vis Vs eees Vs oen (2).

Onpenenenue. Cymmoii (paznocmuoio, npouseedeHuem, YacmHvimM) nocieoo-

samenvbHocmel {X } u {yn} HA3b18AEMCS NOCAC00B8AMEIbHOCHb {Zn}’ YJlEeHbl KOMo-

n

poli  06pazo0eansl NO NPAULy Zz,=Xx,+Y,
_ s o X
Zp =Xy = Vps 2y =Xy Vus 2y _y_’yn #0 .
n

Hp0u3se0euueM nocnedo8amebHoOCmu {Xn} Ha uucino ¢ € R naszvliéaemcs nocieodo-

e6admeslbHoCnb {C . Xn} .

Onpenenenue. /locnedosamenvHocms {x} HA3v18aemcsi 02PAHUYEHHOU

n
ceepxy (cHuszy), ecau cywecmeyem gewjecmeennoe uucio M (m), maxoe umo
KaJcOblll 271eMenm 3Mmotl NOC1e0068amelbHOCMU X, YO08]1emeopsem HepageH-

cmey x, <M (xn Zm). llocnedosamenvnocms Hazvi8aemcsi 02paHUYEHHOU, eciu
oHa ocpanuyeHa u ceepxy u chuzy m=<x, <M . Ilocnedoeamenvnocmo X, Ha3vl6a-

emcs Heo2panuyeHHouU, eciu 0aa V' nonoscumenvrnozo yucia A (ckoiv y200Ho 60.1b-

we2o) Hanidemcs xoms _Obl OOUH 27NeMEeHm NOCIe0068aAMeNbHOCU X, , YO061emeopsi-

WUl HepageHcmaey |xn| >A.

IIpumepsl.
{x,}={1/n} —orpanmnyena, t.x. 0<x, <1.

{xn} = {n} —OrpaHUyY€Ha CHU3Y |, HO SBJISIETCS HEOTPAHUYEHHOM.

{xn} = {—n} —orpanuyeHa ceepxy (—1), HO Takke HEOrpaHUYEHHAs.

Onpenenenne. [locie0BaTeNEHOCTE {x, | Ha3BIBACTCS GECKOHEUHO MAJIOW,

€CJH ISl JTFOOOTO TMOJIOKUTEITHLHOTO BEIIECTBEHHOTO YHCHa & (CKOJIh OB MaJbIM €ro
HE B3sJIM) CYHIECTBYET HOMep N , 3aBUCSIINI, BOoOIIe ToBops oT & (N = N(¢)) Ta-

KOH, YTO IIPU BCEX 7 > N BBIIOIHACTCS HEPABEHCTBO |xn| <¢.

Mpumep. {x, = 1
n

Omnpenenenue. /locnedosamenvrocmo {xn} Hazvieaemcss 0ecKOHeuHo 00/1b-

wou, eciu o YV nonoscumenvhoco eewecmeennoco wucia A (kaxoe ovi OonvULOE
oHo He OvbLno) Hauoemcsi Homep N (N = N(A)) maxou, umo npu écex n> N @vino-

Hiemcs HepadeeHCmeo |xn| > 4.
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3ameuanue. SIcHO, 4TO BCsAKas OCCKOHEYHO OOJIbINAs ITOCICIOBATCILHOCTH
SIBJISIETCS HEOTPaHUYEHHOM, HO HE HA000POT.

Ipumep.
1) {n} —HeorpaHmYCHHast IOCIIEOBATENEHOCTh M GECKOHEYHO GOIBIIIAS
2) 1,2,1,4,1,8, ... (Ha HeuetHoM 1, yernom 2"). OTa  MOCIeI0BaTEIbHOCTD

ABJISIETCSI HEOTPAHUUYEHHOM, HO He OeCKOHEeYHO OoJblIoi, T.K. mpu A >1 HepaBeH-

CTBO |xn| > A HEe UMEET MECTO AJIs1 HCUYCTHBIX HOMCPOB.

CB3b 0eCKOHEYHO OOJLIIMX U 0ECKOHEYHO MAJIBIX IOCJIeI0BATEIHLHOCTEH
YCTaHABJIMBAET CIEAYIONIEE YTBEPKIACHUE:

Ecmu nocnedosamenvrocms {x,} beckoneuno 6omvwasi, u éce x, #0, mo nociedo-

6amenbHOCmb | — ¢ AGIAEMCs OeCKOHEUHO MAOl; u 00pamuo, eciu |{x, } —oecko-
x}’l
1
Heuno manas, x, #0, mo {— »— OeckoHeuHo bonvbULaA.
x

n

Ecau JaHa II0CJICOOBATCIIbHOCTD {Xn}, U N3 HCKOTOPOI'o IOAMHOKECTBA €C

YJICHOB 06pa3OBaHa HOBasd IMOCJIICIO0BATCIBbHOCTD, HOPAAOK CJICAOBAHUA YJICHOB B KO-

TOPOU TAKOW K€, KAK U B UCXOJHOM TMOCJEIOBATEIBLHOCTH, TO OHA HA3bIBACTCS MO/-

MOCJIE0BATEIbHOCTBIO U 0003HAYAETCS {xnk }, keN,n <m, k<k,.

Ipumep. J[lns  mocienoBaTenbHOCTH {(—1)”} MOCJIEIOBATEIBHOCTD

{L 1, .. } =u {—-1, —1 ..} sBAAOTCA TOMIMOCIENIOBATEILHOCTSIMHU HC-

XOI[HOﬁ IIOCJIICAOBATCIBbHOCTH.

IIpocreiinue cBOMCTBA 0€CKOHEYHO MAJIBIX MOCJIEA0BATEIbHOCTEH

1. Anecebpauueckasn cymma 1106020 KOHEYHO20 YUCIA OECKOHEYHO MANblX Nocjle-
oosamenbHOCmell ecmb OECKOHeUHO MAas NOC1e008amMeNbHOCHb

2. Ilpoussedenue bGeckoHeuHO Manol NOCIe008amMeNbHOCMU HA O02PAHUYEHHYIO
nocn1e008amenbHOCmb eCb DECKOHEUHO MAlas NOCIe008aAMEeIbHOCHb.

3. Bcaxas 6eckoneyno manas nocie0o8amenbHOCmy AGIAemMcs 02PAHUYEHHOU.

4. Ilpoussedenue KOHEUHO20 4YUCNA OECKOHEUHO MANbIX NOCIe008amelbHOCmel
ecmb OeCKOHeUHO MAlas NOCe008amelbHOCMb.
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§ 2. [Ipenes mocJjie10BaTEILHOCTH.
CaoiicTBa CXOAAIUXCH NMOCTEA0BATEIbHOCTEH

Beenem ‘(l)yH)IaMeHTaJIbHOG‘ IIOHATUE CXOIAILENUCS I10CIIEI0BATEIBHOCTH.

Omnpenenenue. /lociedosamenvrocmo {xn} Ha3vl8aemcs cxo0auieica, eciu cyuje-
cmeyem makxoe 8eujeCmeeHHoe Yucio d, 4mo nocied08amelbHOCHb {xn —a} 26715~

emcsi OeCKoOHeuHo MAloll. Hpu IMom, eeyeCmeerHHoe Yucjio a Ha3vleademcs npeOerM

nocnedo8amenbHOCmu {xn} Cumgonuuecku Oauuwli akm (mo umo nociredosa-

mejibHoOCmbv CXOO}ZM/!CI}ZC}Z uee npedeﬂ ecmos Cl) 3anucsleaemcs mak

limx, =a uau X, —>a npu n—» 0.
n—®0

Ucnonw3ys onpeaeneHue 0€CKOHEYHO MaJIOH MOCIE0BATEILHOCTH, MBI MOXKEM J1aTh
JIPYroe SKBUBAJICHTHOE OMNPENICIEHUE CXOJSAIICHCS YUCIOBOM IMOCIEI0BATEILHOCTH
npesena.

Onpenenenue. Yucno a nasvigaemcs npedesiom YuUcio80U Nocied08amebHO-

cmu {xn} eciau 011 106020 & > 0 (cxonv mano oHo He O6vL10) Hatloemcs Homep N (3a-

sucsawull, 600owe 2o08ops, om & m.e. N = M (g)) makoui, umo npu écex n> N aje-
MeHMmbl X, 9MOl NOCIe008AMeNbHOCHU YOO0E1EeMEOPAION HePABEHCMEY

|xn—a|<8, Vn2>N (*)

Ilocnedosamenvrocmo, umerowias KOHeUHuIU Npeoesl HA3bIBACMC CX00AUWielcs, 8
NPOMUBHOM CAYHAE — PACXOOAULCIICA.

N3 ycnoBus (*) ciaeayer, 4To BEPHBI CIICIYIOMINE HEPABESHCTBA

|xn—a|<8 & a-¢<x,<a+te VnzN

OTO MO3BOJSICT JATh CICAYIOIYIO rCOMCTPHUICCKYIO HILIFOCTPALIUIO

& ¢ +ts
Ea N e
-2 -1
\. @ J
b
xN,xN_l,...

1 .
Mpumep. {x,}=1—:. Iokaxem, 4t0 4nucio a=0—mpenen 3Toi HocIeNOBa-
n

. 1 1 .
TEJIBHOCTHU. [IeUCTBYS 110  OIPEAECIICHMUIO, |xn - a| =|——a|=—< &= HaulIeM HOMED
n n
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N, obecrieunBarolii BHIMOJHEHUE TPEOYyeMOTro HEpaBeHCTBA 1 > —. JIerko BUIIET,
g

1
4TO0 TpedyeMoe unciio ectb N = {— +1, rne [ 7 ] 03HaYaeT LeNyro 4acTh YUCIIA 7 .
g
Yup. IloctpouTs oTpunaHue K ONPENEIICHUIO NpeAea YUCIOBOU MOCIEN0Ba-
TEJIBHOCTH.
. * * *
(hmxn ;ta)<:>(5|5 >0 VN dn >N ‘xn* —a‘Ze )

n—»a0

2

3n+1
Mpumep. JloKasaTh, 4TO YACIO g == HE SABISAETCS MPSALIOM {X, | = .

S5n—1
YacTo B TeOpHUH MPEIETIOB MOIB3YIOTCS MMOHATHEM & — OKPECTHOCTH TOYKH.
MHOXeCTBO TOYEK, YJIaJICHHBIX Ha PACCTOSHHUM HE OoJyiee, Y4eM &£ OT JAaHHOW TOYKH
a, T.€ MHOXKECTBO X: |x - a| < &, Ha3bIBAETCA € — OKPECTHOCTHIO TOYKH d.

Torma ompeneneHue cxoIsLIEiCs IOCIENOBATENIBHOCTH MOYKHO IHepedpa3upoBarhb

CIIE/YIOIIAM 00Pa30M: TOCIEI0BATEIBHOCTD {X, | CXOMHUTCA K YHCIy d, CCIIH J06as

n
€€ & —OKPECTHOCTh COJIEPKUT OCCKOHEUHO MHOI'0 YJICHOB IOCJIEI0BATEIHLHOCTH U
JIVIIb KOHEYHOE YUCIIO YJIECHOB IOCIEA0BATEIBHOCTH HAXOAUTCS BHE 3TOM OKpECT-
HOCTH.

[IpuBenenHoe omnpeneneHue ya00HO MPU UCCIETOBAHUM CBOMCTB IMOCEI0BA-
TEJILHOCTEH

CBoMiCTBA CXOIAIIMNXCH MOCJIEI0BATEILHOCTEH
0 .
1. Cxooawascs nocredosamenvHocms umeenm eOUHCMBEHHbIU NPeoell.

Joxka3zareabcTBo. OT npotuBHoro. [lycts a u b, a # b nBa npenena. T.k. a —
npesient JUIs {x,, |, To BHE MHTepBana (a —&, a+ &) (T.e., BHE £~OKPECTHOCTH) JOIDK-

HO HaXOAUTCs JIMIIIb KOHCYHOC YHCJIO YICHOB IIOCJICA0OBATCIIBHOCTH. 3Ha‘-II/IT, OTCroaa

CICOYyCT, 4YTO b HC MOXKCT OBITH MpCacsIOM MOCJICA0OBATCIIbHOCTHU {xn} , CCJIIN BLI6paTB

+a

£ JIOCTATOYHO MAJIBIM , HAIIPUMED, & = (T.K. TOr/1a OKPECTHOCTh TOUKHU «D» CO-

JEPKUT JUIIb KOHEYHOE YHCIIO YJIEHOB — CM. TEOMETPUYECKYIO MIUTFOCTPALIMIO).

0 o
2°. Beakas noonocnedo8amenibHoChb CX00Welicss nociedo8amebHOCmu CXo-
OUMCsl K momy dice npeoeiy, 4mo u UCX0OHAs NOCAe008amenibHOCHb.

Jloka3zaTeabcTBo. Ecin a = lim{xn} , TO BHE OKPECTHOCTH TOUKH @ HaXOJUTh

KOHCYHOC 4YMCJIO YICHOB ITOCJIICIOBATCIIBHOCTH {xn} , 4 3HAUYUT U 0001 ee IO AI10-

CJICOOBATCIIBHOCTH {Xnk } .
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CaencrBue. Ecnu uz {x,} mooxcno evidenums {xnk} —>a u {xn }—)b, a#b,
P
Mo 3mo o3Havaem, 4mo {xn} He umeem npeoena (cm. npumep {xn} ={(-D"}).

3%, Cxoosuwascs nocie0o8amebHOCMb {xn} o2paHuvena.
limx, =a= 11 ¢= 1 umeem
|xn|—|a|S|xn —a|<1 VnZN:>|xn|<|a|+1 , Vn 2 N = [0J10KUM

, |a|+1}:>|xn|<c, Vn>N.

C=1’l’l&X{|X1 9 eeey |XN_1

Yrou Tp€6OBaJIOCI> II0OKAa3aThb
Huoice npueedeubl ceolcmea npedeﬂoe, Kacamwouiueca HepaseHncmse.

0 . .
4" Ecru lim x, =a,lim y,=b u a<b, mo x,<y,, HaUuUHAaA C HEKOMOPO20
n—®0 n—®0

Homepa N, (n> N).

OTCI-OI[a CICAYyCT, UTO CCJIN lim X, =a#* 0, TO X, COXpPaHACT 3HAK, Ha4YMHaA C HCKO-
n—>00

TOPOrO0 HOMepa. 3aMEeTHM OJHAKO, 4To ecnu x, >0 Vn, 10 a=Ilimx, >20. (cm.
n—»0

1
HaIpuMmep, - ).

0
5°. («0 ABYX MUIIUIIMOHEPAX)))
Ilycmb umeromes nocnedosamenvHocmu {x,},{y,},1z,}, makue umo x,<y, <z, u

lim x,=a, lim z,=a . Tozda lim y, =a.
n—>0 N0 e300

ApudmMeTndecKue onepauuy HaJ CXOASIIIMMHUCS MOCJIeI0BATEIbHOCTAMU

Teopema. Eciu {xn}—>a, {yn}—>b npu n—> oo, mo
1) lim(x, £y, )=limx, +limy, =a+b;
2) limex, =climx, =c-a;
3) limx, -y, =limx, -limy, =a-b;
1 1 1

4) limx, =a#0= Jlim—=—=—. :>1imx—”:%,yn £0,b 0

x, limx, a Yy

§ 3. MOHOTOHHBIE MOCJIEA0BATEILHOCTH

Onpene.ﬂeHne. Yucnosas nociedo8ameibHOCb {Xn} Has3vleaemcs Heyﬁbwa-

roweit, ecau x; <x, <...<x, <x, <..., (cmpozo 603pacmaroujel, eciu HepaseHcmea

6bINOJIHAONICA KAK cmpocue HepaeeHcmea).

AHaJOTUYHO ONpPEAEIAIOTCS HEBO3pacTaloOUIMe M CTPOro yObIBalollue MOCIeq0Ba-
TEJIBbHOCTH (C COOTBETCTBYIOIINM U3MEHEHUEM HAIIPABJICHUS B HEPABEHCTBAX).



Jlexrst Ne 8-9 (OCHOBBI MATEMATUYECKOTO aHAINU3A npod. dsiMxos M.IL. 71

Bospacmarowue u yovisarowue, neyovisarowue u Heso3pacmarowue nocie008amelbHOCHU

Un020a 0OLEOUHSIIOM OOHUM HA36AHUEM — MOHOMOHHbBIE NOC/1E006AMEIbHOCHU.
MoHoOTOHHasi BO3pacTarolias Mmocjaea0BaTeIbHOCTh BCET/Ia OTPaHMYCHA CHU3Y

CBOWM II€PBBIM YWJICHOM, MOHOTOHHO YOBIB. — CBEPXY IMEPBBIM WJICHOM.

ITo cBoiicTBY 3° HeoOX0aUMBIM YCJIOBHUEM CXOIUMOCTH ITOCICAOBATEILHOCTH SIBJISI-

€TCA €€ OIrpaHNYICHHOCTD. OgHaKO O6paTHOG HEBCPHO, T.C. IPOCTO OIrPaHUYCHHOCTDH
IMOCJICAOBATCIIBHOCTHU HC IapaHTUPYCT €€ CXOANMOCTD.

Ipumep. {(—1)”} HE SIBIIICTCS CXOJSINEHCS, XOTS SBJISIETCA OrPaHUYEHHOM.
(Ymp. — mokazars).

OKa?)BIBaCTC}I, A1 MOHOTOHHBIX HOCHCHOB&TCHBHOCTCﬁ HNX OrpaHUYCHHOCTD

SABJIACTCSA YK€ U JOCTATOYHBIM YCIIOBUEM CXOJHUMOCTH.

Teopema (Beiiepmrpacca) (Kpurepuii CXOAMMOCTH MOHOTOHHBIX IOCJIE0BA-
TeNbHOCTEH). /[l moco, umobbl MOHOMOHHASL NOCIE008AMENbHOCHb CXOOUNACH
HeoOX00UMO U 00CMAMOYHO, YMooObl OHA ObLIA 02PAHUYEHHOU.

Kax 6bims ¢ npousz801bHOU (HE MOHOMOHHOU) NOCIE008AMEIbHOCIbIO? .

Omnpenenenue. 1 06opsam, umo nociedo08amenbHOCHb {xn} saensaemcs Qynoa-

MenmanvHou (unu nociedosamenvHocmoio Kowu), ecru Ve >0 AN, umo ons ecex

n2N u m=N evinonnsaemcs yciosue ‘xn - xm‘ <¢.

Teopema (xputepuii cxomumoctu Komm). /[1a cxooumocmu uucnosoil no-

cneoosamelbHoCmu {xn} HeoOX00UMO U OOCMAMOYHO, Ymobbl OHU ObLIU NOCAE00-

samenvrHocmovio Kowiu.

Mpumepsb. 1) lim ik =0;

n—o
2, 3 1
2)"mzf+3n+1_n(L+n+¢9_1+0+0_£_
no 2n% —5n nz(2_§) 2+0+0 2°
n
cosn
3) Iimmzlim \/;1 :(‘COSH‘SU:O-{OFP}:O-{Orp}:O;
n+ 14% 1+0 1
n

1

(\/__\/_)(\/_+\/_)_3n+1—3n_ ﬁ

= = =0
 + Vv 3+’]1.+\/§

4) Iim[\/3n+1—\/§]:lim
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§ 4. Uucsio e 1 ero 3KOHOMHUYECKA MJTIOCTPALIUA.
IIpuMeHeHMe NpeIeIOB B IKOHOMHUYECKHX pacyeTax

PaCCMOTpI/IM IMOCJIICAOBATCIbHOCTD

d=1(1+1)

Jlokaxkem, 4TO 3Ta MOCJEA0BAaTEIbHOCT, UMeeT npenes. Ham nmonamobutcs ciemy-
1oliee Hepagencmeo bepnynnu

A+h)"21+nh gns h>-1, n=0,1,2,... .

Yup'. Jokazars no uaykiuu (Jlas n = 1 — Bepro. Ilycts npu n = k BepHo,
r.e. (1+h)* >1+h-k. Ymuoxum o6e yactr Ha (1+h)>0=
A+h) ™ >A+kh)1+h) =1+ (k+Dh+kh*> 21+ (k+Dh, 1k kh*>0, uro wu

TpeOOBAIOCH I0KA3aTh )

1Y 1
CornacHo HepaBeHCTBY bepHyium umeem x, = (1 + —j >l+n-—=2.
n n

1
OO6o3HauuM y, =x, (1 + —j >2. Torma g mnocneroBaTeIbHOCTH { yn} HMeeM
n

1 n+l 1 n+l
yn 2(14——] I( ] . OTCIO,Z[a, BOCIIOJIb30BaBIINCh CIIC pa3 HCPABCHCTBOM
n n

bepnymm, nonyyum

n+l
yn_l_( n jn/(n+1j"+l_ non™ n-1 n2 ) B
y, \n-1 n n-D"n+D)"™"  n (n*-1

n+l
:n—l(“_ 21 j z”‘l[u n2+1) :n—1(1+ 1 j:n—l‘ n _1
n n-—1 n n-—1 n n—1 n n-—1

T.C. JIOKa3ajik , 9To y, (=Y, .

Utak, uMeeM , 94TO MOCIIEeI0BATEILHOCTD { yn} :
1) MOHOTOHHO YOBIBaET;

2) orpaHu4YeHa CHU3Yy YHUCIIOM 2.

Toraa, no kputeputo BeitepiiTpacca nocienoBaTeabHOCTb { yn} cxoauTtcs (T.e. ume-

€T KOHEUHbIN TIpeien).
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3ameTumMm, 4To

lim y, = lim xn-(1+1j = limxn-lim(lJrlj: lim x,, -1,

n—>00 n—>00 n n—>00 n—>00 n n—>00

m.e. NOC1€006amMeIbHOCHb {xn} maksce cxooumcsa. Ilpunamo Imom npeoen
0003HauUmMb OYKEOU « € » .
1 n
e=lim|1+—| =2,718281.... (**)
n—o0 n

OTMGTI/IM, qTo € — uppauroHaJIbHOC YMCJI0, OHO UI'pacT BaXXHYIO POJIb B MaTEMa-
THKC, CT'O HA3BIBAIOT CIIC YN CIIOM Sﬁnepa (B 3HAK IIPHU3HAHUA €TO 3acnyr).

CooTtHomnieHue (**) Ha3bpIBAIOT €11I€ 3aMeYaTeIbHbBIM MPEJIETIOM.

K sromy 3ameuarenbHoMy mipejieny (U, ClIeIOBaTeNIbHO, K YHUCITY €) MPUBOIST
MHOTHE 3a/1aud, CBSI3aHHBIE C HEMNPEPHIBHBIM POCTOM KaKOW-TMOO BETUYUHBI —
HaAIpUMep, POCT MPOLIEHTOB MO BKJIaJaM, POCT HACENEeHHUs, Pa3MHOKEHUSI OaKTepuil,
PaZAMOaKTUBHBIN pacma.

‘PaCCMOTpI/IM npnMep‘ (S.H.Ilepenbman), narIuil THTEPIPETALUIO YKCIIA € B

3a71a4ue O CAOHCHBIX RPOUEHMAX.

B cbepbankax MpOIEHTHBIC ACHBI'H MPUCOCIUHSIIOTCS K OCHOBHOMY KaIlUTaIy
00bpryHO exeronHo. Ecim mpucoennHeHne (KamuTalnu3alus) COBEpIIAeTCs Jalie, TO
KamuTaji pacTeT OpIcTpee.

Bo3bmeM uncTo TeopeTnueckuil (yrpoieHHbli) npumep. [lycts B 0aHK mono-
xuau 100 py0. mox 100% romoBeix. Eciiv npolieHTHBIE JeHbIM OyayT MPUCOEIUHE-
Hbl K OCHOBHOMY KalMTajJy JUIIb 0 UCTEYEHUU roja, To K 3ToMy cpoky 100 py0.

npespatrarcs B 100 + % -100% =100(1+1) =200 pyO®.

[TocmotpuMm Temeps, BO uTo Obl peBpatwivch Hamu 100 py6., ecau Ob1 Ipo-
[IEHTHBIC JIECHBI'M MPUCOCANHSUIM K OCHOBHOMY KalHUTAIly Ka)able ToJroa (mpu Tou

xe ctaBke 100% 3a ron): yepe3 moarona umeem 100+ % -100% = 100(1 +%) =150

py0., a emie yepe3 MoOAroja yXe UMEeM 150+%-100%=150(1+%):225 pyo.,

T.C. CYMMApHYIKO BCJIMYMHY II0 HUCTCUCHHMU TO0Jlda MOXHO IPCACTABUTHL KakK

2
100(1+%j =225 pyo.




Jlexmms Ne 8-9 OCHOBBI MATEMATHYECKOTO aHAJIN3A npod. deimxos MLIL. 74

Ecinu npucoeauHeHue JACHCT OCJIaTh KaXXAbIC 5 roga, To 1m0 UCTCYCHHUHU Ioaa

3
100 py6. (TIpu TOM &e CTaBKE) MPEBPAIIAIOTCS B CYMMY: 100(1 + %) ~ 237 pyO.

bynem Tenepp ydamars CpOKM NPUCOEIUHEHUS NPOLEHTHBIX AeHer 10 0,1 ro-

na; 1 0,01 roga u T.4. Torma u3 100 py6sieli cimycTst roj] oJIy4aeTcs:
1 10 1 100 1 1000
100|1+—| =259, 100|1+— ~270, 100{ 1+ —— ~271.
10 100 1000

[Ipu Ge3rpaHMYHOM COKpaIIEHUU CPOKOB MPHUCOCIUHEHUS MPOIEHTOB HapaICHHBIN
KammuTaa He pacTeT OecnpeebHO, a MPUOIKACTCS K HEKOeMYy Ipeaeiry, mMpuoiIn3u-
TeNbHO paBHOMY 271 py0. bosiee ueM B e pa3 kanurai, noyioxeHHsid noa 100% ro-

AOBBIX, YBCIIMIUTLCA HC MOXKCT, JaXKC CCIIN OBI HapoCHIure MPOUCHTBI ITPUCOCANHSAIN

n
€XKECEeKyHJIHO, T.K. lim|1+— | =e.
Nn—>00 n

IlpuMepsl.

)
nll1+—
n+l n

1) lokasaTh 1o onpenenenuro, uro lim —=1. |=——==1+——>1/|.
n—wo N n n
n+l1 1
Bosemem ¢>0. T.x. |xn — 1| = —1|=—, TO nns HaxoxJeHus TpeOyeMoro B
n n
1
onpefeneHuu N, 10CTaTOYHO PELIMTh HEPABEHCTBO — < & .
n

Otcrona n>l:>N:[l}rl.
P &

2) lim

n—»0o0

n?+1 \/Z +5 [IpUMEHHUTH TEOPEMY O TIPEEIIE YACTHOTO
=+ =
3n°—4  n+2

(e8] 4]

= lim + =

n
e n2(3—42) n[1+2j

HE MOXEM, T.K. — 00 = TIpeodpazyemM

e =)

W | =
W | —
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n—o\ 3n+1

4) lim (\/n2 +3n — n) = lim

Nn—»0

n—»0

ot +3n-n? )
= lim = lim

n_mn[‘/1+3+1]
n

42

o ofs-)
3) 1im(4”_5j — lim| "/

(N3 30 1)

( n® +3n +n)
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[masa VIIl. [pegen 1 HempepbIBHOCTL QYHKLMK OFHON BELLIECTBEHHON NepakSHHO

Y

[Tonsarue ¢pyHKIIN

[Ipenen dynkuu

OnHOCTOPOHHME MPEEIIbI

CaoiicTBa npenenoB QPyHKIui
beckoHedyHO Masble 1 OECKOHEYHO 0OoJIbIINE (PYHKLNH.
IloHATHE HEOTPENETIEHHOCTH
[TepBblii 3amMedaTENbHBIN MIPEIEI
Bropoii 3amedaTenbHbIi Ipeae
CpaBHenue QpyHKIUH
HenpepsiBHOCTH QYyHKIIHIT B TOUKE
CBolicTBa HENPEPHIBHBIX (PYHKITUH
OOHOCTOPOHHSISI HENPEPBIBHOCTb.
Touku pa3pbiBa 1 UX KiIaccuPUKAIISL

YVVVVVVYVYYVYVVVYVYVYYVYY

CBoiicTBa HENPEPHIBHBIX HA OTpe3Ke QyHKUUN

§ 1. llpenen pynkuun

1. lMonsaTne ¢pynkuun. OTpaxkeHrueM QakTa, YTO MHOTHE W3 OKPYKAIOIIUX
SIBJICHUN B3aMMOCBSI3aHbl U 3aBUCST JAPYT OT JIPyra, B MaTEMaTUKE CIY>KHUT TMOHSITHE
(GYHKIMOHATBHONM 3aBHCHUMOCTH BEJIMYMH. MaTreMaTHuecKyl CTPOrOCTh MOHSTHIO
dbyHKIIMK TIepBRIME Tpuany JleOuutl, beprymmu.

Omnpenenenue. [lycmov X u Y — 3a0annvie muodcecmsa (X cRYC R). Ecnu

Kaxcoomy onemenmy xe€X no onpedenennomy npasuny f nocmaeieH 8
coomeemcmeue oOuH snemenm y €Y, mo 2oeopsam, yumo 3a0aHa (PYHKYUOHANbHAS

3a8UCUMOCTb ) OM X, UTU, NO-OPY2OMY, — 3A0aHa GyHkyuay = f (x)

[Ipu »TOM X Ha3bIBAIOT HE3aBUCHMOW NEPEMEHHOM (apryMeHTOM), y -
3aBUCUMOI TIEPEMEHHOM, MHOXECTBO X — 001acThio ompeneneHusi, Y — 00JacThio
3HaueHUH QyHKIMU. YacTo PyHKIIHUIO 3aMUCHIBAIOT CUMBOJIUYECKH f: X — V.

Ecnn nepemennsle x € X', y €Y paccmaTpuBaTh Kak JEKAPTOBBI KOOPAWHATHI
Ha IJIOCKOCTH, TO JAelcTBUTeNbHas GyHkous f:X — Y  1elCTBUTENBHOTO

IMCPEMCHHO X MOKCT OBITH I/I306pa>K€Ha B BHUJIC F[}&ShI/IKa.

Onpeneﬂeﬂue. I'pagpuxom  pynkyuu y=f (x) xe X, Hazvieaemcsl
2ceomempureckoe mecmo mouek niockocmu Oxy euoa
(), xe X; y=f(»)}
[abcyuccor x komopwvix npunadnexcam X, a opouHamvl HAXO0AMCS U3 COOMHOULEHUS]

y=[(x)]
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Takum 00pa3om, 3a1aTh PYHKITUIO — 3TO 3HAYUT OMPEEIUTH TPU €€ DIIEMEHTA:
1) obmacte onpeneneHus X;
2) obmacTh 3HAYCHUH Y
3) ykazate 3akoH (mpaBuio, Qopmyny, ...) f, TO KOTOPOMY KaKIOMY

3HAQYEHUIO apryMEHTa X CTaBUTCS B COOTBETCTBHE (BBIYMCISETCSA) 3HAYCHHS
3aBUCHUMOM MEPEMEHHOM y U3 ee 001acTu 3HaUYCHU Y.

OueBuHBIM 00pa30M ONPEAEISAIOTCS MOHATUS BO3PACTAOIIMX, YOBIBAIOLIUX
(cTporo, HECTPOro), MOHOTOHHBIX, OTPAHUYEHHBIX (PYHKIHI (CM. COOTBETCTBYIOIIUN
pa3iesl 4YUCIIOBBIX MTOCIEN0BATEIBHOCTEN) .

CymiecTByIOT ~ pa3jiuyHble  CIMOcOoObl  3afaHus (QYHKIUN: TAOJIUYHBINM,
rpadpuyeckuii, onucarejJbHbI, aHAJIUTHYECKHil (T.e., B Buiae (opmyIbl),
MPOrpaMMHBIN U AP.

[IpocTeHImMMy IeMEHTAPHBIMU (PYHKIUSIMH SIBISFOTCS

1) y=x“, a € R—crenennas GyHKIHUS;
2) y=a*, aeR, a#1, a>0—mnoka3arenbHasi;

3) y=log,x;
4) TPUTOHOMETPHUUYECKHE;
5) obpaTHbIE TPUTOHOMETPUIECKHE.
N3 »stux QyHKIUA TOCPEACTBOM apU(PMETHUYECKUX ONEeparuii  MOMKHO
00pa3zoBaTh MHOTO JPYTUX (PYHKITUH.

Eme onuna cnoco6 00pa3oBhIBaTh HOBBIC (DYHKITMU 3aKIIOUYACTCS B OTIEPAIHH
cynepriosuimu GyHKIUNA (MU 00pa3oBaHUE TaK HA3BIBAEMOU CIOXKHOW (DyHKITHH).

Ecnu na nHekoropom MHO)kecTBe X ompeneneHa GyHKIUS z =/(X) C MHOXKECTBOM
3HaueHUW Z, a Ha Z — onpeaeneHa Qyskuus y= f(z), TO QyHKIUA

vy = f(w(x))Ha3pIBaeTca cynepno3unueit pyHkunii (Mim CIoxKHON QyHKITUEH)

[w:X—)Z, f:Z->Y, T fot//:X—)Y].

t
Ipumep. y=tg(Inx), y=¢e""%",
Onpenenenne. Dyuxyuu, NOAYYEHHbIE U3 NPOCMETUUX  INEMEHMAPHBIX
(DYyHKYULL ¢ ROMOWBIO apupMemuueckux onepayuil, d maxkxice nymem Cynepnosuyull
SMUX DYHKYUL COCMABIAIOM KIACC INEMEHMAPHBIX QYHKYUIL.
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IIpumepsl (HedTeMEHTAPHBIX PYHKITUN).
N 2, sin 3" x
Oynkuus, 3agaBaemas hopmyioit Beitepmtpacca y= ZZ—”
n=0
I, x—panumoHaIbHOE YMUCIIO,
Oynkums upuxie y =
0, Xx—uppauUOHAIBLHOE YUCIIO.

2. Ilonsitue mnpenena ¢Pyakumu. I[lycts ynkuus y=f (x) olpezelieHa Ha

HEKOTOPOM YHCJIOBOM MHOXECTBE X M TOUYKa x sBigeTcs MPEAECIBbHOU TOUYKOU ATOrO
MHOJKECTBA, T.€. B JIIOOOH & - OKPECTHOCTH TOUKU X, COJEPIKATCSA TOUKU MHOXKECTBA

X, x € X', OTIINYHBIE OT X, X # X;.
[ £ - OKPECTHOCTHIO TOYKH X, Ha3bIBaeTcsi MATepBaAT (x, —&, x, +&)].

N3 OIIPCACIICHUA HpGI[CJ'IBHOI?I TOYKH CJICAYCT, 4TO CaMa IIPCAC/IbHAsA TOYKa X,

MOJKCT KaK IIPUHAJICKATh MHOKCCTBY AXV, TaK U HC IIPUHAIJICIKATL CMY.

H X =(o, 1], X, =0 —rmpenenbHas, HO X, & X,
anpumep.
PEMEP- |y — [O, 1], x, =0 —npenensHasd, U x, € X.

CnenoBatenbHO, €Clid IpeleibHas Touka X, € X, To QyHKuus y = f(x) He

OIIPCACJ/ICHA B TOYKEC X, .

Janee, BO3bMEM BO MHO>XECTBE X MOCJIEOBATEIBHOCTh TOYEK
. 0.
x,i=1 ..,n, ..., X; #x,, X, € X , CXOUAILLYIOCS K TOUKE X :
X3 Xoy ey Xy coom > X, . (1)
15 V2> ) 9 0
" n—> o0

3HaueHus PyHKIUM ) = f(x) OIpEleNIeHbl I BCEX X = X;, IOITOMY 3TH 3HAUEHUS

TAKIKC 06pa3y}0T YHCIOBYIO ITOCICAOBATCIbHOCTD, 110 OTHOIICHHIO KOTOpOfI MOJKHO
CTaBHUTB BOIIPOC O €€ CXOANMOCTHU

f('xl)a f(x2)s tee f(xn)s e (2)

Omnpenenenue. Yucio A Hazvieaemcs npedenom Gyuxyuu f(x) 6 mouke

xX=x, (@mom ¢paxm 3anucvieaemcsi A= lim f(x) unu f(x) = A), ecau onsa n06oi
x—>x0 x—)xo

noc1e008amenbHoCmu {xn} 3HAYEHUU ap2yMeHma X (QYHKYuil, OMIUYHbIX OM X, U

cxooawasca K mouke X, X, —> X, X, %X,  COOMEemcmeyrouas

n—0

noC1e008amenbHOCHb 3HAYEHUIL { f (xn )} dynkyuu f(x) cxooumes k uucay A:

(f(xn)—>A npu n—)oo).

Kparko 3T0T pakt mMHOrAa 3anucChIBAIOT B BUJE
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A=lim f(x) = Vix,}, x, #x,, 1y >x,= f(x,) >4 n—>w.

x—>x0

DTO OmnpeAelieHHWe JaHO Ha OCHOBAHMM TMOHSTUS IIpeerna YHCIOBOU
IIOCJIEIOBATENBHOCTH — TOBOPAT, OlpeesieHue 1o I'eline.

MoXHO AaTh W ApPyroe, SKBUBAJIGHTHOE, OMpeaeiieHne mpenena QyHKIuu Ha

SI3BIKE «E— O» — OKPGCTHOCTGﬁ — WK OIIPCACIICHUC I10 Komu.

Onpenenenue. Yucro A nazvieaemcs npeoenom @yuxkyuu [(x) 6 mouke
xX=x,, eci 0xa nwobozo &>0 cywecmgyem O >0, makoe, umo O 6cex

xeX (x =X, ) VOO0BIEeMBOPAIOWUX — HEPABEHCMBY ‘x — xo‘ <0, evinoaHsemcs

HepaseHcmao ‘ f(x)— A‘ <&

KpaTKO 3aIIMCBhIBAIOT B BUJC:

A=1lim f(x) & Ve>0, 365> 0, Vx, x#x,:|x— x| <5 >|f(x)— 4|<e

X—>Xo

FeOMeTpl/I‘IeCKaH HJIICTpanus

VA
b=t

A+e

|
==l
i L
A-e J— ! i |
N
i L

i >

xp=5 o ntd X
2
IMpumep. f(x)zx 39 Xo=3.
Y —

Pemenne. OGnacth onpezeneHust ectb X :R\{x:3}. Tak kKak cama TO4YKa

X, =3 HE y4acTBYET B BBIUUCIIEHUSX, TO MOXKEM IIpeoOpa3oBaTh

2
limx—9 =lim (x=3)(x+3) =lim(x+3). Hoxaxem, uro lim f(x)=6. Bo3pmem
-3 x—3 x—3 (_x — 3) x—3 x—3

Ve>0 wm pmna pa3HOCTHM 3HAYCHUU ‘f(x) — A‘ = ‘x +3-— 6‘ = ‘x — 3‘ <& Halaem

TpedyeMoe 6. O4eBUIHO, MOXKHO B3ATh O = & Tornaa juist Bcex x:
x-3[<d=e=|f(x)-d|=|x-3<e=6.
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OnHOCTOpOHHUE NPeAeIbI

Omnpenenenue. Yucno A nazwieaemcsa npasvim npederom @yuxkyuu f(x) 8

mouke  X,, eciu 07 Vix, | x, > Xo, X, > X, coomeemcmeyiouasn

nocieoosamenbHocms  3Hadyenut  {f (xn)} — A. Ilpu >mom, npaswiii npeoen
n—»©

oboznauarom A= f (xo + O): lim f(x)= lim f(x). Ananocuuno, onpedensemcs
x—=>xy+0 X—>X,X>X

nesvlii npeden A= f (xo — O) = lim . f(x).
X—>Xp—

CB3b MEXJly OAHOCTOPOHHHUMHM MpeleiamMu W MpeAesioM (PYHKIMU B TOYKE

YCTaHABJIIMBACTCA CIICAYIOIIUM YTBCPKACHUCM:

Teopema. @yuxyus f(x) umeem npeden 6 mouke x, moz20a u MoaAbKO mMo2oaq,

K020a 6 3Mol moyKe cyujecmeyem npasvlil U J1esvlil npedeivl U OHU pasHsl. B amom
cydae ux obwee 3Havenue A61Aemcs npeoenom QYHKyuu 6 mouke X,

A=lim f(x)= lim f(x)= lim f(x).

x—)xO

T.O., CCJIIM OAHOCTOPOHHHUC IIPCACIIbI CYIICCTBYIOT, HO HC PABHBI, TO TOrAa IMPCAcCI

(GyHKIIUU B 3TOM TOYKE HE CYIIECTBYET.

ITpumep.
f(x)=m X=R\{0} x,=0 +1 [
X
tim M= i X 21 tim P2 pim =Y = > 1
x—=0+ x x>0+ x x—=>0- x x—=0- x

flx,—0)# f(x,+0) = A lim f(x) — Her mpenena B Touke x, = 0.

X=X

CroiicTBa npenenoB GyHKIU

Panee ormeyanuce yxe CBOMCTBA IPEIEIIOB YUCIOBBIX MOCIEN0BATEIBHOCTEM,
KOTOpble mpencTaBiasi NoT co0oi mnpenensl (YyHKUWWA, ONPENEICHHBIX Ha
CIIELIMAJIbHOM MHOXECTBE — MHOXECTBE HATYyPaJbHBIX YHCEI TaK YTO YJICHBI
[0CJIEeI0BaTeNbHOCTH  ecTh a, = f(n). HerpynHo BuIeTb, 4YTO 3TH CBOIiCTBa

MEPEHOCATCS U Ha 00U CIydal mpenesoB (yHKIIHMA.
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Teopema. Eciu ¢yuxyuu f (x) u g(x) umerom 6 mouke X=X, npeoei

A=lim f(x), B=lim g(x), mo:
X=X

X—>X

1) lim (f(x) £ g(x)) = lim f(x)+ lim g(x)= A+ B

2) lim(c- f(x)=c-lim f(x)=c-A4;

3) im(f(x)-g(x)) = lim f(x)- lim g(x)=A4-B;

lim £(x)
R A

-y g(x) lim g(x)B
X—>X

=—,ecim B=0.

. 2x°-3x+6 2-4-3.2+6 8 2
Ipumep. lim—; = =<=5-
=2 x“+3x+2 4+3.2+2 12 3

beckoHeuHOo MaJjibie M 0€CKOHEYHO 00JIbIIHE (PYHKIIMH.
ITousiTe HeompeaeJTeHHOCTH

BaxxHyo poJib UrparoT GyHKUKHU, TPEAeS KOTOPbIX paBeH 0 miu oc.

Onpenenenue. @yukyus f (x) nazvieaemcs beckoneuno manou (6.m.¢h.) 6

mouke Xx=Xx,, eciu npeden lim f(x)=0. Ananocuuno onpeoenaiomcs 6.m.¢p. npu
X—>X

x —too, npu x — x, =0 (0onocmoponnue)

CgoiicTBa 0ECKOHEYHO MaJIbIX (DYHKIIMH TIOXOKM Ha COOTBETCTBYIOIINE
CBOICTBA OECKOHEYHO MaJIBIX ITOCIIEA0BATEIHHOCTEN.

cosl <1

X

5

1
Hanpumep. y=x-cos—, x,=0.T.k. y=x—-06M.BT. x,=0,a y=
X

: 1
T0o lim x-cos— =0 (kak npousBefeHUe 0.M. HA OTPAHUUYCHHYIO (YHKIIHIO).
xX—>00 X

Ecin 3HaueHnsa ¢QyHKmuM f (x) cTpeMsaTcs K OECKOHEYHOCTH IPU X —> X,

[ f(x) > oo} , TO MOKHO BBECTH ClIeIyIolIee MoHsATHE (OECKOHEUHOr0) Mpeera.
x—)xo

bynem rosoputh, uto lim f(x)=o (400 UMM —©), eclu JUISL
X—>X

VM >0 3 6 >0 uro ans Bcex ‘x - xo‘ < 0 BBITNIOJHEHO YCIIOBUE ‘ f (x)‘ >M .
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Onpenenenue. Qyuxkyusa | (x) Hazvlgaemcsi OecKoHeyHo 0obUlol pyHKYuell

(6.6.¢.) 6 mouxe x=1x,, eciu npeden lim f(x)=xw. Auanocuuno onpedensiromcs
X—>X

0.0.¢h. npu x — too, npu x - x, £0.

Céa3b mexcoy o.m.¢p. u 0.0.¢h.:

1
ecnd f— 0.0.b. B Touke x=x,, TO —— O.M.). B TOUke X =Xx, U Ha00OpOT (eciu
0 0

f#0).
Honamue neonpeoenennocmei.
y a(x)
YacTo npu BRIYUCICHUH MPESIOB QYHKIIMN BCTPEUYAIOTCS BBIPAKCHUS BHJIA B’
X

rie a(x), f(x)— 6.M.0p. B TOouke x=Xx,. B 3TOM ciydae Takoe BBIpaKEHHE

CHUMBOJIMYCCKHU 3allMCBhIBAIOT KakK 6 N Ha3bIBAIOT HCOIIPCACICHHOCTBIO BHIA 6

a(x
Amnanornuso, ecimu a(x) u B(x)— 0.0.p. B TOuke X,, TO BBIPAXKEHUE (x)
p(x)
o0
Ha3bIBAIOT HEOMPEIEICHHOCTHIO BUa — .
o0

IIpuMmepsI.

2_ —_— —_— J— J—
X 5x+6_(9):nm(x 2)(x 3)=limx 3 2-3 1

1) lim
0 (x—2)(x—1) x-1 2-1

—=2x? —3x+2

Csx42 (@) . G si0 s
2) lim =| — |=1lim = =—.
x—w Tx + 0 X—%0 x(7 + ) 7+0 7
S(2.3.7
. 2xT=3x+7 . ¥ Xty 0
3) im—————=1Iim : =—=0.
x>0 x” —3x" +9 (1+) 1

[Tono6HBIM 00pa30M BO3HUKAIOT HEOMPEACICHHOCTH APYTUX THUIIOB; 00 — 0,

0-c0, o’, 0°, 1°. PacKpbITb HEONPEICICHHOCTh — 3TO 3HAYUT HANTH npeaen

BbIpaXeHHsI (€ciii OH 1), YTO 3aBUCHT OT TIOBEICHUS KOHKPETHBIX (DYHKIIHA,
BXOJSIINX B 3TU BBIPAKECHUS.
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§ 2. 3ameuareabHblie npegeansl. Cpapaenne pyakumnii. CumBossl O U 0

‘l’[emeﬁ 3aMeyYaTe/bHbIN mpeae.

C’
. sinx
lim =1.
-0 Xx X .
PaccMoTpuM Kpyr pammyca R M clelaem 0 R 4 x

JOTIOJIHUTEINIbHBIC IOCTPOEHUS (CM. PUCYHOK).

Moka3zareabcTBo. I3 pucynka cuenyer
HEPABEHCTBO Sy 05 < S,otiopaop <Sapoac WIH, UCTONB3YSI PABCHCTBO /i=Rsinx

(opMyIIBI TS IIIOIAACH CEKTOpa U TPEYTrOJIbHUKOB A , UMEEM
1, . 1 , 1,
ER sin x < ER x< ER tgXx WM IIOCJIE COKpAIlEHUs

1<x

sin x
— < wm 1>——>cosx .
sinx COSXx x

Tenepr B mocjeIHEeM HEPABEHCTBE MepeiiieM K mpeaeny npu x — 0
i in x

) . sinx . . S1
limcosx <lim——<liml=1<lim <1.

x—0 x>0 x x—=>0 x

®akt limcosx =1—ycTaHOBUM MO3XKE B pa3jesie HENPEPHIBHOCTh (DYHKIIUA.
x—0

CBo#CTBO 0 “2-X MWIMLHOHEpax~ CHpPaBEJIMBO M AJis mpeaenoB (GyHKuuid. Takum
o0pa3om, JoKka3au TpedyemMoe YTBEpKICHHUE.

ITIpumepsl.
1 limsme :limsmeé:lé:é
=0 3x x>0 Sx 3 3 3
1— cosx 2sin > 5 sin sin” 1 11
x—0 X X 3 { E 4 4 2
2 2
. tgx . sinx 1
3) lim—=—=Ilim : =1-1=1.

x—>0 x x=>0 x COS X

X—>00 X

X
Bropoii 3aMeuyaTeIbHbIN Npeae)l. 1im(1 + —j =e.

Ero A0Ka3aTCJIbCTBO CBOAUTCA K HCIIOJIB30BAHHUIO YK€ H3BCCTHOI'O IIPCACIIa

n X—>0

y 1Y’
YHCJIOBOM MOCJIE0BATEIbHOCTH (1 +—| > e.(¥Ynp.)
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: 1 1
[Ipenensr BHuma hm(l + x) ¢ =€ CBOIATCS 3aMEHOM y=— K Mpeaeny
X

x—0
1 y
lim(l + —j =e.
X—>00 y

X b —2
Ipumep. 1) lim(x hl 2) = lim(l + z) = lim(l + 2]2 = [y = g} —
X—>0 X X—>0 X X X

172 172
> F:l}zliml(lw)y] =[1im(1+y)y] =,
2 y| o0 y—0

HexoTopble apyrue BaxxKHbIe Npeaebl

1y lim 28D o e(aze@limwzlnezlj.
x—0 X x—0 X

2) lim% _l—lna(a—ezlime _1_1j.
=0 X >0 x

3) lim(1+x—)_1:a
x—0 X

CpaBHenne pyHKUMi

Paccmotpum G6eckoHedHO Manible QyHKIUU f (x) 51 g(x) B TOYKE X, IPUYEM

g(x)# 0 B OKPECTHOCTH TOYKH X,,.

Onpenenenne. 1. Pyuxyus f(x) nasvieaiom sxeusanenmmoii g(x) npu

X = Xy, ecru lim S () =1
X—Xg g(x)

(f (x) ~ g (x) mpu x — x;).
Hpumep: sinx~x, x > 0.
2. Tosopam, umo ¢ynkyuu f (x) u g(x) npu X — X, O0OHO20 NOPAOKA

manocmu, ecau lim J(x) =
XX g(x)

c, c#0, c#oo.

OTOT (akT 3amUCHIBAIOT MHOTJA Kak ( f (x):O[g(x)]) U TOBOPSAT, 4TO (GyHKIUS

f ectb «O-00b110€» OT QYHKUUUA g

3. l'oséopam, umo ¢ynxyusa f (x) bonbUe20 nopsAOKa MAlocmu, 4em QyHKyus

g(x) npu x—>x, ecmu lim J(x)
x—=x g(X)

=0. DToT (akT 3anKCHIBAIOT HHOTAA Kak

( f(x)= O[g(x)]) 1 TOBOPSIT, 4TO YHKIUS [ €CTh «0-Maoe» OT QyHKINHU g .
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MoxHO IIPOBCPUTH, YTO UMCIOT MCCTO CJIICAYIOIMINC 9KBUBAJICHTHOCTH !

1) x~sinx~tgx~arcsinx~arctgx~(ex—1)~1n(1+x) npu x —>0;
2
2) 1—cosx~% npu x —> 0; u ap.

OKBUBAJICHTHOCTh (YHKIUH MOXXET OBITh HCHOJB30BaHA IMPH BBHIYUCICHUH
npeaenoB GyHKIUH.

IIpumepsbI.
D1im B2 i 22 gy Y72 gy LD
=2 x" =4 2x -4 o2(x-2)(x+2) 2x+2 4
¥
2) lim ln(cc;sx) _ (9) —tim In[l + (cgsx -1)] tim cosyg—l lim 22 _
x—0 X 0 x—0 X =0 x =0 x 2
3) im eS0Ty, JOx g

=0 In(1+2x x>0 2x

§ 3. HennpepbiBHOCTH QYHKIIMH B TOYKE

C npenenoMm (GYHKIIMM TECHO CBS3aHO OJIHO W3 BaXKHBIX IOHATHH
MaTEMaTUYECKOTO aHaliu3a — HENPEePhIBHOCTh (YHKIHUM (3HAYMTEIbHBINA BKJIaj
BHecu bonbrano, Komm).

[Tycts dynkums y= f(x) sBIseTCS NpeneabHON TOUYKOW, MPUHAICKAIICH

MHOXECTBY X.

Onpenenenue 1. @yuxyus y= f(x), x€ X Ha3zvieaemcs HeNpepwviGHOU 8
mouke X, € X, eciu oHa onpeoenena 6 camou mouke X,, a makice ¢ HeKOmopou ee

OKPEeCMHOCMU U CNPABedIUBO Cledyioujee pageHcmeao
lim f(x) = £ (x,) (1)
x—0
m.e. cywjecmeyem npeoen (OYHKYuu 6 mouke X, U 3mom npeoei paseH 3HAYEHUIO
@yHKYUU 8 5MOU mouxe.

CumBonmyecku (1) MOXHO 3amucaTh Kak lim f(x,) = f(limx), T.e. BO3MOXEH
x>0 X=X

peAeIbHBIN MEpPeXo/1 01 3HAKOM (yHKITHH.

OnpeneneHrve HEMPEPHIBHOCTH  MOXKHO  c(popMynupoBaTh Ha  SI3bIKE
MOCJIEI0BATEILHOCTEN MU HA SI3BIKE «E—ON.

Onpenenenne 2. Qynxyus f(x) Henpepvléna 6 mouxe X, eciu O a000U

nocne008amenbHOCMU 3HAYEHUL apeyMeHma {xn} cxoosauencs K X, npu n-—» o,
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COOMEemcmeyIowas nocied08amelbHOCmMb 3HA4eHUl QyHKyuu { f (xn )} cxooumcs K

uucy A= f(x,). k{xn }n:)w Xo ) = k{f (x, )}njoo f(x ))

Onpenenenune 3. Dyuxyus f(x) HenpepvieHa 6 mouke X,, eciu

Ve>0 3 0>0, yumo ona Vx, makozo umo ‘x - xo‘ <O 6bINONHAEMCA HEPABEHCMBO

() - fx) <e.

Jagum  emie  0AHO  ONpejeleHUE  HENPEpPhIBHOCTH, AKBUBAJIEHTHOE
omnpezaeneHuro 1.

PazHocTh Ax = x — X, —Ha3bIBalOT NPHPAIICHHEM APIyMEHTa B TOYKE X,, a
BEJIMYMHY pa3HocTH Ay = f(x)—f (xo) Ha3bIBAlOT NpHpalieHueM (YHKIUH,

COOTBETCTBYIOIIUM MPUPAIICHHUIO apryMeHTa Ax .
Takum oOpazom,

Ay = f(x) = f(x)= flxo + Ax) - f(x).

Tornma paBeHcTBO (1) MOXHO mepenucaTh B BUIE
(mepenocs f (xo) Y TIOJHOCS €T0 IO 3HaK «lim)

lim[f(x)- f(x,)]=0 wm limAy=0.

Ax—0

CrnenoBaTesibHO, MOKHO C(HOPMYIUPOBATH

Onpenesenue 4. Qyuxkyus f(x) Hasvieaemcs HENPEPLIGHOU 8 MOYKe X, eClu

ee npupawjenue 6 Smol Mmouke A6NAemcs O0eCKOHeYHO Malou @QYHKyuel npu
Ax—>0 (x—>x,).

W3 ompenenenus 6.M.¢. =:

Onpenenenune S. Pyukyua f(Xx) HenpepvieHa 6 mouxe X,, eciu Maioe

npupawjeHue apeymeHma evi3vleaem maioe npupawerHue QyHKyuu,

T.C. Ve>0 36 V|Ax|<S=|Ay<e.

CBoiicTBa HemnpepbIBHbIX (YHKIUI

1. Ecnu ¢pynkyuu f(x) u g(x) HenpepvigHvl 6 mouke X =X,, MO QYHKYUU

F()£ (), ¢ f(0), (c—const, £(x)-g(x), % (g(x0) % 0)

AGIAIOMCA MAKIHCE HENPEPBIBHBIMU 6 MOYKE X = Xy.
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2. Henpepvisnocms cnooicnou ¢pynkyuu. Ecau ¢pynxyus z = ¢(x) nenpepwviéHa
6 mouke X=x,, a Qyukyua y= f(z) Henpepviena 6 mouxe z,=@(x,), mo moz0a

cnoocnas ynkyua y = f(P(x)) nenpepviena 6 mouke x =x,. Imo cumeoIUyecKu

3anucwviearo kak lim f(@(x))=f [ lim gp(x)}
X=X X—>Xg

(T.e. «lim» MO>XXHO TIepECTaBIATh T0]1 3HAKOM HEMPEPHIBHON QYHKITUU f.).

§ 4. OIHOCTOPOHHSAS HENMPEPbIBHOCTD.
Touku paspbiBa M UX KJIacCUPUKALMSA

Onpenenenue. Pynxyus y = f(x) Hazvigaemcs HENpepvi6HOU 6 MOUKe X = X, .
cneea —ecnu  f(x,—0)= lim f(x)= f(x,),
x—>x9—0
cnpasa —eciu f(x,+0)= lim f(x)=f(x,).
x—x¢+0
OTcrona ciiefyer, 4YTo HENPEPhIBHOCTh (PYHKIIMHU MOXHO OIPENEIUTD €Ile TaK:
¢yHkus f(x) HempepbIBHA B TOUKE X = X,,, €CJIM OHA OIPEJEIIEHA B TOW TOUKE U €€

OKPECTHOCTH U [ (xo)z f (xo — 0): f (xo +0) (T.e. ABNAETCA HENPEPHIBHOMN, ECITH OHA

OJIHOBPEMEHHO HEIMpEPHIBHA CJIEBA U CIIPaBa).

ITycts ¢yHkuus f(x) ompeaereHa B HEKOTOPOH OKPECTHOCTH TOUKH X,, 32
UCKJIIOUEHHEM, ObITh MOYKET, CAMOU TOUYKH X, .
Onpenenenne. Touka x, Hazvieaemcs moukou paspviéa ynkyuu y = f(x),

ecnu @QYHKYyusi 6 IMOU MouKe He onpedeleHd, UIU Jice He S6IAemcsi 8 Hell
HenpepvigHo [T.e. peaen f(Xx) B TOUKE X, JUOO HE CYLIECTBYET, IMOO CYIECTBYET,

HO He paBeH f(x,)!].
Jlaoum Knaccugpukayuio mouex paspeolea.

Onpenenenne. Touka x, Hazvieaemcs moukoui paspwviea I pooa ¢ynxyuu,
ecnu 6 amou mouke cywecmsyrom f(x,—0) u f(x,+0), no f(x,—0)# f(x,+0).
Ilpu smom eenuuuna pasnocmu [ (x,+0)— f(x,—0) Hazvieaemca ckaukom
QyuKkyuu 6 mouke X .

IIpumep. y =signx, y= ‘x‘/x.

Onpenenenne. Touka x, Ha3vleaemcs Mo4KOU YCMPAHUMO20 PA3pblea, eciu
J(xg=0)=f(x,+0)= f (xo) (mbo  f(x) He onpederena 6 mouke  X,).
Cneoosamenvro, umooOvl ycmpanums paspulé 6 mouke X,, 00CMAmMo4HO NOLOHCUMb
flx,)=f(x,F0)= f(x,+0), m.e. nado uzmenumv 3navenue ynxyuu 6 00HOU

mouke.
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sin x
IMpumep. y= , B Touke x =( He omnpesescHa, HO €CIM BBECTH (DYHKIIUIO
sin x
, x#0,
KaK y =< x TO HENPEPBHIBHOCTH B TOUKE X =0 €CTbh.

1, x=1,
Onpenenenue. Touka x, Hazvieaemcs moukou paspwiéa Il pooa, ecau 6 smotu
mouke yukyus f(x) aubo He umeem no Kpatinel mepe 00HO20 U3 OOHOCMOPOHHUX

npeoenos, aubo xoms Obl O00UH U3 OOHOCMOPOHHUX NPedelo8 AGJISeMCsl

OecKOHeyHbIM.
Mpumepsl.
1 o1 o1
1) y=—, x=0- I poxa, T.x. lim —=—o00, lim —=+c0.
X x—>0-x x—>+0 x

! |
2) y=sin—, x=0- Il poxa, T.x. lim sin— He CyIIECTBYET HM ClpaBa, HU CJICBA.
X X

§ 5. CeoiicTBa HenpepbIBHbIX HA 0TPe3Ke PyHKIMH

Omnpenenenune. Oyukyus f(x) Hasvieaemcs HeNpepwvlBHOU HA [a,b], eciu oHa
HenpepvieHa 6 KANCOOU MouKe X € [a,b] 9mMo20 ompe3Ka (npu 3mom 8 mouxke X =d

HenpepvleHa cnpasa, a 6 mouke x =b nenpepuvigna cnesa).

Onpeneaenune. Eciu f(x) onpedenena na muoxcecmsee X u 3 x,€ X, umo
ons ecex xe€X 6epHo HepageHcmeo | (xO)S f (x) mo uucno f(x,)Hazvieaem
Haumenbwum 3Havenuem @yukyuu [ (x) Ha mHodxucecmee X. AHanoeuuno

onpedensem HauboIbUlee 3HaAUEHUe.

HenpepbiBHBIC d)VHKHI/II/I O6Ha):[aIOT pSJIOM 3aMeYaTeIbHbIX CBOMCTB.

Teopema (mepBasi Teopema BeitepuiTpacca).
Henpepuvisnaa na ompeske [a,b] QyHKYUs A61aemcs 02paHuieHHOU yHKyue.

Teopema (BTOpasi Teopema Beiiepmrpacca).
Henpepvisnasa na ompeske [a,b] @QyHKYUs docmueaem HA 2MOM OmMpe3Ke C80e20
Haubonrbwe20 U HAUMEHbUEe20 3HAYeHUll (3amemum, Ymo MOYKU, 6 KOMOPbIX

docmuzaiom Haubovuiee U HauMeHbllee 3HAYeHUs. He 003AMmelbHO €auH0m6€HHbl).

Teopema (bosbuano — Koumm 0 npoMe:xyTo4HOM 3HAYEHHMH).
Ecnu  f(x) uenpepwvigna na [a,b] u f(ay=4, f(by=B, (A#B), A<B, mo ons
06020 snavenuss C, A< C < B cywecmseyem mouka c € [a,b], umo f(c)=C.
CaencrBue. Eciu f(x) Henpepvigna na [a,b] U Ha KOHYAx ompesKa

NpUHUMAem 3HaueHue pasHvlx 3Hakos, mo 3 x, € [a,b], ede f(x,)=0.
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Yacts 4. [dddepeHiimansHoe HeUmenekme (YHKLMIA 0oHOK nepenieHHON

[TonsTne NMpoM3BONHOM MMOsABUIOCH B paborax JlehiOnuma, HproToHa,
Jlarpanxka. DTO TOHSATHE COCTABISIET OCHOBY IU(DPEPEHINAIBHOTO HCUYUCICHUS.
K ncmonp30BaHui0 MPOM3BOAHBIX MPUBOAST MHOTHE 3aJa4M 0 MCCIICTIOBAHUIO Pa3-
JMYHBIX ApPOYeccos, T.€. SBICHUMA, KOTOPBIM MPUCYIIHA UBMEHEeHUs], YTO €CTECTBEHHO
JUTSL OKPY>KarOIIETO MUpa.

[maea IX. [ncppepeniiposatie QyHiLyM OGHOK BELLECTBEHHOM NepemeHHOM

3anayu, OpUBOJALIME K MOHSATHUIO IPOU3BOHOM.
Ornpenenenue Nporu3BOJIHON U €€ IPOCTEUIIINE CBOMCTBA
['eoMeTpruUeCKU CMBICI IPOU3BOIHOU

O cBsi3u nuddepeHIIpPyEeMOCTH U HENPEPHIBHOCTH PYHKITUN
OcHoBHbI€ npaBuiia AUGhepeHIuPOBaAHUS
Jlorapudmuueckas mpoUu3BOIHAS.

HuddepentiupoBanme CIOKHBIX QyHKIIUI
HMuddepenuupoBanue oOpaTHOM PyHKITUN
JuddepenuupoBanue HESBHBIX QYHKITUN

Tabnuia npou3BOIHBIX OCHOBHBIX 3JIEMEHTAPHBIX (QYHKIUH
[Ipou3BoaHbIE BHICHINX MTOPSAKOB

[Tonstue quddepenunana GyHKIUU

I'eomeTpuueckuii cMbIc quddepeHnana

[Ipumenenue auddepennumana B NpUOIMKEHHBIX BEIUUCIECHUSAX
IIprumeHenune pou3BOIHON B 9KOHOMUKE

DnacTUYHOCTh (PYHKIUH

YVVVVVVVVVYVVVYVYVVYY

§ 1. IlpousBoanas GpyHKUUM

1. [IpenBapureibHbIE COO0pasKkeHuUsl. (3a1a41, TPUBOJISAIIHE K TOHSTHIO IPOU3BOIHOM ).

K moHsTHIO TPOM3BOIHONW MBI MPUXOIUM BCIKHH pa3, Koraa TpeOyeTcs u3y-
YUTh CKOPOCTh U3MEHEHUS, B TOM YHUCJIE U B 3KOHOMHUKE — CKOPOCTh POCTa, yCKOpE-
HUE pOCTa, TeMIIbI pocTa u Ap. [Ipupoay npous3BOIHOI Jierdye MoHATh, €CIU €€ Mpe-
CTaBUTh KaK CKOPOCTh (TaKk UMEHHO U noctynui HbioTon).

a) PaccMOTpUM MeXaHWYECKYIO 3ajlady OMNpPEACNICHUS] MTHOBEHHOU CKOPOCTH
TOYKHU, ABIKYILEUCS PAMOJIMHEUHO C HEPEMEHHOU CKOPOCTHIO.

[lycth s =s(f) —ypaBHEHUE ABMIKEHUS] TOUKH, T.€. 3aBUCUMOCTh MPOMICHHOTO

IIyTH § OT BpeMeHU £. IIycTh s, = s(f,) —IyTbh, IPOHACHHBINA TOYKOM K MOMEHTY f ={,),
a s; = s(t;) —IyTh, IPOUICHHBIA TOUKON O MOMEHTA | =1, + Af, rne At >0 Hekoro-
pas Manoe uyucino. Torama myTh, NPOMACHHBIM 3a Bpems Af=if —f,  paBeH
s, — S, =s(t, +At)—s(ty)=As .
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Tak kak CKOpPOCTb — ICPEMCHHAA BCJIMYMHA, TO Mbl MOXCEM BBIYHCIUTHL €€

As .
CPCOHIOIO CKOPOCTb 3a BPCM:A Al‘IVCp' ZA—t—KaK OTHOHICHUC IIPOUACHHOIO IIYTH K
3aTpau4CHHOMY BPCMCHHU. Ecmm 01 TOuka ABHUIrajadacChb C IIOCTOSIHHOM CKOpPOCTBIO, TO
HaﬁﬂeHHaﬂ cpeaHAsaA CKOPOCTb ObL1a OBI O,Z[HHaKOBOﬁ Ha BCCM IIPOMCIKYTKEC IBHIKC-
HUA. O,Z[HaKO ABHJKCHHA TOYKHM HCPABHOMCPHO, a4 3HAYUT, CKOPOCTb TOYKH HCIIPC-

PBIBHO MEHsETCS. Bo MHOTMX cCily4asx HaIo 3HaTh CKOPOCTh JIBIDKCHHS B Pa3HBIC
MOMEHTBI BPEMEHH (HAIpUMeEp, ¢ KaKOW CKOPOCTHIO BBUICTEBIIASI U3 PYXKbS MMy J10-
JeTaeT 10 YenoBeka (eciu CKopocTh mynu = 0, TO myns ynaueT, eciu CKOPOCTh JI0-
ctaTo4yHo Beuku ~ 300 m/cek., To 4enoBek ynasuer!)).

MrHoBeHHas CKOPOCTh V,, B MOMEHT f, IIOJy4aeTCsl KaK IpeJied CPeHEN CKO-

pocti  npu  O€3rPAHMYHOM  YMEHBLICHMH  NPOMEKYTKA  BPEMEHH

: . As . slt, +Af)—sle
At:v, =limv, = lim— = lim (1, + A1) (0)
At—0 7 A0 Af A0 At

FOBOpﬂT, 9qTO MI'HOBCHHAasA CKO-

POCTb — 3TO CKOPOCTh 332 OECKOHEUYHO MaJIblid TPOMEKYTOK.

3ameuanne. [lo ¢usznueckomMy cMbICITY, IPU «O€3rpaHUYHOM YMEHBLIEHUU
At — 0» 3a1aHHBI MOMEHT BPEMEHHU /, €CThb HE YTO MHOE KaK «HYJIEBOU IPOMEXKY-
TOK BpeMeHm» At =f —t, =0, HO 3a «HYJIEBOU IIPOMEKYTOK» BPEMEHU TOYKA, pa3y-

MCCTCA, IMPOXOAUT HYJICBOC PACCTOAHHUC. CJIGI[OB&TCJIBHO, ecli OBl pPCUININ BBIYHC-
JIITb MTHOBCHHYIO CKOPOCTBb TAKIKC KdK U CPCAHIOKO CKOPOCTD, T.C. ACIIA HpOﬁHGHHOG

paccTosiHEE Ha TpeOyroleecs s 9TOTO BPeMsi, TO MOTYUYUIN Obl BRIPAKEHUE o KO-

TOpPO€ HE UMEET cMbIcia. Brixoq ObLI HallileH B MOCTPOEHUU IMOCIEAOBATEILHOCTH
CPEOHUX CKOPOCTEW, U OINPEICIICHUE TOW BEIUYHUHBI, K KOTOPOM CTPEMUTCS 3Ta MO-
CJIEA0BATEIBHOCTb.

0) Haxoxxnenue npousBoauTesnbHocTu Tpyaa. Ilycts ¢pyHkuusa z =z(¢f) BbIpa-

KACT KOJUYECTBO z MPOU3BEIACHHOM pabo4YnM MPOAYKIMH 3a Bpemsi paboThl f. BbI-
YHUCIIMM KOJIMYECTBO IPOU3BEACHHON IPOAYKLIMHU 3a BpeMst At =1, — 1 :

Az =z(t,) - z(t,) = z(¢, + At) - z(t,).

Torma cpengHsas NpPOU3BOIUTENBHOCTh TpyJa pabodero Ha IPOMEXYTKE BPEMEHHU
Az y
[to, I, + At] CCTh Z, = A_ Ecnu cyuecTByeT KOHEUHBIN IIpee
' t

. As Az
z=Ilm—=—,
A—O0Af At

TO OH Ha3bIBAETCS IPOU3BOJUTEILHOCTBIO TPy 1a Pa00OYEro B MOMEHT £ .
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B) ['eomeTpuyeckas 3ajlaya 0 MPOBEJICHUU KACaTEJIbHOW K IJIOCKOW KPHUBOM.
Ilycte y=f(x), xe X -

HenpepBIBHAs ynKm, () ; /
rpaduk KOTOpO#l B JAeKapTo- y =T o, (5,

1

BolicucTemMe KoopauHat Oxy

— z o)
7 yo = S\ Ty
IpEe/ICTaBISAETCA KPUBOH /. 0 ( &L N attarta

Ecom M, # M, T0O
17 Mo o~ | &

npsamas M M, (cm. Puc.)

X0 T+ Ax
HAa3bIBACTCA CCKYIICH.

Omnpenenenune. Ilpedenvnoe nonoocenue cexyweu MM, xoz0a mouka

10 KpUBOM

M, — M, Hazvieaemcs kacamenvbHou K Kpueou 6 mouke M, .
W3 noctpoenuii BUAHO, 4TO yriioBoi ko3dduuument cexymeit M, M, paBeH
MN A
M\N Ax
Tax kak M, — M, s3xBuBasnieHTHO Ax — 0, TO yrioBoi K03(hPULMEeHT KacaTelIbHON K

KpUBOW / moJly4aeM Kak npezesn (€ciav OH 3 U KOHEYEH):

k=tgg= limﬂ

Ax—0 Ax

2. OnpenesieHne NPOM3BOIHON U ee MPOCTelIne CBOiCTBA

ITycts dyHkuusa y = f(x), x € X ompeneneHa B TOUke X, € X U €€ HEKOTOPOH
okpecTHOCTH. [IpuaaBasi NMpou3BOJIBHOE MpHpalleHHEe Ax TOYKE X, TaK, 4YTOOBI
X, +Ax e X, nomyuaem mnpupaimieHue Ay ¢yHKmuu y = f(x), COOTBETCTBYIOIIEE

npupamenuio Ax , papaoe Ay = f(x, + Ax)— £ (x, ).

Onpeneaenue. /Ipouzgoonoii pynkyuu y = f(x) 6 mouxe x, € X nazvigaemcsi

npeoen OMHOULeHUs]

S +Ax)— f(x)

b

lim & = lim
A—>0 Ax  Ax—0 Ax

eCjlu OH_cyuiecmeyem U KOHEe4YeH.

Jliis 0003HaueHUs NPOU3BOIHON PyHKIMHN Y = f(X)B TOUKE X, HCIIOJIB3YIOTCS

dy df(xy) df(x)
dx’ dx  dx

HECKONBKO 0603Hauenuit: ), f'(x,),

X=Xy
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[Tpouecc HaxoxxaeHus npous3BoaHON (pyHKuMU f(x)Ha3piBaeTcs audgepeH-

HUPOBaHHEM (PYHKLMH.

OyHKIUA, UIMEIOLIAs IPOU3BOAHYIO B TOUKE X,,, Ha3bIBAaeTCsA AU PepeHuupo-

BAHHOM B TOYKeE X,,.

3ameuanue. Onpenenenue nuddepeHurpyeMoctd GyHKIUNA MOXET ObITh 1a-
HO cienyromum obpazoM: DyHkius y = f(x) Ha3piBaeTcs AupdepeHUNPyeMOoii B

TOYKe X,, €CIIi €€ IpHUpAIICHUE B OTOH TOUKE MOXXKHO HPEICTaBUTb B BUJE
£, +Ax)— f(x,)= 4- Ax + 0(Ax), Tie A — moctosHas, 0(Ax)—6eCKOHEYHO Masas

byHKIUS.
Oxka3bIBaeTCsi, UMEET MECTO yTBep:kaeHue: Pyuxyus f(x)—oupgepenyupy-

ema 6 mouke X, mo2oa u moabko moz0d, ko20a 01a ¢pyukyuu f 6 mouke Xx, cyue-
cmeyem KoHeuHas npousgoonas f'(x,) (r.e. ecmu A= f'(x,) B mpeablxymei ¢op-
myJie). PaKTUYECKH, 3Ty SKBHBAICHTHOCTh MBI M HCIIOJIb30BAalld B TPUBEICHHOM

OIIPCACIICHUU.

Oyukius, auddepeHupyeMas BO BCEX TOYKaX MHOXKECTBA X, Ha3bIBaeTCs
auddepenuupyemoii Ha X.

Ecnu B onpenenieHnu MpOU3BOIHON pacCMaTPUBAIOTCA OJHOCTOPOHHUE IIpEJIe-
JIbl, TO IMOJY4YaeM COOTBETCTBYIOIIEE ONPEIEICHNUE JIEBOM U IIPABOW NMPOU3BOJAHOW B

TOYKE X, :

' . A , . A
fx+0)= Jim "% £ ~0)= lim =

Hpumepsl. 1) Haiitu f'(-2), ecnu f(x) =3x” +1.

Ax—0 Ax Ax—0 Ax
. —12Ax +3Ax?
= lim =
Ax—0 Ax

—-12.

2) Haifi ipon3BoiHyt0 DyHKIMH y =Sinx, x € R, B POM3BONBHOM TouKe X € R’ .

Nmeem Ay =sin(x + Ax)—sinx = Zsin% : cos(x + %) =
Ay

2sin—-cos| x+—
) ) 2 2
= lim —= = lim =
A—>0 Ax  Ax—0 Ax
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. [ Ax
sin| ——
) 2 ) Ax N
= lim ————= limcos x+7 =1-cosx=cosx = (sinx) =cosx.

A—0  Ax Ax—0

2

I'eoMeTpHYECKHIT CMBIC/ MPOU3BOAHOM CIEAYET U3 ONPEACICHUS] U IPUBEICHHBIX

B 1.1 mosicHeHHI O MpoBeJeHUU KacaTelabHOU K rpaduky gyHkuuu. Otcrona cie-
NyEeT, YTO Y2n080lU Kodpduyuenm kacamenvHou K epaguky GyHKyuu 6 mouxe
Mo(xo, f (xo)) pasen k=tggp=f '(xo). CrnenoBarenbHO, YpaBHEHUE KacaTeIbHOU B

Touke M, (mpsAMas C 3aJaHHBIM YIJIOBBIM KOA(Q(HUIMEHTOM k, MPOXOAsIas yepes

3aJJaHHYIO TOUYKy M, ) ecThb

y= "0 Mo = x0)+ f(xp)-

@U3NYECKUN CMBICI JUISI MAaTEPUAJIbHOW TOYKH C YPABHEHUEM JABHXKCHUS

s = s(t) . Menosennas ckopocmv 6 Momenm t, pasHa v(to): s'(to).

3. O cBs3u U@ PpepeHUPYeMOCTH U HENMPEPHIBHOCTH PYHKIMA
[Ipu onpeaenenny NPON3BOTHON MBI ITPEANIOIATralu:

1) cymecTBoBaHue f(Xx) B TOUKE X, U €€ OKPECTHOCTH;

. A
2) cyuiecTBoBaHMeE npeaena lim Ey . Kak 310 cBsi3aHO ¢ HENPEePHIBHOCTHIO (PyHKIMN?
Ax—0

Teopema. Eciu ¢pynxyus oughgepenyupyema, mo oHa HenpepuleHa.

JIloka3aTeJbCTBO. |im Ay 1(x,)= Ay _ 1'(x,)=a(x), re a(x)-6.m.d. =
Ax—0 Ax Ax

Ay=f '(xo )Ax +a(x)-Ax = Ilpu Ax - 0 umeem Ay — 0, 4TO 03HAYaET HEMPEPHIB-
HOCTb QYHKIUU f(X).

3ameuanne. OOpaTHOE YTBEPKICHUE HEBEPHO.

!
xsin—, x#0
IIpumepsl. 1) y = X . OTta (PyHKIMsI HEIIpephIBHA B TOUKE X, =0

0, x=0
Tak kKak lim f(x)=0(T.x. x-sinx ectb 0.m.}.). OgHaKo MPOW3BOJHAS B TOUKE
Ax—0

o1
Ay Ax-sin—

) ) A |
x, =0 He cymiecTByeT, T.K. lim — = lim ————=% = limsin— — He CYILECTBYET.
0 Y yer Ax—0 Ax  Ax—0 Ax A0 Ax yit Y

2) y= ‘x‘ —uenpepsiBHa. Ogaako f'(0-0)=-1=1= f'(0+0).
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3ameuanue. a) CymecTByOT (PyHKIHH, KOTOPbIE BO BCEM 00JacTu ompezesne-
HUs (T.€. BE3JIC) SIBJISAIOTCS pa3pbIBHBIMU (Hanpumep, GyHkius Jupuxie).
6) CymiecTByloT HempepbIBHBIC (PYHKIIMU, BE3Jle HE UMEIOIINE TPOU3BOAHOMN. (IIpH-
Mepbl Takux QyHkuil qanel Beitepmrpaccom, Jlarpamxkem (GyHKImH TUNa «3yOhEB
NUJIBI») U OP.).

§ 2. OcHoBHbIe IpaBuiIa TuppepenunpoBanus. Jlorapudpmuieckasi MPoOU3BOIHAS.
Tadsmua npou3BOAHBIX OCHOBHBIX 3JIEMEHTAPHBIX (DYHKIIHI

Nznoxum (Ynp. —1oka3aTh) OCHOBHBIE TIpaBuiia JudpepeHIupoBaHUS:
apuMETHUYECKUX BbIPAKEHUH.

Teopema. Eciu ¢pynkyuu u=u(x) u v=v(x) ougppepenyupyemol 6 mouxe
u

Xo, mo @yuxkyuu: cu, utv, — (v#=0—6 okpecmnocmu mouku Xx,), A6AAOMCS
v

maxoice ougpepenyupyemvl 6 mouke Xx,, nNpuyem Ccnpageodiugvl ciedyioujue
Gdopmynvi:

!
4 !
u uv-—uy
(cu) =c-u', wxv)=u"£V,(u-v)=u'v+u-v, (;) _ -

Ipumep. Bomucmuts nporssomnyto GyHkimu y = (3x° —2x+1)-sinx.

OYHKIWS MPECTaBIISICT OO0 MPOM3BEACHUE NBYX (DYHKIIMH, IMO3TOMY CICAYET MpUMe-
HHUTH TIpaBWIO UG PepeHIMpOBaHNs IPOU3BENICHNUS, a 3aTeM paBwio AuddepeHIMpoBa-
HUSI CYMMBI 1 TaOJIMIHBIC TIPOM3BOTHBIC CTENEHHON (DYHKIMN ¥ CHHYCA:

!

y=| (3x’ —2x+1)-sinx | = () =u'v+uw']=
u 1%
=(3x’ =2x+1)'sinx+(3x> = 2x +1)- (sinx)'=

=(9x” —2)-sinx+(3x> —2x+1)-cosx.

2) JduddepenuupoBanne Ca0KHbIX QYHKIMIA.

Teopema. Eciu ¢pynkyusa z = @(x) umeem npousgoOHYI0 6 MOUKE X, PAGHYIO
zL=¢.(x,), a ¢pynkyua y= f(z) umeem 6 coomeemcmayowel mouxe z,=@(x,)
npouzeoonyio y. = f(z,), mo croxcnas gynxkyus y = f(P(x)) umeem npouzeoonyio

v, ¢ moure x,, pasnyio v =y'(x,)= -2, = £1(zy) #.(xy).
IIpumep. Haiitu npousBoanyto QyHKIIUU y = e

2
[MpencraBuM GyHKIMIO y =e' B BUJAC CYNEPIO3UIUHN IBYX QYHKIUU: y=e"

2 2 2
uu=x".HWmeem: y. =y -u' =(e"),(x"),=e"-2x. IloxcraBiuss x~ BMECTO u, IOJy-

2
yuM y =2xe’ .
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3) JIuddepenuupoBanme 00paTHOii GYHKIIUH.

Ecnu ona ¢pynkyuu y= f(x), xe X, ye¥Y, cywecmsyem oopamunas ynxyus
x=¢(y), yeY, xomopas 6 mouxke y,<€Y umeem npou3goouyio ¢'(y0)¢ 0, mo ¢
mouke X, =@(y,) pynxyusa y = f(x) umeem npouzeoouyiw f '(xo ) DAasHYI0

1
Ix)=——.
¢ (J’o)

: . , 1 1 1 1
IIpuMmep. y =arcsinx => x=smmy =y =—=

X, cosy:\/l—sinQy -

4) IuddepeHuupoBanye HesiBHbIX GYHKIMI.

[Tyctb ectb HesiBHas pyHkuus F(x,y)=0 (T.e. HU OJJHA U3 NIEPEMEHHBIX SBHO

HE BBIpAXKEHA 4epe3 APYryro, Halpumep, — x* + y2 —1=0). OueBHAHO, YTO MOKHO

auddepeHIupoBaTh, BBIPA3UB OJHY W3 TNEPEMEHHBIX Kak (YHKIUIO JPYyrou
nepeMeHHoi. OpHako nuddepeHruupoBaHe MOXHO OCYIIECTBUTh U 0e3
npeoOpa3oBanus B siBHyr (yHkiuwoo. [lokaxkem Ha mpumepe (moapoOHee BO 2
cemecTpe — B pazjene 0 QyHKIUIX 2-X ePEMEHHBIX).

Hycts x* + y* —a® =0. Juddepenuupyem obe 4acTH PaBeHCTBA, YUUTHIBAs IPABHIA

G depeHurpoBaHus CI0KHON QyHKINUN (y = y(x)):

X
2x+2y-y'—0=0= y'=——= eciu HaJIO0 SBHbBIC BBIPAKCHHS, TO, BBIPAXKAs OJHY
y

TIepPEMEHHYIO uepe3 APYTylo y =++a” —x” ¥ I0JCTaBHB B MOJYYEHHYIO (OpMYITY,

X

T 2 _y? '

5) JduddepenuupoBanne GYHKIMHA, 32JAHHBIX NIAPAMETPUYECKH

umeeM )y =-—

Ilycmv  3a8ucumocms  nepemeHHou 'y U nepeMeHHoUu X 3a0ama 8
dy _y'(t)
napamempuueckom euoe: x=¢(t), y=y(t), t,<t<t,. Toeoa y, =——==—-=.
dx ¢'(1)
. . (asint)’ acost
Ipumep. x=acost,y=asmt,a<t£7r,yx:( )’, =————— =—ctgt.
(acost), asint

6) Jlorapudmmnyeckasi IpoOU3BOIHAS

[lycts  y = f(x)>0—mnexotopas ¢yukmus. OOpazyem ¢ynkuuo Iny wu

!

BBIYUCIUM ee mnpousBoaHyto (Iny) :L, KOTOpas Ha3bIBaeTcs Jorapupmmyeckoi

NPOU3BOJXHOM.
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!

_Jy
OtHotueHne 7, =-— Ha3bIBACTCS TEMIOM POCcTa (GYHKUMH WX [O-IPYroMy,

y
OTHOCHUTEJLHOH CKOPOCTHIO M3MeHeHueM QyHkiuu y = f(x).

DTO NOHATHUE UCTIOJIB3YETCS B SAKOHOMUUYECKOW IUTEpaType. Takke OHO Mojes-
HO TIPU BBIYUCJICHUU CIIOKHBIX (CTETIEHHO-TIOKA3aTEIbHBIX WM COJECPIKALIUX MHOTO
COMHOXXHTEJECH).

!

Ipumep. y=x" :>1ny=x1nx:>1:lnx+£:>y’=y(1nx+1):xx(lnx+1).
X

y

7) Tadauua Npou3BOJAHBIX NPOCTEHIINX 3J1eMEHTAPHBIX (DYHKIIMI

Hcxons U3 BBIIIEU3I0KEHHOIO, UMEEM CIIEAYIOUIYIO TaOJIMIy MPOU3BOAHBIX
npocTedux QyHKIUMI:

1) (¢)=0, (c—-const);
2) () =ax"", (aeR);

3) (ax)zax-lna (exj: o

4)  (log,x) = [anx)' - 1}
X

x Ina
5) (sinx) =cosx.
6) (cosx) =-sinx;

' 1
7 (tgx) =———;
cos” x
' 1
8) (ctgx) ==
sin” x
9)  (arcsin x)' __1 ;
1—x?
10) (arccosx)’ = —;;
1-x*
11 tgx) = ;
) (arc gx) 1+ 12
12 tgx) =— .
) (arcc gx) i

[IpuBenennple  Bbie  (HOPMYJIbl  MPOU3BOJHBIX  BMECT€ €  IpaBUJIAMHU
audpdepeHIUPOBaHUST CyMMBI, Pa3HOCTH, NPOU3BEIEHUS, YacCTHOTO M IpaBHIIa
aupdepeHIUPOBaHUST  CIOXKHOW  (YHKIUU  SIBISIOTCS. OCHOBHBIMH ~ METOAAMH
mupdepenuupoBanuss ¢yHkuuu. C UX MOMOIIBI0 MOYKHO HAWTH MPOU3BOAHYIO
1000 371eMeHTapHOM PYHKIUY.
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&) IIpou3BoaHbIE BHICIHIUX NOPSLIKOB

Ecnmu pynkuus y = f(x), xe X sBuaserca quddepenuupyemoit st Vxe X,
TO ee mpou3BoaHas )’ =)'(x)=g(x), x € X sBisercsa HoBoW (yHKIHMEH y = g(x) OT
NEePEeMEHHOM X M MOKHO OIISITh CTABUTh BOIPOC 0 €€ qudPepeHInpoBaHuu.

IIpouzsoonas om npouzsoonou y' = f'(x) nazvlieaemcss 6mopoil npouzeo00HOU
2

d”y

x2

m_d"y
dx"

u obosnavaemes y" = , ... . [Ipooonoicas, ecnu 603modicHo, umeem y

§ 3. [lonsitue nuddepenunaa GyHKUUM U €ro NPpUMEHEHH e
B NPUOJINKEHHBIX BHIYHCJICHUAX
Kak MbI yxe oTMeyanu paHee B 3amMeuaHuu, QyHKuus y = f(x) Ha3bIBaeTcs
nuddepeHUpPyeMOH B TOUKE X,, €CIM €€ IpupanicHue Ay B 3TOM TOYKE MOXKHO

IIPEICTaBUTH B BUJE
Ay = f(x, +Ax)= f(x,)= 4+ Ax + o(A¥),
rae A — const, o(Ax) —6.m.¢.

Onpenenenue. Juppepenyuanom ¢ynkyuu y= f(x), xe X 6 mouxe x,
Ha3vl8aemcs 21d6HAsl TUHEUHAs. OmHocumenvbHo Ax uyacms npupawerus Ay @yHK-
yuu y = f(x) 6 amoii mouxe:

dy=A4-Ax.

Onpenenenue. Jlroboe npupawenue makoe, umo x+Ax x € X npunumaemcs
3a ougppepenyuan Hezagucumol nepemenHou. dx = Ax.

Hanmomuum emie pas, 4ro st GyHKUMKA OAHOW MEepeMeHHON noHsThe audde-
pEHLIMANIa U CYLIECTBOBAaHUE MTPOU3BOIHON dKBUBaNEHTHI. [IoaTOMY

dy=y -dx=f"(x,)dx.

I'eomeTpuueckuii cMbicj nuddepeHmaga

Y+ FAAE - ,I'INIZxD + by, o+ ﬁy:l
Ay 3/
M lx dy
+ uI:xu J“u:l ~ix )
Yol y=flx
o A
ko xg+ hx

AB=Ax-tga = f'(x,) - Ax=dy.
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Otpe3ok AB — rinaBHas JUHEWHAs OTHOCUTENIBHO Ax 4YacTh mpupaieHus. OTpe3ok
NB — COOTBETCTBYET BellMuMHE Oojiee BBICOKOTO MOpsiaKa Manoctd, yeM Ax. U3
IPEABIIYUIETO CIEAYET, UTO
!
f(x0 +Ax)=f(x0)+f(x0)-Ax+O(Ax).
Ortcrona nosydaeM GopMyty JJIsl IPUOIMIKEHHBIX pacyeToB 3HAaUeHUN (DYHKIIUU

S+ Ax) = f(xg)+df (xy) wmm £ (xy +Ax)~ f(x,)+ f(xp)- Ax.

§ 4. [IpumeHeHne MPOU3BOIHOM B IKOHOMHKE

Vxe ynoMuHancss (U3MYECKUN CMBICHI MPOU3BOJHON (MTHOBEHHAs CKOPOCTh
TOYKH) U TEOMETPUYECKUM CMBICII (TAHTEHC yTJIa HAKJIOHA KacaTeJIbHOMN).

B »KOHOMHKE HIMPOKO MCHOJIB3YIOTCS CPEAHUE BETUUUHBI: CPEAHSASA CTOMMOTD,
CpEeIHss MPOU3BOIUTEIBHOCTD, CPEAHUIN T0X0/I, CPETHUNA 00bEM MPOIAXK U T.1I.

Ecnm 3aBHCHMMOCTD MEXITy ABYMs IOKa3aTesIMU y M X 33JaHa AHAIUTHYECKU
y=f(x), TO cpenHsas BeIMYMHA TPEACTABISET COOOM OTHOIICHHUE 2 (Yactro cpemnuie

X

3HAYEHMS! OMPEACIISIOTCS U3 00paOOTKN CTATUCTUYECKUX JAHHBIX 1 TAOJIHII).

OpHako NpH IUIAHUPOBAHUU IKOHOMHYECKOW NIEATETbHOCTH MOTYT BO3HUKATh
u apyrue 3anaun. Hampumep, Tpedyercst onpeaenuTb, Ha KaKyr BEJIMUYUHY BBIPACTET
npuObLIb, €ciii OyAyT YBEIUYEHBI 3aTPaThl, U, HAOOOPOT, HACKOJIBKO YMEHBIIUTHCA
npuObLIb, €CIM 3aTpaThl cOKpaTATcs. Mcnonb3oBaHue cpeHUX BETUYUH HE JAeT OT-
BeTa Ha 1mojoOHbIe 3afaun. JlJis HAXOXKIEHUSl aJeKBATHOTO PEIICHUS B OMUCAHHOM
3a/1aye, HaJ0 HAWTHU IMpeAesl OTHOIICHMS NIPUPALIEHNUN pacCMaTpUBAEMbIX BEIUYMH,
T.€. HaJIO U3y4aTh MpeaeabHbIN YPPEKT.

OKOHOMUYECKHWA CMBICH MPOU3BOJHOMN 3aKIIOYAETCA B BBIPAKEHUHU NPEIEib-

HOTO 3 (deKTa BIUIHUS HE3aBUCHUMBIX (PAKTOPOB (HE3aBUCHMOW MEPEMEHHOM X) Ha
MOKa3aTeIu SKOHOMHYECKON NEeATEeIbHOCTH (3aBUCHUMBIE nepeMeHHble V). [Ipumene-
Hue IudQepeHInanTbHOr0 HMCUMCICHUST B DKOHOMHUKE HA3bIBAETCS NpeaeJbHbIM
AHAJIN30M.

Jlnst 0603HaYEeHHSI MPOM3BOJHBIX B DKOHOMHUYECKOW JIMTEPAType YacTO TOJIb-

3YIOTCS clienMbUYeCKON TePMUHOJIOTHEH.

Ecmu k = k(x) — u31epKKu MPOU3BOJICTBA B 3aBUCUMOCTH OT KOJIMYECTBA TPO-
k(x+Ax)—k(x) Ak(x)
e =
YeHUE HU3JIePKEK Ha eIMHMIYy AX TpHUpAIEHUS KOJWYECTBA MPOAYKIMH C X [0

AYKIOUK X, TO TOI'Id OTHOLWICHUC IMOKAa3bIBACT CPCAHCC 3HA-

, . Ak(x)
(x + Ax), ak (x) = lim F HA3bIBACTCA NMPEAC/IbHBIMUA U3ACPKKaAMHU IIPOU3BO/I-
Ax—0

CTBa.
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Ecimu y = f(x) ecTh Npou3BOACTBEHHAs (PYHKIMS, BbIpaXkarouiasi 3aBUCUMOCTh
BBIITyCKa KaKOW-JIMOO MPOIYKIUH ¥ OT 3aTpar (akropa x, To f'(x) Ha3bIBalOT Mpe-

AeJbHBIM MPOYKTOM.
AHAJIOTHYHO MOKHO BBECTH MIPEAEIbHYIO BRIPYUKY u'(x), rae u(x)—BbIpydKa

OT MPOJAXHU X eauHul] ToBapa. ScHo, uto u(x)=x-Q(x)—S(x), rae QO(x)—1ueHa
eUHULIBI TOBapa, S(x)— cebecTOMMOCTh TApTUU TOBApa U3 X CIUHMUII.

[TpuBeneHHOE BBILIE HCIOJB30BAHNUE IMPOU3BOAHON 3aJacT MOKa3areiab adco-
JIOTHOTO M3MeHEeHUs (yHKUMU. OJHAKO B SKOHOMHUKE HIMPOKO MPUMEHSIOT aHAJIU3
OTHOCUTEIbHBIX W3MEHEHWH, Ha3bIBAEMbI €II€ BBIUUCICHUEM 3JJIACTHYHOCTH

¢pynkumii. [lo-gpyromy, Bo MHOruX 3agadax TpeOyeTcsi 3HaTh MPOLIEHT MPUPOCTa
(T.e. OTHOCHUTENIbHOE MpUpAICHUE) 3aBUCUMOI MEPEMEHHON ), COOTBETCTBYIOIIUN
1% npouenty npupocta (TOXKE OTHOCUTEIBHOE IMPUPAILIECHHUE) HE3aBUCHUMOW Tepe-
MEHHOM X.

Onpenesienue. DIacTHYHOCTHIO (PYHKIUH ) = f(X) Hazwieaemcsa npeoden

OMHOCUMENLHO20 NPUpPAWeHUus QYHKYUU K OMHOCUMENTbHOMY NPUpAujeHuro apey-
MeHma yHKyuu, eciu npupaujerue apeymenma cmpemumcsi k ()

E (y)=lim ﬂﬂ = lim Ay x :i-limgzi-y’:x-(lny)':x-Ty,
A0y X Ax—0\ Ax y y Ax—0 Ax y

!
20e T, =(Iny) —memn usmenenus gynxyuu.
T.0., 2IaCTUYHOCTH OTHOCUTEIBHO X €CTh MPHUOIMKEHHBIN TPOIECHTHBIN MPH-
pocT GyHKIMUU (TIOBBIIIEHUE WU TIOHWKEHHUE), COOTBETCTBYIOIINI MPUPAILIEHUIO He-

3aBUCUMOM nepeMeHHoH Ha 1%.
DNacTUYHOCTD MO3BOJISIET U3MEPSTh CTENEHb YYTKOCTU WM YYBCTBUTEIBHO-

CTH, HaIIpuMep, NOTPeOUTENIeH K U3MEHEHUIO IIEHBI TPOIYKIIUH.

Ipumep. Haiitu 351aCTUYHOCTH CIIPOCA OTHOCUTENIBHO LIEHBI, B IIPEAIIOI0XKE-
HHH, 4TO CIIPOC ¢ 3aBHCHT OT LICHBI p, CICAYIOUMM 00pasoM: ¢ =-2p° +3p+8.
TpeOyeTcs onpeaenuTh 3JaCTUYHOCTD CIIpoca Npu LeHe p = 1.

d +p(3-4 3-4 1
B (@)=L P (4pyyy= tPO=D) __ pG-tp) | L
q dp ¢q -2p +3p+8 2p —?)]7—8‘}7:1 9

1
T.e. ecnu ueHa yBemmuutcest Ha 1%, T.e. ctanet p = 1,01, To cipoc yMEHBIIHUTCS Ha 5% :
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[nasa [X. OcHoBsHble TeOpeMbl GHdddepeHLinansHOro HCHUCIEHNS

Teopembr @epma, Pomns, Jlarpanxa, Komm
PackpsiTre Heonpenenennocten (npasuio Jlonurans)
CpaBHeHHEe (PYHKIIMI IO CKOPOCTH pOCTa

®opmynsl Makiiopena u Tennopa

Psinpl MakiiopeHa Jj1st 2JieMeHTapHbIX (PyHKIIHIMA

Teopema ®depma (0 paBEeHCTBE HYJIIO MPOU3BOIHOMN)
Ilycms pynxyus y = f(x):

1) ougppepenyupyema na unmepsane (a;b),

2) 0ocmuzaem skcmpemyma 6 mouke X, € (a;b).

Toeoa npouszsoonas 6 smoii mouxe  f'(x,)=0.

dllycts pynkuus y = f(x) nuddepenunpyema Ha unrepBaie (a;b) U B TOUKE

X, TpHUHUMAeT HauOOJblee 3HAYCHHE IIPU Xp €(a;b). Ilo omnpeneneHuto

ACIRNACH,

npousBoxHOH f”(x,) = lim , T[pUYeM Tpeaesl He 3aBHCUT OT TOro,
x—)xO x—_xo

S () = f(x)

X—XO

ACIRNACYY,

Oyzer 11 x — x, cmpasa unu cinesa. Ho npu x> x, <0, oTkyna

cnenyer, 4ro f'(x,)<0. Ilpu x<x, umeem >0, cnemoBaTeiabHO,

S(x0)20.
I[To ycnouto dynkuus y= f(x) audbdepeHmupyema B TOUKE Xy,

CIIEZIOBAaTEIIbHO, €€ TpeAel IpU X —>X, HE [IODKEH 3aBUCETb OT BbIOOpPA

HAIPaBJICHHs IPHOJIMKEHUSI apTYMEHTa X K TOYKE X, | y
T.C. M
hm f('x)_f(xO) — 11m f(x)_f(xO) :f,(xo) |:
X—x5+0 X=X, x—>x,—0 X =X, E
v y=f(x)
f)<0 :
[Tonyuaem , , i f'(x,) =0. AHanoruuHo a x b
J(%)=0 Puc. 1.

paccMaTpuBaeTca Jpyrou ciaydai. P

I'eomempuueckuit cmvicn reopembl depMa 0UEBUICH: 8 MOUKe HAUOOIbULE2O
UU HAUMEHbULe20 3HAUEHUS KACAMeNbHAs K 2pahuKy hyHKYyuu napaiienvua ocu
abcyucc.
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Teopema Posuist. (0 npon3BoHON GyHKUINUH, TPUHUMAIOIIEN HA KOHIAX OTpe3Ka
paBHble 3HaUeHUs). [lycmov ¢pynxyus y = f(x)

1) Henpepvisna Ha ompeske [a;b];

2) oughghepenyupyema na unmepsane (a;b);

3) nHa konyax ompeska [a;b] npunumaem paenvie snauenus: f(a)= f(b).
Toz0a na unmepeane (a;b) naiidemca no kpauneu mepe 0OHA MOYKA Xy, 6

xomopou f'(x,)=0.

4 Dynkuus y = f(x) HenpepsIiBHA Ha oTpe3ke [a;b]. B cuiny BTOpO# Teopembl
Beiiepmitpacca oHa Ha 3TOM OTpe3Ke NPUHUMAET HaWMEHbIIEe M HaubOoJbIIee
3HaueHus. [lycTb 310 OynyT 3HaueHust m u M. MoOryT nNpencTaBUThCS IBa CITydas:

1) M=m. B »stom cinyyae m< f(x)<m, pyHkuus y= f(x) sBasercs

nocTossHHON Ha otpe3ke [a;b]. Iloatomy f'(x) =0 Bo Bcem mHTEepBane (a;b),

TEopeMa BEpHa.
2) M>m. Toraa s gynkuuu y = f(x) Jaxe B TOM KpallHEM ciiyyae, KOrja,

HarpuMep, HauOoJiblliee 3HAUYeHUE (PYHKIUM TPUHUMACTCS Ha KOHIIE OTpe3ka
f(a)= f(b)=M , HaumeHbIlce 3HaUCHNE OyACT MPUHUMATHLCS YKE BHYTPU OTPE3Ka.

CrnenoBarenbHO, HalAETCs TOUKA X, € (a;D), B KOTOpOoH f(x,)=m.

Ho Torna no teopeme ®epma f'(x,)=0.»

Teopema Pouts umeeT mpocToit ceomempuueckuii cmulca: Haldemcs Xoms Ovl
00HA MOYKA, 8 KOMOPOU KACAMENbHA K 2pauKy hyHKyuu 6yoem napaiieibHa ocu
abcyucc.

Ecmu f(a)= f(b)=0, To Teopemy Posist MokHO cHOpMyTUpPOBATH TAK:

MexHcoy 08YMsSL NOCNe008AMENbHbIMU HYIAMU Oughghepenyupyemoi  ynkyuu
umeemcsi xoms 061 0OUH HYIb NPOU3BOOHOU.

Teopema Jlarpan:ka (0 KOHEUHBIX IPUPAIICHUSIX ).
Ilyemo ¢pynxkyua y = f(x):
1) nHenpepvisna na ompeske [a;b];

2) oughghepernyupyema na unmepsane (a;b).

Tocoa na unmepsane (a;b) Hatioemcs no kpaiinei mepe 00HA MOUKA

K. Jlarpars X, makas, umo
IO _ )
-a
<«4BgezeM BcriomorarenbHyto QyHkimo L(x) Ha oTpeske [a;b], onpenenuB ee Tak:
L= )~ f@- LD )
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Ota pyHKIMs Ha [a;b] yAOBIETBOPSET YCIOBUSAM T€OpeMbl Pouis:

1) ona HenpepwIBHA Ha [@;b], MOCKOJIBKY HENPEPBIBHBI BCe ciaraembie L(x);
2) Ha (a;b) ¢yskusa L(x) UMeeT MPOU3BOIHYIO;

3) L(a)=L(b)=0.

W3 Tteopembl Poins cnepyer, 4To CylIecTBYeT TOYKa X, € (a;b), B KOTOpOM

L'(x,)=0. Cnenosarensto, L'(xy) = f"(x,) - M =0.
—a
Otcrona f'(xo) = M’ Xy € (a;b) .»

b—a

I'eomempuueckuii cmoicn teopemsl Jlarpanxa.

S (b))~ f(a) y

OtHoOmEeHNE e €CTh YIJIOBOM

b—a
ko3ddunuent xopasl AB, a f'(x,) ecTh yrioBoii
ko3 (UIIMEHT KacaTelbHOW K KpHBOM y = f(x) B
To4ke ¢ aOcouccoi X, (puc.2). YTBepxkaeHHe

TCOPCMBI HarpaHma CBOOUTCA K CJIICAYIOIICMY':

nHa xpueou y=f(x) mouxka M (xy;f(xy))

makas, umo uepe3 3my MOYK)Y MON*CHO NPOBecmu
KacamenbHylo, napaiienvhyio xopoe AB.

JloxazanHas Qopmyna HasbiBaeTCs @opmynoun Jlazpauxca unu popmynoii
KoHeuHbix npupauwjenuii. OHa MOXKET OBITH MepenucaHa B BUJIE:

J®B)=f(a)=f"(x)-(b-a).

Teopema Komu (06 oTHOLIEHUH NpUpaIEHUN TBYX (DYHKITUN).
Ecnu pynkyuu y= f(x) u y=g(x)

1) nenpepwisnvl Ha ompe3ske [a;b];

2) oughghepenyupyemor na unmepsane (a;b);

3) npoussoonas g'(x)#0 na unmepsane (a;b).

Tocoa na uumepsane (a;b) uatioemcs no Kpatinei mepe 00HA

fB)~f(a) _ ['(x)
gb)-g(a) g'(x) 0. Kour

mouka x, makd:, 4mo

113 ycnoBus Teopemsl cieayer, uto g'(x)# 0. DTo 03HAYaeT, YTO Pa3HOCTh
g(b)—g(a)#0. Jleiicrurensho, ecan 661 g(b)—g(a)=0, o dynkuus y=g(x),

ABJISISICh  HENPEPBIBHOM U audPepeHunpyemMoil, yIoBIETBOpsja Obl YCIOBHIM
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Teopembl Posist u B TakoM ciiyyae g'(x) Obuta Obl paBHA HYJIIO 1O KpaiHeil Mepe B
OJHOW TOYKE X, WuHTepBala (a;b), 4YTO MNPOTUBOPEUYUT YCIOBUI. Baeaem

BCIIOMOTaTEIbHYIO0 (PYHKIIUIO

(b) - f(a)

= o) — fla)—2- _
K(x)= f(x) = f(a) g(b)_g(a)(g(X) g(a)).

DTta QyHKIHS YIOBICTBOPSET BCEM YCIOBHUSAM TeOpeMbl Pous:
1) K(x) HempepsiBHa Ha OTpe3ke [a;b], Tak Kak HeNpepbIBHBI (PYHKIIHH

y=f(x)ny=g(x);

2) dynkuusa K(x) uMeeT MpoU3BOJHYIO BCIOJy B WHTepBaie (a;b), MOCKOIBKY
KaXJ0€ ciiaraeMoe B npaBod yacTu ¢GyHKuuu K(X) uMeeT MPOU3BOAHYIO Ha HTOM
UHTEPBAJIE;

3) K(a)=K(b)=0, B uem yOex1aeMcsi HETIOCPEACTBEHHOU MPOBEPKOHA.

U3 teopemsl Poiist nenaeM BBIBOJ O CYIIECTBOBAHUM TOYKH X, 4T0 K'(x,)=0.

[Tostomy K'(xy) = f'(xy) — J6) ~j(@) g'(xy)=0.

gb)—g(a)
f0) _ fB) = (@)
g'(x) gb)-gla)

Teopema Jlarpanxa sIBISI€TCS YaCTHBIM CllydaeMm TeopeMbl Komm: 7o0CTaTouHo B

Ortcrona crnenyer

teopeme Ko B3t g(X) = x.

Teopema (mpaBuJio Jlonurass) (HaXOXKAEHUS TIpeiesia OTHOMICHUS (yHKIIHIA
yepes Mnpesiei OTHOLICHUS UX MPOU3BOIHBIX).

Iycme gynryuu y = f(x) u y=g(x)

1) oughghepenyupyemvi 6 okpecmuocmu mouxku a, Kpome, Oblmv MOACEM, CAMOU
MOYKU A,

2) g(x)#0 u g'(x)#0 6 omoti okpecmuocmu;

3) lim £(x)=0, limg(x)=0;

X—a

4) cywecmsyem lim f ,(x) (KoHeuHbLll UIU OECKOHEUHbllL)
o g'(x)
J(x) VACY) f'(x)

Tozoa cywecmgeyem lim , npuyem lim = lim——.
x—a g(Xx) x—a g(x) x—-a g'(x)

4B TeopeMe HUYETO HE CKa3aHo O 3HaueHusAx y = f(x) u y = g(x) B TOUKe

x=a.llonoxum f(a)=g(a)=0. Tak kak Teneps lim f(x)= f(a) u

X—a
lim g(x)=g(a), To dynkuu y= f(x) u y = g(x) OyIyT HEIPEPHIBHBI B TOUKE d.
X—a

ITosTomy Ha oTpe3ke [a;Xx], rae x - Kakasl yroJlHO TOYKa OKPECTHOCTH TOYKH d,
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bynkun y = f(x) u y = g(x) yAOBIETBOPAIOT BCEM yCIOBUSAM Teopembl Koru.

CrnenoBarenbHO, MEXy a M X HAJETCs 1O KpallHel Mepe 0JJHa TOUKa X, Takas, 4To
[ _S@)=f@ _ fx)
gx)  gx)-gla) g'(x)

BennuuHa x,, 3aBUCUT OT X, IPUYEM IIPU X —> @ TOUYKA X, a X, X
Takke OyJIeT CTpeMUThes K a (cM. puc. 3). Puc. 3
HO3TOMy llm f( )_ 1 f’('xO) " f( )_ 1 f(XO)
x—a g(Xx) xo—oag (xo) x—>a g (x) Xg—>a @ (xo)

N3 mocneaHux IByX COOTHOIICHUM CIIeyeT, YTO lim S (x) f (x )

x—a g(x) x—>a g (x)

[Tocnennee paBeHCTBO BhIpakaeT MpaBuJio JlomMTaJIsl, T0 KOTOPOMY BBIUMCIICHUE
npenena OTHOLIEHUS JBYX (YHKIHMM MOXET ObITh 3aMEHEHO IpPH BBIMOJIHEHUU
YCIOBUIl TEOpEeMbl  BBIYUCIEHHEM IIpejefia OTHOLICHHUS IPOU3BOJIHBIX 3THUX
(byHKITHIA.

Imo 00un u3 Haubdoee MOUHBIX MENMOO08 HAXOIHCOCHUA NPEOE08.

3ameuanue 1. IIpaBuno Jlonurans pacrpocTpaHseTcs Ha ciydai

o0
HCONIPCACIICHHOCTH THIIA |:—:| IIpu X — a, IMOCKOJBKY MOXXHO JJOKa3aTb TCOPEMY
o0

Jlonurans npu ycnosuu lim f(x) =lim g(x) =
X—a X—a

. Inx
Ipumep 1. Haiitu lim .
x—>0ctg x
. Inx o . sin’x . sinx .. .
Pemenue: lim =|—|=-1lim =—lim limsinx=1-0=0.
x—0 ctg X o0 x—=0 Xx x—0 Xx x—0

3ameuanue 2. IlpaBuno Jlonuranss pacnpocTpaHsieTcss Ha ciydyall X — 0.

Yto0bnI Y6€I[I/ITI)C${ B 9TOM, AOCTATOYHO CACIAaTb 3aMCHY X = % 1 BOCITIOJIB30BaThCA

PE3YJIILTATOM TCOPCMBEI.

Ipumep 2. Haiitu |lim — lnx

X—>00 «/

1
Inx | o
P : | — |=lim—%-—=31
o 2]t o
—Xx

3
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3ameuanue 3. UVHOrga npUXOOWTCS NPUMEHATH MNpaBuwio Jlonurans
IIOCJIEIOBATENIbHO HECKOJIBKO pa3 (JenaTb HECKOJbKO IIaroB), €clii  OT
HEOIIPEIETICHHOCTH HE YyJaeTcsi n30aBUTbCA Ha mnepBoM miare. OJHAKO yCIIOBUS
TEOPEMBI Ha KaXKJIOM IIare JOJKHBI OCTaBaThCs CIIPABEAJIMBBIMH.

X

IIpumep 3. Haiitu lim e—s.

Penienue:

. e | . e o0 e 00 e 00
Iim—=|—|=lim—=|—|=lim =|—|=lim =|—|=
X—>00 xs 00 X—>00 5_x4 o0 X—>0 20)(;3 00 X—>00 6())(;2 o0

e 00 e
= lim =|— |= lim — = +o0
x—0120x 00 x—0 120

3ameuanue 4. Xors npaBwio Jlonutans — paboTaeT  TOJNBKO €

0 o0
HEONPEACICHHOCTIMU [— U | — |, HEONPEAEIECHHOCTH APYTUX THUIOB MOTYT OBITh
o0
PacKpbITBl C TOMOINBIO 3TOrO MpaBWiIa, €CIM MyTeM MpeoOpa3oBaHHU yaacTCs
(0.0]
IIPUBECTH U3y4aEMYIO HEONIPEAEIEHHOCTD K THUILY 0 wm | — |.
(0.0]
. . . a
IIpumep 4. Haittu lim| x-sin— |.
X—>0 X
Pewenue:
: a —a
a sin — COS 4
lim| x-sin— |=[00-0]= lim—% =| = | = lim—** =g lim cos—=a
X—»00 X X—>00 l X—>00 -1 X—>00 X
X x*

CpaBHeHue QyHKIHUI 110 CKOPOCTH PoCTa
PaccMoTpuM HekoTOpblE PYHKIMH, BO3pACTAOLIUE NPU X —> 4+00. CocTaBUM U3
HUX ps
y=10gax,a>1; y:xk,k>(); y:ax,a>1; y:x!; y:xx

U JIOKQKEM, YTO YeM IpaBee B POy HAXOIUTCA (QYHKIMS, TeM ObICTpEe OHA pacTeT.
Haiinem mnpenensl OTHOUIEHUS BO BCEX Mapax psAIOM CTOSIIMX (GYHKUUA TpH

X —> +00.
! In
. a
. log «x IIPaBUIIO ) . Ina
1) lim g—]f: = lim £——= lim —=0,
X—+0 ) Jlommurasis x—=+0 ot x—+0 fox

CJIeI0BaTeIbHO, (PYHKIUS y:xk , k>0, pacrer ObicTpee nOpu X —>+0, YEM

y=log, x, a>1.



Jlexkums Nel2 OcHoBHBIE TeopeMbl nuddepennranbaoro ucuuciaenus npod. Isimxos ML.IT. 106

x IPaBUIIO o
2) lim —= = lim .
X—>+o0 g Jlomurans | x—>+0g*Ina
Jlnst mroboro  k>1, B TOM 4KCI€ U CKOJIb YrOAHO OOJBILOrO, CIPABEIJIUBO
HepaBeHCTBO n-1<k<n, tme n — HaTypaibHOe uHclo. lIpuMeHWB mpaBUIIO
Jlonurans n pas, OIXy4uM
m k(k—=1..(k—n+1)

li —

x>+0 g -In"a-x

rae BenuuuHa n—k >(0. Yucourenb apoOM — MOCTOSHHOE YMCIO, 3HAMEHATENb
HEOTpaHWYEHHO BO3pacTaer, Mpeaen 3Tol JpoOu paBeH Hymo. Mrak, GyHKUIUS

y=a", a>1 pacrer GbIcTpee IPH X — +00, YEM yzxk, k>0.

X

. . a
3) Haiinem lim — AHanmoruyHo cnydar 2) mig ao0oro a>1 BepHO
Xx—+0 X!

HEPABEHCTBO 7 < a < n+ 1. 3anuiieM apo0k ClIeayomuM 00pa3om
X n X—n
ac aa a a a a a
— =Tt LT cee - ’
x!' 1 2 nn+tl x n! \n+l
r7I€ TMPOM3BEICHUE TMOCIEIHUX NpaBWIbHBIX (Xx—n) JApoOell 3aMeHeHO Ha

HaI/I6OJ'IBH_Iy'IO U3 HUX B CTCIICHU X — 1.

X n X—n n
Torma lim 2—< lim “—-( a j :“—nm(

x=>+0 X! x—o+op! \n+1 n! x—>+o\ n+1 n+1

X—n a
J =0, Tak kKak ——<1.
X

. a
C npyroii CTOpOHbI, OTHOIIIEHUE —, HE MOXeT OBITH OTpHULIaTEeNIbHBIM. TaK, ipeaen
x!

paccMaTpUBaEMOTO OTHOIICHUS (DYHKIIMIM OTpaHUYEH CBEPXY HYJIEM U HE MOXKET
X

. a
ObITh MeHbIIIe HyIA. [ToaTomy lim —=0.

x—>+0 x!
. ox! .12 X o1 2 . X
4) Im —=lm —- ...-—= lim —- lim — ... - lim —.
x40 x¥ x40 X X X xXxo>+o X xo>+o X X400 X

. .1
HepBLII/I N3 JTUX IIPCIACIIOB lim —=0. BeanunmHa Bcex oOCTaJIbHBIX IMpcaciioB
X—>+00 X

3dKJIFOUCHA MCKIY HYJICM H GHHHHHGﬁ. CJ'ICI[OBE[TCHBHO, IMPOU3BCIACHUC JOTUX

. x! X
npeaenoB ecth HyJb. Mtak, lim —=0. ®yHkusa y=Xx" camas ObICTpopacTyIias
X—>+0 x

U3 MEPEUYMCIICHHBIX PYHKIUN IPU X —> +00.

®opmyasl Makiaopena u Teilsiopa

O1u HOpMyIIBI SBISIOTCS OAHUMHU U3 OCHOBHBIX (hOPMYJT
MaTeMaTU4YEeCKOr0 aHAJIN3a U UMEIOT MHOTOYUCIICHHbBIE
MIPUIIOKEHUS.

PaccMoTprum MHOTOWIIEH 71-11 CTETIEHU

P(x)=ay +a;x + ayx* +...+a,x".

B. Teftaop
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Ero mMoxHO mpeacraBuTh B BUJAE CYMMbI CTEIIEHENM MEPEMEHHOM X, B3ATBHIX C
HeKoTopeIMU ko3¢ durmentamu. Ilpoauddepennupyem ero n pas mo x, Haijaem
3HAUEHUS MHOTOWIEHA U €ro MpOM3BOAHBIX B Touke X =0, BbIpa3UM U3 KaxI0ro
MIOJIY4YEHHOI'O BBIPAXKEHUSI KOA((PULUEHTHI a,d,,...d, , PA3MECTUB PE3YJIbTAThl B TPEX

CTOJIOIIaX COOTBETCTBEHHO:

P(x)=ay+ax+ a2x2 +..+a,x" P(0)=aq, a, = P(0)
! 2 n—1 ' P,(O)
P (x)=a,+2a,x+3a3x"...+ na,x P'(0)=q a, = T
" PN 0
P'(x)=2a,+3-2-ayx...+n-(n—1)-a,x""> P'(0)=2-1-a, a, = 2(' )
m P!H O
P"(x)=3-2-1-agtn-(n-1)-(n-2)-ax">  P"(0)=3-2-1-a a = 3(')

........

BepHeMcst k HalleMy MHOTIOWIEHY, MOACTaBUB BMECTO €ro Ko3()(QHUIMEHTOB
ay,ay,...a, BbIpaxeHus u3 3-ro cronodua. [lomyuum

’ " " (n)
P(x)=P(0)+ PO PO PO s, (PO
I! 2! 3! n!
D10 opmyra Maxnopena s MHOTOUYJICHA P(x) creneHn n. Paccyxnmas

AHAJIOTUYHBIM 06p3,30M, MOJKHO Pa3JIOKUTbh MHOT'OYJICH P(x) IO CTCIICHAM PAa3HOCTH

(x—a), rne a — n0bOE YnCIO.

bynem nmets

Pla) (x—a)+ Pla) (x—a)’ +..+

P(x)=P(a)+ T o

(x—a)".

DTO BBIpAKEHUE Ha3bIBaeTcst ¢hopmynou Tetinopa AJiE MHOTOYJIEHA P(x), 158105

P(")(a)
n!

Pa3oKEeHHEeM MHOTOWJIeHa P(x) 0 CTeNeHsAM (X —a).
[Tycth Temeppr B okpecTHOCTH TOo4Ykd x =0 3amana ¢yHkmus y= f(x), He

ABJIAIOIIAsACI MHOI'OYJICHOM, HO MMCHOIIIAaA B 3TOU OKPECTHOCTHU IMPOU3BOAHBIC 10 N-
T'o IIOpsAAKa BKIKOYUTCIBHO.

Boraucium Beamauast £(0), f'(0), f"(0), ..., ™ (0) u 3agagum dpyHKIMIO
O O 2 "0 s, SO .

+ L0 4

O (=70 += 21 3! !

Q,(x) ectb MHOrOuWIEH crenieHU 7. OH Ha3bIBACTCS NPUOIUNICAIOUWUM MHOSOUTIEHOM

st yHkouun y= f(x). Eciam Obl ucxoanas QyHkuus y= f(x) sBIsIaCh
MHOTOYIEHOM CTENEHU 71, TO BBIIOIHAIOCH ObI TOkAECTBO f(x)=(Q,(x) Ui Beex

3HAYCHUH X U3 paCCManHBaCMOﬁ OKPCCTHOCTH. HOCKOHBK}’ 9TO HC TaK, II0OJIOKHUM

J)=0,(x)+R,(x),
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rae R, (x) HaspIBaeTCs OCTATOYHBIM 4YICHOM. B Kypce MaTeMaTHYeCKOro aHaJIH3a

mokaseiBaeTcs, uto R, (x)=o(x").

Toraa ¢popmysna paznoxenust GyHKIMA f(x) B Psi IO CTENEHSIM X IPUHUMAET BUJT:

' " " (n)
)=+ LD SO 0 SO 5 SO e 6m
T 2! 3! 7!

Oty dopMyny HazeiBalOT dopmysio MakiopeHa pasnoxeHus GyHKIuu f(x) 1o

CTENEHSAM X C OCMAamouHulM uieHom 6 opme Ileano. JIji1 0CTaTOUYHOTO 4JIEHA
MOJIy4YE€HbI BbIPAXKEHMSI, TO3BOJISIONINE 1aTh OLEHKY ero BeianuuHe. Jannas gpopmyia
MOKAa3bIBAET, 4YTO, 3aMEHUB f(X) B OKPECTHOCTH TOYKM X =0 NpuOIMKaOmLUM

MHOTOWIEHOM 71-i CTENEHU, Mbl COBEPIIMM OIIUOKY, KoTopas npu x — 0 sBisgercs

OECKOHEYHO MaJIoi 0oJiee BEICOKOTO MOPSIIKA, YeM X .

[TpoBoas aHaAJIOTMYHBIE PACCYXJIECHUS TpH pasiokeHun ¢GyHKuuu f(x) B

OKPECTHOCTH TOYKH X = @ , Torydum dopmyiny Tewnopa

' (n)
f(x)zf(a)+f(a)(x—a)+...+f (a)(x—a)”+0((x—a)").

o n!

Omcrooa 6v1600: nogeodenue 11060t n paz ouppepenyupyemou ynkyuu 8
okpecmHocmu moyku x=a (6 uacmuocmu, x=0) moocHo onucamo
MHO20YJIEHOM 00CMAMOYHO MOYHO, a NPU N —> +00 — CO CKOJIb Y20OHO BbLCOKOU
cmenenvbo MoYHOCU.

Pasiio:xkenne B psix MakiopeHa 3JieMeHTapHBIX (PYHKIUI

Xotsa ¢dopmyna MakinopeHa ecTb 4acTHBIM ciydait Gopmynsl Teinopa, B
HAIIMX MPUIOKEHUAX UMEHHO ¢dopmyna MakiopeHa OyneT OmpenessiomeH.
®dopmyna Teitmopa MoxkeT ObITh TpuBeneHa K Qopmyne MakinopeHna
IIOJICTAHOBKOM X-a =Y.

Paznoxum B psig MakiiopeHa 3JieMeHTapHbIe PyHKIINU:

X,

e”; sinx; cosx; In(l+x),x>-1; (1+x)% x>-1.
C 3T0i1 11e71bI0 COCTaBUM TAOJIUIY MPOU3BOJHBIX ATUX (PYHKIMN M 3HAUECHUI
IIPOU3BOJHBIX B TOUKE X = 0.

@ o] o | o e | o | e |10

In(1+ x) 0 — 1

1+x C(1+x)° (1+x)
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[ToacraBnsast B dhopmyity MakiopeHa 3HaU€HUsI IPOU3BOIHBIX, B3SIThIE U3
YETHBIX CTOJIOIIOB TAOIHIIBI, TOTYYHM PA3I0KEHUS B PAJT JUIS KKI0H QYHKITUN

2 3
gy X X 0 r
—1+1! 2'+3'+0((x))

. . 1 0 2 -1 3 0 4 4.\ _ X3 4
s1nx—0+1—!x+?!x +§x +4—!x +0((x ))—x—§+0((x )).

gt 05, s Os syl X
cosx—1+2!x +3!x +4!x +5!x +0((x )) 1 2'+4.+o((x ))

2 3
1n(1+x):§—%+x?+o((x3)).

a +a(05—1)

(1+x)” = Y

2 2
x°+ 0((x ))
3ameuanue 1. Ananuzupys psiji paznoxxeHusi GQyHKIUH, JIETKO 3aMETUTh
3aKOHOMEPHOCTH 00pa30BaHus psifia ¥ BHIMKUCATH CIEAYIOIINE YICHBI PA3I0KECHHUS.

IIpumep 5. Paznoxuts no popmyne MakinopeHna GyHKIHIO Sinx .

X3 XS X7 ka -1

Pemrenue. sinx=x——+"——"—+..4+ (-1 )kl
357! (2k — 1)1

Ha pucynke  w300pakeH >XUpHOU 4}
o . Y3 Y
nuHued rpaduk  QyHkuumm Y, =sinx,
TOHKUMHU JIMHUSIMH €r0  MNpUOJIMKEeHHE ol Ya
OJHUM 4WICHOM psiga Maknopena Y, =x, v
1
NPUONVKEHNE YETBIPMSA  OTJIIMYHBIMU OT  \ /\
P -10\/ 5 5 Y0
HyJIsl WiIeHaMu paga Yy =x——+———
31 57
U, HaKOHEl, MpUOJMKEHUE  CEMbIO

YJICHAMU psaa

-4}
x3 xS )C7 )C9 Xll xl3

Vy=x——+——-—+———+—.
357 9 11t 13!

3ameuanue 2. It GopMyIbl 1aIOT BO3MOXKHOCTh MIPOU3BOJIUTH PA3JIOKEHUS B
Pl HEKOTOPBIX (YHKIMH O€3 HCIOJb30BaHUS OOIIEH CXEMbI C HaxO0XJICHUEM
MIPOU3BOHBIX BBICOKOTO MOPSJIKA.
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Ipumep 6. Paznoxuts no Gopmyne Maktopena dyukumo e> 1o 0((x4)).

2x+1

Pemenne. Paznoxum ¢yHKIMIO € B OKpecTHoctH x=0 10 0((x4)).

Bocnonb3yemcst pasnoxkenneM (QYHKIHH e’ B psill, 3aMEHHMB B MPaBOW YaCTH 3TOTO
psilla BEJINYMHY X Ha 2X :

2 3
I PN A €20 M CL)) +0((x4)) =
I! 2! 3!

e[1+2x+ 2x° +%x3 +0((x4))} — e+ 2ex+2ex? +%ex3 +0((x4))

3ameuanue 3. PaHee Mbl yCTaHOBWIM AaCUMITOTHYECKHE (DOPMYIBI s
HEKOTOPBIX dJIEMEHTApPHBIX (DYHKIINI, HampuMep, sinx = X + o(x) . MbI I0JIb30BAIUCH

HMU IIPHU BBIYHUCICHUU HpOCTGﬁIHHX IMpcaciios. I[JIH HaXO0XICHUA HCKOTOPBIX Ooiee
CJIOXKHBIX IPCACIOB TAKOI'o0 ACUMIITOTHUYCCKOI'O HpI/I6JII/I}K€HI/IH MOJXCT OKa3aTbCsa
HCOOCTATOYHO U CICAYCT 6paTI> CICAYIOIHNEC YJIICHBI PA3JIOKCHUA.

X —sinx

IIpumep 7. Haittu npenen lim 3

x—0 X
Pemenne. Eciim orpaHnyuThes pa3iokeHHEM sinx =Xx+o(x), ToO B Ipeiaene

IMOJIYy4acTCA BBIPAKCHUC!

:1im£i).

. x—-sinx .. x—(x+o(x . x-o(1
11m—3:11m ( 3 ( )):hm#
x—0 X x—0 X x=>0 x x—>0 x

Uemy paBeH Takod TIIpenes, CKa3aTh HEBO3MOXXHO. HewnsBecTHo, Kakas
O6eckoHeuHo Manas pyHkius ckpeiBaercs moa o(l). [loaTomy npaBuiabHOE pelICHUE

BBITJIAOAUT TaK:

3
X 4 1
x—|x——+o(x") 324
x—sinx 3! ) (3! O(x)j_l

lim—3 =lim 3 =lim 3 =—,
=0 X x—0 X x—0 X 6

3ameuanue 4. Eciu B pasnoxenuu i GyHkiun (1+ x)% MOIOKHUTE @ =n, TIE

N - HaTypaJlbHO€ YMCIIO, TO BCE uJieHbl 3TOM (opmyibsl HauumHasg ¢ (n+1)-ro
ucyesaroT, U hopmyna MakiiopeHa mpeBpaiiaeTcss B U3BECTHYIO (opMmylly OMHOMA
Hprorona

n n(n—-1

(1+ x)" =1+—x+¥x2+.“+xn,
1! 2!
(24

T.c. OuHOM HbrOoTOHA SIBNSIETCS YaCTHBIM cliydaeMm pasznoxeHus Qynkiuu (1+x)” B

psa Makiopena.
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BOIIpOCl)I JJIA TIOBTOPCHUS

CdopmynupoBats u gokazath Teopembl Pepma, Posuis, Jlarpanka u Komm.
B 1yem reomerpuueckuii cMbIci TeopeMbl Poiuist?
[IpuBecT reomeTpuyecKuid CMbICH T€OpEMBI Jlarpanxa.

s

Kak B cwmbIciie OOIIHOCTH COOTHOCSATCS MEXIy co0oiM TeopeMbl Pous,
Jlarpanxa u Komm?

W

CdopmynupoBath U J1I0Ka3aTh npaBuio Jlonurans npu x — a.

N

. MoxHO 51 pacpocTpaHuTh MpaBwiIo Jlonuransa Ha cirydal x — +oo ? Kak 310
000CHOBATh?
7. Ha xakue TUIIbl HEONIPEAECIEHHOCTEN pacnpocTpanseTcs nmpaBuiio Jlonurans?
8. IlpoBecTn cpaBHEHHE CTENEHHOW, TMOKa3aTeIbHOM | JorapumMudecKoit
(YHKIHI 110 CKOPOCTH POCTA MPU X —> +00.
9. Ha3Barp Hambornee MEAJIEHHO pPACTyIIyl0 (YHKIUIO M3 HM3BECTHBIX BaM U
HanOosee OBICTPO PACTYIIYIO IPU X —> +00.
10.IIpuBectu pasnokeHHUE MHOTOUJIEHA n-i CTENEHU B P, UCHOIB3YsS GopMyity
MaxiiopeHna.
11.IlpuBectu B oOmeM Bujae (opmynsr Teimopa m MakiopeHa pa3ioKEHHS
(GYHKIIMY B CTETIEHHOM PSII.
12.ITonyuunth pasioxXeHue B pan MaknopeHna byHKINN

X

e’, sinx, cosx, In(l+x), (1+x)%.

13.Kak cooTHOCATCS MEXIy co0oil acumnToTuueckue ¢opMmynsl U (dopmyra
Makiopena pasnoxeHus: GyHKIIUNA B CTETICHHON psiji?
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[napa X. ViccnenosaHue QYHKUWA C NOMOLLLI0 NPOU3BOOHLIX

YcnoBus Bo3pacTaHus M yObIBaHUS (QYHKIIHH
[ToHsTHE BKCTpEMYMa

Heobxoanmoe ycioBue 3kcTpeMyMa

[lepBoe 1OCTATOUHOE YCIOBUE IKCTPEMYMA

Cxema uccrienoBanusi QyHKIUU Ha SKCTPEMYM
Bropoe mocrarouHoe yclioBHE 3KCTpEMyMa
HauGonbiiee M HauMeHblliee 3HaYeHHE (QYHKIUH,

YVVYVYVYVY

HENPEPBIBHOM HA OTPE3KE

Beimyknocts Gynkiuu. Touku neperuba

Cxema uccnenoBanusi GyHKIIUH HA BBITYKJIOCTb
AcuMnToThl rpaduka QyHKIUU

HccnenoBanre pyHKIUN U NOCTPOCHHUE UX TpaduKOB

YV YV VY

[Ipunoxenue. 31aCTUYHOCTh (PYHKIIUU

YcaoBusi Bo3pacTanusi 1 yObIBaHUsI QYHKIMH
N3yuum ycnoBusi Bo3pacTaHusi (He yObIBaHWsA) M yObIBaHHS (HE BO3pacTaHUs)
¢bynkuuii. Hanomaum, uyto dyHkums y= f(x) Ha3bIBaeTCs Go3pacmaiowell Ha

npomexcymke, €clid OOJIbllIeMy 3HAYEHUIO apryMeHTa W3 O3TOr0 MPOMEXKYTKa
COOTBETCTBYET OoJiblliee 3Hau€HHE (YHKLMHU, T.€. U3 HEPABEHCTBA X, > X; CIEAYET

HEPABEHCTBO f(X,)> f(x). PyHKIMA Ha3pIBacTCAd yOvigarowel Ha IPOMEKYTKE,

eclu U3 X, > x| caenyer f(x,) < f(x)).

Oyukus Y = f(x) Ha3bIBACTCA HeyOvisaroulell. Ha NpomedcymKe, €CIN U3
HEpPaBEHCTBA X, > X; CIEAYET HEPABEHCTBO f(X,) 2= f(X,), U Heso3pacmaroweti, eClnu

U3 YCIOBUSA X, > X, cienyeT f(x,)< f(x;).

Teopema 1. (ycnoBust Bo3pactanust (yObIBaHHS) MOHOTOHHOU (DYHKIIUN).
Ecnmu f'(x)>0 na npomescymxe X, mo ¢pynkyus y = f(x) 6ospacmaem na 3mom

npomedsicymre, eciu f'(x) <0 na npomexcymxe X, mo ¢ynkyus y = f(x) yovieaem

HA 9MOM NPOMEINCYMKE.

«4Jlns bysukiuu y = f(x) BBINOJTHSAIOTCA YCIOBUS Teopembl Jlarpanxka Ha
oTpeske [x;;x,]€ X, moOdTOMYy CylIecTByeT TOYKa X, €(X;;X,), B KOTOpOH
()= f(x)=f"(xy) (x, —Xx;) . AHamU3UpyeM 3TO paBeHCTBO: eciu f'(x,) >0, TO
U3 HEpPaBEHCTBA X, > X, ClelyeT HepaBeHCTBO f(x,)> f(x,) u obparHo. Eciu xe

f'(x) <0, T0 M3 X, > X cremyer HEpaBEHCTBO f(x,)< f(x;).»
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3ameuanue 1. OOpaTHOE YTBEpPXKJECHHE 3BYYUT HECKOJbKO wuHave. Ecmu
(yHKIMS BO3pacTaeT Ha MPOMEXyTKe, TO f'(x,) >0 WM He CyImecTBYeT.

Ipumep 1. ®DyHkuMA y:x3 BO3pacTacT Ha BCEA YHWCIOBOM  OCH,

coorBeTcTBeHHO f'(x)>0, HO B Touke x =0 mpousBoanas f'(0)=0.

2x, x>0,
IIpumep 2. OyHKIUA y = HE MMeEET NPOM3BOJHOM B TOouke x=0
x, x<0
(leBasi W mpaBas MPOU3BOJHAS pA3JIMYHBI), OJJHAKO OHA BO3pPAcTaeT IpHU BCEX
3HAYEHHUSX X, B TOM 4HUCJEe U B Touke x =0.
3ameuanue 2. Onwupasice Ha 0Ooyiee  «MSITKUE»  YCIOBHS, MOXHO
c(hopMyIUpPOBATh MPSMYIO TEOPEMY: €CJIHM MPOU3BOAHAS (QYHKUMHU, HEMPEPHIBHON HA
IPOMEXKYTKE, HEOTpHUIaTelbHa, TO (YHKLUHUS HA 3TOM MPOMEXYTKE HE YOBIBAeT.
Torna npsimast 1 0OpaTHasi TEOpeMbI Ha (POPMaAIM30BAHHOM SI3bIKE 3By4aT Tak:

0151 Mo2o, YmobOvbl HenpepvigHas Ha npomedcymke Qyuxkyus y = f(x) Ovlia
Heyovisarowell Ha 3MOM  NPOMENCYMKe, HeobX00UMO U OOCMAMOYHO, UMOObl
S'(x)20.

IHonsiTHe 3KCTPEMYMa

Onpenenenne. Touxka X, Hazvl6aemcs MOYKOU JIOKANbHO20 MAKCUMYMA
Qyukyuu f(x), ecau cywecmeyem maxkas OKpeCmMHOCMb MOYKU Xy, YMO O/ 6Cex X
uz amou oxpecmuocmu f(x) < f(x).

Onpenenenne. Touka x, Ha3vl6aemcs MOUKOU I0KANbHO20 MUHUMYMA QYHKYUU
f(x), ecru cywecmeyem makas OKpecmHOCHb MOYKU X, YMO Olsl 6CeX X U3 IMOU

oxkpecmuocmu [ (x)= f(x,).

3HadeHrne PyHKIIMU B TOYKE MAKCHUMyMa Ha3bIBACTCS JIOKAITBHBIM MAKCUMYMOM,
3HauYeHHE (DYHKIIMU B TOUKE MHHHUMYMa - JJOKAJIbHBIM MUHIMYMOM JaHHOUW (PYHKITUH.
MakcuMyM W MHHUMYM (YHKIIMH Ha3bIBAIOTCS €€ JIOKAIBHBIMU 3KCMpeMymMamu
(extremum — KpalHUM).

Onpenenaenne. 7Touka X, HA3bIBAEMCA MOYKOU CMPO2020  JNOKANLHO2O
maxcumyma (mMmunumyma) @yukyuu y = f(x), ecau 011 8cex X U3 OKpeCcmHOCmu

mouxku X, 6epHo cmpoeoe Hepagencmeo  f(x)< f(x,) (coomeemcmeenno

J(x)> f(x)).
3ameuanue. B TNpUBEJECHHOM OIPEIECICHUN JIOKAIBHOTO JKCTpEMyMa Mbl HE
IPEATOoNaraéM HEMPEPIBHOCTH (PYHKIIUN B TOYKE X, .
2
x°, x#0
IIpumep 3. OyHkuus y =

" paspbiBHa B TOuke x =0, HO UMEET B ATOU
I, x=

TOYKE MAaKCHUMyM, IIOCKOJBKY CYILIECTBYET OKPECTHOCTh TOUKM X =0, B KOTOpPOil

J(x) < f(x)-
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Haubonpiee (Hanmenbliee) 3HaueHHE (PYHKIMKM HAa TMPOMEXKYTKE HA3bIBACTCS
enobanoHuiM dkcmpemymom. 1 M00aTBHBIN SKCTPEMYyM MOKET JAOCTUTaThcs OO B
TOUKAaX JIOKAJIBHOI'O SKCTPEMYMA, JINOO Ha KOHIaX OTpe3Ka.

HeobOxoauMoe yciioBue sKCTpeMyMa

Teopema 2. (0 HECOOXOIMMOM YCIIOBUHU IKCTPEMYMA).

Ecnu dhynxyua  y = f(x) umeem sxcmpemym 6 mouke x,, mo ee npou3goonas f'(x,)

8 2motil moyke 1UO0 pasHa Hyuo, MO0 He Cyuecmayem.

«dEcnmu B Touke X, QyHKIUSA uUMeET dKCTpeMyM M auddepeHuupyema, T0 B
HEKOTOPOW OKPECTHOCTHM JTOM TOYKHM BBINIOJHEHBI YCIOBUA Teopembl PDepma,
CJIeIOBATENbHO, TPOM3BOIHAS (PYHKIIMH B TOM TOUKE paBHA HYJIIO.

Ho ¢yukmus y=f(x) MOXeT HMeTb DJKCTpEeMyM M HE  OBITb

muddepenurpyemoit B 3Toil Touke. JloctaTouno yka3ats npumep. [Ilpumepom mMoxet

CITYUTh (DYHKIIHUS y:|x , KOTOpas MMeeT MUHMMyM B TO4Yke X =0, OJHAKO HE

mu¢depeHurpyema B 3TOM TOUKe. P>

3ameuanue L ['eomeTprueckyo 4
WJUTIOCTpalMio Teopembl faetr Puc.l. OyHknug
y = f(x), rpaduk KOTOpOH MPEJCTABICH HA 3TOM

PHUCYHKE, UIMEET DKCTPEMYMEBI B TOUKAX X, X3, X4,
OpAd 3TOM B TOYKE X; IIPOM3BOJHASA HE
CYLIECTBYET, B TOYKE X; OHA paBHA HYJIO, B

TOYKe X, oOpamjaercsi B OECKOHEYHOCTb. B

TOYKaX X,, X5 (PYHKIHSA DKCTpEMyMa HE HUMEET,

IpUYEM B TOUKE X, IPOU3BOAHAsA oOpamaercs B gl Y2 X X s
OECKOHEYHOCTb, B TOUKE X5 IIPOM3BOJHAS PaBHA Puc. 1
HYJTIO.

3ameuanue 2. Touyku, B KOTOPBIX BBINOJHAETCS HEOOXOJIUMOE YCIOBHUE
IKCTpEMyMa JUIsl HEMPEPHIBHON (DYHKINM, HA3bIBAIOTCS KPUMUUECKUMU MOUYKAMU
oroii pyukuuu. OHU onpenensiorcs u3 ypaBHeHus ['(x)=0 (cmayuonapuole

mouku) uan f'(x)=o0.
3ameuanue 3. He B Kax10i1 CBOCH KPUTHUYECKOW TOUKE (QDYHKIIHS 00s3aTEIIBHO
MMeeT MaKCUMYM HJIA MUHUMYM.

Ipumep 4. PacemorpuM dyHkumio y = x°. Kpurudeckoii mist 9Toil GpyHKIHHI

sBisieTcss Touka x =0, 9To cieayeT w3 ypaBHeHus f'(x)= 3x*=0. Ognako 31a
(GYHKIHMS IPU BCEX X SIBJISIETCS BO3pACTAIOLIEH U SKCTPEMyMa HE UMEET.
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Teopema 3. (0 AOCTATOYHBIX YCIOBUSIX SKCTPEMYyMa).
Ilycms oy = f(x) 6binonHensl credyroujue yCcio8us:

1) y = f(x) nHenpepviéHa 6 okpecmHoCmU MOYKU X,
2) f'(x)=0 wunu f'(x)=c0 6mouke x,,
! %
3) f'(x) npu nepexode uepe3z mouky X, MeHsAem C60U 3HAK.
Tozoa 6 mouke x = x, pyukyus y = f(x) umeem skcmpemym:
MUHUMYM, ecliu nPu nepexooe yepesz mouky X, npou3e00HAs MeHAEem CE0U 3HAK

¢ MUHyca Ha nuoc;
MAKCUMYM, eciu npu nepexooe uepes moukKy X, HPOU3BOOHAS MeHSem C60l

3HAK ¢ NAIOCA HA MUHYC.
Ecau npoussoonas f'(x) npu nepexode uepe3 mouxy X, He MeHsem C80e20

3HAKA, IKCMpeMYMa 6 MoykKe X = X, Hem. <4

VY ca0BUS TEOPEMBI MOKHO CBECTH B CIEAYIOLIYIO TAOIHILY

3HaK MPOU3BOAHOU DKCTpEMYM
- + MuHumym
+ - Makcumym
- - Hert
+ + Her

Tak kak no ycnosuto f'(x) <0 mpu x <X,, TO Ha JICBOM OTHOCHTEIIBHO TOUYKH
X, uHTepBane ¢yHkuus y = f(x) yoOwBaer. Tak xak f'(x)>0 mpu x>x,, To Ha
IpaBOM OTHOCHTENBHO TOYKH X, HHTepBane GyHKuus f(Xx) BO3pacTaer.
CnenoBatenbHo, f(X,) €CThb HaUMEHblIEe 3HaYeHUE QYHKIUHN f(X) B OKPECTHOCTH
TOYKU X;, @ 3TO O3HAYaeT, yTO f(X,) €CTb JOKAJIbHBIH MUHUMYM (QyHKUIUHU f(X).

Ecnu npu nepexojie ¢ 1eBOro MHTEpBajia Ha MPaBblid PYHKIMS MPOJOIKAET YObIBATH,
TO B TOYKE X, HE OyIer [OCTUraTbCsi MUHHMMAJIBbHOE 3HadeHUEe (YHKLUU

(3KCTpeMyMa HeT).
AHATOTHYHO JTOKA3bIBAETCS CYIIECTBOBAaHWE MaKkCUMyMma. P>

Ha puc. 2 a-h mpezacraBieHbl BO3MOXKHBIE CIydad HAUYHS WIH OTCYTCTBUS
AKCTpPEMyMa HEMPEePhIBHOW (YHKIIMH, TPOU3BOAHAS KOTOPOW B KPUTHUECKON TOUKE
paBHA HYJIIO WJIM 00pamaeTcsi B 06CKOHEYHOCTbD.

y y y y.

1 X l X ! X ! X
X, Xo Xo Xo

a) 6 c) . d)

‘ y v ' A ‘V ii i’ \
: x h : x

: - Xo : : X, >
Xo Xy 0

e) ) g h)
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3ameuanue. Ecnu ycnoBue HENpephIBHOCTH (PYHKIMH B

CaMOM TOUYKE X, HE BBIIOJIHEHO, TO BOINPOC O HAJIUYUU g
AKCTPEMYyMa OCTACTCS OTKPBITHIM.
Ilpumep 5. T e
PaccMoTpuM  paspblBHYlO B TOYKE X, (DyHKIHIO Puc. 3
-x+1, x<0,
f(x)= . -0 (puc.3). IlpomsBomnHas 3TOM (YHKIIMKM MEHSET 3HAK TIPH

9

nepexone uepe3 To4Ky X, =0, ogHako QyHKumus B Todke X, =0 dKCTpeMyma He

UMEET.
IIpumep 6. [Iycts nana pyHkuus y
2
x,x#0,
f(x)= (puc.4). Kak BugHO u3 pucyHka, f(x) 1
I, x= x
MMEET JIOKAJIbHBI MakCUMyM B Touke X, =0, ogHako (QyHKIMA N
HC.

UMEET pa3pbIB B TOUKE X, =0.

3ameuanue 3. Ecnu (QyHKIUS HMMEET B TOYKE X, OKCTPEMYM, HaIpuMmep,
MHHHMYM, TO HEOOS3aTEIbHO CIE€BA OT TOYKU X, (YHKIHS MOHOTOHHO YOBIBAET, a

CIpaBa OT X, MOHOTOHHO BO3PaCTaerT.
IIpumep 7. Ilycts nana ¢pyHkIus v

x? (2 - coslj, x#0,
f(x)= X (puc. 5).
0, x=0

MoxHO mokazarh, 4To B Touke x =0 jpgaHHas

(GyHKUMS ~ HEmpepblBHA W HMMEET  MHHUMYM.
IIpousBogHas GyHKIUH

1 Puc. 5
f'(x)=2x| 2-cos— |—sin— B 1000 OKPECTHOCTH
X
Touku x =( MeHseT 3HaK OeckoHeuHO MHOTO pa3. [TosTomy dyukmus f(x) He

SIBJISIETCS MOHOTOHHO yOBIBarOIIEH MM BO3pACTAIOIEH HU ClIeBa, HU CIIpaBa OT
Toukd x =0.

Cxema ucciieoBanusi yHKIUM HA IKCTPEMYM:

1) Haiit npousBogHy0 f'(x);
2) HAWTH KPUTUYECKUE TOYKH, T.C. TAKUE 3HAYCHHUS X, B KOTOPbIX f'(x)=0 win
S (x)=c0;

3) uccnenoBarh 3HaK MPOU3BOAHON CJEBAa U CIpaBa OT KAKIOH KPUTHUUECKOM
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Touku. Eciiu nipu nepexonie 4epe3 KpUTHYECKYIO TOUKY MPOU3BOAHAS [ '(X) MEHSET
CBOM 3HAaK C ILIKOCA HA MUHYC, TO B TOUKE X, (PyHKUMA f(X) MMEET MAKCUMYM, €CIIHU
3HaK f'(X) MeHseTcs ¢ MHUHyca Ha IUIIOC, TO B TOUYke X, QyHKous f(x) mMeer
muHEUMyM Ecim mpu mepexoze x uepe3 KpUTHUECKYIO TOYKY X, 3HaK f'(Xx) He
MEHSETCs, TO B TOUKE X, pyHKIusA f(x) HE UMEET HU MAKCUMyMa, HI MUHUMYMa;

4) naiiTi 3Ha4eHUs1 QYHKIIMU B OKCTPEMaJIbHBIX TOUKAX.

Teopema 4. (2 -oe 70CTaTOYHOE YCIOBUE IKCTPEMYMA).
ITyctb nst dyHKIMU y = f(X) BBIIOJHEHBI CISIYIONINE YCIOBHUS:

1. y= f(x) HenpepbIBHA B OKPECTHOCTH TOYKH X,

2. f'(x)=0 B TOUYKE X,

3. f"(x)#0 B TOUKE X,.

Tornma, B TOYKe X, JOCTUraercs SKcTpeMyM, npudeMm: ecimu f'(x,) >0, TO B Touke
x=x, Qykuus y=f(x) nmeer MuHUMYM, eciu f (x,)<0, To mpm x=x,
byHkuusa y = f(x) uMeeT MaKCUMYM.

<« Tlo onpenenenuro 2-i mpousBoxHoit f"(x,) = lim S ()= /(%) .
X—>X X — xO

Ho mno ycnosmio f'(x,)=0. IHosromy f"(x,)= lim M Ecmn f"(x,)>0, 1O
X=X X — X

/()

)C—XO

poOb >0 B HEKOTOPOHl OKPECTHOCTU TOYKU X =Xx,. Ilpum x<x, apoOb

nosioxurensHa, ecn f'(x)<0. Ilpu x>x, OpoOb MOJOXKHUTEIbHA, NPH YCIOBHU
f'(x)>0. CnenoBarenbHo, f'(X) IpH Iepexoje depe3 TOUKY X =X, MEHSET 3HaK,

MO3TOMY €CTh SKCTPEMyM. 3HAK MPOU3BOAHON MEHSETCS ¢ MUHYCa Ha IUTIOC, 3HAYUT,
3TO MUHMMYM. AHAJIOTUYHO JJOKa3bIBaeTcs ciaydaid [ (x,) <0.»

IIpumep 8. VccinenoBaTh Ha SKCTpeMyM  (PYHKIHIO ) = x*+2x+3.

Haxoaum npousBoauyto ' =2x+2.

1) Haxomum  kpuTHYecKWe TOYKH, JUISI YEro TMpPUPABHUBAEM K HYJIO
npomsBoaHyto: ) =2x+2=0, - x,=-1.

2) U3yyaeM 3HaK TPOM3BOJHOW ClIeBa W CHOpaBa OT ATOH To4kuU (puc. 6).
[TockonbKy 3HaK MPOU3BOJHON MEHSETCSs C MUHYyca Ha IUIIOC, B TO4YKe X =-—1
JIOCTUTAETCS MUHUMYM.

3) Haxonum BenmuuuHy MuUHUMyMa: y, . (=1)=2.

Ipumep 9.

HcerneoBath Ha SKCTpeMyM QyHKIHIO ¥ = x> +1. S - g >
-1

1) Haxonum npousBoaHyto ' = 21 Puc. 6

33x°
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2) Kputnueckoii Toukoii sisercs x =0, T.K. B 3T0# Touke f'(0)=o0.

3) Uccnenyem 3Hak y' cieBa U crpaBa oT Toukd x =0. OueBuano, f'(x)<0,
ecmn x<x,, u f'(x)>0, ecin x> x,. Takum obpasom, Touka x =0 ecTb Touka
MUHUMYyMa JaHHOU (PYHKIUH.

4) ¥Ymin (0) =1.

IIpumep 10.

2
HccnenoBath Ha 3KCTpeMyM GYHKIUIO y =¢e” .

2
1) Haxoaum mepByo Mpou3BoaHyt0: )’ =-2xe™ .
2) TlpupaBHUBas MTPOM3BOAHYIO HYIIIO, HAXOJAUM €IHHCTBEHHYIO KPUTHUYECKYIO
TOUKy x =0.
2 2
3) Jlallee HAXOMMM BTOPYIO IPOM3BOAHYI0: )" =—2¢™ +4x’¢” ™ . Ee 3HaucHue

B Touke x =0 paBHO -2.
4) Jlenaem BBIBOJ O HAJIMYMU MaKCUMyMa (DyHKIMU ¥ BbIUUCIHsgeM: Yy, .. (0)=1.

HauboJsbee 1 HaMMeHbIIIee 3HAYeHHE (PYHKINH, HENPEePbIBHOW HA
OTpe3Ke
Ecmm ¢dynkmums  f(x) ompenmeneHa W HeEmpepbiBHA Ha OTpe3ke [a; b], To,

cormacHo 2-i TeopeMe Beiiepmrpacca, oHa Ha 3TOM OTpPE3KE IOCTUTAECT CBOETO
HanOOJIBIIIETO ¥ HANMEHBIIIETO 3HAYCHHUS.
Ecniu cBoe wnHaumbosbmiee 3HaueHue M ¢dyHkuus f(x) mnOpuHUMaET BO

éHympeHHell mouke X, oTpeska [a;b], 10O M = f(Xx;,) OyHeT JOKaJIbHBIM
MakCUMyMOM (pyHKIMU f(x), T. K. B 3TOM Cllydyae CyIIECTBYET OKPECTHOCTh TOUKH
X, Takas, 4TO 3Ha4eHWs f(x) IJIA BCEX TOYEK X M3 ITOM OKPECTHOCTH OyIyT HE
Oonbie f(x).

Opnnako cBoe HauOosbiee 3HadeHUe M GyHKIUS f(X) Modcem npunumams u
Ha Konuyax ompeska [a;b]. IlodToMy, 4TOOBI HalTH HamOoJblIee 3HaUYeHUE M
HENpepbIBHOM Ha oTpe3ke [a;b] pyHkuum f(x), HAAO HAWUTU BCE MAKCUMYMBI
(GbyHKIIUU B UHTEpBaJIe (a; b) v 3HadYeHus f(x) Ha KOHIAX OTpe3Ka [a; b] u BbIOpAThH

cpend HUX HauOonblnee Yucio. BMecTo wuccienoBaHus Ha MaKCUMYM MOYKHO
OTPAaHUYMUTHCS HAXOXKJACHHEM 3HA4eHUM (QYHKIUU B KPUTHUYECKUX TOYKaX.
HaumenbinM 3HaUeHHUEM m  HENPEpBIBHON Ha oTpe3ke [a; b] dyHkiuu f(x) Oyner
HaWMEHBIIEE YHCIIO CPeU BCeX MUHMUMYMOB (pyHKuuu f(x) B uHrepBane (a;b) u

3HaueHut f(a) u f(b).
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Boeinykiocts pynknun. Toukn neperuda

Onpenenenue. [ pagux pynxyuu y = f(x), ougpgepenyupyemoti na unmepasae
(a; b), umMeem Ha 3MOM UHMEPBALe 8bINYKIOCIb, HANPABIEHHYIO 88epX (8HU3), eciu

epaghux smoil pynkyuu 6 npeoenax unmepeana (a;b) nescum ne eviwe (ne Hudice)
10001 c8oell KacamenvbHou (puc. 7).

Teopema 5. (00 yCcIOBUSIX BBITYKJIOCTH BBEPX WM BHU3). N
Ilycmo  Qynxyus  y = f(x) onpedenena na ummepsane |~ y=/,(x)
(a;b) u umeem HenpepvigHYIO, HE PABGHVIO HYIIO 6 HMOUKe

Xy € (a;b) emopyro npoussoonyro. Tozoa, ecnu f"(x) >0 s6ciody

v

|
]
|
)
Ha uumepsane (a;b), mo QyHxyus umeem 8bINYKIOCMb BHU3 HA '
a b

omom unmepsane, eciu ["(x) <0, mo yukyusi 6vInyKia 68epx. Puc. 7
' e «llycts B Touke M (X, f(xy)) (puc. 8) mpsivast /
% kacaercs xpuBoit y= f(x). OGo3HaumM uepe3 y
M * NEPEMEHHYIO0 OpAuHATy Touku npsmoil [. Torna
/ I, ypaBHEHHE NMPAMON /, KacaTeabHON K KpUBOHl y = f(x),
E J v, HMEET BU/.
Yoo X ¥ y=71(x)+ (%) (x—xp).
Puc. 8 Oynxiuio  y= f(x) pasnoxuMm B psajg Teiinopa B
OKPECTHOCTH TOUYKH X,
y= 1= fe)+ 8 ) + L0 (o (-, )

Bo3pmem IIPOU3BOJIbHOC 3HAYCHUC X U3 OKPCCTHOCTH TOYKH X, U Haﬁ,Z[CM Pa3HOCTb

y-y

y-f=f(x>—(f(xo)+f L) (x—x@j.
3amenum pyHkuuio y = f(x) panom Teimopa. [lomydum:
y-f=(f(xo>+f( LU0 )+ 50 (o G- )j
S(x o)

(f(Xo) + (x - xo)j
[Tocne packpeITHsi CKOOOK OyIeM UMETh

y-y= f(O)(x xo) +0((X xo))

B IMOJIyYCHHOM BBIPAKCHUU TICPBOC CIIAracMoc B npaBoﬁ qaCTu OIPCACIEICT BCIIMINMHY
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¥ 3HaK pa3HOCTU Y -y , BTOPOE CIIaraeMoe sIBJISIETCS OECKOHEYHO MaJIOi BETMUMHOM.

U3 paBeHCTBa CieAyeT, YTO 3HAK PA3HOCTU -y COBIAIAET CO 3HAKOM f"(X,).
[Mostomy, ecmu f"(x))>0, T0o y-y>0 nmu11 BceX TOYEK X #X,, JOCTATOYHO
OIM3KHX K TOYKE X,. TOYKM KPMBOH PACHOJIOKEHBI BBILIE CBOCH KACATEIBHOW W, B
COOTBETCTBHM C OIpeleiIeHHeM, KpuBas BhITykiaa BHU3. Ecmm  f"(x,) <0, TO
y-y <0. Touku KpuBOIl pacnoioKEHbl HUXKE CBOEH KacaTeIbHOW U KPUBAas BbIIMYKJIA

BBEpX. P>

Onpenenenne. Toukoil mnepernba rpaduxa ¢GyHKIUN 4

y=f(x) wnaseBaercs Touka M (x,f(x,)), pasgenstomas

IMPOMCIKYTKH BBIITYKJIOCTH BBCPX MW BHMHSI. 1402180071 CJIOBaMU,

M(x,, f(x,)

Touka M (xl, f (X1)) - TOYKa mepernda KpUBOW, €CIH B ITOU

TOYKE KpHUBasl MEPEXOAUT C OJHOW CTOPOHBI KacaTeJIbHOW Ha

v

IpYTYI0, MEHSISl HAalIpaBJIEHUE BBITYKJIOCTH (puc. 9).
Puc. .9

Teopema 6. (0 HEOOXOIUMOM YCIOBUU TOYKH IEeperuoa).
Ecnu M (xl, f (xl)) ecmb moyka nepeauba 08axcovl ouggepenyupyemotl

dymiyuu y= f(x), mo f"(x)=0 wau f"(x)=0.

Teopema 7. (0 7OCTaTOYHOM yCIIOBUH TOYKH TIEpernda).

Ecnu emopas npouseoonas f"(x) 0sadxcovl ouppepenyupyemoii pynkyuu npu
nepexooe uepe3 HeKOMopylo MouKy X, meHsem 3Hax, npudem f"(x;)=0, mo mouxa

M (xl, f (xl)) ecmb mouka nepezuba kpusou y = f(x).

Cxema ucciieoBanusi QyHKIIUM HA BBINMYKJIOCTh

1) Haiitu BTOpYI0 NpOU3BOJHYIO (DYHKIIHH;

2) HATU TOYKH, B KOTOPBIX BTOpas MPOU3BO/IHAS PaBHA HYJIIO WA OOpaliaeTcs
B OECKOHEYHOCTB;

3) uccienoBarh 3HAK TMPOM3BOJHON CiieBa U CHpaBa OT KaXKIOM HalIeHHOM
TOUYKHU U C/IENIaTh BBIBOJ 00 MHTEpBaJIax BBINYKJIOCTU U TOUKaX Meperuoa;

4) HaiiTy 3HAYeHNS (QYHKIIUU B TOYKAX Meperuoa.

IIpumep 11. HaliTu wHTEpBaIbl BBIMYKIOCTH W TOYKH Meperunda (QyHKIuu

y:x3—3x2+x—l.

Haxogum BTOpYIO IPOU3BOJIHYIO:

y' =3x—6x+1, y"=6x—6. f'x) - ° +

Haxomum ToOuky, re BTopas IPOM3BOJHAs paBHA M U

v

Hymo: )" =0 npu x=I. Puc. 10
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Hccnenyem 3HaK BTOPOW MPOU3BOAHOM CJIEBA U CHpaBa OT HAWJCHHOM TOYKH.
JI711 3TOro prcyeM YHCIOBYIO OCh U YKa3bIBAEM HA HEU 3HAKU BTOPOU MPOU3BOLHOU
(puc.10). enaem 3akitoueHue 00 UHTEpBaJe BBIMTYKIOCTH BBEPX CJIEBA OT TOUKHU X=1
Y MHTEPBAJIE BBIITYKJIOCTH BHU3 CIIPaBa OT 3TOW TOYKH.

JlenaeMm BBIBOJI 0 HATMUMM niepernda B Touke (1;2).

AcumnToTsl rpaduka GQyHKIMA

Ilpsimast x =X, Ha3bIBaETCS 6epmuKanbHol acumnmomoti rpadpuka (QyHKIHN

y=f(x), ecnu xora Obl OIHO U3 TMpeAeNbHBIX 3HaueHud lim f(x) win
x—xy—0

lim f(x) paBHO 400 WM —o0.
x—>xy+0

Ilpsmas y =y, Ha3bIBACICA 2OPUOHMATLHOU acumMnmomou Tpadyka (QyHKIHHU

y=f(x), ecmm X011 OBl OHO W3 MpPEACNBHBIX 3HaueHWil lim f(x) wm lim f(x)
X—>+00 X—>—0

paBHoO b.
I'padmk GyHKIIMM MOKET MMETh TOJIBKO TPaBYIO0 TOPU30HTAIBHYIO ACUMIITOTY
WIH TOJIBKO JIEBYIO.

[Ipsimast y = kx + b Ha3BIBACTCS HAKIOHHOU y

acumnmomoi rpaduka GyHkuuu y = f(x), ecnu

lim (f (x) —kx —b) =0,

X—>0

T.€. Korja GyHKLIMS PU X —> 00 IpeicTaBuMa B BUJIE

f(x)=kx+b+a(x), tne lim a(x)=0. Puc. 11
X—>+00

CymiectBoBaHuE acUMNOTOTHI Y =kx+b y KkpuBoil y=f(x) mnpu X —> o

03HAYaeT, YTO MPU X —>© (QYHKIUS BEACT ce0s «IOYTH KaK JIMHCWHAs», T. €.
OTIIMYAeTCs OT JHHEeWHOW GyHkumu y=hkx+b OeckoHeuno wmano (puc. 11).

Haxnonnas acuMIToTa MOXKET OBITh KaK HpaBOﬁ, TaK U JICBOM.

Teopema 8. (00 yclIOBUSAX CYIIECTBOBAHUS HAKJIIOHHON aCHMITTOTHI)
Ecnu ona ¢pynxkyuu y = f(x) cywecmayrom npedenwvi

lim 2 _f lim (f(x)—kx)=b,

x—wo X X—0

mo QyHKyus umeem HAKIOHHYIO acumnmomy y =kx+b npu x — .

f ()

X

43 cyuiecTBOBaHUsI MEPBOTO Mpejesia CIeAyeT, 4YTO —k=p(x), rne

P(x) - 6eckoneuno manas ¢pynkuus. Torna f(x)=kx+ x- f(x). OTHUMEM OT 00eUx
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yacTel BEJIMUMHY Ax U HaiIeM mpeaest mpu X — oo, lim ( f(x)- kx) = hm x- B(x).
X—>00

W3 lim (f(x)—kx)=b cnemyer limx-B(x)=>b. Ilostomy x-f(x)= b +a(x), rae
X—>0 X—>00

a(x) - 6eckoHeYHO Masasi QyHKIIHSL.

CrnenoBarenbHo, f(x)=hkx+x-[f(x)=kx+b+a(x).»

IIpumep 12. Haiitu acuMntoTsl rpadguka QyHKIHH Y = /Xx(x-2) .

y . x .
Pewenue. Halifnem mocie0BaTenbHO Ipeaeasl lim EAC)) n lim (f(x)—kx).
XD X X—>00

Bropoii npeaen HaxoauTCs NP YCIOBUHU, YTO MEPBBIM U3 HUX KOHEUEH.

|x|r

Ecou x > O, TO MOIYJIb PACKPBIBACM CO 3HAKOM ILIIOC, U I10JIYy4YacM

x‘/l——
= lim ———== lim ,/1——

Torma Ilim>—= S () = lim x(x 2) = lim

x—wo X X—>00 X X—>00

X—>+00 X—>+00
—x‘/l—— 5
Ecmm x <0, To k= lim ——X = lim [— 1——j=—1.
xX—>—00 X X—>=00 X

Haiinem BenuuuHy BTOpOro Mpejena, JOMHOXKHUB YUCIUTENINb U 3HAMEHATENb
(KOTOpBIH paBEeH €IUHULIE) HAa COMPSKEHHOE BhIpAKEHUE:

2
Jim (709~ i (V=2 —2) -t S
2x , -2

= lim = lm —=-1

X—>+00 X—>+00 2
o x[‘/1—2+1} o ‘/1——+1
X X

Takum 00pa3om, rpaBas HaKJIOHHAs ACUMIITOTa UMEEeT BUJ ¥y =x-1.

AHaJIOrMYHO pacCMaTPUBAETCS CIIydall x — -00.

2
Jm (7)) = lim ({x(x=2) +x)= lim 3% =
—2x ; 2

lim = lim ——=1

x—>+oo_x( ,1_2+1J X—>+00 /1_2+1
X X

Torga momy4nMm JIEBYIO HAKJIIOHHYIO aCUMMTOTY y =-x+1. I'paduk mucxoaHoii

GYHKIMY CO CBOMMH aCUMITOTaMHU MPEACTaBIeH Ha puc. 12.
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3HAYUTEIILHO KOpOYe MOXKHO PEIIUTh 1
N\ = — =X 1 ’
IPUMED, UCTIONIB3YSI «O»-MaJIoe. A Y

l O
y=4x(x-2)= x2(1—2]=|x|-(1—z]2.
X X

[Tockonbky X—>00,  3aMEHHMM  CKOOKY '
ACUMIITOTHYECKUM paBeHCTBOM. [lonyunm \

1
12 (1
y=|xl (1_;] o 1-2-24 OH |- ||+0(1) i

Ilycts x — +00.

Torma y = |x| ||+0(1) x—1+0(1).

[lycth x - —c0. Torma y = |x| | | +o(l)=—x+1+0(1).

Kak wusBectHo, o(l) ectb 6eCK0HeqH0 Manas BenauuuHa. I[lpaBas y=x-1 u

JeéBad y=—Xx+ 1 HaKJIOHHBIC ACUMITOTHI IMOJIYUYCHBI.

3ameuanue 1. Ilpsimas x = x, He MOXKET OBITh BEPTUKAJILHOM aCUMITOTOM, €CIIN
(QyHKIMSA HENIPEPHIBHA B TOYKE X = X,,. [I03TOMy BepTHKaJIbHBIC ACUMIITOTBI CIIETYET

UCKaTh B TOUKAX pa3pbiBa (PYHKIIUHU.

3ameuanue 2. Topu3oHTaNbHAasg ACUMIMTOTA SBISETCS YACTHBIM CIIydaem
HaKJIOHHOH T1pH £=0.
3ameuanue 3. Ecnu nipu HaX0KJIEHUU TOPU30HTATBHON AaCUMITOTHI MOTyYaeTCs

lim f(x) =00, TO QyHKIIUS MOKET UMETh HAKIIOHHYIO aCUMIITOTY.
X—>0

3ameuanue 4. KpuBas y = f(x) MOXET nepecekarb CBOK aCUMOTOTY, IPHYEM

MHOT'OKPaTHO.

HUccaenoBanue pyHKUM U MOCTPOEHHE UX TPaPUKOB

[Ipu noctpoenun  rpaduka  (yHKUMM  HEOOXOJMMO  TIPOBECTH €€
npeaBapuTenbHoe uccienoBanue. [loctpoenue cpaszy mo Todkam, 3a UCKIIOYCHHEM
AJIEMEHTAPHBIX CIy4YaeB, MOdCem npusecmu Kk nomepe Ha rpaduke BaXKHBIX CBOMCTB
¢yukuun. IlpumepHas cxema uccienoBaHUS (PYHKIMHU C LENbIO MOCTPOCHUS €€
rpaduka mpeacTaBlieHa HUXKE.

1. Obnacte ompenenenuss D(y) u 00JacTh JOMYCTUMBIX 3HaueHUU £E(y)

byHKIIH.
2. CumMeTpus ¥ NEPUOAUIHOCTD.

3. Touku pa3pbiBa U TPOMEKYTKUA HEMIPEPHIBHOCTU (DYHKIIHH.
4. Hynu ¢yHKIIMY ¥ TPOMEKYTKH MTOCTOSTHHOTO 3HAKA.
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5. DKCTpeMyMBI U ITPOMEKYTKH MOHOTOHHOCTH.
6. Touku neperuda v MPOMEKYTKH BBITYKIOCTH.
7. ACUMIITOTBHI.

3ameuanue 1. Cxema mpencrtaBieHa Kak npumepHas. [IyHKTHI ucciieqoBaHus
MOKHO OITyCKaTh, €CJIM OHU Jar0T OaHalbHYI0 WHGOPMAIUIO, WIA NEPEeCTaBIISTh,
eci 0OHApYKUBAIOTCS MHTEPECHBIE OCOOEHHOCTH MoBeeHus rpaduka. Omxnako 6e3
HAXOXXJEHUS Pa3phIBOB, SKCTPEMYMOB, aCUMIITOT M HMCCIICIOBAHUS Ha BBIMTYKIOCTh
9acTO HEBO3MOXKHO TMOJYYUTh TpaduK, NPaBWIBHO OTPAXKAIOMUN TIOBEACHUE
GyHKUIUU.

3ameuanue?. Jnst  yrouHeHuss TrpaduKka MOXKHO HAWUTH HEKOTOpbIE
JIOTIOJIHUTENbHBIE TOYKH, HO HHOT/AA yAaeTcs 000MTHCh U O€3 HUX.

3ameuanue 3. PexkoMmeHayeTcss CTpOUTh TpapuK  OJHOBPEMEHHO C
uccieoBaHueM (YHKIMU, HAHOCS Ha KOOPAMHATHYIO IIOCKOCTh MH(OPMAIUIO IO
3aBEPIIEHUH KaKJI0TO ITyHKTA UCCIIETOBAHMSL.

1
1+ x°

Ipumep 13. IlpoBectn monHOE wHccineAoBaHUE QYHKIIUA V= 51

IOCTPOUTH TpaduK.
1. OGnacThio ONpeIeNICHUS SIBJISETCS BCSI UUCIIOBAsI OCh.
2. Oyskmus detHas: f(-x)= f(x), Tak dYTOo ee TrpaduK CHUMMETPUYCH

OTHOCUTEIBHO OCH opnauHar. M3 uyeTHOCTHM (GYyHKIUHU CIAEAYET, YTO JOCTATOYHO
MOCTPOUTH €€ rpaduk B MpPaBoll MOJYIIOCKOCTH, a 3aT€M OTPa3UTh €ro B JIEBYIO
IOy TUIOCKOCTb.

3. Touek pa3pbiBa HET, PYHKIIUSI HEMPEPHIBHAS HA BCEH YMCIOBOM OCH.

4. Ilpu x=0 umeem y=1. OyHKUUS TOJOXKHUTEIbHA MPU BCEX X, TAK YTO

rpaduK QyHKIMH JISKUT B BEpXHEN MOITYIUIOCKOCTH.

2x
5.y =————=. ®ynkuus Bo3pacraer npu x<0 u
(1+x7)
max
yobiBaeT npu x>0. Touka x=0 — kpuruueckas. Ilpu y(x) , = .
mepexozie x yepes To4ky x =0 npoussognas y'(x) MeHser A0 N\ Y
3HaK ¢ IIoca Ha muHyc (puc.13). CrnemoBarenbHO, TOYKA Puc. 13
x =0 — touka makcumyma, y(0)=1.
6 "_ 1-3x? B
: y'=- T TOpas  IPOM3BOJHAS eperiG
1 y”(x) ! - Il + »
oOpalaercs B HyJlb B TOYKAaX X = iﬁ. Hccremyem TOUKy 0o " /\/_ o
3
1 " Puc. 14
x= NG [pu x > NG umeeM y” >0, T.e. KpHBas BBIIYKJA
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BHU3; IpHU x<LnonyqaeM y"<0 (kpuBas BbIIyKJIa BBepx) (puc.14).

V3
1
CnenoBaTenbHO, X = ﬁ - TOUKa neperuda

1

7. lim =0. I'padux wumeer
2
x>+ ] + x
TOYKHU
TOPU3OHTAIBHYIO acuMmMnTory y = 0, nepernGa

HAKJIOHHBIX aCHUMIITOT HCT.

TOPU30HTAIIbHAS
acumnTora y=0

Ctpoum rpadguk B IpaBou
MOJIYTJIOCKOCTA M CUMMETPHUYHO OTpa)kaeM

15

€ro B JIEBYIO TMONYIUIOCKOCTh. [ 'padux
dbyHKIIMU n300paxeH Ha puc. 15. Prc.
IIpumep 14. IlpoBecTn moOJNIHOE uccheAOBaHUE (YHKIHH ) = %
X —
OCTPOUTH TpaduK.
1. O6nactp onpenenenus pynkuun x # 1, T.e. D(y) =(—o0, 1)U (1; + ).
Tak Kax npu x<-1 y<0, a pu x>-1 y>0, u

lim y(x)=—o0, lim y(x)=+00, TO MHOECTBO 3HAYCHU U byHKUIMN
X—>—00 X—>+00

E(y):(—oo; + ).

2. OyHKuMs y(x) HE fABJsieTCs nepuoanueckoi. OHa HU YeTHasl, HU HEYeTHas,
T.e. ee rpaduk He oOjagaeT cuMMmeTpuel. (OTOT OUYEBHIAHBIA IJIA TaHHOW (YHKIIUU
IyHKT MOYKHO OBLIIO OTYCTHTH).

3. B touke x=1  ¢QyHKIMS wuUMeeT  pa3ppIB  BTOPOrO  poja,
T.K. lim y(x) =400, lim y(x)=+o0.
x—1+0

x—1-0
Lo - + R
4. Touku mnepeceyeHuss C OCSAIMH KOOpJMHAT: 01 =
x=0, y=1, mw x=-1, y=0. IlpoMexyTku Puc. 16

ITIOCTOSTHHOT'O 3HaKa IPEACTaBJIEHbI Ha puc. 16.
5. Haiinem uHTEepBasibl BO3pacTaHusi, yObIBAHUS U AKCTpEMYMbl QPyHKUUU. Jlis
ATOr0 BBIUKCIUM NEPBYIO MPOU3BOIHYIO:
3+ D (x =12 =2(x - D(x+1)°  (x+1)*(x—5)
. (1)’ Ty

Ortcroza nojiyuyum
a) y'>0 mpu x<1 u x>5, cienoBarensho, Ha  V'(x)

+
TUX TMPOMEXYTKax (QYHKIUS BO3pacTaer, a INpu ”
xe(1,5) y'<0 u pyukius yosiBaer. (puc. 17).
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0) y'=0 npu x=5 u B Touke (5; 27/2) byHKIMS UMECT JOKATbHBIH MHUHUMYM.
Touka x=-1 TOXe SABISIETCS KPUTUYECKOW TOukOH )'(—1)=0, HO JIOKAJIBHOTO

sKCcTpeMyMa (PyHKLHHU B 3TOM TOYKE HET.
6. Haiinem wunTepBaibl BBITYKIOCTH (YHKIMU. [ 3TOro BBIYMCIMM BTOPYIO

y 24(x+1)

NPOU3BOJIHYIO: )" = Torma »"<0 npwm

- 4
(x — 1) neperuo
x<-1ud y'i(x) +
YHKIMA BBIIYKJIA BBEPX, 4 Ha IPOMCKYTKaAX ® O

+
—l<x<1l m xp»1 ">0 u QyHKIMS BbIOIyKIA BHUS. no-tu by
Puc. 18.

[
>

X

Touka (—1,0) - Touka meperuba rpaduka QyHKIHK

(puc. 18).

7. lIlpsmas x=1 Oyger BepTUKaIbHOM acuMOTOTOM rpaduka (QyHKIUU.
HakinonueiMu  acumnroramu rpaduka QyHKuuM OyIayT TpsiMble, 3aJlaHHbIE
ypaBHeHHEeM y=kx+b, riae ko3 PUIMEHTHI k U b onpenenstoTcs paBeHCTBaMU

k= 1im 29 p tim (£ () - ko).

x—>*o X X—>*o0
[Tockonbpky
3 3
k= tim Sy g [ Sl
X—>too (x—l) X x—>to0 (x_l)

TO €JIMHCTBEHHOW HAKJIOHHON acCUMIITOTOM OyAeT mpsimast y=x+3.

y
30

25

= HaKJIOHHAS 20

’ ACHMIITOTA 15
10

X 5

x=1 -15 -10 5 10 15 20
BEPTHUKAJIbHAS -5
/‘ aCHMIITOTa 10

Puc. 19a Puc. 190

TOYKa \
MHUHHUMYMa

TOYKa
neperuda

v

["padmk nanHOM (HyHKIWH, ITOCTPOSHHBIHN IO Pe3yJIbTaTaM UCCIIEI0BAHMS, TIPEICTABICH
Ha puc. 19a. Ha npyrom pucynke (puc. 190) mpezactaBieH rpaguk 3TOi e (PyHKINH,
PaCCUMTaHHBIN 1 TOCTPOSHHBIN KOMITHIOTEpHOM Tporpammoit «Mathematica 5.0.
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[punoxeHue. InacTUuIHOCTL QYHKLUMMK.

B 2KOHOMUYECKHX HCCIEIOBAHUSIX YaCTO MUCTOIB3YETCS TOHATHE AIACTUIHOCTH
(YyHKIUUH.

Onpenenenue. dracmuunocmoio pyuxkyuu E. (y) nHazvieaemcs npeden
OMHOULeHUSI OMHOCUMENbHO20 npupaujenuss GyHkyuu y = f(x) kK omnocumenvHomy
npupawenuro apeymenma x npu Ax —0:

Ay
o X

. . Ay
E.(y)=lim 2 =2 1im 22 =X
() a0 Ay ars0Ax  p7

X
ECJIH DJIACTUYHOCTDH (bYHKHI/II/I Hpe,IICTaBI/ITB B BUAC
A 100%
E.(y)= lim 2+ —
A0 2 100%
X

TO JIETKO YBUJIETh, YTO 3IACMUYHOCMb (DYHKYUU NOKA3bl8aem HPUOIUNCEHHO, HA
CKOJIbKO NPOYeHmos8 usmeHumcs @yunkyus y = f(X) npu uzmeneHuu He3a8UCUMOLL

nepemennou x nHa 1%.
[onb3ysich oHsiTUEM TU(depeHIaia, 3MaCTUIHOCTh MOXKHO TIPEICTABUTH UHAYE:

dy

B (X _y _dny)
o yde dx  d(lnx)
X

I'eomeTpuyeckasi MHTepHpPeTANUS

DNacTUYHOCTh PYHKIMH Yy = f(X) MOXKHO HAWTH U3 rpaduka 3ToM (yHKIIUH.

X X
[To ompenmenenuto snmactuaHocTH E (y)=—)'= ;tga , TIe « - Yyroia HakJIOHa

KacaTenbHOM K pyHKInu y = f(x) B Touke C(x,,y,) (puc. 20).

N3 tpeyronsuuka ACD :

C—D:ﬂ:sin(ﬂ—a):sina.

AC AC
N3 tpeyronsuauka BCL:
LC_x _ cos(r —a)=—cosa

BC BC
Otkyna,

X, . *,
BC _ X0 D A
= COSE = %0 /() =~ E, ()
AC - Yo ¥ Puc. 20.

sin
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T.C. 9aACMUYHOCMDb y6b18al0u4€12 qbyHKuuu pasrna OmMHOUIEHUIO paCCI’I’IO}ZHMIZ no

kacamenvrot om mouxku C ¢ xoopounamamu (Xy,y,) 00 ee nepeceyeHusi ¢ ocamu

opounam u abcyucc, 831momy co 3Hakom muuHyc. Takum oOpa3oM, €ciu aKKypaTHO
noctpouth rpaduk (yHKIMU y= f(X) W NPOBECTH KacaTeIbHYIO K KPUBOW B

uccnenyemon touke C(xy,Y;), MOXKHO IPUOIM3UTEIBHO ONPEACIUTh BEIUYHHY

AIIACTUYHOCTH (PYHKIIMH B STOU TOUKE.

CBolicTBa 3JIACTUHYHOCTH (PYHKIUH

[Tycts dpynKkuusa y = f(x) uMeeT KOHEUHYIO MU OECKOHEUHYIO TPOU3BOIHYIO

Ha MPOMEXyTKe. BCOMHKM, 4YTO MpoM3BO/IHAs €CTh OTHOLIEHUE MU epeHIanonB
_dy
dx’

1. Dnacmuunocmo ecmo 6espasmepnas eenuyuna E, (y)=E, (by).

y

<« /lokazarenbCcTBO 04eBUIHO: £, (by) = axd(by) _xdy _x y >
byd(ax) ydx 'y
2. Onacmuunocmu 63auUMHO 0OpaAMHBIX HYHKYULU ecmb 63aUMHO 00pammble

6elUYUHDb

1
E =—.
() E,(v
_xdy 1 1
O N TTE B

X dy
3. Dnacmuunocms npouzsedenus pyuxyuti u=u(x) u v=v(Xx) pasua cymme ux
anacmuuynocmeu  E (uv)=E (u)+E_ (v).
«Ilpu gokazaTeabCTBE CBOMCTBA BOCIOJIB3YEMCS CIEAYIONIMM CBOWCTBOM
muddepentmana d(uv)=v-du+u-dv. Torna
x dwv) _ x vdu+tudv _xdu xdv

E_ (uv)=— = ——t—=FE (W) +E_(v).p»
<) uv dx uv dx udx vdx <) (V)

4. Dnacmuunocmes omuouwtenusi pyukyuii u =u(x) u v=v(x) pasua pasHocmu

Ux s1acmuyHocme
u
E, [;}Ex(u)—Ex(v).

| I[OK&S&TCHBCTBO AHAJIOTHUYHO.

{3)
x \v)_xyduudv_xdu_xdv_p o\ p )
Uode uo Vi wdx vy
1%

1%

E()=
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5. Dnacmuunocme cymmor @ynxkyuu  u=u(x) u v=v(Xx) pasHa cymme ux

aﬂacmutmocmeﬁ, 634mMbvlX C coomeemcmeaeyrouwumu 6ecamu:

E (u+v)=——FE (1) +——E_(v).
u-+v u-+v

<« JlokazareynbCTBO
B (u+v)= x du+v) x @g+ x _dvyv _
u+v dx u+vdxu u+vdxv >
u_ xdu v xdv_ U gy Y E ()
u+v udx u+v vdx u+v u+v

DJIACTUYHOCTH JIeMEHTAPHBIX QYyHKIIUI

Boruucium 31acTHYHOCTH HEKOTOPBIX QYHKIIUH.

1. Crenennas Gpynkuus y =x“. Ee 21acTUYHOCTS:
x d(x%)  x ax®ldx
B f)=d0)_xoax dv_
x% dx x*  dx

2. lokasarenbHas QyHKOUS y=a" .

E (=) _xalad
a’ dx a* dx

3. Jlorapupmuyeckas pyHkuus y =Inx.

x d(lnx) 1

Inx dx Inx

E . (Inx)=

4. JIuneitnas pyHkuust y=ax+b.

x d(ax+b) ax

E . (ax+b)= .
ax+b dx ax+b

CDyHKI_[I/IH B 3aBHCHMOCTH OT BEJIMYHMHBI CBOEH DJIACTUYHOCTH MOJKET OBITH

COBEPILEHHO 3JIACTUYHAs |EX ( y)| = +00
3IaCTHYHAS 1<|E, (»)] < +o0
HEdJIaCTUYHAs 0< |EX ( y)| <1
COBEPILICHHO HE3JJaCTUYHAs E,.(»)=0

OnacTMYHOCT,  (DYHKLIMM TMPUMEHSETCs, HampuMep, Ipd aHajuu3e Crpoca Mo
HOTpeOIEHNs, B MPOLIECCE aHAIN3A MPOEKTHBIX PUCKOB B XOJE UCCIENOBAHNS U3MEHEHUI

KPUTEPUEB OLICHKU MPOEKTHOW 3((PEKTUBHOCTH B 3aBUCHUMOCTU OT M3MEHEHUH (haKTOpOB
puCKa.
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Tak, anactuuHoCTh cripoca Q no nene P
P dQ
Ep(Q)=——
QO dP
MOKAa3bIBAET BEJIMYMHY OTHOCHTEIBHOIO M3MEHEHHMs CIpoca Ha Kakoi-nbo ToBap
IpU W3MEHEHHHM LEHbl 3TOro ToBapa. OHa XapaKTepu3yeT «UyBCTBUTEIbHOCTHY

noTpeduTeNe K ”3BMEHEHUIO 1IeH Ha MPOAYKITHIO.

Bonpoce! s noBropeHus

1. CdhopmynupoBaTh U I0Ka3aTh TEOPEMY O IPOU3BOAHON MOHOTOHHOM
byHKIIH.

2. CdopmynupoBath ONpeaesieHue JOKATbHOTO MaKCUMyMa U MUHUMYyMa
byHKIIUU.

3. CdhopMynupoBaTh U JOKa3aTh TEOPEMY O HEOOXOJIMMOM YCIOBHH
AKCTpEMyMa.

4. CdhopmynupoBaTh U I0Ka3aTh TEOPEMY O TIEPBOM JIOCTATOYHOM yCIIOBUHU
AKCTpEMyMa.

5. ChopmynupoBath U JOKa3aTh TEOPEMY O BTOPOM JOCTATOYHOM YCIOBHHU
AKCTpEMyMa.

6. [IpuBectu cxemy uccnegoBaHusi GyHKIIMHA Ha SKCTPEMYM.

7. ChopMmynupoBath onpeaeneHrne HanOoJIbIIEro 1 HANMEHBIIETO 3HAYCHHUSI
(GyHKIIH.

8. CdopMynupoBath onpeieTICHUE BBIMTYKIOCTHA (QYHKITHH.

9. CdopmynupoBarh U J0Ka3aTb TEOPEMY 00 YCIOBUSAX HANPABICHHOCTH
BBITTYKJIOCTH (DYHKIIMH BBEPX WUJTU BHU3.

10.JaTe onpenenenue Touku neperuda u chopmMyaupoBaTb HEOOXOUMOE U
J0OCTaTOYHOE YCJIOBUSI CYIIECTBOBAHHUS TOUKH eperuoa.

11.IIpuBectu onpeneeHus BEPTUKAILHOM, TOPU30HTATILHON U HAKJIOHHOM
acuMnToT rpaduka QyHKIUN.

12.I1puBecTu cxemy MOJTHOTO UCCIEA0BaHUSA (DYHKIIMU C 1I€JIbIO IOCTPOCHUS €€
rpaduxa.

13.CopmynupoBaTh OnpeaesICHUE IACTUIHOCTH (PYHKIINH, 1aTh
reOMETPUYECKYIO0 HHTEPIPETALIHIO.

14.TlepeuncinuTh ¥ A0Ka3aTh CBOWCTBA 3JIACTUYHOCTU (PYHKIIUH.




Jlexuus Ne 15 KoMnjiekcHple uncia opod. IemmxkoB M. I1. 131

«KOMIIVIEKCHBIE YU CJIA»

« Yucmno B MAaTCMAaTUKEC, KaK U BpCM:1 B (I)I/I3I/IK€,
HN3BCCTHO KaXXKIOMY, HO HCIIOHATHO JIMIIb CIICIHA-
JUCTaM».

N3 ucropum unce. [IoHsaTue yncna CKkIagpBaloCh B MAaTEMATUKE MTOCTEIIEHHO C
pa3BUTHEM OOIIECTBA, a TAK)KE MO/ AaBICHUEM KakK MPAKTUKH, TaK U BHYTPEHHUX
HOoTpeOHOCTEN camMOl MaTeMaTH4ecKOW HayKu. MOJKHO HE OCTaHaBIMBAThCS Ha
N0IPOOHOCTSAX YHMCIOBBIX MHOXECTB N C Z — 0 (HaTypaibHBIX, LEJIbIX, PAIHO-

HaJbHBIX YHCENI) — UX MOSBICHHE U CTAHOBJICHUE MMEET OYEBUIHYIO IPAKTHUYE-
CKYIO0 BOCTpeOOBaHHOCTb. (! 3aMeTHM JIHIlIb, YTO BBEACHUE OTPULIATEIbHBIX YHCEIl
MOJCHO — UHmMepnpemuposams Kak HEOOXOJIUMOCTh PEIICHHUS YpaBHEHHUS
x+n=0,ne N, a noTpeOHOCTh pallUOHAIBHBIX YUCET — JUISl PELICHUS YpaBHEHUHN

mx+n=0, mmnehN.)
[lepexon (Q — R) OT pallMOHAJIIBHBIX YUCEN K JACHCTBUTENIbHBIM BbI3BaH

CKOpee BHYTPEHHEH JIOTUKOW pPAa3BUTUS MAaTEMaTUKH, Y€M IPAKTHYECKUMH I10-
TpeOHOCTAMHU. B "yacTHOCTH, K HEOOXOAUMOCTH BBEICHHUS JACUCTBUTEIBHBIX YUCEI
IPUBEJIO U3BECTHOE MAaTEMATHUYECKOE OTKPBITUE, BBITEKarollee u3 Teopemsl Iluda-
ropa u COCTOsIIEE B TOM, YTO JWAroHajlb €IMHUYHOIO KBaJpaTa HECOM3MEpPHUMA C
€ro CTOpOHaMH (T.e. HE MOXET ObITh MU3MEPEHA — WM MO-APYyroMy, HET TaKOTO

panroOHAJIBbHOTO YHUCJIa BU A £ , 0603Ha‘13,IOIJ_I€€ AJIMHY AuaroHalid — UJIh, 4YTO HECT

r

. 1
TaKON «CAWMHHILID», YTO, pa36I/IB €C HAa ¢ «KYCOYKOB» | — [ H, B3sB IIOTOM p Ta-

q

1 . -
KHNX «KYCOYKOB» | p-— |, IOJYUYCHHOU «JIMHCHUKOW)» U3MCPHUM IAJINHY ,Z[I/IaI‘OHaJII/I).

! 3aM€TI/IM, 4TO AJId YUCTO HMPAKTHUUYCCKUX Leyneu palMOHAJIBHBIX YHCCII
BIIOJIHC XBATaCT, TaK KaK C UX IIOMOIIBIO MOXKHO C 0001 Harepea BaHaHHOfI TOY-

HOCTBIO TIPOU3BECTH U3MEPEHHUE 000 BEIIUUNHBI.
1

AnreOpandeckas 3amuch (pakTa «HECOM3MEPUMOCTUY» JIUATO-

|2

2
HaJdu BeJET K HEOOXOJAMMOCTH PEIIUTh YpaBHeHHE X~ =2. OTO

YPaBHEHHE BO MHOXECTBE PALMOHAIBHBIX uncesl () HE UMEET pe-

meHus. Torjaa «pemminy BBECTH HOBBIM «CHUMBOI» J2 (ero Ha3BalIM uppayuo-
HAbHLIM), KOTOPOTO HET BO MHOKECTBE (), T.€. OH SIBJISIETCSI «BHEIIHUM» I
(ne mpuHamnexamuM (J) U pacCIIUPUTh MHOXKECTBO () , BBOJISI HOBBIE «UHCIIa»
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BUIA K +7 2 , Tne 1,r, €Q npoderaror Bce (J. OTH yucia (M Hpenessl Io-

CJI€IOBATEIbHOCTEN U3 TAKUX YUCEI) OTHOCST K OelicmeumenbHulM (8eujecmeeH-
HbIM) yuciam. DTH YUCIa KaK Obl 3aMOTHSIOT MPOMEKYTKH MEXIY pallioOHaTbHBI-

MU 4HClIaMHu. DTOT (haKT OYEHb BaXKEH JIJII MaTeMaTUKH, TaK KaK JIEUCTBUTEIbHbBIC
YHClia MPEJCTABISAI0T COO0M Ty HENMPEPBIBHYIO Cpey, B KOTOPOW MOMEIIEHBI pa-
LMOHAJIBHBIE YMCIIA, U [JI€ CTAHOBUTCS COBEPIIEHHO SICHBIM, UTO JIJISl YACEI XapakK-
TEPHO HE TOJIbKO HallMuue JEeUCTBUM clokeHus (! uMeercsi TpyIHOCTh, HAIIPUMED,
CJIOKEHUSI YHCENl C HEMEPUOANIECKUMHU APOOSIMU — KaK CIOKUTh OCCKOHEYHbBIC
«XBOCTBI» — B apu()METHUKE OMECPUPYIOT JHIIb C KOHEYHBIMHA YUCIIAMH), YMHOKE-
HUS, ICJICHUS, HO TaKXe Heapugmemuueckas onepayus npeoeibHo20 nepexood.
Koneuno ke, Ta «HempepbIBHas» cpena, Kyaa «3aTojkain» (oOMaHyIH,
BKJIEWJIM, U T.I.) pallMOHAJbHbIE YMCIa, COAEPKUT MHOTO TaiiH. Hampumep, ecnu
CPaBHUBATH «KOJUYECTBOY AJIEMEHTOB ATUX MHOKECTB (KaK rOBOPST €Ille, CPAaBHU-
BaTh MOILIHOCTU 3TUX MHOXECTB), TO OKAa3bIBAE€TCS, UTO MHOKECTBO JAECHCTBUTEIIb-
HBIX 4Hcel R, «Oosbiiey» (MOIIHee), YeM JApyrue MHoxecTBa N, O, uucen (XoTs

uX Toxe OeckoHeyHO MHOro). Cpean mapagokcoB OECKOHEUHBIX MHOXKECTB,
Hampumep, CJIeayollee: BCe MHOXKECTBO M €ro 4acTb (TMIOAMHOKECTBO) HMEIOT
OJIMHAKOBOE «KOJU4YecTBO» AnnemeHToB —{10,11,12,....} c N.

ITpo MHO)ecTBO N HaTypaJbHBIX YUCEN FTOBOPST, UTO OHO cuemno. MOKHO
J0Ka3aTh, 4T0 Z U () B HEKOTOPOM CMBICII€ SKBUBAJEHThl MHOXECTBY N, T.€.
UMEIOT OJIHY U Ty K€ MOIIHOCTb (T.€. IBJISIOTCS CYETHBIMH). MHOXKECTBO k€ R He
SBJISIETCSl CUETHBIM, OHO «OoubIey. [Ipo MHOXECTBO R TrOBOpSAT, YTO OHO MMEET
MOWHOCMb KOHMUHYYMA.

! nTepecHo 3aMeTUTh, UTO MHOXECTBO R U €ro moJMHOXKECTBO — HaIpHUMED,
unrepBai (0,1)) — UMEIOT OHY U TY K€ MOLTHOCTh KOHTHHYYMaA.

JlJis cpaBHEHUsI MOIITHOCTEH HaXOJST TaK Ha3bIBACMbIC KAPOUHAIbHbIE YUCIA.
Torna daxr, yto R OGonbmie Q 3anuckiBaercs card(R) > card(Q).

Jlasiee, MHOXKECTBO MPPALIMOHAIBHBIX YUCEN TOXE CI0KHO YCTpoeHo. Ecmb
UppayuoHaibHele aneebpauyecKue Yucad, T.e. 3T0 TaKue WppaloHAIbHBIE YHCIa,
KOTOpBIE SBJISIFOTCS KOPHEM HEKOTOPOro ajiredpandyeckoro MHorouieHa (T.e. MHO-
rowieHa HEKOTOPOH KOHEYHOW CTereHH C LeibiMu Kodhduuuenramu). MHoOXe-
CTBO alre0panyecKkux HppalUMOHAIBHBIX uucen cyeTHO. OcTajabHble HpPpaLUo-
HaJIbHbIE YKCia, T.€. YHCJa, KOTOPbIE HE SBIIAIOTCS aareOpandyecKUMU, Ha3bIBAIOT
mpaHcyenoenmubiMy yuciamu. Tak Kak MHOXKECTBO R HMeeT MOIIHOCTh KOHTH-
HyyMa, a BC€ NEPEUNCIEHHbIE €ro noaMHoxkecTBa (N,(J, MHOXECTBO ajreOpau-

YECKUX YHUCE) UMEIOT MEHBIIYI0 MOIIHOCTh (CYETHBIE), TO CIEAOBATEIBbHO MHO-
KECTBO HMPPAIMOHAIBHBIX TPAHCIEHJIEHTHBIX YHUCENT caMoe OOJBINOE W3 HHUX U
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UMeeT MOUTHOCTh KOHTUHYYMa. Ho, mapagokc! VYka3aTh KOHKPETHO (MPEIbSIBUTD)

9TH YKCiIa BecbMa HenpocTo. (Yucen MHOro 60blie, 4eM B N, a «II0Ka3aTh» 3TH
yucna TpyaHo!). ToyHee, TpyJIHO J0Ka3aTh, YTO UMEHHO MPEAbSIBICHHOE YHCIIO
TPAHCUEHCHTHO.

IIpumepsbl TpaHcueHAeHTHOCTH 4yuce. COBCeM HENABHO JOKa3aiau, 4TO
3HAMEHUTBIC uncia «e» , « 7 »(Jlunneman. 1882 r) sBISIOTCA TPaHCIEHEHTHBIMU
(HamoMHUM, YTO YHCIIO « /77 »MOXKHO HHTEPIPETUPOBATH KAK OTHOIICHHUE JJIUHbI
OKPYXXHOCTH K €€ AuaMeTpy. Torma ¢ y4eToM TPaHCUEHJICHTHOCTA YHUCIA « 7T »

MOJXHO IIOHATH HCBO3MOXHOCTb PCHICHUA CTapHHHOﬁ 3aJa49 O KBaApaTypeC Kpy-

B

ra). Uucna Buga «”, rae o anrebpauyeckoe, a [ — UppalMOHAIBHOE YHUCIIO,

TaK)Ke SIBISETCS YUCIOM TpaHcueHAeHTHBIM (['enbdona, 1934).

I JIroOombITHA Tak Ha3zbiBaeMas « 7-asg mpobnema ['mnbbepray: EcTh 11 MHOXKeE-
CTBa MPOMEKYTOYHOW MOIIHOCTH MEXIY «CUETHBIM» M « KOHTUHyyMOoM»? bbina
TUIIOTE3a, 4TO HEeT Takux MHOxkecTB. B 1968 roay Kosn (CILIA) nokazan Hepas-
PEIINMOCTb ATON MPOOJIEMBI, T.€. OHA HE MOXKET ObITh HE JI0Ka3aHa, HU ONPOBEpPT-
HyTa (IPUMEPHO CUTYALMS KaK € «5-M Mactyjiarom» EBkinaa).

Ecnmu Teneps BepHyThCs K 1-0i1 (paze B Hadayie JIGKIMHU, TO JOKHO OBITH
SICHO CITymiaTeNsiM, 4TOo, JEWCTBUTEIBHO, YMclia (KaKk MaTeMaTUYECKUl OOBEKT)
BELIb JAJIEKO HE TPUBUAJTIbHAS.

[lepeitnem Tenepb K ouepeaHOMY PACUIMPEHHIO, TEMEPh YXKE PacIIUPEHUIO
MHO>KECTBA JIEUCTBUTENbHBIX uncen R — C.

2

[Tomo6HO TOMy, KaK B CHUTyaIllH, KOT/ia anreOpandeckoe ypaBHEHHE x~ =2
HE MMEJIO PEIICHUS BO MHOXKECTBE PAIlMOHAIBHBIX duced (J, W TOTHA JJI «HC-
MpaBJICHUS» ITOW CHUTyallud ObUT BBEJEH «BHENTHUI» (OTHOCUTEIBHO (J) CHMBOJI

V2 u cnenano pacmupenne Q — R, myteM no0aBiIeHUS UPPAIMOHATIBHBIX YHCET,
TaK 4TO 3TO YPABHEHHE CTAJIO Pa3peIIMMbIM B PACIIMPEHHOM MHOXECTBE. TOYHO
TaK € JJIsI KBaIpaTHOTO ypaBHEHUS x* =—1, MOXHO BBECTH «BHEIIHHID» CHMBOJ
I =\/—_1 U pElICHUE ypaBHEHUS 3alliCcaTbh B BULE x:i\/—_l UM x ==i. 31ech

cnmBon i =~/—1 wm % =-1 (BBeIeH, MO-BUAMMOMY, DiiepoM) 0003HA4YaeT HO-
BOE, «HEACHUCTBUTEIIHLHOEY, YUCIIO.

Her Takoro aefcTBUTENBHOrO YMciia, KBAAPAT KOTOPOro paBeH «— 1»! Ero
HA3bIBAIOT «MHUMOU enuHuiei». C MOMOIIBIO 3TOTO CHMBOJIa MOXHO ClieNaTh
pacmmpenue R — C Tak, 4To J1000€ KBaJApaTHOE ypaBHEHUE OylIeT MMETh pe-

meHne B HOBoM  MHOxectBe C. Hampuwmep, x> —2x+4=0 wumeer
X =1£43-(=1) =1£~3-i. VKe ApeBHHC WHIYChHI 3HAIM, YTO HE BCE KBaJpar-

Hble ypaBHEeHHUs pematoTcs. Ho oHu, u apabckue MareMaThKy, KOTOpble MHOTO 3a-
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HUMAaJIUCh TEOPUEU YpPaBHEHUM, OTHOCWIMCH K 3TOMY CIIOKOMHO — HE BCE XK€ Ha
CBETE UMEET peleHue!

KOHC‘IHO, TOJIBKO BO3MOKHOCThb HU3BJICKATH KOPCHb KBa,HpaTHBIﬁ U3 OTpHUlia-
TCJIIBHOI'O 4YHCJIa HEAO0CTAaTOYHaA, YTOOBI 3aBOJUTHh B MaTCMAaTHUKEC HOBBIC YHCJIA.

Bnepseie, No-BUAMMOMY, MHUMBIE BEJIMYUHBI MOSIBUIIOCH B Tpyaax Kapna-
HO (1545), KOTOpBIN UCKaAT BRIPAKEHUS B paguKaliax JJisl pelICeHU ypaBHEHUN 3-
el u 4-oi1 creneHeli. (3amMernM, 4To AOENb J0Ka3aj, 4To, BOOOIE TOBOPS, peIlle-
HUS YpaBHEHUH BbIlIe 4-0i CTEMEHU HE BbIpaXkaroTcs B pajaukanax.) OH cyen ux
O€ecIoJIe3HbIMU U HETIPUTOJIHBIMU K YIIOTpeOaeHuto. [leficTBUTEeNbHO, HEAOBEPUE K
ATUM YHUCJIaM OTPA3WIIOCh Jake B Ha3BaHUU «MHUMOE». JTO HEJAOBEpUE YCyTyOs-
JOCh TE€M, YTO HEKPUTHUYECKOE TepeHeceHne GopMysa OObIYHON anreOphl HA MHH-

. 2
MbI€ YHMCJIa TOPOKAAT0 HENMPUATHBIE napaaokcel. Hanpumep, i =+/—1, i =—1, HO
o npaBUIaM NEeUCTBUS c KBaJpaTHBIMU KOPHSMHA MOJTYI1M

“1=i? =-1-4-1= \/(—1)2 =J1=1. (OTmeTnM Hamepen, 4To JJIsi KOMIUIEKCHBIX

YHUCeJ HET MOHITHS apu(MEeTHUecKoro KopHs). MHOTHe MaTeMaTHUKUA TOTO BpeMe-
HU U3TOHSUJIM MX, HE MPU3HABAIM MIPUPOJIBI UX, Ka3ajdach UM HESICHOM, 3araJjlouHon
U naxe muctnueckor. Hanmpumep, HpI0TOH HE BKIIFOYA MHUMBIE BEJIUYMHBI B T10-
HATHE uucia, JIeMOHMI] — TOXe, U eMy MNPUHAJICKUT BBICOKOMapHas Qpasza
«MHuMBIE YKciia — 3TO yOexulle 00KeCTBEHHOro AyXa, Mo4YTH 4yTo aMmpuous (ru-
Opu) OBITHS U HEOBITHUS.

[Tonp3y MHUMBIX BEJIWYWH BriepBbie olleHws bombennu (1572 r.). OH nns
3aMKCH pelieHnil KyOM4eCKX ypaBHEHUHN, KOTOPhIE UMEIOT TPU JAEHCTBUTEIHHBIX
KOPHsI, UCII0JIb30BaJl MHUMbIE BeIM4YUHbI. Kpome TOro, gan onvcaHue OCHOBHBIX
omnepanni HaJl YuCIaMu HOBOU MOPOIbI.

Tepmun «KommiekcHbie unciia» BBea KapHO, HO MOJTHOE «TPa’kIaHCTBOY
KOMIUIEKCHBIM umciaM gan ['aycc. Ha nporsskenuun 200 neT uuid crnopel 0 Ipupo-
7€ KOMILJIEKCHBIX YHMCEJI U CaMO Ha3BaHUE «MHHUMBIE» UYHCIA OTPAXKajo UX Hele-
rajgbHbIN Xapaktep. Tonbko Ha pyOexe 18 — 19 BekoB ['aycc npugan uM MOTHBIC
rpaXJIaHCKHUE TpaBa, AaJl UM T'€OMETPUYECKYI0 MHTEPIPETALNIO, I0Ka3ajl OCHOB-
HYIO0 TeopeMy aireOpnl (JITF0OOM MHOTOUYJIEH MMEET XOTs Obl OJUH KOPEHb — JICH-
CTBUTEJIbHBIM WJIM KOMIUIEKCHBIM). KOMIUIEKCHBIM uuWcliaM MpEeNCTOs AOJTUi
MyTh, MPEKJE YeM OHM CTald LIECHHEHUIIUM MATEMAaTHUYECKUM HUHCTPYMEHTOM JIJIisi
peleHrs BaXXKHBIX MPUKIIAIHBIX 3a7a4 B MEXaHUKe (YIpPYyrocTb KapkacoB Kopao-
nen), ¢usuke (Mpoduin KpbUIbeB CaMOJIETOB), THAPOINHAMUKE ( 0OTEKaHHE Mpe-
MSTCTBU).
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Pa3 nosiBuiIKMch HOBBIE YMCINA, TO HEM30EKHO U PACCMOTPEHHE (PYHKIUU OT
TuX uuces. llepexon K QYHKIMIM OT KOMIUIEKCHON NEPEMEHHOM /1ajl BO3MOXK-

HOCTb TJTy0’Ke U3yUUTh dJIEMEHTApHbIE GYHKIMU U YCTAHOBUTh UHTEPECHBIE CBA3U
Mexay Humu. Hanpumep,

1) |sin Z| >1 (BOIpeKH IIKOJbHBIM MPEICTABICHUSIM);

2) TpuroHomeTpuueckue (yHKIHUU SBISIIOTCS KOMOWHALMAMH MOKa3aTelb-
HBIX

COSX =

b

1 (T 4en)

3) byHKIHS * —neproanYHa (ee MepHo paBeH 27 i).
BckpriBaroTcst HEOKHTaHHBIE COOTHONIICHHS MEXTY «3HAMEHUTHIMUY) YHUCTAMHU:

Nl

(") =-1 win (e —1 (kosmeKkuus TpeX yIUBUTEIbHBIX YUCEN —
BIIOJIHE MOPSAJOYHOE YHCIIO);

L okn

Nmn  eme (\/—_I)J__lze2 , k=0,%1,...

Bvuueckazannoe cmanogumces Ji000nbIMHBIM U Oelaem npumssazcameiilb-
HbIM U3YUCHUE KOMNIIEKCHbLE uucia.

2. OnpenejieHHe KOMILIEKCHbBIX YHCeI

UToOBl yUTH OT YHOMUHAHUS O «COMHUTEILHOM) CUMBOJIE [ = J-1 u Bes-
KOM MUCTHKH, MBI JIJISl IOCTPOCHUS MHOKECTBA KOMILUIEKCHBIX YHCEN BOCIIOJIB3Y-
€MCSl XOPOIIIO U3BECTHBIMU YHCTO alreOpandyecKuMu omepanusMu (Kak 3TO Jenal
["amMuibTOH), KOTOpBIE OyJEeM OCYIIECTBISITh HAJl napoli OOBIYHBIX JICHCTBUTENH-
HBIX YHUCETT U TEM CaMbIM JIaJIUM BIIOJTHE PEATbHYIO (HE MUCTHUYECKYIO) HHTEPIPE-
TalUI0 KOMILIEKCHBIM YHCliaM. DTy Mapy MOXHO 0003Hauath nubo (a, b) nubo

a a
. Harnsannee, kak HaM MpeJICTaBISAETCS, BHIOpATh Kak Nk rne a b eR-

JICUCTBUTEIIbHBIC YHCIIA.
Onpenenenue 1. KomniexcHvimu duciamu HA3b18AIOMC YNOPAOOUEHHbLE

napul 8ewjeCmeeHHbIx (0eticmeumenbHulx) yucen (Ui KOMHOHEeHm), Komopbie Y0o-
6I1€MBOPSIION CIe0YIOUUM AKCUOMAM

a C
10. HapBI )51 CUMUTAIOTCA PAaBHBIMH, KOI'lda paBHbI KX KOMIIOHCHTLI
b d > 2
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0 . a c a+c
2". Cymmoii nap u Ha3bIBAETCS Iapa ,
b d b+d
a c a+c
T.C. + A ;
b d)=\b+d
a c ac—bd

39, [TpousBeneHneM map U Ha3pIBaeTCA Mmapa
b d ad + bc

a) (c ac—bd
b \d)=\ad+bc

T.C.

a a
0
4. Hapa 0 OTOXKACCTBILICTCA C BCIICCTBCHHBIM YHNCJIOM A, T.C. 0 A a.

MHO0ecTBO KOMIUIEKCHBIX uncesl 0003Hauaercs 0ykBon C

Urak, B JTaHHOM ONpPEIEICHNH KOMIUIEKCHBIX YMCEJl BBEJICHBI MIOHITHUSI PABEHCTBA,
CYMMBI, TPOU3BEICHNS, & TAK)KE, YTOOBI «ITOTPY3UTH» BCE BEIIECTBEHHBIE YKCIa R
B HOBO€ MHO’KECTBO UMCEJI BBEJICHO MOHATHUE OTOXKIECTBICHUS ClieIUalbHbIX nap (
C HYJIEBOI BTOPOI KOMIIOHEHTOM) C BELIECTBEHHBIM YHCIIOM.

(! 3aMeTHM, OTHOIIIEHUE HEPABEHCTBA «<» HE BBOJUTCS JJISI KOMILIEKCHBIX YH-
cen).

CiienoBaTesibHO, MHOYKECTBO JICMCTBUTEIBHBIX YUCEN SIBIISIETCS COCTABHOM YaCThIO

KOMILJIEKCHBIX 4Ynces. T0 Xopomo. Ho Bo3HMKaeT BOIPOC: AEN0 B TOM, YTO BO
MHO>KECTBE JIEUCTBUTENIBHBIX YUCENI R YK€ ecTh MPUBBIYHBIC JJI1 HAC ONEpaLUU
CIIOKEHUS, YMHOXEHHs. Tak, ecliM OKa)XeTCsl, YTO BBEJICHHBIE HOBBIC OIEpalluu
pacxoasrcs (KOH(DIUKTYIOT) C U3BECTHBIMH, TO 3TO IMPUBEET K KOIIMapHOW ImyTa-
uune. [loaToMmy Hago yoenuThcs, 4To KOH(INKTA HET.

0 0 A0
A) 15151 9TOrO IpeXJie BCEro COMOCTaBUM akcuoMmy 4~ ¢ octainbHbiMU 1 —3°.

(4%w1%). Ecin fieficTBUTENbHBIC YNCTA PABHBI @ = b, TO 1O CBOHCTBY 4’
a b a=b

. 0
napbl ol lo TaK)Ke PaBHBI , TAK KaK IO CBOMCTBY 1~ mmeem 0=0

(2%u4%. O6brunas cymma ancen a + b 1o akcuome 2° IpeCTaBIseT mapy

a b a+b a+b\40
a+ b= + = = =(a+D).
0 0 0+0 0

(3%u4%. Mpoussenenue allc ac—=0-0 ac
U 4). a‘Cc = . — — —ac.
R 0)10) la-040-¢) L0
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Taxkum 006pa3zoM, akcruoMa 4° XOpOUIO COTJIAaCOBaHa C 1°-3% i e IIPUBOJUAT
K IIyTaHUIIE, T.€ BCE MPUBBIYHBIE CBOKWCTBA JJISI ICMCTBUTEIBHBIX YUCET COXPaHS-
FOTCSl I 3TUX YUCEJ, 3alIMCAHHBIX KaK KOMIUJIEKCHBIE YHCIIA.

OOpatuM BHUMaHHE, YTO YMHOKEHHUE Ha JCHCTBUTEIBHOE YHUCIO m € R

a m a ma—0-b ma
ecTb m- = . = = , 9TO COOTBETCTBYET YMHOKECHUIO

b 0 b mb+0-a mb
KOMITOHEHT KOMIUICKCHOTO 4yucia. Ecan m — HaTypajbHOE, TO C YYETOM IPEIbI-

TYILIEro

a ma a a at+..+a ma
m- = = +...+ = = , UTO COIJIaCycCTcsa C

b mb b b b+..+b mb

OOBIYHBIM IIOCJICAOBATCIBHBIM CIIOKCHHUEM YHCCII.

0. 0

B) Teneps Haio enie NpoBEpUTh, YTO AKCHOMBI 2" 1 3" COTJIacOBaHbI B cede
Y APYT C APYTOM TaK, YTO MPUBBIYHBIC HAM JICMCTBUS HAJ ICHCTBUTEILHBIMUA YUC-
JaMM COXPaHSIOTCS IPU NEPEX0/Ie K KOMIUIEKCHBIM YHCIIaM.

O KakuX «IPUBBIYHBIX» JACHCTBUSAX UJIET PEUb?

1) KoMMyTaTUBHOCTH CIIOXKEHUS

a C a+c c+a C a

+ +
b d b+d d+b d b

2) AccolMaTUBHOCTD CJIOKECHUS

a c e a c e

+ + + +
b d f b d f
3) CymiecTBOBaHHUE HYJIEBOTO AJIEMEHTA

a 0 a+0 a 040
+ = = = Takum oOpa3om, mapa =0 ecTb «HONBY» IS
b 0 b+0 b 0

KOMIIJICKCHBIX YHCCJI.

4) CYIHGCTBOBaHI/Ie JJIIs1 K&)K,Z[Oﬁ IMapbl KIIPOTHUBOIIOJIOKHOT'O» YHUCJIA:

a —a 0
+ = =0.
b -b 0
5) KoMMyTaTUBHOCTh YMHOKEHUS (YTIP. ).
6 11 5 a c e a) (e c) (e
UCTPUOYTUBHBIC 3aKOHBI + : = : + : :
prby b)) \a) ) ) L) T a ) s
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7) AcCOIMaTUBHOCTh YMHOXEHHUSI (a] : (Cj '(e j = [aj- (c j : (e j .
b)\d f b d)\ f

a) (1 a 1) 40
8) PoJlb «eIUHHIIBDY s 1o = 5 — Takum obpazom, mapa 0 =1 ur-

pacT poJib «KCAUHUIHOTO» HefITpaJII)HOFO QJICMCHTA OJIs1 YMHOKCHHUA KOMILICKC-
HBIX YHUCCII.

a
9) CymecTtBoBaHre OOpaTHOrO 3JIEMEHTA: KAaK JUIsl HEHYJIEBOW Mapbl (bj

-1
a
ONpENEIUTh OOPATHYIO eMy Mapy 5 TaK, YTOOBI BHIMOJHSIOCH PABEHCTBO

)6 --)

I{J’IH 9TOro BBCACM IMOHATHC COIPAKCHHBIX KOMIIJICKCHBIX YHUCCII.

a

j (T.€. OTIIH-
b

a
Ecau ecth Imapa (bj , TO COIIPAKCHHOMN TJIsI HCC HA3BIBAIOT IIAPY (

YaeTcsl TOJIbKO 3HAKOM BTOPOIl KOMIIOHEHTHI).

HGpGMHO}KI/IM TCIICPBb YHUCJIO CO CBOUM COIIPAKCHHBIM YN CJIOM

2 g0 2, g2 =0
LaJ.(aj: @ =b(=b)| _[a"+b =(a* +b*) = a’ +b* =0 TaK Kak {a
b)\-b —ab + ba 0

a
CiiefjoBatelbHo, ecit a” +b> #0, 1o (bj # (0. Paznenmum Tenepp MONydeHHOE

BBIIIIE PABEHCTBO Ha a” + b #0:

2, 22 2 p2
1= a2 +b2 = 1 3 “LC) a/(a ) = Taxum obpazom, aJis
a +b" a +b

b)\-b) \ -b/(a® +b%)
. a . a)' a/ (a* +b%)
1000 mapel # (0 cyuecTByeT 0OpaTHBII 3JIEMEHT =
b ~b/(a® +b?)
a) (a)
TaKOM, YTO . =1
b)\b

Hrak, Mbl OKa3alid, 4YTO HOBOMCIIEYECHHbIE KOMILJIEKCHBIE YKCia 00J1aatoT
BCEMHU MPUBBIYHBIMU JJI1 HAC CBOMCTBaMU. B coBpemeHHOM anredpe Takyro anred-
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pPaMvecKyl0 CTPYKTYpYy Ha3bIBalOT MojieM (1oJie JEeWCTBUTENbHBIX YMCEN, IO0JIe
KOMIUJIEKCHBIX uncel1). OTMETUM, YTO B 3aBUCMMOCTH OT HaJIM4us (4alie BCEro oT-
CYTCTBHSI) TE€X WJIM MHBIX CBOWCTB B aJireOpanyecKol CTPYKTYpe pa3inyaroT TaKue

anreOpanyeckue 0ObEKThI KaK I'PYIIa, KOJbIIO, TEJO.

3. Tpagummonuasi dbopma 3anucy KOMILIEKCHBIX YHCeJI.

['me ke cpenu BBEICHHBIX HOBBIX YHCEN CIIPSATAHO «XUTPOYMHOE» MHUMOE
quciio i =+-17!

0)(0 0-0-1-1 —1140

U3 axcuombr 3° CIEYET, YTO . = = =—1
1)\1 0-1+1-0 0
L 0 2
Torna, ecnu OykBOM « i » 0003HAUUTH MApy ) TO umeeM i-i=i" =-1, T.e.

«MHHMasg CIWHHUIA» II0Jy4dHJia PE€AaJbHO€ HMCTOJIKOBAHHC KaK OI[HOI71 H3 1ap, a

0
HMCHHO ITapbl BUOA =

Torna mo6oe KOMIUIEKCHOE YHCIO MOKHO 3aITUCATh CIETYIONM 00pa3oM

a a 0 a b) (0 ' '
= + =1- + : =l-a+bi=a+bi (*)
b 0 b 0 0) (1
VTaK, KOMILUICKCHBIM YHCIIOM Ha3bIBAKOTCS YHCia BUxa z=a+bi toe i° =—1.
D10 TpaauIMoHHas anreOpanyeckas popmMa KOMIUICKCHBIX ducel, IIpu sTom mep-
Bas KOMIIOHCHTA HA3bIBACTCSA JICHCTBUTCIBPHOW YacThi0 KOMIUIEKCHOI'O YHCIIa

a=Re z,BTOpas — MHUMast 4acTb b=Im z.

[TomuepkHeMm, 4TO Kak Re z Tak u Im z ecThb AedcTBUTENbHBIE yncaa.! Ciaeqyer

pas3iiidaTb BBIPAKCHUC, «KMHHUMAA YaCTb KOMIIJICKCHOTO YHUCJIa» U «MHHUMOC 4YHUC-
J10». MHOXHUTENb « [ » B 3aMCH KOMIIJIEKCHOTO 4YHMCJIa MOKHO TPAKTOBATb KaK

a
YKa3aHHUC Ha TO, YTO « b » ecThb BTOpasA KOMIIOHCHTA I1apbIl b . HpI/I O9TOM, 4YHC-

70 z =a — bi ABISIETCS CONPSKEHHBIM JIJIsl UUCla z =a + bi .

4. 'eoMeTpu4ecKkoe M300paKeHe KOMILJICKCHBIX YHCEJI

MpbI NpUBBIKIINA, YTO MHOKECTBO R ymoOHO M300pakaTh TOYKAMU Ha TIpsi-
Moi. Kak OBITh C HOBBIMH YHCIAMH ?
s reoMeTpUYecKOro MCTOJIKOBAHMSI KOMIUIEKCHBIX uucen dopmyny (*) mepe-
TTUIIIEM B BUJIE
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. a a 0 a b) (0 1) (a b) (0 1 0
z=a+ib= = + =1- + . = . + . =qa- +
b 0 b 0 0)\1 0)\0 0)\1 0 1
T.€. KOMIIJIEKCHOE YHCIIO Z = ¢ MOYKHO

TPAKTOBATh KaK TOUKY KOOPIH- A h
HAaTHOM IJIOCKOCTU WJIM BeKTOp | ... Z =a—+Dbi
b _ " P(a;b)
0) C KOOpAuMHAaTaMu a U b B Al r :
eIMHUYHOM Oa3zuce g,(0;1) ;
1 O 0 7 : L :
_ _ 1;0)
g - s g - . gl( s
o 21 a

[1nockocTh, HA KOTOPOIl M300paXkar0T KOMIUIEKCHBIE YMCIIa HA3bIBAIOT ILIOC-
KOCThIO KOMILJIEKCHOW NepeMeHHOW. Ee och alcuucc Ha3blBalOT BELIECTBEHHOU

OCbI0, 4 OCb OpAWHAT — MHHUMOM OCBIO0 B COOTBETCTBUM C HAUMECHOBAHHUEM YacTeH
KOMIIJICKCHOI'O YHCJIa Z.

Bekropel g, U g, 0OBIYHO HE MUUIYT (OCTABIAIOT « | » Ha BEIECTBEHHOM
OCU M « [ »— MHUMAas €IMHUIIA HA MHUMOU OCH).

Jlerko BUIETH, YTO IIPU ITOM COIPSIKEHHOE YUCIIO z=a—bi - CUMMETpHY-
HO OTHOCHUTEJIbHO ACHUCTBUTENBHOM OCU YUCITy z =a + bi.

Kpome TpamunmonHo# (anredpanyeckoi) 3amucy KOMIUIEKCHOTO YHCia Cy-
LIECTBYIOT U IPYTM€ UX 3aIIUCH.

PaccMoTpuM KOMITIEKCHOE YMCIO z =a + bi ¥ U300pa3uM ero Ha MIOCKOCTH
B IIPSAIMOYTOJIBHOM cucTeMe KoopauHat. O003HauuM yepe3 r paccrossHue or 0 g0
Touku P(a,; b), a uepe3 ¢ — yron , oOpa3zoBaHHBIN JTydoM 0P C TOJIOKHUTEIBHBIM
HarpaBJIeHUEM JCUCTBUTENbHOW OcH 0X, OTCUMTHIBAEM MPOTUB YACOBOM CTPEIIKH
(0<¢<2m).

Yucno r Ha3bIBAIOT MOAYJIEM KOMIUIEKCHOTO 4Hcia U 0003Ha4yaroT r»=|z]|,

YHUCJIO ¢ — apTyMEHTOM (TJIaBHbIM) U 0003HAYAIOT ¢ =argz.

OueBHUIHO, YTO
a

/ : : b
r=~a*+b*, a=r-cosp b=r-sing =cosg=—, sing=—.
r r

Torna z=a+bi=rcosg+rsing-i=r(cosg+ising) — TpUTOHOMETpPUYE-

CKasi (bopMa 3aIIMCHU KOMIIJICKCHOT'O 4HCJIa.
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Hampumep:
) z=i =|z|=1, ¢:%:>(i=1-(cos¢+isin¢)=z'),

2) z=1=1-(cos0+isin0),

3) -1=1-(cosz +isinx),
4) 1+i:\/§(cos%+isin%)

5. Onepanuy HAA KOMILIEKCHLIMHA YHCJIAMHA

Peun nner 06 0OBIYHBIX Omeparusax (CII0KEHUE, BEIYUTAHNE, YMHOKEHUE, JIe-
JICHUE, BHIBEJICHUE B CTEIICHB, U3BJICUCHUE KOPHEN).

Yoo6cmeo BuinmonneHusi omeparuii 3aBUCUT OT H30paHHOU ¢hopmbl npeo-
cmaenenun KOMIUIEKCHbIX yucen. Cpasy ke 3aMeTHM, YTO MPEACTABICHUE KOM-

a
INICKCHBIX YHMCCII, KaK IIap b , AaHHOC B OIIPpCACICHHUU Heng6H0 A CHCTa —
OHO Tpe6OBaJ'IOCI> AJII KOPPCKTHOI'O M BHATHOI'O OIIPCACICHHSA HOBBIX 00BEKTOB

0e3 UCNOoIL30BaHUs MUCTUYECKOTO CUMBOJIA v-1.

Yaiie Bcero MCHOAB3YIOT TPAJAULMOHHYIO anredpandeckyro z=a+bi unu
TPUTOHOMETPUUYECKYI0 z =r(cos¢@ +ising) ¢opmel 3anucu. I[loxe Mbl BBeneM
eIIe OJHy — MOKa3aTeNIbHYI0 (IKCTIOHEHIIUATBHYI0) (OpPMY TIPEICTABICHHUS.

Crnoxxenue (BBIYMTAHHE) MPOCTO OCYIIECTBUTH B TPAIUIMOHHON (opme
(a+bi)+(c+di)=(a+c)+(b+d)i.

[IpousBeneHre AByX KOMIUIEKCHBIX uncen (a+bi)- (c+di) mpou3BOaUTCS

KaK yMHO)KCHI/IC Haqg O6BIIIHBIMI/I I[Bqu'IGHaMI/I, a 3aT€éM B HUTOT'OBOM pe3yHLTaTe
HaJI0 BBIPAKCHUC « i2 » 3aMEHUTH HA « —1 ».
(1+20)(2-3i)=1-2+4i—1-3i—6i>=2+i+6=8+i.

ﬂeHeHI/Ie 00BIYHO OCYIICCTBIIACTCA IIYTEM AOMHOXKCHHUA Ha COIIPAKCHHOC
240 (2+D)(3+i) 6+3i7 +2i+i* 5+5i
3—i (B-i)3+iQ) 9+1 10

3HaMCHAaTCJIA

1 1.
=—+—i.
2 2

Bo3BejeHUE B CTEIIEHD YKC CTAHOBHUTCA T'POMO3AKHUM. Hpemﬂe BBIICHUM, 4YTO
IMPOUCXOIUT IMTPHU BO3BCACHNUHN B CTCIICHDb MHHUMOM COUHULIBI 1 :

i'=i, i"=-1, P=i*i=—i, i'=i P =(=)(-)=1, P=i*i=i>

= Taxkum obpazom, uaet uepegonanue (i, —1,—-1,1), (i,—1,—1i,1)...

[Io cornamieHuIo cyuTaeM , 4TO i%=1.
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M3BaeuyeHne KBAAPATHOI'O KOPHS: ITOJ0KUM

Ja+bi =x+yi= a+bi=(x+ i)’ =x° + 2xyi + y%i® =

0 _ .2 2
10 jla=x"—
= (x2 —y2) +(2xy)i = Y = X, ).
b=2xy
Ot GOopMyIIBl MOKA3bIBAIOT, YTO ONEPAIMH YMHOKEHUS, JEJICHHS, BO3BEIC-
HUSl B CTENEHb, M3BJCUYCHUS KBAJAPATHOIO KOPHS — rpoMo3aku. Ilosromy s
YIPOIIEHHs OOBIYHO MCIIOIB3YIOT TPUTOHOMETPUYECKYIO (DOpPMY 3amucu KOM-

IJNICKCHBIX YN CCJI.

YmHoxenue: 7 (CoS¢ +ising,) -, (CoS@, +ising,) =1 -,(Cos(4 + ¢,)) .

Bo3BeieHrEe KOMIIJIEKCHOI'O YMCJIA B LIEAYIO CTEIICHb.

(r(cosg +ising))” =r"(cosng +isinng) = upu r =1 ciaexyer ussectHas Gpopmyiia

Myagpa (cosg +ising)" =cosng +isinng .

Jlenenue: O4eBUTHO 1(COSh +isingh) = i(COS(¢l —¢,) +isin(g —&,)).

r,(cosg, +ising,) r,

W3BredyeHrie KOpHs (HaTypajibHOW CTEIICHH) U3 KOMILUIEKCHOTO YKCIIa 4/; .
[Mycts z =r(COS@+iSing).

Torxa MOJKHO MOKa3aTh, 4o 4z mMeer POBHO « 11 » IITYK Pa3JWYHbIX 3HAYECHUM

Q/_:’Q/;(cosmﬂ'sinwj, rne k=0,12,...,n-1.
n n

OTmeTHM, UTO ecii K 3acTaBUTh IPUHUMATH OOJIBIIE 3HAYECHUH, TO MOWIET «II0-
BTOPEHHUE» y)KE€ HAlCHHBIX YHCEIL.

Hanpumep &-1= COSM+ isinm, k=0,12,..,n-1.
n n
N-1 kéocos%+ isin% =i nepeMHoxas /-1-+/-1 N +1
n=2 — | BO3MOXHBI 4 KOMOWHAINU -1
\/—k:O 37 .. 3« )
-1 = 00574- lSlr\? =—1 CM. BBEJEHUE

6. DKCcIOHEHTA ¢ KOMILIEKCHOM MepeMeHHOM

HNmeer mecto cnemyromias ¢gopmyna Jitnepa (Bo3BeJeHHE B MHHMYIO CTe-
TICHB)
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e = cos@ +ising — popmyna Ditsiepa

Ctporoe o6ocHOBaHUE 3TON (HOPMYJITBI MOXKEM MOIYIUTh U3 COOTHOIICHUS

¢ = lim(1+£j .
Z—>00 n

Otcrona crmenyer (CM. TakKe TPUTOHOMETPUYECKYIO0 (hOpMY 3aIUCH), YTO JJIs 3a-
NUCH KOMIUIEKCHBIX YHCEI MOXKHO HCIOJIb30BaTh TaK HA3bIBAEMYIO TOKa3aTellb-
HYy10 (GOpMY 3amucH

z=re?.
Torna, HanpuMep, YMHOKEHHUE YHCEIT JIETKO PeaTn3yeMo Kak
i i(4+4,) )

— ol _

AHAIIOTHYHO, JeJCHUE YHCeN Z, [z, = e’ ! / re'” =n / rye %)
OrnpeneniM SKCIOHEHIHATBHYIO (QYHKIMIO C TPOU3BOIBHBIM KOMILIEKCHBIM
napameTpoM A =q +if} cleayomum o0pa3oM:

Ax :e(aﬂ'ﬁ)x ax _ifx

e = e e = e (cos fx +isin fBx).

DOyHKIUA e o0JlajaeT BCEMH CBOMCTBAMH, KOTOPBIC CIIPABEJIMBHI JJISl BEIlle-
CTBEHHBIX yncel A e R :

1) eﬂlx.eﬂ,zx :e(ﬂl-i—ﬂa)x; 2) (eﬂX)':ﬂ‘elx; 3) J"e/lxdx:leﬂx_l_e, lio.
X

3amaua. Haumu eewjecmeennoe peuienue ypasHenusi CoSvx =3.

iz —iz
o e te
N3 dbopmyiel Ditnepa ciieayeT cosz = — VzeQ.
ei\/; + e_i\/;
[ToaTOMy pHaHHOE ypaBHEHHME MOXHO 3alucaTb B BHUJE — =5 wmm
1 ix
y+—-10=0, rme y=e"".

y
OTKyz1a HaXOUM, 4YTO ei\/; =5+26 , TO €CTh ix = In(5 + Zx/g)

HJIM OKOHYATEeIbHO X = —In’ (5t 26 ).

Tpuronomerpuueckue (QyHKIHH KOMIIEKCHOW mepeMeHHOH z € C MOXKHO

BBECTH, ONTUPAsICh Ha GOopMyITBI Difiepa:
elZ + e—lZ ) elZ _ e—lZ
cosz=———, sinz=——,
2 2i
OcranbHbIe 0OBIYHBIM 00pa30M
_sinz COSZ

tgz= , ctgz =—
cosz sin z
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I'padriky HEKOTOPBIX TPUTOHOMETPUUECKUX (PYHKIIUMA:

Imszlﬂ
Al | .
izf_ 7 2n Jrt Z
g
f
vzalll [J
‘HEE!” I'fffl
AN
3aMeuanue.

Jlenmanuch HEOTHOKPATHBIC MTOMBITKU CHIETIATh U APYTUe 0000IEeHUS TeHCTBUTEh-
HBIX W KOMIUIEKCHBIX uncen (["ammnbToH). Hambonee M3BECTHRIME SBIISIOTCS Tak
Ha3bIBaeMble KBAaHTCPHUOHBI, KOTOPBIC MMEIOT YEThIpe «EeAUHUIB 1,1, j, k, mms
KOTOPBIX UMEETCS CBOS «apupMeTHKay. ITH YHCIa HAXOAAT MPUMEHEHNE, HAIPHU-
Mep, MPH OMKMCAaHWUU BPAIICHUN YETHIPEXMEPHOT'O MPOCTPAHCTB, IMHUPOKO HCIIOJIb-
3yeMbIX B KBaHTOBOH (uzmke. OTMETHM, YTO UHBIE TAKOTO poja «0e3KOH(INKT-
HBIE» 000011IeHMs (HapuMep, B BUE TPUILJIETOB) HEBO3MOKHBI.



