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Annotaciya

Oqiwlq qollanba Berdaq atindagi Qaraqalpaq mamleketlik universiteti, fizika matematika
fakul tetinin studentleri ushin matematikaliq fizika tenlemeleri kursi boyinsha avtorlar tarepinen
alip barilgan lekciya ham ameliy sabaqlardin tiykarinda jazilgan ham universitetler ushin hazirgi
harekettegi oqiw dastirine saykes keledi. Bunda matematikaliq fizika tenlemeleri kursinin barliq
tiykarg1 bolimleri kiritilgen.

Oqiwhq qollanba dara tuwindili differencialliq tenlemelerdin klassifikaciyasi haqqindagi
maseleler, har qiyh tiptegi ekinshi tartipli tenlemeler ushin maselelerdin qoyiliwi, sonday-aq
olardr sheshiwdin tiykargi usillar1 garastirilgan.

Annotatsiya

O'quv qo’'llanma Berdog nomidagi Qoraqolpagq davlat universiteti, fizika matematika
fakul'tetining  talabalari uchun matematik fizika tenglamalari kursi bo’yicha mualliflar
tomonidan o qub kelinayotgan ma ruzalar va amaliy darslar asosida tayorlangan va universitetlar
uchun hozirgi o'quv namunaviy dasturga mos keladi. Bunda matematik fizika tenglamalari
kursining barcha asosiy gismlari Kiritilgan.

O'quv go’llanmada xususiy hosilali diffeentsial tenglamalarning klassifikatsiyasiga oid
masalalar, har xil tiptagi ikkinchi tortibli tenglamalar uchun masalalarning qo’yilishi, shuningdek
ularni echishning asosiy usullari keltirilgan.

AHHoOTaUUS

YueOHOe mocoOue cocTaBlieHa Ha OCHOBE MaTEpHaliOB HCIOJIb3YEMBIX aBTOpaMHU MpH
MPOBEJICHUM JIEKIMOHHBIX M IPAKTUYECKUX 3aHIATUU MO KYpCy YpPaBHEHUS MaTeMaTHYECKOU
buzukn  ans cTyneHToB  (u3MKo-MaTemaThdeckoro  (Qakynprera  Kapakammakckoro
TOCyHHBEpCHUTETa WM. bepraxa M COOTBETCTBYeT NeHCTByOIIEH ydeOHOW mporpamme ams
YHUBEPCUTETOB. BKIIOUEHBI BCE OCHOBHBIE pa3feibl Kypca YpPaBHEHUS MaTeMaTUYECKOU
bu3uku.

Paccmotpensr 3amaur 0 KiIaccMpUKAMKM  YpaBHEHUS B YaCTHBIX MPOU3BOIHBIX,
MMOCTAHOBKA 3aJ]a4 Pa3JIMYHbIX TUIIOB JJISI YPAaBHEHHS BTOPOTO MOPsAJIKA, @ TAKKE OCHOBHBIC
METO/IbI UX PEIICHUS.

Summary

The manual is made on the basis of the materials used by authors carrying out lecture and
practical class in a course of the equation of mathematical physics for students of physical and
mathematical faculty of Karakalpak State University named after Berdakh and corresponds to
the operating training program for the universities. All main sections of a course of the equation
of mathematical physics are included.

Tasks about classification of a partial equation, statement of problems of various types for
a second-order equation and also the main methods of their decision are considered.

Pikir bildiriwshiler:
Allanazarov J. — Ajiniyaz atindag Nokis mamleketlik pedagogikaliq institut:
«Informatikan1 oqitiw metodikasi» kafedras: baslig, fizika-
matematika ilimleri kandidati, docent.
Mustafaeva R. — Berdaq atindag1 Qaragalpaq mamleketlik universiteti «Ameliy
matematikay kafedrasi, fizika-matematika ilimleri kandidati, docent.



SO Z BASI
Oqiw qurali matematikaliq fizika kursi boymnsha maselelerdi sheshiw

usillarina bagishlangan. Kitaptin magqseti studentlerge olardin matematikaliq
pikirlewlerin, dara tuwindili differencialliq tenlemelerdi sheshiwdin ameliy
konlikpelerin galiplestiriwde jardem beriwden ibarat.

Oqiwliq qollanbada dara tuwindili differencialliq tenlemelerden ibarat
matematikaliq fizikanin tiykargi tenlemelerin uyreniw madseleleri qarastirilgan.
Qollanba alti bap koleminde jazilgan bolip, birinshi babinda dara tuwindili
differencialliq tenlemeler haqqinda tiykargi tusinikler, olardin klassifikaciyasi,
kanonikaliq tarleri ham sheshimi hagqinda magliwmatlar keltirilgen.

Oqiwlhiq gollanbanin ekinshi, ishinshi ham tortinshi baplarinda matematikaliq
fizikanin tenlemelerin 6z ishine gamtiytugin sadykes giperbolaliq, parabolaliq hdm
elliptikaliq tiptegi tenlemeler ham bul tenlemeler tiykarindagi misal ham maseleler
berilgen.

Qollanbanin besinshi babinda elliptikaliq tiptegi tenlemeler ushin shegaraliq
maselelerdi sheshiwdin potenciallar hdm Grin funkciyasi usillari, al altinshi
babinda dara tuwindili differencialliq tenlemelerdi sheshiwdin integralliq
turlendiriwler usihi keltirilgen.

Qollanba matematikaliq fizikanin teflemelerine arnalgan misallar ham
maseleler jiynagmman turadi ham ol universitetlerdin matematika, ameliy
matematika ham informatika sonday-aq fizika talim bagdarlar1 studentleri ushin
«Matematikaliq fizika tenlemeleri» panin Gyreniwde ulken jardem beredi.

Qollanbanih mazmuni matematikaliq fizika tenlemeleri kurst boyinsha oqiw
bagdarlamasina toliq saykes keledi.

Qollanbanin qol jazbasin oqip, 6zlerinin pikirlerin bergen fizika matematika
ilimleri  kandidatlar1 ~ O.Nurjanov,  J.Allanazarov,  Q.Elgondiev = ham

R.Mustafaevalarga avtorlar 6z minnetdarshiligin bildiredi.



I-BAP. DARA TUWINDILI DIFFERENCIALLIQ TENLEMELER.
KLASSIFIKACIYASI HAM KANONIKALIQ TURLERI

Tayanish sozler: dara tuwindili differencialliq tenlemeler, dara tuwindih
differencialliq tenlemelerdin tartibi, dara tuwindili differencialliq tenlemelerdin
sheshimi, sizigh dara tuwindili differenciallig tenlemeler, kvazisizigh dara
tuwindil: differencialliq tenlemeler, ekinshi tartipli eki garezsiz 6zgeriwshili sizigh
dara tuwindil differencialliq tenlemelerdin tipleri ham kanonikaliq korinisleri,
ekinshi tartipli kop garezsiz 6zgeriwshili siziqli dara tuwindili differencialliq
tenlemelerdin tipleri ham kanonikaliq korinisleri, xarakteristikaliq tenlemeler.

Tiykarg tasinikler ham belgilewler

Dara  tuwindili  differencialliq  tenlemeler ——  garezsiz  Ozgeriwshi
argumentlerinin sani ekige ten yamasa onnan artiq bolgan

du du du d“u
e X T T ey T e TR —|=0
dx, dx, dx dx;dx,?...dx;"

n

F(xi,xz.

turindegi differencialliq tenlemeler, bul jerde u=u(x,X,,...X, ).

Dara tuwindilr differencialliq tenlemelerdin tartibi — tenlemedegi izleniwshi
funkciyadan alingan tuwindilardin en jogarg tartibi.

Sizigl dara tuwindili differencialliq tenlemeler — belgisiz funkciyaga ham
omin dara tuwindilarina qarata sizigh bolgan dara tuwindili differencialliq
tenlemeler.

Kvazisizigh dara tuwwindily differencialliq tenlemeler —belgisiz funkciyadan
alingan en jogarg: tartipli tuwindiga qarata sizigh bolgan dara tuwindili
differencialliq tenlemeler.

Ekinshi tartipli eki garezsiz ozgeriwshili siziql dara tuwindili differencialliq
tenlemelerdin tipleri — uliwma korinisi
0°u 0°u 0°u

2B(X, CX,y)—
6x2+ (Xy)axé’y+ (xy)ay2+

A(x, y)

ou ou
+D(x,y)5+ E(x,y)a+ F(x.y,)u=f(xy)



tirine iye bolgan tenlemeler, eger B> — AC >0 bolsa, bul tenleme giperbolalig

tipke; eger B*— AC =0 bolsa, bul terileme parabolalq tipke; eger B> — AC <0
bolsa, bul tenleme elliptikalig tipke jatad.

Matematikaliq fizika tenlemeleri — dara tuwindil differencialliq tenlemelerdin
bir bélegi bolip, onin uliwma ko’rinisi

I;au XX ;b M ocu=t

turine iy boladi, bul jerde a; =q, b, c, f ler x, X,,...x, (n>2) argumentlerdin

ji?
berilgen funkciyalari. Bunday tenlemelerdin sheshimlerinin gasiyetleri \aik — ﬂ‘ =0

xarakteristikalig tenlemenin koren lerinin belgisi menen tigiz baylanish. Eger
hamme koren lerinin belgisi birdey bolsa, onda tenleme elliptikaliq tiptegi tenleme
dep ataladi, eger bir koreninin belgisi qalgan koren lerinin belgisi menen birdey
bolsa, onda tenleme giperbolalq tiptegi tenleme dep ataladi, eger bir koreni
nol'ge ten bolip, qalgan koren lerinin belgisi birdey bolsa, onda tenleme
parabolaliq tiptegi tenleme dep atalad.

Bizge malim bir erikli 6zgeriwshige garezli bolgan belgisiz funkciyaga hamde

onin tuwindilarina baylanish differencialliq tenlemeler apiwayi differencialliq
tenlemeler dep ataladi. Ilim ham texnikanin képshilik maseleleri, uliwma tébiyatta
bolatugin barliq qubilislar kop garezsiz 6zgeriwshili belgisiz funkciyaga hdm onin
dara tuwindilarina baylanishi differncialliq tenlemeni, yagniy dara tuwindih
differencialliq tehlemeni sheshiwge alip kelinedi.

Dara tuwindili differencialliq tenlemenin uliwma korinisi tomendegishe

boladi:

du du du d*u
F X1X"'anl ) yreny yrrny :0, 1
[ v dx,'dx, " dx dxlkldx?...dx'n‘"} @

n

bul jerde F F barliq argumentlerdin Gzliksiz funkciyasi, u=u(x,,x,,...x,)
belgisiz funkciya bolip, (x,,x,,...x,) erikli 6zgeriwshiler, k +k,+...k =K.
Tenlemede gatnasatugin dara tuwindinin en ulken tartibine usi tenlemenin
tartibi dep ataladi.
Bul bapta fizikanin en ahmiyetli maselelerinen kelip shigatugin ham

matematikaliq fizikanin tiykargi tenlemeleri dep atalatugin ekinshi tartipli dara



tuwindili s1zigh differencialliq tenlemelerdi uyrenemiz. Eger tenleme belgisiz
funkciyaga ham onin dara tuwindilarina qarata siziqhh bolsa, onda bunday

tenlemeler s1zigh dara tuwindili differencialliq tenlemeler dep ataladi. Misali

2 2 2
u+ZB(x,y) o°u +C(x,y)—l;+

0
A )
(X y) OX0Y oy

0 X2

ou ou
+D(x, y)5+ E(X’y)8_y+ F(x,y)u=f(xy)

tenlemesi u (x, y) belgisiz funkciyaga qarata ekinshi tartipli sizigh dara tuwimndils
differencialliq tenleme bolip tabiladi. Egerde f (x, y)EO bolsa, onda tenleme
s1ziqli birtekli dep, al keri jagdayda s1zigl birtekli emes dep ataladh.

Eger tenleme, belgisiz funkciyadan alingan en joqargi tartipli tuwindiga
qarata siziglh bolsa, onda bunday tenlemeler kvazisizighh dara tuwindili
differencialliq tenlemeler dep ataladi. Misali

ou ou)o’u ou ou) o’u
A x,y,u——: ,— ~+B|x, v, u,—,— +
0x 0y)ox 0x 0y)0x0y

2
+C x,y,u,a—u,a—u g Zl+f x,y,u,ﬁ—u,a—u =0
0ox 0y )oy ox Oy

tenlemesi ekinshi tartipli eki garezsiz Ozgeriwshili kvazisizighh dara tuwindili
differencialliq tenlemenin uliwma koérinisi bolip tabiladi.
Dara tuwmdili (1) differencialliq tenlemenin sheshimi dep soninday,

u=ulx,,x,,...x,) funkciyaga aytamiz, bul funkciyania 6zin ham onin barliq dara

tuwindilarin tenlemedegi orinlarina qoyganda bul tefileme birdeylikke aylansa.

Biz joqarida aytip otkendey tébiyatta juz beretugin qubilislar dara tuwindili
differencialliq tenlemeni Glyreniwge alip kelinedi.

1).Har turli tolqin taraliwlart ham terbelis penen baylanisli bolgan qubilislardi
uyreniwde tdmendegi

0%
> =a’-Au
ot




tolqin tenlemesine iye bolamiz, bul jerde

0 0’ 0’
= + +
ox> o0y* 0z°

A

Laplas operatori, a qaralip atirgan ortaliqtagi tolqnnin taraliw tezligi.
2) Birtekli izotrop denede (oblastta) jilliliqtin taraliw nizami, soninday

diffuziya qubilislar

—=a’-Au
ot

turindegi jilliliq otkizgishlik tenlemesi menen aniglanadi.

3). Eger denenin ishinde jilliliq deregi bolmasa yamasa jogaridag: qubilislar t
wagqitqa baylanisli bolmasa, onda Au =0 Laplas tenlemesi payda boladi.

Joqaridagi tenlemeler matematikaliq fizikanin tiykarg: tenlemeleri dep ataladi
ham olardin héar qaysisi sheksiz kop sandagi dara sheshimlerge iye boladi. Bazi-bir
aniq fizikalig méseleni sheshiw waqtinda us1 sheshimlerdin ishinen us1 maselenin
fizikallg ~ mazmuninan  kelip  shigip, qoyilgan  qosimsha  shartlerdi
qanaatlandiratugin sheshimdi tabiw talap etiledi. Bul qosimsha shartler shegaraliq
yamasa baslangish shartler dep atalad.

Har qanday tenleme ushin qoyilgan madsele tomendegi tUsh shartti
qanaatlandiriw1 kerek:

1) sheshim bar boliw1 kerek;

2) sheshim birden-bir boliw1 kerek;

3) sheshim ornmighi boliw1 kerek, yagniy maselede berilgenlerdin kishkene
6zgeriwi sheshimnin ham kishkene 6zgeriwin tdmiyinlew kerek. Mine usi Ush

shartti ganaatlandiratugin méselege korrekt qoyilgan masele dep ataladu.

§1. Ekinshi tartipli eki garezsiz 6zgeriwshili dara tuwindih differencialliq
tenlemelerdin tipleri ham kanonikalig korinisleri
Meyli eki o6zgeriwshili ekinshi tartipli dara tuwindili differencialliq
tenlemelerdin klassifikaciyast hdmde olardin kanonikaliq turi hagqindagi maseleni

qarastiraylq. Us1 magsette bas agzaga qarata siziqli bolgan



82u 62u o ou ou
alla aiZ 8y ZZW—FF(X’%U’_X’_]:O (1)

tenlemeni qarastirayiq, bul jerde a,,,4a,,,a,, koefficientler uliwma alganda X
ham Yy tin berilgen funkciyalari. (1) tenlemede keri almastinwga iye bolgan
soninday

E=o(xy) n=y(xy) (2)
belgilew jasayiq, natiyjede (1) tenleme jaha & hdm 5 6zgeriwshilerge qarata
apiwayi koriniske iye bolsin. Us1 magsette tdomendegi tuwindilardi esaplaymiz:

ou auag ou on 8_u 8u6§ ou on

OX 85 OX 677 ox' oy 0oy 877 oy’
u o (agj S ocon  du (anjz e oudty.
2 _85

OX 85877 OX OX 877 OX 85 ox*>  onoxt’
82u 82u & 85 o on 85 an L ou o°u an 877
8X8y 65 OX oy 85877 OX oy 8y ox ) on® ox 6y
Lo 825 ou &' (3)
65 8x8y 877 8x8y
Pu_d LagJ L, 0 dgan du (an)z ou 62§+8u 8%
oy* 0%\ oy 0fon oy oy on*\doy ) o&oy* anoy
Tuwindilardif bul manislerin (1) tenlemedegi orinlaria qoyip
_ou ,_ ou _ du = ou ou
a,——+2a, +a,—+F| &nu,—,— |=0 4)
oc ogon "~ 0n o0& on

tenlemeni alamiz, bul jerde

£ ocos (¢,
31 an( j 2a186y+a22 8yj’

— 820 0Edn 0L D 0&
. aﬂaén [577 o), , don.
X OX X oy oy X oy oy

— onY 0 0
a22:a11(a_;7j a12 778;7"'322[8;7],

al F bolsa, ekinshi tartipli tuwindilarga garezli emes.
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Meyli z = ¢(x, y) funkciyas

oz 0z 0z 0z ‘
a, (&j Zi + 2a12 &5 +a, [@j =0 (5)

tenlemesinin dara sheshimi bolsin dep uygarayiq. Eger & =¢(x, y) dep alsaq, onda
a,;, =0 boladi. Demek (2) turindegi jana 6zgeriwshilerdi tanlaw (5) tenlemenin
sheshimine baylanisli.

Lemma. Eger z=¢(x,y) funkciyas: (5) tenlemenin dara sheshimi bolsa,
onda

a,,dy* — 2a,,dxdy + a,,dx* =0 (6)
differencialliq tenlemenin uliwma integrali (p(X, y) =C boladi ham kerisinshe,
eger @(x,y)=C (6) telemenifn uliwma integrali bolsa, z=¢(x, y) funkciyasi (5)
tenlemenin dara sheshimi boladi. (6) tenleme (1) tenlemenin xarakteristikaliq
tenlemesi dep, al xarakteristikaliq tenlemenin integralliq iymeklikler: bolsa (1)
tenlemenin xarakteristikalar1 dep ataladi.

1.1. Giperbolalq tiptegi tenlemeler. Eger (6) tenlemenin uliwma integrali
@(X,y)=C bolsa ham £=¢(x,y) dep tanlap alsaq, (4) tenlemedegi u. din
koefficienti @, di nol'ge aylandirgan bolamiz. Soninday, eger yw(x,y)=C (6)
tenlemenin ¢(x,y) ga baylamsli bolmagan basqa uliwma integrali bolsa ham
n=wl(x,y) dep alsaq, (4) tenlemede @,, =0 bolad1.

Bizge belgili, (6) tenleme tomendegi eki

dy_aptds dy_ap,—VS

dx a,, dx a,

(7)

tenlemege ajiraladi, bul jerde &=a’ —a,a,,. Koren' belgisi astindagt O nin
belgisi (1) tenlemenif tipin aniglaydi, yagniy (1) tenleme & >0 ushin M(x,y)

tochkada giperbolaliq tipke jatadi dep aytiladi.

Giperbolaliq tiptegi tenlemelerde 0 >0 bolgani ushin (7) tenlemelerdin on

tarepleri haquykty ham har qiyli bolip, olardin uliwma integrallar go(X,y)=C



hdm y (x,y)=C haqiyqiy hdm har quyl xarakteristikalar toparmn amqlayd:. Onda

¢= (D(X, y), n= '//(X, y) almastintwdan son (4) den

2
P _pf
0gomn d¢ on

tenlemeni alamiz, bul jerde @ =-— Bul giperbolaliq tipdegi tenlemelerdin

2

kanonikaliq turi bolip tabiladi.

2 azu 2 qu /4 . (4 . . 4 4
—y°—=0, x#0, y=0 tenlemesinin tipin ayirn ham oni

B

kanonikaliq targe alip kelin.

Misal 1. x

Sheshiliwi. Tenlemepde &, =y, a, =0 ham a,, =—Yy? bolganliqtan

a5, —a,d,, =Xy’ >0
bolip, tenleme giperbolaliq tipke jatada.
Endi berilgen tenlemeni kanonikaliq turge alip kelemiz. Onin ushin daslep
x’dy® — y?dx* =0
xarakteristikaliq tenlemesin jazip alamiz. Bul xarakteristikaliq tenleme
6zgeriwshileri ajiralatugin eki
xdy —ydx =0, xdy+ ydx=0

tenlemelerge ajiraladi. Bul tenlemelerdi integrallap

xy =C,, %:Cz

turindegi uliwma integallarga iye bolamiz. Bunnan y:& giperbolalar
X

semeystvost ham y=C,x tuwrilar1 berilgen tenlemenin xarakteristikalar
bolatuginligi kelip shigadi.

Uliwma teoriyaga muwapiq

Y
X

§=Xy, n=

10



formulas1 boyinsha janadan belgilew kiritemiz ham tenlemedegi  Xham vy
boyinsha alingan dara tuwindilardi & ham 7 boyinsha boyinsha alingan tuwindilar
menen almastiramiz:

& (ag) u agon (877]2 8u8§+8u o°n
oL ocon ox ox o\ ox ) Tec ok onox

2 2 2 2 "2
:262 2y2 au+y_48u2+2yau
o0& X* 0&on X 0on x* on

Gl [agJ du ogon o (anj2+6_uazé+8_u&2n_
Y dcon oy oy a77 oy ) o&oy* om oy
, O°U ou 1 &
=X 2 + 2 + —2—2 .
o0& 0&on X on
Tabilgan — P o ham 2y_u lardin manislerin tenlemedegi orinlarina qoyip, bir gatar
X

apiwaylastiriwlar jasasaq

v 1

o&on 2xy on
yamasa

Pu_1ou

ogon 25 0n

turindegi berilgen tenlemenin kanonikaliq tenlemesine iye bolamiz.

1.2. Parabolahq tiptegi tenlemeler. Parabolaliq tiptegi tenlemede 6=0
bolip, (7) tenlemeler ustpe-ust tisedi ham (6) tenlemenin uliwma integrali
o(x,y)=C boladi. Bul jagdayda &=¢(X,y), n=n(X,y) dep alamiz, bunda
n=n(x,y) erikli tarde tanlap alingan funkciya. Usinday saylap alingan
6zgeriwshiler ushin @, =0 boladi, yagniy

gll = allgx2 + 2a12§x§y + 8.2255 =0.

Al a’, =a,a, yamasa a,, =+/a,, -4/a, bolganliqtan, song: tenlikti

a, :a11§x2 +2a12§x§y +a22§j :(\/Z x +\/g§y)2 =0

11



tirinde jaziwga boladi. Bul tenlik bizge &, =0 bolatuginligin korsetiwge jardem

beredi. Haqiyqatinda da

— 80 0E O OO OE b
. aﬂénaﬂ[_ffu_e‘n}a Eon _

X X oxoy oy ox) Poyoy
_, %6 P yq, 2200
—aﬂﬁxéxﬂ/a\/@ \/_\/Z vy

)53

Natiyjede (4) tenleme

koériniske iye boladi. Songi tenliktin eki jagin a,, bolip

o°u au au
:(D(§,77, ) J

on’ EE

tarindegi tenlemege iye bolamiz, bul jerde @ :—_i. Bul song1 tenleme berilgen
a'22

(1) tenlemenin kanonikaliq formasi bolip tabiladi. Eger bul tefilemenin on

tarepinde 2—2 qatnaspasa, bul kanonikaliq tenleme ¢ parametrge baylanish bolgan

apiway1 differencialliq tenleme boladi.

Misal 2. x2%+ 2xy +y Y =0, x=0 tenlemesinin tipin ayirm ham
ont kanonikaliq targe alip kelin.
Sheshiliwi. Tenlemepde a,, = x*, &, =Xy ham a,, = y* bolganlqtan

ay, — 8,8, = X"y* = x’y* =0
bolip, tenleme parabolaliq tipke jatadi.

Endi berilgen tefilemeni kanonikaliq targe alip kelemiz. Onif ushin daslep

12



x2dy? — 2xydxdy + y*dx* =0
xarakteristikaliq tenlemesin jazip alamiz. Bul xarakteristikaliq tenlemeni
(xdy — ydx)* =0
tarinde jaziwga boladi. Bunnan
xdy — ydx =0
bolip, bum integrallasaq giperbolalar semeystvost  bolip tabilatugin

xarakteristikalardin bir
Y_¢
X
semeystvosina iye bolamiz.

Qolayliliq ushin 77 =y dep tanlap alip

s==,n=Yy

x |<

formulas1 boyinsha jana 6zgeriwshilerdi kiritemiz hdm tenlemedegi X,y boyinsha
alingan dara tuwindilardi & ham 7 boymsha boymsha alingan dara tuwindilar

menen almastiramiz:

o°u _y* olu L2yau,

o X oE X oE

oxoy X2 oE? xPoeson xPo&

o'u 10u 2 ou o
2= 2 A T T3
oy. x°0&° xoéon Onm

., _0u_ du ., odu e, .
Tabilgan —; ham — lardih manislerin tenlemedegi orinlarma qoyip
OX"~  oOxoy oy
2
0 u2 0
on

turindegi berilgen tenlemenin kanonikaliq turine iye bolamiz.
1.3. Elliptikahq tiptegi tenlemeler. Elliptikaliq tipdegi tenlemelerde & <0
bolip (7) degi tenlemelerdin on téarepleri kompleks anlatpalar boladi. Meyli
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@(x,y) =C (7) tenilemenin kompleks integrali bolsin dep uygarayiq. Onda @(X,Y)
ke tayinles bolgan ¢@*(X,y) funkciya ushin ¢=(x,y)=C anlatpa (7) ge tyinles
bolgan tenlemenin uliwma integrali boladi. Bul jagdayda & =¢(X,y), n=¢" (X,Y)

jardeminde kompleks oOzgeriwshilerge otemiz. Natiyjede tenleme giperbolaliq
tipdegi tenleme siyaqli kanonikaliq koériniske iye boladi. Kompleks

6zgeriwshilerden qutiliw ushin E=a+if, n=a—if yamasa
o= %((p +¢°), = %((o —¢@") almastintw jasap, jaha « ham g Ozgeriwshilerdi
[

kiritemiz. Sonda

_(0£Y |, 0508 £ oaY | - _a_ oa) _
an(axj +2a, 8y+a22[8y] au(ax) +2a, o (&’}
B op _ aﬁaﬂ _ [op o 6/3 o aﬂ a_a_,B
a‘.ll( j a12 aX ay aZZ(ayj 2I[a:ll a 8X al (GX ay ay 8 ]
+5228_a%]:0

tefligi orinli bolip, bunnan @, =a,, ham a, =0 boladi. Natiyjede (4) den

elliptikaliq tipdegi tenlemelerdin kanonikaliq tari payda boladi

2 2 —
on o (aﬂ, ,a—“a—“j ®=-

oa’ éﬂ oa Of a,,
2 2 2
Misal 3. 2 l: —4 aa;y +5 0 LZJ =0 tenlemesinin tipin ayirin ham oni kanonikaliq
X X

turge alip kelin.
Sheshiliwi. Tenlemede a, =1, a, =—2 ham a,, =5 bolganliqtan
a’,—a,a,=4-5=-1<0
bolip, tenleme elliptikaliq tipke jatada.

Endi berilgen tenlemeni kanonikaliq turge alip kelemiz. Onin ushin daslep
dy’ + 4dxdy +5dx* =0
yamasa

y'=—2+i;, y=-2-i
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xarakteristikaliq tehlemesinin
y=(—2+i)x+C; y=(-2-1)x+C,
turindegi eki uliwma integralin aniqlaymiz. Bul jerde
p=y—(=2+0)% @r=y—(-2-i0)X
bolganliqtan

a:¢+¢*:y+2m a=

2 2i
bolip, jana belgilewlerge
E=a+if=y+2X—iX, n=a—if=y+2x+ix

. . ., 0%Uu du du :
formulast menen oOtemiz ham > ,— tuwindilarin esaplap, berilgen
OX~ oOxoy oy

tenlemedegi orinlarina qoysaq
2 2
ag+ag:0
dg” on

turindegi berilgen tenlemenin kanonikaliq tenlemesine 1ye bolamiz.
1.4. Turaqh koefficientli sizigh differencialiq tenlemeler. Eger (1)

tenleme

2 2 2
020020, 0 B b Dty
OX 8X5'y 8y OX ay

tarine iye bolip, a;, a,,8a,,,0,b,, c lar turagli sanlar bolsa, onda bunday

tenlemelerdi qarastinw 6z aldina quzigiwshiliq tuwdiradi. (8) tenleme ushin

xarakteristikaliq tehlemede turaql koefficientli bolip, tehlemenin xarakteristikalari

:a12+\/a122_a11a22 X+ C

y
a, 1
ham
y = a12_\/a122 —a;ay, X+C2

&
boladi. Jana o6zgeriwshilerge dtkennen keyin (8) tenlemenin kanonikaliq tenlemesi

tomendegilerdin birewine ten bolip qaladi.
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Eger (8) tenleme giperbolaliq tipke jatsa, yagniy a’, —a,,a,, >0 bolsa, onda
o’u
d¢on

ou ou
+b—+b,—+cu=f(S,

yamasa

ou  d% ou ou _
— 2+b1—+b2—+cu=f1(§,77),
o0& on os “on

eger (8) tenleme parabolaliq tipke jatsa, yagniy a;, —a,,a,, =0 bolsa, onda

o%u ou ou
+b—+b,—+cu=f1(&n),;

eger (8) tefileme elliptikaliq tipke jatsa, yagniy a’, —a,,a,, <0 bolsa, onda

2 2
U Yy M, M)
o8 o7 "o oy

Eger janadan belgisiz 9(&,77) funkciyasin
U(S‘ZJ?) = ‘9(5’77) ) elgﬂm
formulas1 boyinsha kiritsek, onda (8) tehlemenin kanonikaliq tenlemesin bunnan
bilay jane apiwaylastirrwga boladi.
Misal 4. Turaqgli koefficientli
2 2 2
o°u 48u 58u ou ,ou

>+ +5—-2—-2—+u=0
OX oxoy oy OX

tenlemeni kanonikaliq targe alip kelin hdm bul kanonikaliq tenlemeni janede
apiwaylastirin.
Sheshiliwi. Tenlemede a, =1, a, =2 ham a,, =5 bolganlqtan
a’,—a,a,=4-5=-1<0
bolip, tenleme elliptikaliq tipke jatadi.

Endi berilgen tenlemeni kanonikaliq turge alip kelemiz. Onin ushin daslep
dy? — 4dxdy + 5dx* =0
xarakteristikaliq tenlemesinin
C,=2x—y+xi; C,=2x—-y—xi
tarindegi eki uliwma integralin aniglap, keyinshelik
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§ =2X— y, n=X
belgilewin kiritemiz. Onda tenleme
2 2
a—l; + 0 uz 2 au 2 au +Uu
o on° 05 On

turindegi kanonikaliq kériniske iye boladi.

Endi

u(&,m)=9(&.m)- e

belgilew kiritip, on1 songi kanonikaliq tenlemege qollansaq 9(&,77) ga qarata

0°9 0°9
+
oE*  on®

+2(/1—1)@+2(,u—1)%+(/12 + 1 =20 -2u+1)8=0
og on

turindegi tenlemege 1ye bolamiz.

Eger bul songi tenlemeden £ =7 =1 dep alsaq, onda ol

o*9 89
+
o5*  on’

-9=0

turine iye bolip, kanonikaliq teflemenin janede apiwayilasqan korinisine iye

bolamiz.

§2. Kop garezsiz 6zgeriwshili ekinshi tartipli dara tuwindih siziqh
differencialliq tenlemelerdin klassifikaciyasi
2.1. Kop garezsiz o0zgeriwshili differencialliq tenlemelerdin tipleri ham
kanonikaliq korinisleri. Matematikaliq fizika tenlemeleri menen tanisiwdin
daslepki etaplar1 ekinshi tartipli sizigh dara tuwindili differencialliq tenlemelerdi
uyreniwden, bunday tenlemelerdi kanonikaliq koérinisi dep atalatugin mumkin
bolganinsha apiway1 koriniske keltiriw jollar1 menen tanisqan maqul boladi.

Haqiyqry aij(xi,Xz,...,Xn), (i,J=1,2,...,n) koefficientli ekinshi tartipli

kvazisizigh

” 0’ 0 0
Zaij Y o X153 Xyyeons X, 5 U, 4 ,...,—u =0 (1)
im0 0x0x, 0 x, ox,
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koérinistegi dara tuwindili differencialliq tenleme kanonikaliq koériniste boladi,

egerde tenlemenin a; koefficientleri ushin

1 i+ j,
q; = L
! {O,il,I:j

orinli bolsa. Kanonikaliq koriniste jazilgan tenlemeler tomendegi mumkin bolgan
tiplerdin birine jatadi:

r 2 n 2
1. Giperbolalq tip: Z 66 aaau
i X i=r+1 Xi Xi

+®=0, O<r<n.

Bul jerde ekinshi tartipli tuwindilar tenlemege har qiyli belgiler menen kiredi ham

olardin uliwma san1 buring1 n ge ten boladi.

2. Parabolaliqg ti Z o'u o _O'u
4 up: iz OX0X: ,Hlaxiaxi

+®=0, O<r<s<n.

Bul jagdayda ekinshi tartipli tuwindilardin bazi bir bolegi tenlemede qatnaspaydi.

2

3. Elliptikaliq tip: Z +®=0.

O X0 X
Bul jagdayda n sandagi ekinshi tartipli tuwindilar tenlemege toliq qatnasadi.
Garezsiz  6zgeriwshilerdi y, =y, (x) tirindegi belgilew arqali erikli

koefficientli (1) turindegi tenlemeni erikli x =X, tochkada kanonikaliq koriniske

N

OX.

keltiriwge boladi, bul jerde det #0.

(1) degi tuwindilardi U jana funkciyasman Yy, jana 6zgeriwshiler boymsha

alimgan tuwindilar menen anlatip, tarlendirilgen

n 82~ N
Z K ®=0

= aykay|
tefilemege iye bolamiz. Jana &,(y) koefficientler buringi a;(x) koefficientler

argal

ay = Z C %% (2)

formulasi arqali anlatiladi.
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Tenlemenin koefficientlerin tarlendiriw nizami, sizigh algebradan belgili
bolgan  6zgeriwshilerdi sizighh  almastirtw  arqali  kvadrathlq  formanin
koefficientlerin tarlendiriw nizami1 menen birdey boladi. Haqiyqatinda da, eger

K(p,p) = Zaij Pi P;
i1
kvadratliq formasi ham burng1 p, Ozgeriwshilerdi jana q, 6zgeriwshilerge
otkeretugin ayrigsha bolmagan
P =50, det|S|=0
k=1
S sizigh tarlendiriw berilgen bolsa, onda jana kvadratliq forma
K(q,q) = Z a,d,0,
k,I1=1
koriniske 1ye boladi, bul jerde
ék| = Z ;S S -
i1
Buni1 (2) menen salistirsaq

N

S, =
ik 8X

boladi.

Si1ziglt algebradan malim, kvadratliq formani kanonikaliq koriniske alip
keliwshi S siziglh tarlendiriwdi Lagranj metodi menen yamasa toliq kvadratqa alip
keliw usili menen, sonday-aq matricant ushmuyeshlik koériniske alip keliwshi
Yakobi usillarinin biri menen hdmme wagqit tabiwga boladi.

2.2. Kop garezsiz ozgeriwshili turagh koefficientli s1iziqh differencialliq
tenlemelerdin kanonokaliq Kkorinisleri. Eger (1) tenlemedegi koefficientler

turaqli bolsa, onda S matricasi jdrdeminde 6zgeriwshilerdi s1ziqlt almastirtwdin
n
Y = Z Sik X
i=1

formulasi (1) tenlemeni kanonikaliq koriniske barliq X € R" lar ushin alip keledi.
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Misal 1. 4u, +2u, —6u, +6u, +10u, +4u, +2u=0 tenlemesinin tipin

ayirin.

Sheshiliwi. Berilgen tenlemege saykes onin kvadratliq formasi

K(p,p)=4p; +2p;, —6p; +6p,p, +10p,p, +4p,p,

turine iye bolip, on1 Lagranj usilina muwapiq tomendegishe jaziwga boladi:

K(p.p)="(ap, +3p, +5p,) 2 (p, +7p, ).
4 4

Bunnan eger

1 1
q1:§(4p1+3p2+5p3):§1’ qzzz(p2+7p3)l 0; = Ps

dep alip

1 3
Py :qu _EQ2 +44;, p,= 20, — 1705, P; =0,
turlendiriwin jasasaq

K(g.0) =05 -
turindegi berilgen tenlemege saykes kvadratliq formanin kanonikaliq korinisine iye
bolamiz. Bul bolsa, aniglamaga muwapiq berilgen tenlemenin parabolaliq tipke
jatatuginligin korsetedi.
Misal 2. U, —4u,, +2u, +4u,  +U, —2xyu, +3xu=0 tenlemesinin tipin
ayirin.
Sheshiliwi. Berilgen tenlemege saykes kvadratliq forma

K(p,p)=p;—4p,p, +2p,p, +4p; + p; =

:(p1_2p2 + p3)2+(p2+ p3)2 _(pz - p3)2
bolip, joqaridagiday
=P —2P,+Ps U=P,+Ps Gz=P,— Ps

belgilew jasap, son

P, =4 +1q +§q p =£(q +0,), P =1(q =3
1 1 22 23’ 2 2 2 3 3 2 2 3

turlendiriwin jasasaq
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K(g,0) =0 +0; —d;
tarindegi berilgen tenlemege saykes kvadratliq formanin kanonikaliq korinisine iye

bolamiz. Bul bolsa berilgen tenlemenin giperbolaliq tipke jatatuginligin korsetedi.
Misal 3. U, —U,, = O tenlemesin kanonikaliq tirge alip kelin ham tipin
ay1rin.
Sheshiliwi. Berilgen tenlemege saykes onin

K(p,p) = PP, — P,P;
kvadratliq formasin jazip alamiz hdm Lagranj usilin qollanamiz. Bul usildin

maganasi sonnan ibarat bolip, ol kvadratliq forman1 izbe-iz toliq kvadratqa alip
keledi. Bizif jagdayda K(p,p) da kvadrat qatnaspagan. Bul jagdayda P, ham P,

nin ornina jana $; ham S, o6zgeriwshilerin kiritemiz:

1
3125( P+ pz)’

Sl=%(p1— p,).
Bunnan
{pl =35, +5,,
P, =S =3,
Onda

1 2
K(p,p) = PP, — P Ps 2512—522—(31"‘52)[33:(51—5 psj -

2
1 1 2 1 2
St 5P| = (PP = ps) =2 (P= P, o)
bolip, kvadratliq formanin jana 6zgeriwshilerin kiritsek
( 1

q1:§( P, + P, — p3)1

N

1
g, :E(pl_ P, + p3),
d; = Ps,

“

onda kvadratliq formanin kanonikaliq korinisi
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K(q,q) =0 —q;

bolip, ¢, 6zgeriwshini det‘S‘ # 0 shartin qanaatlandiratuginday etip erikli tirde

saylap aliwga boladi.
P, =0 + 0y,
P, =0, — 4, + s,
P; =05
bolganligtan
1
S= -1 1
0

bolip, sadykes 6zgeriwshilerdi sizigl almastiriw
S=X+Y, n=X-Y, y=y+12
turinde amelge asiriladi.

Endi tenlemedegi tuwindilardi jana 6zgeriwshiler menen almastiramiz:

X §+ n?
uxz =U§§ +Un§,
Uy =Ug + U, —U,, +U,,

ham bulard1 berilgen tenlemedegi orinlarina qoyip, berilgen tenlemenin
kanonikaliq formasina iye bolamiz
a..—u, =0.

Solay etip berilgen tenleme parabolaliq tipke jatadi eken.

Misal 4. U, —U, —U, = O tenlemesin kanonikaliq targe alip kelin ham
tipin ayirin.

Sheshiliwi. Berilgen tenlemege saykes onin kvadratliq formasin jazip,

keyinshelik Lagranj usilin qollanamiz

K(p,p) = PP, — PP — PP =

1 1
:Z(p1+ pz_zps)z_z(pl_ p2)2_ p32'
Eger
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1 1
qlzz(pl_'_ p2—2|03), Q, :E(pl_ pz)l ;=P

belgilewden son

P.=0,—0, + 03,
P, =0, +Q, +0Qs,
P; =03
tarlendiriw jasasaq
1 -11
S=(1 1 1
0 01

bolip, saykes 6zgeriwshilerdi sizigl almastiniw
E=X+Y, n=—X+Y, y=X+Yy+1Z

turinde dmelge asiriladi. Endi tenlemedegi tuwindilardi jana 6zgeriwshiler menen

almastiramiz:
u,, =0, -0, +0 +20,,
u,, = u’“g,g — GW + U"W,
u,=0,+0, +0,.

Bulardi berilgen tenlemedegi orinlarina qoyip, berilgen tenlemenin
a.,-a,-0d, =0
kanonikaliq formasina iye bolamiz. Demek berilgen tenleme giperbolaliq tipke
jatadi eken.
Eskertiw. Berilgen tenlemenin tipin onin koefficientlerinen duzilgen matrica
boyinsha ham &amelge asiriwga boladi. Meyli (1) tenlemenin koefficientlerin

a; = a; bolatuginday etip simmetriyali koriniste jazip alayiq. Onda bul tefilemeni

Klassifikaciyalaw, onmin bas agzalarinin koefficientlerinen duzilgen matricanin

menshikli manislerinin gasiyetlerine baylanish boladi. Bizge belgili

a, a,... a,,
A=|a,  a,.. a,,
a, d,.. a,
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matrica simmetriyali bolgan1 ushin onin menshikli manisleri haqiyqiy boladi.
Meyli (1) tenlemenin koefficientleri anigqlangan bazi-bir M (X1’ ) S Xn) tochkani

fiksirleyik ham bul tochkada A matricasit « sandagi on, S sandagi teris ham y
sandagi nol’ bolgan xarakteristikaliq sanlarga iye bolsin dep uygarayiq, bul jerde
a+f+y=n.0Onda bul tenlemeni usi tochkada (a, 3,y) tipke jatad1 dep aytiwga
bolad.

Eger A matricasinin elementleri turaqli sanlardan ibarat bolsa, onda tenleme
putin kenislikte bir tipke tiyisli boladi. Eger tenlemenin barliq agzalariin
belgilerin 6zgertsek, onda ¢ hdm g sanlariin orni almasadi, yagniy (e, £,7) ham
(B,a, y) tipler birdey boladi.

Toémendegi misallardi garastirayiq.

2 . 0° 0°
1). u, —a*Au= f(x,y,t), bul jerde Azm+ay2 .

Bul tenlemenin bas agzalarinin koefficientlerinen duzilgen matrica

1 0 0
A=| 0 —a’ 0
0 0 —a’

bolip, ommn xarakteristikahq sanlan 4=1 4,=A4,=-a’. Bunnan korinip
turgamnday, membrananin terbelis tenlemesi putin kenislikte (2,1,0) tipke tiyisli.

2). Jllihg otkizgishlik tenlemesi dep atalatugin  u, —Au = f(x, y,z,t)
tenlemesinin  (3,0,1) tipke tiyisli ekenligin korsetiwge boladi, sebebi onm
xarakteristikaliq sanlart =0, 4, =4, =4, =-1.

3). (I+y2 )4)“ —2xyu,, +(I+x2 )uw =0 tenleme ushin
4 1+y? - Xy
— Xy 1+x?
bolip, omin xarakteristikaliq sanlar1 4, =1+ Xx°+Yy* A, =1 bolganligtan berilgen

tenleme putin kenislikte (2,0,0) tipke tiyisli boladh.

Solay etip tomendegi Gsh jagdayga iye bolamiz:
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1) egerde berilgen tochkada A matricasinin xarakteristikaliq sanlarinin
hammesi nol'den 6zgeshe bolip, olar birdey belgige iye bolsa, (1) tenleme usi
tochkada elliptikaliq tipke jatadi.

2) egerde berilgen tochkada A matricasinin xarakteristikaliq sanlarinin birewi
nol'ge ten bolip, qalganlar1 nol'den 6zgeshe ham birdey belgige iye bolsa, onda
(1) tenleme us1 tochkada parabolaliq tipke jatada.

3) egerde berilgen tochkada A matricasinin xarakteristikaliq sanlarmin
hammesi nol'den 6zgeshe bolip, olardan birewi galganlart menen garama-qarsi
belgige iye bolsa, onda (1) tenleme us1 tochkada giperbolaliq tipke jatadi. Basqasha
aytqanda tomendegi ush jagday orinli:

(1,0,0)=(0,7,0) - elliptikaliq tip;

(n—1,0,1)=(0,n—1,1) - parabolalq tip;

(n —1,1,0) =(L,n- 1,0) -giperbolaliq tip.

Joqarida keltirilgen tiplerden basqasha korinistegi tipler ul tragiperbolaliq tip
dep ataladi, misali

o’u 0°u 0’u 82u_0

+ — — =
2 2 2 2
ox;, 0Ox; 0x; 0x,

tenlemesi ul tragiperbolaliq tiptegi tenleme boladi.

§3. Dara tuwindih differencialliq tenlemelerdin uliwma integrah
Bizge malim, n tartipli adettegi differencialliq tenlemeler ushin ayrigsha
sheshimlerden basqa barliq sheshimler jiyindist garezsiz 6zgeriwshi Xtih ham

sonin menen birge N sandagi C, C,,...,C_ erikli turaghlardin funkciyasi menen
korsetiledi. Kerisinshe, Nparametrden garezli bolgan qalegen
u=¢e(x,C,C,,...,C,) funkciyalar semeystvos: ushin C,,C,,...,C parametrlerin

u! — ¢,(X,C1;C2""’Cn)’
u” — @H(X,C]_,CZ,---,Cn)’
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sistemasinan izbe-iz jogaltiw arqali almatugin u=¢ funkciyas: sheshim bolatugin
n tartipli differencialliq tehleme bar boladi.

Dara tuwindili differencialliq tenlemeler ushin bunday magliwmatlar
quramaliraq boladi. Bul jagdayda da uliwma sheshim dep atalatugin, yagny bazi-
bir erikli elementlerin fiksirley otirip, uliwma sheshimnen basqa qalegen dara
sheshimin aliwga bolatugin sheshimler jiyindisin izlewge boladi. Dara tuwindili
differencialliq tenlemeler ushin bunday erikli elementler endi erikli turaglilar
bolmaydi, al erikli funkciyalar boladi ham bunday erikli funkciyalar sani
differencialliq tenlemenin tartibine ten boladi. Sonin menen birge bunday erikli
funkciyalardin argumentleri san1 U sheshimnin argumentler saninan bir birlikke az
boladi.

Meyli bazi-bir dara tuwindili differencialliq tehlemelerdin uliwma integralin
aniglaw maselesin garastirayiq. Soni aytip 6tken maqul, bul soraw dara tuwindil
differencialliq tenlemeni kanonikaliq koriniske tarlendiriw menen tig1z baylanisli.

Misal 1. Meyli u=u(X,y). Bul funkciya ushin

N _g
OX
differencialliq  tenlemesi  U(X,Y) funkciyasimn  yke garezsiz  ekenligin
anlatadi,yagniy U =u(x), bul jerde u(x) erikli funkciya.
Misal 2. u=u(X,y) funkciyasi ushin
2
ou _ 0
OXoy

differencialliq tenlemesi U(X,Yy)=@(X)+y(y) tarindegi uliwma sheshimge iye

boladi, bul jerde @(x) ham y(Yy) erikli differenciallaniwshi funkciyalar.
Misal 3. Meyli u=u(X,y). Tomendegi
au_ou
oX oy
differencialliq tenlemeni qarastiraylq. Bul tenlemenin uliwma integralin tabiw

ushin
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X+y=¢, X=y=1
turindegi 6zgeriwshilerge almastiriw jasaymiz. Sonda

ou auag ou don 8_u ou

OX Géax anax o¢ On
ou 8ua§ ou an 8_u ou

oy 0& oy a77 &y o0& on
bolip, berilgen tenleme jana 6zgeriwshilerge qarata

6u
on

=0

tarindegi tenlemege aylanadi. Bunnan U= f(&) bolip, buringi 6zgeriwshilerge
gaytip otsek U= f(x+Yy) turindegi berilgen tenlemenin uliwma sheshimine iye
bolamiz, bul jerde f erikli differenciallaniwshi funkciya.
Misal 4. Meyli u=u(X,y). Tomendegi
au ou

= =0
8x yay

differencialliq tenlemeni qarastirayiq. Bul tenlemeni integrallaw ushin
Yog y=n
X

tarindegi 6zgeriwshilerge almastiriw jasaymiz. Sonda

8_u8uy6u0_auy

_ = =——=,
ox o0& x* onp o0& X
au _ou 1 ou
oy 0 x 5U
bolip, berilgen tenleme jana 6zgeriwshilerge qarata
ou _0
an

tarindegi tenlemege aylanadi. Bunnan U= f(&) bolip, buring1 6zgeriwshilerge
qaytip otsek u= f(lJ turindegi berilgen tenlemenin uliwma sheshimine iye
X

bolamiz, bul jerde f erikli differenciallaniwshi funkciya.
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Misal 5. Meyli u=u(X,y). Tomendegi

ox> oy’
differencialliq tehlemeni qarastirayiq. Bul tenlemeni integrallaw ushin
X+y=¢, X-y=n
turindegi 6zgeriwshilerge almastiriw jasaymiz. Sonda

ou _ou ou ou_ou oau

———+_, - - )
ox oF on' oy oF on

o%u 8(8u) o (ou ou o(ou ou) o4 ou o4
—c = ==t |t =t |5 t+2 +—,
oxr ox\ox) oc\oz on) on\og en) og% “efon  on

o%u a(auj_azu , 0% du

oF oy\oy) o8 “oeon o

bolip, buni berilgen tenlemedegi orinlarina qoysaq, tenleme

2
4 ou 0
o&0n
koriniske iye boladi. Bunnan U= f(&)+9g(n7) bolip, buring1 Ozgeriwshilerge

qaytip Otsek berilgen tenlemenin

u=f(x+y)+g(x-y)
tarindegi uliwma sheshimine iye bolamiz, bul jerde f ham g lar erikli eki ret
differenciallaniwshi funkciyalar.

Misal 6. Meyli u=u(x,Yy). Tomendegi

u o

er@yz 0

differencialliq tenlemeni qarastirayiq. Bul tenlemenin uliwma sheshimi
u=f(x+iy)+g(x—iy)
tarine iye boladi, bul jerde f ham g lar erikli eki ret differenciallaniwshi

funkciyalar.
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Matematikaliq fizikanin ayirim maselelerin sheshiw barisinda uliwma
integraldi gollaniw jags: natiyje beredi. Misal ushin, aytayiq bazi-bir process bir
6lshemli

du_13u_
ox* a*ot’
tolgin tenlemesi menen suwretlensin. Eger o6zgeriwshilerdi $t=Yy turinde

almastirsaq, onda berilgen tenleme
ou_du_,
ox> oy’
turine iye bolip, bunin uliwma integrali
u=f(x+y)+g(x-y)
boladi. Joqaridag1 belgilewdi esapqa alsaq, onda berilgen tenlemenin uliwma
integrali
u=f(x+at)+g(x—at)

boladi. Bul jerde f(x+at) formasi ust f funkciyasi menen aniglanatugin ham

koordinata basman shep tarepke a tezlik penen taralatugin tegis tolqin. Bunday

tolqin keri tolqin dep ataladi. Al g(x —at) funkciyasi bolsa koordinata basinan on

tarepke a tezlik penen taralatugin tegis tolqin bolip, bul tolqinlar tuwr tolqin dep
ataladi. Solay etip, qarastirilip atirgan process eki tolqinnin qosindisinan payda
bolatugin tolqindi siwretlewshi process bolip esaplanadi.

Meyli muyeshlik koordinataga garezsiz

1 g(rzauj_ 1 ¢4

il - — =0
ror\ or) a®ot?

tenlemesi menen suwretlenetugin processti qarastirayiq. Bul tenleme radialliq
terbelis dep atalatugin sferaliq koordinatada jazilgan ish

6lshemli tolqin tenlemesi bolip esaplanadi. Eger u = g belgilew jasasag, onda
r

rza—u:r@—&l,
or or
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1 a( 2auj 10°9 1 ou 16%9
_ lr—-==— , - -
r2or\ or) ror® r? o> r ot?

bolip, natiyjede berilgen tenleme

tarine iye boladi. Bunnan
9= f(r+at)+g(r—at)

yamasa
u:%f(x+at)+%g(x—at)

kelip shigadi. Bul uliwma integraldin birinshi qosiliwshisi sheksizlikten koordinata
basina qaray a tezlik penen taraliwshi sferaliq tolqindi sawretleydi (keri tolqin), al
ekinshi qosiliwshi koordinata basinan sheksizlikke qaray a tezlik penen taraliwshi
sferaliq tolqindi suwretleydi (tuwri tolqmn). Solay etip, bul jagdayda da berilgen
tenlemenin uliwma sheshimi eki tuwri ham keri tolqinlardin qosindisinan ibarat
bolad.

Qosimsha sorawlar

1. Dara tuwindil differencialliq tenlemeler dep qanday tenlemelerge aytiladi?

2. Tenlemenin uliwma korinisi ganday bolad1?

3. Tehlemenin tartibi dep nege aytilad1?

4. Matematikaliq fizikanin tenlemeleri dep qanday tenlemelerge aytiladi?

5. Eki garezsiz Ozgeriwshige iye ekinshi tartipli siziqli dara tuwindih
differencialliq tehlemeler dep ganday tenlemelerge aytiladi?

6. Eki garezsiz Ozgeriwshige iye ekinshi tartipli kvazisizigh dara tuwindili
differencialliq tenlemeler dep ganday tenlemelerge aytiladi?

7. Qanday maselelerge korrekt qoyilgan maseleler dep aytiladi?

8.Tenlemenin bas koefficientleri dep qanday koefficientlerge aytiladi ham bul
koefficientler boyinsha onin tipi galay aniglanadi?

9.Tenlemenin xarakteristikaliq tenlemesi dep ganday tenlemege aytiladi?

10. Xarakteristikaliq tenlemenin integrallari boyinsha alingan, berilgen tenlemenin
giperbolaliq, parabolaliq ham elliptikaliq tiptegi kanonikaliq koérinisleri ganday
boladi?

11.Ko6p garezsiz 6zgeriwshige iye ekinshi tartipli dara tuwindili differencialliq
tenlemeler dep qanday tenlemelerge aytiladi?
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12. Bunday tenlemenin uliwma korinisi ganday bolad1?

13. Onin bas agzalarinin koefficientleri dep nege aytiladi?

14. Bul tenleme qay wagqitta simmetriyali dep ataladi?

15. Tenleme qay waqitta («, 8, y) tipke jatadi dep esaplanadi?

16. Tenleme qay waqitta giperbolaliq, parabolaliq ham elliptikaliq tipke jatadi1?
17. Adettegi differencialliq tefilemeler menen dara tuwindili differencialliq
tenlemelerdin uliwma sheshimleri arasinda ganday pariq bar?

Oz betinshe jumislar ushin tapsirmalar

I. Tomendegi turaqlh koefficientli tenlemelerdin tipin anmiqlan ham
kanonikaliq turge alip kelin

2 2 2
1)6L21+58u +4al;=
OX oxoy oy

2 2 2
al:+4au +4ag+38—u+6a—u=0;
OX oxoy oy ox oy

o°u o°u o°u

0;

2)

3) — -6 +13— =0;
oxE oxoy oy
2 2 2
g) TU o 0 g0U LU g
OX oxoy oy ox oy
2 2 2
5) al:+4au +58L21+8_u+26_u:0;
OX oxoy  oy° Ox oy
2 2 2
gy LU _p U _0U A _
oxE Toxoy oy oy
2 2 2
7) QU g 0U 10U, M 3N _,
OX oxoy oy. ox oy
2 2 2
8) 83—2 ou +63+28—u+58—u+u=0;
OX oxoy oy OX
2 2 2
0) 49U, 40U [ TU LU _y
OX oxoy oy oy
2 2 2
10)78l21+66u au+6—u+3u:0;

ox2  oxoy oy’ ox
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2 2 2
17) T _g 01 40U g U _,
OX oxoy oy ox oy
2 2 2
12)%+2;u +10a—g+u+3xy:0;
X X
2 2 2
13) T 44 01 g0U MU Mg,
oy oy ox
2 2 2
14) T4, OU_H0U g 45U, p7x—0;
OX~ oOxoy oy OX
2 2 2
15) T _p O OU, g0 oM g,
OX oxoy oy ox oy
2 2 2
16) Z‘j+ :;y+5‘2y‘j—32u=o.
X X

Il1. Tomendegi turagh koefficientli tenlemelerdi kanonikaliq targe alip kelip,
keyinshelik jdne apiwaylastirin

2 2 2
1)52Y 116 91 11691 1 24N 132 M sy,
OX oxoy OX oy
o'u ,0°u o _ou _aéu
2) — + +—+5—+7—+u=0;
OX oxoy oy ox oy
2 2 2
3)28L21+26u +8L21+26_u+26_u+u:0;
OX oxoy oy OX
2 2 2
4) al;|+2 ou +8li+38_u_58_u+4u:0;
OX oxoy oy OX
2 2 2
5) al:+4au +al:+28—u+68—u+u=0;
OX oxoy oy OX
2 2 2
6) TU 40U 50U M Ly,
OX oxoy oy OX
2 2
7) 28—2— ou +a—u—28—u+u+x=0,
OX oxoy ox oy
2 2
g) JU OU M N 14y 4x=0,
ox® oy oX oy
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2 2
9) a—lj+ ou +68—u—7a—u+8u=0;
oX“ oxoy ox oy

2 2
8_[21+ ou —a—u—10u+4x:0;
OX oy

2 2 2
17) TU_g0U ,glU U HU_
OX oxoy oy° ox oy

0;

2 2 2
19) U 40U g0U U U,y
OX oxoy oy ox oy

o’u o4 ou du

13) 3—+ +3—+——-u+y=0;
OX“ oxoy oOx oy
2 2
14) 29U 40U M LMy
oxoy  oy® oOX

2 2 2
15) 28[:+2 ou +ag+46—u+4a—u+u=0;
OX oxoy oy ox oy

2 2
16)38_u+8u ou ou

> +3—+——-u+y=0;
OX~ oxoy Ox oy
2 2 2
17)59Y 116 7Y 169U 1 24 M 32N 4y =0
OX oxoy oy OX
2 2 2
18) U _p 0U  TU M 5N o7u=o;
OX oxoy oy OX oy

2 2 2
19) SU 4 p 01 OU U g 40,

2 + 2
OX oxoy oy ox oy
I11. Tomendegi 6zgeriwshi koefficientli tenlemelerdin tipin ayirin ham
kanonikaliq turge alip kelin

2 2 2
1) a—g—Zcosx au —(3+sin2x)a—l;—y6—u:0;
OX oy oy oy
2 2 2
2) a—LZI+25inx ou —(coszx—sinzx)a—l:+cosxa—u:0;
OX oxoy
0° o°u ,0U  au

3) yz—lzj+2xy +2X —+y—=0;

X OXoy oy oy
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2\Jx oy
2 2 2
5) yza—l:— Xy ou +x26—li=0,
OX Oxoy oy
2 2
)yza_u_xza_u_ a_uzo’

Nxy—+—+-y——-———=0, x>0, y>0;
OX

2 2 2
8) U, 0 +coszxa—u—ctgx aL o =0;
Ooxoy oy

OX? ? OX oy
o’'u o
9) y—XEZO,
2 2
10)% x%—o,xzo,
X
2 2 2
11) xza—g+2xy ou +yza—li:0,
Oxoy oy
o%u o%u ou
12)——(1 y )= —2y(+y*)—=0;
oy oy
2 2 2
13) xyza _oxey TU el Mg,
X’ oy oy ) ax
2 2
14) (1+x)2(9 +a—+2x(1+x)—:0;
oy? OX
2 2
15) Y 23 U g,
Ox* oxoy
2 2 2
16) x2Y 4 2x 20U L (x-n¥ o
OX oxoy oy°

IV. Tomendegi kop garezsiz dzgeriwshili tenlemelerdin tipin aniglan hdm
kanonikaliq turge alip kelin
1) u, +2u,, —2u, +2u, +6u, =0;

2) 4u, —4u, —2u,+u, +u,=0;
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3) U, +2u,—2u,+2u, +2u,=0;

4)u, —u, +u, —2u, +2u, =0;

5) U, +2u,—2u,—4u,+2u, +u, =0;

6) u, +2u, —2u, +u, +2u, +2u,+2u, +2u, =0;
7) U, +2u,+2u +4u, +5u, +u, +u, =0;

8) u, —4u,+2u,+4u, +u, =0;

9) 3u, —2u,, —2u, +4u=0;

10) u,, +4u,, +u, +4u, +2u, +4u, +2u=0;

11) 2u,, +u, +u, +2u,, +2u, +U, +U, +4u=0;

12) 2u,, +u, +U, —2u, +2u, —U +U, +U=0;

13) 3u, +u, +Uu, —2u,  +2u, +2u, +2u, +2u, =0;
14) u,, +u, +u, —2u, +2u,—2u,+2u, —u, +u=0.

V. Témendegi tenlemelerdin sheshimin tabin
1) 16u,, +16u, +3u, =0;

2) u,—2u,+u, +u —u =0;
3) U, =a’Uy;
4) u, +au, =0;

5) 3u,, —5u,, —2u, +3u, +u, =2;
6) u,, +au, +bu, +abu=0;

7) u, —2u, —3u, +6u=2e"";

8) u,, +2au,, +a’u,, +u, +au, =0;
9) u, —2u, —3u, =0;

10) u, +5u,, +4u,, =0;

11) yu, +(x-y)u,, —xu, =0;

12) Xu,, —y*u,, =0;
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&=

E=

E=

E=

&=

E=

&=

10.

&=

13) X°u,, +2xyu,, —3y°u,, —2xu, =0;
2 2 .

14) x°u,, +2xyu, +y<u, =0;

15) u, +5u,, +4u, =0;

16) u, + 4uXy + 4uyy +3u, + 6uy =0;

1(y ou
| =Y | ==0;
88)/ 6y 2(\& v oy
2 2
18) —u+2 au + CO0S xa—u—ctg (aqua_u =0;
OX? oy’ ox oy
2 2 2
19) 2 U +2xyau yza—:O.
oxoy T oy°

Oz betinshe jumuslar ushin tapsirmalardin

juwaplan
2 2
1. Giperbolaliq tip, ou =0. 2. Parabolaliq tip, ou +36—u—0 bul jerde
o&on on* 0on
82 82
2Xx—Yy, n=X. 3. Elliptikalig tip, =0, bul jerde
o&” 677
. ou _ou :
—-3X—Y, n=2X. 4. Parabolalq tip, +3—=0, bul jerde
on°  on
2 2
X+y, n=3x-y. 5. Elliptikahg tip, 22+ M _o byl jerde
o8 o’ on
2
2X—Y, n=X. 6. Giperbolaliq tip, ou _lrou_au =0, bul jerde
o&on 16\ o0& oOn
ou o4 Lou :
X—Yy, n=3x+Yy. 7. Elliptikahq tip, —+ =0, bul jerde
Y, 1 y p q up Yz 8772 65 J
2
X, n=3X+Yy. 8. Parabolaliq tip, ou 78—u 56—u u=0, bul jerde
o’ eg Ton

ou

X+Y, n=Y. 9. Parabolaliq tip, F+2—2:0, bul jerde E=x-2y, n=X.
n

2
Giperbolaliq tip, aagau 614[&] o
n

———+3uj:0, bul jerde
¢ 0n

X+7y, n=y-—X.
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2
11. Parabolaliq tip, 8 ! 1 58_u_8_u =0, bul jerde £ =2x+Yy, n=Y.
0 o0& 0On
o%u 82u 1

_ ) 1 .
12.Elliptikaliq tip, — + + U+ E+Z =0, bul jerde £=y—-X, n=3X.
ptikaliq tip o7 o (é 377)77 jerde &=y n

9

2 2

13.Elliptikaliq tip, a—‘i+ ou . U_u_,u u=0, bul jerde &=2x-y, n=X.
0L on® ToE opy

2
14. Glperbolahqtlp,aaéa 6_u_ 8_u +&+n=0,bul jerde £=2x-y,n=x+Yy.

g 077

2
§“+18a—“ oM _gu=0, bul jerde £=x+Y, 7 =2x.
n

o on

2 2
16. Elliptikaliq tip, au+a——8u 0, buljerde §=y—-X, n=2X.
o0E*  on?

15. Parabolaliq tip,

1 28, 2—'9 +29-0, bul jerde E=y, n=4x—2y, u=e<"9(5n).
n
0?9 3 )
+=9=0, bul jerde §:y+(\/§—2)x,77:y—(\/§+2)x,
ocon 8
u=e! (MH’E 2 5@73(5 n) 3. a—'2+a’9 0, bul jerde &= y——x n_l
o on’? 2
0% 9 09 .
u=e “"1M9(&n). —2=——=0, bul jerde =y—X, N=Y+X,
&) o 2 j s=y n=y
(1sé+8n) 0?9 1 .
4 5. ——8=0, bul jerde =y+(3-2)X,
(&m). S5 3 j E=y+(3-2)
13 +3
n=y- B+ 2%, u=es PP ge )
69 0% 9 )
bul jerde =2X-VY, n=X, u=e""3(,n). T.
aéz o j 4 Y, 1 (&.m)
0’9 1 : ¢

+=9+2e2 =0, bul jerde £=2X+Y,n=x, u=e 2.9(&,n).

2
g Y +59 -4 =0, bul jerde £=X, n=x—Y, U=e*"3(&,n).
o&on
0% B : . B 74
Q. +999=0, bul jerde £=Xx-y,n=y,u=e 3(&,n).
ogon
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%9
8&dn

1l.ﬂ—%—0 bul jerde £=3Xx+Yy,7=x, u= e4(§ ’7).9(5,77).

on’®

0’9 &9 15

O&?2 an

29

o&on

2

;;JF;S Ze‘f’z 0, bul jerde £=y+2X,n=x, u=e"*3&,7n).
2 2
259 ;f 29 0, bul jerde £=2y—X, n=x, u=e*"9(&n).
29
o&on
0’9 &9
o’ an

38_9;2_2§§_0 bul jerde E=x+Yy,n=X+Yy, U= e”(gnﬁﬂén)
877 o0&
o*8 09
6772

10. +99+4(5—n)e*™ =0, bul jerde E=y—X,n=Yy, u=e<"9(,n).

12. —

n=X, U= 92 219(9"77)

13.

=0, bul jerde £=y,n=x-3y,u=e"9(&,n).

14,

15.

16.

=0, bul jerde &=y, n=Xx-3y,u=e"79(&,n).

17. —

19. =0, bul jerde £=2X-Yy,p=X+Yy, u=e""9(&,n).

2
I11. 1. Barliq jerde giperbolaliq tipke jatadi, ou + N-of U _u =0, bul
0&0 o0& 0On
jerde &=2x+sinx+y, np=2Xx-sinx—y
2. x— (kD)7

2
a“+ ’7_92 [a_“_a_uj:(), bul jerde &=y +SsinX+ COSX,
oson 2(n-&)"-8l9& on

1 =Y —Ssin X+ C0S X 3. Barlig jerde elliptikahq tipke jatadi,
ou ou 1 ou 1 au

+ —+———=0, buljerde £=x*-y?, n=x°
o8 o’ E-nog 2non

120, buljerde £=[y —VX, n=x.

, ke Z tochkalardan basqa barliq jerde giperbolaliq tipke jatadi,

4. Parabolaliq tip, 2
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o’'u  2& ou

5. Parabolaliq tip, Y # 0 ushin + — =0, bul jerde £=x*+Yy? n=x;
on® &-n® o
2 2
al y= Oushma—u 0;al x= Oushma—l::O.
oy? OX
u £+2p u ou

6. X#0, y#0 ushin giperbolaliq tip, =0. Al

ofon (E-n’)oé A& -n’)on
Xx=0 yamasa Yy =0 ushm parabolaliq tip. 7. X>0, y>0 ushin elliptikaliq tip,

2 2
2—‘; S——O Al x=0 yamasa Yy =0 ushin parabolaliq tip. 8. Giperbolaliq tip,
n
ou

0con

9. x#0 ushin giperbolaliq tip,

(———j 0. Al x=0 ushmn
85877 6(5 m\os  on
ou 1 au
parabolaliq tip. 10. x= 0 ushin elliptikaliq tip, —+ ~+——=0. Al x=0
o&* on® 3naon
o’u

p ~=0, bul jerde 5:—, n=y. 12.
n X

ushin parabolaliq tip. 11. Parabolaliq tip,

2

aau =0, bul jerde &=x+arctgy, n=x-arctgy. 13. x=0
n

Giperbolaliq tip,

o'u  2n* ou 1 éu

ushin parabolaliq tip, + — —=——=0, bul jerde £=x*+Yy? n=x
on° &-n*0& non
- . du o« .
.14. Elliptikaliq tip, F+ Py =0, bul jerde &=y, n=arctgx. 15. x=0 ushin
n
2 o°u 1 o
parabolaliq tip, 8_[: =0; X=0 ushin giperbolaliq tip, - —=0, bul
Ox 0gon  2(&-n) 05

2

jerde £=x*+y, n=y.16. x=0 ushin parabolaliq tip, % =0; x>0 ushin

2
giperbolaliq tip, ou L (8—u _6_uj 0, bul jerde
ofon  2A¢-m\oé oy
E=y—X+ 2% , N=Y—X-— 2/x ; x<0 ushin elliptikaliq tip,
ou ou 1loau
—+—-——=0, buljerde £=y—X, n=2v-X;
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IV. 1 G, +0, +0, =0, bul jerde &£=x, 7=y-x, 7/:x_%y+%z;
elliptikaliq tip.

o : 1 1 1
2. U, -0, +0 +0 =0, bul jerde g‘:ax, n==X+Y, 7:_§X_y+2;

2
giperbolaliq tip.
3.0, +U, =0, bul jerde £=X, n=Yy—X, y=2X—Y +Z; parabolaliq tip.
4. ag—ﬁw+ﬁyy+ﬁﬂ =0, bul jerde =X+Y, n=—-X+VY, y=2, t=Y+7+{;
giperbolaliq tip.
5. Gﬁ—ﬁw+ﬂw :O, bUIjerde §:X, n=-xX+Yy, 7/:2X_y+z’ T=X+Z+t;
parabolaliq tip.
6. 0., +0,, =0, bul jerde =X, n=Y, y =-X-y+12, 7=X-Yy+7Z; parabolaliq
tip

7.0, +0, +U0 +U0.=0, bul jerde £=X, n=-X+Y, y =2X-2y+7,

&

elliptikaliq tip.
S ~ . 1 1 o :
8. U&; _u77’7 _UW :O, bUIJerde é:X—FEy—Z, 77:—5 y, 7/:2’ glperbolahq tlp

9.0, -0, +40=0, bul jerde $=Yy+2, n=-y—-22, y=X-12; parabolaliq tip.
10. 0., +20 =0, bul jerde & =X, 7=-2X+Y, y =—X+Z; parabolalq tip.

11. 0., +0,, +0_+U0,+0, +U0 +40=0, bul jerde =x-y, n=Y, y=1;
elliptikaliq tip.

12. 0., +0, +0_ +0,+0 +0 +0=0, bul jerde &=x+Yy, n=-y, y=1;
elliptikaliq tip.

13. 0., +0, +0 +20,-20,+20,=0, bul jerde §=X+y-2, n==y, y=1;
elliptikaliq tip.

14. 0., +20, +20, 30, +0=0, bul jerde £ =X, n=X+Y, y =—X+1Z;
parabolaliq tip.

V. Lou(x,y) =o(x=4y) +w(3x—4y); 2. u(x,y) = p(x+y) +e"w(x+Y);
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3. U(X, y) =y +ax) +w(y—ax); 4. u(x,y) = o(y) +e ¥y (x),

x-3y
—bx-ay .

B.U(X,Y)=X—Y+p(x=3y)+e T w(2x+y); 6. u(xy)=[p(x)+w(y)le™™;
7.u(x,y) =" +[p(x) +w(y)]e*™; 8. u(x,y) =p(y —ax)+e "y (y—ax);

9. U(X,Y) =p(X=Y) +w(3x+Y); 10. u(x,y)=e(y—x)+y(y-4x);

11 u(x,y) = p(x+ y) + (X = Y)w (X* = y%), (x = -y);

12. u(x,y) =gp(xy)+\/\x_yy/[§j, (x=0,y=0);
13. u(x,y) = p(xy) +\xyf"‘w(§], (x#0,y #0)

14. u(x,y) = X(p[£j+l//(§], (x=0,y=0);
y y

15. u(x,y) =@(4x—y)+w(x—y), bul jerde ¢(9) ham w(9) funkciyalar: eki ret

differenciallaniwshi erikli funkciyalar. Korsetpe. £ =4X—-Yy, n=x-—y belgilew

o%u

ogon
tenlemeni integrallasaq U(&,77) =@(&)+w(n) bolip, & ham 7 mih manislerin

jasap, berilgen tenlemenin =0 kanonikaliq tarine iye bolamiz. Bul

ormlarina  qoysaq izlenip  atirgan  sheshimge iye  bolamiz.  16.
u(x,y) =p2x—y)+w(2x—y)e™, bul jerde ¢($) ham w(9) funkciyalar: eki ret
differenciallamiwshi erikli funkciyalar. 17. u(Xx,y)= X(p(\/y —Jx )+ g//(\/y — \/;),
bul jerde @($) ham w(¥) funkciyalart eki ret differenciallaniwshi erikli
funkciyalar. 18. u(x,y)=¢(y-Xx+cosx)+w(y-x—cosx), bul jerde ¢(9) ham
w(9) funkciyalar1 eki ret differenciallaniwshi erikli funkciyalar. 19.
u(x,y) = (0(%) y +1//(%), bul jerde @(9) hidm w(9) funkciyalarn eki ret

differenciallaniwshi erikli funkciyalar.
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I1-BAP. GIPERBOLALIQ TIPTEGI TENLEMELER

Tayanmish sozler: giperbolaliq tiptegi tenlemeler, tardin terbelis tenlemesi,
membrananin terbelis tenlemesi, tuwrimuyeshli membrana, dongelek membrana,
tolqin tenlemesi, baslangish shartler, shegaraliq shartler, Koshi maselesi, Dalamber
sheshimi, Dalamber formulasi, Dyuamel principi, Fur'e usili, Steklov teoremasi,
Bessel tenlemesi, Bessel funkciyalari.

Tiykarg tasinikler ham belgilewler

Giperbolaliq tiptegi ten'lemeler —
a; ——— b N eu=f
,Z‘l ! ax X, ;

korinistegi tenlemeler, bul jerde |aik—/1|:0 xarakterzstikallq tenlemesinin bir

koreninin belgisi galgan korenlerinin belgisi menen birdey.
’u_ _, 0

Tardin terbelis tenlemesi — Frel =a’—+ f(xt).
X
2 2
Membrananinn terbelis tenlemesi — a_u_a o’ i ou + f(x,y,1).
ot? ox> oy’
Dalamber sheshimi —  u(x,t)=6,(x—at)+6,(x+at).
Dalamber formulasi — tardin erkin terbelis tenlemesi ushin
p(x—at)+p(x+at) 1%
u(xt)= +— s)ds,
(x.t) - 2 | V()

al tardin majburiy terbelis tenlemesi ushin

_¢(X_at)+(p(X+at) 1 xa 1t x+a(t-7)
- > +£X:'.atw(0)d0+£‘([dfx_a‘([_,) f(o,7)do,

bul jerde ¢(X) tardwi daslepki formasi, w(X) tardin daslepki tezligi.
Dyuamel principi — eger v(X,t,7) funkciyasi

v, — . =0, v‘ (xr) t>T

ma ‘selesinin sheshimi bolsa, onda

t

u(x, t) = I v(x, t z')dz'

0
funkciyast birtekli baslangish shartke iye, birtekli emes

u,—Lu=f(xt), u/,=0 ul,=0 t>0

ma ‘selenin sheshimi boladl.
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Tabiyatta ushiraytugin derlik barliq terbeliske baylanisli qubilislar ekinshi
tartipli giperbolaliq tiptegi tenlemeler menen aniqlanadi. Bul bapta tiykarinan
siziqhh giperbolaliq tiptegi tenlemeler, bunday tenlemeler menen baylanish
maseleler hdm bunday méselelerdi sheshiw usillar1 tiyreniledi.

Matematikaliq fizika maselelerinin apiwayir misallarimin biri bolgan tardin
kishkene terbelis tenlemesi

2 2
o°u 8u_0 (1)

ot ox*
1715 jilt B. Teylor tarepinen almip, 1715-1747 jillart J.L.Dalamber ham L.Eyler

tarepinen uyrenilgen, bunda u(X,t) funkciyasi tardin X tochkasinin t waqittagi

ten salmaqliq awhaliman awisiw shamasi. Bunda waqit ham araliqti Olshew
masshtabi, tar boylap signaldin taraliw tezligi birge ten bolatuginday etip saylap
almgan.

Terbeliwshi tardin hareketin aniglaw ushin tardin barliq tochkalarindagi
daslepki awhaldi hdm daslepki tezlikti, sonday-aq tardin ushlarindagi hareket
nizamlart malim boliw1 kerek. Eger tar tanlap alingan birlikte | uzinliqqa iye bolsa
ham koordinata basi onin ushlarinin birewinde bolsa, onda terbeliwshi tardin
formasin aniqlaw haqqindagi masele tomendegishe goyiladi:

D ={x,t; 0<x<I,t>0} oblastinda eki ret differenciallaniwsh1 ham D oblastta (1)

h 7 (0 ’ h E ’ W ’ ’

limu(xt) = (0), lim u(x,t) = (1)

shartlerin ganaatlandiriwshi funkciyani tabin.
@(X) funkciyasi tardin X tochkasmin t=0 baslangish waqit momentindegi
ten salmaqliq awhalinan awisiw shamasin, al y/(X) funkciyasi tardin X tochkasinin
t =0 baslangish waqit momentindegi tezligin anlatip, £, (t) ham g, (t) funkciyalar

tar ushlarinin qozgalis nizamlarin beredi.
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(1) tenleme uliwma aytqanda D oblasttin shegarasinda berilgen u(X,t)

funkciyasinin D oblast ishindegi taraliw nizamin beredi.

§1. Tardin terbelis tenlemesi, baslangish ham shegaralq shartlerdin qoyiliwi.
Membrananin terbelis tenlemesi

1.1. Birtekli tardmn terbelis tenlemesi. Tar—bul eki tochkada bekitilgen,

iymeyiw waqtinda qarsiliqqa iye bolmagan jinishke sabaq. Ten salmaqliq awhali

O X kosheri menen betlesetugin bul tardi ten salmaqliq awhalinan awistirsaq, onda
tar (x,u) tegisliginde koldenen terbelis jasaydi. Ten salmaqliq awhalinan, tardin X
tochkasinin t waqittagr awisiwin U(X,t)dep belgilesek, onda bul funkciya t

waqittagi tardin formasin suwretlewshi grafikti beredi.
Bul paragrafta garalatugin maselelerdin biri tardin galegen t waqittag

awhalin aniglaw, yagniy U(x,t) funkciyasinif aniq korinisin tabiwdan ibarat. Usi
magsette, tardin kishkene terbelisi waqtinda U(X,t) funkciyasimn bazi-bir sizigl,

dara tuwindili differencialliq tenlemeni qanaatlandiratuginligin kérsetemiz. Tardin

. . ou
kishkene terbelisin qarastirtw menen sheklene otirip, tga=— menen

salistirganda jogan tartiptegi kishkene shamalardi taslap ketiwge boladi. Onda

tardin galegen (a,b) boleginih uzinlig: terbelis waqtinda 6zgermeydi:

b 2
1= [, [1+ M) Gx~b—a.
OX

a

Tar iymeyiw wagqtinda qarsiliqga iye bolmaganligi sebepli onin t waqittagi X

tochkasindagi f(x,t) serippelilik kushi tardin us1 tochkasina jurgizilgen urinba

boylap bagitlangan boladi ham Guk nizamina saykes bul kashtin "I:(X,t)‘ shamas1

X ham t ga garezsiz boladi: ‘f(x,t)‘ =T,.
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L 3

T‘(x + Ax,t)

u(x +Ax,t)

» x

+ - ----

/1 x Ax

=

Tardif erikli X tochkasina t waqutta tasir etiwshi, (x,u) tegisliginde X
kosherine perpendikulyar bagitlangan sirtqi kushtin tigizdigin F(X,t) dep, al tardin
X tochkasindag sizigh tigizligin p(X) dep belgilesek, onda p(X)Ax shama menen
tardin (X, X+ AX) boleginin massasin beredi.

Endi tardin terbelis tenlemesin dizemiz. Onin (X, X+ AX) bolegine, qosindist
N'yuton nizammma muwaplq massaninh tezleniwge kobeymesine ten bolgan

T(X+Ax,t) ham —T (x,t) serippelilik kushleri menen sirtq1 kush tasir etedi:

2
T,sina|_—T,sina| +F(xt)Ax= p(X)AXElZJ.

Shama menen

du
sina(x)= ga(x) = Ox za_”
Ji+1g°alx) \/ (a} 0x
I+ —
ox
bolganlig1 ushin joqaridag tenlikten
o%u 1 (u(x+Ax,t u(xt
X)—=T,— ————— [+ F(xt
'0()8t2 OAX( OX axj (X

bolip, bunnan Ax — 0 shegin alsaq

o%u o%u

X)— =T,—+ F (Xt
P =7 =To— 7 +F(x1)

boladi. Bul tefleme tardin koldenen terbelis tenlemesi bolip tabiladi. F(X,t) =0
ushin tardin terbelisi erkin dep, al F(X,t)#0 ushin majburiy dep ataladi. Eger

p(X) tigizhiq turagli, yagniy p(X) = p bolsa, onda tardin terbelis tenlemesi
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ou  , 0%
=a + f(x,t 1
ot? oXx? (x.1) 1)
7o H - F 2 TO , y ape -
tarine iye boladi, bul jerde f =—, a®=—. (1) tenleme kopshilik waqitlar1 bir
Yo

6lshemli tolgin tenlemesi depte ataladi. Bul tenleme ham onmn uliwma sheshimi
birinshi ret J.L.Dalamber tarepinen 1743 jili uyrenilgen.

(1) tenleme sheksiz kop sandagi dara sheshimlerge iye bolip, bul tenlemenin
bir 6zi tardin hareketin tolhg amqglawga jetkiliksiz boladi. Sonin ushin bul
tenlemege maselenin fizikalig maganasinan kelip shigatugin bir gatar qosimsha
shartlerdi goyiwga tuwra keledi. Tochka dinamikasinan malim bolganinday,
tochka hareketin anigqlaw ushin onin baslangish awhalin ham baslangish tezligin
biliwimiz kerek. Tardin terbelis tenlemesi ushin baslangish t=0 waaqit
momentinde tardin barligq tochkalarinin awhali ham tezligi

u(x,0) =g, (x), u,(x,0) =@ (x)
turinde beriledi. Bul shartler tardin terbelis tenlemesi ushin baslangish shartler dep
ataladi.

Tardin terbelisi onin ushlarina, yagnty x=0 ham x=1| ushlarindagi
jagdaylarga ham baylanisli boladi. Eger tar eki ushinan gatt1 bekitilgen bolsa, onda
bul qosimsha sha’rtler

u(0,t)=0, u(l,t)=0
turinde beriledi. Bul sha'rt qarastirilip atirgan 0<x</ araliqtin ushlara ta'sir
etetugin bolganliqtan, bul shartler shegaraliq sha'rtler dep ataladi.

Eger tardin ushlar1 #>0 ushin sa'ykes w (t) ha'm &(t) nizamlar boyinsha
terbeletugin etip jalgansa, onda bul shartler

u(0,t)=w(t), u(l,t)=06()
turinde beriledi. Bunday shegaraliq sha'rtler birinshi tar shegaraliq sha'rtler dep
ataladi.

Eger tardin ushlarma vertikal bagitta ta'sir etiwshi 7w _(0,¢) ha'm Tu (/,¢)

kushler berilse, onda shegaraliq sha'rtler
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u, (xt)=w(), un=00
turinde beriledi.

Eger vertikal ta'sir etiwshi kishtin shamasi nol'ge ten bolsa, aytayiq tardin
ushlar1 vertikal awhalda stuykelissiz qozgalatugin kol colarga bekitilgen bolsa,
onda shegaraliq sha'rtler

u,(0,t)=0, u((,t)=0
tarinde beriledi. Bunday shegaraliq sha'rtler ekinshi tar shegaraliq sha'rtler dep
ataladi. Bul jagdayda da ma’sele alding1 ma'sele siyaqli qoyiladi, tek shegaraliq
sha'rtler ekinshi tar shegaraliq sha'rtler menen almasadi.

Eger tardin ushlart kol'coga, kol co bolsa prujinaga bekitilse, bunday halda
prujinalar tardin ushlarinih qozgalisina proporcional bolgan vertikal kushlerdi

payda etedi. Bul halda shegaraliq sha'rtler
u (0 t)—ﬂu(o t), u (I t)——ﬂu(l t)
X ) T ) ] X ) T )

tarinde beriledi. Eger tardin eki ushindagi prujinalar sa'ykes tarde &, (t) ham 6, (t)

nizam boyinsha ha'reketlenetugin bolsa, onda shegaraliq sha'rtler

ux(o,t):ﬂ[u(o,t)—el(t)], ux(l,t)z—ﬂ[u(l,t)—ez(t)]
T T

turine iye boladi. Bunday shartler tshinshi tir shegaraliq sha'rtler bolip tabiladi.
1.2. Membrananin erkin terbelis tenlemesi. Membrana — bul iymeyiw
waqtinda garsiligqa iye bolmagan juga ham tegis plenka. Membrananin kishi

koldenen terbelis tenlemesi tardin terbelis tenlemesi siyaqli alinadi:

2 2 2
alj:TO ou  ou +F(X,t), x=(X,X%,).
ot 0X OX,

p(X)

Eger tig1zliq p turagli bolsa, onda membrananin terbelis tenlemesi

2 2 2
a_a[a_a_) f(xt), at=te, o F
ot 0X OX, Yo, P

turine iye bolip, bul tenleme eki 6lshemli tolqin tenlemesi dep ataladi.
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Endi joqaridagi membrananin terbelis tenlemesin keltirip shigariw maselesine

toqtaylq. Usi magsette orin awisiwi OXy tegisliginde jatirgan membrana

tegisligine perpendikulyar bolgan, membrananin kishkene koldenen terbelisin

qarastiraylq. Meyli u=u(X,y,t), membrananmin (X,Yy) tochkasmin twaqittag

membrana tegisliginen orin awisiw shamasi bolsin. Terbelis shamasimin kishi

2 2
(a—uj <<], 6_u <<1
OX oy

shartinin orinlamiwi kelip shigadi.
% f T q(x,y,t) dudy

0 >y
/ Tdy
¥ Tdx Tdx

Tdy

boliwinan

Meyli N(X,Y,u) tochkasi ishki tochka bolatuginday etip membrananif bazi-
bir elementin alaylq. Membrananin bul elementine T serippelilik kiishinen basqa
membrana tegisligine perpendikulyar bagitlangan sirtqu q(X, y,t) kashi tasir etedi.
Sirtqr kushlerdin ten tasir etiwshisi q(X, y,t)dxdy boladi. Al serippelilik kushlerdin

ten tasir etiwshisi

Tdy(a—uJ —Tdy(a—uj + de(@_uj _de(é_uj =
OX /o OX J, OX ), 9 oX ), dv
2 2 2

2
2 2 2 2
=Tdy a—li dx +Tdx 8_1; dy=T a—l:+a—lj dxdy .
OX oy ox~ oy
Meyli  p(X,y)argali membranamih betlik tigizhigm belgileyik. Onda
garastirilip atirgan membrana elementinin massast  p(X,y)dxdy boladi. Onda

N'yuton nizamina muwapiq
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o%u o’'u  o%u
(X, y)dxdyﬁ =T (y + Wj dxdy + q(x, y,t)dxdy

bolip, bunnan

o%u o’u o T q(x, y,t)
Ezaz(y-i-yj"‘f()(,y,t), a:\/;’ f(X’y;t):T

Bul jerde a tezlik olshemi bolip, ol terbelistin taraliw tezligin xarakterleydi. Dara
jagdayda q(x,Y,t) =0 bolsa, onda biz membrananin erkin terbelis tenlemesine iye

bolamiz:

ou L[ o°u o4
~z - a 2 T2
ot oX® 0Y

Membrananin terbelis tenlemesi ushin baslangish hdm shegaraliq shartler
fizikaliq maganas1 boyinsha tardin terbelis tenlemesi ushin qoyilgan siyaqli bolip

qoyiladi.

§2. Matematikaliq fizika maselelerinin korrektli qoyiiwi. Adamar misal

Meyli dara tuwindili differenciallig tenlemeler ushin shegaralig ma’sele
berilgen bolsin dep uygarayiq. Bul ma’sele tanis gandayda bir usil menen sheship
baslanadi. Biraqg ma’sele sheshimge iye bolmay galiwi mumkin. Sonin ushin
da’slep goyilgan ma’selenin sheshimge iye boliwin aniglap aliwga tuwra keledi.
Meyli ma’'sele sheshimge iye bolsin ha'm bul sheshim gandayda bir usil menen
sheshile baslasin. Biraq ma’sele bir emes, eki yamasa onnanda kop sheshimge iye
bolip galiwi mumkin. Bunday ma’'seleni tuwri qoyilgan ma’'sele dep aytiwga
bolmaydi. Bunday jagdayda berilgen parametrlerdi gaytadan korip shigip,
ma selenin goyiliw sha'rtlerin 6zgertiw kerek. Bul payda bolgan mashqalalardin
ha'mmesi derlik sheshimnin bar boliwi ha’'m birden-birligi hagqindagi teorema
ja'rdeminde a'melge asadx.

Meyli qoyilgan ma'sele, sheshimnin bar boliwi ha'm birden-birligi
haqqindag1 teoremanin sha'rtlerin ganaatlandirsin. Sonda da biz ha'mme waqit
aniq sheshimdi ala bermeymiz. Sebebi ondag: fizikaliqg shamalardi aliw wagtinda

bazi-bir da’lliktegi ga telik ketken boliw1 mimkin, yagniy tenleme ha'm qosimsha
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sha'rtler bazi-bir amigligta alingan boliwi mimkin. Us1 sebepli sheshimde bizdi
ganaatlandirmaytugin anighqtag: ga'telik ketiwi mumkin. Eger berilgen ma’'selede
parametrlerdin azgantay o6zgeriwine sheshimninde azgantay o&zgeriwi sa'ykes
kelse, onda berilgen shegaralig ma’selenin sheshimi ornigl dep ataladi. Solay etip,
shegaraliqg ma’sele tuwr1 qoyilgan boliw1 ushin:

1) sheshim bar boliw1 kerek;

2) sheshim birden-bir boliw1 kerek;

3) sheshim ornigli boliw1 kerek.

Eger bul sha'rtlerdin ha'mmesi orinlansa, onda shegaraliq ma’sele tuwri
qoyilgan yamasa korrektli qoyilgan dep ataladi. Ma’selenin korrektli emes qoyiliwi
sebeplerinin biri qosimsha sha'rtlerdin aniq emes qoyiliwinda boladi.

Adamar msali. Meyli elliptikaliq tiptegi tenlemeler ushin Koshi

ma’selesinin korrektli emes ekenligin korseteyik. Aytayiq U=U(X,Yy) funkciyasi
y >0 yarim tekisliginde

o’u 0’u

+ =0
ox> 0y’

Au =

Laplas  tefilemesinin  berilgen  u(x,0)=(x), u,(x,0)=w(x)  sha'rtlerin
qanaatlandiratugin sheshimi bolsin. Onda

sinnx-shn
S(X,y):u(x,y)+Ty

funkciyas1 ha'm Laplas tenlemesinin sheshimi boladi. Haqiyqatinda da
3 + 8, = (U, —sinnx-shny) +(u,, +sinnx- shny) =0
ham

sin nx

9(x,0) = @(x), 4, (x,0) =w(x) +

Endi u(x,y) ham 3(X,Yy) sheshimler ushin baslangish sha'rtlerdin

ayirmasin bahalaymiz

sinnx|

<
n |

|19_u|y:0

‘as ou| 1
n

oy ay\y 0_
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Solay etip tlken n ler ushin U ham ¢ sheshimlerinin baslangish ma’nisleri
bir-birine jaqin, al sheshimlerdin ayirmasi bolsa

sinnx - shny

|‘9_u|: n?

X#0, y >0 ushm ulken bolip ketiwi mimkin, sebebi » — « da

shny e™ —e™
n® 2n?

—> 00,

Solay etip sheshim ornigli emes, demek Laplas tenlemesi ushin Koshi ma’selesi

korrektli emes.

§3. Giperbolalq tiptegi tenlemeler ushin Koshi maselesi

3.1.Ushlarinan shegaralanbagan birtekli tardin erkin terbelis tenlemesi
ushin Koshi maselesin sheshiwdin Dalamber usili. Meyli sheksiz uzinligqa iye
(praktikaliq esaplaw waqtinda oni shekli uzinliqga iye, biraq tardin terbelis
processindegi ta'siri ushlarina jetip barmaydi dep esaplawga boladi) bir tekli tardin

erkin terbelis tenlemesin garastirayiq. Bul ma’sele

@—azﬂ —0< X<+, t>0 1
atZ 8X2’ ! ! ()
u(x,0)=¢(x), u(x,0)=w(x) (2)

tarindegi Koshi ma’selesine alip kelinedi, bul jerde @(X) ham w/(X) berilgen
funkciyalar: @(Xx) tardin da'slepki formasi, ¥ (X) bolsa tardin da'slepki tezligi
bolip esaplanadi.

(1),(2) Koshi ma’selesin sheshiw ushin da’slep onih uliwma sheshimin tawip
alamiz ha'm keyinshelik baslangish sha'rtlerdi paydalanip, uliwma sheshimdegi
eki erikli funkciyalardi joq etemiz.

(1) tehlemenin uliwma sheshimin tabiw ushin, onin

& (dt) —(ax) =0
xarakteristikaliq tenlemesin paydalanip, tenlemeni kanonikaliq turge keltiremiz.

Xarakteristikaliq tenlemeni
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adt—dx=0, adt+dx=0
turindegi eki tenlemege ajiratip, bulardi integrallaw arqali x—at=C, ham
x+ at = C, tarindegi eki xarakteristikalar semeystvasina iye bolamiz.
Endi berilgen tenlemeni a’piwaylastiriw ushin
E=X—at, np=x+at
turindegi jana belgilew jasaymiz. Bul jana belgilew ja'rdeminde tenleme
0’u _
agaon
turindegi kanonikaliq tirge iye boladi. Bul tenleme ushin uliwma sheshim
u(x,t) = 91(§)+92(77)

bolip esaplanadi, bul jerde 9, ham 6, erikli funkciyalar. Buring1 6zgeriwshilerge

qaytip ocek
u(x,t)=6,(x —at)+6,(x +at) (3)

boladi. Bul sheshim (1) tenlemeni qanaatlandiriwi ushin erikli 4, ham 6,
funkciyalar1 eki ret uzliksiz tuwindilarga iye boliw1 kerek.

(3) sheshim tardin terbelis tehlemesinin Dalamber sheshimi dep ataladi.

Endi Dalamber sheshiminin fizikaliq interpretaciyasina toqtayiq. (3) sheshim
(1) tenlemenin eki sheshimnin superpoziciyasinan ibarat uliwma sheshimi. Meyli
u, =0(x—at) ham u, =6, (x+ at) sheshimlerdin har birine ayrigsha toqtap,
daslep u, =6,(x—at) sheshimnin fizikaliq interpretaciyasin qarastirayiq. Us1
maqgsette x =x, tochkani fiksirleymiz. Meyli us1 tochkadan O X koésherinin on

ta'repine garap =0 baslangish waqit momentinen baslap ta'jiriybe otkeriwshi a

tezlik penen jurgen bolsin. Aradan t, waqit 6tkennen son bul ta'jiriybe otkeriwshi
abcissast x, =x, +at bolgan tochkada boladi. Ust waqitta tar tolqmnimin ten

salmaqliq awhalman awistw1 u, = 6,(x, —at,) bolad1. x, —at, = x, bolganligtan bul

awistw ¢ =0 waqit momentindegi 6,(x,) awistw menen birdey bolad1, yagnry

0, (xl - at) =0, (xo)

52



Bul tenlik boyinsha ta'jiriybe otkeriwshi on ta'repke qarap a tezlik penen
jurgende tolqinda usi ta‘jiriybe oOtkeriwshi menen birdey a tezlik penen on
ta'repke qarap jiljiytuginhigr kelip shigadi. Bul jagday, yagniy u, =6,(x, —at,)
funkciyast menen aniglanatugin jagday, tuwri tolqnnin taraliwi dep ataladi.
Usinday jol menen u, =0, (x+at) sheshimdi qarastirsaq, onda tolqinnin shep
ta'repke garap a tezlik penen jiljiytuginlig kelip shigadi. Bul jagday keri tolqunnin
taraliw1 dep ataladi. Solay etip (3) uliwma sheshim eki tuwr1 ha'm keri tolqmlardin
qosindisinan ibarat boladi.

Endi Koshi ma'selesin sheshiwge kirisemiz. Baslangish sha'rtlerdin
birinshisinen

u(x,0)=0,(x)+0,(x)= f(x)
boladi. Ekinshisin paydalaniw ushin (3) den t boyinsha tuwind: alamiz
u (x,t)=—-ad;(x—at)+ab,(x+at)
ham ¢ = 0 ushin bunnan
U, (x,0) =-ad;(x)+ab,(x) = p(x)
tenligine iye bolip, bul songi tenlikti 0 den X ga shekem integrallasaq:

X

-a[ 6,(x)-6,(0) |+a[ 6,(x)-6,(0) |= _([go(s)ds
yamasa

—aHl(x)+a&z(x):J'go(s)ds+aC,
0
bul jerde C=6,(0)—6,(0). Solay etip erikli , ha'm ¢, funkciyalarin aniglawd:n

0.(x)+6,(x) = f(x),

X

—01(X)+92(x)=§f¢(s)ds+C

0

sistemasina iye bolamiz. Bul sistemani sheshsek:

el(x):%f(x)—%igo(s)ds—%,
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yamasa

el(x—at):% f (x—at)—% J @ (s)ds ——,

0
X+at
6?2(x+at):% f (x+at)+2—1a j (p(s)ds+%.

Bul ekewin (3) ge qoysaq

f(x—at)+ f(x+at)+iX+at
2 2a

x—at

u(xt)= ¢(s)ds (4)

bolip, bul (4) formula (1),(2) Koshi maselesin sheshiwdin Dalamber formulas: dep
ataladi.

(1),(2) Koshi ma'selesi korrektli goyilgan. Hagqiygatinda da (4) formula
boyinsha alingan sheshim birden-bir. Eger basqasha jol menen kérsetetugin bolsaq,

onda erikli &> 0 sani ushin sonday §>0 sanin korsetiw mamkin, na'tiyjede ¢(X)
ham y(X) funkciyalarn

() -2 (X)|< 8, w(x)-w(x)|<s
bolatuginday etip @(x) hdm y(X) funkciyalar1 menen almastirsaq, onda da'slepki

u(x,t) ha'm jana u (x,t) sheshimler arasindagi ayirma absolyut shamasi boyinsha

shekli waqut araliginda & nan kishi bolad.
Misal 1. Témendegi Koshi maselesin sheshin:
u, =Uu,, u(x,0)=x% u,(x,0)=0.

Sheshiliwi. Bul jerde a=1, o(x)=x* w(x)=0, demek (4) formula
boyinsha

u(x.1) :%[(x+t)2 F (X)) =X+,
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Bul parabolalar semeystvost. Tardin t=0,1,2 waqitlardagi awhali tomende
sizilmada berilgen. Sizilmadan koérinip turganinday parabolanin tébesi wagqittin

6tiwi menen qozgaladi.

| III Ill'nll Ifl'll lll.'l II|I

IR
\ {/
Illll |I|I \ / III' II|
Y | Iy
W\ / /
I| = 2
Ill". IIII" a7 If"lll
/
i—1 / .-"ll
/ t=10

Misal 2. Toémendegi Koshi maselesin sheshin:

u, =4u., u(x,0)=0, u,(x,0)=x.

Sheshiliwi. Bul jerde a=2, ¢(x)=0, w(xX)=x, demek (4) formula
boyinsha

u(x.t) :%[(x+2t)2 F(X—20)]=xt.

Bul t parametrge garezli tuwrilar semeystvost. Waqittin  bazi-bir
momentlerindegi tardin awhali tomende sizilmada berilgen. Sizilmadan korinip
turganinday tar qatti denege uqgsap wagqittin Otiwi menen koordinata basinda

aylanadi.
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Misal 3. Tomendegi Koshi méselesin sheshin:
u, =u,, u(x,0)=sinx, u,(x,0)=0.
Sheshiliwi. Bul jerde a=1 @(x)=sinx, w(x)=0, demek (4) formula
boyinsha

u(x,t) = %[sin(x+t) +sin(x —t)] =sin xcost.

Waqittin ayirim momentlerinde tardin bazi-bir boleginin awhali tomende

sizilmada berilgen.

Misal 4. Tomendegi Koshi maselesin sheshin:
u, =u,, u(x,0)=sinx, u,(x,0) =cosx.
Sheshiliwi. Bul jerde a=1, ¢(x)=sinx, w(x)=cosx, demek (4) formula

boyinsha
u(x,t) = %[sin(x+t) +sin(x—t)]+ %[sin(x+t) —sin(x —t)] =sin(x +t) .

Argument x+t, funkciyanin OX Kkoésheri boylap soldan onga qarap
jiljiytugmligin anlatadi. Demek, tar O X kosheri boylap jugiriwshi tolqin siyaql
qozgaladi.

3.2.Ushlarinan shegaralanbagan birtekli tardin majbuariy terbelis

tenlemesi ushin Koshi maselesin sheshiwdin Dalamber usih. Meyli, garastirilip
atirgan sheksiz uzinligtagi birtekli targa tigizhigr f (x, t) ga ten bolgan sirtqi

kushler ta'sir etetugin bolsin. Onda bul tardin terbelis nizami
U, = aZUXX + f(x,t) (5)
u(x,0) = @(x), u,(x,0) =w(x) (6)
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tarindegi  Koshi ma’selesin sheshiw arqali aniglanadi. Sheshimdi u=v+w

qosind1 turinde izleymiz. Buni (5), (6) ga qoyip, ham v funkciyasin

2

Ve =@V, V(X,0) =9(X), Vv (X,0) =y (x) (7)
tarindegi birtekli emes baslangish sha'rtke iye birtekli tenlemenin, al W
funkciyasin bolsa

w, =a’w, + f(xt), w(x,0)=0,w,(x,00=0 (g
tarindegi birtekli shegaraliq sha'rtke iye birtekli emes ma’selenin sheshimi
bolatuginday etip saylap alamiz. Bul song1 (8) ma'seleni sheshiw ushin Dyuamel
principi dep atalatugin principti paydalanamiz.

Dyuamel principi. Eger v(x,t,7) funkciyas: birtekli emes baslangish

sha'rtke 1ye birtekli tenlemenin, yagniy

=0, vt‘ —f(x,r), t>7

t=r

v,—Lv=0, Vv

t=t

ma’selenin sheshimi bolsa, onda

t

u(x,t)= J. v(x,t,7)dr 9)

0

funkciyasi birtekli baslangish sha'rtke iye birtekli emes tenlemenin, yagniy

utt_Lu = f(X,t), u‘t:c):o’ ut‘t:OZO’ t>0 (10)
ma selenin sheshimi bolad:.

Da’lillew. (9) m differenciallap ha'm v = f(x,z)  sha'rtin

t=t

=0, v

1=t t

paydalansaq:

t t
o+ j v, (x,t,7)dr = j v, (x,t,7)dz
0

0

u, =v(xt,7)

u,=v,

o +J. v, (x,t,7)dr = f(x,1)+ I v, (x,2,7)dr
0 0

Lu = ij(x, t,7)dr

0
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Buni (10) ga qoyip, teoremanin orinli ekenliginine iseniwge boladi.
Endi us1 Dyuamel principin paydalanip (8) birtekli emes maseleni sheshemiz.

Onin ushin da’slep ja'rdemshi Koshi ma’selesi bolgan

2, =a’z, z|,_.=0, zt|t:T: f(x,7), t>r (11)

tarindegi ma seleni qarastiramiz. Tazadan ¢, =¢—z belgilew jasaw argali (11) ni

2

yA a’z VA

Xx!

t1=0=0’ Ztl‘tlzoz f(x7), >0

bt =

tarine alip kelemiz. Bul ma’selenin sheshimi Dalamber formulas: boyinsha

turine iye boladi. Alding1 ¢ 6zgeriwshige qaytip 6cek, onda (11) nif sheshimi

x+a(t—2')

z(x,t,7)=— If(a, t)d t

2a x—a(t—r)

bolip, Dyuamel principin boyinsha (8) nin sheshimi

x+a(t-7)
dr j flo,7)d o

x—a(t-7)

1
w(x, t) = Z

) S

boladi. (7) nin sheshimi Dalamber formulasi boyimnsha

(x—at)+ (x+at)
v:qo 2(p +Z IW(T)dT

bolgani ushin, berilgen (5),(6) ma'selenin sheshimi

x+at x+a(t-7)

j y/(a)da+ijdr jf(a,r)da

x—a(t-7)

(0(x—at)+(p(x+at)+i
2 2a

U=v+w=

—at

boladi.
Misal 5. Tomendegi Koshi méselesin sheshin
u, =u, + xsint, —oo<X<+oo, t>0,
u(x,0) =sinx, u,(x,0)=cosx, —oo<X<+o0
Sheshiliwi. Bul jerde a=1, f(x,t)=xsint, ¢(x)=sinX, w(x)=cosx,

demek (8) formula boyinsha
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X+t t X+(t-7)
u(x.1) :%[sin(x+t) +sin(x—t)]+% | cos§d§+%jdr [ esinrde=

x—(t-7)

t
=sin(x+t) + xj(t —7)sinzdz =sin(x+t) + x(t —sint).
0

3.3. Bir ushinan qatti bekitilgen, al ekinshi ushinan shegaralanbagan
birtekli tardin erkin terbelis tenlemesi ushin Koshi ma’selesin sheshiwdin
dawam ettiriw usili. Meyli bir ushinan qatt1 bekitilgen bir tekli tardin ekinshi ushi
shegaralanbagan bolsin. Aytayiq tardin da'slepki formasi ¢(x), daslepki tezligi

w(X) funkciyalart menen aniglansin. Bul jagdayda garastirip atirgan tardin erkin

terbelis nizami

u, =a’u,, (x>0, t>0), (12)
u(0,t) =0, (13)
u(x,0)=(x), u,(x,0)=w(x) (14)

tarindegi aralas ma’'seleni sheshiw arqali aniqlanadi. Bul ma'seleni sheshiw
barisinda (12)-(14) Koshi ma’'selesin sheshiwdin Dalamber formulasina
tiykarlangan sheshim ushin, orinli bolatugin tomendegi lemmani keltirip 6temiz.

LEMMA. Eger baslangish sha'rtlerdegi ¢(x) ha'm w(X) funkciyalar taq
funkciyalar bolsa, yagniy w(-X)=-w(x) ham  @(-X)=—¢(X) shartlerin
qanaatlantirsa, onda Dalamber formulast boyinsha aniglanatugin sheshim
u(0,t) =0 sha'rtin qanaatlantiradi.

Da'lillew. Haqiyqatinda da, y(X) funkciyasinin da'slepki funkciyasin /(X)

dep belgilesek, onda Dalamber formulasinan

u(x.t) = o(X + at) + p(x —at) +i‘
2 2a

[7(x+at) —w(x—at)]

bolip, bunnan

u(0,1) = £@Y + p(=a) - p(at) —p(at) |

+ (@) - (-aD) _
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+%[l/7(at) —y(at)]=0+0=0

boladi, sebebi taq funkciyanin integrali jup funkciya boladi. Usi lemmaga
tiykarlanip @(X) ha'm y(X) funkciyalarin x=0 tochkaga qarata taq Koriniste
dawam etemiz:

o(x), x>0,
—p(—x), x<0

w(x), x>0,

CD(X):{ -y (—x), x<0

: ‘P(X)={

Onda ®(x) ha'm W(x)funkciyalar1 taq funkciyalar bolip

_ X+at
X+at)+d(X at)+i J ¥ (s)ds
2 2a

u(x,t) = i

sheshimi u(0,t)=0 sha'rtin ganaatlandiradi. Bul songi sheshimdi targatip

jazsag,onda (12)-(14) aralas maselenin sheshimi

X+at

P2 =20 L LT (9)ds, x-at=0, (X21),
a

2 2a.’,
U(X’t) - x+at
(/)(X+at)—(0(a'[—X) _}_i j l//(S)dS, X—at<0, (§<t)
2 2a.; a

koriniske 1ye boladi.

3.4. Bir ushinan bos bekitilgen, al ekinshi ushinan shegaralanbagan
birtekli tardin erkin terbelis tenlemesi ushin Koshi ma’selesin sheshiwdin
dawam ettiriw usili. Meyli bir ushinan bos bekitilgen bir tekli tardin ekinshi ushi

shegaralanbagan bolsin. Aytayiq, tardin bos bekitilgen ushi (t) nizami boyinsha
terbeletugin bolsin ha'm tardin da'slepki formasi ¢(X), da’slepki tezligi y(X)

funkciyalart menen aniglansin. Bul jagdayda qarastirilip atirgan tardih erkin

terbelis nizami

U, =a’u, (x>0, t>0), (15)
u(0,t) = u(t) (16)
u(x,0) =¢(x), u(x,0)=w(x) (17)

turindegi aralas ma’'seleni sheshiw arqali aniglanadi. Sheshimdi eki funkciyanin

qosindis1 bolgan
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u(x,t) =3(x,t) + w(x,t) (18)
tarinde izleymiz. $(x,t) funkciyasin (x>0, t>0)
G =a’8, , %0)=0, 9(x0)=p(x), 9(x,0)=y(x) (19)
aralas ma'selenin sheshimi, al @(x,t) funkciyasin (x>0, t>0)
w, =a’w,,, o0,t)=ut), o(x,0)=0, @(x,0)=0 (20)

aralas ma’selenin sheshimi bolatuginday etip saylap alamiz.

(19) nmin sheshimi dawam ettiriw usili ja'rdeminde Dalamber formulasi

boyinsha
x+at
P8l o0 L L [ ys)ds, x-at0, (29
H(x,1) = o a )
p(x+at)—p(at-x) 1 [ w(s)ds, x-at<o, <)
2 2a at-x 2

koriniske iye boladi. (20) nin sheshimin tomendegishe tabamiz.Uliwma sheshim
tek on tolginnan ibarat (tar x=0 de shegaralangan, sonliqtan tolqin on ta'repke
garap a tezlik penen ha'reketlenedi) bolganligtan
o(X,t) =g(x—at)
bolip, buni shegaraliq sha'rtke aparip qoysaq
o(0,t) = g(-at) = p(t),

bunnan

w(x,t) =g(x—at) :y(x_aatjzy(t—ij,

- a

al u(t) funkciyast t>0 ushin aniglanganliqtan, ,u(t — gj funkciyas1 x—at <0

ushin aniqlanadi. Onda x(t) funkciyasin

(), t=0,
ﬂ(t)—{o’ (<0 (22)
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tarinde t<0 wushin u(t)=0 bolatuginday etip dawam etemiz. Onda

w(X,t) :ﬂ(t_ﬁJ funkciyasi argumenttin barlig ma nisleri ushin aniglangan bolad:
a
ha'm (22) tarindegi korinisinen
X X

o(x,0) :u(—gjzo, ,(x,0) =,u'(—gj=0

bolip, (20) baslangish sha’rtlerdi ganaagatlandiradi. Solay etip

X ~
o(x1) = ,u(t—gj, 0—at<0, (23)

0, 0—at>0

bolip, (21) menen (23) ni (18) ge qoysaq , onda (15)-(17) nin sheshimi

p(x+at)+p(x—at) 1 "¢
> +2—aXLtz//(s)ds, Xx—at>0
WD= L p(xrat)—plat—x) 1%
/,l(t—g}-F > +£aixy/(s)ds, x—at<0

bolad.

3.5. Bir ushindag1 vertikal bagitta ta'sir etiwshi kuashtin shamasi nol ge
ten, al ekinshi ushinan shegaralanbagan birtekli tardin erkin terbelis
tenlemesi ushin Koshi ma“selesin sheshiwdin dawam ettiriw usihi. Meyli bizge
bir ushinan shegaralangan, al ekinshi ushinan shegaralanbagan bir tekli tar berigen
bolsin. Aytayiq, tardin shegaralangan ushindagi vertikal bagittagi ta'sir etiwshi
kuashtin shamasi (misal ushin stuykelis kashinin shamasi) nol'ge ten bolsin. Meyli

tardin da'slepki formasi ¢(x), al da’slepki tezligi w(x) funkciyalar1 menen

aniglansin. Bul jagdayda tardin terbelis nizami

u, =a’u,, (x>0, t>0), (24)
u,(0,t) =0, (24)
u(x,0) =e(x), u,(x,0)=y(x) (26)

turindegi aralas ma'seleni sheshiw arqali aniglanadi. Bul ma'seleni sheshiw
barisinda (24)-(26) Koshi ma’'selesin sheshiwdin Dalamber formulasina

tiykarlangan sheshim ushin, orinli bolatugin tdmendegi lemmani keltirip 6temiz.
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LEMMA. Eger baslangish sha'rtlerdegi ¢(x) ha'm w(x) funkciyalar1 jup
funkciyalar bolsa, yagny w(-X)=w(X) ha'm ¢@(-xX)=¢(X) sha'rtlerin
qanaatlantirsa, onda Dalamber formulasi boymnsha aniqlanatugin sheshim
u,(0,t) =0 sha'rtin qanaatlantiradu.

Da’lillew. Haqiyqatinda da Dalamber formulasinan

)= o' (x+at)+¢@'(x— at)
2

u, (xt [1// (x+at)—y'(x—at)]

bolip, bunnan

u (O t) @ (at) +2¢ ( at) 2a [ —r(at) 1/7’(—31)] — 0 + 0 — 0’

sebebi jup funkciyanin tuwindisi taq funkciya boladi, al taq funkciyanin integrali
jup funkciya boladi, sonligtan @'(—at) =—¢'(at).
Usi lemmaga tiykarlanip @(X) ha'm w(X) funkciyalarin x=0 tochkaga

qarata jup koriniste dawam etemiz:

@(X):{co(X), x20, ’\P(X):{l//(x), x>0,
@(—X), x<0, w(—X), x < 0.

Onda ®(x) ha'm W(x) funkciyalari jup funkciyalar bolip

O(x +at) + d(x—at) s
. j ¥ (s)ds

x—at

u(x,t) =

sheshimi u (0,t) =0 sha’rtin qanaatlandiradi. Bul song1 sheshimdi tarqatip jazsagq,

onda (24)-(26) aralas ma'selenin sheshimi

co(X+at)+¢(X—at)+ixftw(3)ds x—at>0, (5 t)
, 2=,

2 2a .2,
u(x,t) = ¢(x+at)+go(at—x) 1 [ at-x X
+—{J' ds+_[ } x—at<0, (—<t)
2 2a a

tarine iye boladi.
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§4. Giperbolaliq tiptegi tefillemeler ushin uliwma qoyigan
Koshi ham Gursa maseleleri

4.1.Giperbolahq tiptegi tenlemeler ushin uliwma qoyillgan Koshi

maselesi. Meyli
a(x, y)u,, +2b(x, y)u,, +c(x, y)u,, +d(x, y)u, +e(x, y)u, + f (x, y)u=F(x, y) (1)

tenlemesi ha'm

=ty D =u(xy) 2

sha'rtleri berilgen bolsin. Bul jerde (1) tenleme bazi-bir D oblastta giperbolaliq
tipte bolsin dep uygaramiz. Al u,(x,y) ham u,(X,y) funkciyalar1 D oblastta

jattwshit G si1ziq ustinde berilgen funkciyalar, | bolsa G sizigta berilgen vektor.

(1) tenlemenin (2) sha'rtlerdi ganaatlandiriwshi sheshimin tabiw ma’selesi
(1) tehleme ushin qoyilgan Koshi ma'selesi dep atalad.

Eger G siziq 6zinin hesh bir nuqtasinda (1) tenlemenin xarakteristikalari
menen urimiwga iye bolmasa ha'm | vektor G siziqtin urinmbasi menen hesh bir
nuqtada Ustpe-ust tuspese, ha'm de tenlemenin koefficientleri, u,(x,y) héam
u,(x,y) funkciyalar1 jeterli da'rejede tegis bolsa, onda G siziqtin ushlarman
Otiwshi xarakteristikalar menen shegaralangan D oblastta (1) tenlemenin (2)
sha'rtlerdi gqanaatlandiriwshi sheshimi bar bolad1 ha'm ol birden-bir boladi.

Misal 1. Toémendegi

u, =0, 3)

NS (4)

ul_.=0,u

y=5% y
Koshi ma’selesin sheshin.
Sheshiliwi. Berilgen tenlemenin uliwma sheshimi
u(x,y) = f(x)+g(y) (5)
koriniste bolip, (4) nin birinshi sha'rti boyinsha f(x)+g(x?) =0 ham

(5) den y boyinsha tuwindi alip, (4) nin ekinshi sha'rti boymsha
u,=g'ty)s u,| =90 =

y:
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dep jaziwga boladi. Eger Xx° =z belgilewin jasasagq, onda ‘X‘zﬁ bolip,
na'tiyjede
1 5

g()) =2, ga)=57°+C

boladi, bunnan

4 g 4 >
g(x ):gx + const, f(x):—gxz—const

tenligi orinli boladi. Solay etip (3),(4) Koshi ma’selesinin sheshimi

5 5

u(x, y):%[y‘*-xZJ, 0<y<l |x|]<1

turine iye boladi.
Misal 2. Tomendegi
u, +5u,, —6u, =0, (6)

U, =000, u,| =) (7)
Koshi maselesi sheshimge iye bolatugin ¢(x) ham w(X) funkciyalarina misallar
keltirin.
Sheshiliwi. (6) tenlemenin xarakteristikaliq tenlemesi
y? -5y -6=0
bolip, bul tenlemenin uliwma integrali y + X=¢C,, y—-6x=c, bolganligtan (6)
tenlemenin uliwma sheshimi
u(x,y)=f(x+y)+g(y-6x
bolad, bul jerde f (&), g(17) ec®(R). Bul uliwma sheshimdi (7) ge qoysaq
U, 4, = F(7%)+ 9(0) = (),

, , (8)
uy‘yzsx = £'(7x) + g'(0) =y (X).

Bul sistema sheshimge iye boliw1 ushin ¢'(X) = 7y(X) +cost tenliginin ormlaniwi
zarGr bolip, bul sistemadan tek f(&) funkciyani amiglawga boladi, al g(77)
funkciyani bolsa aniqlap bolmaydi.
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Eger, dara jagdayda ¢(x) =7x%, w(X) = 2x dep alsaq (6),(7) Koshi maselesi

u(x, y>=$(x+ V)? +g(y - 6%)

tarindegi sheshimge iye boladi, bul jerde g(77)ec®(R) erikli funkciya bolip,
g(0) = g'(0) =0 shartin ganaatlandiradi. Bul sheshim birden-bir emes, sebebi g(77)
erikli funkciya.

Eger ¢o(x) =X, w(X)=2xdep alsaq (8) sistema sheshimge iye bolmaydi,
demek (6),(7) Koshi maselesi sheshimge iye bolmaydi.

Misal 3. Tomendegi

U, —u, +2u, +2u, =0, 9)

ul,,=x u

o:O’ ‘X‘<oo (10)

J,
Koshi ma'selesin sheshin.

Sheshiliwi. Berilgen tenlemenin uliwma sheshimi
u(x,y) =e">[f(y=x)+g(y+x)]
bolip, (10) shartti paydalansaq
U‘y:o =e [ f(-x)+g(¥)]=x,

u,| =e*[f(=x)+g()]+e™[-f'(-x)+g'(x)]=0

y‘y:O

boladi. Bunnan

f(—x)—g(X)=xe*—e*+2c

{— f'(=x) + g'(X) = —xe*,

bolip, f(z)=—-ze* - %ez +c ham g(x) = %ex — ¢ bolganliqtan

fly—x)=(x-y)e ™ —%e“y‘x) +C ham g(y+Xx) = %ey” —¢ boladi. Solay etip
sheshim
u(x,y)=x- y—£+£e2y, —0< X, Y <00
2 2
boladi.
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4.2. Giperbolalq tiptegi tenlemeler ushin uliwma qoyilgan Gursa

maselesi. Meyli (1) tenlemeni qarastirayiq.

X =const, y=const

s1ziqlar1 (1) tenlemenin xarakteristikalar1 bolip tabilad.
(1) tenlemenin

u|x=o :(D(y), U|y=0 :W(X)

(11)

(12)

shartlerdi qanaatlandiratugin sheshimin tabiw maselesi Gursa maselesi dep ataladi.

Eger berilgen tenlemenin koefficientleri jeterli darejede tegis bolip @(Y), w(X)

funkciyalar1 differenciallaniwsh1 funkciyalar bolsa hdm ¢(y,)=w(X,) tenligi

orinlansa, onda (1),(12) Gursa maselesi birden-bir sheshimge iye boladi.
Misal 4. Tomendegi

u, +6u, +5u, =0,

ul,_ =), u|_ =w(x), ¢(0)=y(0)
Gursa maselesin sheshin.
Sheshiliwi. (13) tenlemenin xarakteristikalari
y-5x=c, y-x=c,
bolganlig sebepli
E=y—X, n=Yy—3X
belgilewler jasasaq, (13) tenleme

u. =0

én

tarindegi kanonikaliq koriniske 1ye boladi. Bul tenlemenin uliwma sheshimi

u(gn)=f(5)+a)
boladi. Onda (15) ge muwapiq berilgen tenlemenin uliwma sheshimi
u(x,y) = f(y—=x)+9(y->5x
bolip, (14) shart boyinsha

{f(o) +9(—4x) = o(x),
f(4x)+9(0) =y (x)

yamasa
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{9(—4X) =o(x) - 1(0),
f(4x) =y (x)-g(0)

boladi. Eger —4X =12, 4x =t dep alsaq

0(2) =¢sz— (0),

1
f(t)= W(th -9(0)
bolip, bunnan

a(y—5x) =¢(—%<y—5x)j— f(0),

1
Hy—m=w(zw—xg—g®)
tenligi kelip shigadi. Bulardi (16) ga qoyip, berilgen Gursa maselesinin
1 1
0k 9) =of 5 (=59 |+ 5 (=) |00

turindegi sheshimine iye bolamiz.

Misal 5. Tomendegi
2
u, +xyu, =0, x>0, y>0, (17)
u, =0, u,_,=x (18)

Gursa maselesin sheshin.

Sheshiliwi. (17) tenlemenin uliwma sheshimin tawip alamiz. Bul tenlemeni

2,2 X2y2

(u, -e%)y =0 Koriniste jazip alsaq, onda u, (x,y) = f(x)-e 2

bolip, bunnan u, (x,0) = f(x) tenligi kelip shigadi.

X2y2

U (%, y)=u,(x0)-e 2

tenliginen

X -y
u(x,y)=Ju,(£,0)-e 2 d&+g(y)

u@©,y)=g(y)
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yamasa

X
_g2y2 £2y2

U(x,y) = [u,(£0)e 2 dE+u(0,y)=u(£0)e 2

0

X &y Xy
—fu(£,0)-(-y*-&)-e 2 dé+0=u(x0)-e ? —u(0,0)+
0
X _ggzyz ~ Xzyz X 1 égzyz
+I§2-y2-e 2 d&=x-e 2 _J‘ézyz 65yzd[e 2 J:
0 0
X2y £2y2 X £2y2 £2y2

bolip, berilgen Gursa maselesinin

&ry?

u(x, y) :fe_ 2 d&

turindegi sheshimi kelip shigadi.
Misal 6. ToOmendegi

YUy +(X—y)U, —X-U, —U,+U, =0, 0<y<x, x>0, (19)

u‘yzoz ! u‘y:x

Gursa maselesin sheshin.
Sheshiliwi. Daslep (19) tenlemeni kanonikaliq koriniske keltirip alamiz.
2 2

2
A:bz—a-c=(%) +xy:X ;y >0

bolganligtan (19) tenleme giperbolaliq tipke jatip,
y(dy)* — (x— y)dydx — x(dx)* =0

2 2
. , . , =X
xarakteristikaliq tenlemesin paydalansaq, onin

=C, , Y+X=¢C, uliwma

2 2

Yy =X
2

integralinan paydalanip &= , n=Y+Xx belgilewlerin kiricek, berilgen

tenlemenin
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u. =0

sn
kanonikaliq tenlemesine ham bul tenlemenin
u(g,n) = f(5)+9)

uliwma sheshimine iye bolamiz. Onda berilgen tenlemenin uliwma sheshimi

2 2

u(x, y) = f(x ;y J+g(y+x) (20)

boladi. Berilgen baslangish shartti esapqa alsaq

X2

u(x,0)=f (?J+ g(x)=0,
u(x,x)=f(0)+g(2x)=0
yamasa, bunnan
g(2x) =4x* - f(0)
bolip, 2x =z belgilewdi paydalansaq

g(z)=%x“—f(0)

yamasa
2
f(%jz—%x“ +1(0)

2
bolads, X?zr dep alsaq f (r) = —z2 + £ (0).
g(z) ham f(zr) funkciyalardih manislerin (20) ga qoyip, berilgen Gursa
maselesinin
u(x,y) =xy(x+y°)

turindegi sheshimine iye bolamiz.

§5. Giperbolalhq tiptegi tenlemeler ushin sheshimnin birden-birligi
haqqindagi teorema
Biz tdmende sheshimnin birden-birlik teoremasin da’'lilleymiz: eger

u(x,t)eCz(B), p(x)eCc(0<x<1), k(x)eC'(0<x<1I), p(x)>0, k(x)>0
bolsa, onda
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o’u 0 ou
p(s) 2 :a{k(x)a}+F(x,t) 0

tenlemeni, ha'mde
u(x,0)=e(x), u,(x,0)=w(x), 0<x<I,
(2)
u(0,¢)=p1,(¢t), ull,t)=p,(t), >0

baslangish ha'm shegaraliq sha'rtlerdi qanaatlandiriwsh1 D={0<x<I,t>0}
oblastinda birden-bir u(x,7) funkciyan1 tabiwga boladi.

Bumi da'lillew ushin, garastinilip atirgan ma'selenin eki  uy(X,t), u,(x,t)
sheshimi bar bolsin dep uygaramiz ha'm u(x,t) = ul(x,t)—u2 (x,t) ayirmani
garastiramiz.

Bizge belgili u(x,7) funkciyas:

o’u 0 ou
7 Y )
P ax{ (x)ﬁx} (3)
birtekli tenlement,
u(x,0)=1u,(x,0)=u(0,t)=u(l,t) =0 (4)

birtekli baslangish ha'm shegaraliq sha'rtlerdi qanaatlandiradi. Endi u(x,)=0

bolatuginligin korsetemiz. Us1 magsette energiya integrali dep ataliwshi

E(t):%j[k(ux)z +p(u) Jox

0

funkciyan: qarastiramiz ha'm omia t ga baylanish emesligin korsetemiz. E(t)

funkciya birtekli bolmagan tardin t waqittagi toliq energiyasin

anlatadl. E (t) n1 differenciallasaq

|
E'(t)= I[kuxuXt + puu, )dx
0

bolip, on ta'repindegi birinshi agzan1 boleklep integrallasaq
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ju , (kux )dx (5)

boladi. Bizge belgili

|
qatnasman E'(t)= J'ut {p u, — ai(kuX )} dx=0, yagnmy E (t) =const. Baslangish
X
0
sha'rtlerge muwapiq
I
E(t)=const=E J ku + pu? t0dx=0,
0

sebebi u(x,O) =u, (x,O) =0. Sha'rt boymsha k(x) >0, p(x) >0, onda
u, (x,t) =0, u, (x,t) =0, y, (x,t) =0 yagmy u(x,t) = const = C, . Oz na'wbetinde (5)
ge muwapiq u(x, t) =0. Demek, teorema sha'rtlerin qanaatlandiriwshi

ul(x,t), u2(x,t) funkciyalar bar bolsa, olar bir birine ten boladi, yagniy

u, (x, t) =u, (x, t) boladi.

§6. Tardin terbelis tenlemesi ushin aralas maselelerdi
sheshiwdin Fur’e usili
6.1.Tardin birtekli terbelis tenlemesi ushin aralas maselelerdi sheshiwdin

Fur'e usih. Meyli ushlarman gatti bekitilgen birtekli tardin erkin terbelisi

haqqindagi ma’seleni garastirayiq, yagniy D = {O <x<l, t> 0} ushin

u, =a’u, (1)
tenlemenin
u(0,t)=0, u(l,t)=0 (2)
shegaraliq ha'm
u(x,0) =(x), u,(x,0) =w(x) 3)

baslangish sha'rtlerin qanaatlandiratugin sheshimin tabiw ma’selesin garastirayiq.
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(1) tenlemenin (2) shegaraliq sha'rtlerin qanaatlandiratugin nollik emes
sheshimin
u(x,t) = X(x)-T(t) (4)
kobeymesi tarinde izleymiz. (4) ni (1) ge qoysaq
T"(t)-X(x) =a’T(t)- X"(X)
yamasa U ( X,t) #0 bolganhqtan, bunnan

T'(t) _ X"(x)
afT(t)  X(x)

Q)

boladi. Bul tenliktin shep ta'repi tek t ga, on ta'repi bolsa tek X qa baylanish,
demek tenlik ormlaniwi ushin onin on jagida, shep jagida hdm X ga ham t ga
garezli bolmawi1 kerek. Demek, (5) tenliktin eki jagida bir turagli sanga ten boliwi
kerek. Bul turaqlint songiligta qolayli boliw1 ushin 2 dep alamiz. Solay etip,

T | X"(x) _

= =—A =const.
a’T(t) X(X)
Bunnan
T"(t)+a’AT(t) =0, (6)
X"(X)+ A X(x)=0 (7)

turindegi a dettegi differenciallig tenlemelerge iye bolamiz, bul jerde (2) den
X(0)=X(1)=0 (8)
tenligi kelip shigadi. Na'tiyjede tomendegi Shturm-Liuvill ma’selesine
kelemiz: A parametrdin soninday ma’nisleri payda bolsin, bul ma'nisler ushin
(7),(8) ma’'sele nollik emes sheshimge iye bolsin. A parametrinin bunday
ma'nisleri (7),(8) ma’'selenin menshikli ma’'nisleri (yamasa xarakteristikaliq
sanlar1) dep ataladi. Olarga sa'ykes keliwshi sheshimler bolsa menshikli

funkciyalar1 dep ataladi. A parametri ushin 1<0, 1=0, A>0 ush jagdayd:

garaymiz.
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a) 4 <0 bolsa, (7), (8) ma'selenin nollik emes sheshimi joq. Haqiyqattanda,

(7) nin uliwma sheshimi

X (X) :cl-exp(\/J-x) +cz-exp(—\/3-x)
boladi ha'm (8) boyinsha

{X (0)=c,+c, =0,

X (1) = cl[exp(l J=0) - exp(—zﬂ)] -0

yamasa

C, [exp(l \/3) — exp(—lﬂ)] =0,

bunnan exp(lv—1) # exp(—I+/—4) bolip, ¢, =0, ¢, =0 yagnry X (x)=0.
b) A=0 bolsa, (7) tenlemenin uliwma sheshimi X(X)=c, +C,X bolip, (8)
boymsha ¢, =0, ¢, =0 boladi, yagniy bunday halda da (7),(8) ma'selenin nollik

emes sheshimi joq.

V) A >0 bolganda (7) tenlemenin uliwma sheshimi
X(X)=c, cos~/Ax + c,Sin Jax,
buni (8) sha'rtke qoysaq X (0)=c, =0, X(l)=c,sinl Ja=0. X (X) tif nollik

emesliginen ¢, # 0 boliw1 kerek. Onday bolsa

sinlﬁ:o:fz”—k,

bul jerde k ga'legen putin san. Demek, (7),(8) ma'sele A nin

A :(kl—”jz, k=123,..

ma nislerinde gana nollik emes sheshimlerge iye. Bul menshikli ma’nislerge

sa'ykes keliwshi menshikli funkciyalar

X, (X) :sinkl—”x
boladi. (6) tenlemenin A =4, ma nislerine sa ykes keliwshi sheshimleri
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T.(t)=4a cosTkHb sin ﬂTkat

boladi, bul jerde a, ham b, erikli turaglilar. Solay etip a, ham b, turaqlilar ganday

bolmasin

ka ka K
U, (x,t) = X, (X)-T, (t) = (a cosl—t +b,si n”l—tj Si n”l—x
funkciyasi (1) tenlemeni ha'm (2) sha'rtlerdi ganaatlandiradi. (1) tenleme sizigh
ha'm birtekli bolgani ushin
ka ka k
u(x,t) = Z(akcos I “—t+b smth -sin ”I—x (9)

qatarida sheshim boladi. Bunin ushin (9) gatar X hadm t boyinsha eki marte
agzama-agza differenciallaniwshi boliw1 kerek.

Haqiyqgattanda da (9) m1 (1) ge qoyip, agzama-agza differenciallasaq ha'm
u,(x,t) funkciyalarimin (1) ha'm (2) ni qanaatlandiratuginligin esapqa alsaq, bul
na tiyjenin durisligin kériwge boladi.

Endi a, ham b, koefficientlerdi soninday aniglaymiz, (9) funkciya (3)

sha'rtlerdi ganaatlandirsin. (9) dan

ou & rka . rka ka 7k
=> I —aksmTt+bkcosTt sml—x

Bunnan t =0 desek ha'm (3) ni esapga alsaq
(p(x):Zaksinﬂl—kx; w(x):zﬂ—mbksinﬂTkx
k=1 k=1
anlatpalarga iye bolamiz. Bul bolsa @(x) ha'm w(X) funkciyalardin sinuslar
boymsha (0;l) araliqtagi Fur'e gatarina jayilmasi bolip, Fur'e koefficientleri
2 | 1 2 .7k
a, =— | p(x)sin — xdx; b, = —— | w(X)sin— xdx 10
k |£¢” | kﬁka!w() | (10)

formulalar menen esaplanadi.

Demek, egerde ¢(X) ham y/(x) funkciyalari (0;/) araligta sinuslar boyinsha
Fur'e qatarina jayilgan bolsa (1)-(3) tarindegi birinshi shegaraliq ma’selenin

75



regulyar sheshimi (9) qatar korinisinde boladi ham onin koefficientleri (10)

formula menen anigqlanadi. Bunin ushin
p(x)eC?(0<x <), w(x) eCHO<x <)),
(0)=¢(1)=0, ¢"(0)=9¢"(1)=0, w(0)=w(I)=0
bolip, ¢"(x) ha'm w"(x) tuwindilar1 shekli boliw1 kerek.

Mine us1 sha'rtler (1)-(3) ma’seleni sheshiwde Fur'e usilin gollaniw ushin
jeterli sha'rtler bolip esaplanadi.
Misal 1. Tomendegi aralas maselenin sheshimin tabin:
u, =4u_; u(0,t)=u(z,t)=0; u(x,0)=sinx, u(x,0)=sin’x.
Sheshiliwi. Sheshimdi u(x,t) =T (t) X (x) kébeymesi tarinde izleymiz. Onda
M) X"(x)_
AT (1) X (X)

bolip, Shturm-Liuvill maselesi

X"(x)+AX(x) =0,
X(0)=X(x)=0

tarine iye boladi. Bul Shturm-Liuvill méselesinin menshikli manisleri 4, =k?, al
menshikli funkciyalar: X, (x) =sinkx. Endi A, =k?* tii har bir manisi ushin
T(t) + 4k°T, (1) =0
tenlemesinin T, (t) sheshimin tabamiz. Bul sheshim
T (t) = A cos 2kt + B, sin 2kt

koriniske 1ye boladi. Onda berilgen méselenin sheshimi
u(x,t) = i[Ak cos 2kt + B, sin 2kt |sin kx
k=1
turine iye bolip, bunnan A, hdm B, lardi baslangish shartlerden paydalanip
u(x,0)= > A sinkx=sinx,
k=1

tenliginen aniqlaymiz. kK =1 ushin A =1 bolip, A, nin qalgan manisleri nol ge ten

bolada.

76



u,(x,0) =>"2kB, sinkx =sin’x = 3sin x—isin3x,
t k 4 )
k=1

bunnan k=1 ushin Blzg ham k=3 ushin B3:—2—14 bolip, B, nin qalgan

manisleri nolge ten bolad.

Solay etip, berilgen aralas maselenin sheshimi
3. . 1 . .
u(x,t) =| cos2t+ gsm 2t |sinx — ﬂsm 6tsin3x

boladi.
Misal 2. Tomendegi aralas maselenin sheshimin tabin:
u, =9u_; u (0,t)=u(4,t)=0; u(x,0)=0, u,(x,0)=16— x>

Sheshiliwi. Sheshimdi u(x,t) =T (t) X (X) kobeymesi tarinde izleymiz. Onda

T'(t)  X"(%)_
4T()  X(x)

bolip, Shturm-Liuvill maselesi

X"(X)+AX(x) =0,
{ X'(0)=X(4)=0

tarine iye boladi. Bul Shturm-Liuvill méselesinin menshikli ménisleri
2
(k + 1) 7’
2

%:T,

al menshikli funkciyalar

(k +;jﬂ'
Xk(x):cosTx.

Endi A, nin har bir manisi ushin

wen 9L YL
Tk(t)+z(k+5j T .(t)=0

tenlemesinin T, (t) sheshimin tabamiz. Bul sheshim
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3( .1 - 3(, 1
Tk(t)zAkcosz(k+5j7zt+Bksmz(k+5jm

koériniske iye boladi. Onda berilgen maselenin sheshimi

& 3 1 .3 1 1 1
u(x,t) = cos—| k+=|z#t+B,sin—| k + cos—| k+= |zX
i éh 4( 2j” ‘ 4( 2) } 4( zj”

bolip, baslangish shartlerdi paydalansaq

ham sheshim
0 _ k
u(x,t):256z ) sinS[ k+ 1 |zt-cos( k +1 | zx
4 2 4 2

3 i (k + 1j4 7
2

Misal 3. Uzinlig1 | ge ten bolgan tardin erkin terbelis nizamin aniglan, egerde

boladi.

baslangish waqit momentinde daslepki awisiwga iye bolmagan tardin barliq
tochkalarina 9 ga ten bolgan tezlik berilgen bolsa. Tardin ushlar1 qatt1 bekitilgen.
Sheshiliwi. Qarastirilip atirgan tardin terbelis nizami
u, =a’u,; u(0,t)=u(l,t)=0; u(x,0)=0, u,(x,0)=3

aralas maselenin sheshimi menen aniglanadi. (9) formula boyimsha bul sheshimnin
koérinisi

N ka . rka K

u(x,t) = Z(akcos”Tt + bksmﬂTt) smﬂTx

k=1

turine iye bolip, bunnan a, koefficientlerdin hAmmesi nol'ge ten, yagmy a, =0

bolatuginligi kelip shigadi. Onda izlenip atirgan sheshim

u(x,t) = Zb smit sm”Tkx

koriniske 1ye bolip, bunnan
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0, k =2n,

2 ¢ . 7k 219
b, =——|vsin—xdx = 1-coszk) =
“ rkay I ﬂzkza( ) % k=2n+1.
Kk a
Solay etip berilgen méselenin sheshimi
u(x.t) = 4I8Z 1 sin(2n+1)7[at-sin(2n+1)”x

a’s (2n+1)° I
boladi.

Misal 4. Uzinligi | ge ten bolgan tardin erkin terbelis nizamin aniqlan, egerde
baslangish waqit momentinde onin daslepki awisiwi f(x)=H SII’IZI—”X iymeklik

formasina 1ye bolip, keyinshelik daslepki tezliksiz bosatilip jiberilgen bolsa.
Tardin ushlar1 gatt1 bekitilgen.

Sheshiliwi. Qarastirilip atirgan tardin terbelis nizami

2
U, =a‘u,;

XX ?

u(0,0) =u(l,t) =0; u(x,0)= Hsm2| X, U,(x,0)=0

aralas maselenin sheshimi menen aniqlanadi. (9) formula boyinsha bul sheshimnin

korinisi
u(x,t) = Z(akcos Il(t bsml—ktj sin”Tkx

turine iye bolip, tardin daslepki tezligi nol ge ten bolganliqtan b, koefficientlerdin

hammesi nol" ge ten boladi, yagniy b, = 0. Onda izlenip atirgan sheshim

< ka, . 7k

u(x,t) = Zakcosﬂl—t -smﬂTx

koriniske 1ye bolip, bunnan

|

ak:ngsmgzxﬁnZKHM
I I I

ham bul integraldin manisi k # 2 ushin nol’, al k =2 ushin

jsm 2 ydx=H

boladi. Solay etip berilgen maselenin sheshimi
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u(x,t)=H cos@t -sinzl—ﬂx

koriniste aniglanadi.
6.2.Tardin birtekli emes terbelis tenlemesi ushin aralas maselelerdi

sheshiwdin Fur'e usii. Ushlarinan gatti bekitilgen birtekli tardin F(X,t) sirtqt

kashinin ta'siri astinda bolip otetugin ma’jburiy terbelisi haqqindagr ma’seleni,

yagnly {0<x<I, t>0} oblastta

U, =a%U, + f(X,t), azzh, f-F (11)
P P
tenlemenin
u(x,0)=o(x), u,(x,0)=w(x) (12)
baslangish ham birtekli
u(0,t)=0, u(l,t)=0 (13)

shegaraliq sha'rtlerin ganaatlandiratugin sheshimin tabiw ma’selesin garastirayiq.
Bul ma’selenin sheshimin t n1 parametr korinisinde garap, X boyinsha

jayilgan
= .k
u(x,t):Zuk(t)smﬁTx (14)
k=1

Fur'e gatart korinisinde izleymiz. u(x,t) mi tabiw ushin u,(t) funkciyalardi
anigqlaw kerek boladi. Sonligtan f(X,t), @(x), w(X) funkciyalardi Fur'e gatarina

jayip alamiz:

bul jerde
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|
fk(t)=|3jf(s,t)sin”Tksds,
0

|
@, =%I¢(s)sinﬂl—ksds,
0

|
W, =ij(s)sin”—ksds.
I I

(14) ni (11) ge qoyip

2 kY’ k

Z{uﬁ(tﬁ:ﬁ(%j u (t)— f, (t)}sinﬂTx:O

k=1
yamasa

2
” tk
¥ (t)+(Taj 0, ()= 1, (1 15)
tenlemege iye bolamiz. Baslangish sha'rtler boyinsha
uk(o):(/’w UL(O):‘r’/k- (16)
u,(t) funkciyalar1 (15),(16) birtekli emes Koshi maselesin sheshiw arqali
aniglanadi. Bunnan tabilgan u, (t) nih manisin (14) degi ornina qoyip, berilgen

(11)-(13) maselenin sheshimine iye bolamiz.

Misal 5. Uzinligi | ge ten bolgan birtekli targa hamme waqit shamasi G
awirliq kashine ten bolgan sirtqi kash tasir etedi. Eger tardin daslepki awisiwi ham
daslepki tezligi nol'ge ten bolip, ushlarinan qatti bekitilgen bolsa, onda bul tardin
terbelis nizamin aniglan.

Sheshiliwi. Qoyilgan maselenin sheshimin

u, =a’u, -G,
u(o,t) =u(l,t)=0; u(x,0)=0, u,(x,0)=0

turindegi aralas maseleni sheshiw arqali aniglaymiz. Bul maselenin sheshimi
u(x,t)=>T, (t)sinﬂl—kx
k=1

tarinde izlenedi, bul jerde
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T

7Z_3k3a2
Solay etip, berilgen méselenin sheshimi

2 e 0]
u(x,t) =— 4GI Z (1 cosﬂTkat)sm”—kx

= I
bul jerde k =1,3,5,...,2n—1,... tirindegi taq sanlar.
Misal 6. Tomendegi aralas maselenin sheshimin tabin:
u, =4u, +8sinxcost; u(0,t)=u(z,t)=0; u(x,0)=sinx, u.(x,0)=sin’x.
Sheshiliwi. Sheshimdi eki funkciyamin Uu(x,t) =93(X,t) + o(x,t) qosindisi
tarinde izleymiz. Bul jerde $(x,t) funkciyasin

4 =

tt XX !

; 9(0,t) = 9(x,t) =0; 9(x,0)=sinx, 3 (x,0)=sin®x,
al o(X,t) funkciyasin

a, =4, +8sinxcost; @(0,t) =w(r,t)=0; o(X,0)=0, ©(X,0)=0
aralas méaselelerdin sheshimi bolatuginday etip saylap alamiz.

Bizge alding1 birtekli maselelerde islengen misallardan
3. : 1 . :
F(x,t) = (cos 2t + gsm 2t)sm X — ﬂsm 6tsin 3x

ekenligi malim. Biz endi birtekli emes boleginin @(X,t) sheshimin tabamiz. Bul

sheshimdi
o(xt) =Y o, (t)sinkx
k=1

koériniste izleymiz, bul jerde sinkxberilgen maselenin birtekli bolegi ushin orinli

bolatugin Shturm-Liuvill maselesinin menshikli funkciyalari. @(X,t) tin bul
manisin berilgen birtekli emes tefilemege aparip qoyip
(/(t) + 4, (t) —8cost)sinx =0
tenligine iye bolamiz, bul jerde o, (t), k #1 funkciyalarinin hdmmesi nol’ ge ten.
Solay etip nollik baslangish shartlerdi esapqa algan jagdayda o (t)

funkciyasin aniglaw, tomendegi Koshi maselesin sheshiwge alip keledi.
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@, (t) + 4, (t) =8cost,
®,(0)=0, o/(0)=0.

Bul Koshi maselesinin sheshimi
w,(t) = —§cos 2t + §cost
3 3
yamasa

w(x,t) = [—gcos 2t + §costjsin X
3 3
Solay etip, berilgen birtekli emes aralas maselenin sheshimi

u(x,t) = 9(x,t) + o(x,t) = (cos 2t + gsin 2tjsin X —

—isin 6tsin3x — §cos 2t — §cost sin X
24 3 3

boladi.

§7. Fur e usilimin uhiwma sxemasi. Menshikli manis ham menshikli
funkciyalar. Steklov teoremasi

Meyli birtekli bolmagan tardin

)= 2 )2 |- gl plo) ¢ 0

“ox
terbelis tefilemesin qarayiq, bul jerde k(x)>0, p(x)>0, q(x)>0 berilgen uzliksiz
funkciyalar. Meyli {0 <x<lI, t> O} oblastta (1) tehlemenin
(au+pu,)  =0; (yu+éu,)|,,=0, t=0 )
u(x,O) = (o(x), u, (x,O) = w(x), 0<x<l/ (3)
sha'rtlerin qanaatlandiratugin sheshimin tabayiq, bul jerde «, B,y,6 turagli sanlar

bolip &% + B% #0. Ozgeriwshilerdi ayiriw usilia muwapiq sheshimdi

u(x, t) = X(x) - T(t) (4)

tarinde izleymiz. (4) ni (1) ge koyip, 6zgeriwshilerdi ajiracaq
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S0 a1+ 200 (90
T”(t)+/1T (t) =0
tenlemelerine iye bolamiz. Na'tiyjede X (X) t1 aniglaw ushin menshikli ma’nisler

hagqindagi Shturm-Liuvill ma’'selesin payda etemiz: A nin sonday ma'nislerin

tabamiz, bul ma'nisler ushin
L(X(x))+Ap(X)X (x) =0, (5)
aX(O)+,BX'(O)=0, yX(|)+§X'(|):0 (6)
ma’sele nollik emes sheshimge 1ye bolsin. (5) tenlemenin ham (6) sha'rtlerdin bir

tekliliginen menshikli funkciyalar bir birinen turaqli kobeyiwshilerge ajiraladi. Bul

turaqli kobeyiwshini sonday etip saylaymiz, na’tiyjede
|
[ P(0X, (x)dx =1 (7)
0

sha'rtler ormlansin. Usinday qa'siyetke iye, yagmy (7) sha'rtlerdi
qanaatlandiriwsh1 menshikli funkciyalarga normallasqan funkciyalar klassi dep
ataladi.

Endi (5),(6) Shturm-Liuvill ma’selesi ushin menshikli ma'nisler ha'm
menshikli funkciyalardin za'rarli qa’'siyetlerin keltireyik.

1) Ha'r bir menshikli ma’'niske tek bir siziqli ga'rezli bolmagan menshikli
funkciya sa'ykes keledi.

Haqiyqattanda, meyli A2 nin bir ma'nisinde (5),(6) ma'selenin siziqh ga'rezsiz
bolmagan menshikli funkciyalar1 payda bolsin. Onda (5) tenlemenin uliwma
sheshimi de bul sha'rtlerdi ganaatlandirtw1 za'rar. Biraq bunday boliwi mamkin

emes. Ha'mme waqit X(0), X'(0) baslangish sha'rtleri menen (5) tehlemeni
sheshiw mumkin emes, ma'selen X(0)=a. X'(0)=p desek, (6) mfi birinshi
sha'rtinen «” + % =0, demek (6) nin birinshi sha'rti orinlanbaydi.

2) Ha'r tarli menshikli ma'nislerge sa'ykes menshikli funkciyalar p(x)

salmaq funkciyasi boyinsha ortogonal boladi, yagniy
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[ PCOX, ()X, (x)dx=0. ®)

Haqiyqattanda, meyli eki A, ham A, menshikli ma'nislerge sa'ykes keliwshi
menshikli funkciyalar x,(x) ham X, (x) bolsin. Onda

d dX, (x)
k0P o9 - 0], =0,

%[k(x)%}[@p(x)—q(x)]xz(x> )

Bul tefilemelerdin birinshisin X, (x) ge, al ekinshisin X, (x) ge kobeytip, olardi

agzama-agza ayirsaq
{k(x)[x )X, (%) = X, (0 X, (0 ]+ (A = 4) £ (%) X, () X,(x) =0.

Bul tenlikti 0 den 1 ge shekem integrallasaq, onda (6) ga muwapiq
|
(4= 2) [ POOX, ()X, (00dx =K ([ X, () X100 = X, 00 X5 ()] =0
0

ham bunnan (2, = 4 , ) (8) din durishg: kelip shigads.
3) Barlig menshikli ma nisler hagiyquy.

Meyli A kompleks tarindegi menshikli ma'nis ha'm ogan sa'ykes menshikli
funkciya X(x) bolsin. (5) tenlemenin ha'm (6) sha'rtlerdin koefficientleri
haqiyqly bolgan1 ushin 2 ga tayinles bolgan kompleks sanda menshikli ma'nis

bolip, ogan sa'ykes X (X) qa tiyinles X (x) funkciyada menshikli funkciya boladh.

Ortogonalliq sha'rtine qaraganda
| |
jp(x)x (X)X (X)dx = jp(x)|x ()| dx =0.
0 0

Bunnan X (x) =0, yagniy A kompleks san menshikli ma'nis bola almaydi.

4) Sheksiz sandagi menshikli ma nisler payda boladi ha'm

A <A <. <A<, limA =+oo.

n—oo

Meyli A, menshikli ma nisler bolsin. X, (x) funkciyalar bolsa olarga sa’ykes

keliwshi menshikli funkciyalar (ortogonal ha'm normallasgan) bolsin. Onda
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%[k(x)xé(x)]—Q(X)Xk(X) =24 (X)X, (X).

Bul tenliktin eki ta'repin X, (x) ga kobeytip ha'm integrallap, (7) boymsha

= I{ [k(X) X, (X)] - aq(x) X, (x)}X (x)dx

anlatpani alamiz. Birinshi agzani béleklep integrallasaq

2= [k OOT + 000X 20 ax=[k(OX, 00X [ (@)
Meyli k(x)>0, p(x) >0, g(x) >0 sha’rtlerinen basqa

(k)X (0X:(x)] " <0 (10)
bolsin. Bunday jagdayda (9) dan A, >0 ekenligi kelip shigadi. (10) sha'rtti
a, .7, 0 koefficientler esabinan jetkeriw mamkin. Ma'selen

X'(0)-h,Xx(0)=0, X'(1)+1,X({)=0, h >0, h, >0
shegaraliq sha'rtler ushin (10) tensizlik orinlanadi.

5) V.A.Steklov teoremasi. VF(x)eC?(0<x<l), F(0)=F(l)=0 funkciyasi
{Xn(x)} menshikli funkciyalar boyinsha ten 6lshemli ha'm absolyut jiynaql

bolgan qatarga jayiladi:

F() = F, X, ()

X, ( i I ()X, () p(dx; X, X —IX (0 (0

Eger {X,(x)} normallasgan sistema bolsa, onda |, (x)|* =1. Bul qasiyettif

da’lilleniwi integral tenlemeler teoriyast menen baylanisli bolgani1 ushin biz om

keltirmeymiz. Endi
T"(t)+a* AT (t)=0
tenlemesin sheshemiz.

Onin A=/, ma nisine sa ykes keletugin sheshimi
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T.(®)=A cos\/Zt + B, sin \/Zt
bolip, ha'r bir

u, (x,t) =X, (X)T, (t) = (Ak cos\/Zt + B, sin \/Zt)xk(x)

funkciyas1 (1) tenlemeni ha'm (2) sha'rtlerdi qanaatlandiradi. (3) baslangish

sha'rtti de qanaatlandirtw1 ushin tomendegi qatardi paydalanamiz

u(x,t):i(Ak cos\/ZHBksin\/Zt)Xk(x). (11)

Bul gatar, sonday-ag om1 X ham t boyinsha eki ma'rte agzama-agza
differenciallawdan payda bolgan gatarlar ten o6lshemli jiynagl: bolsa, onda (11)
qosindida, yagniy u(x,t) funkciyasida (1) tenlemenin (2) sha'rtlerin
ganaatlandiriwshi sheshim boladi.

Endi (11) ni (3) ge qoyip tobmendegi qatarlarga iye bolamiz

U(x,0) = p(x) =3 AX,(¥) (12)
aa_‘: —p ()= B A X, (). (13)

Solay etip, berilgen @(X), w(x) funkciyalardi X, (x) menshikli funkciyalar
boyinsha gatarga jayiw ma'selesine keldik. Eger (12),(13) qatarlard: ten 6lshemli
jiynagli dep oylap, olardin eki ta'repin p(X) X, (X) ga kobeyttip, 0 den / ge

shekem integrallasaqg A, ham B, lardi tbmendegishe tabiwga boladi:

A =ip(X)(p(X)Xk(x)dx, B, =ﬁi p(X)w (X)X, (X)dx.

Tabilgan bul anlatpalard: (11) ge qoyip, (1)-(3) aralas ma'selenin sheshimine iye

bolamiz.
Misal 1. y"(x) + A%y(x) =0, 0<x<a,
y(0)=y(a)=0
shegaraliq maselenin menshikli manislerin hdm menshikli funkciyalarin tabin.

Sheshiliwi. Daslep berilgen tenlemenin uliwma sheshimin tawip alamiz
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y(x)=C,cosAx+C,sin Ax.
Bul uliwma sheshimdi shegaraliq sha'rtlerge aparip qoyip, erikli turaqlilirdi
aniqlaymiz:
y(0)=C,-1+C,-0=0,
bunnan C, =0, C, =0 bolip, ekinshi sha'rtten y(a)=C, -sin la=0 yamasa
la=zk, (k=12,..)

kelip shigadi. Bunnan A, = ﬂ—k, k=1,2,...,berilgen shegaraliq maselenin menshikli
a

ma nisleri, al usi menshikli manislerge saykes menshikli funkciyalar
Yy, (X) = sinﬂ—kx, k=12,...,
a
bolatuginligi kelip shigadi.
Misal 2. y'(X)+Ay(X)=0, O<x<a, y(0)=0, y'(a)+y(a)=0

shegaraliq maselenin menshikli manislerin hdm menshikli funkciyalarin tabin.

Sheshiliwi. Daslep berilgen tenlemenin uliwma sheshimin tawip alamiz
y(x)=C, -cos\/Ax+C, -sinvAx.

Bul uliwma sheshimdi shegaraliq sha'rtlerge aparip qoyip, erikli turaqlilirds

aniqlaymiz:
y(O):C1-1+C2 -0=0, C,=0, C, =0
y'(a)+y(a)=C,4 -cosy/2a+C, -sin2a=0,
bunnan berilgen shegaraliq maselenin menshikli ma nisleri

2
A :(&j , (k=12,...), al ust menshikli manislerge saykes menshikli
a

funkciyalar1 y, (x) =sin % X bolatuginligi kelip shigadi, bul jerde g,

- 1
degenimiz tg JAa=———tefilemenin koren leri.
! 7z
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§8. Tuwrt mayeshli membrananm terbelis tenlemesi ushin aralas maselelerdi
sheshiwdin Fure usih

Meyli ta'replerinin uzinligit p ham  bolgan tuwr1 muayeshli formadagi

membrana ddgereginen qatt1 bekitilgen bolsin. Bul membrananin terbelisi

haqqindagi ma'sele {0<x<p, 0<y<gq, t>0} oblastta

U, =a*(u, +Uu,) (1)
tenlemenin
u(0,y,t)=0, u(p,y,t)=0, u(x,0,t)=0, u(x,q,t)=0 (2)
shegaraliq him
u(xy,0)=p(xy), u(xy0)=w(xy) (3)

baslangish sha'rtlerin qanaatlandiriwshi sheshimin tabiwdan ibarat. (1) tenlemenin
(2) shegaraliq sha'rtlerin ganaatlandiriwshi sheshimin

u(x,y,t) =T(t)3(x,y) (4)
koriniste izleymiz. Bul sheshimdi (1) ge qoyip

T"(t) Gyt
a’T(t) 9

tenlikti payda etemiz. Bul tenlik orinli boliw ushin tenliktin eki ta'repide turaql bir

sanga ten boliw1 kerek. Bul turaglmi —A° dep belgilesek, ha'm (2) shegaraliq

sha'rtlerdi esapqa alsaq, tdmendegi anlatpalarga iye bolamiz:

T"(t)+(al)’T(t) =0 5)
Iy +9, +A°9=0 (6)
9|,,=0, 9[,,=0
(7)
9,.0=0 9,,=0
(6), (7) ma'sele ushin
3(x,y) = X(x)-Y(y) (8)

dep ahp, Fur e usilin gollanamiz. (8) ni (6) ga qoyip
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'), e X"

Y(y) X (x)
tenlikke iye bolamiz. Bunnan tomendegi
X"(X)+ A X(x)=0, Y"(y)+AY(y)=0 (9)
tenlemelerdi alamiz, bul jerde
A=+ A (10)

Bizge belgili (9) tenlemelerdin uliwma sheshimi

X (X) =, CoS A X+ C,Sin AX,
Y(y)=c,cosiy+c,sindy

bolip, (7) den kelip shigatugin

X(0)=0, X(p)=0,
Y(0)=0, Y(q)=0

shartlerdi esapqa alsaq C, =, =0 boladi. Eger 1, =, =1 dep alsaq
X(X)=sinAx, Y(y)=sin Ly
bolip, 6z na'wbetinde jogaridagi shegaraliq shartler boyinsha sin4,p=0, sin4,q=0

tenliginen 4, ham A, ushin

m n
M = A =2 (mn=123,...)
P g
manislerine iye bolamiz. Bunnan (10) ga muwapiq A nin saykes
2 2
m® n
ﬁﬁﬁﬂﬁn“ﬁn:(—zﬂ“—zj”z (11)
P q
ma’nislerine iye bolamiz. Solay etip, (11) menshikli ma’nislerge (6), (7)
ma’selenin
..m . N
g (X, y):sm—ﬂx sm—”y (12)
P q

menshikli funkciyalari sa'ykes keledi. Oz na'wbetinde A°=A4’ menshikli
ma nislerdin ha'r birine sa'ykes keliwshi (5) tenlemenin uliwma sheshimi
T .(t)=A,cosal t+B_ sinat_t (13)
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boladi. Demek, (4),(12),(13) ge muwapiq, (1) tenlemenin (2) shegaraliq sha'rtlerdi
qanaatlandiriwshi sheshimi
. .. m .. N
Uy (X, Y,1) =( A, cOsa,t+B,,sin a/lmnt)sm—ﬁx sin—y
p q
koériniste boladi. Endi tomendegi qos qatardi dizemiz
u(,y,t) =>">"u. (X, y.t). (14)
m=1 n=1
Bul gatar ha'm onnan ha'mme 6zgeriwshiler boyinsha alingan eki ma'rte agzama
agza differenciallangan gatarlar ten 6lshemli jiynaql bolsa, onda olardin qosindisi
(1) tenlemeni ha'm (2) sha'rtlerdi qanaatlandiradi. (3) baslangish sha'rtlerdi
qanaatlandiriw1 ushin

o(X,y) = ii A sinmx sin n—7Ty
m=1 n=1 p q

w(xy) =YY Bai,sin M7y sin n—”y
m=1 n=1 p q

boliw1 za'rar. Bunnan

4 1 .z . nmw
A, =— || o(x,y)sin— x-sin— ydxdy,
pqli s

B, = jjy/ xy Sznm—nx Sln—ydxdy
pqa}“mn 00 p q

koefficientlerin aniglaymiz. Sonda (14) sheshim

u(x,y,t) = ii ansianﬁx -sin%[ ysin(ad,,t+w,,)
m=1 n=1

tarine iye boladi, bul jerde

M, =+A2 +B2, w_=arctg %

mn

Misal 1. Tomendegi aralas maseleni sheshin.

U, =U, +uU,, 0<xy<urz,

u(0,y,t)=u(z,y,t)=0, u(x,0,t)=u(x,7,t)=0, t>0,
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u(x,y,0) =3sinxsin2y, u.(X,y,0) =5sin3xsin4y.

Sheshiliwi. Daslep berilgen tenlemeni héam shegaraliq shartlerdi
qanaatlandiratugin  u(X,y,t) =T (t)3(x,y) funkciyanm1 tabamz. Bul funkciyan
berilgen tenlemege qoyip

gr'=T9,+T9,
tenligine iye bolamuz. Bul tenliktin eki jagin T.$ ga bolip, son —1° qga tenlestirsek

T_”:‘gxx+‘9yy _ e
T 9

bunnan T (t) ¢a garata
T"(t)+(al)’T(t)=0
tenlemesine ham 9(X,y) ga qarata
Iy + 8, +A°9=0,

9

—0=0, ,9‘)(:”:0, 9‘y20=0, 9

y-==0

shegaraliq maselesine iye bolamiz. (11), (12) ham (13) boyinsha

2 2

m n
2 2 2 2 2 2
j’mn:ﬂlm—'_ﬂ?n:(?—i_?}ﬂ =M +nNn

.Mz . Nz : :
3., (X, y) =sin—x sin—y =sinmx sinny
T T

T _(t)=A_ cosyn*+m’t+B_ siny/n’+m’t
bolip, bunnan

u, (X,y,t) = (Am cosy/n’ +m’t+B_ siny/n’ + mzt)sin mx -sinny.

Onda (14) boyinsha

u(x, y,t)= > (Am cosv/n’ + m?t+ B, siny/n®+ mzt)sin mx -sinny

m,n=1

bolip, belgisiz koefficientlerdi baslangish shartlerden aniglasaq
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u(x,y,0) = Z A sinmx-sinny =3sinxsin 2y,

m,n=1

U (x,y,0)= > B, Vn*+m?sinmx-sinny =5sin3xsin4y

mon—1
boladi. Bunnan a, =3; a,,,=0, m#1 n=2 ham b, =1 b, =0 m=3,
Solay etip sheshim
u(x,y,t) =3¢0s+/5t - sin xsin 2y +sin5t -sin3xsin4y
bolad.
Misal 2. Tomendegi aralas maseleni sheshin.
U, =Uu, +U, +costcosxcosy, 0<Xx,y<r,
u 0,y,t)=u (z,y,t)=0, U, (x,0t)=u (x,71t)=0, t=0,
u(x,y,0)=0, u.(x,y,0)=0.
Sheshiliwi. Sheshimdi
u(x,y,t) =9(t)cosxcosy
turinde 1zleymiz, sebebi saykes birtekli
U, =U, +U,, 0<Xy<,
u,(0,y,t)=u,(z,y,t)=0, u,(x,0,t)=u (x7zt)=0, t=0,
u(x,y,0)=0, u.(x,y,0)=0.
maselenin menshikli funkciyalari cosnxcosmy, n,m=0,1,2,
u(x,y,t) =3(t)cosxcosy sheshimdi berilgen teflemege qoyip
G'(t) +29(t) =cost, t >0,
3(0)=9(0)=0
Koshi méselesine iye bolamiz. Bul Koshi maselesinin sheshimi
9(t) =cost — cos(ﬁt)
bolganliqtan, berilgen maselenin sheshimi

u(x, y,t) = (cost - cos(\/Et))cos XCOS Y

boladi.
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§9. Dongelek membrananin terbelis tenlemesi ushin aralas maselelerdi
sheshiwdin Fur’ e usii
Meyli dbégereginen qatti bekitilgen, oray1 koordinata basinda jaylasqan,
radiust R ge ten bolgan birtekli dongelek membrananin erkin terbelisin
qarastirayiq. Bul ma'sele
Uy +U, =

a2t @

tarindegi tolqmn teflemesin sheshiwge alip kelinedi. x=rcose, Yy=rsing

belgilewin kiritiw arqal1 (1) tenlemeni polyar koordinatalar sistemasinda

1 1 1
Uy, +Fur +FUW —guu (2)
turinde jaziwga boladi. Onda shegaraliq sha'rt
u,x=0 3)
ha'm baslangish sha'rtler
u‘t:oz(Po(r’g)’ ut|t:o=¢1(r1‘9) (4)

turine iye boladi.
Meyli a'piwayiliq ushin dongelek membrananin radialliq terbelisin, yagniy
awisiw U tek gana r ham t ga baylanish bolgan halatin garastirayiq.

Bunday terbelis ushin baslangish sha'rtler
Ulico=25(1), Uio= (1) (5)
tarine iye boladi, bul jerde ¢,(r) ham ¢ () ler (0;R) intervalinda berilgen
funkciyalar. Bunday halda u awisiw ¢ muyeshke baylanisli bolmaganligi ushin

(2) tehleme

Z/lrr +_ur :_zutt (6)
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turine iye boladi. Solay etip, déngelek membrananin radialliq terbelisi (6)
tenlemenin  (3) shegaraliq sha'rtin  ha'm (5) baslangish sha'rtlerin
qanaatlandiratugin sheshimin tabiwga alip kelinedi.

Sheshimdi 6zgeriwshilerdi ayiriw usilina muwapiq

u(r,t) =T(x)- X(r) (7)

kobeymesi turinde izleymiz. Buni (6) ga qoyip, 6zgeriwshilerdi ajiracaq

X"(r) +iX’(r)

— T ”(t) — _), 2
X(r) a’T(t)
bolip, bunnan tomendegi
T"+A%°T =0, (8)
x'+ixiax =0 (9)

r
tenlemelerge iye bolamiz.

(9) tenleme Bessel tenlemesi dep ataladi. Onin uliwma sheshimi
X(r) =C,s, (/1 r)—l— C.Y, (ﬂ, r)
tarine iye bolad, bunda ¢, ham ¢, ler erikli turaghlar, s, (1) ham Y,(1r) Bessel
funkciyalar,, s,(47) birinshi tar nolinshi ta'rtipli, Y,(1r) bolsa ekinshi tar

nolinshi ta'rtipli Bessel funkciyalari dep ataladi. Bul funkciyalardan tek gana

s, (A r) funkciyast r =0 ushin shegaralangan, Y,(1r) funkciyas: bolsa r =0 ushin
sheksizlikke aylanadi. Sonin ushin C,=0 dep alamiz, keri halda dongelek
membrananin ortas: sheksizlikke ketip galadi. Endi x(r) di (3) shegaraliq sha'rtke
qoysaq C,s,(AR)=0 yamasa s,(1R)=0 boladu, sebebi C, # 0. Endi

AR=u (10)
belgilew Kiricek

so(u)=0 (11)
tenligine 1ye bolamiz. Songi (11) tenleme sheksiz kop on sheshimlerge iye. Olardi

Uy My,... dep belgileymiz. Onda (10) dan
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U
A, ==, (n=12,..
n R ( )
boladi. A=A4, ushin (8) tenleme

T.(t)=a, cosa%”t + bnsinaint

turindegi sheshimge iye boladi, bul jerde a,,b, ler erikli turaglilar.

(7) formula boyinsha

funkciyasi (6) tenlemeni ha'm (3) shegaraliq sha'rtti ganaatlandirada.

Endi

u(r, t) = i (an cos— ;”t +b, sin a’;’ltjso(’l;rj

n=1
qatarin dizemiz. Buni (5) baslangish sha'rtlerge qoysaq

r):ganso(/’grj, i ”“bs( o j

n=1

boladi, bul jerde belgisiz koefficientler

a -z _Ffr-go (r)s (ﬂ”rjdr,
n stlz(lu )0 0 0 R

n

2 , ur
b, = r-go(r)-s( L jdr
aunR-Sf(A%)i SR

formulalar1 menen aniglanadi.

(12)

Bulardi (12) degi orinlaria qoysaq (3),(5),(6) berilgen ma'selenin sheshimine

iye bolamiz.

Misal 1. Birtekli dongelek membrananin terbelis tefnilemesi ushin tomendegi

aralas maseleni sheshin

iz o= ! a(ra—u}rsinwt, O<r<R, t>0,
a r@r or

u(0,t)| <+, u(R,t)=0,t>0,
u(r,0)=u,(r,0)=0, 0<r<R.
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Sheshiliwi. Sheshimdi eki u(r,t)=w(r,t)+9(r,t) funkciyanin qosindisi

tarinde izleymiz. Bul jerde w(r,t) funkciyasin

1 1o0( ow )
_Zth :—a—(ra—j-FSlnCt)t,
a Ir or r (14)
w(0,t)| < +o0, W(R,t) =0,
al 9(r,t) funkciyasin
izgn :iﬁ[r@jmnm,
a ror\ or (15)

19(0,t)| < +o0, I(R,1) =0,
9(r,0) =—w(r,0), $(r,0)=-w,(r,0)
maselesinin sheshimi bolatuginday etip saylap alamiz.
Daslep W(r,t) funkciyasin aniglayiq. Bul funkciyam w(r,t)=A(r)sinet
koriniste izlep, A(r) m1 amglaymiz. w(r,t) = A(r)sine t n1 (14) ge qoysaq
—%a)zAsin wt= r(j_r(r 3—':‘jsin wt+sinot

bolip, bunnan

2 _2

r’w
r2A" +rA + _
a

|A(0)| < +o0, A(R)=0.

A=-r?,

Bul shegaraliq méselenin sheshimi 6z gezeginde A(r)=A(r)+ A,(r) koriniste
izlenedi, bul jerde A (r) funkciyasin

r20?
52

PPA'+rA + A =0, (16)
‘AI(O)‘<+OO, A(R)=0

nin sheshimi, al A, (r) funkciyasin bolsa birtekli emes

r.22

A =-17%, (17)

0]
A + A, + —
a
tenlemesinin bir dara sheshimi bolatuginday etip tanlap alamiz.
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(16) shegaraliq maselesi X = Al belgilewi jardeminde nolinshi tartipli Bessel
a
tenlemesine alip kelinedi ham ‘Ai(O)‘ <+oo shartin esapqa alsaq, onda (16)

shegaraliq maselenin sheshimi Al(r)=CJ0(w—rj funkciyas1 boladi, bul jerde
a

Jo(x) nolinshi tartipli birinshi tar Bessel funkeiyasi. Sonih menen birge (17) nin
sheshimi

a2

AN =-2

> -
@

Solay etip
2
A(r) =CJ, (”—rj e
a 0
boladi. A(R)=0 sharti boymsha

o R a’

A(R):CJO(—j——Z:O
a w

bolip, bunnan
@°J (a)Rj
°\ a

(2]
Ar)=2 —aj—l.

yamasa

2
@ JO(Q)R
a
Endi w(r,t) funkciyasin aniglaymiz
ar
o5
2 0
w(r,t) = 2 a

—| ———<-1sinwt.
‘JO
a

Endi
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ar
2 ‘Jo (j
a a
9(r,0)=0, 4(r,0)=——| ————<-1
1) oR
(7
a
tenligin esapqa alip, (15) den $(r,t) funkciyasin anmiglaymiz. 3(r,t)=B(r)T(t)
dep alip, buni1 (15) tenlemedegi orinlarina qoyip, 6zgeriwshilerin ajiratamiz:

L
a’T  Brdr

rB)=-1.

Bunnan tdmendegi eki tenleme hasil boladi:
r’B”+rB’'+ Ar’B =0,
T"+a’T =0.
Bul teAlemelerdin birinshisi X =/Ar belgilewi jardeminde nolinshi tartipli

Bessel tenlemesine alip kelinedi ham |B(0)|<+0, B(R)=0 shegaraliq shartler

esabinan

B(r)= CJO(%r], C =const,

2
sonih menen birge A, = (%) , h=12,..

Endi T(t) funkciyasin anigqlaymiz. A, nin manisin esapqa alsaq, onda

T"+1a°T =0 tenlemesinen
Jz "y
T (t)=C, cos| —at |+C, sin| —at |.
n( ) 1n ( R J 2n ( R j
Solay etip, J(r,t) =B(r)T(t) funkciyasi tomendegishe aniglanadi:

_N Hn in| #o “n
S(r,t)—é(bn cos( S atj+cnsm( S atDJO( 2 rj.

Bunnan b, ham c, koefficientlerin
2 Jo(a) rj
a a
9(r,0)=0, 4(r,0)=——| ————=<-1
0] R
a
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tenligi orinlanatuginday etip tanlap alamiz. Onda
b, =0 yamasa anJo(% r) =0.
n=1
Endi (r,t) funkciyasin t boyinsha differenciallap

. M H @,
g(r,t) = cn—”acos(—”at}] (—”r)
t Z;' R R LR

t=0 ushin

r

0 ) a2 JO(aj
chﬂacos(ﬂat}lo(—” j:—— ——x<-1

R R R | (a)RJ

L a

tenligine iye bolamiz. Bunnan ¢, koefficientlerin aniglaw ushin tenliktin eki jagin

n=1

rd, (% rj ge kobeytip, soninan 0 den R ge shekem integrallaymiz:

| . 0 i# ],
po x| - S i

X

[t35(t)dt =x3,(x),

0

jXJ (&X}] (o= s ) (K) s
0 I 0 )

0

formulalarin paydalansaq

a’| @R, (1)  R*Jg(#4) | _ puRac, (o, 2

Bunnan c, di aniqlasaq

2awR?®

L Jo (1) (@°R* a2 ui?

n

bolip, 9(r,t) funkciyasi
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. sin(ﬁ;"atj\]o (al_;” rj
9(r,t) =—-2awR’>)_

= 3o (1) il (0°R* =% )

tarine iye boladi. Endi u(r,t) =w(r,t) + 9(r,t) tenligi boymsha u(r,t) ni aniqlasaq

¥ Jo(a;rJ . sin(‘é‘atj\]o(aé‘rj
u(r,t) =—| ——<-1sinwt-2awR’
073 [=R) 2 )
0

a

boladi.

Qosimsha sorawlar
1. Tardin erkin terbelis tenlemesi ganday boladi ha'm ol galay kelip shigadi?
2. Tardin ma’jburiy terbelis tenlemesi qanday boladi ha'm ol galay kelip shigadi?
3. Membrananin terbelis tenlemesi qanday ha'm onmin tardin terbelis tenlemesinen
parq1 nede?
4. Tardin ha'm membrananin terbelis tenlemeleri ganday tiptegi tenlemelerge
kiredi?
5. Giperbolaliq tipdegi tenlemeler ushin baslangish ha'm shegaraliq sha’rtler
qanday qoyiladi?
6.Matematikaliq fizika tenlemeleri ushin shegaraliq ma’selelerdifi sheshiminif bar
boliw1 qanday waqitta kerek?
7. Matematikaliq fizika tenlemeleri ushin shegaraliq ma’selelerdin sheshiminin
birden-birligi ganday waqutta kerek?
8. Matematikaliq fizika tenlemeleri ushin shegaraliq ma’selelerdin sheshiminin
orniglilig1 qanday waqutta kerek?
9. Korrektli ha'm korrektli emes ma'seleler dep qanday ma'selelerge aytiladi?
10.Adamar misali dep ganday misalga aytamiz?
11. Ushlarinan shegaralanbagan tar dep neni tisinemiz?
12. Tardin erkin terbelis tehlemesinin uliwma sheshimin qalay tabamiz? 13. Bul
sheshim ganday sheshim dep ataladi?
14. Tuwrt ha'm keri tolqinlar dep nege aytiladi?
15. Qanday formulaga Dalamber formulasi dep ataladi ha'm ol nenin sheshimin
beredi?
16. Koshi ma’selesinin korrektliligin ganday jollar menen aniglasa boladi1?
17. Sheksiz uzinlhiqqa iye tardin ma'jburiy terbelis tenlemesi ushin Koshi ma’selesi
ganday qoyiladi1?
18. Sheshim ganday koriniste izlenedi?
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19. Nollik baslangish sha'rtlerge iye birtekli emes tenleme Dyuamel principi
ja'rdemi ganday tardegi ja rdemshi Koshi ma'selesine alip kelinedi?

20. Ja'rdemshi Koshi ma'selesinin sheshimi ganday koriniske iye?

21. Sheksiz uzinligga iye tardin ma'jburiy terbelis tenlemesi ushin Koshi
ma’'selesinin sheshimin tabiw formulasi1 qanday?

22. Sheshimnin birden birligi haggindag: teorema ganday?

23. Energiya integrali dep qanday integralga aytamiz?

24 Energiya integrali ja'rdeminde teorema qalay da'lillenedi?

25. Fur'e usili ja'rdeminde sheshim qanday koriniste 1zlenedi?

26. Shturm-Liuvill ma'selesi qalay dtziledi?

27. Shturm-Liuvill ma'selesinin menshikli ma'nisleri ha'm menshikli funkciyalar
dep nege aytiladi?

28. Fur’e koefficientleri ganday formulalar ja'rdeminde tabiladi1?

29. Menshikli ma'nislerdin ha'm menshikli funkciyalardin qanday qa’siyetleri bar?
30. V.A.Steklov teoremast qanday ha'm ol qalay da’lillenedi?

31. Dongelek membrananin terbelis tenlemesi polyar koordinatalar sistemasinda
qanday jaziladi?

32. Dongelek membrananin radialliq terbelisi dep qanday terbeliske aytiladi?

33. Bessel tenlemesi dep qanday tenlemege aytamiz?

Oz betinshe jumislar ushin tapsirmalar

I. Birtekli tardin erkin terbelis tenlemesi ushin Koshi maselesin sheshin

1) u, =u,, u(x,0)=x, u,(x,0)=-x;

2) u, =a’u, u(x,0)=0, u,(x,0)=cosx;
3) u, =u_, u(x,0)=x% u.(x,0)=4x;
4) u, =u,, u(x,0)=cosx, u,(x,0)=0;

5) u, =a’u u(x,O):%, u, (x,0) =0;

xXx?

sin X X

6) u. =a’u., u(x,00=—=, u(x,0)= ;
) Uy (x,0) y ( )1+x2

XX !

7) u, =u u(x,O):L, u, (x,0) =sin x;
1+ X

XX

8) u, =u u,(x,0) =cosx;

XX

u(x,O):lL

x2'
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u(x,O):e‘Xz, u,(x,0) = x_.

9) Uy =U 1+x%’

XX !

10) u, =u u(x,0)=e*, u,(x,0) =sin2x;

XX

I1. Birtekli tardin majburiy terbelis tenlemesi ushin Koshi maselesin sheshin
1) utt = l"Ixx + e—T’ U(X, 0) = Sln X, ut(X, 0) = CO0S X,

2) U, =u_+6, u(x,0)=x% u.(x,0)=4x;

3) u, =4u, +xt, u(x,0)=x% u,(x,0)=x;

4) u, =u, +sinx, u(x,0)=sinx, u,(x,0)=0;

5) u, =u,+e", u(x,0)=sinx, u,(x,0)=x+cosx;
6) u, =9u,, +sinx, u(x,0)=1 u,(x,0)=1L

7) u, =a’u +sinwX, u(x,0)=0, u,(x,0)=0;

8) u, =a’u, +sinmt, u(x,0)=0, u.(x,0)=0;

9) u, =25u,, +xt, u(x,0)=0, u,(x,0)=0;

10) u, =a’u, +e*, u(x,0)=5, u,(x,0)= x>

11) u, =a’u +xe', u(x,0)=sinx, u,(x,0)=0;

I11. Bir ushinan shegaralangan birtekli tardin terbelis tehlemesi ushin Koshi
maselesin sheshin

1) u, =u,, u(x,0)=0, u,(x,0)=0, u(0,t) =5sinat;

2) u, =a’u, +sinx, u(x,0)=0, u,(x,0)=0,u(0,t)=0;

IV. Uliwma qoyilgan Koshi hdm Gursa maselelerin sheshin

—5x2

1) u, +yu, +xu, +xyu=0, u‘yzgxzo, uy‘y=3x:e Cx<1
2) u +L(u +u,)=2, 0<x,y<oo u[_=x* u| =1+x
Y X+Yy g Y ’ Y y=x 7 Txly=x
3 , 0°U 2c’?zu_o _ ul ¢
)Xy—y y— U|y:1— xX), —| =FX)
y=1

=0 Koshi maselesinin sheshimi

4) u,, =0, ‘X‘<1’ M <1 u‘y=><3 :‘x‘“, Y y=x*

bar ham ol birden-bir bolatugin & nin manislerin tabin.
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V. Shturm-Liuvill maselesinin menshikli manislerin ham menshikli
funkciyalarin tabin

1y"=-2%, y(0)=y(z)=0;

2) y'+2%y=0, y(0)=y'(n)=0;

3) y'+2%y=0, y'(0)=y(x)=0;

4) y"+4y=0, y'(0)=0, y'()+By(1)=0, 5>0;
5 y'+4y=0, y'(0)=0, y'(l)=0;

6) y"+1y=0, y'(0)=0, y(I)=0;

7) (xy')'m%:o, y() =0, y'(2) =0;

8) (xy')'+z§ -0, y(=0, y(2)=0;

V1. Birtekli tenlemeler ushin aralas maseleni Fur'e usili jardeminde sheshin
1) u, =u,; u(0,t)=u(t)=0; u(x,0)=x(x-1), u,(x,0)=0;

2) u, =a’u; u (0,t)=u (I,t)=0; u(x,0)=x, u,(x,0)=1

XX’

3u,=a u (0,t) =u(l,t) =0; u(x,0)= cosz—:(

XX’

u,(x,0) = cosﬂntcos%
2 21
4) u, =au,; u(0,t)=u (I,t)+hu(l,t)=0; u(x,0)= f(x),

U, (X’O) =((x), h=const;
5) Uy = azuxx; U(O,t) :U(l,t) =0; U(X,O) =0, Ut(X,O) :Sinzl_ﬂ'x;

6) u, = u(0,t)=e™, u(xz,t)=t; u(x,0)=sinxcosx, u,(x,0)=1

XX’

7) u, =u,; u(0,t)=t, u(z,t)=1 u(x,0)= sm2 u,(x,0) =1,

8) u, =a’u, + f(x); u (0t)=a, u(lt)=p

U(X,O) = Q)(X), ut (X,O) = l//(x)i
9) u, +2u, =u, +4x+8e'cosx,

u, (0,t) =2t, U(%,thﬂ't; u(x,0) =cosx, u,(x,0) =2x;

10) u _ Ly —u +2u —2u— 26> tsinxcos2x = f (x,1),
tt 4 XX X t
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u(0,t) =0, u{%,tj+2u(%,t}=(1+7z)sint,

u(x,0) =e?*sin3x, u,(x,0)=x, f(xt)=x(2cost—3sint)—sinx;

V1. Birtekli emes tenlemeler ushin aralas maseleni Fur'e usili
jardeminde sheshin

1) u, =u,, +cost; u(0,t)=u(rz,t)=0; u(x,0)=0, u,(x,0)=0;

2) u, =u, +x u(0,t)=u(r,t)=0; u(x,0)=sin2x, u,(x,0)=0;

3) u, —3u, =u,, +2u, —3x—2t; u(0,t)=0, u(z,t)=nxt;

u(x,0)=e*sinx, u,(x,0)=x;

4) u, —7u, =u, +2u, —7x—-2t—e*sin3x; u(0,t) =0, u(z,t) = xt;

u(x,0)=0, u,(x,0)=x;

5) u, +2u, =u, +8u+2x(1-4t) +cos3x; u,(0,t)=t, u(%,tj:%ﬂt;
u(x,0)=0, u,(x,0)=x;

6) u, —2u, =u_ +4t(sinx-x); u(0,t)=3, ux(%,tjztzﬂ;

u(x,0) =3, u,(x,0)=x+sinx;

7) u, =u, +10u + 2sin2xcosx; u(0,t) =0, ux(%,t)zo;

u(x,0)=0, u,(x,0)=0;

8) u, +2u, =u,_+4x+8e'cosx; u (0,t)=2t, U(%,thﬂ't;

u(x,0) =cosx, u,(x,0)=2x;
9) u,=u,+2b; u(O,t)=u(l,t)=0; u(x,0)=u,(x,0)=0, b=const;
10) u, =u, +cost; u(0,t)=u(z,t)=0; u(x,0)=u,(x,0)=0;

11) u, =a’u, + Axe™; u(0,t)=u(l,t)=0; u(x,O):ZSin”TX, u,(x,0)=0;
12) u, =a’u + Ae™ cosg; u,(0,t) =u(rz,t) =0;
u(x,0) =0, ut(x,O):4sin3—2Xsinx;
2 —t X
13) u, =a‘u, + Ae cosE; u,(0,t) =u(z,t)=0;

u(x,0) =0, u,(x,0)=4sin 3—zxsin X;
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VI, Tuwri muyeshli birtekli membrananin terbelis tenlemesi ushin aralas
maselelerdi Fur'e usil jardeminde sheshin

1) u, =a’(u, +uy), u(yt)=u(s,y,t)=0, u(x,0,t)=u(x,p,t)=0,
u(x,y,O):sin%xsinzy, u,(x,y,0)=0;

2) ug =a’*(u, +uy,), u(0,y,t)=u.s,y,t)=0, u(x,0,t)=u,(x,p,t)=0,

u(xy,0)=Axy, u(xy,0)=0;
3) u, =a’*(u, +u,), u@©yt)=u(p,y,t)=0, u(x,0,t)=u(x, p,t)=0,

u(x,y,0) = Asin%xsin%y, u,(x,y,0) =0;

4) u,=uy+u,, u@,yt)=u(zyt)=0, u(x,0t)=u(x,z,t)=0,
u(x,y,0)=3sinxsin2y, u,(x,y,0)=5sin3xsin4y;
5) ug=a’(u,+u,), u(0,yt)=u(p,y,t)=0, u(x,0,t)=u(x,q,t)=0,
u(x,y,0) = Axy(x—p)(y —a), u(xy,0)=0;
6) u, =a’*(u, +u,), u(0,yt)=u(p,y,t)=0, u(x,0,t)=u(xq,t)=0,

yy?

u(x,y,0) =0, ut(x,y,O):Ssin%xsin%y;

7) U =u,+u,, u(0yt)=u(p,yt)=0, u(x0,t)=u(xq,t)=0,
u(x,y,0)=0052—7;xsin%y, u,(x,y,0)=0;

8) u, =u, +u,, Uu(@yt)=u(p,y,t)=0, u(x0,t)=u(xq,t)=0,
u(x,y,O):sin%[xsin%y, u,(x,y,0) =0;

9) u, =a’(u, +uy,), u0yt)=u(p,y.t)=0, u(x,0,t)=u(x, p,t)=0,
u(x,y,0) =0, ut(x,y,0)=sin%xsin2§y;

10) u, =a*(u, +u,,), u(0,y,t)=u(p,y,t)=0, u(x,0,t)=u(x, p,t)=0,

u(x,y,0) —sinZx sin%y, u,(x,y,0) =%;

11) u, =a*(u, +u, ) +e" xsinz—ﬂ y, u(0,y,t) =u(s,y,t) =0,
p

u(x,0,t)=u(x, p,t) =0, u(x,y,0)=0, u,(x,y,0)=0;
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IX. Birtekli dongelek membrananin terbelis tenlemesi ushin aralas

maseleni sheshin

1) izutt _10 [rg—l:j 0<r<R,t>0, [u(Ot)<+ow, u(R,t)=0,t>0,

a I’g
u(r,0) = AJO(%”], u(r,0=0, 0<r<R.

2) izutt :urr+1ur, u(0,t)| < +o0, u(R,t) =0,
a r
2

u(r,0) = A(l—%}, u,(r,0)=0; bul jerde A turaql san.

3) u, =u, +1ur, u(0,t)| < +oo0, u(l,t) =sin’t,
r

_ 1, J0(2r) _n
u(r,O)_2[1 JO(Z)J’ u,(r,0)=0;

4) U, =U, +1Ur, ‘U(O,t)‘ <+oo, U(L,t)=cos2t, u(r,0)= Jo(2r)
r

J5(2)

) Ut(r,O) =0;

5) u, =U, +%ur, u(0,t)| < +o0, U@ t)=t-1
u(r,0)=J,(z4r) -1, u,(r,0)=1 bul jerde y, degenimiz J,(x)=0
tenlemenin on koreni.
6) u, =u, +%ur —sin3t, |u(0,t)| <+, u@t)=1,
u(r,0) =1, ut(r,O):l 1—M ; bul jerde x, degenimiz J,(u)=0
30 30

tenlemenin on koreni.
1
7) U,=U, +=U +2cos2t, |u(0,t)|<+oo, u(,t)=0,
r

u(r,0)=1 M—1 +J,(z4r), u,(r,00=0; bul jerde x, degenimiz
2( 3,

J, (1) =0 tenlemenin on koreni.
8) U, =U, +lur —u, |u(0,t)|<+oo, UL t)=cos2t+sin3t,
[

3,(r3) 33,(2r2).
=5 @ e
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9) u, =u, +lur —izu, u(0,t)| < +oo0, u(Lt) =0,
r r
u(r,0)=J,(rgg )+ J,(ree,), u,(r,0)=0; bul jerde g, ham x, degenimiz
J, (1) =0 tenlemenin har qiyl on koren'leri.
10) u, =u,, +1ur —izu, u(0,t)| < +o0, u(Lt) =0,
r r
u(r,0)=J,(re), u(r,0)=J,(re); buljerde gz, ham 4, degenimiz
J; (1) =0 tenlemenin har qiyl on koren'leri.
11) u, =u,_ +1ur —izu +€'3,(g4 1), u(0,t)| <+, u(Lt)=0,
r r

u(r,0)=J,(re), u(r,0)=J,(re,); buljerde , degenimiz J,(x) =0
tenlemenin on koren'leri.

12) u, =u,, +1ur —izu, u(0,t)| < +oo0, u(Lt) =costsin2t,
r r

() , 33,60,

u(r,0)=0, u.(r,0)= 10 20.0)

13) u, =u,, +%ur —ri'zu, u(0,t)| < +oo0, u(Lt) =0,
u(r,0)=3,(44), u(r.0)=J,(s41);

14) u, =u,, + 1ur —izu, u(0,t)| < +o0, u(Lt)=0,
r r
1 3
u(r,0) = E‘]z(ﬂkr)’ u,(r,0) :E‘]z(ﬂkr);
Oz betinshe junuslar ushin tapsirmalardin juwaplar
1. 1) u(x,t) =x1-t); 2) u(x,t) :lcosxsin at; 3) u(x,t) =(x+2t)%
a

xsinxcosat —atcos xsinat
x* —a’t’ ’

4) u(x,t) =cosxcost; 5) u(x,t) =

xsin xcosat — at cos xsin at LA (x +at)?

6) u(x,t)= —

) ux.t) x* —a’t’ 4a 1+ (x—at)?

7) u(xt) = £ X+t -+ X1 > | +sinxsint;
211+ (x+t)° 1+(x—-t)"

8) u(x,t)=1 1 =+ 1 > | +sin xcost;
211+ (x+t)° 1+(x—=t)"
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9) u(x,t) =e **ch2xt + Lin M
4 1+(x-t)°

tg(x+1t)
tg(x—t)|

I1. 1) u(x,t) =t —1+e™" +sin(x+1t); 2) u(x,t) = (x + 2t)*;

10) u(x,t) =e **ch2xt + 4I

3)u(x,t) = x> + xt + 4t° +%xt3; 4) u(x,t) =sinx;
5) U(x,t) = Xt +sin(x+1) — (L—cht)e*; 6) u(x,t):l+t+%(1—0053t)sin X:

7) u(x,t) = 1(0 (1-cosamt)sinwx; 8) u(x, t)—%—a)isma)t

1

1 3. _ 2 1 243 X+a xa
9) u(x,t)=gxt : 10) u(x,t)—5+xt+§at +2—t2(e Lret-2a");
11) u(x,t) =sinxcosat + (' —1)(xt + x) — xte';
0, o<t<5
1. 1) u(x,t) = 2) u(x t)— (1 cosat);
. X X
Ssino|t——|, t>—
(-3 g
_x2+y2
IV.1) u(x,y)=(y-3x)e 2 , y<3x<l
2) u(x,y)=xy+x-y, 0<x,y<oo
y y
3) u(x,y):lf(x,y)+zf(§J+‘/TyJf(z)dz—‘/)TyIF(z)dz.
2 2 y 4 xy\/? 2 xy\/;

4) =0 yamasa o > 6
V.1) 4 =k, y (X)=sinkx, k=12,...,

2) A, :%(Zk +1), yk(x):sin%(Zk +1x, k=0,1,...,
3) A, :%(Zk +1), yk(x):cos%(Zk +1)x, k=0,1,...,

4) menshikli manisleri % =tg \/Z | tenlemesinin on koren'leri, menshikli

funkciyalar1 y, (X) =sin \/Z X;
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5 A4 = (”kj yk(x):CcosﬂTkx,kzO,l,...,

_z(1 _ceos”[1 _
6) 4, = I (2+kj, Yy, (X) =Ccos I (2+ij, k=0,1,...,

72k +1) Y

7) zk:( T j . Y (X)=Csinf4 Inx, k=0,1,...,

7k .7k
8) A = ( j yk(x):Csmmlnx,k=1,2,...,

VL. 1) u(x,t) = 82 ! —cosz(2k —1)t -sin z(2k —1)x;
= (2k-1)°
2) u(x, t)——+t—4—|2 1 COS(2k+l)a7Z't-COSM7Z'X;
2k +1)° | |

rrat zx 21 . 3rat 3zx 2l . Srat 57X
3) u(x,t)= cosZE .cos 22 4 sin -COS + sin -COS ;
2l 2l  3ra 2 21 5ra 2l 2

4) u(x,t):i(Ak cos A at + B, sin A at)sin 4, x, bul jerde 4., k=1,2,...,

A =-htg/l tenlemenin on koren'leri,

jl.f(x)sin A Xdx J.q(x)smﬂ,kxdx

I(h*+A2)+h
'A\<:0 . 7 B = . 2’”3 ﬁ’k” zﬂkz
lsin 4| ﬂka”sm/lkx” 2(h* +4.)
5) u(x, t)—l—smz—tsmz—ﬂx
2ra I |
6) u(x,t) = 1-X e‘t+X—t+10032tsin2x—
T T 2
Zy [e! + k2 coskt —(Zk 4 ljsin kiJsinkx:
7= k(1+k ) K
7) u(x,t) = X+t +cos— smi— Z (-1)° (2k+1)tsin(2k+1)x;
T2k 2 2

8) u(x,t) = 'B Yt ax+® +,u0t+|;t2+Zcos7zl—kXx

k=1
2 2
X (I—j F + Q)k—(l—] F cos”kat+ L sin rhat ,
rka ka I rka I

|
M :%jz//(x)cosﬁl—kxdx, k=0,1,...,
0
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9) u(x,t)=2xt+(2e'—e™" —3te™")cos x;

J7t

10) u(x,t) = xsint + e B(l— ch7)sin X+(4+ Zsin%—Scos%)sin 3X |;

VILL 1) u(x,t) = 2tsintsin x _Zcost—cozskt sinkx:
riz k@-k%)
2) u(x,t) =sin 2xc032t+22 (-1 ~cosk) Sink x;

3
a k

3) u(x,t) = xt + (2e' —e*)e * -sinx;

1 1 .
4) u(x,t) =xt+(0,1—=e* + —e*)e* -sin3x;
) u(x,t) ( 5 15 )

5) u(x,t) =xt+(1—e' —te')-cos3x;
6) u(x,t) =3+ x(t +t%) + (8 + 4t —8e" + 5te") -sin x;

7) u(x,t) :%(chBt —Dsinx+ (cht—1)-sin3x;

8) u(x,t)=2xt +(2e' —e"' —3te™")-cosx;

4b1% & (<)< =1kt . kx
Z - cos sin :
~ Kk | |

10) u(x,t) = —tsmtsm X + Z (cost —cos(2k +1)t)
= m(2k +Dk(k +1)

11) u(x,t) = Zcos”Tatsmﬂl—X

9) u(x,t) =bx(1 —x)+

= aAlP(-1)** (_t rkat 1 . ﬂkatj. 7k
Z e’ —cos + sin sin=— x;

< 7k (12 + 7%a2k?) | zka |

2

12) u(x,t) = 4A (e —cosa—t+23|na—t]cos§+
4+a 2 2 2

| 2
%I{w(x)_%—aX}cosﬂTkxdx, SO::LSk:z, k:1121'--1
0

sin(2k +1)x;

a
4 . at x 4 . bat_ 5x
+—sin—C0S— — —Ssin——C0S—;
a 2 2 b5a 2
2 2
VI 1) u(x, y,t) =cos > P rat.sinXsin Y.
Sp S p
2) u(xy,t) = > acos (2k+21) +(2n+21) 7zat-sin('ZkJrl)m(sin(2n+1)7Zy
K,n=0 4s 4p 25 20
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(-1)*""64spA

bul jerde a,, =

7' (2k +1)*(2n+1)?’
3) u(x,y,t)= Acosﬁnat sinXsinZY ﬁy
p P p’

4) u(x,y,t)= 3c0s+/5t - sin xsin 2y +sin5tsin3xsin4y;

in (2k +1)zx sin @2n+ry

16qu 2 p q
5) u(x,vy,t cosrway, t,
Jubey.)=—"7 k;‘o 2k +1)°(2n +1)° gt

2 2
bul jerde g, :\/(Zktl) + (Zntl) ;
P q

6) u(x,y,t)= oPq sin i+25 rrat - sm%sm%—y

ar+/25p* +99° P q

1 1 . X . 7wy

4p®> g’ 2p q°

8) u(x,y,t)=cos /i+6—f’ it sm3—”x3|n8—y,
pPT q p q

9) u(x,y,t)= smﬁnat sm—smm
a\/_ p p
10) u(x, yt)_(cosﬁfzaw §6 smﬁ at]sm— sin”Y 4
J2 p p
J(@k +1)? + (2n+1)?
16« N 0 7 kel (2n+l)
+= > -sin Xsin——=ry;
7 0 (2k +1)(2n +1)/(2K +1)% + (2n +1)? p p

11) u(x,y,t) =sin °r yz a, (et —coszam,t + sin ﬂaa)ktjsin ”—kx,
P S

k=1 T aa)k

_ 1\k+l 2
bul jerde a, =— D25, — [K 4.
rkl+a‘z w) s° p

IX.1) u(r,t)=Acos a':ktJo(%"r),
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J (:uk j
2) u(r,t)= SAZ 3 )Cos agkt, bul jerde A turaqli san, al g, (k=12,...)
k

bolsa J,(ux)=0 tenlemenm on koren'leri. Juwapta berilgen qatardin

koefficientlerin esaplaw waqtinda tomendegi formulalar qollaniladi:
[£3,(6)d =x3, (%), j E33o(E)AE =2X23,() + (X° — 4X)3,(X).
0

J,(2r)
Jo(2)

5) u(r,t) =t —1+J,(z4r)cos wut, 6) U(r,t):1+%(1 Jo ((?’Sr))}sm?;t

3) u(r,t)zé( jcosZt 4) u(r, t)_ 3, (2r )c052t

J,(2)

7) u(r,t)= (JJ((ZZ? 1}0032t+J0(ﬂ1r)coth,

8) u(r 1) = o(rff) ) cos2t - JJ(( f ) .

9) u(r,t) =J,(#41)COS 24t + I, (£4,) COS 14,1,

10) u(r,t) = 3, (14,1) €0 1.t + — 3, (1 r)sin e t,

m

11) u(r,t) = (L+ 2) (€' — 008 st ——sin p4,1), (14,7,

k

1 ) 1
P50 23,

13) u(r,t) =(cos gt + isin 1 0)J, (1),

k

J,(3r)sin3t,

14) u(r,t) = (%cos;;kt + zisin 1.3, (e1r).
k
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I11-BAP. PARABOLALIQ TIPTEGI TENLEMELER

Tayanish sozler: sterjen’, jillilig agimu, jillihig mugdari, jillihg otkizgishlik
koefficienti, jillihg almasiwshilig koefficienti, jillilig deregi, jillilig dereginin
tigizhg, jlhihgtin taraliw tenlemesi, baslangish ham shegaraliq shartler,
maksimum principi, Fur'e usili, Fur'e integrali, Puasson integrali, fundamentalliq
sheshim, menshikli manis ham menshikli funkciyalar, Koshi maselesi.

Tiykarg tasinikler ham belgilewler

Jill:l:g almas:wsh:l:q koefficienti — temperaturalar ay:rmas: bir gradusga
par:q bergen waq:tta bir sekund ishinde shegara arqal: agip otetugin jill:l:q
kaloriyas:n korsetetug:n shama.

Jillzl:q otkizgishlik koefficienti — materialdiz jiulliliqt: otkeriw  uqeplzlzgin
korsetetug:n shama.

Juliiqtin birtekli taraliw terlemesi — temperaturaniz ozgeriw tezligi u, n:

ham berilgen tochka menen ogan qors:las tochkalardag: temperaturalar ay:rmas:n
dlshew x:zmetin atgaratug:n u,, shamalard: baylanistiratugin u, = a’u,, turindegi
terleme.

Jullzligtzri birtekli emes taraliw tesilemesi — u, =a’u, + f(x,t) turindegi
terleme.

Kesindidegi jul:l:qg mugdarmin ozgeriwi — shegara arqal: otetugin jullliq
mugdar: menen kesindi ishinde bolatug:n j:ll:l:q mugdarniz qosind:s:.

Jillzl:qtzz taraliw terilemesi ush:n baslangish shart — sterjendegi daslepki
temperaturan: beretug:n u(x,0) = @(x) shamas:.

Menshikli manisler — birtekli Au = Au tenlemesinin nollik emes sheshimge iye
bolatugin A parametrinin manisleri.

Menshikli  funkciyalar — birtekli  Au = Au tenlemesinin nollik emes
sheshimleri.

Menshikli funkciyalar metodr — sheshimdi menshikli funkciyalar boyinsha
javilgan qgatar turinde izlew metodi.

Fur'e metodr — funkciyalardi Fur'e gatarlarina yamasa Fur’e integrallarina
Jjayiw arqalt maselelerdi sheshiw usili. Misali jilliliq otkizgishlik tenlemesi ushin

u =a’u,t>0, 0<x<lI, u(0,t)=u(l,t) =0, u(x,0) = p(x)
aralas masele Fur e usili jardeminde

u(x,t):iTk(t)sin”l—kx

XX !

koriniste izlenedi.
Bul bapta garastirilatugin tiykargr masele mazmuni tdbmende qisqasha bayan
etiletugin jilliliq 6tkizgishlik tenlemesin tyreniwden ibarat. Birtekli

ut = uxx (1)

114



tenlemesi birinshi ret J.B.Fur'e tarepinen jilliliq otkizgishlik tenlemesin uyreniw
processinde almadi (onin «Jillihqtin analitikaliq teoriyasi» ath jumisi 1822 jili
baslilip shigadi, al (1) tenleme 1807 jillar alingan). (1) tenleme birtekli materialdin
tegis qatlamindagi temperaturani, yamasa kéldenen kesimindegi temperaturasi
Kishkene oOzgergen jagdayda jinishke sterjendegi temperaturanin bolistiriliwin
anlatadi. Bul jagdayda Xsterjendegi tochkanin koordinatasin, al t waqutt, U(X,t)
bolsa sterjennin X tochkasindagi t waqittagi temperaturani anlatadi.

Sterjen” kesindisi boylap t waqittagr temperaturanin bolistiriliwin aniglaw,
onin baslangish waqit momentindegi temperaturasin ham sonday-aq Sterjen’
ushlarindagi temperaturanih 6zgeriw nizamin biliwdi talap etedi. Sonliqtan
qizdirilgan sterjendegi temperaturant aniqlaw haqqindagr maselenin toliq qoyiliwi

D :{X,t; O<x<l,t >0} oblastinda eki ret Xboyinsha hdm bir ret t boyinsha

differenciallanip, bul oblastta (1) tenlemeni hdm

!Lrlgu(x,t):uo(x), O<x<l, (2)
XIiﬁrpou(x,t) =T,(1), XIirlrjou(x,t) =T,(t)

shartlerin ganaatlandiratugin funkciyani tabiwdan ibarat.

U, (x) funkciyasi temperaturanin baslangish waqit momentindegi bolistiriliwi,
T,(t) ham T,(t) funkciyalar1 sterjen’ ushlarindag1 temperaturanin 6zgeriw nizami

bolip tabiladi. (2) shart basqasha koériniste ham beriliwi mamkin. Misal ushin
sterjen’ ushlar1 jilliliq izolyaciyasi menen qgaplangan bolsa, onda bul ushlardagi
jillilhig agimi nol”ge ten bolip, (2) degi songi shartler

limu, (x,t) =0, Iirlrjoux(x,t) =0

X—>+0
koriniske 1ye boladi.
(1) tenleme parabolaliq tipke jatiwshi tenlemelerdin apiwayr misallariin biri
bolip tabiladi. Bul tiptegi tenlemeler jillihq otkizgishlik, diffuziya h.t.b.

processlerdi suwretleydi.
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§1. Parabolaliq tiptegi tenlemelerge alip kelinetugin matematikahq fizikanin
tiykarg: tenlemeleri. Baslangish ham shegaraliq shartlerdin qoyiliwi
Meyli uzinligt | ge ten bolgan birtekli materialdan tayarlangan sterjendi

qarastirayiq. Sterjen’ gaptal betinen izolyaciyalangan bolsin, onda jillihq tek X
kosheri boylap tarqaladi. Sterjendi juda’ jinishke dep esaplaymiz, demek sterjennin
kese kesiminin qa'legen tochkasindagi temperatura turaqli bolada.

Sterjende temperaturanin taraliw nizamin qarastiramiz. Bul nizam t wagqt
momentindegi X tochkadagi kesimnif temperaturasin aflatatugin U(X,t) funkciya
menen beriledi. Endi ust u(x,t) funkciya ganaatlandiratugin tenlemenin Ozin
tabamiz.

Fur'e nizamina muwapiq temperaturas: tensalmaqliq halda bolmagan denede
jillihg agmmi payda bolip, bul agim joqar1 temperaturaga iye orimmnan tomen
temperaturaga iye oringa qarap bagitlanadi.

Eger sterjennin [X, X + AX] kesindisin qarastiratugin bolsagq, jilliliq mugdarmin
saglaniw nizami1 boyinsha tomendegini jaziwga bolad:

[X,X+AX] kesindisindegi jilliliq mugdarinin uliwma 6zgeriwi = Kesindinin
shegaralar1 arqali 6tiwshi barliq jilliliq mugdari + [X, X + AX] kesindisinif ishindegi
payda bolatugin barliq jilliliq mugdari.

[X,x+AX] kesindisinin ishindegi qa'legen waqit momentindegi toliq jilliliq

mugdar1 tdmendegi formula boyinsha esaplanadi:

X+AX

[X, X+ AX] kesindisinin ishindegi toliq jilliliq mugdar = ICPAU (s,t)ds, bul

jerde C materialdin o6zinde jillihqti saqlap turtw uqipliligin - korsetetugin
materialdin salistirmali jilliliq siyimliligl, p materialdin tigizhigi, A sterjennin
kese kesiminifh maydani.

Jogarnidagi pilliligtin saglaniw nizamin matematikaliq formada tomendegishe

jaziwga boladi:

X+AX X+AX

% .[ CpAu(s,t)ds:Cij u,(s,t)ds = (1)
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=KA[u, (X+AX,t) —u (X, t)]+ AHJ'AX F(s,t)ds,

bul jerde k materialdin jilliliqt1 6tkeriw uqipliligin korsetetugin, materialdin jilliliq
Otkizgishlik koefficienti, F(X,t) sirtqi jilliliq dereginin quwatliligy.

Endigi ma'sele (1) tenlikti integraldan qutgariw. Bunin ushin integralliq
esaplaw kursinan ma’lim ortasha ma'nis haqqindag1 teoremani paydalanamiz.

Teorema (ortasha ma'nis haqqinda). Eger f(X) funkciyas1 [a,b]

kesindisinde uzliksiz bolsa, onda
b
J f(dx=f(&)b-2)

tenligi ormlanatugn en keminde bir & €[a,b] tochkasi tabiladh.
Bul na'tiyjeni (1) ge qollansaq tomendegi tenlikke iye bolamiz:
coAu, (&,1)Ax =KA[u, (X + AX,t) —u, (x,t)] + Af (&, 1) AX,
bul jerde X <& < X+ AX. Bunnan

k . u, (X + Ax,t) —u, (x,t) N 1

u(8,1) = F(S.1)
cp AX cp
tenligi kelip shigadi. Eger Ax — 0 shegin alsag, onda
u, (x,t) =a’u, (x,t) + f (x,t) (2)

boladi. Bul jillihq 6tkizgishlik tenlemesi bolip tabiladi, bul jerde a*=k/ pc, al

F(x,t)
cp

f(xt)= jillihqg dereginin tigi1zlig1. Eger sirtqu jilliliq deregi bolmasa, onda

jilliliq otkizgishlik tenlemesi birtekli boladi, yagniy

turine iye boladi.
Eskertiw. Eger sterjen’ gaptalinan izolyaciyalanbasa, onda sterjennin qaptal

betinen ha'm jilliliq almasiw processii bolip 6tip, tenleme
u, (x,t) =a’u,(x,t) — Bu(x,t) + f (x,t)

turine iye boladi.
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Eger trubkadagi aralaspa ha’mme jerde bir tirde bolsa, onda diffuziya processi

u(x,t) funkciyas1 menen suwretlenedi, ol X tochkadagi t waqitdag:

koncentraciyani (aralaspani) anlatadi ha'm ol diffuziya tenlemesi dep atalatugin

o (pou)_ ou
ox\ Ox ot
tenlemesi menen aniqlanadi, bul jerde D diffuziya koefficienti. Eger D turaqh

cop - : o . D
bolsa, onda diffuziya tenlemesi u, = a’u . tarine iye bolad, bul jerde a® =—.
C

Sterjendegi qalegen wagqittagl temperaturani aniglaw ushin da’slep onin =0
baslangish waqit momentindegi temperaturasin biliwimiz kerek boladi. Solay etip
u(x,0)=p(x) 3)
baslangish sha'rt payda boladi. Bul sha'rt sterjendegi jilliligti aniglawga toliq
mumkinshilik bermeydi. Sterjendegi jilliligtin taraliw nizami oninh ushlarindagi
temperaturaga ha'm ga'rezli boladi.

Eger sterjennin Xx=0 ushindag1 temperatura & (t), ekinshi x =1 ushindagi
temperatura bolsa 7(t) nizam boyisha ézgeretugin bolsa, onda jillihq 6tkizgishlik

tenlemesi ushin birinshi tar shegaraliq sha'rt dep atalatugin
u(0,t) =£(t), u(l,t) =n(t)
sha’rtler payda bolad.
Eger sterjennin ushlarindag: temperatura emes, al jillihg agimi, yagny

u. (o,t) ha'm u (I,t) shamalar: berilse, onda shegaraliq sha'rtler

u, (0,6) =2, u,(.t)=n(t)
turinde beriledi. Dara jagdayda sterjennin ushlari izolyaciyalansa onda jilliliq
agimi bolmaydi ha'm shegaraliq sha'rtler u (0,t) =0, u,(l,t)=0 tarine iye boladi.
Bunday sha’rtler jilliliq otkizgishlik tenlemesi ushin ekinshi tar shegaraliq sha'rtler
dep ataladi.
Eger sterjennin ushlarinda sirtqi ortaliq penen jilliliq almasiw bolip 6tetugin

bolsa, onda shegaraliq sha'rt
UX(O,t) = i(U(O,t) - gl(t)) ! ux(l 1t) = —A(U(l,t) - gz(t))
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tarinde beriledi, bul jerde g,(t) ham g,(t) lar sa'ykes sirtqr ortaliqtin
temperaturalari, /I:E, k —sterjennin jilliliq otkiziwshilik koefficienti, h—jilliliq

almasiwshiliq koefficienti.

Eger sterjen’ eki ushman shegaralanbasa, onda shegaraliq sha'rtler
qoyilmaydi, tek (2) tenhleme menen sterjennin da’'slepki temperaturasi, yagniy (3)
sha'rt boladi. Bunday (1),(3) ma’sele jilliliq 6tkiziwshilik tenlemesi ushin Koshi

ma’selesi dep atalad.

§2. Jilihq otkizgishlik tenlemesi ushin maksimum principi
Meyli Q—(x,y,z) kenisliginin shekli oblasti bolsin. Q dep (x,y,z1)
kenisliginde ultan1 us1 (2 oblast1 bolatugin, jasawshisi bolsa Ot kosherine parallel
jaylasqan cilindrdi alayiq. Meyli Q, ust cilindrdin témennen t =0 tegisligi menen
ha'm jogaridan t=T, (T > O) tegisligi menen shegaralangan bdlegi bolsin.
Toémennen t=0 cilindrdin ultan1 ha'm qaptal ta'repinen cilindrdin gaptal ta'repi
menen shegaralangan Q, cilindrdin bolegin I dep belgileyik.
Endi tomendegi ma’seleni qarastirayiq: Q, cilindrde
U, =a°(Uy + U, +U,, (1)
jillilq otkizgishlik tenlemesinin
Uo=p(x,y,2), ((xY,2)€Q) @)
baslangish sha'rtin ha'm
u

=v(P.t), (te[0,T]) 3)

shegaraliq sha'rtin ganaatlandiratugin sheshimin tabin, bul jerde S—C oblastin

shegarasi, P bolsa S betinin tochkasi. ¢ ha'm y funkciyalart Gzliksiz, sonin
menen birge =0 ushin y din ma'nisleri ¢ din ma'nisleri menen S betinde

birdey boladi.
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(1) tenlemenin (2) ha'm (3) sha'rtlerdi ganaatlandiratugin sheshimin tabiw
ma’selesi jillihq otkizgishlik tenlemesi ushin birinshi shegaralig ma'sele dep
ataladu.

Teorema. Q; cilindrdin ishinde (1) birtekli jillihq otkizgishlik tenlemesin
qanaatlandiratugin ha’'m sonin menen birge onin shegarasina shekem tuzliksiz
bolgan u(x, Vs Z,t) funkciyasi 6zinin en ulken ha'm en kishi ma'nisine T' da
erisedi, yagnty ef ulken ha'm efi kishi ma'nisine # =0 ushin yamasa Q, cilindrdin
gaptal betinde erisedi.

Minimum haqqindagi teorema u(x, Vs Z,t) funkciyasinin belgisin 6zgertiw
arqali maksimum haqqindagi teoremaga alip kelinedi. Sonin ushin teoremani
da’lillewdi tek maksimum haqqindagi teorema menen juwmaqlaymiz.

M arqal u(x, V, Z,t) funkciyasmimn @, cilindrdegi ef tulken ma'nisin
belgileymiz, m arqali bolsa onin I dag1 en tlken ma'nisin belgileymiz. Meyli
soninday u(x, Y, 2z, t) sheshim bar bolip M >m bolsin, yagniyy maksimum
haqqindagi teorema orinli bolmasin. Meyli bul funkciya M ma’nisine
(9, ¥95 2.2, ) tochkada erissin, bul jerde (x,,y,.z,)eQ ha'm 0<#, <T. Endi

M —m

J(X,y,z2,t)= Y, Z,t
(x,y,z,t)=u(x,y,z,t)+ o

=X+ (Y= %o) +(2-2) |

funkciyasin garastiramiz, bul jerde d —€ oblasttin diametri. Q, cilindrdin gaptal

betinde ha’m onin tdmengi ultaninda

I(x,y,z,t)<m+ M _m=M+%<M
6 6 6

Biraq S(XO, Yo Zo,to) =M . Somin ushin ¢ funkciyas1 u funkciyasinday Q, nin
qaptal betinde de yamasa onin témengi ultaninda da en tlken ma'niske erispeydi.

Meyli 9 funkciyasi 6zinin efi ulken ma'nisine (X, Y;,Z.t) tochkada erissin, bul
jerde (x,¥,,7) tochkast Q nin ishki tochkasi, ha'm 0<t, <T. Onda bul tochkada

G 8ys 9, ler on emes ha'm & >0 (eger t, <T bolsa, 4 =0, al t, =T bolsa,
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4 >0). Onda (X,Y,z.t) tochkada &-a*(9,+9,+9,)=0 bolip, ekinshi

ta'repten

M-m
d

<0

4 —az(&!xx+L9W+19H):ut —az(uxeruyy+uzz)—a2

bolip 4 —a’(4,+9,+9,)=0 tensizlikke qarama qarst keledi ha'm teoremani
durishigin korsetedi.

Teoremanin fizikaliqg ma’nisi tomendegishe: jilliliq, temperatura joqar1 jerden

temperatura tomen jerge qarap tarqaladi, sonin ushin eger +=0 wagqitta denedegi
maksimal temperatura m,, shegaradagi temperatura m, bolip, 0<¢<T ushin

max(ml , M, ) =m, bolsa, onda 0 <7 <T ushin hesh bir tochkada temperatura m,
dan tlken boliw1 mumkin emes. Bul da’lillengen teoremadan tomendegi na’tiyjeler
kelip shigadi.

Teorema. (1),(3) birinshi shegaraliq ma'selenin sheshimi Q, cilindrde birden
bir.

Teorema. (1),(3) birinshi shegaralig ma'selenin sheshimi baslangish ha'm

shegaraliq sha'rtlerdin on ta'repinen uzliksiz ga'rezli.

§3. Jilihq otkizgishlik tenlemesi ushin aralas maselelerdi sheshiwdin
Fur'e usih
3.1.Birtekli jilhhqg otkizgishlik tenlemesi ushin aralas maselelerdi

sheshiwdin Fur'e usih. Meyli uzinligt | ge ten bolgan, qaptal betinen
izolyaciyalangan jinishke sterjennin ushlarindagi temperatura nol'ge, al da’slepki

temperaturasi bolsa (o(x) qa ten bolsm. Onda sterjendegi jilliliqtin taraliw nizam

u, =a’u (1)

xx1

ulo=p(x), B

u x=0:0’ u‘x:lzo (3)
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tarindegi aralas ma'selenin sheshimi menen aniglanadi, bul jerde go(x) funkciyasi
birinshi ta'rtipli uzliksiz tuwindiga iye ha'm X =0, x=1 ushin nol'ge aylanatugin

funkciya.

Sheshimdi Fur’e metodi1 boyinsha
u(x,t) =T (®)X(x) (4)
kobeymesi tirinde izleymiz. Buni (1) ge qoysaq
X (X)T'(t) =a’T (t) X"(X)
yamasa

TO X0
T X(x)

boladi. Bunnan tobmendegi eki
X"(X)+A°X(x)=0, T'(t)+a’A°T(t)=0
tenlemege iye bolamiz. (4) ni (3) shegaraliq sha'rtke qoysaq X(0)=0, X(1)=0
bolip, X (x) funkciyasi ushin
X"+ A°X =0, X(0)=0, X(1)=0
turindegi Shturm-Liuvill ma’selesine iye bolamiz. Bul ma'selesinin menshikli
ma nisleri ha’'m menshikli funkciyalari

A :”I_", k=12, Xk(x):sinﬂl—kx

bolatuginligi bizge malim. Sonday-ag A=4, min bul ma'nislerine
T'(t) +a*A 7T (t) =0 tealemesinif
(=aY'
T (t)=Ae ( ! j

sheshimleri tuwra keledi. Solay etip

u, (x,t) =T, ()X, (x) = A, -e(ﬁ'a) sinﬂTkx

sheshimler (1) tenlemeni ha'm (3) shegaraliq sha'rtlerdi qanaatlandiradi.

Endi
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ka

JZ .7k
Sin==x (5)

u(x,t)=>, Ake_(
k=1
qatarin dizemiz. Buni (2) baslangish sha'rtke qoysaq
u(x,0)=> A sinﬂl—kx = (X)
k=1

bolip, bunnan
|
A = %Iw(x)sinﬂTkxdx
0

boladi. 4, niA bul ma'nislerin (5) degi ornina qoysaq, berilgen (1)- (3) aralas
ma’selenin sheshimine 1ye bolamiz.
Misal 1. Birtekli jillihq otkizgishlik tenlemesi ushin tomendegi aralas
maseleni sheshin
u =u,, u(0,t)=0, u(l,t)=0,

u(x,0) = x(l — x).

t

Sheshiliwi. Sheshimdi u(x,t) =T (t) X(x) kobeymesi tarinde izleymiz ham
bizge malim X (x) ga garata
X"+1%X =0, X(0)=0, X(1)=0
Shturm-Liuvill maselesine iye bolamiz. Bul maselenin menshikleri manisleri ham
menshikli funkciyalar1 sdykes
A :ﬁl—k, X(x) :sinﬁTkx, k=12,..

. zk . ... ,
Endi 2 = T nin har bir manisine saykes

T/(t)+k’T(t)=0

tenlemesinin

T ()= Cke_(ﬂl) |

sheshimlerin aniqlaymiz.Solay etip izlenip atirgan sheshim

123



K

0 220t . k
u(x,t)=> _Ce [ ! ) sin 28 x
1 l
koriniske iye boladi. Belgisiz C, koefficientlerin aniglaw ushin baslangish shartti

paydalanamiz
u(x,0) = IZ.O;Cksinﬁl—kx =X(l — x),
bunnan
C, = IEJI.X(I - x)sinﬂl—kxdx = 2[1- (-1)"]
0

bolip, k jup bolsa C, =0, al k taq san bolsa C, =4 boladi. Solay etip, berilgen
maselenin sheshimi

z 2(2k+1)2t 2
) i FOK+D

u(x,t) = 4ie_[ |

boladi.
Misal 2. Birtekli jillihq otkizgishlik tenlemesi ushin tdmendegi aralas

maseleni sheshin

u, =u

o« u0,t)=0, u(l,t) =0,
u(x,0) =u,, u, —const.
Sheshiliwi. Alding1 misalga ugsas sheshim

7k

u(x,t) = iCke_[') sin ﬂTkx
k=1

koriniske iye boladi, belgisiz C, koefficientlerin aniglaw ushin baslangish shartti

paydalanamiz
u(x,0) = ZCksinﬂI—kx =U,,
k=1
bunnan
C, == [sin = xdx _2op 9y
| 7k
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bolip, bunnan k jup bolsa C, =0, al k taq san bolsa C, = % bolatuginligi
(2k +1
kelip shigadi. Solay etip sheshim

dug & 10 TNk +1)
u(x,t)=—2 E ! .sin X
(X T 2k+1 |

turine iye boladi.

Misal 3. Birtekli jilliliq 6tkizgishlik tenlemesi ushin tomendegi aralas

maseleni sheshin
u,=16u,, u(0,t)=0, u(4,t)=0,
2

u(x,0)=4 2’
4-—x, 2<x<4.

0<x<2,

Sheshiliwi. Alding1 misallarga ugsas sheshim
0 ) . k
u(x,t)=> Ce ™" sin %x
k=1

koériniske iye boladi ham belgisiz C, koefficientlerin aniqlaw ushin baslangish
shartti paydalanamiz
X2
q . 7K —, 0<x<2,
u(x,0) :ZCksmﬂl—x =3 2
k= 4-X, 2<x<4,
Bunnan
1:x% . 7k

k
C, == —sm—xdx+ 4—X sm—xdx_
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C, nin bul manisin joqaridagi ornina qoyip, izlenip atirgan sheshimge iye bolamiz:

u(x,t) = %Z%(Ssin ﬂzk + ;k (cos ﬂzk —1De‘”")Zt -sin%kx.

k=1

Misal 4. Birtekli jilliliq otkizgishlik tenlemesi ushin tomendegi aralas maseleni

sheshin
U, =u,, u/ (0,t)=0, u,(z,t)=0,
u(x,0) =cos2x.
Sheshiliwi. Sheshimdi u(x,t) =T (t) X(x) koébeymesi tarinde izleymiz ham
bizge malim X (x) ga garata
X"+A*X =0, X'(0)=0, X'(7)=0
Shturm-Liuvill maselesine iye bolamiz. Bul maselenin menshikleri manisleri ham

menshikli funkciyalar1 saykes
A =k, X(x)=coskx, k=0,12,...

Endi 4, =k nin hér bir ménisine saykes
T/ (t)+k?T (t)=0
tenlemesinin
T (t) = Cke_”2t

sheshimine 1ye bolamiz. Sonda berilgen maselenin sheshimi
u(x,t) = che"’zt cos kx
k=0

tarine iye boladi, bul jerde C, belgisiz koefficientler baslangish shartten

tomendegishe aniqlanadi:

u(x,0) = > C, coskx =cos 2x.

k=0

Bunnan k =2 ushin C, =2 bolip (k # 2 ushin C, =0 boladi)
u(x,t) =e* cos2x

bolada.
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3.2. Birtekli emes jillihq otkizgishlik tenlemesi ushin aralas maselelerdi

sheshiwdin Fur e usili. Meyli endi bir tekli emes
u, =a’u, + f(xt) (6)
jilliliq otkizgishlik tenlemesinin birtekli
u(x,0) =0, (7)
u(0,t)=0, u(l,t)=0 (8)
baslangish ha'm shegaraliq sha'rtlerin qanaatlandiriwshi sheshimin tabiw

ma selesin qarastiraylq. Sheshimdi

u(x,t) =§:Tk (t)sin”l—kx 9)

Fur'e qatar1 tirinde izleymiz, bul jerde sin ﬂTk X (6) ga birtekli bolgan

u =a’u, u(0,t)=0, u(l,t)=0

maselenin menshikli funkciyalari. Buni (6) ga qoymastan aldin f (x,t) funkciyasin

.7k o1 . :
sin 7[I_ X menshikli funkciyalar boyinsha gatarga jayip alamiz:

fxt)=3 fk(t)sin”l—kx, (10)
k=1
bul jerde
|
fk(t)=|3jf(x,t)sin”l—kxdx.
0

(9) ha'm (10) lard1 (6) ga qoysaq

i{ﬂ'{”l—k&) T,- 1, (t)}sinﬂl—kx -0,

k=1

Bunnan
, [ 7ka ’
Tk + I Tk = fk (t)i k :1121--- (11)

bolip, u(x,t) ushin baslangish sha'rtti paydalansaq
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u(x,0)=f:Tk(0)sin”l—kx:o.

kL
Bunnan

T.(0)=0, k=12,... (12)
bolip, (11) tenlemenin (12) baslangish sha'rtin qanaatlandiriwshi sheshimi

2
rka

t
- — (t—r)
T, =je( " (r)de
0
korinisine 1ye boladi. Buni (9) ga qoyip (6)-(8) aralas ma'selenin
w | U (mkaY
U(X,t)=Z[Je ( ! j(t )fk(r)dr}inﬂl—kx
k=1 o

turindegi sheshimine iye bolamiz.
Misal S. Birtekli emes jilliliq 6tkizgishlik tenlemesi ushin tomendegi aralas
maseleni sheshin
u, =u, +sintsin2x,
u(0,t) =0, u(x,t)=0,
u(x,0)=0.
Sheshiliwi.  Sheshimdi u(x,t) =9(t)sin2x tarinde izleymiz. Bun1 berilgen
tenlemege qoyip
F(t)sin2x =—49(t)sin 2x +sint sin2x
tenligine iye bolamiz. Bunnan
9 (t) +49(t) =sint, $(0)=0
Koshi maselesine iye bolamiz. Bul Koshi maselesinin sheshimi
9(t) = %e““ - %cost + isint
bolgan sebepli, berilgen maselenin sheshimi

u(x,t) = %(e‘4t —cost + 4sint)sin 2X

boladi.
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Misal 6. Birtekli emes jilliliq 6tkizgishlik tenlemesi ushin tdbmendegi aralas

maseleni sheshin
u =u,_ +4e' cosx,
u,(0,t)=0, u (z,t)=0,
u(x,0) =2cos x + 3cos 2x.
Sheshiliwi. Sheshimdi eki funkciyanin u(x,t) =9(x,t) +w(x,t) qosindisi
turinde izleymiz. Bul jerde w(x,t) funkciyasin
w,=w,,, W, (0,t)=w,(r,1)=0,
w(X,0) = 2cos X + 3¢0s 2X,
al, 9(x,t) funkciyasin
9 =94, +4e' cosx,
3.(0,t) =4, (1) =0,
9(x,0) =0,
aralas maselelerdin sheshimi bolatuginday etip saylap alamiz.

Endi w(x,t) funkciyasin aniglayiq. Bul funkciyani 6zgeriwshileri ajiralgan
w(x,t) =T (t) X (x)
kobeymesi turinde izleymiz ham bizge malim X (X) ga garata
X"+A*X =0, X'(0)=0, X'(x)=0
Shturm-Liuvill maselesine iye bolamiz. Bul maselenin menshikleri manisleri ham
menshikli funkciyalar1 saykes
A =k, X(x)=coskx, k=0,12,...
Endi A, =k nin har bir manisine saykes
T/ (t)+k?T (t)=0
tenlemesinin
Tk (t) = C|<e_7r2t

sheshimin aniglaymiz. Sonda berilgen maselenin birtekli boleginin sheshimi
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w(x,t) = ZCke‘”zt cos kx

k=0
trine iye boladi, bul jerde C, belgisiz koefficientler baslangish shartten

tomendegishe aniglanadi:

w(x,0) = > C, coskx = 2cos X + 3c0s 2X.
k=0

Bunnan k =1 ushin C, =2 ham k =2 ushin C, =3 bolip
w(x,t) = 2e ' cos x + 3e ™ cos 2x
boladi. Endi Dberilgen maselenin birtekli emes boleginen 3(x,t) funkciyasin

aniglaymiz. Bul funkciyani

(x,t) = isk (t)coskx

k=0
qatar korinisinde izlep, belgisiz 4 (t) koefficientlerdi aniglaw ushin sheshimnin
bul koérinisin birtekli emes tenlemedegi orilarina qgoyamiz ham k =1 ushin
() + 9 (t) —4e' )cosx =0
tenligine iye bolamiz. Bunnan 9 (t) ga qarata
)+ 3(t)=4e', $(0)=0
Koshi maselesine iye bolamiz. Bul maselenin sheshimi
G (t)=2e' —2¢e™
bolip, bunnan
9(x,1) = (2e' —2e")cos x
kelip shigadi. Solay etip, berilgen maselenin sheshimi
u(x,t) = 9(x,t) + w(x,t) = (2e' —2e")cosx + 2e ' cos x + 3e * cos2x =

~ cos2X

=2e'cosx +3e
boladi.
Misal 7. Birtekli emes jilliliq otkizgishlik tenlemesi ushin tomendegi aralas

maseleni sheshin
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u, =36u,, + 2 cosZx,
10 2

u(0,t)=0, u,(2,t) =0,
u(x,0)=0.
Sheshiliwi. Daslep berilgen tenlemege saykes birtekli tenlemeni sheship,

berilgen shegaraliq maselenin
Xk(x):sin(z+”—ka, k=012,..
4 2
menshikli funkciyalar semeystvosin tabamiz hdm us1 funkciyalar sistemasi

boyinsha %COS%X funkciyasin (0;2) araliqta

qatarina jayamiz.
Berilgen tefilemenin on jagindagi funkciyanih bul korinisin tenlemedegi

ornina qoysaq, tenleme

U, :36uxx+%22k—+133in(%+%ij (13)

koriniske i1ye boladi. (13) nin sheshimin usi funkciyalardin ortogonal sistemasi

boyinsha jayilgan
u(x,t)=> u,(t) sin(£+”—ij (14)
s 4 2

qatar1 koriniste izleymiz ham buni berilgen tenlemedegi orinlarina qoyip

© . (7 7xk
u, (t)sin| =—+— |[x=
> u0) (4 2]

o 2
> —36uk(t)(£+”—k) S S sin(£+”—ka
k=0 4 2 10 k2+k—3 4 2
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. : k : .
tenligine iye bolamiz. Sln(%+%) tin koefficientlerin salistira otirip u, (t) ga

garata

2
ul:(t)+36(%+ ”kj 0 ()= 2

2 10 k2 + k _ E
4
tenlemesine iye bolamiz. Bunnan
2k +1 *36(%”7"] t

u, (t)= ~+C.e
360(k2 +k f’j(”ﬂﬂ
44 2

bul jerde C, belgisiz koefficientler baslangish shartten tbmendegishe aniglanadi:
u(x,0)=>"u, (0) sin(z+”—k)x=0,
= 4 2

bunnan barliq K lar ushin u, (0)=0 boladi. u, (t) nin bul baslangish manisin

esapqa alsaq

Sonligtan

2

u, (t): 2k +1 jz {1_ e—36(2+”2) t]

360(k2 +k —3j(”+”k
4\ 4

u,(t) min bul manisin (14) degi ornina qoysaq berilgen maselenin izlenip atirgan

sheshimi
o _ag[ Z 7K
u(x,t)=> 2kt 2{1—9 (4 thJsin(%Jr%ij
< 360(k2 +k —3)(” +”kj
40\ 4 2
bolada.

Misal 8. Jilliliq otkizgishlik tenlemesi ushin tomendegi aralas maseleni

sheshin
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u, +6u=3u,,

u(o,t) =1, u(2,t) =2,
u(x,0) = x> —§x+1.
2
Sheshiliwi. Ozgeriwshilerdi
X
(X, t) =u(x,t) —(l—Ej

formulasi boyinsha almastirsaq, onda berilgen méasele
4 +68-38, =—-6-3X,
$(0,1) =0, 9(2,t) =0,
9(x,0) = x* — 2x.

Alingan tenleme birtekli emes. Bul tenlemeni sheshiw ushin déslep saykes
birtekli teflemeni birtekli shegaraliq sharti menen birgelikte sheship alamiz.
F(x,t)=T@{)X(x) dep wuygarsag, bul jerde X(0)=0, X(2)=0, onda
X, (X) =Sin%kx, (k=12,..).

Endi birtekli emes tenlemenin sheshimin

I(x,1) =D (t)sin %kx
k=1

koriniste izleymiz. Buni tenlemedegi ham baslangish sharttegi orinlarma qoyip

.7k : : .
sin % X aldindag koefficientlerdi tenlestiriw arqali 9 (t) ga qarata

21,2
.9k'(t)+£6+3” K Jgk(t)=12(20057zk—1),
16
4 (0)= _W(l_ cos 7zk)

turindegi Koshi maselesine iye bolamiz. Bunnan 4, (t) n1 aniglasaq $(X,t) malim
boladi, keyinshelik buring1 6zgeriwshige qaytip dcek izlenip atirgan u(x,t)sheshim

aniqlanadi:
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© _ _3 (84222
u(x,t):z _16@ 2c0257zk) 1—e4(8 )
k=1 7Z'k(8+ﬂ' k )

. 7k X
sm7x+1+—.

2

_16(1—cos zk) e—%(smzk?)t
7°k®

3.3. Birtekli plastinkadag jillihigtin tarahw tenlemesi ushin aralas

maselelerdi sheshiwdin Fur'e usili. Meyli tareplerinin uzinligit p hdm g bolgan

tuwrt muyeshli formadagi birtekli plastinka berilgen bolip, plastinkanin qaptal

tareplerindegi temperatura nol' ge ten bolsin. Eger plastinkanin (X, y) tochkasindagi
temperatura ¢(x,y) ke ten bolsa, onda bul plastinkadag: jillihqtin erkin taraliw

nizami {O<X< p, O0<y<q, t>0} oblastta

U, =a’(Uy, +U,,) (15)
tenlemesinin
u(0,y,t)=0, u(p,y,t)=0, u(x,0,t)=0, u(x,q,t)=0 (16)
shegaraliq ham
u(x,y,0)=o(x,y) (17)

baslangish shartlerin qanaatlandiriwshi sheshimi menen aniglanadi.

Bul sheshim u(x,y,t) =T (t)3(x,y) yamasa $(x,y) = X (x)Y (y) dep alinip
u(x, .0 =TOX (Y (y) 8)
koériniste izlenedi, bul jerde X (x), Y(y) ham T (t) funkciyalar1 saykes
X"(X)+ 4 X(x)=0; X(0)=X(p)=0,
Y"(x)+ A4, Y(X)=0; Y(0)=Y(q) =0,
shegaraliq maselelerin ham
T"(t)+a’A°T(t) =0 (19)
tenlemesin sheshiw arqali amiqlanadi, bul jerde A% = A" + A7.

Bizge malim
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X (X) :sin@x, Y, (X) :sin”—ny,
P q

m n T'm

sonin menen birge 4, ==——, 4, =— ham A% = +

P q P q

2,2 2.2
Endi A2 = dd T +Z ? tin bul manislerin (19) ga qoysaq

q

7’m?  7°n

2
Tr;’n(t)+a2( —+— )Tmn(t):o
P q

bolip, bunnan (19) nin

z’m? 7%n? X
7 v 3

Tmn(t)=Cmne_a2[ v

sheshimine iye bolamiz.

Bul tabilganlardi (18) degi ormlarina qoyip, (15)-(17) aralas maselenin

2 2.2

o - mpet)
. zxm_ . 7N
ux,y,t)=> C.e 7 T/ sin—xsin—y

m,n=1 p q

turindegi sheshimine iye bolamiz, bul jerde

z°m

-

mn

pq
“go(x, y)sin@xsin”—n y dxdy .
PA%5o P q

Misal 9. 0<x<b, 0<y<b, tuwr1 miyeshlikte jillihqtin taraliw1 haqqindag:
maseleni sheshin:
U, =a’(uy, +U,),

u(x,y.t) :sinz—”xsinz—”y,
=0 b, b,

u(xyt)|, =0,

bul jerde A tuwr: mayeshliktin shegarast.
Sheshiliwi. Sheshimdi

u(x,y,t) =T (t) X(x)Y (y)

koriniste izleymiz. Bizge malim
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X_(x) =sin 20y, Yn(x):sin’t’)—”y
2

2,,-2 2,2
) ) m n ., 7m TN
sonin menen birge A = 2=, A, = Z~ ham I = T
b, b; b;
YA
u=0(>=0)
bo

X

1> 0) \\\\\\\\\k (f>°j

0 u=0(>0 b X

2an2 2.2
Endi A2 = ”b?” + ”b? t1 bul méanislerin T"(t) + a42T () =0
2
tenlemesine qoysaq
2.,.-2 2.2
Tr;'n(t)+a{” m,zl ijn(t)zo
b; b;

bolip, bunnan

T.(t)=C,e ' % *
sheshimine i1ye bolamiz. Onda

u(x,y.t)=> C,e ** " sin%xsinf}—y

m,n=1 2
bolip, baslangish shartti esapqa alsaq

o .Tm_ . 7zn . 2t . 27
u(x,y,0)= » C_ sin—xsin—y=sin—xsin—1y.
m,Zn;1 b, b, b, b,

Bunnan C,, =1, al qalganlar1 nol'ge ten, yagniyy C_ =0; m=2, #1n. Sonhqtan

sheshim
-a? 4—’22+”—§t
u(x,y,t)=e (bl bZJsinz—”xsinzy
b, b,

bolada.
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Misal 10. Qalinhigi jog, juga G ={0<x<1, 0<y<1} kvadrat
plastinkada jilliliqtih baslangish bolistiriliwi u‘tzo =Xy(L—x)(1—y) koriniske iye.
Eger plastinkanin tareplerindegi temperaturanin hamme waqit nol ge ten ekenligi
malim bolsa, onda onm erikli tochkasindagt t>0 waqit momentindegi

temperaturani aniglan.

Sheshiliwi. u(x, y,t) temperaturani aniglaw ushin
U, =a’(Uy +U,),
u(x yt)|_, =xy@-x@-y),

u(x yt)|, =0,

aralas maseleni sheshiw kerek, bul jerde A plastinkanin tarepleri.

Alding1 misaldagi maselege ugsas sheshim
u(x,y,t) =T () X(X)Y (y)
koériniste izlenedi, bul jerde X (x) ham Y (y)ler
X, (X)=sinzmx, Y, (x)=sinzny
kériniste aniglanadi, sonih menen birge A =zm, A =zn ham A2, =z*(m*+n?).
Endi A% =7z°(m?+n?) tih bul manislerin T"(t)+a’A°T(t) =0 tehlemesine
qoysaq
T/ (t)+a’z*(m? +n*)T_(t)=0

n

bolip, bunnan
Tmn (t) _ Cmne—azﬁz(mzmz)t

sheshimine i1ye bolamiz. Onda

u(x,y,t)y=>_ C._e " ™ Nsinmzx sinnry
m,n=1
bolip, baslangish shartti esapqa alsaq
u(x,y,0)= Y C,,sinmzxsinnzy =xy(L—x)L-y).

m,n=1

Bunnan
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1 1
C., = 4J' X(1—x)sinmzxdx - I y@-y)sinnzydy =
O 0

2
n’z®

.%(1_ (_1)m).

m-z

=4

(1-(=D").
Bunnan m ham nnin jup manislerinde C_, =0, al taq manislerinde

16

C. = , m,n=0,1,2,... bolatuginligi kelip shigadi. Ond
™ = 2m+1°(@2n +1)° ueiigt kP Se ne

sheshim

2 6 o —a?r?((2m+1)?+(2n+)?)t
u(x,y,t)=| — sin(2m+1)zx sin(2n+1)
(.1 (7[} m,ZnL‘O (2m+1)°(2n+1)° ( ) ( )7y

boladi.

Misal 11. Toémendegi aralas maselenin sheshimi bolip tabilatugin u(x,y,t)

funkeiyani tabin:
U, =a’(u, +u,)+ f(xy,t),
u(xyt)_, =0,
u(0,y,t)=u,(p,y,t)=0,
u(x,0,t)=u(x,q,t)=0,
Sheshiliwi. Sheshimdi
u(x,y,t) =T () X(x)Y (y)
koériniste izlesek, onda X (x) ham Y (y) ler
X"(x)+ 4’ X(x) =0, X(0) = X'(p) =0;
Y'(X)+AY(x)=0, Y(0)=Y(q) =0

shegaraliq maseleni sheshiw arqali aniqlanadi:

2m-Drx
2

X, (X)=sin X, Yn(x):sinn—ﬁy; m,n=12,...
q

Endi sheshimdi
2m-Dz . nx

u(x,y,t) = y u,,(t)sin———xsin—y
m,Zn;1 2p q
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koriniste izleymiz ham u_ (t) funkciyani amglaw ushmn tenlemedegi f(X,y,t)

funkciyasin

(2m-Dz nz
f(x,y,t)= f.,(t)sin———xsin—y
by TR

turinde alding1 qatarga uqsas qatarga jayip alamiz, bul jerde

fmn(t)_—”f(x yt)sm( 2p1) x sin % . ydxdy

Songi eki qos qatardi berilgen teflemege ham baslangish shartke aparip
qoyiw arqalt u_.(t) ga qarata

uw )+ (A4 a)’u_ t)="f (), u_ (0)=0

Koshi maselesine iye bolamiz. Bul maselenin sheshmi
t
u_(t)= I f(s)e ® m)gs
0

bolganligtan, berilgen aralas maselenin sheshimi

0 t _
U(X, y,t) = Z (J‘ fmn (S)eiazﬂﬁ‘” (ts)dS)Sin M X -Sin n_ﬂ- y
m,n=1\ o 2 p q

boladi.

§4. Jillilhq otkizgishlik tenlemesi ushin Koshi ma’selesi
Meyli, sirtqr jillilig deregi bolmagan halda sheksiz uzinhiqtag: sterjende
jillibgtin  taraliw nizamin  qarastiraylq. Ust magsette Q= {—o0;00}x{0 <z < T}
oblastinda

u, =a‘u_ (1)

jilliliq otkizgishlik tenlemesinin
u(x,0) = (x) (2)
baslangish sha'rtin ganaatlandiratugin, shegaralangan sheshimin tabiw ma’selesin

qarastirayiq, bul jerde T ga'legen on san, ¢(X) bolsa uzliksiz ha'm Q oblastinda

shegaralangan funkciya.
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Sheshimdi 6zgeriwshilerdi ayiriw usilina muwapiq

u(x,t) =T(t) X (x) 3)
kébeymesi tirinde izleymiz. (3) ni (1) ge qoyip
XT'=a’X'T
yamasa bizge malim bolgan
aET N >)(( =4

tenligine iye bolamiz ham T (t) ha'm X (Xx) funkciyalarina qarata
X"+ 12X =0,
T'+4%a°T =0
tenlemelerine iye bolamiz. Bul tenlemelerdin uliwma sheshimi
T(t)=e*%", X(X)=A(1)cos X+ B(1)sin A x
bolip, buni (3) ge qoysaq
u, (x,t) =(A(1)cos A x+ B(1)sin A x)e‘“azt

boladi. Bunnan
u(xt)= j u, (x,t)dA = j (A(A)(2)cos A x+ B(A)sin Ax)e™ *'d 4. (4)

Erikli A(1) ham B(A) koefficientlerin tabiw ushin (4) ni (2) baslangish

sha’'rtke qoyamiz
u(x;0)= j (A(A)cosAx+ B(A)sin Ax)d A = o(x).

Bul tenlikti ¢(x) funkciyasimin Fur'e integralina jayilmasi sipatinda qarap

A(4) ha'm B(A) koefficientleri ushin

1% IV
AR)=—— [plv)eos 2 ydy, B(2)==— [oly)sin ydy
V2 2z =,

tenliklerine iye bolamiz. Bulardi (4) degi ormlarma qoyip, (1),(2) Koshi

ma’selesinin
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“(X’t):ij{U (P(V)C"Sﬁydyjms“{f@(y)sinlydstinﬂx}eﬂzaztdz
27 ¢ |\ 2,

—0

turindegi sheshimine iye bolamiz. y boyinsha integrallardi biriktirip ha'm A

menen y tin integrallaw ta'rtiplerin 6zgercek

u(xt) :% j o(y)dy j e+t cos A(y — x)d A
—o0 0

boladi. Bizge belgili

b

J‘e‘i 2 cos fLAA =
5 2a

formulani qollansaq

NTT - 4a2t

Ie“zazt cos A(y—x)di=—""+
0

2adt

bolip, sheshim

o0 Cx)°
= oly) ;e o= [ G(x,y.0p(y)dy ©)

—o0

boladi. Bul (5) tarindegi sheshim Puasson integrali dep ataladi.

(y—X)2
(X t y . 43.2t

2ar

funkciyas1 bolsa (X,t) nin funkciyasi sipatinda (1) tenlemeni ganaatlandiradi ha’'m

ol (1) jilliliq 6tkizgishlik tenlemesinin fundamentalliq sheshimi dep ataladi. Bul
Eger sheksiz uzinligtagi sterjenge tigizligi F(x,t) ga ten bolgan jilliliq deregi

ta'sir etetugin bolsm. Onda t>0 ushm bul sterjendegi jilliliqtin taraliw nizami
da'slepki temperaturasi nol'ge ten bolgan sterjen’ ushin
F(x,t)
Cp
u(x,0)=0 (7)

u =a’u, + f(xt), f(xt)=

(6)

Koshi ma'selesinin sheshimi menen aniqlanadi. Eger da'slepki temperatura ¢(X)

ga ten bolsa, yagniy u(x,0) = ¢(x) bolsa, onda
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u(x,t) =w(xt)+e(x)
belgilew kiritiw arqal
w, =a’w, + f(x,t)—9"(x), w(x,0)=0
turindegi nollik baslangish sha'rtke iye Koshi ma'selesine alip keliwge boladi.
Dyuamel principin gollanip
vo=av,, t>7, v ="f(x7)
Koshi  ma’selesinin sheshimin tabamiz. Bul birtekli tenleme ushin Koshi

ma’selesi, birag t=0 ushin emes, t=7 ushin. Sonin ushin t m1 t—z menen

ozgertip, Puasson integrali boyinsha sheshimdi

V(X,t,r)z '[f(yr) ! ei 4az(t_f)dy

bt ZaQ/n'(t—T)

turinde korsetemiz. Onda (6),(7) berilgen Koshi ma’selesinin sheshimi

(y-x)?
u(x,t):idf_zf(y,f)me “?(t-r)ly )
turine iye boladi. Eger fundamentalliq sheshimnin
1 _(yf;)Z
G(xt,y)= ool 4a%t
belgilewinen paydalansag, onda (8) sheshimdi
ul, 1) = _:[dr [ Gt = 2,)1 (v, 2y

turinde korsetiwge bolad.
Eger jilliliq otkizgishlik tehlemesinde daslepki temperatura nollik bolmasa,
yagniy Koshi maselesi
u =a’u, + f(xt),
u(x,0)=o(x)

turinde berilse, onda sheshim Puasson formulasi jardeminde
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~ [e(t ey + [dr [ G(xt-z,y) T (y.r)dy

koriniste aniglanadi.
Eger jilliliq otkizgishlik teflemesi eki olshemli bolsa, yagniy qarastirilip

atirgan masele sterjende emes, al plastinkada bolsa, onda Koshi maselesi
u, =a’(u, +u, )+ F(x,y,1),

u(x,y,0)=e(x,y)

tarinde berilip, bul maselenin sheshimi

(1) = [ [ B0yt me(E mdedn +

—00 —00

t

+jdf]o Te(x,y,t—f,g,n)f (&m,7)dédny

0 —00 —00

yamasa

© @ (y n)’
| j — (& m)dédn +

)=
u(xy 4a’rt -

t 0 o0 _(X_§)2+(y_77)2

+[dr | [e = f(&n,r)dédy

0 —00 —00
formulas1 menen esaplanadi.
Misal 1. Koshi maselesinin sheshimin tabin:

u, :luxx, |X| < +o0, t >0,
4
u(x,0)=e* sinx, x| < +e0.

Sheshiliwi. a :% ushin (5) formulan1 qollansaq

o (y x)

1
— e ! eysmydy
\/ﬂt'!;

bolip, bunin on jagindagi integraldi esaplaw ushin daslep

u(x,t) =
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integraldi qarastiramiz:

2
(x—y)2 N y2 iy = 1+ty 2 X+it . t? —dixt+4x°t
t Jt 2. Jt(t+1) 4t (1+t)

bolganliqtan

1+t 2 X+it

TN T 2t

belgilewin jasasaq
1 Ctieddt o _tdixtaaxt
| = t e 4t (1+t) Ie_szdS: 7t e 4t(1+t)
1+t e 1+t

42+t

bolip, bunnan

- ; X
e 4(1+t) sin ——

1
1+t 1+t

turindegi berilgen maselenin sheshimine iye bolamiz.

u(x,t) =

Misal 2. Koshi maselesinin sheshimin tabin:
u, =a’u, —hu, X<+, t>0,
u(x,0) =p(x), |x|<+oo,
bul jerde h>0 bazi-bir turaql san.
Sheshiliwi. u(x,t) =e ™3(x,t) belgilewin jasasaq, onda
u, (x,t) =—hu +e ™4 (x,t)
bolip, J(x,t) funkciyasina garata
g =a’3,, 9(x,0)=p(x)
tarindegi Koshi maselesine iye bolamiz. Bul maselenin sheshimi bizge malim

e ()/—X)2
1 e
9 X,t = l (0 € 4at d

bolip, bunnan buring1 6zgeriwshige gaytip 6écek
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(y-x)*

oMt = B 2)
u(x,t) = e 4t
(xt)=— Tn j o(y) y

boladi.

Misal 3. Koshi maselesinin sheshimin tabin:

U, =4u,, +8u, +3u+e”(1+te™), [x|<+oo,t>0,

u(x,0) =2e7, |X| < +o.
Sheshiliwi. Daslep
u(x,t) =e *Mg9(x,t)
tarindegi belgilew jasap, berilgen Koshi maselesine salistirganda apiwayilastirilgan
g =49, +t+e', X<+, t>0,
9(x,0) =2, ‘X‘ < +00
turindegi maselesine iye bolamiz.
9(x,t) ga garata goshi maselesinin sheshimi Puasson formulas: boyinsha

(x=y)? C(x-y)?

1 7 1 ¢, Fr+e€
I(xt)=——[2-e % dy+—|dr | —=e 74
()= J2re v e e ey
boladi. Al
o (x-y)° o _(x=y)°
Je “ dy =2xt, Ie D dy =247 (t—1),
‘ 1
[+eydr=2t"+e -1
) 2
bolganligtan

9(x,1) = %tz +e'+1
bolip, sheshim
u(x,t) =e ™ (%tz +e' + 1)

bolada.
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Misal 4. Quwathiligi f(t) =sint nizam boyinsha 6zgeretugin ten olshewli
bolistirilgen jillilig deregine 1iye sheksiz uzinlhiqtagr birtekli sterjendegi
temperaturanin  dzgeriw processin aniqlan. Sterjendegi déslepki temperatura
p(x)=e”

Sheshiliwi. Sterjendegi temperaturanin 6zgeriw processi

U, =a’u,, +sint, |x|<+o0,t>0,
u(x,0)=e", IX| < +o0
nizam boyinsha aniglanadi. Bul maselenin sheshimi

t o “
= [ [ Gxt-z.y)sincdydz + [ G(xt.y)e ™ dy

0 —o

formulasi boyinsha aniglanadi, bul jerde

G(xty)=

funkciyasi jilliliq 6tkizgishlik tenlemesinin fundamentalhq sheshimi. Daslep

+00 2

I 4a2t -
2a\/_

integralin esaplaymiz. Al

(v 2 | [raakt X X2

Y y TP
4at 4a’t * \Jaalt(1e4a’) | Lr4At

bolganligtan
1+z:2t . 1+4a2t X ’
e J‘ 4a’t \/4a2t(1+4a2t) dy .
2a«/
x2 B x>
e 1402t 4a2t +0 X e 1+4a%t

je‘s ds =

- Za\/ﬁ 1+ 4a’t Lw J1+ 4a%

boladi, bul jerde
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- /1+4a2t y X
4%~ \[aa’t(1+4a%)

Endi s= % dep alip, ekinshi integraldi esaplaymiz:
avtl—7

belgilew Kiritilgen.

+o0 (x= y)

sinz j 4D gyd 7 =

2a\/7-[
1 Jt'sinrdrTe‘szds:l—cost.

- |

Solay etip, maselenin sheshimi

X2

1+4a%

J1+4a%

u(x,t)=1-cost +

boladi.

Misal 5. u, =u,, +U,, +sintsinxsiny tenlemesinin
u(x,y,0)=1
baslangish shartin qanaatlandiratugin sheshimin tabin.

Sheshiliwi.  Sheshimdi  u(x,y,t) =93(X,y,t) + o(X,y,t) qosindisi
izleymiz, bul jerde , aytayiq (X, y,t) funkciyasin
4 =39, +39, +sintsinxsiny, 9(x,y,0)=0,
al o(x,y,t) funkciyasin bolsa
W =W, + 0, a(X,y,0)=1

Koshi maselelerinin sheshimi bolatuginday etip tanlap alamiz.

turinde

Bul maselelerdin ekinshisi ushin sheshimnin @(X,y,t) =1 bolatuginlig1 aniq.

Al birinshisinin sheshimin (X, Y,t) = @(t)sin xsin ykoriniste izleymiz. Bunnan

belgisiz  ¢(t) funkciyasin anmiglaw  ushin  3(X,y,t) =¢@(t)sinxsiny m

4 =39, +8, +sintsinxsiny tenlemesine qoyamiz

@' (t)sinxsiny =—2¢(t)sin xsin y +sintsin xsin y
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ham bunnan ¢(t) funkciyasina garata

@' (t) +2¢(t) =sint, @(0)=0
turindegi Koshi maselesine iye bolamiz.

Songi maselenin sheshimi

o(t) = 1(Zsmt cost+e™*)

bolganligtan
(X, y,t)== (23|nt cost +e~ )sinxsiny

boladi.

Solay etip izlenip atirgan sheshim

u(x,y,t) =93(x,y,t) + o(x, y,t) =
1 ) . )
=1+=(2sint —cost + e %" )sin xsin
= ) y

boladi.

Misal 6. Tomendegi Koshi méselesin sheshin

U, =U, +2t%, u(Xt)|, =2

Sheshiliwi.

1 * _M t 400 1 _4(X2—(§ )2)
u(x,t)=——— e 2t gl | ————e @I (&, r)dédr
(1) ZaJE_J;(p(g) ° '!_J;Za x(t—7) (6:7)ds

+00 t +oo (X_§)2

e g edr,

Al

o (e 5) —X=2a\t-s T
j 4t g & eg X \/_ = L j e’ -2a\/fds =2,
lde=2avt-ds | avat?,

t +00 (X_‘f)z
a2 - =2 t— y
P B S R
0 %2 d&é =2avt—rds
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t
I rdr Ie‘SZa,/t— )ds ZJ' 2dr——
Oa,\’ﬂ'

bolganligtan sheshim

boladi.

Misal 7. Témendegi Koshi maselesin sheshin
u =u, +sint, u(x,0)=0
Sheshiliwi. Puasson formulasi boyinsha

+o0 62
_ 1 j’ dr je4(a(t—)r)d§: §=x—2a\/f-s _
ZaJEO\/t—r_w dgz_za\/t_.ds

2a \/t rds =— Jdr—

u(x,t)

e
2a\/_ j Jt— -[
Misal 8. Tomendegi Koshi maselesin sheshin

U =U, +t°+e”, u(x,0)=—4, (—o<x<m)

Sheshiliwi. Puasson formulasi boyinsha

o (e +22' dr ** -
u(x,t)— _[4e 4atd§+IZaJnt T :[oe dg_

z' +21' dr =

je‘s (—2a)t- rds+j Je‘z 2at—7dz =
2 2a,7( t—
:%. ﬂ+i.(z.2+621)dz___+§+%82t

§5. Jillilhq otkizgishlik tenlemesi ushin aralas maselelerdi sheshiwdin Grin
funkciyasi usih
5.1. Birtekli jilhhg étkizgishlik tenlemesi ushin aralas ma’selelerdi

sheshiwdin Grin funkciyas1 usih. Meyli uzinlig1 | ge ten bolgan, gaptal betinen
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izolyaciyalangan jinishke sterjennin ushlarindagi temperatura nol ge, al da'slepki

temperaturasi bolsa ¢(x) ga ten bolsin. Onda sterjendegi jilliliqtin taraliw nizami

U, = a’uy,, (1)
u(0,t)=0, u(l,t)=0, (2)
u(x,0) = p(x) (3)

turindegi aralas ma'selenin sheshimi menen aniqlanadi, bul jerde ¢(x) funkciyasi
birinshi ta'rtipli uzliksiz tuwindiga iye ha'm x =0, x =1 ushin nol'ge aylanatugin
funkciya.

Sheshim Fur'e metodi boyinsha

ka

* R
u(x,t)ZZAye( ) 'Si”ﬁl—kx (4)
k=1
qatar1 tarinde aniqlanadi, bul jerde
|
A = Ig.[go(x)sin”Tkxdx.
0

A, nin bul ma’nislerin (4) degi ornina qoysaq, berilgen (1)-(3) aralas ma'selenin

sheshimine iye bolamiz.

ka

o (o] (kaY’
U(X,t):Z(%jﬁﬂ(y)Sinﬂl—kydy]e( ! jt-sinﬂl—kx
k=1 0
Integrallaw ta'rtibin 6zgercek
o, [

u(x,t):j[%Ze 'j -sin”Tkxsinﬂl—kyJ(p(y)dy.

1

Eger
o (7Y
G(X, y,t):nge ( ! )t -sin”Tkxsinﬂl—ky
k=1

belgilew kiricek, onda berilgen (1)-(3) aralas ma'selenin sheshimin

u(xt) = [G(x,y,t) p(y)dy
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koriniste jaziwga boladi. Bul sheshimdegi G(X,y,t) funkciyas: jilliliq dereginin

jildinmday waqitta ta'sir etiwshi funkciyasi yamasa jillliliq otkizgishlik tenlemesi
ushin Grin funkciyasi dep ataladi. Grin funkciyasimin fizikaliq maganasi
tomendegishe: G(X,y,t) funkciyast t>0 wushin sterjendegi jilliligtin taraliw
nizamin beredi, egerde t=0 waqit momentinde nollik temperaturaga iye bolgan
sterjennin X =Y tochkasina jildinmday waqit momentinde mugdari bir birlikke ten
bolgan jilliliq mugdar berilse.

5.2. Nollik baslangish sha’rtke iye birtekli emes jilhihq otkizgishlik
tenlemesi ushin aralas ma’selelerdi sheshiwdin Grin funkciyas1 usih. Meyli

endi birtekli emes

u =a‘u, + f(xt) (5)

jillihq 6tkizgishlik tenlemesinin birtekli
u(x,0)=0 (6)
u(0,t)=0, u(l,t)=0 (7)

baslangish ha'm shegaraliq sha'rtlerin qanaatlandiriwshi sheshimin tabiw

ma’selesin qarastirayiq. Sheshimdi

u(x,t) :iTk(t)sinﬁl—kx (8)

qatar1 turinde izleymiz, bul jerde T,(0)=0. Endi f(x,t) funkciyasin sin ﬂl—kx
menshikli funkciyalar boyinsha gatarga jayip alip
f(x,t):gfk(t)sin”l—kx, (9)
bul jerde
f (t)= Iglj f (x,t)sinﬂl—kxdx :
0

(8) ha'm (9) lard1 (5) ge qoysaq

i{n’ +(”I—kaj -1, (t)}sinﬁTkx )

k=1
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Bunnan
Tk'+(”:<aJ T =f(), k=12.. (10)

T.(0)=0, k=12,... (11)
tarindegi Koshi ma'selesine iye bolamiz. (10) tenlemenin (11) baslangish sha'rtin

qanaatlandiriwshi sheshimi
mka
{22 (t0)
Tk':je[ ) f (r)dr

koérinisine iye boladi. Buni (8) ge qoyip (5)-(7) birtekli emes aralas ma'selenin

7rka
u(x,t) = Z[je fk(r)dr}inﬂl—kx
turindegi sheshimine iye bolamiz. Integrallaw ta'rtibi menen summa orinlarin
ozgercek ha'm f, (t) nin jogaridagi ma'nisin paydalansaq

u(x,t)=J:dr':[[lgie (” a) smTkxsmTkny(y 7)dy

bolip
(”kaj - 7k 7k
G(X,y,t—7)= Ze sml—xsml—y
tenligin paydalansaq
t |
u(xt) =jdrje(x, y,t—7)f (y,7)dy
0 0

boladi. Sheshimnin bunday korinistegi jaziliw1 tomendegi fizikalig maganaga alip
keledi. Egerde t =7 waqit momentinde nollik temperaturaga iye bolgan sterjnnin
x =y tochkasma jildirnmday waqit momentinde mugdar1 bir birlikke ten bolgan
jillilig mugdart berilse, onda G(X,y,t —7) funkciyas1 t>0 ushin sterjendegi
jillihqtin taraliw nizamin beredi.

5.3. Birtekli emes jillihq étkizgishlik tenlemesi ushin aralas ma’selelerdi
sheshiwdin Grin funkciyasi usih. Meyli endi birtekli emes
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u =a’u, + f(xt) (12)
jilliliq otkizgishlik tenlemesinin birtekli
u(x,0) = o(x), (13)
u(0,t) =0, u(l,t)=0 (14)
baslangish ha'm shegaraliq sha'rtlerin ganaatlandirtwshi  sheshimin tabiw
ma’selesin qarastirayiq. Sheshimdi
u(x,t) =9(x,t) + 6(x,t) (15)
qosindi tarinde izleymiz, bul jerde $(x,t) funkciyasi
g =a%*g,,
J(0,1) =0, 9(l,t)=0,
3(x,0) = o(x)

aralas ma'selenin sheshimi bolip, bul sheshim Grin funkciyasi ja'rdeminde
|
I(x1) = [G(x y.t)p(y)dy
0

koriniste aniglanadi, al 6(x,t) funkciyasi bolsa
0, =a’0, + f(x,t),
6(0,t)=0, 6(1,t) =0,
0(x,0)=0

aralas ma’selenin sheshimi bolip, bul sheshim Grin funkciyasi ja’rdeminde
€
O(x.1) = [dz[G(x,y,t—7)f (y,7)dy
0 0

koériniste aniglanadi. Bul eki sheshimdi (15) degi orinlarina qoysaq, onda biz izlep

atirgan (12)-(14) aralas ma'selenin sheshimi

u(x,t) = [G(x, .y p(y)dy + [dr [ G(x,y,t =) (y,7)dy

koriniste aniglanadi.
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Qosimsha sorawlar

1. Parabolaliq tiptegi tenlemeler dep qanday tenlemelerge aytiladi?

2. Parabolaliq tiptegi tenlemeler fizikaliq maganast boyinsha ganday
qubilislardi suwretleydi?

3. Birtekli sterjendegi jilliliqtin taraliw tenlemesin keltirip shigarif.

4. hllihgtin taraliw tenlemesi ushin baslangish ham shegaraliq shéartler qalay
qoyiladi?

5. u(0,t) =u(l,t) =0 turindegi shegaraliq shart fizikaliq jagtan neni anlatadi1?

6. u (0t)=u,(l,t)=0 tarindegi shegaraliq shart fizikaliq jaqtan neni
anlatadi?

7. u(0,t)=0, u,(l,t)=0 tarindegi shegaraliq shart fizikaliq jaqtan neni
anlatadi?

8. Jilliligtin taraliw teflemesi ushin qay wagqitta shegaraliq shartler
qoyilmaydi?

9. Illiligtin taraliw tenlemesi ushin Koshi maselesi qay waqitta qoyiladi?

10. nlhihgtin taraliw tenlemesi ushin maksimum principi hagqindagi
teoremanin fizikaliq maganasi qanday?

11. Jillihgtin taraliw tenlemesi ushin aralas maseleler dep qanday maselege
aytiladi?

12. Birtekli jilliliq 6tkizgishlik tenlemesi ushin aralas maselelerdi sheshiwdin
Fur'e usilinin uliwma sxemasi1 ganday?

13. Birtekli emes jilliliq 6tkizgishlik tenlemesi ushin aralas

maseleler Fur'e usili jardeminde qalay sheshiledi?

14. Jillihq otkizgishlik tenlemesi ushin aralas maselelerge Shturm-Liuvill
maselesi gqalay qoyiladi?

15. Jilliliq 6tkizgishlik tenlemesi ushin Koshi maselesi qalay sheshiledi?

16. Jillilliq otkizgishlik teflemesi ushin Koshi maselesi Puasson integrali
jardeminde qanday formula menen sheshiledi?

17. hllihq otkizgishlik tenlemesinin fundamentalliq sheshimi dep ganday
funkciyaga aytiladi?
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18. Birtekli emes jilliliq otkizgishlik tenlemesi ushin Koshi maselesi Puasson

integrali jardeminde ganday formula menen sheshiledi?

19.

Eki 6lshemli jilliliq 6tkizgishlik tenlemesi ushin Koshi maselesi Puasson

integrali jardeminde qanday formula menen sheshiledi?

20. Jillihq 6tkizgishlik tenlemesi ushin Grin funkciyasi qalay daziledi?

Oz betinshe jumislar ushin tapsirmalar

Birtekli sterjendegi jilliliqtin erkin taraliw teflemesi ushin aralas

maselelerdi Fur'e usili jardeminde sheshin

1)
2)
3)
4)
5)
6)
7)

8)
9)

u, =a’u,, u(0t)=u(l,t)=0, u(x,0)=Ax;
u, =a’u,, u(0,t)=u,(I,t)=0, u(x,0) =gp(x);
U =a’Uy, u,(0t)=u(l,t)=0, u(x,0)=A(l-x);

U =a’Uy, u,(0,t)=u,(l,t)=0, u(x,0)=U;

u, =a’u,, u,(0,t)=u,(l,t)+hu(l,t)=0, u(x,0)=¢(x), h>0;

u, =a’u,, u(0,t)—hu(0,t)=u(l,t)=0, u(x,0)=U, h>0;

u, =a’u,, u,(0,t)—hu(0,t)=u,(l,t)+hu(l,t)=0, u(x,0)=U, h>0;
u, =a’u,, u,(0,t)=u,(mt)=0, u(x,0)=1+cos3x;

u =a’u,, u/(0,t)=u,(l,t)=0, u(x,0)= 4sin2|—7[x.

Birtekli sterjendegi jilliligtin mdjburiy taraliw tenlemesi ushin aralas

maselelerdi Fur'e usili jordeminde sheshin

1)
2)
3)
4)
5)
6)

U, =a’u, —ABu, u(0,t)=u(l,t)=0, u(x,0) =g(x).

u =a’u, —ABu, u(0,t)=u,(l,t)=0,u(x,0) :sing—:(.

u, =a’u, —Au, u,(0,t)=u,(l,t)=0,u(x,0) =g(x).
u, =a’u, —Au, u,(0,t)—hu(0,t)=u,(l,t)=0,u(x,0)=U,h>0.
u, =a’u,, u(0,t)=T,u(l,t)=U, u(x,0)=0.

XX’

U, =a’u, + f(x), u(0,t)=0, u,(l,t)=q, u(x,0)=p(x).
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7) u =a’u,, u(0t)=u,(l,t)=q,u(x,0)=Ax

8) u =a’u,, u(0,t)=T, u(l,t)+hu(l,t)=U, u(x,0)=0,h>0.
9) ut:azuxx—ﬂu+sin”TX, u(0,t)=u(l,t)=0,u(x,0)=0.

10) u, =a’u,, u(0,t)=0, u,(l,t)=Ae", u(x,0)=T.

11) u, =a’u,, u,(0,t)=At, u,(1,t)=T,u(x,0)=0.

I11. JNilliliq otkizgishlik tenlemesi ushin qoyilgan tomendegi aralas
ma’selelerdin sheshimin tabin

1) u =u,, u(0t)=0, u,t)=0, u(x,0)=x*-1
2) u, =u,+u, 0<x<l, u(0,t)=u(l,t)=0, u(x,0)=1
3) u =u, —4u, u(0,t)=u(r,t)=0,u(x,0)=x*-7X;

4) u,=u,, u,(0,t)=1 u(l,t)=0, u(x,0)=0;

5) U, =u, +u+2sin2xsinx, u (0,t) =u(%,t) =0,u(x,0)=0;

6) u =u, —2u, +x+2t, u(0,t)=0, u@Lt)=t, u(x,0)=e"sinzx;
7) U, =u, +UuU—Xx+2sin2xcosx, u(0,t)=0, Ux(g,t)zl’ u(x,o)zx;

8) U, =U, +4u+X* — 2t — 4x’t + 2c0s’ X,
u,(0,t) =0, u,(z,t)=2xt, u(x,0)=0;
9) u,—u, +2u, —u=e*sinx—t, u(0,t) =1+t, u(z,t)=1+t,
u(x,0)=1+e"*sin2x;
10) u, —u,, —u=xt(2—t)+2cost,
u (0,t) =t?, u,(7,t) =t u(x,0)=cos2x;
11) u,—u, —9u=4sin’tcos3x—9x* -2, u (0,t) =0, u (z,t) =27,
u(x,0)=x*+2;
12) u, =u,, +6u+2t(1-3t)—6x+2cosxcos2x, u,(0,t)=1,

u(g,t)zt2 +%, u(x,0)=x;

13) u, =u, +6u+x*(1-6t)—2(t+3x)+sin2x, u,(0,t)=1,
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u (7t)=2zt+1 u(x,0)=
14) u, =u, +4u +Xx—4t+1+e > cos’ zX,
u(0,t)=t, u@Lt)=2t,u(x,0)=0.

Iv. T ={(x, y,t): 0<x<p, O<y<q,t>0} oblastta témendegi aralas

ma'selelerdin sheshimin tabin
1) u =a*(u, +u,), u(0,y,t)=u(p,y.t)=0,

+
j
/—\
©
=<
—
~
I
o

3 u =a’(u,+u,),  Uu(py.t)
u,(x,0,t)=u(x,q,t)=0, u(x,y,O):

4) ut:az(uxx+uyy)+ f(x,y,t), u(0,y,t)=0, u,(p,y,t)=0,
u(x,0,t)=u(x,q,t)=0, u(x,y,0)=0;

5) u, :az(uxx+uyy)+Asm3—cos”—y u(0,y,t)=0, u,(p,y,t)=

2p 2q
u,(x,0,t)=u(x,9,t)=0, u(x,y,O)zBsmz—pcos?—qy
6) Ut=a2(uxx+u )+ Asin 2 cosZY. u(0,y,t)=u(p,y.t)=

p 2q°
u,(x,0,t) =u,(x,0,t)=0, u(xy,0)=0

V. Birtekli sterjendegi jilliliq 6tkizgishlik tenlemesi ushin qoyilgan Koshi
ma’selesinin sheshimin tabin
1) u,=16u,, u(xt)|,_,=8
2) U =Ug+2t, u(xt)|,=
3) u =u

4) u,=u, +sint, u(x,t)|,_,=0;

u(x,t)| o = e *

XX !

5) U =U,, u(xt)|._,=sin2x;
6) U =U,, Uu(xt)|_,=cos3x;
7) =U,, Uu(xt)|_,=chx

u
u

8) u(x,t)|_o =sh2x;

XX’
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9) U =u,+3t* u(xt)|=sinx;

10) u, =u, +e'cosX, u(x,t)|,_, =cosx;
11) u, =u, +sint, u(x,t)],_,=e™;
12) u, =u, +e'sinx, u(x.t)|,_, =sinx;
13) 4u, =u,, u(xt)|,, =e*™;

14) u =u,, u(xt)|_,=xe™;

15) 4u, =u,, u(xt)|,, =sinxe™.

V1. Birtekli plastinkadag jilliliq otkizgishlik tenlemesi ushin qoyilgan Koshi
ma’selesinin sheshimin tabin

1) u =u,+Uu,, u(xyt)|,_,=sinxsin2y;

2) U =Uy +Uy, U(X,Y,t)|_=sin2xcosy;

3) U =Ug+U, +tsinxcosy, u(x,y,t)| o =xy;

4) U =Ug +U, +xye, u(x,y,t)|_,=2xsiny;

5) U =4, +u,)+xtsiny, u(x,y,t)|_,=Xxcosy;
6) U =u,+U,+e', u(xy,t)|_,=cosxsiny;

7) u =u,+u, +sintsinxsiny, u(x, Y1) =1
8) U =U,+U,+cost, u(xy.t)|_= xye ¥V

98U, =u, +u, +1 u(y D] o=

10) 2u, =u, +U,, u(x,y,t)|,_,=cosxy.

Oz betinshe junuslar ushin tapsirmalardin
juwaplan

T k=1 k
((2k+1)7a Zt
2) u(x,t)=Zake[ 8 sm(2k;l) X, bul jerde
k=0
' (2k+1)7
a, ‘([(D(X)Sln o XX
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B ((2k+)raY’
3) U(X,t):&A;IZ . e[ ? ]tcosw

2 X
T~ k=0 (2k +l) 2|

4) u(x,t)=U;

5) u(x,t) 22{ h?ztljk Igp cosﬂkgdg}eazﬁtcosﬂyx;
+

bul jerde 4, — AtgAl =h tenlemenin on koren'leri;

6) u(x,t)=2U Z{ﬂk[((hZ):ﬂtz)i/:]k}}eaz‘kz‘@k(x); bul jerde 4, degenimiz

htgAl =—A tefilemenin on koren'leri, @, (x) =4, coSA X+ hsin A x;

7) u(xt) Zak 4 (2, cos A x+hsin 2,x); bul jerde 2, degenimiz

ctgil = l(i — %j tenlemenin on koren'leri,

2\ h
B 2U h 2+ A7
akl(h2+ﬂ,f)+2h[/1k 217 S'M*'J

2
2ra t

8) u(x,t):1+e‘gazt cos3x; 9) u(x,t)=4e( ! j sinzl—”x.

|
bul jerde a, = j(p x)dx, a, = I(p(x)coskl—”xdx, k=123..
0

4) u(x,t)=2hU e ke (x), bul jerde 4, degenimiz
kz;ﬂk[ (h2+}tk)+h] () “

hetgAl =4 tehlemenin of koren'leri, ®, (Xx)= 4, cos 4 x + hsin 4 x;
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akr

5) u(x,t):(U I_t)x+T +_ZE[(_1)I<U —T}e_( ! ) sinkl—ﬁx;

o _(2ksyala
6) u(xt)=w(x)+> ae sin%x, bul jerde
15} X |
w(x)_—gmf(g)dg}dw?! f(£)dé +gx,

8) u(x,t):—U ITx+T+2§JMI(h2”kZ [T— (H Y }ea%sinzkx,

1+ h” +27)+h] Ih? + 42

bul jerde A, degenimiz htgAl =—A tenlemenin on koren'leri;

9) u(xt)= 1){1 e{m(aﬂzqsinzx;

ar I

|

& - “ 2 2 2
10) u(x,t)zie“sinﬁjLg l:lJr(l)—M}e“’k‘sina)kx,

cos - a 15l 1-a°&
a
. 2k +1 .
bul jerde a)k:( ; )ﬂ, a)k;ti, k=01..., Korsetpe. Qoyilgan ma'selenin
a

sheshimi témendegi u(x,t) = f (x)e™ +3(x,t) kérinisinde izlenedi. Bul jerde 9(x,t)

funkciya birtekli tenlemeni ha'm shegaralik sha'rtlerdi qanaatlandirtwshi funkciya.

2 2
11) U(X,t)z—a—Atz— A pxs A 3T T IT,
2l 2l 3 | 2l 6

akr

2724 2%{AI2 —[AI2 +(—1)kT (akz)z}e_( ! ] t}COS@.

+
a2
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11.1) u(x,t) 3—2 oS ZTX;
T =0 2n+1)
- ;r2(2n+1)2+ \
2) u(x,t) iz [ | ]sin2n+1 X;
7rn:0 2n+l

3) u(xt)= _§Z ! e_((2k+1)2+4)tsin(2k+l)x;

8 & o 7(2k +1)
Hu(xt)=x-1+— COSAX; A, = ;
Julx) ﬁzkzz(;(zkﬂ)z A6 A 2

X—t—rz2t .
1

5) u(x,t):tcosx+%(e‘8t —1)0033x; 6) u(xt)=xt+sinzxe
7) u(x t)—x+tsinx+1(1—e‘8‘)sin3x
i - 8 7

1
8 1) =tx* +=(e" —1) +tcos2x;
) u(xt)=tx +4(e ) +tcos 2x

9) u(x,t)=t +1+(1—e“)exsinx+ex““sin 2X;
10) u(x,t)=xt* +e' +sint —cost + e~ cos 2x;

11) u(x,t) =X +2e> + (2t —sin 2t )cos3x;

12) u(x,t)=x+t* +%(e5t —1)cosx+%(1—e‘3t)cos3x;

13) u(x,t) =Xt +x+ Cos [ —e‘G(Zk‘l)zt}sin 2k —1)x,
ul ; 2k —1) —6 (21

c _2( 1 1)
A1 2l 2k+1 2k=3)

X = C (k2ﬂ2+4)t:| .
14) u(x,t)=t(x+1)+e’ k [ sinkzx,

0, k=2m,

C, =11 2 1 1
— + +
z\2m-1 2m+1 2m-3

J, k=2m-1.
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IV. 1) u(x,y,t)= Zakne 2ol sm?kx sm—y, bul jerde
k,n=1

n+k 2 2 2 2
] a)kn - 2 + 2 ]

4% 7k t.n
=— | xsin=—xdx| ysin—ydy = ——~——
ps! !y s 7T ke p S

P

2) u(xy,t)= Zakn e %% sin ky-cosmx,

k,n=1 S 2p
bul jerde
ps . o
:ijj X, y sln yCOSMXdXdy, wkzn _ k 722' + (2n 12 T
PS5% 2p S 4p
k,n=1
4(h2+ﬂk2) ps - 2n-1)
= f(x,y)sin -COS dxdy,
a, s[p(h2+ﬂf)+h];[;[ (X, y)sin gx " youdy
(2n-)°rx
a)kn :uk T,

4, degenimiz htgpu =—u tenlemenin on koren'leri;

2k -1
4) u(x,y,t)= ZTkn(t)sm smﬂ( 20 )X, bul jerde

k,n=1
4t7227 R . 7Z'(2k 1)
T, (t)=—]e Toatg [ f En,t sin”sin &dédn,
2 (2k 1)°x
“ 52 4p>
_azﬂz 74_%
5) u(xy.t) [p S}sm” cos Y 4 4A X
p 25 2[9 1}
p° s

_aZZZ [i_'_ijt 37[ y
x|1—e s lsin=—=cos==;
2p 2S
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—a%r? 12+i2t
6) u(xyt)= A [e" —e [p 48]]sin”—xsin”—y.
» of 1 1 p 25
p°  4s
V. uet)=8 2) u(xt)=t?+L 3) u(xt) o 4
1) u(x,t)=8; ulx,t)y=1t"+1 u(x,t) = ;
V1+4t

4) u(x,t) =1—cost; 5) u(x,t) =e™*sin2x; 6) u(x,t) =e* cos3x;

7) u(x,t) =e'chx; 8) u(x,t) =e*sh2x; 9) u(x,t) =t* +e'sinx;

1 X2

10) u(x,t) = (L+t)e cosx; 11) u(x,t) =1—cost + (1L+4t) 2e +4;

1 2x—x%+t

12) u(x,t) =chtsinx; 13) u(x,t) = (1+t) 2e 4 ;

3 x° 1 4x%+t

14) u(x,t)=x(1+4t) ze *4; 15) u(x,t) = (L+t) 2sin ﬁe_«m)_
+

V1. 1) u(x,y,t)=esinxsin2y; 2) u(x,y,t) =e>'sin2xcosy;
1.1 N7 :
3) u(x, y,t)=xy+5[t—§(1—e )]sinxcosy;

4) u(x, y,t):xy(l—e“)+2xe‘tsin y; 5) u(x,y,t):B—%+%e““}xsin Y

6) u(x,y,t) =e' —1+e?'sinycosx;
7)u(x.y.t) :1+%sin xsin y(2sint —cost +e™*);

_xz+y2
8) u(x, y,t)=sint+Lge 4t 9) u(x, y,t)=£+

1
(1+4t) 8 1+t

10) u(x,y,t) = ! cos Y _g 20+
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IV-BAP. ELLIPTIKALIQ TIPTEGI TENLEMELER

Tayanish sozler: Laplas teflemesi, Puasson tenlemesi, Eyler tenlemesi,
Dirixle madselesi, Neyman maselesi, Shturm-Liuvill maselesi, Garmonikaliq
funkciyalar, Grin formulalari, fundamentalliq sheshim, menshikli manisler,
menshikli funkciyalar, Fur'e usili, Fur'e qatari,

Tiykarg tasinikler ham belgilewler

2 2 2
Laplas tenlemesi _8_lj+6_lj+m+6_ljzo tenlemesi N Olshemli Laplas
X, OX, OX

n

tenlemesi dep ataladi.
Tegisliktegi Laplas tenlemesinin fundamentalliq sheshimi—y(x, y):lnl, bul
r

jerde r degenimiz tegisliktin M tochkasinan M, tochkasina shekemgi araliq
r=y(x=%)" +(y=vo)* .

Kenisliktegi Laplas tenlemesinin fundamentalliq sheshimi— v(x,y, z)zl, bul
r

jerde r degenimiz kenisliktin M tochkasinan M, tochkasina shekemgi araliq

rz\/(x—xo)z+(y—yo)2+(z—zo)2 :

Laplas tenlemesi ushin Dirixle maselesi — D oblastta Laplas tenlemesin

qanaatlandiratugin ham omin S shegarasinda
u|s: f(M)
shegaraliq shartin ganaatlandiratugin U(M) funkciyasin tabiw mdselesi.

Laplas tenlemesi ushin Neyman maselesi — D oblastta Laplas tenlemesin

qanaatlandiratugin ham omin S shegarasinda

ou
— =f(M
onl, = FOM)

shegaraliq shartin ganaatlandiratugin U(M) funkciyasin tabiw mdselesi.

Puasson tenlemesi ushin Dirixle madselesi — D oblastta Puasson tenlemesin
qanaatlandiratugin ham omin S shegarasinda
u|s: f(M)
shegaraliq shartin ganaatlandiratugin U(M) funkciyasin tabiw
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maselesi.

Garmonikaliq funkciyalar — Laplas tenlemesinin sheshimi bolip tabilatugin
funkciya.

Birinshi Grin formulast — Q bolek-tekis S beti menen shegaralangan tuyigq
oblastta berilgen uzliksiz ham ekinshi tartipke shekem uzliksiz dara tuwindilarga
iye u(M) ham (M) funkciyalari ushin

ouo8 ouos ouos 0
I fosuav + m(zax DI azjdvzj;jga—:ds.

Ekinshi Grin formulas: — birinshi Grin formulasin turlendiriwden payda

bolatugin
I (om0 -ursyav - jj[s—n- —jds.

Garmonikaliq funkciyamn integralliq korinisi — Grin formulasinan S(M):l
r

a1
1 1ou r
ushin uM, ) =—/I]| == -u—L|ds.
(Mo) 47[.[! ron on
Elliptikaliq tiptegi tenlemeler teoriyast — dara tuwindili differencialliq

tenlemeler teoriyasinin en kushli rawajlangan bolimlerinin biri bolip tabiladi.
Elliptikaliq tiptegi tenlemeler arasinda en kop qarastirilatugin tenlemeler
qatarina Laplas hdm Puasson teflemeleri jatadi. Zaryad bolmagan jagdayda eki

6lshemli oblasttagi elektr maydaninin potenciali

2 %—o (xy)eD ®)
Laplas tenlemesin qanaatlandiradi. Bul tenleme 1752 jillar1 Eyler jumislarinda
ushirasip, sonman P. Laplas tarepinen 1785 jillar1 baspadan basip shigarildi.
p(x,y) tigizliq penen bolistirilgen
zaryadqa iye oblastta S. Puasson bul tenlemenin uliwmalasqan

%+%=—4np(x y), (xy)eD @)

korinisin aladi.
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(2) tenleme Puasson tenlemesi dep ataladi. (1) ham (2) tenlemeler Eyler,
Laplas ham Puasson tarepinen qarastirilgan tenlemelerdin arasindagi en apiwayi
formalar1 bolip, bul tenlemeler elliptikaliq tiptegi tenlemelerdin misallar1 bolip
tabiladu.

Laplas tenlemesine alip kelinetugin dpiway1 maselelerdin biri oblast shegarasinda
potencialdin bolistiriliwi berilgen bolsa, onda eki 6lshemli bazi-bir D oblastinda
elektr maydanimin potencialin tabiwdan ibarat. Matemaikaliq kéz qarastan

qaraganda bul madsele tomendegishe talqilanadi: X ham y boyimnsha eki ret
differenciallaniwsh1  u(X,y) funkciyasin tabin, egerde bul funkciya D oblastinin

ishinde (1) tenlemeni qanaatlandirip, shegarasinda

li(rxrw(é,s)/)qo(é,n), (x,y)eD, (&,n)edD

tenligin ganaatlandirsa, bul jerde @(&,n7) funkciyasi D  oblastimin oD
shegarasinda berilgen funkciya.

Bazi-bir D oblastinda (1) tenlemeni qanaatlandiratugin funkciya, usi oblastta
garmonikaliq funkciya dep atalada.

Bunday shegaraliq maselelerdi sheshiwdin uliwmaliq metodlarinin ishindegi
en gollanimli metodlarinin biri 6zgeriwshilerdi ajiratiw metodi1 bolip tabiladi. Bul
metod  baslangish koérinisinde tardin kishkene terbelis tenlemesi ushin dara
sheshimdi tabiw payitinda Teylor tarepinen qollanilgan bolsa da, al ken maganada
J.B.Fur'e tarepinen qollaniladi. Fur’e metodi menen baylanisli Fur'e qatari,
menshikli manis, menshikli funkciya tésinikleri matematikaliq fizikani

rawajlandiriwda fundamentalliq maniske iye bolip galadi.

§1. Elliptikahq tiptegi tenlemelerge alip kelinetugin fizikaliq maseleler.
Shegaraliq maselelerdin qoyiliwi
Eger jillilig deregi bolmasa, onda ush oOlshemli denede jilliliqtin taraliw

tenlemesi

u =a’(u, + Uy, +U,)
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bolar edi. Meyli, denenin ishki (X,Yy,z) tochkasindagi temperatura orniqlt bolsin,

yagnly waqittth Otiwi menen temperatura 6zgermeytugin bolsm. Onda u, =0
bolip, jogaridag: tenleme
u, +u, +u_ =0

turine iye boladi. Bul tenleme ush 6lshemli Laplas tenlemesi dep ataladi hdm ol
birtekli denedegi jilliliqtin ornigl taraliw tenlemesi bolip esaplanadi.

Eger denede jilliliq deregi bar bolsa, onda Laplas tenlemesi birtekli emes

U, +U, +U, =f(XY,2)

tarine iye boladi ham ol Puasson tenlemesi dep ataladi.

Endi Laplas yamasa Puasson tenlemelerin ganaatlandiratugin u(X,y,z)

sheshimin tabiw ushin baslangish sharttin keregi bolmay qaladi, yagniy shegaraliq
sharttin 6zi jeterli boladi.

Laplas tenlemesi ushin tiykargi shegaraliq maseleler menen tanisayiq. Meyli

tegis o beti &, kenisligin eki D* ham D~ oblastlarga bélsin. Bul jerde D*

oblasttin ishki, D™ bolsa sirtq1 bolekleri.

D" oblastta Laplas tenlemesin qanaatlandiratugin ham onin 6 shegarasinda
uly=F00, X=(Xu%,, %) (1)
shegaraliq shartin ganaatlandiratugin u(x) funkciyasin tabiw maselesi Laplas

tenlemesi ushin ishki Dirixle maselesi dep ataladi.
D~ oblastta Laplas tefnlemesin ganaatlandiratugin ham onin 6 shegarasinda
(1) shegaraliq shartin qanaatlandiratugin  u(x) funkciyasin tabiw maselesi Laplas
tenlemesi ushin sirtqi Dirixle maselesi dep ataladi.
D" oblastta Laplas tenlemesin gqanaatlandiratugin ¢ shegarasinda bolsa

M (%) ®)

ov|,
shegaraliq shartin ganaatlandiratugin u(x) funkciyasin tabiw maselesi Laplas

tenlemesi ushin ishki Neyman maselesi dep ataladi, bul jerde v degenimiz &

bettegi sirtq1 normal.
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D~ oblastta Laplas tenlemesin qanaatlandiratugin, 6 shegarasinda bolsa (2)

shegaraliq shartin ganaatlandiratugin u(x) funkciyasin tabiw maselesi Laplas

tenlemesi ushin sirtq1 Neyman madselesi dep atalad.

§2. Garmonikahlq funkciyalar ham olardin qasiyetleri

2.1. Grin formulalari. Ostrograd formulasinin tikkeley saldar1 bolatugin

jjjSAudV ”J ou 519 audd _aduadd V=”.98—uds (1)
OX OX 6y 8y oo ¢ on
tenligin qarastirayiq, bul jerde Q bolek-tekis S beti menen shegaralangan bazi-bir

ush 6lshemli kenisliktegi tuyiq oblast’, al u(M) ham $(M) funkciyalar1 us1 Q

oblastta berilgen 0zliksiz hdm ekinshi tartipke shekem uzliksiz dara tuwindilarga
iye funkciyalar.
Eger (1) de u ham ¢ lardin orinlarin almastirip, payda bolgan anlatpani us1

(1) den ayirsaq

”j (9AU—UAd)dV = jj[s—— —jds )

tenligi hasil boladi, bul jerde n degenimiz S betine jurgizilgen sirtq1 normal. Eger

dara jagdayda $(M) =1 dep alsaqg, onda (2) den

mAudv H—ds 3)

tarindegi onin dara jagday1 payda boladi.

(1) ham (2) formulalar Grin formulalar1 dep ataladi ham bul formulalar Laplas
tenlemesinin teoriyalarin daziwde sheshiwshi rol" atqaradi. Bul formula
jardeminde sheshiletugin ayirim misallardi korip oteyik. Aytayiq, u(M) funkciyasi
() oblastta Laplas tenlemesin ganaatlandirsin, yagniy Au=0 bolsin. Eger
3(M) =1 dep alsag, onda (3) den

”—ds 0 (4)
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tenligi hasil boladi. Solay etip, Laplas tenlemesin qanaatlandiratugin har qanday
funkciya ushin (4) tenlik orinli boladh.

Meyli Laplas tenlemesi ushin tomendegi Neyman maselesin qarastirayiq:

Au =0, QE
on

=1

S
(4) formula jardeminde bul madselenin sheshimge iye bolmaytuginligin jenil

korsetiwge boladi. Haqiyqatinda da (4) formula bul jagdayda
Ids:o

S
koriniske iye boladi, al bul tenliktin orinlaniwi mimkin emes, sebebi S betinin
maydani nol" ge ten bolmaydi.
2.2. Sizaqh funkciyalar ham olardin qasiyetleri. Garmonikahq

funkciyalardin integralliq korinisleri. Meyli apiway1 elementar u(x)=kx+b
funkciyasin garastirayiq. Bul funkciyanin xarakterli gasiyetlerinin biri, onin
uzliksiz ekinshi tartipli tuwindist nol'ge aylanadi, yagniy u”(x)=0. Solay etip
s1ziqh funkciya bir 6lshemli Laplas tenlemesinin sheshimi bolip esaplanadi. Sonin
menen birge bul funkciyanin basqada gasiyetlerin jenil qabil etiwge boladi.

a). S1zigh funkciya 6zinin en kishi, en ulken manislerine [c;d] shekli araligtin
ishinde emes, al onin shegaralarinda erisedi (u(X) * const) .

b). Si1z1iql funkciya [C; d] kesindisinin ushlarindagi manisleri arqali bir manisli
aniglanadi, yagniy, onin X=C ham X =d tochkadagi manislerin bile tura galegen

x € [c;d] tochkadagi manisin aniglawga boladi. Haqiygatinda da
u() = 3% 00y + X=Cu(ay.
d-c d-c

b). Sizigh funkciyanin [c;d] kesindisindegi grafiginin shegaralarma eki

bagitta sirtqr 1 normalin jurgiziwge boladi. Bul bagitlardagi birinshi tartipli

tuwindilarinin qosindisi nol ge ten bolatuginligin jenil tisiniwge boladi.

169



g). Sizighh funkciyanin galegen [C;d] kesindisinin ortasindagi manisi onin
ushlarindagi manislerinin arifimetikaliq ortasina ten, yagmy [c;d] kesindisinin

ushlarindagi manislerinin qosindisinin yarimina ten boladi:

u(c+dj:u(c)+u(d) _ 1

d
5 5 1 !u(x)dx.

Bunday qasiyetlerge birtekli Laplas tenlemesinin sheshimi bolip esaplaniwshi
qalegen funkciyalar erisedi. Biz tomende eki ham tush ozgeriwshili usinday
funkciyalardin gasiyetlerin iyrenemiz.

Amglama. u(x,y,z)  funkciyasi shekli €  oblastta uzliksiz
differenciallaniwsh1 bolip, Laplas tenlemesin qanaatlandirsa, onda ol us1 oblastta
garmonikaliq funkciya dep ataladi. u(X,y,z) funkciyasi sheksiz oblastta
garmonikaliq funkciya dep ataladi, eger ol tuzliksiz differenciallaniwshi, Laplas
tenlemesin qanaatlandiriwshi boliw1 menen birge M (X, Y, z) tochkasi sheksizlikke
umtilganda onin ménisi nol’ ge umtilsa.

Misallar 1). u(x,y,z)=1 funkciyasi shekli oblastta garmonikaliq, sheksiz
oblastta garmonikaliq emes.

2) u(x,y)=x">—y* shekli oblastta garmonikaliq, u(x,y)=x*+y> bolsa
garmonikaliq emes.

Meyli M(X,y,z) ham M (x,,Y,,2,) lar ush 6lshemli kenisliktin eki tochkasi

bolsin. Olar arasindagn araliqti r=./(x—x,)* +(y—y,)’ +(z—z,)* dep belgileymiz.
Endi

V(M) =v(x,Y, z)% 5)

funkciyasin qarastiramiz, bul jerde M, tochkasi fikserlengen.
Teorema. (5) formula menen anigqlaniwshi v(X,Y,z) funkciyast M, tochkasi

jatpaytugin qalegen oblastta garmonikaliq funkciya boladi.

Bul teoreman: dalillew ushin v(M):l funkciyasinin Laplas tenlemesin
r

ganaatlandiratuginhigin korsetiw jetkilikli. Ol M tochkasinan M, tochkasina
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shekemgi araliqgtt aniglawsh1 r din funkciyast bolip, Laplas teflemesin
qanaatlandiradi ham ol Laplas tenlemesinin fundamentalliq sheshimi dep ataladi.

Maselen tUsh o6lshemli Laplas tenlemesinin fundamentalliq sheshimi

v(M) =v(x, y,z):l, eki olshemli Laplas tenlemesinin fundamentalliq sheshimi
r

V(M) =v(x, y) = In < bolads, bul jerde r=/(x—x, ) +(y—y, )’ .
r

Teorema. Eger u(X,y,z) funkciyasi tuylqq Q oblastta birinshi ham ekinshi

tartipli Uzliksiz dara tuwindilarga iye bolsa, onda

.
u(MO)ziﬂ 10U ) ds——m AU(M)dV (6)

ron

formulasi orinli boladi, bul jerde r degenimiz € oblasttin ishki tochkasi bolgan

M, (%, Y,,2Z,) dan M(X,y,z) ge shekemgi araliq, i bolsa Q oblasttin S betine

jJurgizilgen sirtq1 normal.
Bul formula (2) Grin formulasinan $(M) = L ushin bazi-bir esaplawlardan son
r

kelip shigadi. Bul formula u(X,y,z) funkciyasinin integralliq korinisin beredi.

Eger u funkciyas1 garmonikaliq bolsa, onda Au =0 bolip, (6) formula

1

ai
1 1ou
uM )=—[[| == -u—L|ds 7
(Mo) 47[” ron an (7)

tarine iye boladi.

Teorema. Meyli u(M,)eC? (S_)_) funkciyas1 bolek-tegis S shegarasina iye

shegaralangan ) oblastta Laplas tenlemesin ganaatlandirsin. Onda bul funkciyani

ust oblasttin har ganday ishki M, € Q tochkalarinda (7) formula arqali korsetiwge
boladi.
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Eger u funkciyas1 eki 6zgeriwshili garmonikaliq bolsa hdm eki 6lshemli

Laplas tenlemesinin 9= Inl fundamentalliq sheshimin paydalansaq, onda (6)

r
formula
1
oln=
1 10u 1 1
u(x,y.)=—a| In==——u—2L [dl —— || In=Auds 8
(%) 2z 9| ron  an Zﬂ-g r )

turine iye bolip, bul formula u(X,y) funkciyasimin integralliq korinisin beredi.

Eger u funkciyas: eki 6zgeriwshili garmonikaliq bolsa (8) formula

U(Xo, Yo)==—Q| In=—-u—-=L (i (9)

turine iye boladi.
Egerde u garmonikaliq funkciyanin ham onin normal tuwindisinin bazi-bir
tuyiq oblast’ shegarasindagi manisleri belgili bolsa, onda (7) ham (9) formulalar

ust U funkciyanin ishki M, tochkadagi manisin esaplawga mumkinshilik beredi.

Sonligtan bul formulalar kopshilik payitlari Laplas tenlemesi ushin Dirixle
maselesin sheshiw payitinda kop qollanilad.

Endi garmonikaliq funkciyalardin gésiyetlerine toqtayiq:

Oblasttin shegarasinda garmonikaliq funkciyadan normal boyinsha alingan

tuwindin integrali nol ge ten boladi, yagniy
[[&ds=0
s on
Tuyiq €2 oblastta garmonikaliq, al S shegarasinda bir-birine ten bolatugin eki

garmonikaliq funkciya €2 oblasttin hAmme tochkalarinda bir-birine ten boladi.

Teorema (orta manis haqqindagy). Meyli B, (M,)radius1t R ge tef bolgan,

oray1 M, € Q tochkada bolgan Q) oblastta tolig1 menen jatatugin shar bolsin ham

sonii menen birge U(M,) e Cz(ﬁ) funkciyas1 ) oblastta garmonikaliq funkciya
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bolsin. Onda bul funkciyanin shar orayindagi ménisi us1 shardin S, sferasi

boyinsha alingan ortasha manisine ten boladi, yagniy
1
u(M,) :Wgu(M)dS.

Teorema. Meyli u(MO)ecz(ﬁ) funkciyasi bolek-tegis S shegarasina iye

shegaralangan () oblastta Laplas tenlemesin qanaatlandirsin. Onda bul funkciya
6zinin en ulken hdm en kishi manislerine us1 oblasttin shegarasinda erisedi, yagniy

M, <u(M,) <M,, bul jerde

M, = TJA]!QU(M), M, = rggg(u(M).

§3. Tuwr1 muyeshli oblastta Laplas ham Puasson tenlemeleri ushin
shegaraliq maseleler
3.1.Tuwr1 muyeshli oblastta Laplas tenlemesi ushin shegaraliq maseleler.

Meyli D={(x,y),x<[0,p],y €[0,q]} tuwr: méyeshlikte

Au=u, +u, =0 (1)

Laplas tehlemesinin
u(0,y)=<(y), u(p.y)=n(y), (2)
u(x,0) = p(x), u(x,q)=w(x) 3)

shegaraliq shartin ganaatlantiratugin sheshimin tabiw maselesin qarastiniw kerek

bolsin. Meyli ¢,w,&,n funkciyalari Gzliksiz haAm tuwr1 muayeshliktin tobelerinde

olardin manisleri bir-birine tefn bolsin, yagniy

¢(0)=£(0), o(p)=n(0), w(0)=<(a), w(p)=n(q).
Sheshimdi

u(x,y) =v(xy) +w(x,y) (4)
qosindist tarinde izleymiz. (4) ni (1)-(3) lerge qoyip v funkciyasin
Av=v, +v,, =0, (5)
v(x,0) =9(x), v(x,9) =y (X),
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v(0,y)=0, v(p,y)=0
maselesinin, al w(x,y) funkciyasin bolsa
Aw=w, +w,, =0, (6)
w(x,0) =0, w(x,0)=0,
w(0,y) =< (y), w(p,y)=7(y)

maselesinin sheshimi bolatuginday etip tanlap alamiz. (5) shegaraliq maselenin

sheshimin
V(X y) = X(x)-Y(y)
kobeymesi tirinde izleymiz ham
X"+A%X =0, X(0)=X(p)=0 (7)
Y'-21% =0 (8)
X (x) funkciyasi ushin (7) tarindegi Shturm-Liuvill maselesine iye bolamiz. Onin

menshikli ménisleri hAm menshikli funkciyalar

ik:%, Xk(x):Sinn—F]:x, k=12,..

boladi. (8) nin uliwma sheshimi
rk Tk
Y (y) = AyCh? y+ BkSh? y

bolip, bulardi (5) degi orinlarina qoyip, superpoziciya principin qollansaq (5)

maselenin

v(X, y):i[ﬁychn—kw Bkshﬂ—kyjsinﬁx 9)
k=1 p Y p

turindegi A, B, parametrlerine baylanish sheshimine iye bolamiz. (7) shartten

v(x,0) = 9 (X) :iAksin%x,

V(X,q) =y (x)= i(Aksh%q + Bkshn—;cqjsinn—;cx
k1

bolip, bunnan
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2 ¢ .7k
A =—|p(x)sin—xdx,
p #0050

p
Bkchﬂ—kq + Bkshﬂ—kq :zjgo(x)sinn—kxdx
P p P3 P

boladi. Bul sistemadan A, ham B, lardi amiqlap, olardi (9) dagi ormnlarina qoysagq,

(5) shegaraliq maselenin sheshimine iye bolamiz. Bul sxemani (6) shegaraliq

masele ushin qaytalasaq, onda w(Xx,y) tin

w(X,Y) :Z(Ckch%kx+ Dksh%kasin%ky (10)
k=1

tarindegi manisine iye bolamiz, bul jerde

~ 2 1 .k
N, = —jf(y)sznn—ydy,
ds q

q
Ckchn—k p+ Dkshn—k p =£J‘77(y)sinﬁydy.
g q as q

(9) formula jardeminde tabilgan v(X,y) tin ham (10) formula jardeminde tabilgan
W(X,y) lerdin manislerin (4) degi orinlarina qoyip, (1)-(3) shegaraliq maselenin
sheshimine 1ye bolamiz.

Misal 1. D= {(X, y):0<x<p,0<y< q} tuwri muyeshliginde

temperaturanin  orniqhi taraliwin aniqlan, egerde oblasttin shegarasindagi

temperatura tomendegishe berilgen bolsa:

u(x,0)=u(x,q)=0, 0<x<p, (11)
0, y)= y(a- ) u(p,y>=sin3”7y, 0<y<q. (12)

Sheshiliwi. Temperaturanin orniqli taraliwin aniglaw, berilgen shegaraliq
shartlerdi qanaatlandiratugin

Au=u, +u,=0 (13)

Laplas tenlemesin sheshiwge alip kelinedi.

Sheshimdi
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u(x,y)=X(x)-Y(y)
kébeymesi tarinde izleymiz. Bul sheshimdi tenlemedegi ormlarina qoyip,

6zgeriwshilerin ajiratip, Y(y) ke garata menshikli manisleri ham menshikli

funkciyalar1 saykes

A =%k, Yk(y)=sin%ky, k=12,..

bolatugin
Y'(y)+ A% (y)=0, Y(0)=Y(q)=0

Shturm-Liuvill maselesine, al X (x) ga garata

X"()( )X() 0
q

tenlemesine iye bolamiz.

Song1 tenlemenin sheshimi

72'k 7rk

X (X) = Ayeq +B.e a
bolip, bul tabilgan X, (X) hadm Y, (y) lardin manislerin sheshimnin
u(x,y) = X(x)-Y(y) koérinisindegi orinlarina aparip qoysaq

o,
u(x,y)=2(,6,<eq +Be ¢ jsin%ky
k=1

turindegi (11) shegaraliq shartti qanaatlandiratugin (13) tenlemenin sheshimine iye

bolamiz. Bul sheshim (12) shegaraliq shartti qanaatlandiriw ushin

u.y) =Y (A + Bk)sin%ky= y(@-y).

o (2, K
u(p.y)=Y | Ae? +Be ° |si in ™%y —sin >
k=1 q q

sistemast orinli boliw1 kerek. Bul sistemadan



sistemasi kelip shigadi, bul jerde

4q°

2 .7tk
== —y)sin=——ydy = 1-(-D)*),
a, q!y(q y)sin_=ydy (- D)
b,=1 b =0, k=3.
Songi sistemant A, hdm B, larga qarata sheshsek
kg i
Ak:ﬂ aki ) ’ Bk_akeq - — b
2sh 7% p 2sh 7% p
q q
ham bulard: orinlarina qoysaq, sheshim
1
< 7k 7k SmFy
U(X’Y):ZiﬂkSh_X_akSh_(x_ p)] K
k=1 q q Sini p
q
yamasa
3r 1 7k

koriniske 1ye boladi.
Misal 2. D= {(X, y):0<x<p,0<y< oo} yarim jolagindagi temperaturanin

ornighh  taraliwin  aniglan, egerde oblasttin shegarasindagi temperatura

tomendegishe berilgen bolsa:

u(,y)=u(p,y)=0, 0<x<p,
u(x,0) =éx(p —X), Uu(x,0)=0, 0<y<oo.
Sheshiliwi. Temperaturanin orniqli taraliwin aniglaw, berilgen shegaraliq
shartlerdi ganaatlandiratugin
Au=u, +u,=0

Laplas tenlemesin sheshiwge alip kelinedi.
Sheshimdi
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u(x,y)=X(x)-Y(y)
kébeymesi tarinde izleymiz. Bul sheshimdi tenlemedegi ormlarina qoyip,

6zgeriwshilerin ajiratip, X(X) qa gqarata menshikli manisleri ham menshikli

funkciyalar1 saykes

H—pk, X, (9 =sinZx, k=12...
p

bolatugin X"+ A°X =0, X(0)=X(p)=0 Shturm-Liuvill maselesine, al Y (y)

ga garata
[// k
Y/(y) - (”p]vm 0

tenlemesine 1ye bolamiz. Bul tenlemenin sheshimi

7rk 7zk

Y. (y)=Ae o’ +B.e P
bolip, bul tabilgan X, (X) ham Y, (y) lardin manislerin sheshimnin
u(x,y) = X(x)-Y(y) koérinisindegi orinlarina aparip qoysaq

7k 7k
u(x,y) = Z[Akep +Be ° Jsm?kx

turindegi berilgen tenlemenih X boyinsha shegaraliq shartlerin ganaatlandiratugin

sheshimine iye bolamiz. Bul sheshim y-—>oo dagi shartti qanaatlandiriw ushin

A =0, k=12,... boliw1 kerek. Al y =0 shegaraliq shartinen

u(x,O)zinsinﬂ—;(x:éx(p—x)
k=

bolip, bunnan

2 & -8
__3£ (p-— x)sm—xdx—m
bolad1 ham izlenip atirgan sheshim
u(x,y) = 8?, L e ”(Z‘I:ﬂ)ysinwx
= (2k+1)° p

koriniske 1ye boladi.
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Misal 3. Eger OB tarepi boyinda potencial V ga ten bolip, al qalgan tsh
tarepi jerge tutastirilgan bolsa, onda OACB tuwri muyeshliginde u(x,y) elektr

maydan1 potencialinin taraliwin aniqlan. Tuwr1 muyeshliktin ishki oblast1 elektr

zaryadina iye emes.

Sheshiliwi. Berilgen maseleni sheshiw tuwr1 mayeshlikte
u, +u,, =0,
u(,y)=V, u(a,y)=0; u(x,00=0, u(x,b)=0
turindegi Laplas teflemesi ushin Dirixle madselesin sheshiwge alip kelinedi.
Sheshimdi
u(x,y)=X(x)-Y(y)
kobeymesi tarinde izleymiz. Bul sheshimdi tenlemedegi orinlarina qoyip,

Ozgeriwshilerin ajiratip, Y (y) ke garata menshikli manisleri hdm menshikli

funkciyalar1 sdykes

A =%k, Yk(y)=sin%ky, k=12,..

bolatugin
Y"(y)+A%Y(y)=0, Y(0)=Y(b)=0

Shturm-Liuvill maselesine, al X (x) ga garata

x;'(x)—(%kj X, () =0

tenlemesine iye bolamiz.

Song1 tenlemenin sheshimi

X (X) = Akch%kx+ Bksh%kx
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bolip, bul tabilgan X, (x) hadm Y, (y) lardin manislerin sheshimnin

u(x,y) = X(x)-Y(y) koérinisindegi orinlarina aparip qoysaq
u(x,y) = Z(Akch”—kx + Bkshﬂ—kxjsinﬂ—ky
=t b b b

turindegi berilgen maselenih A, ham B, parametrlerine garezli sheshimine iye

bolamiz. Bul turaqlilardi aniglaw ushin  sheshimnin songi  korinisin

u(0,y) =V, u(a,y) =0 shegaraliq shartine aparip qoyamiz:

ZAksinﬂ—ky:V,
P b

Z(Akch%kaw Bksh%kajsin%ky =0

00
k=1

Bunnan
&—Z—V}Si””—kydy— 2\, o
b b —. k=2n+1,
T
0, k=2n,
ch”ka
B, = Th
S bk Jk=2n+1
7K shi)a

bolip, sheshim

Sh((Zn +1)(a—x)7zj
AV & b _@2n+D)rx
4 §(2n+1)sh(2n+1)”a e

u(x,y)=

koériniske iye boladi.

3.2.Tuwrt muyeshli oblastta Puasson tenlemesi ushin shegaralq
maseleler. Meyli D ={(x, y), xe[O0, p],y €[O, q]} tuwr1 muyeshligindegi Puasson
tenlemesi ushin

Au=u, +u, = f(xy), (14)
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u(0,y) =g(y), u(p.y) =n(y), (15)
u(x,0) = o(x), u(x,q) =w(x)
turindegi Dirixle maselesin sheshiw maselesin qarastirayiq.

Maseleni birtekli shegaraliq shartke alip keliw ushin sheshimdi
u(x,y) =v(x,y) +w(x,y) (16)
tarinde izleymiz. (16) m (14), (15) lerge qoyip, v(x, y) funkciyasin
Av=v,, +v =0, (17)

v(x,0) = o(x), v(x,q) =y (x),
v(0,y)=&(y), v(p.y) =n(y)
maselenin sheshimi bolatuginday etip tanlap alamiz. Sonda w(x,y) funkciyasi
Aw=w, +w, = f(x,y), (18)
w(x,0) =0, w(x,0) =0,
w(0,y) =0, w(p,y)=0
turindegi shegaraliq shartleri birtekli bolatugin shegaraliq maslenih sheshimi
boladi. (17) maseleni aldingi temadagi usil boymsha sheshemiz. Bizge (18)
turindegi birtekli emes tenlemenin birtekli shegaraliq shartin ganaatlandiratugin
sheshimin tabiw jetkilikli. Bul shegaraliq méseleni sheshiwdin tomendegi usilin

qaraymiz.
W,, +W,, =—4°W,
{W(O, y)=w(p,y)=w(x,0)=w(x,q)=0
shegaraliq maselenin menshikli manislerin hAm menshikli funkciyalarin tabamiz:

2 2
Mm;(%j +(%nj , anzsin%xsm%ny, mn=12,..

Endi (18) maselenin sheshimin

w(X,y) = i Aﬂnsin%x sin%ny (19)
m,n=1

qatar tarinde izleymiz. Bul sheshimdi (18) tenlemege qoyamiz ham f(X,y)

funkciyasin us1 menshikli funkciyalar boyinsha qatarga tarqatamiz:
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_Z An{( j (””’j }.n—xsm—y Z f - sm?xsmFy (20)

m,n=1 p p q mn=1
bul jerde

p q
= ifdxj f (x,y)sin@xsinﬂ ydy.
PAs 9 p q

(20) dag1 A, di aniglasaq

1

Aﬂn:_ﬂ/fnn fmn

boladi. A, nin bul manisin (19) dag1 ornina qoyip (18) nin sheshimine iye

Misal 4. Tuwrt muyeshli birtekli OACB plastinkanin  (3-misaldagi suwretke
qaran) AC hédm BC tarepleri izolyaciyalangan bolip, qalgan eki tarepindegi
temperatura nol'ge ten. Eger plastinkada Q =const jillihiq bolip shigarilatugin
bolsa, onda plastinkadagi jilliligtin ornigl taraliw nizamin aniglan.

Sheshiliwi. Berilgen maseleni sheshiw, aralas tiptegi shegaraliq shartlerge iye

bolgan

u@©,y)=0, u(a,y)=0; u(x,0)=0, u,(x,b)=0

turindegi Puasson tenlemesi ushin shegaraliq maseleni sheshiwge alip kelinedi, bul
jerde k ishki jilliliq otkizgishlik koefficienti. Qarastirilip atirgan maselenin

menshikli manisleri hAm menshikli funkciyalarin
X"(x)+A*X(x)=0, X(0)=X'(a)=0
Shturm-Liuvill maselesin sheshiw arqali aniglaymiz:

P z(2n+1) z(2n+1) «

. , n=0,1,...
2a

» X, (X)=sin

Endi berilgen maselenin sheshimin ust menshikli funkciyalar boyinsha jayilgan

u(x,y) = Zu (y)sin/—=——~~ 7;(2n+1)

qatar koriniste izleymiz, bul jerde u_ (y)kelesi waqitta aniglaniw kerek bolgan
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funkciya. Bul funkciyani aniglaw ushin sheshimnin songi korinisin tenlemege ham

y boyinsha qoyilgan shegaraliq shartlerge aparip qoyamiz:

< (2n+1) . 7z(2n+1) B
Z:; 2a X=

ZU”(y)sm

= . 7(2n+1)
= Zan sin=/—=——~x,
par 2a

bul jerde «, turaqlilart —% funkciyasimin Fur'e koefficientleri
_I( j : 7z(2n+1) “dx = — 4Q
zk(2n+1)°
Bunnan u_(y) ke garata

z (2n +1) 4Q
zk@n+1)’

u,(0)=0, u/ (b)=0, n=0,1,...

Uy (y) - U, () =-

shegaraliq maselege iye bolamiz. Bul maselenin sheshimi

2
u.(y)=a ch 7(2n+1) y+b sh 7(2n+1) N 316Qa -
2 2a 7k (2n +1)

bul jerde

2 2
a —— 316Qa b= 316Qa _th z(2n+1) b.
7°k(2n+1) 7°k(2n+1) 2a

Tabilgan u, (y) tin bul manisin ornina qoyip

u(x,y) = Zu (y)sin——~ ﬂ(2n+1)

ch z7(2n+1)(b-y)

_ 16Qa Z B (Zrz]il) sin z(2n+1) .
= (2n +1) ch” : b 2a
a

maselenin izlenip atirgan sheshimine iye bolamiz.
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§4. Dongelek oblastta Laplas ham Puasson tenlemeleri ushin
shegaraliq maseleler
4.1. Laplas tenlemesi ushin doéngelektegi ishki Dirixle maselesi. Meyli, juga
dongelek plastinkani shegaralawshi shenberdegi temperatura f(X,y) berilgen
jagdayda us1 plastinkadag jilliliqtin bolistiriliwin aniglaw, yagniy jilliligtin ornigh
taraliw maselesin sheshiw talap etilsin. Aytayiq, dongelek plastinkanin orayi

koordinata basinda, radius1 R ge ten bolsin.

Maseleni  sheshiw ansat boliwi  ushin  X=rcose, y=rsing belgilewleri

jardeminde polyar koordinatalar sistemasinda berilgen

1 1
“rr+Fur+7“w:0’ (1)
ul, = f () 2)

turindegi Laplas tenlemesi ushin Dirixle maselesine iye bolamiz. Bul masele
dongelektegi ishki Dirixle maselesi dep ataladi. Bul maseleni sheshiw ushin,
sheshimdi

u(r,p)=X(r)-T(p) 3)
kobeymesi tirinde izleymiz. Buni (1) ge qoyip apiwaylastirsaq

%(rzxurx’):%ﬂ

tenligine iye bolanuz ham om1 —A* qa tenlestirsek tomendegi tefilemelerge iye
bolamiz:

r’X"+rX'—A%X =0,

T"+A°T =0. 4)

(4) tenlemenin uliwma sheshimi bizge belgili
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T (@) = Acos i@+ Bsin Ao
boladi. u(r,p) funkciyasi 27 periodli funkciya bolganligi ushin T(¢p) funkciyasi
ham 27 periodli funkciya boliw1 kerek, sonin ushin Sin4A¢ ham cosi¢ ler 27z
periodli boliw1 kerek. Bunin ushin A4 sani putin san boliw1 kerek. Sonda
T, (p) = A coskp + B, sinkp, k=0,1,...
boladi. Endi A *=k? t1 (4) degi ornma qoysaq
r’X"+rX'—k*X =0 (5)
turindegi Eyler tenlemesine iye bolamiz. (5) Eyler tefilemesinin sheshimin
X(r)=r® tarinde izleymiz. Bum (5) ge qoysaq ham &piwaylastirsaq
s(s—1)+s—-k*=0 yamasa s°=k’ boladi. Bunnan s==2k bolip, Eyler
tenlemesinin
X (r)=C.r*+Dr™ (6)
tarindegi uliwma sheshimine iye bolamiz. Ishki Dirixle maselesi ushin D, =0 dep
alamiz, bolmasa r=0 tochkada X, (r) sheksizlikke umtiladi. Apiwayiliq ushmn
C, =1 dep alamiz ham X, (r)=r* tirindegi sheshimge iye bolamiz. X, (r) hdm
T, (¢) lerdi (3) degi ormnlaria qoyip, summa alsaq
u(r,gp):irk(Akcosk(p+ B, sinkg) (7)
k=0
boladi. Bul sheshimnen erikli A, ham B, turaqlilardi aniglaw ushin (7) ni (2)

shegaraliq shartke qoyamiz. Sonda

0

coskg + B, sinkg)R* = f (@)
k
=0

k
bolip, bul koefficientleri f°=AR", f°=BR" bolgan f(¢p) funkciyasimn Fur'e

qatar1 bolip tabiladi, bunnan

1 2z 1272‘ 1271' ]
A= flp)o, AR" == f(p)coskpdp, BR* == f(p)sinkpde (8)
27, Ty Ty

formulalar1 boymsha A,, A, hdm B, lardi aniqlap, olardi (7) degi ormlarina qoysaq

izlenip atirgan sheshimge iye bolamiz.
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Solay etip Laplas tenlemesi ushin dongelektegi ishki Dirixle maselesin Fur'e
usili jardeminde sheshiw ushin, daslep (8) formula jardeminde (2) shegaraliq

shartte berilgen f(¢) funkciyasinin Fur'e koefficientlerin esaplaw, keyinshelik

olard1 (7) degi orinlarina qoyiw kerek.

Misal 1. Laplas tenlemesi ushin dongelektegi ishki Dirixle maselesin sheshin:

Au=0, 0<r<3, u‘r:3:(p2, (0L p<27).

Sheshiliwi. Daslep f(p)=¢* funkciyasin [0,27] araliqta berilgen dep

esaplap, onin Fur'e koefficientlerin esaplaymiz. k =0 ushin
1% 4
fi=A=—|¢dp==7n°
o= A . '!‘ pup 3

Eger k=1,2,3,..., bolsa, onda boleklep integrallaw jardeminde tomendegi

koefficientlerdi esaplaymiz:

2z
fe=A3 =£I¢2C08k¢d¢=i
T k>’

0

Bunnan A = FKE

sheshim

u(r,e) :gﬂz + 42(9'( (%cosk(p—%sin kgpj
turine iye boladi.
Misal 2. Radius1 R ge ten bolgan dongelekte garmonikaliq bolip,
U(R,@) = (27 — @) shegaraliq shartin qanaatlandiratugin u(r,) funkciyasin
tabin.

Sheshiliwi. Berilgen shartti matematikaliq tilde jazsaq, onda

Au:l(rur)r+%u 0<r<R, O<p<2r,
r r

u(0,p)| <,  u(R,p)=p27—p)
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turinde berilgen dongelektegi ishki Dirixle maselesi payda bolad.

Bul maselenin uliwma sheshimin

u(r, o) :%—Fi(%j (A coske+ B, sinkg)

turinde jaziwga boladi, bul jerde A, ham B, koefficientleri

2z o
A =lj f((D)COSk(DdCD:lI(D(Zﬁ—qp)coskgodgp, k=012...
T 0 T 5

2r 2r
B, =ij f ()sin k(pdq):% [ 027 - p)sinkpdg, k=1,2,...
0 0

integrallarin esaplaw arqali aniglanada.

27 . Q=27 2r p=2r
I(pcosk(pdgo:(psmk(p —Ejsin kgpdgz):izcosk(o =0,
. kK o Ky k )
9=0
2 =27 2r =27
J.(osinkgod(p:w +£Jcosk(pd(p:—2—”+%sink¢ =
) K o Ky k k &
4
T ?cosked —Mw”—ngsink d __Z(_Z_”j_‘l_”
A Y S A R R
¢=0 0
T _p*coske|" 2% Ar? 2
I(pzsink(od(p:— +—I¢)COSkgpd(pz——+—-O‘=—
0 k ok k k
¢=0 0
bolganligi sebepli
17 1 4rr 4
A<:;.([q)(Zﬂ—(o)COSk(pd(p:;(Zﬂ'O—F]=—P,
2
B, =1j¢(27z—¢)sin kgpdgp:l(z;z-(z—”j—(“—”jj:o.
Ty Via k k

Al A, 6z aldina
A’

1272'
2 (o2 —0)dp =27
A ﬁ!co(ﬂ p)dp=—

turinde tabilip, izlenip atirgan sheshim
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o <2551 omke

K
koriniske iye boladi.

Misal 3. Radius1 R ge ten bolgan dongelekte garmonikaliq bolip,
U(R,®) = psin g shegaraliq shartin ganaatlandiratugin u(r,) funkciyasin tabin.

Sheshiliwi. Berilgen shartti matematikaliq tilde jazsaqg, bul maselede

Au:l(rur)ﬁ%u 0<r<R, O<p<2r,
r r

op’!

‘u(O,(o)‘ <, U(R,p)=@sing
tarinde berilgen dongelektegi ishki Dirixle maselesi bolada.

Bul maselenin uliwma sheshimin

u(r, o) :%—Fi(%j (A coske+ B, sinkg)

turinde jazip, A, ham B, koefficientlerin esaplasaq

_i(Zn’_an_ 2 K>1

2 = 2 )
Akzij‘gosingocosk(pd(p: 27\k+1 k-1) k°-1
o Ltz 1

27 2 2 ’
1
1% —2—(0—0):0, k>1;
B =— I psingsinkpde = &
Ty 1 47r
=x, k=1,
27z 2

1 2z
:—I(osingodgoz—Z
T 0
bolip, izlenip atirgan sheshim

© k
u(r,p) :—1—%(%C08¢—7[Sin ¢]+ 22(%) coske

— k?+1

koriniske 1ye boladi.
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Misal 4.  Birtekli  dongelek 0<p<a, 0<p=<a sektorinda
u(p,0)=u(p,a) =0, u(p, ) = Ap, (A=const) shegaraliq shartlerin

qanaatlandiratugin temperaturanin ornigli taraliw nizamin tabin.

Sheshiliwi. Maselenin sharti boyinsha berilgen temperaturanin orniqli
taraliwin aniglaw maselesi
pu +pu, +u, =0 0<p<a O<p<a<2z,
u(p,0)=u(p,a)=0, 0<p<a,
u(a,e)=Ap, 0<p<a

turinde berilgen Dirixle maselesin sheshiwge alip kelinedi.

L
N =
4 %
\}\QP\ -/\\
Au=20 z
= M X
0 u(p,0) =0 a x

Sheshimdi u(p,9) =R(p)®(p) kobeymesi tarinde izlep, o6zgeriwshilerin
ajiratgannan son
P’R"+ pR' =1’ R=0, ®"+1°®=0

turindegi eki adettegi differencialliq tenlemege iye bolamiz.

u(p,0) = R(p)@(0)=0
ham

u(p,a)=R(p)®(a) =0
shartlerinen ®(0) = ®(«) =0 tenligi kelip shigip, natiyjede

d" + 12D =0, O<p<a,

®(0)=d(x)=0

turindegi Shturm-Liuvill maselesine 1ye bolip, bunnan 4, = Gis ham
a
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D, (p) :Sinﬂ—k(p, k=12,..., tarindegi bul maselenin menshikli manisleri menen
a

menshikli funkciyalarina iye bolamiz.

Endi  R(p) funkciyasin R(p)=p"  Kkoériniste izleymiz.
p°R"+ pR’ = A’R =0 tenlemesine qoysaq

ﬂ(ﬂ—l)+ﬂ—(7[—k} =0
(04

tenligine iye bolip, bunnan g dinh u = J_rﬂ—k manisi kelip shigad.
a

R(,0) funkciyasinin shegaralangan funkciya ekenligin paydalansaq
7k
R.(p)=p* bolip, natiyjede

7k

u, (o, @)= p;Sinﬂ—k(o, k=12,...,
a

yamasa, sheshimnin

7k

u(p,@) =Y cp“ sin

k=1

7k
—9
a
erikli ¢, turaglilar1 u(a, )= Ap shartinen aniqlanatugin korinisi hasil boladi.

k

u(a,p)=> ca« sin ﬁ—kq) = Ap
a

k=1
tenliginen
7k a
ca“ :EIA(oSinﬁ—kgod(p
ay, a
yamasa
G = zék J'(DSin”_k(od(P: (_1)“1%-
% 0 o 7k
aa

c, nmin bul manisin esapqa alsaq, onda sheshim

7k

20 A (-1 « . 7k
u(p,p) = . kzll( k) [gj sin—>¢

tarine iye boladi.
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4.2. Laplas tenlemesi ushin dongelektegi sirtqr Dirixle maselesi. Eger

dongelektegi sirtqr Dirixle maselesin garastiratugin bolsaq, onda (6) dan C, =0
dep alamiz, keri jagdayda r = de X, (r) sheksizlikke umtiladi. Onda apiwayiliq
ushin D, =1 dep esaplasag, X, (r) ge qarata X, (r)=r"" tarindegi sheshimge iye
bolamiz. Onda (7) sheshim

u(r,go):ir"‘(Ak coskg + B, sinkg) (9)

tarine iye bolip, buni (2) shegaraliq shartke qoysaq

0

coske + B, sinkp)R™ = f (p)
k
=0

k
boladi. Bul koefficientleri f’=AR™, f=BR™ bolgan f(p) funkciyasmin
Fur’'e qatar1 bolip tabiladi hdm bul koefficientler

1 2r B 12” B 12ﬂ .
A =] f(@)dp. AR™ =— [ f(g)coskpdp, BR™ == [ f(p)sinkpdg
0 0 0

Tz
turinde aniglanadi.
Misal 5. Laplas tenlemesi ushin dongelektegi sirtqi Dirixle maselesin sheshin:

Au=0, r>3 u‘rzsz(pz, (0<p<2n).

Sheshiliwi. f(¢)=¢’ funkciyasin [0,27] araliqta berilgen dep esaplap, onin

Fur’e koefficientleri birinshi misalda esaplanildi:

4 _ 4 _ A
fO:A\)zgﬂ-z’ A<3k=F, Bk3k:—?.
Bunnan
4 , 4.3 47 -3
= — , = ’ B = —

Belgisiz koefficientlerdin bul tabilgan maénislerin (9) dagi orinlarina qoysaq,

sheshim

4 = (3)( 1 %
u(r,(p):§n2+4kz_l:(Fj (Pcosk(p—isinkgoj

bolada.
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Misal 6. Radiust R ge ten bolgan dongelek sirtinda garmonikaliq bolip,
Uu(R,@)=T Siﬂ% shegaraliq shartin qanaatlandiratugin u(r,¢) funkciyasin tabin.
Sheshiliwi. Berilgen shartti matematikaliq tilde jazsaq, bul maselede

Au :l(rur)r +i2uw, R<r<+ow, 0<@<2r,
r r

|u(+o0, )| < 0, Uu(R,p) :Tsin%

tarinde berilgen dongelektegi sirtq1 Dirixle maselesi boladi.

Bul maselenin uliwma sheshimin

u(r, o) :%—Fi(?j (A coske+ B, sinkg)

turinde jazip, A, ham B, koefficientlerin esaplasaq

T  rn T % . (2k+De . Qk—D¢j
=— | sin=coskpdp=— |1 sin —sin do=
A n! g RPRe 2nj( 2 2 4

0

T 2 2 —AT
=‘z(2k+1'<‘2)‘m‘(‘2)]=m’

T .« T (2k+De (2k—D¢j
B, =— | sin=sinkpdp=— | | cos—X —cos——2L |dp=
‘ zl 2 Y zﬂj( 2 2 )7

0

27\ 2k +1 2k —1
T%  «x 2T 4T
=— |sinZdp=-"-.(-2)=—.
% 27:1[ 2 14 T (-2) T

Belgisiz koefficientlerdin bul tabilgan manislerin (9) dagi orinlarina goysaq,

sheshim

()= 2 AT SR coske
;e r x5\ r) 4kP-1

boladi.
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Misal 7. Radiust R ge ten bolgan dongelek sirtinda garmonikaliq bolip,
u(R,p) =Mcosp+2Nsinp shegaraliq shartin qanaatlandiratugin  u(r, )

funkciyasin tabin.

Sheshiliwi. Berilgen shartti matematikaliq tilde jazsaq, bul maselede

Au:l(rur)r +i2uw, R<r<+ow, O0<@p<2r,
r r

lu(+0, )| < o0,
u(R,p) =M cosg +2Nsin’ @

turinde berilgen dongelektegi sirtq1 Dirixle méselesi boladi.

Bul maselenin uliwma sheshimin

u(r,p) :%+i($] (A coske + B, sinkg)

turinde jazip, A, ham B, koefficientlerin esaplamastan aldin f (¢) funkciyasin

f (@) =M cosep+2Nsin®p=N + M cosp — N cos2¢

koriniste jazip alamiz. Onda

2N, k =0;
M, k=1
-N, k=1
0, k=2

A =1 ham B, =0, ke N,

bolip, sheshim

R R
u(r,@)=N+M —cosp—N| — | cos2¢
r r

bolad.
4.3. Dongelek oblast’ ushin Puasson integrallari. Bizge malim dongelektegi

Laplas tenlemesi ushin ishki Direxle méselesinin sheshimin

u(r, o) :%—Fi(%j (A coske+ B, sinkg)

koriniste jaziwga boladi. Eger erikli A,, A, ham B,, (k=12,...,) turaghlardin

manislerin beretugin anlatpalardi orinlarina qoysaq
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u(r,p) = —j f(a)l:—+i(%) coskgocoska+sinkgosinka)}da=

:izf f (a){%ﬁLi(%j COSk((p—a)}da

k=1

bolip,
pik(0-) | g-kip-a)
2

cosk(p—a) =

tenligin paydalansaq ham R =( <1 bolganlig1 sebepli payda bolgan izbe-izliktin
sheksiz kemeyiwshi geometriyaliq progessiya bolatuginligin paydalansaq

= 2 25

1 = (oo \K K 1 ge' ge -
1l ol(o-) o-io-a) ) _1l | _ _
2[ +3(e) + (aee) } 2{ e

1_q2 E. R2_r2
1-2qcos(p—a)+q> 2 R*—2Rrcos(p—a)+r’

1
2
boladi, bunnan

1% R?—r?

u(r.¢)= 27 ! R* — 2Rrcos(p — o) + r? fla)da (10)

turindegi dongelek ushin ishki Dirixle maéselesinin sheshimin beretugin jana
formulaga iye bolamiz. Bul formula dongelektegi ishki Dirixle maselesi ushin
Puasson integrali dep atalad.

Tap usinday dongelektegi sirtqr Dirixle maselesi ushin Puasson integrali

1 2z r2 _ R2
U(r1¢)=2—j 3 > T (a)da
75 r°=2Rrcos(p—a)+R
koériniske iye boladi.
Eger
R2_r? R R Re"“ +z

2 2 ; 2 € i
R®—2Rrcos(p—a) +r ‘Re'“—z‘ Re*“ -z
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tenligin esapqa alsaq, onda

1 TRe“ +2

u(r,p) =Re :
(r.e) 27y Re“ -z

f(a)da

bolip, ¢ = Re'* belgilewin jasasaq da =d¢/ic , bunnan
1
u(z):Re—_j f(g)Lng, lz|<R
27l LR G—1¢
turindegi Puasson integralinih kompleks formasina iye bolamiz.
4.4. Laplas tenlemesi ushin dongelektegi Neyman maselesi. Laplas

tenlemesi ushin

Au:l(rur)r+i2uw, 0<r<R, O<p<2r,
r r

u(0,@)|<», u.(R¢)=f(p)

turinde berilgen shegaraliq maseleni qanaatlandiratugin shegaralangan u(r,o)
funkciyasin tabiw maselesi Laplas teflemesi ushin dongelektegi ishki Neyman
maselesi bolip tabilad.

Bul maselenin sheshimin aniglaw ushin daslep dongelektegi ishki Laplas
tenlemesinin

u(r,qp):irk(,&k coske + B, sinkg)
k=0

sheshimin paydalanamiz. Endi bul sheshimnen erikli A ham B, turaqlilardi

aniqlaw ushin bul sheshimdi u (R,®)= f(p) shegaraliq shartine aparip qoyamiz.
Al{1, coske, sinke, k e N}sistemast  funkciyalardin ~ toliq  ortogonal

sistemasin duzetugin bolganligtan f (@) funkciyasin ¢ €(0,27) araligta usi

funkciyalar sistemasi boyinsha qatarga, yagniy Fur'e gatarina jayiwga boladi:

%o

Hp) ==

+ i(“k coske + B, sinke).
k=1

Bul qatardi r =R ushin

u (r,p)= ikr"‘l(Ak coskg + B, sinkg)

k=1
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qatar1 menen salistirsaq

Ur(R,¢) = ikRk_l(Ak COSk(D-F Bk sin kq)) =

k=1

:%Jr i(ak coskg + B, sinke) = f ()
k=1

bolip, bunnan k =0 ushin % =0 tenligi kelip shigad.

Bul song1 tenliktin orinlaniwinan Laplas tenlemesi ushin Neyman maselesinin

birden-bir sheshimge iye bolmaytuginligi kelip shigadi (A, ham B, lardi erikli

turde aliwga boladi. Bul sheshimler bir birinen erikli turaqliga 6zgeshelenedi).

ke N ushin
kR“*( A coske + B, sinke) =, coske + S, sinke
bolip, bunnan erikli A, ham B, lardin

a B
A< = lelz—l’ Bk = lelz—l

manislerine iye bolamiz.
Solay etip, Laplas tenlemesi ushin dongelektegi ishki Neyman maselesinin

sheshimi

= (1 \ @ cosk + [ sink
u(r,¢):c+RZ(Ej % (pk TR (10)
k=1

koériniske iye boladi, bul jerde «, ham S, lar saykes

l 27 1 27 )
a, == [ f(p)coskpdp, B, == [ f(p)sinkepde
7 0 4 0
formulalarinan aniglanada.
Laplas tenlemesi ushin
1 1
Au=—(ru,), +—U,, R<r<oo, O<p<2r,

r r

u(e,@)| <o, u,(R@)="f(p)
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turinde berilgen shegaraliq maseleni qanaatlandiratugin shegaralangan u(r, o)

funkciyasin tabiw maselesi Laplas tenlemesi ushin dongelektegi sirtqr Neyman
maselesi bolip tabiladi.

Bul maselenin sheshimi

» k :
W) = RZ(%) a, coske + 3, sinkep
k=1

k

tarine iye boladi.
Eskertiw. Laplas tenlemesi ushin dongelektegi ishki Neyman maselesi (10)

turindegi sheshimge iye boliw1 ushin o, =0 tenligi, yagniy

[ f(@)dp=0

tenliginin orinlaniwi kerek.

Misal 8. Au=0, 0<r<R, 0<¢p<2r,
ou

=cos’p, 0<p<2rx
or

r=R

koriniste berilgen Laplas tenlemesi ushin dongelektegi ishki Neyman maselesinin
sheshimin tabin.
Sheshiliwi. Berilgen maselenin sheshimin izertlemesten aldin eskertiwde

berilgen boyinsha oni sheshimge 1ye boliw shartin tekserip koremiz:
cos® = > cosp+ L cos3
% 4 % 4 @

bolganligtan

2

2 2 2

3 1
f(p)do=|cospdp==|cospdp+=|cos3p dp=0
!((p)(o! <0<04£ (p(o4£ o do

yagniy dongelektegi ishki Neyman maselesi sheshimge iye, sonin menen

birge

u, (R,@) =Y (& coske + B, sinke) :%c05¢+%c033¢

k=1
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bolip, bunnan 051:% 0@2% (qalgan koefficientlerdin hammesi nol'ge ten)

bolganligtan, sheshim (10) formula boyinsha

" k .
W(rg)=C+ RZ(%) a, coskgo:ﬂksmkgo _
k=1

r3

3
=C+rcosp+
4 T

cos 3¢

RZ
koriniske iye boladi.

4.5. Saquyna tarizli oblastta Laplas tenlemesi ushin shegaraliq maseleler.
Meyli R, <r<R, saqiynasinda Laplas tenlemesin qanaatlandiriwshi, yagniy

1 1 0
urr+Fur+FuW— (11)

teflemenin sheshimi bolip esaplamiwshi r = R, ham r =R, ushin
U(R,,@) =9:(), UR,.¢)=0,(p) (12)
shegaraliq shartlerin qanaatlandiriwshi u(r, ) funkciyasin tabiw maselesi berilgen

bolsm. Bul masele dongelek saqiynadagi Dirixle maselesi bolip esaplanadi.

Sheshimdi Fur’e usilina muwapiq

u(r,@)=X(r)-T(p) (13)

kobeymesi tirinde izleymiz. (3) ni (1) Laplas tenlemesine qoyip
rX"+rX'+ 42X =0, (14)
T"+1°T=0 (15)

turindegi eki differencialliq tenlemege iye bolamiz. Bul tenlemelerdi A <0 ushin

sheshpeymiz, sebebi bunday halda T (@) funkciyasi periodli funkciya bolmay
qaladi. A=0 ushin bolsa (14) ham (15) nin sheshimleri saykes turde
Xo(N)=a,+byInr, T,(p)=c,+d,p
ham A >0 ushin
X (N=ar“+br™, T/ (¢)=c coske+d,sinke
boladi. Bul sheshimlerdi (13) degi orinlarina qoysaq
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u(r,p)=a,+b,Inr +i[(akrk +b,r ) coske +(c,r* +d,r ™ )sin kgo} (16)
k=1

boladi, bul jerde T,(¢) funkciyasi periodli funkciya boliw1 ushin d, =0 dep alamiz
ham apiwayiliq ushin ¢, =1 dep esaplaymz.

(16) dag1 hamme belgisiz koefficientlerdi aniglaw ushin (16) m1 (12)
shegaraliq shartke qoyamiz. Sonda

l 2
a,+bInR, = Z I g, (p)do,
0

1 2
a,+bInR, :EJ. 0,(p)de
0

bolip, bul sistemadan a, ham b, tabiladi. Sonday-aq

f 2r
aQ, le +D, Rl_l = % j d,(p)coskepdo,
0

1 27
akRg + kaz_l = o J. 9,(¢)coskpde
0
bolip, bul sistemadan a, ham b, lar tabilad1 hdm

» L 1% .
nlek +d, R, = ;j 0, (p)sinked e,
0

3 W 17 .
AR, +d,R" = ;j 9,(¢p)sinkedg.
\ 0

bolip, bul sistemadan C, ham d, lar tabiladi. Tabilgan bul koefficientlerdi (16)

dagi ornlarina qoyip, (11),(12) dongelek saqiynadagi Dirixle maselesinin
sheshimine i1ye bolamiz.

Misal 9. Au=0, 1l<r<2, 0<¢<2r,
ul,@)=0, u(2,p)=cosp, 0<p<2r
koriniste berilgen saqiynadagi Laplas tefilemesi ushin Dirixle maselesin sheshin.
Sheshiliwi. Uhiwma alganda berilgen maselenin sheshimin tabiw ushin a,
ham b,, a, ham b,, C, ham d, lardi aniqlawga mumkinshilik beretugin

jogaridagi barliq integrallardi esaplaw, keyinshelik saykes sistemalardi us1 belgisiz
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koefficientlerge garata sheshiw kerek. Al garastirilip atirgan misal jagdayinda bul
integrallard1 esaplamay-aq, berilgen tenlemenin dara sheshimlerinin sizigh

kombinaciyasin
u(r,p) =a,rcose +brcose
koriniste izlep, belgisiz a, ham b, koefficientlerin aniqlaw ushin, bul sheshimdi
berilgen maselenin shegaraliq shartlerine aparip qoyamiz ham
a +b =0,

2q+1Q:l
2
sistemasina iye bolamiz. Bul sistemadan a ham b, koefficientlerdin

a, =2/3, b, =—2/3 manislerine iye bolamiz. Solay etip, sheshim

2 1
u(r,q))zg(r—chosw

tarine iye boladi.

Misal 10. Au=0, 1<r<2, 0<¢p<2r,
u@,p)=2, u2,p)=1 0<p<2r
koriniste berilgen saqiynadagi Laplas teflemesi ushin Dirixle maselesin sheshin.
Sheshiliwi. Sheshimdi ¢ ge garezsiz bolgan
u(r,@)=u(r)=a,+b,Inr

koériniste izleymiz. Buni shegaraliq shartke aparip qoyip,

a, +b,In1=2,
a,+byIn2=1
sistemasina iye bolamiz. Bunnan a, =2, b, =—log, e bolip, sheshim
u(r,p) =u(r) =2
In2

boladi.
Misal 11. Au=0, 1<r<2, 0<p<2r,

u@d,@)=cosp, u(2,p)=sing, 0<p<2rx

koériniste berilgen saqiynadagi Laplas tenlemesi ushin Dirixle maselesin sheshin.
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Sheshiliwi. Sheshimnin (16) korinisindegi barliq a, ham b,, a, ham b, , C,
ham d, (k >1) lardin nol'ge ten bolatugmligin tekserip koriwge boladi, al a,, b,
ham Cy, d; ler

a, +b =1, ¢, +d, =0,

1 1
2a1+5b1=0, 2C1+Ed1:1

sistemalarin sheshiw arqali aniglanadi. Bul sistemalardi sheshsek

2 2

1 4
=——, =—, C:—’d:——
=73 b 37t 3"t 3

bolip, sheshim

1 4 2 1) .
u(r,p) = —§r+§ COS(p+§ r—=|sing

r

bolad.
4.6. Puasson tenlemesi ushin dongelek ham saqiynadagir shegaralq
maseleler. Dirixle yamasa Neyman (yamasa aralas tiptegi) maselelerin sheshiw

waqtinda Au= f(x,y) Puasson tenlemesinin qanday-da bir u,(x,y) dara
sheshimin tabiw kerek. Sonda berilgen masele u(x,y)=u,(x,y)+39(x,y) belgilew
jardeminde $(x,y) funkciyasina qarata A3 =0 Laplas tenlemesi ushin shegaraliq

maseleni sheshiwge alip kelinedi.
Misal 12. Orayr koordinata basinda jaylasqan, radiust R ge ten bolgan
dongelekte

U, +U, =Xy

Puasson tenlemesinin U(R,¢) =0 shegaraliq shartin qanaatlandiratugin sheshimin

tabin.

Sheshiliwi. Berilgen masele polyar koordinatalar sistemasinda
1 ,.
r‘u_+ru, +U,, =—§r4sm2go, 0<r<R, 0<¢p<2r,

U(R,p)=0, 0<p<27

koriniske 1ye boladi. Bul tenlemenin dara sheshimi
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U, (1, ) =w(r)sin2¢

koériniste izlenedi. Bul sheshimdi berilgen tenlemege qoyip
20, M 1 4
rw’ +rw —4w=—-=r

tenlemesine iye bolamiz. Bul tefileme r =e€' belgilewi jardeminde

turine iye boladi. Bul tenlemenin bir dara sheshimi w(t) = —%e‘“ bolip, bunnan

1, : 1 ,.
w(r) =——r" boladi. Solay etip, u,(r,p)=——r"sin2¢.
(r) ==, bolad. Solay etip, u,(r,¢) =—— @
Endi (r,p) =u(r,p) —u,(r,) funkciyasin aniqlaw ushin
r’g . +rd +9, =0, 0<r<R, 0<p<2r,
1 4 -
u(R,(p):aR sin2¢p, 0<p<2r

tarindegi Laplas tenlemesi ushin Dirixle maselesine iye bolamiz. Bul maselenin

sheshimi

2
9(r,p) :(%j -2—14R4sin 2go=2—14r2stin 2¢

u(r,e) :2—14r2(R2 —r?)sin2¢

koriniske 1ye boladi.
Misal 13. Caqiynada berilgen Puasson tenlemesi ushin aralas shegaraliq

u@ e)=1 u. (b,p)=0, 0<p<2r.
Sheshiliwi. Berilgen tenlemenin sheshimi
u(r,) =w(r)+9(r,p)

koriniste izlenedi. Bul jerde w(r)
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%(rwr)rzo, a<r<b, w(@)=1 w'(b)=0 (17)

shegaraliq maselenin, al 3(r,¢)

1

%(r@r)r+Fl9W=Ar20032(p, a<r<b, 0<¢p<2r, (18)

Ha,p)=1 3 (b,p)=0, 0<p<2r.
aralas maselenin sheshimi.
Bizge malim (17) maselenin sheshimi w(r)=1, al (18) maselenin sheshimin
9(r,p) =R(r)cos2¢ koriniste izleymiz. (r,¢) nin bul manisin (18) ge qoysaq
%(rRr)r cosZgo—richosZ(p = Ar’cos2¢

yamasa

1(rRr)r —iz R=Ar?

r r

R(a)=1, R'(b)=0

shegaraliq maselesine iye bolamiz. Bul maéseledegi tenleme r=e' belgilewi

jardeminde uliwma sheshimi
R(t)=Ce* +C,e™* + 1 e
12
bolatugin turaqlh koefficientli
R"—4R = Ae™
tenlemesine tarlendiriledi. Demek
C, A
R(r)=Cr*+-2+—r*
T
bolip, bunnan C, ham C, lerdi R(a) =1, R'(b) =0 shartlerinen aniqlasaq

A@® + 2b°%) Aa‘b*(2b* —a?)
1 VI C,= 4 4
12(a” +b") 6(a” +b")

bolip, berilgen maselenin izlenip atirgan sheshimi

A@°+2b%) , 1 Aa‘b*(2b®-a%)
12(a* +b*) r’  6(a’+b*)

u(r,§0)=1+[ +£r4jc052(p
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boladi.
Qosimsha sorawlar

1. Elliptikahq tiptegi tenlemeler dep ganday tenlemelerge aytiladi?

2. Eki gérezsiz ozgeriwshili, ekinshi tartipli dara tuwindili sizighh yamasa
kvazisizigh differencialliq tenlemeler ellitiptikaliq tipke jatiw ushin qanday shart
orimnlaniwi kerek?

3. Laplas ham Puasson tenlemeleri qalay kelip shigadi?

4. Laplas ham Puasson tenlemeleri ushin qanday tirdegi shegaraliq shartlerdi
bilesiz?

5. Laplas yamasa Puasson tenlemeleri ushin Dirixle maselesi dep ganday
maselege aytilad1?

6. Laplas yamasa Puasson tenlemeleri ushin Neyman maselesi dep ganday
maselege aytilad1?

7. Laplas yamasa Puasson tenlemeleri ushin tshinshi tar shegaraliq shart dep
qanday shartke aytiladi1?

8. Laplas yamasa Puasson tenlemeleri ushin Dirixle maselesi menen Neyman
maselesi arasindag1 pariq ganday?

9. Laplas tenlemesinin fundamentalliq sheshimi dep qanday sheshimge
aytiladi?

10. Shegaraliq maseleler qanday tiptegi maselelerge qoyiladi?

11. Garmonikaliq funkciyalar dep qanday funkciyalarga aytiladi?

12. Garmonikaliq funkciyalardin qanday gasiyetlerin bilesiz?

13. Garmonikaliq funkciya ushin orta manis hagqindagi teoremaga ganday
tusinesiz?

14. Garmonikaliq funkciyalardin ekstremumi haqqindagi teoremaga qanday
tusinesiz?

15. Grin formulalarin keltirip shigarin.

16. Puasson tenlemesi ushin Dirixle h&m Neyman madseleleri sheshiminin
birden birligin dalillen.

17. Tuwr1 mayeshli oblastta Laplas tenlemesi ushin shegaraliq maseleler Fur e
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usili jdrdeminde qalay sheshiledi?

18. Tuwr1 muyeshli oblastta Puasson teflemesi ushin shegaraliq maseleler
Fur’e usili jardeminde qalay sheshiledi?

19. Dongelek oblastta Laplas tenlemesi ushin shegaraliq maseleler Fur'e usili
jardeminde qalay sheshiledi?

20. Déngelek saqiynada berilgen Laplas tenlemesi ushin shegaraliq maseleler

Fur'e usili jardeminde qalay sheshiledi?

Oz betinshe jumislar ushin tapsirmalar

I. Au=0 Laplas tenlemesi ushin 0 < X< p, 0<y < tuwri mayeshlikte

tomendegi shegaraliq shartlerdi ganaatlandiriwshi sheshimdi tabin
1) u(0,y)=u(p,y)=0, u(x0)=0, u(x,q)=U;

2) u(0,y)=u,(p.y)=0, u(x,0)=0, u(x,q)=f(x);
3) u(0,y)=U, u(p,y)=0, u(x0)=0, u(x,q)=V;

4) u(0,y)=U, u,(p,y)=0, uy(x,O):TsinZ—:, u(x,q)=0;

5) u,(0,y)=u,(p,y)=0, u(x,0)=A u(x,q)=Bx;
6) u(0,y)=A u(py)=Ay, u,(x0)=0, u,(xq)=0;
7) u(0,y)=0, u,(p,y)=hb, u(x,0)=0, u(x,q)=U.

Il. Au=0 Laplas tenlemesi ushin 0 < X <00, 0<y<| oblastta tbmendegi

shegaralik shartlerdi ganaatlandirtwshi sheshimdi tabin
1) u(x,0)=u(x,1)=0, u(0,y)=y(l-y), u(eo,y)=0;

2) u(x,0)=u,(x,1)=0, u(0,y)="f(y), u(ewo,y)=0;
3) u,(x,0)=u,(x,1)+hu(x1)=0, u(0,y)="f(y), u(e0,y)=0,h>0;
4) u,(x,0)—hu(x,0)=0, u(x,1)=0, u(0,y)=I1-y, u(ew,y)=0,h>0.

5) Au=0 Laplas teflemesi ushin 0 <X <1, 0<y<ooblastta tomendegi

shegaraliq shartlerdi ganaatlandirtwshi sheshimdi tabin

u(0,y)=u(l,y)=0, u(x,0)= A(l—lij, u(x,0)=0.
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1. 0<r <R dongelekte tbmendegi shegaraliq shartlerdi qanaatlandiriwshi
garmonikaliq funkciyani tabin

1) u(R,p) = psing;

2) uR,0) = (27 - 9);

3) U (R,p)+hu(R,p)=T +Qsing-+U cos3g;
4) u, (R, ) = Acos¢;

5) u, (R, ) = Acos2¢;

6) u.(R,p)=sin’¢.

IV. Au =0 Laplas tenlemesinin 0<r <R dongelek sirtinda tbmendegi
shegaraliq shartlerdi ganaatlandiriwshi sheshimin tabin

1) u(R, o) =Tsin%;

2) u.(R,p) :%+(psin 20,

3) u(R,p)=U (¢ +¢cosp).

V. 1<r<2 saqiynada tomendegi shegaralik shartlerdi ganaatlandirtwshi
garmonikaliq funkciyani tabin

Dulo)=uw, u@e)=u,;
2) u(L,p) =1+cos’p, u(2,9)=sin’p.

VI. a<r<b saqiynada tomendegi shegaralik shartlerdi ganaatlandiriwshi
garmonikaliq funkciyani tabin
1) u(a,p) = A, u(b,p)=Bsin2¢;

2) u(a,) =0, u(b,p)=cose;

3) u.(a,p)=qcose, ub,p)=Q+Tsin2¢;
4) u(a,9) = fi(p), u(b,p)=1,(p);

5) u(a,@) =0, u(b,@)=sing+2cos’ p;

6) U, (a,@)=4sin’p, u(b,@)=0;

7) u(a,@) =1, u_(b,)=2sin’g;

8) u.(a,p)=sing, u. (b,p)=cose.
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VII. 0<r<R, O<p<a dongelek sektorinda tomendegi shegaraliq

shartlerdi ganaatlandiriwshi garmonikaliq funkciyani tabin
1) u,(r,0)=u,(r,a)=0, u(R,p)=Ugy;

2) u,(r,0)=u(r,a)=0, Uu(R,p)= f(p);
3)u(r,0)=u(r,a) =0, u(R,p) = Ag;
A)u(r,0)=u(r,a)=0, u.(R,p)=Q.

Oz betinshe junislar ushin tapsirmalardin juwaplar

1) u(xy)= 4Uoz 1ﬂ(2n+1)q-sinﬂ(2n+1)x-sh”(2n+1)y;
V4 n02n+1 p p p
7(2k +1) 7(2k +1)
2 u X, a, sm X sh :
) u(x,y) Z 20 TR
p
a, = 2 h17Z' 2k+1qJ‘f Si k 1)de,
p 0 2p
Sin(2n+1)7r -Sh(2n+l)ﬂ
N & p p
3) u(x,y) > +
7 n=0 (2n+1)sh(2n+1)ﬂ
p
Sin(2n+1)7r -Sh(2n+1)ﬂ
) e
7T n=0 (2n+1)sh( +h)7
q
p Vs a7q ) 2U 7q V4 V4
4) u(x,y)=U+—|Tsh—y ( h —}( Tsh—}ch—y}sm—x—
(%) { 2p 2p )L p 2p) 2p 2p
h_l(2k+1)7rq
_4Uz‘°: 2p (2k+1)7z Sin(2k+1)7rx_
r & 2k +1 2p y 2p
5) u(x,y)=(pB_2A)y+A
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_4pB & 1 COS(2k+1) . (2k+1)7
i 2 , (2k +1)7q P D Y
(2k +1)"sh
p
6) u(x,y)_A+A(q2_p2)X—
40A & 1 2k +1 2k +1
- 7[2 Z 2 (2k+1) p COS( q ) ySh( q ) X
““(2k +1)"sh
q
4bq & 1 2k+D)7z |, k+D)x
7) u(xy)= sin -sh——x+
) ( y) i kZ;(Zk 1) h(2k+1)7z.p q y q
q
+4U§: 1 Sh_l(2k+l)7zqsin(2k+1)ﬂx-sh(2k+l)7z
T o2k +1 2p p 2p
8l & 1 PUn o (2k+1)
1. 1) u(xy)="2 i ,
) u(x,y) 3;(2k+1)3e sin—
o, 2n  (2k+1)x 2| (2 +1)7

y.a = f(y)sin ydy;

0 h2 |
3) u(x,y)= Z{ (h(2+:11/1k+)h£f cosﬂkgdé}e A cos A, Y,

bul jerde 4, menshikli sanlar1 AtgAl =h tenlemenin on koren'leri;

4) u(x,y)= 1+h|k§:[(h2+/1k) T

bul jerde Y, (y) =4 cosA.y+hsin4y, A, - menshiklisanlar1 htgil =-4

e Y, (y),

tenlemenin on korenleri;

5) u(x,y) :27'6‘2%e'ysinnl—”x.

r r .
I1. 1) u(r,p)=-1-—cosp+—sSinp+2
) u(r,) SR COSp+-sing >

ad 1 r “ Ko
& (ke -1y (EJ coSEe
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2) u(r,p)= i%(—j coske;

k=0

T OQr . ur®
3) u(r,p)=—+ sin @ + ————C0S 3¢;
) = R R (3 RN O
_ A
4) u(r,p)=Arcose+C; 5) u(r,p) = —Rr 2c0s2¢ +C;

3
6) u(r,p)== £3rsmgp—%sm3¢j+c

oT 4T& 1 (RY
IV.1) u(r, - — — | cosko;
) ur) -2 A5 4k2( j 0

4R? R® R? . = 1 (RY
2) u(r,p)=C+ — | coske:;
) ulr.e) 3r 4r? r? k_34—k2(rj v

RU 2k? — ( )k
3) u(r, U ——sinp+2U0 Y — sink
) u(r,g)= —sing Z (i) r 2

Inr 3 Inr (2 r?
V. 1)u(l’,(0)=u1+(u2—ul)m; 2) U(r,@)zz—n (ST—EJCOSZ(D

a p*-a

In— 2 4
VL. 1) u(r,p)=A b Bb 4[r2—%Jsin2gp;
In—

b a’
2) u(r,go):b2 az(r——jcow;

r

2 2 2 4
3) u(r,p)= Q+ ad (I’—bT]COS¢+P—Tb4(I’2+%jSin2¢;

+b? at+
4) u(r,p)=al’ + agl)aln%+

(alfl)b*k + kafk*la,gz) ) r* + (koqﬁz)ak*1 — bkaél) ) r~

" - k(a"*lb*" + b"af“)

coske +

=~

I M8

. (ﬂlgl)b—k n ka—k—lﬂIEZ) ) k4 (kﬂk(Z)ak—l _ bkﬂk(l))r—k
+Z k(a“b™* +bfa*?)

k=1

sinke,
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Va T

2 a2 4 .4 2
5) u(r,p) = Inr/a r -a 95| ne+ r -4 (?J COS 2¢;

Inb/a b2—a r b*—a*
6) u(r,p) = 3b & ~sin _1b-r 614S|n3
P Ay 3bé+a®rd v
4 a4 3
7 u(r 1+— > C0S2 +b|n—
) u(r,p) = 20 a1 @ "
r’ +a’b? 2+b%a® .
8) u(r,go)zbz_ ~—CO0S 2_b2—3|n¢)

U 4o & 1(r e ki
VII. 1) u(r,p)=—-— —| — COS—@;
) u(r)== > (Rj 9

72_2 k=1k2
0 (2k+1) 7 (2k+1)72' 2 _(2k+l)7z’ o (
2)u(r,p)=)> ar ?* cos—————¢@;, a, =—R 2« f (p)cos
)(co)kz_;k L |, f@)
kz
280 & (D) (e |k
3) u(r,p) = . > =] s
k=1
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V-BAP. POTENCIALLAR TEORIYASININ METODLARI

Tayanish sozler: potencial, kolem potenciali, N'yuton potenciali, apiway1
qatlam potenciali, qos qatlam potenciali, logarifmlik potencial, Fredgol mnin
integralliq tenlemesi, Puasson tenlemesi, Dirixle maselesi, Neyman maselesi, Grin
funkciyasi, jilliliq 6tkizgishlik tenlemesi.

Tiykarg tusinikler ham belgilewler

Vektorlig maydan — qarastirilip atirgan oblasttin har bir tochkasinda
berilgen vektor-funkciya.

Skalyarliq maydan — qarastirilip atirgan oblasttin har bir tochkasinda
berilgen funkciya.

Differenciallig L operatordin fundamentalliq sheshimi — Lu=05(x)
tenlemesin qanaatlandiratugin uliwmalasqan funkciya, bul jerde o6(X) Dirakttin
del ta-funkciyasi.

Potencial — bul bazi-bir funkciya (potencial tigizligr) menen fundamentalliq
sheshimnin yamasa onin tuwindisinin kobeymesinen alingan integral koriniske iye
skalyar funkciya.

Laplas tenlemesi — Au =0 tenlemesi, bul jerde A Laplas operatorrt.

Puasson tenlemesi — Au= f tenlemesi.
N'yuton (kolem) potenciali — u(A):HI@dV turindegi integral, bul
r
\%

jerde r fiksirlengen A tochkast menen ozgeriwshi P tochkalar: arasindagt araly,

p potencial igizligi, V =R’

Apiwayr qatlam potenciali — u(A) :”—'O (P) dS turindegi integral, bul jerde
r
s

r fiksirlengen A ftochkasi menen ozgeriwshi P tochkalart arasindagi araliq, p

potencial tgizligi, S=0V ,V =R®,

Qos gatlam potencial — u(A) = ”Mds = HP(P)G%GJ dS

turindegi integral, bul jerde 6 degenimiz S=0V betinin PeS tochkasina
jurgizilgen normal menen PA bagiti arasindagi muyesh.
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Logarifmlik potenciali — u(A) = Hp(P) InldS turindegi integral, bul jerde
r
S

S e R

Apiwayr gatlammin logarifmlik potenciali — u(A) = I p(P)InldI turindegi
r
L

integral, bul jerde LedS, S R’

Qos gatlammin logarifmlik potenciali —
UA) = [ p(P)Zin2dl = [ (P)—C059d|
1 on r 1
turindegi integral, bul jerde 6 degenimiz L=0S tuyig sizigmmin  Pel
tochkasina jurgizilgen normal menen PA bagiti arasindagi muyesh.

Grinnin tiykarg: integralliq formulasi — eki ret differenciallaniwshi U

Sfunkciyasimin ush potencialdin (AU tigizligqa iye kolem potenciali, 2—” betlik
n

tgizligqga iye dpiwayr gqatlam potenciali ham U tigizligga iye qos qatlam
potenciali) qosindisi turinde korsetiliwi.

Garmonikaliq funkciva — Laplas tenlemesin qanaatlandiratugin eki ret
differenciallamwshi funkciya.

Grin funkciyasi— Differencialliq tenlemeler ushin shegaraliq mdselelerdi
sheshiwde gqollaniladi. Grin funkciyasi sonday funkciva bolip, ol berilgen
differencialliq tenlemenin sheshimi bolip shegara shartlerin ham qanaatlandiradi,
somin menen birge tenleme tdrtibi menen kenislik olshemine baylanisli bolgan

qasiyetke iye. Misali G(M,M,) funkciyast ush olshemli Laplas operatorinin Grin

funkciyast bolsa, onda Laplas tenlemesi ushin Dirixle mdselesinin sheshimi Grin
funkciyast jardeminde

u(M,) = J'J' (M)wd

formulasi1 menen korsetiledi.

N'yuton potenciali tisinigi birinshi ret XVIII asirdin aqirinda P. Laplas ham

J.Lagranj tarepinen, soninan gidrodinamika maseleleri ushin L.Eyler tarepinen
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kiritiledi. Qos qatlam potencialinin gasiyetleri birinshi ret Kulon hdm S. Puasson
tarepinen izertlenedi, al potenciallar teoriyasin rawajlandiriwda Grin ulken
jetiskenliklerge iye boladi. Hazirgi waqitta potenciallar teoriyasi — matematikaliq
fizikanin har qiylh tarawlarindagi maselelerdi izertlewde hdm sheshiwde kushli

rawajlangan metodlardin biri.
3
Meyli F = Z Fe vektorlig maydan ham u(X,Y,z)skalyarlig maydan
i=1

berilgen bolsin. F vektorlig maydannin potenciali dep, gradienti F ke ten bolgan

u(x,y, z) skalyarlig maydannin gradientine aytiladi:

gradu=Vu = a_ua_ua_u =F
OX oy oz

Sonligtan potencialliq funkciyan1i biliw tasir etiwshi kushlerdi esaplawga
mumkinshilik tuwdiradi.

Potenciallar teoriyasinin metodlarinda Laplas teflemesinin ush 6lshemli

jagdayinda % ham eki olshemli jagdayinda ziln1 bolgan fundamentalliq
zr T r

sheshimleri tayanish rolin atqaradi. Bul sheshimler tiykarinda, bazi-bir funkciya
(potencial tig1zlig1) menen fundamentalliq sheshimnin yamasa onih tuwindisinin
kobeymesinen alingan integral koriniste potenciallar duziledi. Integrallaw oblastina
ham fundamentalliq sheshimdi yamasa onin normal boyinsha tuwindisin
qollaniwga garezli kélem potenciali, apiwayr hdm qos qatlam potenciallart bir-
birinen 6zgeshelenedi. Eger potencialdi (saykes elliptikaliq tiptegi tenlemenin
sheshimin) tigizliqtan alingan integral koriniste izlew kerek bolsa, onda belgisiz
tigizligga qarata integralliq tenleme payda boladi. Al sheshimdi har qiyh
potenciallar korinisinde izlewge bolatugin bolganliqtan, payda bolgan integralliq
tenleme en 4piwayl bolatuginday etip potencialdi tanlap aliw kerek. Misal
Fredgol ' mnin ekinshi tar integralliq tenlemesin aliw ushin Dirixle maselesi qos
qatlam potenciali jardeminde, al Neyman madselesi apiwayi qatlam potencial

jardeminde sheshiledi.
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§1. Potenciallar teoriyasimin Dirixle hAm Neyman maseleleri ushin
qollamwlar:
1.1.Kenisliktegi Dirixle maselesinin sheshimi. Meyli S beti menen
shegaralangan V oblast1 ushin ishki Dirixle maselesin qarastirayiq. Bul méselenin

sheshimin qos gatlam potenciali koriniste

u(A):”p(P)%S, r=|AP|

formulas1 menen esaplaymiz, bul jerde rF = AP, fi —bettin P tochkasindagi sirtqi
normaldin bagiti. Izleniwshi shama p(P) tigizliq. Shegaraliq sharti u‘s =f(P)

bolgan ishki Dirixle maselesi p(P) tigizliq ushin

f(A) :”p(P)MdS + 272p(A)
3 r

integralliq tenlemesi menen ten kushli. Eger

K(A;P) = -+ cos(TM)
2r ¥
yadrosin kiritsek, onda songi tenlemeni
1
p(A) =T (A)+[[ p(P)K(A;P)dS (1)
2r S

turinde jaziwga boladi. Solay etip p(A) n1 tabiw maselesi (1) integralliq tenlemeni

sheshiwge alip kelinedi.

Usigan ugsas, sirtq1 Dirixle maselesin sheshiw
1 :
p(A) === (A~ [[ p(PIK(A;P)dS )
21 S

integralliq tenlemeni sheshiwge alip kelinedi.

Misal 1. Laplas tenlemesinin z>0 yarim kenislikte u‘ . = f(P) shegaraliq

shartin ganaatlandiratugin sheshimin tabiw maselesin qarastirayiq, bul jerde

5={(xy.0)}.

Sheshiliwi. Bul maselenin sheshimin qos gatlam potenciali koriniste

~+00 +00

u(ey2)= [ [ ptem S agdn, v =(x-7 +(y-n)" +7

—00 —00
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cos(r,n) z

formulasi menen esaplaymiz, bul jagdayda ———-——==—. (1) integralliq
r r

tenlemenin yadrosi nol'ge ten bolganlig1 sebepli qos gatlam potencialinin tigizlig

( )

p(P)= bolip, sheshim

£(&n)
H0y.2) = _H[(x & +(y—n)'+ 7]

7z dédn

tarine iye boladi.

Egerde qarastirilip atirgan Dirixle maselesinih sheshimin 4piwayr gatlam
potenciali koriniste izlesek, onda potencial tigizligin amiqlaw ushin (1) ge
salistirganda bir qansha quramali bolgan Fredgol mnin birinshi tir integralliq
tenlemesine iye bolamiz. Eger V oblasti apiway1 bolsa, onda bunday shegaraliq
maselelerdi sheshiwde Grin funkciyast usili golayli bolada.

1.2. Tegisliktegi Dirixle maselesinin sheshimi. Meyli Au=0, u| =f

Dirixle madselesin garastiraylq. Alding1 punktte garastirilgan madselege ugsas
sheshim
cos(r ) cos(r.n),,

u(A) = j (P)

koériniste izlenedi. Potencial tigizlig1 p(A) n1 aniglaw ushin

7p(A) = f(A)+Ip(P)K(A;P)dI

—

integralliq tenlemege iye bolamiz, bul jerde r =AP, fi —tymekliktin P

tochkasindagi 6zgeriwshi normal, K(A,P) = Cos(r, M) :
Songi integralliq tehlement
Y
7p(l) = £ (1) + [ (K (I3 1)dl (3)
0

koriniste jaziwga boladi, bul jerde | ham I, lar L konturimin fiksirlengen L

bolsa L konturinin uzmnligt.
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Misal 2. Radius1 R ge ten bolgan K, dongeleginde U‘K = f(P) shegaraliq

shartin ganaatlandiratugin Laplas tenlemesinin sheshimin tabin.
Sheshiliwi. Eger A ham P tochkalar shenber boyinda bolsa, onda

cos(r,n) 1
2R

K(AP)=
bolip, (3) tenleme
1 1,1
L)=—"1(,)+— | —p(dl
pllo)=—1(l;) ﬂJRZR'D()

turine iye boladi. Bul integralliq tenlemenin sheshimi

1
f (Ddl
47Z'ZRJR )

p)=2 (1) -
T

boladi. Onda bul tig1zliqga saykes sheshim, yagniy qos gatlam potenciali

RZ_pZ

> Sdt
—2Rpcos(t—60)+ p

u(p )= [ 10

turindegi Puasson integrali bolip tabiladi.

1.3. Neyman maselesinin sheshimi. Meyli Neymannin

Au(A)=0, AeV, 4)
ul
onlg (5)

shegaraliq maselesin gqarastirayiq.

Neymannin ishki méselesinin sheshimge iye boliwinin zararli sharti

”f(P)dS:O

tenliginin ormlaniwi bolip tabiladi.
Neyman maselesinin Dirixle maselesinen parqi (4),(5) Neyman maselesi

apiway1 gatlam potenciali bolgan

u(A =[] pﬁf)ds
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koériniste izlenedi. Bunnan apiwayi potencial qatlam gdsiyetleri boyinsha ishki

Neyman maselesine ten kushli bolgan

27p(A) = f (A) - j j p(P)K* (A, P)dS

integralliq tenlemesine iye bolamiz, bul jerde

cos(r,n)
re

K*(AP)=

Sirtqr Neyman maselesi ushin jogaridagi integralliq tenlemenin on jagi
garama-qarsi belgige iye bolad.

Tegisliktegi Neyman maselesi apiway1 qatlam potenciali bolgan
U(A) = jp(P) InLal
r
L

koriniste izlenedi ham i1shki Neyman maselesi ushin tigizliq

7p(A) = f(A) = [ p(P)K" (A P)dI,

integralliq tenlemesin sheshiw arqali aniglanadi, al sirtqr Neyman madselesi ushin
onin on jagindag belgi 6zgeredi, bul jerde
K*(A,P) = cos(r, ﬁ).
§2. Grin funkciyasimin Dirixle ham Neyman maseleleri ushin qollaniwlar:

2.1. Laplas tenlemesi ushin Dirixle maselesinin Grin funkciyasi. Laplas
tenlemesi ushin Dirixle maselesin sheshiwdin Grin funkciyast usili apiwayi
differencialliq tenlemeler ushin shegaraliq maselelerdi sheshiwdin Grin funkciyasi
usilina tiykarlangan.

Daslep, izleniwshi sheshimdi duziw payitinda sheshiwshi rol® atgaratugin
Grin funkciyasi aniglamasina alip keletugin jardemshi maseleni qarastiramiz. Bul

masele tomendegishe qoyiladi: shekli Q oblastta garmonikaliq, al onin S betinde

bolsa berilgen —% manisine ten bolatugin 4, =49, (M) funkciyasin tabin.
Tr ° °

Bul Dirixle maselesi sheshiminin bar ham onin birden-bir ekenligin

dalillewge boladi. Aytayiq, bul masele sheshilgen, yagniy &, (M) funkeiyasi
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tabilgan bolsin. Bul tabilgan §, (M) funkciyasi, oblast’ ishindegi manisin usi

oblast” shegarasindagi manisi arqali anlatatugin garmonikaliq funkciyani beretugin
formulan keltirip shigariwga jardem beredi.

Meyli u(M) funkciyasi S beti menen shegaralangan tuyiq Q oblastta
garmonikaliq funkciya bolsimn. Onda u(M) funkciyasinin tuyiq € oblast™ ishindegi

manisin, onin S shegarasindagi 6zininh hdm normal tuwindisinin manisleri arqali

anlatatugin

a].

1 10ou r
M)y=—||| =—-u—1d 1
H(M,) 4nJ;I ron an ; @

formula bizge tanis. Endi

”j (9AU—UAG)dV = jj[g_n_ _st

Grin formulasin U(M) ham 9, (M) garmonikaliq funkciyalarina qollanamiz, bul

jerde 8, (M) funkciyasi shekli Q oblastta garmonikaliq, al onii S betinde bolsa

: 1 .. ,
berilgen ———— manisine ten. Onda
Arr

”{ oy 2 M) MO() MO(M)au(M)}dSZO

tenligin, yamasa 9, (M) funkciyasinin shegaradagi ménisin esapqa alsaq

0%, (M) 1 ouM) |,
LJ{U(M) on +47rl’ on }ds_o

bolip, bul keyingi tenlikti (1) den ayirsaq

0— ou,, (M
L ouM) 1 vyor uom w,(M) 1 a9(M)
Adzr  0OnN A on on 4dzr  On

ds =

U(Mo) :II

o S s, o)
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boladi. Solay etip
u(MO)=—Hu(|\/|)i[i+gM (M)}ds ()
f on| 4rxr 0

tenligine iye bolamiz. Integral astindagi

G(M M) ==+ 8, (M) (3)

funkciyasi Dirixle maselesi ushin Grin funkciyasi dep ataladi.
Aniqlama. Laplas tenlemesi ushin Dirixle maselesinin Grin funkciyast dep

tomendegi shartlerdi qanaatlandiratugin G(M, M) funkciyasina aytiladi:
1. G(M,M,) funkciyas1 Q oblasttin M, tochkasman basqa barliq jerde

garmonikaliq funkciya boladi.
2. Barlig M ushin § betinde G(M,M,) funkciyasi

G(M, MO)‘S:O
shartin ganaatlandiradi.
3. Q oblastinda G(M,M,) funkciyast (3) formula menen aniglanadi, bul

jerde r degenimiz, M ham M, tochkalar arasindag: araliq, 9, (M) bolsa

garmonikaliq funkciya.

Grin funkciyasi jardeminde u(M,) sheshim

u(hg) =) 2 el

formulasi menen aniglanadi.
Meyli Grin funkciyast belgili bolsin. Onda Laplas tenlemesi ushin

Au=0, u(M )‘ ¢ =¢(M) Dirixle maselesinin sheshimin

u(M,) = J'J' (M)Md

formulas1t menen aniglawga boladi.

Eger Dirixle maselesi Au=f(M), u(M)|, =¢(M) tarinde Puasson

tenlemesi ushin berilse, onda Grin funkciyasi jdrdeminde sheshim
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u(Mo):—”go(M)st—‘mf(M)G(M,MO)dV

formulasi menen aniglanadi.
2.2. Grin funkciyasin daziw usillari. Grin funkciyasin diziw usillarinin biri
sawlelendiriw usili bolip esaplanadi. Misal ushin Puasson tenlemesi ushin Dirixle

maselesinin Grin funkciyasi yarim kenislik (z > 0) jagdayinda

G(M,M,) = 1 (4)
47TRMM0 47TRMM1

koriniske iye boladi, bul jerde R,; degenimiz A tochkadan B tochkaga shekemgi
araliq; My(X,,¥,.2,) Jjoqargr yarim kenislikte (z>0) jatiwshi tochka;
M, (X,, Ys:—2,) degenimiz z=0 tegisligine garata M, tochkasina simmetriyali
bolgan tochka; M(x,Yy,z) bolsa z>0 yarim kenisliginin erikli tochkasi.

Fizikaliq ko6z qarastan qaraganda Grin funkciyasm M, hdm M,

tochkalarindagi tochkaliq zaryadtan payda bolgan potenciallig maydan sipatinda
qarastiriwga boladi. Onda M (X, y,z) tochkadagi potencial (4)

Y

y
z, Mo(x0, yo)
'\
Mo (x0, Yo, 20) : \\\
T‘\\ RMMo | /’ M(x, y)
~ I
] ~ /
M 1
ol ! > M(x.y.2) o 7 x
1 / > : ’
: ’/ Y ! ’I
/ /
i 7 Rum '
"‘ ; /I ! M 1 (X0, —40)
¢ Ml(x()vyﬂv_z())

formula menen aniglanatugin Grin funkciyasina ten boladi.
Yarim (y >0) tegislik jagdayinda Grin funkciyast M(X,y) tochkadagi
potencial menen, yagniy

G(M,M()):ilni—ilnL (5)
2r

Rum, 27 Ryum,

formulas1t menen aniglanadi.
Endi tomende Grin funkciyasi jardeminde sheshiletugin, yarim tegisliktegi

Laplas tenlemesi ushin Dirixle méselelerin qarastirayiq.
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Masal 1. Laplas tenlemesi ushin
Au=0, y>0, —o0< X<+,
u(x,0) =@(x), —oo< X< -+o,
Dirixle maselesin Grin funkciyasi jardeminde sheshin.
Sheshiliwi. Eger M, =M,(x,y), M =M(t,s) dep alsaq, onda (5) formula
jardeminde Grin funkciyasi

G(x,y,t,8) = iIn ! iIn !

2 \J(x=t)2+(y—5)* 27 \J(x—t)2+(y+5)
koriniske 1ye boladi. Onda

g
0S |

¥y
(x=1)" +y’

1
T
bolip, sheshim

T LR P R

boladi.

Masal 2. Eger u(x,O):1 X

> ekenligi malim bolsa, onda y>0 yarim
X

tegisliginde u(x,y) garmonikaliq funkciyani tabin.

Sheshiliwi. Alding1 misal boymsha ¢(x) = ushin bul garmonikaliq

X2
funkciya

y o) Y t _ X
=2 J.(x 07 +y2 ﬂ;[o(1+t2)((x—t)2+y2)dt X2+ (1Y)’

turine iye boladi.
Misal 3. Laplas tenlemesi ushin

=0, —o<X,y<+mo, 2>0,
u(x,y,0)=cosxcosy, —oo<X,y <+

Dirixle maselesin Grin funkciyasi jadrdeminde sheshin.

Sheshiliwi. 1zleniwshi sheshim
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—+00 +00

u(xyz)——:[o_J; (=X +(-y) +7°]

COS5 COSTy

7z dedn

integralin esaplaw arqali aniglanadi. Bul integraldi esaplaw ushin
¢—X=U, n—Yy=49 belgilewin kiritemiz. Sonda

—+00 +00

Z cos(u + x)cos(4 +
u(xy.z)==— | | ( )2 G+ Y) qudg-—
27 =, °, [ +9 +z ]

jj(cosucosx sinusin x)(cos$cosy — sm&lsmy)d 49—

T2md ) (u?+ 9 +2 ]3/2
:2—COSXCOSy+E+E|:u Cizjcfsszlzd ud9=e " cosxcosy

boladi.

Qosimsha sorawlar
1. Potenciallar teoriyasi hagqinda magliwmat keltirin.
2. Vektorliq maydannin potenciali dep nege aytamiz?
3. Potenciallar teoriyasinda tayanish rolin atqaratugin qanday
sheshimlerdi bilesiz?
4. Potencial tig1zlig1 degende ne tusinesiz?
5. Potenciallar fundamentalliq sheshim jardeminde qanday aniqlanadi?
6. Potencialdin ganday tarlerin bilesiz?
7. Qanday potencialga N yuton potenciali dep aytiladi?
8. Qanday potencialga logarifmlik potencial dep aytiladi?
9. Qanday potencialga apiway1 gatlam potenciali dep aytiladi?
10. Qanday potencialga qos gatlam potenciali dep aytiladi1?
11. Kenisliktegi Dirixle méselesi potenciallar jardeminde qalay
sheshiledi?
12. Tegisliktegi Dirixle maselesi potenciallar jardeminde qalay
sheshiledi?

13. Garmonikaliq analizdegi Puasson integrali dep qanday integralga
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aytiladi?

14. Puasson integrali garmonikaliq funkciyalardin qanday ménisleri
arasinda 6z-ara baylanis ornatadi1?

15. Neyman maselesi potenciallar jardeminde qalay sheshiledi?

16. Laplas tenlemesi ushin Gshinshi shegaraliq masele potenciallar
jardeminde qalay sheshiledi?

17. Puasson tenlemesi ushin shegaraliq maseleler potenciallar
jardeminde qalay sheshiledi?

18. Shegaraliq maseleler ushin Grin funkciyasi degende ne tusinesiz?
19. Adettegi differencialliq telemeler ushin shegaraliq maselelerdin
Grin funkciyasi qalay diziledi?

19. Shegaraliq maselelerdin Grin funkciyasi malim bolgan jagdayda oni
qanday maselede qollaniladi1?

20. Laplas tenlemesi ushin Grin funkciyasi qalay daziledi?

Oz betinshe jumislar ushin tapsirmalar

I. 1) r <R dongelek ushin p = p(r) tigizligqa iye maydan potencialin tabin;

2) r <R dongelek ushin p = p, =const tig1zliqqa iye maydan potencialin tabin;

3) r <R dongelek ushin p=r tigizligqa iye maydan potencialin tabin;

4) r <R dongelek ushin p=r® tigizliqqa iye maydan potencialin tabin;

5) R <r<R, saqiyna ushin p=p,=const tigizliqqa iye maydan potencialin
tabin;

6) |X| =R sferada turaglt p = p, tig1zliqqa iye apiway1 qatlam potencialin tabun;

7) ‘X‘ =R sferada turaqli p = p, tig1zliqqa iye qos qatlam potencialin tabin;

8) Radius1t R ge ten bolgan shenber ushin p= p, =const tigizliqqa iye apiwayi
qatlamnin logariflik potencialin tabin;

9) Radiust R=2 ge ten bolgan shenber ushin p=cos’ ¢ tigizliqqa iye apiway1
qatlamnin logariflik potencialin tabin;

10) Radius1 R ge ten bolgan shenber ushin p=p, =const tigizliqqa iye qos

qatlamnin logariflik potencialin tabin.

Il. Toémendegi shegaraliq maseleler ushin Grin funkciyasin dazin
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1) y'=1(x), y(0)=0, y@=0;

2) y'+y=1(x), ¥y (0)=0, y(r)=0;

3) Y+y=1(x), y(0)=0, y@)=0;

4) y'-y=1(x), y'(0)=0, y(2)+Yy'(2)=0;

5) Y+y=1(), y)=y(x), ¥y (0)+y'(r)=0;

6) y'=1f(x), y(0)=0, y(x), Xx—oo da shegaralangan;

7)Y +y=1(x), y(0)=0, y(+x)=0;

8) xy'—y=1(x), y@=0, y(2)=0;

9) xy"+y'=1(x), y)=0, y(x), Xx— oo da shegaralangan
10) y"—y="f(X), y(X) X—=*oo da shegaralangan.

I11. R® kenisliginde berilgen tomendegi oblastlar ushin Grin funkciyasin
duzin
1) X, >0 yarim kenislikte;
2) X,>0, X, >0 eki jagli mayeshte;
3) x>0, x,>0, x,>0 oktantta;
4) |x|<R sharda;
5) |x|<R, X,>0 yarim sharda;
6) |x|<R, x,>0, X, >0 shar boleginde;
7) |x|<R, % >0, x,>0, X, >0 shar boleginde.

IV. f ham u, lardin tdmende berilgen manisleri ushin
Au=—f(x), x,>0; u\xzzo = U, (X)
Dirixle maselesinin sheshimin tabih:

1) f,u, larazliksiz ham shegaralangan;
2) =0, u,=CoSX COSX,;

3) foe ey _0;

4) =0, u,=60x,—x);

) 120, 4=+
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6) f=2(x2+x2+(%+D?) , Uy=Q+xt+x3)™

V. u,(x) tih tomende berilgen manisleri ushin
Au=0, x,>0, x;>0; u|,=u,(x)
Dirixle maselesinin sheshimin tabin:

1) u, bolek uzliksiz ham shegaralangan;

2) u =0, u =e "sin5Xx,;

O‘XZ:O O‘sto

2 2\-3/2
3) Ul o =0, Ug|, =X (L+x +x5)*".

VI. O<y<z, x>0 yarim jolagta Au=0 Laplas tenlemesinin tomendegi

shartlerdi qanaatlandiratugin sheshimin tabin:
1) ul =1 u[ =0, ul_ =0

2) ul_,=0, u _ =sinx, u|_ =0
3) u|_, =0, u\yzo =thx, u\yzﬁ =thx;
4) ul,_ =0, u[ =0, u[_ =thx.

Oz betinshe jumislar ushin tapsirmalardin juwaplari
R2x
1

L.1) [ [ p(r)in

rdrde;
\/rz + 17— 2rr,cos(p, — @) o

RZ_rZ
2) —nR%p,Inr, r>R; —npo(RzlnR— 5 j r<R;
2 2 . 272- 3 3 .
3) —§7Z'R Inr, r>R; ?[R (1-3InR)-r’], r<R;

4) —%R“Inr, r>R: g[R4(1—4InR)—r4], r<R:

R —r?

5) 7o, (RZ =R3)Inr, r>R,; 7p,(R*Inr —RZInR, + ), R<r<R;

2 p2
mo,(REINR, —RZINR, + R, 5 R ), r<R; Korsetpe. 2-méselenin shigariliwina

qaran.
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47R%p,
X

7) 0, |X>R;

8) —27zRp,Inr, r>R;

6)

—4zp,, X <R;

9) —27rln2+%r20032(p, r<2;

10) 0,r>R; -27p,, r<R, —7p,

(s—1x, 0<x<s,
s(x-1), s<x<I

1. 1) G(x,s):{

e’(e*-1), 0<x<s,
s<x<1,

3) G(x,s):{

1-e°,

5) G(x,s) :%sin\x—s\;

-1, 0<x<s,

7) G(x,8)= {—e“

chs, s<Xx<ow;

—Inx, 1<x<s,

9) G(x,s):{

—Ins, s<x<oo;

I11. Juwaplarda y_ = (( D"y, (-D"y,, (D y3) Yonnk =

belgilewler kKiritilgen. 1) —Z

1

2) G(x,s)z{

(-1
‘X yOOk‘

X =R;  47Rp,, [X<R;

— 27p,, ‘X‘ =R
—27Rp,INR, r<R;

2zinr +2—72Tc052(p, r>2;
r

 r=R.

sins-cosx, 0<x<s,
Ccoss-sinX, S<X<r;

—e~°chx, 0<x<s,
—e*chs, s<x<2;

4) G(x,s):{

6) G(x,s)={:x’ 0<x<s,

S, S<X<oo;

8) G(x,s) =

x|

10) G(x,s)=—=¢e

R2
T2 Yoonk s |ymnk|

V]
(_1)n+k .
‘X - yOnk"

1

2

n,k=0

)E

R

;4) i[

1 R
X = Yoo |y”x Yook

x=y|

o

—1(1){

}

Z ( )n+k

-y

1

nkO

|
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S (_1)m+n+{ 1 R J

7T mon k= |X_ymnk|_|y”x_y:mk
X u,(y) 1 1 1 .
IvV.1)= 0222 dS, +— f(y)( - ]dy,
27 yaj;O‘X_ y‘s T An yg'[o X =Y |X= Yoo

X, =X,
J2x,

2) e V2% cosx, cosx,; 3) (672

—€7%)sin X, CoS X,; 4)£+larctg
2

-1

5)(x12 + X2+ (% +1)2)_1/2; 6)(x12 + X2+ (X, +1)2)

X, 1 1 X, 1 1 _
V. 1) Zyzjouo(y)( 3sty+g | uo(y)[ ds,;
¥320

\x—yf X = Yo 120 \x—yf ‘X_yom‘g
22

2) e *%%sin5x,; 3) X, (xf + X5+ (X, +1)2)_3/2.

in2 .\ _ 2 H _
VI, 1)1+1arctg sin _y sh y; 5 sinx sh(z y); 3 shx_ ’
2 2sin y shx shz chx+siny

Xsin2y + ysh2x — zsin y shx

4)
7(ch2x +cos2y)
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VI-BAP. INTEGRALLIQ TURLENDIRIWLER USILI

Tayanmish sozler: integralliq tarlendiriwler, Laplas tarlendiriwi, Fur'e
tarlendiriwi, Fur'enin sinus turlendiriwi, Fur'enin kosinus tarlendiriwi, Mellin
tarlendiriwi, Lyapunov tenligi.

Tiykarg tasinikler ham belgilewler

Integralliq turlendiriw — F(X) = I K(x,t) f (t)dt
A

turindegi  funkcionalliq turlendiriw bolip tabiladi, bul jerde f(t)—original
funkciya, F(x)—suwretleniwi, K(X,t)—turlendiriw yadrosi, A—uliwma alganda
kompleksli evklid kenisliginin oblasti.

Laplas turlendiriwi — K(x,t)=e™ ham A =R! bolgan jagdaydag integralliq
turlendiriw.

0<n<oo ushin f(n) izbe-izliktin diskret Laplas turlendiriwi — bul, periodi

27 bolgan periodli F(X) = Z f (n)e ™ turindegi kompleks ozgeriwshili funkciya.

Fur'e tirlendiriwi — K(x,t) =e™ hdm A =R" bolgan jagdaydag: integralliq
turlendiriw.

Fur'enin sinus tirlendiriwi — K(x,t) =sinxt ham A =R' bolgan jagdaydag:
integrallig turlendiriw.

Fur'eniti kosinus turlendiriwi — K(x,t)=cosxt hdim A=R' bolgan
jagdaydagt integralliq turlendiriw.

Mellin turlendiriwi — K(x,t) =t*" ham A =R® bolgan jagdaydag integralliq
turlendiriw.

Oram tirlendiriwi — K(x,t)=G(x—t) hdm A=R' boléan jagdaydag:
integralliq turlendiriw.

Differencialliq tenlemelerdi integrallawdin kopshilik metodlar1 klassikaliq
metodlar bolip tabiladi. Bul metodlardin ishinde ayirimlari, aytayiq matematikaliq

fizikanmin shegaraliq maselelerin sheshiwge tiykarlangan bolsada bul usillardi

ameliy maselelerdi sheshiwge qollamiw, yagniy praktikada qollaniw bazi-bir
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quymshiligqlardi  tuwdiradi.  Sheshimleri elementar funkciyalarda alinatugin
differencialliq tenlemeler klassi judd az boliwina baylanisli, sheshimdi belgili
funkciyalar arqali yamasa salistirmali dpiwayiraq bolgan tenlemelerdi sheshiw
arqgali aliw mumkinshiligin qarastirtwga tuwra keledi.

Keyingi dawirlerde turaqli koefficientli sizigh differencialliq tenlemelerdi
sheshiwde qollanilip atirgan integralliq turlendiriwler usili fizikler arasinda,
sonday-aq ayirim injenerler arasinda ulken quzigiwshiliq tuwdirmaqta. Bul
metodtin tiykargl manizi sonnan ibarat bolip, qarastirilip atirgan differencialliq
tenlemeni sheshiw Fur'e yamasa Laplas turlendiriwi jardeminde berilgen maseleni
sheshiwge salistirganda bir qansha jenil bolgan algebraliq tenlemeni sheshiwge
alip kelinedi. Klassikaliq metodlarga salistirgdanda bul metodtin tek usi aytgan,
esaplaw barisin azaytiw jaginan jenillik tuwdirmay, al ol sheshimdi izzertlewshige
qolayli formada aliwga mimkinshilik jaratadi.

Integralliq turlendiriwler usili tek &dettegi differencialliq tenlemelerdi emes,
al berilgen baslangish ham shegaraliq shartlerge iye dara tuwindili differencialliq
tenlemelerdi sheshiwde de en qolayli usillardin biri bolip tabiladi.

Dara tuwimdili differencialliq tenlemelerge qollanilatugin integralliq
turlendiriwler usilinin tiykargi manizi sonnan ibarat bolip, onda saylap alingan
integralliq turlendiriwler jardeminde berilgen differencialliq tenleme, garezsiz
Ozgeriwshi argumenti bir birlikke azaygan differencialliq tenlemelerge alip
kelinedi. Misal ushin eki géarezsiz 6zgeriwshi argumentlerge iye dara tuwindili
differencialliq tenleme integralliq turlendiriwler usilin qollangannan keyin adettegi
differencialliq tehlemege alip kelinedi.

Bul bapta dara tuwindili differencialliq tenlemelerdi sheshiwde qolaylilig
jaginan tanlap alingan Laplas ham Fur'enin integralliq tarlendiriwleri qarastirilada.

Fur'e tarlendiriwi tegislik, yarim tegislik, jolaq, yarim jolaq, sheksiz cilindr,
yarim cilindr hdm tagi basqa usinday shegaralanbagan oblastlarda matematikaliq
fizikanin shegaraliq maselelerin sheshiwde qollanilidi. Sonin menen birge bul
turlendiriw jardeminde yadrosi argumentler ayirmasina garezli bolgan integralliq

tenlemelerde sheshiledi.
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Laplas turlendiriwi ornighh bolmagan maselelerdi  operaciyaliq usillar
jardeminde sheshiw barisinda gollaniladi. Sonih menen birge bul turlendiriw ushin
oram teoremasi yadrosi argumentler ayirmasina garezli bolgan Vol terranin

integralliq tenlemelerin sheshwge de miimkinshilik beredi.

§1. Laplas turlendiriwleri ham onin qasiyetleri

Integralliq tarlendiriw usillart ayirim differencialliq teflemelerdi sheshiwde
qolayli usillardin biri bolip tabiladi. Integralliq tarlendiriwler arasinda Fur'e
integrali menen korsetilgen funkciyalar gruppasinan absolyut integrallaniwshiliq
shartin qanaatlandiriwshi funkciyalar klass1 jud4d tar maganada bolganligtan,
bunday funkciyalar klassin keneytiw maganasinda ameliy esaplawlarga
tiykarlangan Laplas tarlendiriwi kobirek qollaniladi.

Bul paragrafta biz Laplas tarlendiriwine arnalgan tiykarg: tusinikler hdm onin
bazi-bir dhmiyetli gésiyetlerine toqtap 6temiz.

Meyli haqiyqiy oOzgeriwshi t argumenttin [0,00) araligta berilgen f(t)
funkciyasin qarastiraylq. Ayirim waqitlart  f(t) funkciyasi (—oo,00) araliqta
aniglangan dep ham esaplaymiz, biraq bul jagdayda t<O ushin f(t)=0 dep

uygaramiz. Meyli p=a + ib kompleks san ushin

F(p)=[e ™ f t)t

funkciyasin qarastirayiq. Eger ‘ f (t)‘ <Me*' bolsa, onda F(p) funkciyasi

SA {///

7 s,/% a

Rep >s, yarim tegislikte analitikaliq funkciya boladi. Haqiyqatinda da, a > s,

\\

bolganliqtan

o]

[te Pt (t)dt

0

F'(p)|= e . tM e'dt =

< [te™|f (®)]dt <
0

O 3
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Yy j te"@0)tgt < oo,
0

F(p) funkciyas: f(t) funkciyasmin Laplas tarlendiriwi dep ataladi ham

kopshilik waqitlar1 bul funkciya Laplas turlendiriwinin sawleleniwi depte ataladi.
Al f(t) funkciyasimin 6zi Laplas tarlendiriwi ushin orginal funkciya dep ataladi.

Témendegi ush qasiyetti qanaatlandiratugin = f(t) kompleks manisli
funkciyasi original funkciya bola aladi:

1). f(t) funkciyasi ayirim birinshi tur uzilis tochkalarinan basqa barliq t
kosherinin boyinda jetkilikli darejedegi joqart tartipli tuwindilari menen birlikte
uzliksiz.

2). Barliq tnin teris manislerinde f(t)=0.

3). f(t) funkciyasi1 korsetkishli funkciyalardan tez 6speydi, yagniy soninday
M >0, s, >0 sanlar1 bar bolip, barliq t lar ushin

‘ f (t)‘ <M e
tensizligi ormli boladi, bul jerde s, san1 f(t) funkciyasinin 6siw korsetkishi dep
ataladi.

Laplas tarlendiriwi simvolikaliq tirde F(p)+ f(t) koriniste jaziladi. F(p)
suwretleniwi boyinsha f (t) originaldi tabiwga mimkinshilik beriwshi keri Laplas

tarlendiriwi

S+iw

f0)=-— [ e F(p)dp

S—iw
formulas1t menen aniglanadi.

Apiway1 original funkciyalarga nusal retinde

1 t>0,
t) =
) {0,t<0

Xevisayda funkciyasin aliwga boladi. Bul funkciyamin osiw korsetkishi s, =0

bolip, Laplas tarlendiriwi
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F(p)=[e™dt _ Lo A L
0 P P

yagniy 1 +n(t) bolad1.
p

Meyli ¢@(t) funkciyast jogaridagi ush shartti qanaatlandirgan bazi- bir
funkciya bolsin. Onda

o(t), t>0,
0, t<O

p()n(t) = {
formulasi menen aniglanatugin ¢(t)r(t) kobeymeside original funkciyanin barliq
shartlerin qanaatlandiratugin funkciya boladi.

Kelesi wagqitlart ¢(t);(t) funkciyasinin ornina qisqaliq ushin ¢(t) dep
jazamiz ham bul funkciyam1 t mnin teris manislerinde nol'ge aylanadi dep
uygaramiz.

Laplas tarlendiriwi tdmendegi qasiyetlerge iye:

1°. Qélegen kompleks o ham g turaql sanlar1 ushin

af()+p9t)+aF(p)+L-G(p)
tirindegi siziqh qésiyetke iye, bul jerde f(t)+F(P), g(t)+G(P).

Laplas tarlendiriwinin bul sizigliliq qasiyeti menshiksiz integraldin saykes
qasiyetlerinen kelip shigadi.

2°. Qalegen o >0 turagl san1 ushin

f(at)+éF(£j

turindegi ugsasliq qagiydasi ormli.

3% Eger f'(t) original bolsa, onda originald: differenciallawdin

f'(t) + pF(p) - £(0)
formulas1 orinli. Bul qagiydanm kenirek maganada tomendegi teorema menen berip

otemiz:
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Teorema. Eger f(t)+=F(p) ham f'(t), f"(t),..., f"(t) lar daslepki funkciyalar
bolsa, onda
f'(t)+ pF(p) - 1(0),
f(t) + p*F(p) - pf (0) - (),
—————————————————————————————————— (1)
£°()+p"F(p) = p"* 1 (O)= p"*'(0)... "> (0)
boladt, bul jerde f™®(0)= ItI_T fO@1), k=01,..,n-1.

Dalillew. Suwretleniwdin aniqlamasi boyinsha
f(t) + j e P f(t)dt
0
integraldi boleklep integrallasaq

o0 w o0
j e P f/(t)dt = ™ f (t)‘o +p j e P f (t)dt
0 0

Al Rep =s > s, bolganlhqtan ‘e_ P ('[)‘ <Me 7 polp,

lime ™™ f(t)=0

t—o

bolad.
Eger f(t) daslepki funkciyasi t =0 tochkada uzliksiz funkciya bolsa, onda

f (0)=0 boladi, sebebi t <0 ushin f(t)=0. Sonligtan

e " f (1) =—f(0)

0
0
tenliginen

f'(t)+ pF(p)— f(0), Rep>s,
kelip shigadi. Endi

j e P f "(t)dt
0

integralin eki ret boleklep integrallasaq

t(t) + p*F(p) - pf (0) - 1'(0)
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bolip, n ushin
FO) +p"F(p) - p" f(0)~ p"*'(0) —...—F "0) = (p)
tenligi duris boladi.

49, Keri differenciallawdih

F'(P)+—tf (t)
formulasi orinli. Kenirek maganada tdmendegi teorema orinli.
Teorema. Eger F(p)+ f (t), Rep >s, bolsa, onda
f'(p) =t £ (1),
f"(p) + (=1)°t* f (1),
F™(p)+(-D"t"f(t), Rep>s, >s,.

Dalillew. Rep>s, yarim tegisliginde f(t) funkciyast ushin F(p)
suwretleniwi analitikaliq funkciya boladi ham f'(p) +—t f (t) ekenligin korsetiwge
boladi. Onda F(p) funkciyast Rep>s, yarim tegisliginde galegen tartiptegi
tuwindiga iye boladi

(F'(p))" +—t(-t (1)
yamasa
F'(t) = (-D)°t* f (1),
F(t) + —t[(-D)°t* f ()] = (Dt (t)
uliwma alganda
F™(p)+(-D)"t"f(t), Rep>s,>s,

59. Originald1 ham stwretleniwdi integrallawdin

F(p).

jf(t)dt+T, TF(p)dp+f(t)

t
formulalar1 orinli. Kenirek maganada tomendegi teorema orinli.

Teorema. Eger f (t)+F(p), Rep >s, bolsa, onda
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jf(r)dr+?, Rep > s,. (2)

t
Dalillew. ¢(t)zjf(r)d¢ funkciyas1 daslepki funkciyanin 1), 2) ham 3)
0

shartlerin ganaatlandiradi, sebebi

j f(r)dr

< .[ Me**dr = M(eSOt ~D<Me™
S
0

0

1
bul jerde M, = . M .Sonligtan ¢(t) funkciyas1 s, 0siw korsetkishine iye daslepki
0

funkciya boladi.
Meyli ¢(t) +O(p), Re p>s, bolsin. Onda daslepki funkciyan differenciallaw

gagiydasi boyinsha
¢'(t) = pO(p), ¢(0) =0,

., A _F(p)
sebebi @'(t)= f(t). Onda F(p)=pO(p) bolip, bunnan D(P) = 0 boladi,

yagnty (2) formula orinli bolad.
Teorema. Eger f(t)+F(p), Rep>s, ham _[ F(p)dpintegral Rep>s, >S5,
p

yarim tegisliginde jiynaqgli bolsa, onda

JF(p)dp+¥, Rep >s, > s,
p

integrali orinli bolada.

Dalillew. Rep>s,+0 yarim tegisliginde

F(p):Tep‘f(t)dt

Laplas integrali p boyinsha tef 6lshemli jiynaqli boladi. Sonliqtan bul tegislikte
ont P parametri boymsha P tochkadan shigatugin ham haqiyqiy kosher menen

suyir miyesh jasaytugin galegen nurdan duzilgen kontur boyinsha integrallawga
boladi
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jF(p)dp =jdpje-pt f (t)dt.
p p 0
Al sol jag1 jiynaqglt bolganligtan
jdpje-f’tf(t)dt = j f(t)dtje—p‘dp
p 0 0 p
yamasa

IF(p)dp = Ie‘pt @dt.

Sonligtan @ funkciyasi daslepki funkciya bolip tabiladi.

6°. Qéalegen on r san1 ushin
ft-7)+e™F(p)
turindegi keshigiw gagiydasi ormnl.
7° Qalegen 4 kompleks sani ushin
e“f(t)+F(p—/1)

turindegi orin almasiw qagiydasi orinli.

8°. F(p)G(p)+ | f(z)g(t-7)dr

turindegi kobeytiw qagiydast ormli. Bul gasiyetti originallardin orami olardin
suwretleniwlerinin kobeymesine ten boladi depte aytiwga
bolads, yagmy f*g=F(p)-G(p).

Laplas tarlendiriwleri ushin tiykarg: originallar ham olardm sawretleniwleri
tablicasi

Original Suwretleniw Original Suwretleniw
F(t) F(p) f(t) F(p)
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1 1 cosat p
p P’ +a’
t" neZ n! shat a
pn+1 p2 _az
INa+1
 a>1 (050!+1 ) chat a P :
p p" -«
L e “'sin Bt P
e P+« (p+a) +p°
a » pP+a
sin gt 0%+’ e “ cosft (p+a) +f°

§2. Laplas tarlendiriwi jardeminde s1z1iqh differencialhq tenlemelerdi sheshiw
2.1.S51z1qh  adettegi differenciallq tenlemelerdi sheshiwdin Laplas

turlendiriwler usihi. Meyli bizge s1ziqh birtekli emes, adettegi
xXW() +ax" ) +...+a _x'(t)+a x(t)= f(t) (1)
differencialliq tenlemesi berilgen bolip, bul tenlemenin
x(0) =c,, X(0)=c,..,x"?(0)=c,_, (2)
baslangish shartin qanaatlandiratugin sheshimin tabiw talap etilsin, bul jerde t >0,
al &, a,,...,a, koefficientleri turagh haqiyqiy sanlar. (2) baslangish shartlerdegi
belgisiz X(t) funkciyanin hdm olardin tuwindilarinin maénisleri t—0+ ushin
esapqa alinadi.
Meyli belgisiz x(t) funkciyasi, olardin x'(t),..,x™(t) tuwindilar1 ham
berilgen f(t) funkciyast Laplas tarlendiriwinifi original boliw shartlerin

qanaatlandirsin.  Meyli  f(t) = F(p), x(t)+X(p) bolsm. Onda originald:

differenciallaw teoremas1 boyisha
X'(t) + pX(p) ¢y,
X"(t) + p*X (p) - pc, —C,,
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X"V () + p" X (p) - p"C, —...—C, ,,
XM (t) = p"X(p) = p Ty —.. = Cyy
bolip, tarlendiriwdin s1ziqlilig1 haqqindagi teorema boyinsha

XV () +ax ") +.8, X (0) +a.x(®) + p"X(p) -

n-1

—p"ie, ——Coy Ty (PTIX(P) — P e,

= Cpp )+t (PX(P) —Cy ) +a,X ()
boladi, bunnan f(t) + F(p) bolganliqtan stwretleniwler kenisliginde originaldin

birden birligi haqqindag: teorema boyimsha
P X (P) = P"Co —... = Gy + 3 ( P"HX(P) — PTG, —
—c, ,)+..+a,,(pX(p)—c,)+a,X(p)=F(p)
yamasa
(p"+a,p™ +..+a,,p+a,)X(p)=F(p)+ (3)
+p My +.+Cy + ai(p”*zc0 +.. +cn_2)+... +a,,C,

turindegi (2) baslangish shartke iye (1) tenlemenin operatorliq tenlemesi dep

atalatugin tenlemesine iye bolamiz. Bul tenleme X (P) qarata algebraliq tenleme
bolip tabiladi. Sonligtan (3) den X (P) ga qarata

F(p)+p"'c, +...+a,,C,
p"+ap"t+..+a p+a,

X(p)=

sheshimge iye bolamiz.
Eger (1) tehlemenin on jagi bolgan f(t) funkciyast t™e' térindegi
funkciyalardin siziqli kombinaciyasi bolsa, onda operatorliq tenlemenin X(p)

sheshimi bolshek racional funkciyalar boladh.

Jayiw teoremasi boyinsha yamasa Laplas turlendiriwinin gasiyetlerin tikkeley
paydalamw arqali X (P) stwretleniwi ushin (2) baslangish shartlerdi
qanaatlandiratugm, (1) tenlemenin sheshimi bolip tabilatugn X(t) original

funkciyani tabamiz.
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Misal 1. Laplas tarlendiriwi jardeminde
X"+ x=2cost; x(0)=0, x'(0)=-1
Koshi méselesin sheshin.

Sheshiliwi.
X(t) = X(p), X'(t) = pX(p) —x(0) = pX(p)
bolganliqtan

P

p®+1

X"(t) + p*X (p) — px(0) — x'(0) = p®>X (p) +1, cost+

bolip, operatorliq tenleme

p2X (p)+1+ X (p) =—2P
p°+1

tarine iye boladi, bunnan

2p 1
X (p) = - .
(®) (p*+1)° p°+1
Endi tabilgan X (P) stwretleniw ushin X(t) originaldi tabamiz. —, . ushin
p° +
. . . 2p . , .
original +sint. Al funkciyasinin originalin tabiw ushin
¢ p? +1 (p*+1)? Y 8

suwretleniwdi differenciallaw hagqindagi teoremani paydalansaq

([322%)2 +tsint.
Demek
X(p) =tsint—sint = (t-1)sint
bolip, bunnan originaldif, yagniy sheshimnin
X(t) = (t—21)sint
koériniske iye bolatuginligr kelip shigad.
2.2. Jillihq otkizgishlik tenlemesi ushin Laplas tiarlendiriwler usili. Meyli

Laplas tarlendiriwi jardeminde jilliliq otkizgishlik tenlemesi ushin birinshi tar

shegaraliq maseleni sheshiw maselesin garastirayiq. Us1 magsette bir tekli emes

u =a’u, + f(xt) (4)
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jilliliq otkizgishlik tenlemesinin
u(x,0) = ¢(x) (5)
baslangish shartin ham
u@,5=2(), u(l,t)=n(t) (6)
shegaraliq shartin ganaatlandiriwshi sheshimin tabiw ushin Laplas tarlendiriwin

paydalanamiz.
U(p,x) =ju(x,t)e‘ptdt
0
dep belgilesek, onda

u, :juxe‘p‘dt:UX, u, =U
0

bolip, originaldi differenciallaw gagiydasi boyinsha (5) baslangish shartti esapqa

alsaq
u, = pU —¢(X)
boladi. Meyli &(t) =Z(p), 77(t) =w(p) bolsin. Onda (6) shegaraliq shartten
U|o=2(p), U|,,=w(p) (7)

boladi. Solay etip (4),(5) aralas maseleni sheshiw

2

‘j'jxi’ U +9(X) + F(x, p) =0 ®)

a’.

tarindegi  adettegi  differencialliq  tenlemenin  (7) shegaraliq  shartti
qanaatlandiriwshi sheshimin tabiw maselesine alip kelinedi, bul jerde
F(x,p)+ f(xt).

(7),(8) shegaraliq maseleni sheship, ogan keri Laplas tarlendiriwin qollansaq,
onda qarastirilip atirgan (2),(5) aralas maselenin izlenip atirgan sheshimine iye
bolamiz.

Misal 2. Meyli bir ushinan shegaralangan birtekli sterjennin shegaralangan

ushindagi temperatura hdmme waqit turaqli u, ga ten bolgan jagdayda déslepki
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nollik temperaturaga iye bolgan bul sterjendegi U(X,t) temperaturanin bolistiriliw
nizamin aniqlayiq.
Sheshiliwi. Temperaturanin bdlistiriliw nizamin anigqlaw
u, =au,,
u(x,0)=0, u(0,t)=u,, O0<x<owo, t>0
turindegi birtekli jilliliq 6tkizgishlik tenlemesi ushin aralas maseleni sheshiwge

alip kelinedi.

Maseleni Laplas tarlendiriwi jardeminde sheshiw ushin
u(x,t) =U(x, p),
u, + pU (x, p),
uXX - U XX (X’ p)

qatnaslarin paydalanamiz. Onda operatorliq tenleme
P
UnX,p)=—zU (% p) =0 9)

bolip, bunnan U (X, p) cawretleniwdin

—xp x{p
Ux,p)=Ce # +Ce ?

manisine iye bolamiz. Méselenin sharti boyinsha x — o ushin u(X,t) ham U (x, p)

funkciyalar1 shegaralangan, sonligtan C,=0 boladi. Endi (9) tenleme ushin
U(0, p)= %’ shegaraliq shartti paydalansaq, onda C, = UFO bolip, bunnan

u, X
U(x,p)=—e @
p

boladi. Bul suwretleniwge

xp
ie = +Erf 2
p 2a/t

qatnasin paydalansaq, U(X,p) ushin témendegi original funkciyaga, yagniy

berilgen maselenin

241



X

2a t

u(x,t) =u, Erf

sheshimine iye bolamiz, bul jerde

Erf z = %ie‘zzdz
Misal 3. Laplas tarlendiriwi jardeminde
u =u, +u—f(x), 0<xt<oo,,
u(0,t)=t, u (0,t)=0, 0<t<wo

shegaraliq maseleni sheshin.

Sheshiliwi. Laplas tarlendiriwin X 6zgeriwshisi boyinsha alip baramiz. Onda
u(x,t) =U(p,t),
u, (x,t) U, (p,t),
u (x,t) = pu(pt)—t,
Uy (X,1) = U (p.t) = pt, f(x)+F(p)
bolip, berilgen tenlemenin on ham sol jagina Laplas tarlendiriwin qollansaq
L[u,]=L[u,, ]+ Lu] - L[ T ()]
yamasa
U,(p.t) = pU(p.t) - pt+U(p,t) - F(p)
boladi. Solay etip, natiyjede garezsiz t oOzgeriwshi boymsha birinshi tartipli

adettegi differencialliq tenleme payda boldi, bul jerde p parametr waziypasin
atqaradi. Bul tenlemeni

U, - @+ p*)U =—F(p) + pt]
koriniste jazip alip alip, onin

L F(p) . P
U(p,t)=Ce®?) 4P
(p) € +(1+p2)2+1+p2+1+p2

tarindegi uliwma sheshimin tabamiz.
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Bul uliwma sheshimdegi erikli turaglhi C mn1 nol'ge ten dep alamiz, keri
jagdayda p —>oo da U(p,t) —> o bolip, siwretleniwdin bar boliw sharti buziladi.

Solay etip

p F(p) P
U(p,t)= t
(p.1) 1+ p2)2+1+ p2+1+ p°

bolip, bugan keri Laplas tarlendiriwdi qollanip, u(X,t) originalga qaytip 6temiz.

P
1+ p?

<+ COS X

ham oram haqqindagi teorema boyinsha

P 1. F(p) ¢ :
——— = —XSINX, =+ | f()sin(x —t)dt
1+ p®)® % 7 p° ! (Hsin(x=1)

bolganligtan, izlenip atirgan sheshim
1 . X .
u(x,t) =tcosx+ Exsm X+ _f f (t)sin(x —t)dt
0

bolad.
Misal 4. Jinishke birtekli sterjendegi baslangish temperatura nol ge ten. Eger

sterjen’ bir ushinan shegaralanbagan bolip (0 < X <+0), u(0,t) = u(t) bolsa, onda

t > 0 ushin sterjendegi temperaturani aniglan.

Sheshiliwi. Maselenin matematikaliq qoyiliwi

u =a’u,, 0<X,t<+oo,
u(x,0)=0, 0<x< o,
u(0,t)=p(t), 0<t<+w
koriniske 1ye boladi.
Bul maseleni sheshiw ushin waqit t oOzgeriwshisi boyinsha Laplas

turlendiriwin qollanamiz
u(x,t) =U(x, p),
U, (x,1) = pU(x, p),
Uy (X,1) +U,, (X, ), u(t) =M (p).
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Endi berilgen teflemege hadm shegaraliq shartine Laplas tarlendiriwin

gollansaq

U -Pu=0, U(©,p)=M(p), U(wo,p)=0

Xx ?
turindegi X garezsiz Ozgeriwshisine qarata ekinshi tartipli turaqli koefficientli

differencialliq tenleme ushin shegaraliq maselege iye bolamiz. Bul shegaraliq

maselenin sheshimi

Apy
U(x,p)=M(p)e * .

Endi u(x,t) originalga qaytip 6temiz. Bizge malim

,ﬁx X 7X722
M - t , e a e 4a“t
(p) + pu(t) L
bolganligtan, sheshim

2

(1) L 4a’(t-r) dr

X t
2a\/; '([ (t- r)wb

u(x,t) =

bolad.
2.3.Tardm terbelis tenlemesi ushin Laplas tarlendiriwler usih. Meyli
birtekli tardin terbelis tenlemesi ushin birinshi tar shegaralig maseleni sheshiw

maselesin garastiray1g. Us1 magsette bir tekli emes

U, =a’u, + f (xt) (10)
terbelis tenlemesinin
u(x,0)=(x), u,(x,0)=w(x) (11)
baslangish shartin ham
u@5 =25, ull,t)=n() (12)

shegaraliq shartin qanaatlandiriwshi sheshimin tabiw ushin Laplas tarlendiriwin

paydalanamiz. Eger
U (x, p) :Iu(x,t)e‘ptdt
0

dep alsaq, onda
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u =Y, u,=U

bolip, originaldi differenciallaw qagiydasi boyinsha (11) baslangish shartti esapqa

alsaq
U, = pU —o(x),
Uy = U — pp(x) =y (x)
boladr. Meyli &(t) =Z(p), n(t) =w(p) bolsin. Onda (12) shegaraliq shértten

w0=2(P), U|,,=w(p) (13)
boladi. Solay etip (10),(11) aralas maseleni sheshiw

U

a’U, — p°U + pe(x) +w(X)+ F(x,p)=0 (14)
turindegi  adettegi  differencialliq  tenlemenin  (13)  shegaraliq  shartti
qanaatlandiriwsh1  sheshimin tabiw maselesine alip kelinedi, bul jerde
F(x, p)+ f(xt).

(13),(14) shegaralig maseleni sheship, ogan keri Laplas tarlendiriwin
gollansag, onda qarastirilip atirgan (10),(11) aralas maselenin izlenip atirgan
sheshimine 1ye bolamiz.

Misal 5. Ushlarinan qatt1 bekitilgen, uzinligi | ge ten bolgan birtekli tardin
u, =a’u,, u(0,t)=u(l,t)=0

XX

erkin terbelis tenlemesi ushin
u(x,0) = Asin”TX, u(x,0)=0

baslangish shartti ganaatlandiratugin sheshimin tabin.

Sheshiliwi. Turlendiriw jasasaq

2
UXX—p—2 —p—f‘sinﬂ—x,
a a |
U x=O:U‘x=I:O

turindegi shegaraliq maselege iye bolip, bunin sheshimi
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bolip, bunin originali, yagniy izlenip atirgan sheshim

a, . X
u(x,t):Acosﬂl—t-smﬂl—

boladi.

Misal 6. Yarim shegaralangan tuwrida

u, =a’u,, 0<x,t<+oo,

XX 1

u(x,0)=u,(x,0) =0, 0<x<+x,
u,(0,t) —hu(0,t) = p(t), t=0
shegaraliq maselenin sheshimin tabin.
Sheshiliwi. Berilgen tenlemenin eki tarepine, baslangish ham shegaraliq

shartlerge t oOzgeriwshi boymsha Laplas turlendiriwin qollanip, adettegi

differencialliq tenleme ushin shegaraliq maselege iye bolamiz

p2
U, — =0, 0< X< +oo,

XX 2

a'u
U,(0,p) ~hU (0, p) = (p).

bul jerde ®(p) +¢(t).

Bul shegaraliq maselenin sheshimi

P,
U, p) =—2P) o
ahn+p
bolip, bunnan originalga 6cek
0, x>at,

u(x,t) = :
(1) —ae"* J' e o(r)dr, x<at

0
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boladi.
§3. Fur’e tirlendiriwi ham omin gasiyetleri
Meyli ortogonal bolgan
%; cosnl—”t; sinnl—ﬁt; te[-I;l];neN
trigonometiyaliq sistemasin garastirayiq. Bul sistemanin ortogonalliq gasiyetin

paydalanip, integrallaniwshi erikli f (t) funkciyasi ushin [-I;1] araliqta
f(t):%JrZ[an cos”T”ansin”I—”t] (1)
n=1

qatarina iye bolamiz. Bul qatar f(t) funkciyasi ushin trigonometriyaliq Fur'e

qatar1 dep ataladi. Belgisiz a, ham b, koefficientleri

|
a, =%j f(t)cosnl—”tdt, n=0.12,...,

b =%jf(t)sin”|—”tdt, n=12,., )

-1

formulalar1 menen aniglanadi. Eger f(t) funkciyasinin Fur e gatarin
{ei”t, ne Z}, t e[z, 7]

ortogonal sistemalar1 boyinsha qarastirsaq, bul jerde

T
J'elnteflmt dt = n—m
- 27, n=m,

sin(n—m)z =0, n=m,

onda
ft)=> ce™ (3)

bolip, bul qatar f(t) funkciyasinin kompleks formadagi Fur'e gatari dep ataladi,

bul jerde Fur e koefficientleri
¢, = [ f (e ™t ()
2 7
formulasi menen aniglanadi.
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(2) tenlikten kosinustin jup ham sinustin taq funkciya ekenligin esapqa alsaq

a,=a_, ham b, =-b_ bolip, (1) qatard1
f(t)= % > 1a, cosnl—”t +b_ sin nl—”t]

turinde de jaziwga boladi. Bugan (2) formula menen amglanatugin a, ham b

koefficientlerinin manislerin akelip qoysaq

f(t):% 3 j f(r)cosnl—”(t—r)df.

N=—o0 —

Meyli f(t)=f(t+2l) funkciyast1 barliq t kosherinde integrallaniwshi
n n n+l n !

funkciya bolsin. Onda nl—ﬁ:a), Ao =0 —a, =2 ®, =NAw, belgilewlerin
paydalansaq, song1 tenlikten
1 & |

f)=—)> A f(r)cosw, (t—7)d

(0)=5; 2 Ay [ T)cose, t-)de
bolip, bunnan | — oo shegin alsaq

f(©)=— [ do| f(r)cosa(t—7)dr (5)
2r =

tenligin aliwga boladi. Bunnan kosinustin @ boymsha jup funkciya ekenligin

esapqa alsaq

f (t) :ij[coswtj f(r)coswrdﬂsina)tj f(r)sina)rdr]da)

%

—00 —00

yamasa
1% 1% .
a(a))z—j f (r)coswrdr, b(w):-j f(r)sinwrdr
T e T e
belgilewlerin jasaw arqali
f(t) :I(a(a))coswt +b(w)sinwt)dw
0

integralina iye bolamiz. Bul integral f(t) funkciyasinin Fur'e integrali dep ataladi.

Endi @ boyinsha simmetriyali shekke iye taq funkciyanin integrali ushin
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%[Odij f (r)sine(t — r)dr =0
ekenligin esapqga alsaq (5) den
£ (1) :%_j@dwi f(£)cosm(t — r)dr + |i£dw£ f(r)sin(t — 7)dr
yamasa
1 7 I . .
f(t)=— j da)j f (£)[cosa(t — 7)+isinw(t —7)]dz
2r =
ham cosa(t — 7)+isinw(t — 7) =e'““™ tenligin paydalansaq
F(t) = = T da)T eI £ (£)dr
2r s 7
yamasa
F(t) == T e“"tda)T e £ (£)dz
2 ° b
turindegi Fur'e integralinin kompleks formasina iye bolamiz. Eger
F(w)= j e ' f (t)dt (6)
belgilewin jasasaq, onda songi Fur'e integralin
f(t):ije‘w‘F(w)da) 7)
2 Y,

turinde jaziwga boladi.

(6) formula menen aniqlanatugin F(w) funkciyas1 f(t) funkciyasinin Fur'e

tarlendiriwi dep ataladi. Al (7) formula keri Fur'e tarlendiriwi dep ataladh.

3.1. Normallastirilgan Fur'e tarlendiriwi. (6) formula menen
aniqlanatugin Fur'e tarlendiriwi ham (7) formula menen aniglanatugin keri Fur'e
tarlendiriwi saykes (4) formula menen aniglanatugin Fur'e koefficientlerinin ham

(3) formula menen aniqlanatugin Fur'e gatarinin 6zgertilgen ttri bolip tabiladi, bul
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jerde Fur'e gqatar1 [-7,7] kesindisinde normallastiriimagan {ei”t, neZ}
sistemasinda bolek-tegis f(t) funkciyasi ushin berilgen.

Normallastirilgan {L

gint. nez} sistemasinda bolek-tegis f(t) funkciyasi
27

= 1 . :
ushin Fur'e qatann f(t)= Z c,——=¢€'"" Kkorinske iye boladi. Onmin Fur'e

= e

koefficientleri

c f(t)e'" dt

_ 1 I
NGV R
formulasi menen aniqlanadi. Bul jagdayda (6) ham (7) formulalar saykes turde

F (o) :%ﬂze-‘wt f (t)dt

ham
f(t):i]gei”tF(co)da) (8)
N2r 2,
turine iye boladi.

3.2. Fur'enin sinus ham kosinus tarlendiriwi. Eger f(t) funkciyas: taq

funkciya bolsa, onda (8) den
f(t) =3jsin a)tda)j f (t)sin wtdt
4 0 0
al f(t) funkciyasi jup funkciya bolsa, onda
f(t) == [ cosatda| f (t) cos
4 0 0
bolip, bularga sdykes F,(w) ham F_ (w) belgilewlerin paydalansaq

F. () :\/%T f(t)sinotdt, f(t)= \/%]2 F, (w)sinotdw

turindegi Fur'enin sinus tarlendiriwine ham

F.(w) = \/%T f (t)costdt, f(t)= \/%Oj3 F.(w)coswtd
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turindegi Fur'enin kosinus tirlendiriwine iye bolamiz.

Fur’enin sinus turlendiriwi ushin tiykargi originallar ham olardin
suwretleniwleri tablicasi

f(x) :TF(w)sin(a)x)da), 0< X<

F(w) = %T f (X)sin(wx)dx, O0<w<oo

1 ) 0*F(0)+ 2 0 (0)
T
2 f (ax) 1c (“)
a -a
3 e_aX 20
(@’ + 0?)
4 X—1/2 2 1/2
=)
5 H(@=x) i[1 — cos(wa)]
T w
6 X 1
7 X e—‘a‘ ®
X’ +a’
8 4X —e“sinw
X" +4
9 arctg a 1-e™
w
10 —x*f(x) 2 F"(0)
T

Fur’enin kosinus turlendiriwi ushin tiykargi originallar ham olardin
suwretleniwleri tablicasi

f(x)= T F(w)cos(wx)dw, 0<X<oo

F(w) = %]2 f (x)cos(wx)dx, 0<w <o

1 Y 0’ F (o) -2 11(0)
T
2 f (ax) 1 _ o
PRAPY
3 pax 2a

(@ + w?)
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4 5(x) 2
T
5 12 e
(=)
6 H@-x) isin(a)a)
T
7 e—aX2 iewzﬂla
Jra
8 sin(ax) H(a-w)
X
9 a e—a 2]
x* +a’
10 —x2f(X) 2r (o)
T

3.3. Fur'e turlendiriwinin ayirim gasiyetleri.

1. Uzliksizligi. Eger f(t) funkciyasi original bolsa, onda

F(w)= 'L f (t)dt

1 T o
NYZ 2
funkciyast @ € R késherinde 0izliksiz boladi ham lim F(w) =0 bolad.

2. Sizighiligi. Fur'e tarlendiriwi s1ziqli, yagniy
f,t) > F(w), f,t) >F (), o, R
bolsa, onda
o f,(t) +a, f,(t) > o F (o) + o, F, (w)

orinl1 bolad.

3. Suwretleniwdin tayinlesligi. Eger f (t) > F(w) bolsa, onda f(-t) > F(w)
boladi.

Dalillew. Aniglama boyinsha

1 T —iot .
f(—t)—)ELe f (—t)dt.

Bul tarlendiriwde —t = U, dt =—du belgilewlerin jasasaq
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[ gion f (u)du =F (@)

=l

f(-t) >
boladi.
4. Originald1 jiljitiw. Eger f (t) > F(®w) ham t, e R bolsa, onda
ft£t)—>e"“F(o)

Dalillew. Aniglama boyinsha

ft+t,) > e ' f (t+t,)dt.
e
Bul tarlendiriwde t+t, =u, dt =du belgilewlerin jasasaq
ft+t)— e ') £ (y)du ="' e f (u)du ="' F (o)
] ]
bolad.

5. Sawretleniwdi jiljitiw. Eger f (t) > F(®) ham o, e R bolsa, onda
f(t)e"™ > F(oT o).

Dalillew. Aniglama boyinsha

SO (t)et dt = SerR) £ (t)dt =F (0 F @)

= e

6. Ugsasliq. Eger f(t) > F(®) ham « <R bolsa, onda

f(t)e"* -

f(at)—)lF(gj
a

a

Dalillew. Aniglama boyinsha

f(at) > O (at)dt.

7l

Bugan at=u, t=—, dt :—du belgilewlerin jasasaq
(24

u
0!

-i%ut 1 W
f(at)—)— J_Ie « f(u)du:EF(gj.

7. Originald1 differenciallaw. Eger f(t) - F(w) ham f®@), k=12,..,n

funkciyalar1 absolyut integrallaniwshi bolsa, onda
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f'(t) > ioF (@), T"(t) = (i©) F(@),...., T V1) = (i0)"F ().

8. Originaldi integrallaw. Eger f (t) > F(®) ham T f (t)dt =0 bolsa, onda

j. f(r)dr:m.

lw

—0

Dalillew. Aniglama boyinsha

jf(r)dr—)\/_je""t[jf(r)dr}dt =%‘)").

Boleklep integrallasaq

o0

t 1 (1 R
Lf(r)dr—)E[—g J‘f(r)drijra [et f (=

—0 —0

F(w)
10)

i [et @t =
a) —00

9. Stwretleniwdi differenciallaw. Eger f(t) > F(w) ham tf(t),

,...,1" T (t) funkciyalar1 t kdésherinde absolyut integrallaniwshi bolsa, onda
F™(w) — (it)" f (t).
Dalillew.

j [t f (O)|dt, k=01,2,....n
integralinin jiynaqgliligiman
J et £yt

integralinin @ boyinsha ten 6lshewli jiynaqliligr kelip shigadi. Sonligtan

. Q)
F O (@) = {% Jer (t)dtj J— 1)

Ot i) f (t)dt, k =1,2,..,n

1
e

Bunnan F™ (@) — (it)" f (t) ekenligi kelip shigadu.
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10. Lyapunov tenligi. Eger f(t) = F(®) ham ¢(t) - O () bolsa, onda

e}

j f (t)g(t)dt= T F(0)O(w)dw

—00

yamasa

0

j f ()p(t)dt= Té(a))lf(a))da).

—00

Dilillew. T f ()p(t)dt= T f (t)( % T e (a))da)J dt =
—o T

—00

T 1 T o Tal =
=L0(a))da)£E£e f(t)dt):LO(a))F(a))da).

Usinday jol menen Lyapunov tenliginin ekinshi variantinda dalillewge boladi.

11. Sawretleniwdin kobeymesi. Eki f(t) ham ¢(t) funkciyalarinin orami

dep
1 T f(D)p(t—7)dr= f(t) *p(t)
2z 2,

funkciyasina aytamiz.
Eger f(t) > F(w) ham ¢(t) > O(w) bolsa, onda f(t)* p(t) - F(@)-O(w®)
bolad:.
12. Originaldin kobeymesi. Eger f (t) — F (@) ham ¢(t) = O(w) bolsa, onda
F (@) *O(@) — f(t)- o(t)
boladi.

§4. Fur e tarlendiriwinin sizigh differencialhq tenlemelerdi sheshiwde
gollamwlan
Dara tuwindil differencialliq tenlemelerdi sheshiwde en natiyjeli usillardin
biri Fur'enin integralliq tarlendiriwler usili bolhip tabiladi. Bul tarlendiriwler
natiyjesinde qarastirihp atirgan dara tuwindili differencialliqg tenleme ushin

shegaraliqg masele Koshi maselesin sheshiwge alip kelinedi.
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4.1. Jlhhg otkizgishlik tenlemelerin sheshiwdin Fur'e tarlendiriw usil.

Meyli D ={(x,t); —oo<x <o, t>0} oblastinda

u, =a‘u (1)

XX

tenlemesinin
u(x,0) = (x) (2)
baslangish shartin ganaatlandiratugin sheshimin tabiw maselesin garastirayiq.

Aytayiq ¢(x) funkciyasimn Fur'e tarlendiriwi O (w) bolsin. Onda berilgen
(1), (2) maseleni sheshiw
U, (@,t) + (aw)’U (w,t) =0,
U (@,0) =0 ()
tarindegi Koshi maselesin sheshiwge alip kelinedi. Bul Koshi maselesinin

sheshimi
U(a,t) =0 (w)e ®"

bolip, bugan Fur'enin keri tarlendiriwin qollansaq

ia)xé (w)e_asztda)

u(x,t) :% j e

yamasa

0

O(w):%je

—-iwx

o(x)dx

ekenligin esapqga alsaq

1 T foX l T —ilwXx —aw?
u(x,t):EJe [Efe (p(x)dxje ‘do=

= i T @(s)ds T e g o0 )g g =

_ 1 I o(s)ds j e [cos (X —S) +Sinw(x — s)[dw =
2 2. )

1 0 7(X—S)2
e %t p(s)ds
2a/nt 2.

_1 I o(s)ds j e cosw(X —s)dw =
T —o0 0
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boladi, bul jerde
j e sinw(x—s)dw=0

tenligi esapqa alind.
Misal 1. Meyli D ={(x,t); 0< x <0, t >0} oblastinda

2

Up = a Uy 3)
tenlemesinin

u(x,0)=0 (4)
baslangish ham

u(0,t) =u, (5)

shegaraliq shartin ganaatlandiratugin sheshimin tabiw maselesin qarastirayiq, bul

jerde u, turaql san.

Sheshiliwi. Bul masele bir ushinan shegaralangan birtekli sterjendegi
jillihgtin  taraliw maselesine arnalgan bolip, onmih shegaralangan ushindagi

temperatura hdmme waqit turaqhh U, ga ham sonmin menen birge baslangish

temperatura sterjennin hamme jerinde nol'ge ten. Maselenin fizikalig maganasi

boymsha u(xt), u,(xt), u, (x,t) funkciyalan D oblastinda tzliksiz ham
u(x,t), u, (x,t) lar x —oco ushin nol'ge umtiladi, yagniy X —oo da temperaturada,

jillihg agimida azayip baradi.
(3)-(5) aralas maseleni sheshiw ushin Fur'enin sinus turlendiriwin qollanamiz.

Izleniwshi funkciyanin sinus turlendiriwin  u(x,t) > U (@,t) dep, yagniy

U(w,t) = \/ZTu(x,t)sin wXdx
4 0

dep alsaq ham bul tarlendiriwdi t boyinsha differenciallasaq
u, (x,t) > U, (a,t)

boladi. Endi u,, (Xx,t) tin sinus turlendiriwin esaplaymiz.

u, (x,t) > \/zjuxx(x,t)sin wxdx :\/z(ux(x,t)sin a)x|: — a)jux(x,t) CoS a)xdx] =
7T 0 Q 0
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- —a)\/zjux (x,t)cos wxdx = —a)\/ZLUX(x,t) COS a)x|;° + a)_[u(x,t) coS a)xdxj =
7T 0 T 0

=-w, /E {—u(o,t)\ + a)Tu(x,t)sin coxdxj =—w /3 (—uo + a)]ou(x,t)sin a)xdxj =
4 0 T 0
2 2 2
= -, /— (—Up + U (w,1)) =, /—a)uo —o’U(m,1).
T T

Bulardi (3) tenlemedegi orinlarina qoysaq

U, (@,t) + (aw)’U (o,t) =a2\/za)u0, U(w,0)=0 (6)
m

boladi. Solay etip (3)-(5) aralas maseleni sheshiw Furenin sinus tarlendiriwi
jardeminde U (w,t) stwretleniwge garata (6) tarindegi Koshi maselesin sheshiwge

alip kelindi. Bul Koshi maselesinin sheshimi

U(w,t) = e_(aw)zt [C(a)) + az\/za)uojle(a“’)ztdt) — e—(aw)Zt [C () + \/zu_oe(aw)ztj
a T @

bolip, baslangish shartti paydalansaq C(a)):—\/Z % boladi. Bunmi uliwma
T @

sheshimdegi ornina qoysaq, onda

U(w,t) = \/7 g (ao)’ t .

Endi Fur’enin keri sinus turlendiriwin paydalansaq

ouy:%?T@—e*wﬁ)ﬁﬂﬂfdwd%{zfﬁnwxdw—gfe“@“ﬂﬂfﬁdw}

0 @ T5 () Ty w

Songi integraldi esaplaw ushin Lobachevskiy tarepinen dalillengen ayirim aniq
integrallar haqqinda magliwmat keltiremiz.

1). Eger f(x)= f(x+ ) ham f(—x)= f(x) bolsa, onda

sin x

jf() dx=jf(mdx

Dara jagdayda f (x)=1 bolsa, onda
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smx V3
Jro=g

2). Eger f(x+7)=-f(x) ham f(—x)= f(x) bolsa, onda

2
sin de:j f () cos xdx.
0

jf()

Dara jagdayda f(x)=cos™x bolsa, onda

Bul tenliklerdin birinshisin esapqa alsaq, onda

JSIan J‘mdt—z

0

bolip, bul tenlikti paydalansaq, onda

u(x,t) =u, (1_£j o-(ao)t Mda)]
T

) @
boladi. Endi song1 integraldi esaplaw ushin bizge belgili

E

< 2
je“a“’) tcoswxdm=———¢ 4
Za\/f

tenliginin eki jagin X boyinsha integrallaymlz. Sonda

J‘e,(aw)zt Sln a)X

5 0] Za\/_ ‘[

bolip, bul alingan natiyjeni paydalansag, onda

1t
u(x,t)=u,| 1- e 4atds |.
o0 { W J

Misal 2. Meyli D ={(X, y,t); —o< X,y <o, t>0} oblastinda

e 4a2t dS

2
ut =a (uxx + uyy)’
tenlemesinin
U(X, y,O) :(0()(1 y)’ —0 <X,y <©
baslangish shartin qanaatlandiratugin sheshimin tabin.
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Sheshiliwi. Masele putin (X, Y) € (—oo,+x) tegislikte garastirilip atirganlig
sebepli Fur'e tarlendiriwin (X, y) 6zgeriwshileri boyinsha alip baramiz.
Meyli u(x,y,t) >U(& 1) ham  @(X,y) > DP(&,7) bolsin. Onda
qarastirilip atirgan (7), (8) masele Fur'e tirlendiriwinen keyin
U (&) +a*(&" + 7" ) (E,,0) =0, (&) € (o0, +00), t>0,
U(S:7,0)=D(5,1), (5,7) € (o0, +0)

tarindegi Koshi maselesine alip kelinedi.

Bul Koshi maselesinin sheshimi

U(&,m,t) = D(E,n)e ™ !

bolip, bugan keri Fur'e turlendiriwin qollansaq

C(x=2)*+(y-s)®

12 Igo(z,s)e 42t dzds.
a’t 3,

u(x,y,t)= o

4.2. Tolgin tenlemelerin sheshiwdin Fur'e tarlendiriw usili. Meyli
D ={(xt); —o0< X <o, t>0} oblastinda

2

U, =au, 9)

tenlemesinin

u(x,0) = o(x), u (x,0)=w(x) (10)
baslangish shartin ganaatlandiratugin sheshimin tabiw méaselesin qarastirayiq.

Meyli ¢(x) funkciyasinih Fur'e tarlendiriwi O(w) bolsin. Onda (9)
tenlemeni sheshiw
U, (o,1) + (aw)*U (o,t) =0

turindegi tenlemeni sheshiwge alip kelinedi. Bunin uliwma sheshimi

U(w,t)=C,(w)e"*"" +C,(w)e"""
bolip, bugan Fur'enin keri tarlendiriwin qollansaq

u(x,t) = 1 T e'*[C(w)e " +C,(w)e"* " [dw =

N2r

260



DO () dao+ 1 J’ '’ C, (w)dw =f (x —at) + g(x + at),

1 0
=——|e
27 ‘[O N2
bul jerde C,(w) ham C,(®) ler w nin erikli funkciyalar1 bolganligtan f(x) ham

g(x) funkciyalar1 bulardin erikli original funkciyalar1 bolip tabiladi, yagniy

0

¢"Cy(w)do, g(x)=

1 1 %
Chivrd) e

Solay etip

'XC,(w)dw

u(x,t) = f (x—at) + g(x + at).
Bul uliwma sheshimdi (10) baslangish shartlerge aparip qoysaq
f(x)+9(x) = o(x),
1 X
—f () +9(0)==[y(s)ds

a 0

bolip, bunnan
1 1 ¢ 1 17
f(0=200)-— I w(S)ds, () =2p(0)+ -~ j w(s)ds

yamasa
f (x—at) 1 (x—at)—ixf1t (s)ds
2? 20 1 VT

X+at

g(x+at) = %(p(x +at) + 2a j w(s)ds.

0
Onda sheshim

X+at

u(xt) :%[(p(x—at) +o(x +at)] +2—1a j w(s)ds

x—at

bolada.
Misal 3. Meyli D ={(x,y,t); —o0 < X,y <o, t >0} oblastinda

u, =a’u, + f(xt), —o<x<+owo, t>0 (11)
tenlemesinin
u(x,0)=u,(x,0)=0, —co< X <+ (12)

baslangish shartin qanaatlandiratugin sheshimin tabin.
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Sheshiliwi. Masele putin X € (—o0,400) tuwrisinda qarastirilip atirganligi
sebepli Fur'e tarlendiriwin X 6zgeriwshisi boyinsha alip baramiz.
Meyli u(x,t) >U(&,t) ham f(X,t) > F(&,t) bolsin. Onda qarastirilip
atirgan (11), (12) masele Fur'e tarlendiriwinen keyin
U (&) +a’cU (&) =F(&t), t>0
U(£,0)=0, U,(£,0)=0

tarindegi Koshi maselesine alip kelinedi. Bul méselesinin sheshimi
1 t
Ut =—[F(&)sinag(t-r)de
as s

bolip, bugan keri Fur'e turlendiriwin qollansaq

u(x,t) = \/_j{ jF(gf)smag(t 7)dr B¥déE =

—ﬂ{ j ngF(g,r)sina(f(t—r)d(f dr =

zlj’pl{p(éf)w}df’
asy &

sinal(t—7)

bul jerde F™ keri Fur'e trlendiriwi. Al funkciyasiin Fur'e

turlendiriwi
1, ‘X‘ <a(t—1),

H[x+a(t—r)]—H[X_a(t_r)]_{o X|>a(t-7)

bolganliqtan, bul jerde H(z) — Xevisayda funkciyasi, oram operaciyasin

gollansaq

1t 1 400
u(x,t)=gﬂ\/§ﬁ_[Of(g,r){H[x—nJra(t—r)]—

1 t x+a(t-7)

~Hlx-n-att-o)}dnpdr=_-] [ f(mr)dnde
2a

0 x-a(t-r)

boladi.

262



Fur’e turlendiriwi ushin tiykargi originallar ham

olardin suwretleniwleri tablicasi

Original Suwretleniw Original Suwretleniw
fv F(w) f (1) F (o)
f'(x) ioF (o) o(x—a) ie—ia(u
QY o’ F (@) V2
1
™ (x) (io)" F (o) f () *g(x) = F(0)G(w)
f (a.X) a>0 (1+ X2)—1 \/Eew
’ 1 F©) 2
a a
. 5,12 law
f (X - a) eil wF(a)) Xefa‘x‘ , a> O T (a2 +a)2)2
H(x+a)—H(x—a) 2 sinaw
—a|x| 2 a V3 @
© ral+a’ a
x* +a’ \/Eea‘”
2ax 2
{ly |X|<a 2 sinaw (X2 +a2)2 [
O, |X| >a ; @ _|\/: a)efa‘w‘
2
_ 1-|x|, | <1 2\/2(5”1(60/2))2
{1’ < F‘c’m—w 0, [|{>1 7\
0, [x>1 T o
cos(ax) \/E S Sl —
cosax, |x| <z /2a \/Z : a _cos(zw! 2a) 2[ (w+a)+6(w-a)]
0, |X>x/2a ra - ~
sin(ax) \/;[5(a)+ a) — S(w—a)]
Bul jerde:

1). &(x) —Diraktin del'ta funkciyasi,

0, [x<a

L x> —Xevisayda funkciyast,

2). H(x—a)={
1 [x<a

0, ¥ —Xevisayda funkciyasinin sawlesi.
, |X|>a

3). H(a—x):{
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Qosimsha sorawlar

1. Integralliq tirlendiriw dep qanday tarlendiriwge aytamiz?

2. Integralliq tarlendiriwden kelip shigatugin qanday tardegi tarlendiriwlerdi
bilesiz?

3. Qanday tardegi turlendiriwge Laplas, al ganday tardegi tarlendiriwge
Fur’e tarlendiriwi dep aytiladi?

4. Laplas yamasa Fur'e turlendiriwleri ushin qanday funkciyalarga original
funkciyalar delinedi ham onin gasiyetleri ganday?

5. Laplas yamasa Fur'e tirlendiriwleri ushin original funkciya bolmaytugin
bir qatar funkciyalardi keltirih hdm olardin ne ushin original funkciya bola
almaytuginligin aytip berin.

6. Laplas yamasa Fur'e tarlendiriwlerine iye boliw1 ushin funkciya ganday
shartlerdi ganaatlandiriwi kerek?

7. Laplas yamasa Fur'e turlendiriwinde original hdm stiwretleniw arasinda
qanday baylanislar bar?

8. Bunday turlendiriwler ushin qanday oblastta siwretleniw regulyar funkciya
boladi1?

9. Laplas ham Fur’e tarlendiriwlerinin qanday gasiyetleri bar?

10. Laplas ham Fur'e turlendiriwlerinin siziglh ekenligin ganday tasindire
alasan?

11. Eger f(t) funkciyasinin siwretleniwi malim bolsa, onda Laplas ham
Fur'e tarlendiriwleri ushin f ™ (t) nif sawretleniwi qanday bolad1?
12. Eger f(t) funkciyasimin suwretleniwi malim bolsa, onda Laplas

t
turlendiriwi ushin j f (r)dz integraldin sawretleniwi qanday bolad1?
0

13. Eki funkciyanin orami dep nege aytiladi?
14.Adettegi differencialliq tenlemeler yamasa olardii sistemalari Laplas

turlendiriwi jardeminde qalay sheshiledi?
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15. Laplas turlendiriwi jardeminde ganday differencialliq tenlemeler yamasa
olardin sistemalar1 sheshiledi?

16. Fur'e tarlendiriwi jardeminde ganday differencialliq tenlemeler yamasa
olardin sistemalar1 sheshiledi?

17. Laplas tarlendiriwi jardeminde o6zgeriwshi koefficientli siziqh
differencialliq tehlemelerdi sheshiwge bolama?

18. Dara tuwindili differencialliq tenlemelerdi sheshiwde Laplas ham Fur'e
tarlendiriwlerinin qollaniw sxemasin keltirin.

19. Laplas ham Fur’e trlendiriwleri jardeminde qanday tiptegi dara tuwindili
differencialliq tenlemelerdi sheshiwge boladi?

20. Mellin tarlendiriwi qanday hdm onmn Laplas penen Fur'e

tarlendiriwlerden parqi qanday?

Oz betinshe jumislar ushin tapsirmalar

I. Laplastin integralliq tarlendiriwi jardeminde toémendegi baslangish,
shegaraliq ham aralas maselelerdi sheshin:

u =a’,, x>0,t>0, u =a‘u,, x>0, t>0,
1) <u(x,0)=0, x>0, 2) Ju(x,0)=u,, x>0, (u,=const),
u 0,t)=v(), t>0; u,(0,t)-u(0,t)=0, t>0;
u =a‘u,+ f(t), x>0, t>0, U =u,+u+f(x), x>0, t>0,
3) 1u(x,0)=0, x>0, 4) Ju(0,t) =t, t>0,
u(0,t)=0, t>0; u,(0,t)=0, t>0;
u=u_+u+Bcosx, x>0, t>0, u, =a’u,—pu, x>0, t>0,
5) {u(0,t)= Ae™®, t>0, 6) 1u(x,0)=sinx, x>0,
u,(0,t)=0, t>0, (A B-—const). u(0,t)=0, t>0, (B-const);
(U =u,, x>0, t>0, u =u, +a’u+ f(x) x>0, t>0,
7) 1u(x,0)=0, x>0, 8) <u(0,t)=0, t>0,
u(0,t)=Ae™, t>0, (A—const). u,(0,t)=0, t>0;
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u, =a’u,—h(u-u,), x>0, t>0,
9) 1u(x,0)=u,,
u(0,t)=0, t>0, (h,u, —const);

x>0,

u =a‘u,, x>0, t>0,
u(x,0)=0, x>0,
u(0,t)=A, t>0, A-const;

11)

{uxx—uy+u=x, 0< X,y <o,
1
u@.y)=y, u,(0,y)=0;

U, +2u, +u, =f(xy), x,y>0,
u(0,y) =w,(y), u,(0,y)=w.(y),
u(x,0) = @,(x),

u, (x,0) = ¢,(x), 9,(0) =1, (0);

u, + 2qu +U, +U= f(x,y),
u(0,y) = u(y),
u,(0,y)=u(x,0)=0,

u, (x,0) =p(x); 0<x,y <o,

15)

17)

u, =au,, x>0, t>0,

u(x,0)=0, x>0,
19)

u (x,0)=0, x>0,

u(o,t) = u(t), t>0;

u, =a’u,,
10) Ju(x,0)=0,
u,(0,t) —hu(0,t) =k(t), (h—const);

x>0, t>0,
x>0,

1oy JUy = U U+ (%),
u(0,y)=u,(0,y)=0, 0< X,y <oo;

u,+u,=0, 0<xt<oo,
u(0,t) = u(t), u,(0,t)=0,
u(x,0)=9(x), u(0)=¢(0)=0;

14)

u,—u =0, 0<x,t<oo,
u(0,t) =B,
u(x,0) = A, t = +oo [u(x,t)|< oo;

16)

u =a’u,, —oo<X,t<+oo, t>0,
18) 1 u(x,0) = f (x), — o0 < X < +o0

x>0, t>0,
x>0,

u, =a’u,

u(x,0)=0,
u,(x,0)=0,
u(0,t)=v(t), t>0.

20)
X >0,

I1. Fur’enin integralliq tarlendiriwi jdrdeminde tdmendegi shegaraliq

maselelerdi sheshin:

{ut =a’u, + f(x,t), —o<x<oo,t>0,

u(x,0)=0, —oo<X<o0;

u, =a’u,, x>0, t>0,
u(x,0)=e(x), x>0,
u (x,0)=w(x), x>0,
u(0,t)=0, t>0;

3) -

u, =a’u,, —oo<x<ow, t>0,
2)u(x,0)=(x), —oo< X<,
U (x,0) =y (x), —oo<Xx<o0;

u, =a’u,, x>0, t>0,
u(x,0)=e(x), x>0,
u,(x,0)=w(x), x>0,
u,(0,t)=0, t>0;

4)
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5)

7)

9)

11)

19 {

15)
16) <
17)

18) <

u, =a’u,, x>0, t>0,
u(x,00=0, x>0,
u,(x,0)=0, x>0,
u(0,t) = u(t), t>0;

u, =a’u + f(xt), x>0, t>0,
u(x,00=0, x>0,
u(x,0)=0, x>0,

u(0,t)=0, t>0;

u =a‘u,, x>0,t>0,
u(x,0) =e(x), x>0,
u(0,t)=0, t>0;

u =a‘u,, x>0, t>0,
u(x,0)0=0, x>0,
u (0,t) =v(t), t>0;

u(0,t) =u(x,0)=0, —oo<XxX<m;

u, =a’u, + f(xt), —o<x<oo,t>0,

6)

8) <

10)

12)

u, =a’u,, x>0, t>0,
u(x,0)=0, x>0,
u.(x,0)=0, x>0,

u (0,t) =v(t), t>0;

u, =a’u, + f(xt), x>0, t>0,
u(x,00=0, x>0,
u(x,0)=0, x>0,

u,(0,t)=0, t>0;

u =a‘u_, x>0,t>0,
u(x,00=0, x>0,
u(0,t) = u(t), t>0;

u =a‘u, + f(xt), x>0,t>0,
u(x,0)0=0, x>0,
u,(0,t)=0, t>0;

” U, =a’ (U, +uy, )+ f(X,y,t), —o< X,y <o, t>0,
U(X,y,O):O, _OO<X’y<OO;

u =a*(u, + U, ), X € (=o0,+x), y € (0,+0), >0,

u(x,y,0)=o(x,y), xe(-ow0,+0), Yy e (0,+0),

u(x,0,t) =0, x e (—,+x), t>0;

u(x,y,0)=0, Xe(—0,+»), Yy e (0,+x),
u(x,0,t) = u(x,t), xe(—o0,+x), t>0;

u, =a’*(u, + U, ), X € (~o0,+wx), y € (0,+0),t>0,

U, =a’*(U, +U,), X (-0,+m0), ye(0,+x),t>0,

u(x,y,0)=o(x,y), Xxe(-o0,+0), Yy e (0,+0),

u,(x,0,t) =0, x e (~o0,+0), t>0;
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u(x,y,0)=0, Xxe(—0,+»), Yy e (0,+x),
u,(x,0,t) = u(x,t), Xe€(-o0,+0), t>0;

u =a’*(u, + U, ), X € (—o0,+wx), y € (0,+0),t>0,



U, =a’*(u, +U,), xe(0,+), y € (0,+x), t>0,
19) Ju, (0,y,t) =@(y,t), ye(0,+x),t>0,
u(x,0,t) = g(x,t), xe(0,+x), t>0;

U, +U, =0, xe(0,7), ye(0,7),

20) <u(0,y)=u(xz,y)=0, ye(0,n),
u(x,0)=u(x,7)=u,, xe(0,x).

Oz betinshe jumislar ushin tapsirmalardin juwaplari

XZ

a’(t- f)

1) u(x,t)=—— jv(r) \/— T,
2) u(x,t):uo—uoi Te“’fzdg@e(X+t T e,
T X X
2% ﬁ
3) u(x,t)—Jf(r)(erf)(ﬁjdr_%jf j g dedr.

X . h :
4) u(xt)=tcosx+ Esm X+ .[ f(&)sin(x—&)dE, Kérsetpe. Laplastifi integralliq
turlendiriwin X 6zgeriwshisi boyinsha qollanin;
3t B . ; . L
5) u(x,t) = Ae™ cos2x— > XSINX, Kérsetpe. Laplastin integralliq tarlendiriwin

Ozgeriwshisi boyimsha qollanin;

6) u(x,t)= e—(a2+ﬂ)t sinx; 7) u(x,t) = Z'f‘/x_ e—tJ‘ —dr;

T >
0 72
X

1 .
8) u(x,t)= 5_[ f(x=¢&)sin(ag)ds, Korsetpe. Laplastin integralliq tarlendiriwin

0

X 6zgeriwshisi boyinsha qollanin;

xfh xJh
9) U(X,t) =U, - u2 {eaerfc(——«/_t] e a erfc( \/_+\/_tﬂ

2ayt
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X2

“da(t-r)

10) u(x,t):-ajk(f) NEa)

292 (t_7 X
—agehhat )erfc( +ha\/t—rj dr;

2a\t—7

11) u(x t):AerfC(Lj K& 2 [oeq = funkei
) , 2a\/f - Korsetpe. erfc(z)zﬁjz'e d& clyasl

erf (z) = ~’d¢ integralina qosimsha funkciya dep atalip, erf (z) + erfc(z) =1

Lje

V75

boladi, sebebi Puasson integrali boyinsha erf (z) = \/Z _[ e’ézdﬁ =1. Solay etip, bul
7 0

maselenin sheshimin tikkeley korinisi boyinsha jazatugin bolsaq

2 0 ) A 00777722
ux,t)=A-,[= | ecdé= e “atdp;
(x,1) ,/ﬂ! & Zahﬂtl 7

Zaxﬁ

12) u(x,t)=—§jf(x—§)sina§d(§; 13) u(x,t) = X+ ycosx—sin x+%xsin X;
0

o(Xx—t)+ u(t), x—t>0,

14) uxH = {u(’[), X—t<0;

P (X=Y)+ Y@ (X=y)+y@(x—y)+
+ [ HEy—x+H(x=HdE, x>v;

u(x,t) = ,
15) (.1 Wo (Y —X)+ Xy (y —X)+ Xy, (Y —X) +
y
+ [ fx=y+&ay-8dé, x<v;
y—X
16) u(x,t) =(B— A)erf (ﬁj+A; Korsetpe. Originaldi diziw waqtinda

ie“"“’E +erf (iJ a >0 turlendiriwdi paydalanin

p 2t
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p(x—y)siny+

+.[ f(t,y—x+t)sin(x—t)dt, x>y;

Xy

1) = .
17) utx.y u(y—x)cosx+ u'(y—x)sin x +

y

+ | f(x—y+t,t)sin(y-t)dt, x<y;
y—X
1 = (x=&)? 0, X > at,
u(xt) = f($e “*d¢; u(xt)=
19) 2at ) 19)u(x) t-2) xsat
0, X > at,

20) u(xt)= = Kérsetpe. Originaldi integrallaw ham keshigiw

-a J v(r)dr, x<at.
0

teoremalarinan paydalanin.

1t 1 % 421)(2_(5321) R i
1. 1) u(X’t)_Z_a'([\/':J;Of(T’é)e dﬁdT,Korsetpe. Fur'e nin

eksponencialliq tarlendiriwin qollanin.

1 1 X+at
2) u(x,t)= E[gp(x —at) + (X + at)] +— I w(&£)dé; Kérsetpe. Fur'e nin

x—at

eksponencialliq turlendiriwin qollanin.
X+at

1 . 1
3) u(x,t) = E[(p(x —at) + p(x +at)sign(x —at) |+ — j w(E)dE;
|x—at]|
Korsetpe. Fur'enin sinus tarlendiriwin qollanin, X>at ham x<at jagdaylar
ushin sheshimlerdi bolek qaran. Tomendegi tenlikti itibarga alin:

x+at 200 x+at ]
jz//(g)dgz\/;!\{'(ﬂ)d/l j sinAcdéE =

x—at x—at

=\/EI‘P(/1) cos;t(x—at)—cos/”t(x+at)d/1;
Ty A

4) u(x,t) = %[goqx —at|) + p(x + at)sign(x — at)] +

X+at \x—at\
+i{ [ w(&)de-sign(x—at) [ w(&)dé |;

2a| 1
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Korsetpe. Fur'enin kosinus turlendiriwin qollanin.

0 O<t<X

t
a
5) u(x,t) = aj/,z(t)é[x —a(t-r)]dr= « « Korsetpe. Fur'enin
o ﬂ(t __j, t>%,

a a

sinus turlendiriwin qollanin, bul jerde 6(z) -Diraktin del ta funkciyasi.

0 o<t<X
a

6) u(x,t)=9 .x Korsetpe. Fur'enin kosinus turlendiriwin

~a [ v(r)dr, t>2;
0 a

qollanin.
1 t x+a(t-7)
7) u(x,t) = Z_Id T I f(&,7)dS; Kérsetpe. Fur'enin sinus tarlendiriwin
0 ‘X—a(t—T)‘

qollanip, tomendegi tenlikti itibarga alhin:

2sinai(t—7)sinAx _ cosA[x—a(t—r)|-cosA[x+a(t—7)]

A A
xvalt-r) cosAla(t—7) - x]—-cosA[a(t — x| et
= | sinagde= [at-7) ]z [at-)+X] " G sede
x—a(t-7) a(t-7r)—x

2a0 0 0

t x+a(t-7) [x—a(t—7)|
8)u(x,t)=ijdr{j f(&r)dé-sign[x-at-7)] | f(§,r)d§};

Korsetpe. Fur enin kosinus tarlendiriwin qollanin.

® (x=¢)? (x+6)?

2 2 , N ., .
I(o(&) e 4t —e 4t |d&; Kérsetpe. Fur'enin sinus
0

9) u(x,t) =

1
ZaJE

turlendiriwin qollanin.
(x-¢)? (x+£)°
4a%(t-7) Le 4a? (t-7)

1 (7
10) u(x,t) = m_{[}[ f(&,7) € 7i=s dédr; Korsetpe. Fur'enin sinus

turlendiriwin qollanin. Keri turlendiriwde tomendegi tenlikti itibarga alin:
I(x) = J'e‘“ziz/lsin AxdA =-J'(x),
0

bul jerde
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7

J(0=[e " cosaxda=""re *;
0

2a
a t o) e
11) u(x,t) =—— e *)dr; Kérsetpe. Fur'enin kosinus tirlendiriwin
@! Ji-t P
qollanin.

(x=¢)° (x+¢)?
e 4a% (t-r) te 4a%(t-7)

t
12) u(x,t) = ﬁ!! f(&,7) 7i=s d&d7; Korsetpe. Fur'enif

kosinus tarlendiriwin qollanin.

(x=¢)? (+€)°
13) u(x,t) = \/_J' J'f(g f)( 4a¥(t-r) _ o 4a¥(t-7) ]df;

¢ (=22 4(y-s)’
14) u(x,y,t) = f(z,s,7)e 9 dzdsdz;
0 RZ
1 (x=£) (y+n)
15) u(x,y,t) =—— )| e 4t —e 4t d&dn;
4ra’
L T) (24P
16) u(x,y,t) = y H e T) 20 dzd 7
+00 +0 (X—§)2+(Y—77)2 (x=£)*+(y+n)°
17) u(x,y,t) = e dédny;
t 400 (z 2') (X_ZZ) 24y
18) u(x,y,t) =—— .[ (il T) 20 dzd
t o0 (=£)+y° () +y?
19) U(X, y,t): II gt(é: 7)( 4a? (t-r) +e 4@ (t-r) ]défdz-_
00 T)

oo g .7) K+(y-n)° K+ (y+n)?
4a%(t-7) te 4a%(t-7) dnd T;
27[8.'[‘[ (t- 1)3/2 7

4u, & sh(2k +1)y-sin(2k +1)x
20) u(x.y) = kZ; (2k +1)sh(2k +D7z
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