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NMPEJVC/IOBHUE

Kuura sBasieTcsi paciuMpeHHHIM H3JIOXKEHHEM Kypca JeKiuH,
YHTABUIMXCS aBTOPOM B TeueHHe pANA JeT CTyAeHTaM MOCKOBCKOro
dusuko-Texuuueckoro HHcrutyra. OHa paccuHTaHa Ha CTYAEHTOB,
BJIAZIEIONIHX OCHOBAMH MATEMATHUECKOrO aHAJH3a, aAreGpsl H TeOpHH
OCBIKHOBEHHEIX AHDDEepeHUHaNbHEIX ypaBHeHHA B OObeMe yHHBEpCH-
TeTCKOH nporpamMMul. Bce HeoGXOfUMBle CBELeHHA COAEpIKATCA, HalpH-
mep, B yueGHHKax: C. M, Huxkoasckuii, Kypc MarematHueckoro
aHaqu3a, 1. 1, 2; A. 1. MaabueB, OcHOBLl JIHHEHHOH aJre6phi;
JI. C. ITouTp arun, O6riKHOBeHHHIE AHddepeHIHaNbHEIE yDaBHEHHA,

3a Hck/oueHHeM rJaBul I, B KOTOpo#l paccMaTpHBAaIOTC HEKOTO-
peie OCIIHe BONpPOCh AHPppepeHIHANBHEIX YPABHEHHH B UACTHBIX MPOH3-
BOJHBIX, pAacloJIoXKeHHe MaTepHaja COOTBETCTBYET OCHOBHHIM THIaM
ypaBHeHui. LleHTpanbHylo pojb B KHHre HrpaeT 3aHHMAOas Hau-
Gosbmwyii o6beM rjaBa IV, B KOTOpOH H3y4YaloTCA 3JIHNTHUECKUE
ypaBHeHHs. V H VI rjaBb NOcBsilleHHl runepGo/iHueckKUM H TNapago-
JINYECKHM ypaBHEHHSM.

Mcnoab3yemelii B KHHre MeETOJ H3yuYeHHs KpAaeBBIX 3ajau H,
yacTHyHo, 3anaud Kowwu onMpaercs Ha MOHATHe OGOGLIEHHOrO peite-
HHUS, YTO MO3BOJISET PACCMATPHBATh YPaBHEHHMs C NEePEMEHHLIMH Ko3g-
(unHeHTaMH  CTO/Ib e NPOCTO, KaK W MpPOCTEHIUHE ypaBHEHHs: ypaB-
Henue Ilyaccona, BOJHOBOe ypaBHeHVe H ypaBHEHHE TENJONPOBOAHO-
cti. Hapsagy c BonpocaMH CyILECTBOBAHHA H €IHHCTBEHHOCTH pelle-
HHfi OCHOBHHIX KpaeBEIX 33jjadi B KHHre 3HAUHMTeJbHOe BHHMaHHe
yAeJeHO NpHOGMHMKEHHEIM METOAAM HX pelueHHsA: Merony Purna B
JIMNTHYeCKOM H Merony ['anépKuHa B runepGoJH4YecKOM H Hapago-
JIMYECKOM C/Iy4Yasx.

Heo6xopuMele 151 Takoro nOCTpOeHHs cBeeHHS O QyHKIHOHAJb-
HBIX MPOCTPAHCTBAX, B YacTHOCTH, TeopeMbl BioxkeHHs C. JI. CoGonesa,
cogepxkarca B ruase 111, Ilpu 3TOM 3HaKOMCTBa UMTATENA C HYKHBIMH



6 MPEAHCJAOBUE

pasnenami TeopHH QYHKIHH M GyKIHOHAILHOIO aHa/IHM3a He mpeanoJa-
raercsi; UM MOCBAIEHA HMeIOIask BCIOMOraTeJIbHLIH Xxapakrtep raasa 11.

Ko BceM rsaBam, Kpome BTOpPOH, NMPHBOAATCH 3ajaud. Bosbuwas
HX YacTb NpeHa3HayeHa s yr/y6JeHHs H PacIlMPEHHs COofepiKaHHs
COOTBETCTBYIOLIEH [IVIaBhl; C 3TOH JKe IE/bI0 MpPHBEJEHH H CHHCKH
JIOTIO/IHHTE/NLHOM JuTeparypel. s ynpaxkKHeHHH MOXKHO PEKOMEHIo-
BaTh «COOpDHHK 3ajjau MO ypaBHEHHAM MAaTEMATHUECKOH (H3HUKH»
B. C. BaagumupoBa H gp., «C6OpDHHK 3ajau N[O MaTeMaTHUecKO#
¢usuke» B. M. Dynaka, A. A. Camapckoro u A. H. TuxoHoBa u
sagaunnk M. M. CmupHoBa «3ajaun no ypaBHEHHSAM MareMaTHUECcKOH
GbH3HKH»,

B 3ak/oueHHe aBTOp Bhpaxkaet riy6oKylo 6aaronapHocts B. C. Baia-
JUMHPOBY 3a MOCTOSIHHEIH HHTepeC K HACTosillleH KHHMre, a TaKkxke
T. U. 3eneusky, WU. A. Kunpusnoy u C. JI. Co6o/ieBy, 03HaKO-
MHBLUHMCAl C DYKONHCBIO H CJEJABIIUM DA BechbMa LEHHHIX 3ameua-
Hul. OcoGy0 NpPH3HATENBLHOCTh AaBTOP BHIPAXKAET CBOHM TOBApHIAM
A. K. 'ymuny u JI. A. MypaBbio, NJOJOTBOPHHIE JUCKYCCHH C KO-
TOpPLIMH BO MHOrOM CHOCOGCTBOBAJIH YJ/yUIUEHHIO KHHIH.

Hioab 1975 roza. B. Muxaiiaos
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BBEJAEHUE. KJIACCH®UKALMS YPABHEHMA.
ITOCTAHOBKA HEKOTOPBIX 3AJAY

Benenue

" JuddepeHnHarbHBIME ypABHEHHSIMH HA3bIBAIOTCS TaKHe ypaBHe-
HHUsl, B KOTODHIX HEH3BECTHBIMH SIBJIAIOTCA (GYHKIHH ONHOrO HJH
HeCKOMILKHX MEPEMEHHBIX, NPHUEM B ypaBHEHHs BXOAAT He TOJLKO
caMi (yHKIIMH, HO H MX NMPOU3BOJAHHE. EC/IH HEH3BeCTHHIMH ABJIAIOTCS
¢GyHKUHH MHOrHX (He MeHee JBYX) NepeMeHHHIX, TO ypaBHEHHS Ha3bl-
BAIOTCS YPASHEHUAMU 8 HACMHbIX npousgoOHeix. C TaAKUMH ypaBHEHHSIMH
Ml H OyleM HMeTb [JeJ0 B JaflbHeHIleM; NPH 3TOM Mhbl  OyaeMm
paccMaTpHBaTh TOJBKO OJIHO ypaBHeHHE B UACTHbIX MPOH3BOAHBIX
C ONHOH HEeH3BECTHOH (yHKIHeH.

+i YpaBHeHHe B YaCTHHIX MPOM3BOJHEIX OT HEH3BECTHOH (pyﬂxunn
4 NepeMeHHBIX Xi, ..., X, HasblBaeTcsi ypaBHeHHeM N-2o0 nopsadka,
€CJIH OHO COJEepXKHT XOTs OBl OfHY NMpPOH3BOAHYIO mopsiika N U He
COJlep:KHT TNPOH3BOAHLIX GOJlee BLICOKOrO MOpsAJKa, T. €. ypaBHeHHE

ou ou o0tu o0%u Nu
(D{x cevy Xpy Uy =5 ... — =0. (I
A Y P . O
YpaBuenue (1) HaswiBaeTca Aunelinsim, ecin @, Kak QyHKuus
ou u o o
MEPEMEHHBIX U, ——, ..., —-y=, ABIACICH JHHEHAHOH. B nanbHeii-
X1

IeM Mbt 6YJeM paccMaTpHBaTh JIHHEHHOe ypaBHeHHe BTOPOro NopsajKa,
T. €, ypaBHeHHe BHJA
n
y () +2 W ta@u=Fw; @
0x Ox/ 0x; ’

i,f:l

316Ch X=(X1y..., X,). PYHKIMH q; (x), i, j=1,...,n,4; (x),i=1,...
...y N, a(x) HA3BIBAIOTCA KO3ghpuyuernmamy ypaBHeHHs (2), a DyHKIHA
f (x) — ce0600HbIM drerOM.

O6o3naunM uepes R, n-MepHOe €BKJIMJOBO MPOCTPAHCTBO, H MYCTh
X=(Xg..., X,) —TOuKa R, | x|=(x}4-...--x2)1/2, Kak o6bluHO, mojg
o6nacThio B R, HJIH n-MepHOH OGJacTbio Mbl TOHHMAeM OTKPHITOE
CBfI3HOE (HENYCTOE) MHOXKECTBO Touek H3 R,. B naibHefiuem, ecsu
NPOTHBONOJIOKHOE HE OroBOpeHo 0co60, paccMaTpHBaeMmbie 061acTH
6yaem CUHTAThb OrpaHHYEHHBLIMH,



8 BBEIEHUE. KJACCUPUKALIUS YPABHEHUM [ra 1

ITycte Q — HeKoTOpasi n-MepHas obnactb, MuoxectBo E — Q Ha3kHI-
BAETCS CMpoeo 8HYmMpeHHumM TO OTHowWweHHIo K Q, E & Q, ecnin £ < Q,
rne E —3aMbiKaHve (B cMHICIe paccTosiHHsl B R,) MHOXecTBa E,

MuosecTBO Bcex (GyHKIHME, HMelollUX B  HeNpepLIBHLIE, YAaCTHHIE
IIPOH3BOJHEIE JI0 NMOPAJAKA 2 BK/IOUHTENLHO, IJie £ — HEKOTOpOoe ILesoe
HEOTpHIlaTe/bHOE YHC/IO, 0GosHaumM uepe3 C*(Q), a NOAMHOMKECTBO
3TOro MHOXKECTBa, COCTosillee H3 BceX ¢(yHKUHMH, BCe YacTHHIE IIPOH3-
BOJHEIE JIO k-TO NMOps/Ka KOTOPHIX HenpepuiBHEI B Q, 0603HaUKM uepes
C* (Q). Has mHoxectB C°(Q) u C°(Q), HempephIBHHIX B Q H COOTBET-
CTBEHHO HeNpepeIBHEIX B () (YHKIMHA, GYJeM IO/Ib30BAThCA TaKke
o6osHauenuamMu C (Q) u C(Q). MHoxecTBO BCeX (yHKUHi, NpHHAl-
aexauux BceM C*(Q), £=0,1,..., obosHauum uepe3s C*(Q), T. e.

[ee)
C> Q)= ﬂ C* (Q). MHO)ecTBO BCeX (yHKUHMH, IPHHAJIEKAIHX BCEM
k=0

C*(@Q), k=0, 1,..., obosHauum uepes C*(Q), C*(Q)= ﬁ ct(Q).
k=0

Oyuruus f(x) HaswBaercs punumnol B (), €CIH CYIIECTBYET
Takasi nopobiactk Q' &Q, uro f(x)=0 B Q\Q'. MHoxecTBO Bcex

GuuuTHEIX QyHKuHHA U3 C* (Q) o603HauHM yepes C*(Q), a nepeceueHyue

o]
BCEX 3THX MHOXKECTB ﬂ C* (Q) — uepes C* (Q).

k=0

[yete a=(ay,..., @,) —BeKTOp C LEIbIMH HEOTPHIATE/bHHLIMH

KOOpAHHaTaMH, uepe3 |a| OymeM OGO3HAuaTk ;... 0, |a|=
= oy +...+a, Eemn ¢ynkuus f(x) e C*(Q), To yacTHyl0 NpOH3BOA-
aal—{-...—{-anf
HYIO

Py YacTo [Jid KpaTKOCTH 6y11€M 0003HaYaTh yepes

... Oxy
Def. Ins npou3BOAHBIX MEPBOro H BTOPOro MOPSAKOB GYAEM HCIOJb-
30BaTb TaKxke OCO3HAUEHHA [, fxixj. FpagueHt (fc,... [x,) dyHKIHH

fe C'(Q) 6yneM o6oszHauath uepes V f(x).

Ion (n— 1)-MepHO# 3aMKHYTOH MOBEPXHOCTHIO S MBI GylEeM INOHH-
MaTb OrpaHHYeHHYIO 3aMKHYTyIO (n— 1)-MepHyl0 NOBepXHOCTb 06e3
Kpasi KJacca C* npu HekotopoM k=1, T. e, jexauyio B R, CBA3HYIO
OrpaHHYeHHYI0 3aMKHyTylo (S=38) mnOBepXHOCTb, OGIAJAIOULYIO
CIENYIOIHM CBOHCTBOM: JJs Jo60H ToukH x°e S  cymecTByioT
ee (n-mepHas) okpectHocth U, U mnpunagiexamas C*(U,) byHk-
uMa Fe(x), ana xoropoil V Fi (x%) =0, TakdHe, YTO MHOXECTBO
S N Ux onucwBaercss ypaBHeHHeM F.(x)=0 (T. e. Bce TOUKH
mHoxectBa S ) Uy YAOBNETBOPAIOT ypaBHEHHIO Fr (x)=0 u mo-
6asi yJOBJETBOPsIOWAs YPAaBHEHHIO Fyo (x)==0 Touka u3 U, npunan-
JAeXHT S). :
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panuny obaactd Q GyneM oGo3HauaTh uepes dQ. B panbHeiimeM,
€CJIH TPOTHBOMOJIOXKHOE He OroBOpeHO 0co60, rpaHHILI paccMaTpHBa-
eMeIX ofjacteit 6yueM mnpeanoJaraTh COCTOSIIHMH H3 KOHEYHOro
Yhc/ia HelepeceKaloUuXcs 3aMKHYTHIX (1 — 1)-MepHRIX MOBEpXHOCTEH
(knacca C'), ob6bem Q OyneM 00603HauaThb yepes |Q|.

3aMeTuM, YTO €caM 3aMKHyTasi (n— l)-MepHas noOBepXHOCThL S
NpHHaJIeXKUT Kaaccy C*, To s /060 €e TOUKH x° CYLIECTBYeT
CTOJIE MaJjiasi ee OKpecTHocTh U, utro nepeceuende S () Uy ofaHo-
3HAYHO MpOEKTHpyeTcss Ha HeKoTopyilo (n— 1)-MepHywo o6aacts Do
¢ rpaHuuel kjaacca C*, jexallyio B OfHOH M3 KOOpAMHATHHIX MJIOC-
KOCTel, T. €. ONHCBbIBaeTC NpH HeKoTopoM i, i=1, ..., n, ypaBHe-
HHEM X;= Qg (X1, « vy Xiegy, Xiv1y ooy Xn)s (X1 --vs Xicgy Xty o--
s X)) ED e, U o= C* (on). Tlepeceuenne S () Uy 6ymeM Hasbl-
BaTh NPocmsiM Kyckom (WU KYyckom) TOBEPXHOCTH S,

Tak kak S orpaHnueHa W 3aMKHYTa, TO H3 mokphiTHsa {U;, x & S}
NOBEPXHOCTH S MOXKHO BhIOpaTh KOHeuHOe NofnokphitHe, COBOKym-
HOCTh COOTBETCTBYIOIIHX TAKOMY KOHEUHOMY OKDHITHIO HpOCTHIX
KYCKOB Si, ..., Sy OyleM HasuBaTh HOKpeumuem nosepxHocmu S
NPOCMbIMU KYCKAMU.

Ilon (n— 1)-mepHoit noBepxHocThio S Kiacca C*, k=1, 6ynem
[IOHHMATL CBfA3HYIO [OBEPXHOCTb, KOTOPYIO MOXHO TaK MOKpHITh
KOHEUHLIM YHCJIOM (n-MepHEIX) of6nacred U;, i=1, ..., N, urt0
Kaxjoe u3 MHoxectB S;=S N U;, i=1, ..., N, 0flHO3HAYHO NpOEK-
THPYeTCs. Ha Hekortopylo (n— l)-mepHylo o6aacte D; ¢ rpaHunei
kaacca C*, jexainyio B OAHOH H3 KOOPAMHATHHIX IJIOCKOCTEH, T. €.
npu HekoropoM p=p(i), p=1, ..., n, ONHCLIBAaeTCH ypaBHEHHEM
Xp=qi (X1, coes Xp1r Xpils oees Xn)s (X1 -evs Xpo1y Xpr1s o) EDy,
H uto @; = C* (Di).COBOKyHHOCTb IIOBEpPXHOCTEH S;—IMpOCTLIX KYCKOB
[OBEPXHOCTH S, COOTBETCTBYIOUIMX TaKoMy mokpwruio U,, ..., Uy
noBepxXHOCTH S, GyleM Ha3bIBAThL HOKPuLMuem nosepxwocmu S npoc-
momu  Kyckamu, B nanvHefimmem noa (n— 1)-MepHOM MOBEPXHOCTHIO
MBI GyJaeM NOHHMAThL (n— l)-MepHyI0 NOBEpXHOCTH Kiacca C* npu
HeKoTopoM k= 1.

O6o3nauuM uepes Q5, 8§ >0, spJsiouleecs 06JACTbIO OGbEHHEHHE
o BeeM x° & Q wapos { | x —x9| <<8): Q8= U {lx—x°| <<8}; Q= Q8.

reQ

Uepes Qs 6§ >0, Oynem 0603HauaThL MHOXKECTBO, COCTOsMIEe H3 BCeX
ToueK 06JacTH , paccTOsiHHe OT KOTODBIX JIO TpaHHub dQ 6oabie §;
Qs = Q; npu pocratouHo ManoM &6 >0 (s siBasierca obgacthio. [loka-
XKeM, YTO AJIf JIo6oro NOCTaTouHo Majoro § >0 cyilecTByeT GecKo-
HeuHo AH(depeHurpyeMas B R, ¢ynkuus {s(x), paBHasg 1 B Qs u
paBHasi O BHe Qs2. PyHKIMIO {s(x) B manbHedieM GymeM Has3bIBaThb
O-cpesaroujeti pynxyued (WaH, NpocTo, cpesaioweli dynKkyueld) 04s
obaacmu Q. Ilpexne ueM moctpouts GyHKIHIO {(X), BBEAEM BaXHOE
MOHATHE ffpa YCPEAHEHHS.
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[Tyctb , (f) — GeckoneuHo audEepenunpyeMasi, UeTHas, HEOTpHIA-
TeJbHas (QYHKIHA OAHOTO NEPEMEHHOrO ¢ (— oo < ¢ << +-o0), paBHas
Hymo aaa |¢|=1 u rtakas, uro

fou(x)de= § a(lx])de=1. ©)

R, lxf<1

B KayectBe @ (f) MOXHO B3fTb, HamnpHmep, QYHKIHIO
1

| —1==
L

a ()= T € O=lti<l,

0, |t =1,

rje noctosinHas C, nojo6paHa Tak, 4To0bl BHIIOJHAJIOCH yCJAOBHE (3).
[Tycte A — npousBo/ibHOE MOJIOXKHTENBbHOE uHca0. PyHKUHA

n (| x])= g @y (| x|/h)

HasbiBaeTca sdpom ycpedOrenus (paauyca h). S1apo ycpenHeHHS @y (jx1),
OYEBH/IHO, OOJIafaeT C/efyIOIHMH CBOHCTBAMH:
a) wp(|xf) €C*(Ry), @4 (x)=0 B Ry,
6) wa((x)==0 mna |x|=h,
B) { on(lx))dx=1,
)

Rﬂ
r) 418 Jo60ro a=(%y, ..., G,), |@|=0, H npu Bcex x =R,

| D%y (| x]) | << Co/h+121,
rie C, — HEKOTOpasi He 3aBHCSLIAsi OT A IOJIOXKHTENbHAs MOCTOSIHHAS,

[ycte @4 (| x |) — npousBosbHOe sigpo ycpennenusi. Henocpemer-
BEHHO NPOBEPAETCS, YTO IPH JOCTaToyHo ManoM 6 >0 dyHkuus

L= § esu(lx—y)dy
Qas/4 :
siBJIsieTcsl cpesaolllel GyHKuMedl Ans o6jaactH Q, NpH TOM (YHKUMS
s (x) ymoBaerBopsieT B R, HepaBencrBam 0 << {5 (x) << 1.

§ 1. 3agaua Kommu. Teopema Kopagepckoit

1. Mocranoeka 3sagaum Komwm. PaccMorpum B HekoTOpOH 06JacTH
Q n-mepHOro mnpocrpanctsa R, (o61acTb  He 0GSA3aTENIbHO OrPaHH-
YeHa, B YaCTHOCTH, OHa MOXKET COBNajaTb CO BceM R,) JHHefiHOe
AudpepeHIHaIbHOE yDaBHEHHe BTOPOTO MOPSAKA
n n
Lu= 3 ay(x) g+ D @ (x) uy,+a@)u=f(x), (1)
5, =1 i=1
OpH 3TOM KO3(xpUIIHEeHTH H CBOGOAHHIA uaeH OyleM CYHTATbh AOCTa-
TOYHO IVIAAKHMH KOMILUIEKCHO3HAYHBIMH GyHKUMAMH, Marpuuy | a,; (x) [,
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i, j=1, ... n, cocraBjeHHyl0 H3 KO3((HIHEHTOB NpH CTApIIMX IpO-
H3BOJHHEIX, OyneM oGo3HauaTh 4epe3 A (x); Marpuua A (x) OTIMYHA
OT HyJIeBOH MarpHIHl BCoay B Q.

B cayyae 01HOro NpOCTPAHCTBEHHOTO MepeMeHHoro, n=1, ypas-
neHHe (1) ecTp oGbiKHOBeHHOe nH(epeHIHANbHOE YpaBHEHHE H €ro
MOXKHO 3amucaThb (a,; 5=0) B BHje

Wb(x)u+elx)u=gx). (2)

IMpocreitmneit 3agaueit B 3TOM ciyyae saBasdercs 3agaua Koum —3anaua
HAXOXJEHHS pelleHHs] 3TOr0 ypaBHEHHUS, YAOBJETBOPSIOMIErO IpH
HEKOTOPOM X = x° HayaJbHBIM YCAOBHAM U (x%)=u,, 4’ (x0)=u,.

[TocMOTpUM, Kak MOMKHO CTaBHTb QHAJNIOTHYHYIO 3a1ady /s ypas-
HeHHs1 B YacCTHHIX mpou3BopHbIX (I). BosbMeM Hekoropyio mpHHajje-
XKaiyo Q nocraTouHo raaukywoo (kmacca C?%) (n— 1)-MepHyio MOBepx-
HOCTb S, 3aJaHHYIO ypaBHEHHEM

F(x)=0, 3)

rie F (x) —BellecTBeHHO3HayHast GyHKUUA, H myctb |VF |40 npu
BceX x = S.

IMycte B Q 3amano BekTopHoe mosie [(x)=(l (x),..., L, (x),
ree L; (x), i=1, ..., n,—BellleCTBEHHO3HAUHbIE (DYHKUHH, HPHHALJE-
xkaume C1(Q), |1 2=1{+...4 1 >0, Takoe 4YTO [IpH BCex X € S BEKTOP
[ (x) He Kacaercsl noBepXHocTH S, T. e,

oF (, VF)
als = rls #0
(B nanpHeitweM Hac 6yayT HHTepecoBaThb 3HaueHHA noJsf [ (x) TOMbKO

Ha S.)

BosbMeM NpOH3BO/MBHYIO TOUKY x° & S M paccMOTPHM ypaBHEHHE
(1) B mocraTouHo Manoil okpectHocTH U 3Toil Touku (mycre U — map
C IeHTpOM B Touke x° pocTaTOuHO MaJjoro paguyca). Ilepeceuenue
SN U o6o3nauuMm uepe3 S,.

[pexnonoxuM, uto B U 3anano pemenue u, u C?(U), ypasHe-
Hus (1), 0 mycThb u, (x) — 3HaueHHe QYHKUHH U Ha S, a u,(x)—s3HaueHHe

o (4
NpOH3BOAHOH —= Ha Sg:

ol
U s, =ty (x), 4)
%&=mM- (5)

[TokaxkeM, uTO 1/ ypaBHEHHS B YACTHBHIX NPOM3BOAHBIX, B OT/IHYHE
OT OGLIKHOBEHHOI'O ypaBHEHHfl, U, H 4;, BOOGLIE rOBOpsA, HE MOTYT
6biTb MPOH3BOJBLHLIMH (TJIAJKUMH) (yHKIHAMH.

Iockoaeky VF (x°) %0, TO onHa u3 koopjauHaT Bektopa VF (x0)
OTJIHYHA OT HyJ]f; IMyCTb, Hampumep, F,, (x°)£0. Cuuraem, uTO
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OkpecTHoCTh U Hacto/ibko Majia, uro B U F, (x)#%0 u ypaBHeHHE
(3) MOXHO NpejiCTaBHTL B BHIE

Xn=0(K), X=®1 ..0s Xny)
¢ raankoit ¢yuxkumei ¢ (x'). O603HaYUM qepes Fp(x) doyukuuio F (x),

a uepes F;(x)—c¢yskuun x;—x}, i=1, ..., n—1, H paccMoTpuM
B3aHMHO OJ[HO3HAYHOe OTOGpaxKeHHe ,
!/.=F1(x), i=1) ey Ny ’ . (6) )

o6nactu U B HekoTOpy1o OKpecTHOCTb V Hauana KoopauHat — o6pasa

ToukH x°. (OGosHauuM uepe3 X JjeXalllWil B IJIOCKOCTH Y, =0 obpas

noBepxHocTH So: 2=V N{/ =1, ...+ Y1) ERp-1, Yn=0}. PyHk-
n

uHio U (x (y)) 6yzeM o6o3Hauarh uepes v (y). Tak Kak uy, = > Uy F oy
p=1

a Uy, = Z lvypqupx‘ Fox;+ Z UyyF psep 1O ypanuenne (1) B Ho-
P, g=
BbIX [IEPEMEHHLIX HMEET BH]

3T By (9) vy + 3 B0 +B ) 0= a0, ()

i ji=1

rie Py (y) —sneMentl xBajpatHoit Matpuunl | (4 (x (y) - VF; (x (),
VF;(x (y)))|, B yacTHOCTH,
Brn (y (x)) = (A (x) VF (x), VF (x)). 7
YcaoBus (4) v (5) NpPUHHMAIOT COOTBETCTBEHHO BH] ’
vz =0, (¥) ®)
H
(Vyv’ Ay)lz=vi ), )
rie U (¢)=uo (Y, 9¥)): vi(¢)=u (¢, 9(¥)), a Bektop A(y(x)) =
=(—aaFT‘, cees al"), xeSo, NpHUYeM
_%];_n = ?f ;é 0 Ha SO'

Ilpexne Bcero moxkaxeM, 4TO udepe3 (QYHKIHH Uy H ¥y OJHO3HAYHO
ompenensiercss 3HaueHHe BeKTopa Vv Ha mnoBepxHoctH 2. [leficTBH-

TeJILHO, MPOH3BOJHEIE vy[]Z, i=1, ..., n—1, poudcadaiored uz (8):
Uy |z =Voyp i=1, ..., n—1, a B cuny (5)
Uy, |z =01 (¢)s 9

n—1
rre 1 (§) =g (vi W)= 2 oo @ )

i=1 .
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OueBugHo, ycaoBus (8), (5) u ycaoBus (8), (9) 5KBHBaJIEHTHHI.
PaccMoTpuM Teneph 3HaueHHsi HAa 2 BTOPHIX MPOH3BOJHBIX (yHK-
uud v (y). Ilpexne Bcero 3aMeTHM, 4t0 B cuay paBeHcTB (8) u (9)
3HaueHHs Ha 2 BceX BTOPLIX NPOH3BOAHBIX (YHKUUH v (y), KpoMe
MPOH3BOJHOH Uy , , OLHO3HAYHO ONMPEfeNsOTCA Yepe3 QYHKUHH Uo W
Hns ompejenenus 3HaueHHs Ha X NPOHM3BOJHON Uy , BOCIOJb:

syemcs ypaBHenueM (1'). Uz (1'), yuureiBas (7), umeeM

(A (x GIVF (5 @), ToF (£ 0) 03,0, =
n—1 n—1

Z By, 7 iZ ﬁinvyiyn - iZI Pivy, —Pu. (1"
- ~ <

L j=1

Ecan Ha noBepxHoctH S, ¢yHruusa (A (x) VF, VF)=£0, to ¢yukuusa
(A (x (y) ViF (x(y)), V,F (x(y))) otamuna or Hysaa Ha X, a cieoBa-
TeJbHO (CYUHTaeM, YTO OKpecTHocTh U jnocratoyHo Mana) u B V.
B sroM cayuae ypaBHenue (1”) B V MOXKHO mepemucaTth B BHJE

n—1 n—1

Uy, = Z YVijVy;; + Z YinUy,y, + Z yivy +yv+h. (10)

i, j=1

MMonaras B (10) y,=0, monyuum 3HaueHHe HAa X NPOU3BOIHOM Uy,

Takum o6pasoM, ecau (A (x) VF, VF)==0 Ha S,, T0 Ha S, oxHoO-
3HAUHO ONpeJeNsoTC BCe MpPOH3BOJHLIE (PYHKIMH 4 (X) IO BTOpPOTO
HopsAaKa BKJIIOYHTENBHO.
- Ecnu xe B Hekoropoit Touke £ S, (A (X)VF (%), VF(X))=0,
To B cooTBeTcTBYyMomell Touke § (A (x(F)) ViF (x (7)), ViF (x (7)) =
=0. Torpa paBeHctBo (1”) B TouKe [ sBasieTcd paBeHCTBOM,
CBASHIBAIOIIMM YK€  ONpeJeJeHHple  BelHuMHbl v (§), vy, (9),
vyi,,i(g), i=1,...,n j=1,..., n—1. Takum o6pasoM, 3HaUeHHE
B TOuKe § ¢(yHKUHH U, H ee MPOU3BOJAHBIX JO BTOPOrO MOpsAKa H
GYHKUHH v; M €e NPOH3BOJHBIX NEPBOrO MOPAAKA, a CJIENOBATENbHO,
H 3HayeHHs B TOuKe X GYHKUMH 4, H U; U HX COOTBETCTBYIOLIUX
[IPOH3BOJHHIX CBA3dHBI HEKOTOPHIM COOTHOIIEHHEM, T. €., BooGue
roBopsi, He MOTYT GHITb [POHU3BOJILHLIMH.

Touka x mosepxHoctH S kjaacca C!, 3anaHHOlH ypaBHeHHeM F =0
(F — BemectBeHHo3HAuHass ¢yHRUUA, VF =0 Ha S), HasbiBaeTcd
xapaxkmepucmuseckoll mouxotl s ypaBHenus (1), ecau B 3TO#l Touke

(A (x) VF (x), VF (x))=0.

[NoBepxHocTh S HaswiBaeTcsas xapaxkmepucmudeckoll IS ypaBHEHHS
(1) unu xapaxmepucmuxoi (n1a) ypasuenusi (1), eciH Bce ee TOUKH
XapaKTepHCTHYECKHE.

B srom maparpaje Mbl 6yneM usydath 3agauy Kowwm gas ypas-
HeHusa (1), T. e. 3anauy OTHICKaHHA pelueHHs, ypaBHenus (1), ynos-

i

~
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JIETBQPSAIOWIEro ycaoBUAM (4) H (5) ¢ HEKOTOPBIMH 3aJaHHBLIMH (YHK-
UHAMH Ug H Uy, B c/lydae, KOTJa MOBEPXHOCTh S He HMeeT Xapakre-
PHCTHUECKHX TOYEK.

3HnaunTtenbHO GoJiee CJIOKHBIM SIBJISETCA Caydyalf, Korjga moBepx-
HOCTb S CO/MEpIKHT XapaKTepuCTHUecKHe ToukH. Kak 6biio nmokasaHo,
ecau Touka x° & S XapakTepHCTHUYECKasd, TO CYILECTBYIOT Takue (rjaj-
KHE) (DYHKUMH o H u;, YTO HH B KakOH OKPECTHOCTH 5TOH TOUKH
HE cyllecTByeT rjaakoro (u3 C?(U)) pewenus ypasHenus (1), ynos-
JerBopsiomwero Ha Sg=S8 U ycnoBusaM (4) u (5). Jlerko y6emutnbes,
uyro ecau U+ —opHa W3 uacTeii, Ha KoTophle Sy pas6uBaer U (cuH-
TaeM, 4YTo OKpecTHocTb U sBjsiercsl mwiapoM C LEHTpoM B x? pocra-
TOYHO MaJ/Ioro pajuyca), TO He cyuiecTByeT H pemenusa us C2 (Ut Sy),
yIoBJjerBopsiomero Ha S, ycaosusaM (4) u (b). EcaH, TeM He MeHee,
r7ajkoe pelleHHe CYLIeCTBYET, TO OHO MOXeT GHITb HeeJHHCTBEHHBIM.

ITycrp, Hampumep, n=2. Paccmorpum B HekotopoM kpyre U
C UEHTPOM B Hauyajle KOODJHHAT ypaBHEHHE

uxxxz = f (X),

I/ KOTOporo mpsiMasi x, =0 saBaseTcss XapakTePUCTHKOH (K TakoMmy
BHIYy MOXHO IPHBECTH C IOMOLIbIO 3aMeHbl HE3aBHCHMbIX ME€pEMeH-
HbIX YPaBHEHHE Uy, — Ux,x, = [ — BOJIHOBOE ypaBHeHHe). Jlerko mpo-
BEPHTb, UTO JJId CyllecTBOBaHusA raaigkoro B U (u3 C?(U)) pewenus
3TOr0 YP4BHEHHS, YIOBJETBOPSIOUIEr0 YCAOBHAM U |y, —o=Uq (X)),
Uy, lyy=0 =1ty (1), HEOOXONHUMO H JOCTATOYHO, YTOGH BHINOJHAJOCH
duy (.

%ﬁzf(xl, 0). Tlpuuem, ecnH 5TO YC/IOBHE BHINOJNHEHO,
TO pelieHHe MpPeJOCTaBJseTcsd B BHIE

u (1) =" B\ F G &) dBattto () + g (52,

)
0 0

yCJIOBHE

rie g— NpOH3BOJbHAA [BAXIBl HENpPEPHIBHO JAH(DGEpeHIHpyeMas
¢byHKUHA, yroBaerBopsiomas ycaosuaMm g (0)=0, gx( = uy (0).
2

Ecnn noBepxHOcTh S XapakTepHCTHYECKAsl, TO BO3MOXHBI H TaKHe
Cly4ad, KOTIa 3ajayy Ijas1 ypaBHeHHs (1) HyXHO CTAaBUTb IO aHa-
Jgoruu ¢ 3ajgadeft Komm /s oGLIKHOBEHHOTO ypaBHEHHS] He BTOPOTO,
a nepsoro nopsjka. Tak, HampuMep, 1Js YPaBHEHHA (MyCTh CHOBA
n=2)

Uxyxy — Ux, =f (x)

(yPaBHEHHE TEIIONPOBOLHOCTH), A/ KOTOPOro mpsaAMas xa=0 aBjs-
eTcd XapakTepHCTHKOH, B riase VI Gyner usyueHa 3ajaua (3ajaua
Koux), xoropasi COCTOMT B OTHICKAHHM peELIEHHS 3TOr0 ypaBHEHHsA
B MOJYIJIOCKOCTH X >> 0, yIOBJETBOPAIOLIErO TOJBKO OJHOMY YCJO-
B0 (4): U 0= g (X))
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IepeiineM Temeps K H3yueHuio 3agaud (1), (4), (5) B cryuae,
KOrja MOBEPXHOCTL S HE COJEPKHT XapaKTEPUCTHUECKHX TOUEK.
Tlycts Q — n-Mepras o6JaacTb, a S —aexamas B Q H 3ajaHHasA ypas-
nenueM (3) (n— 1)-MepHass NOBEpXHOCTb, paccekamolllas @ Ha j1e
Henepecekaromuecss obmacti QF u Q-, T. e. Q\.S=0Q*UQ-, @
NQ = @. llpeanonoxuM, uro B ofmactu Q 3ajgano ypasHeHue (1)
(. e. B @ 3agaHbl KOP(pHUHEHTH H CBOGOJHHIH UJ€H ypaBHEHHS
(1)), a Ha nosepxHocTH S 3ajaHO HHre He Kacalolieecsl IOBepX-
HoctH S BekTopHoe moste [ (x)=(l1(x), ..., I, (¥), |{(x)|>0 Ha S,
H ABe GYHKUMHM u,(x) H uy(x). Ilyctb moBepxHocTb S HE HMeeT
XapaKTepHCTHUECKHX ToueK ypaBHeHusa (1), T. e.

(A(x)VF, VF)5=0 Ha S. 11)

TpeGyercs Hafitu QyHKUHIO U (x), npuHasaexkauylo C?(Q), yAoBAETBO-
psiiolylo B Q ypaBHeHHio (1) H yIOBIETBOPSIOIYI0 HA S HayaJbHBIM
yeiaoBusaM (4) u (b). DBynem HaselBaTh 3Ty 3a1ady HexapaKTepHCTH-
yeckoft 3ajgaueii Kommu. 3agaHHble QyHKIHMH — KOIDOHUIHEHTEI H CBO-
Gonubifi wieH ypaBHeHus (1), ¢ynkuuio F u3 (3), BekTOp-QyHKLHIO
! v QyHKUHH o H 4y — GyleM HaspiBaThb NaHHHIMH 3aJauH,
[NpexnonoxumM, yto naHeele 3agauu (1), (4), (5) GeckoHeuno AuG-
tepeHupyemMbl: Ko3hPHIMEHTH H CBOGOJHBbIN uneH ypaBHeHHs (1) u
¢yukuusa F (x) u3 (3) npuHapiaexut C° (Q), a yukuuH I (x), ..., I, (x),
Uo(x), Uy (x) npuHannexar C(S) (1. e. GyHruuu Iy (X (), ..., ;s (x ),
rae x = x (y) — 3aganHoe dopmy.oii (6) oToGpaxeHHe HEKOTOPOH OKpecT-
HoctH U npousBonbHO# TOukH x® & S B okpecTHOCTb V Hayasa Koop-
JHHAT, GeckoHeyHO audpepeHUHpYEMBbl B (1 — 1)-MepHOfl 06JacTH % =
=VN{y =eR,1, Y,=0}). Tpeanonoxkum Takxke, YTo CYILECTBYET
GeckoHeuHo auddepeHnupyeMoe B Q pelenue u (x) 3afauu (1), (4), (5).
Kak 610 noxkasaHo BHIE, HA HOBEPXHOCTH S uYepe3 JaHHBE
3aJayd OJHO3HAYHO OINpefensloTCs BCe NMPOM3BOAHLIE pEIleHHA 4 (X)
[0 BTOPOTrO NOpsiJKa BKJIOYHTENbHO. [[OKa)keM, YTO Ha [OBEPXHOCTH
S uepes jaHHbIE 3aayH OJHO3HAUHO OMNpENEJSIOTCS BCE NMPOH3BOJHEIE
Jaio6oro nopsinka ¢pyHkuMH ¢ (x). Tak Kak B paccMaTpHUBaeMOM Cay-
yae orofpaxenne (6) okpectHoctH U npousBoabHOH ToukH x* = S
B OKDECTHOCTb V Hauaja KOOPJHHAT 3a[aeTCs C MOMOLIbI0 GECKOHEUHO
nuddepenuupyemeix B U dyukuuit F;(x), i=1, ..., n, T0 B pe3yb-
Tare oroGpaxkenus (6) sapmaua (1), (4), () B obractu U (mox 3THM
MHl I[IOHHMaeM 3ajJadyy HaXoXleHHs B obnacTu U pelieHHs ypaBHe-
Hus (1), yJOBIETBOPSIOWIErO HAYaJbHEIM YCJIOBHAM U ls, = Uq (X),

0
7;% s, =t (x), rae So=UNS) 3ameHsieTcsa 5KBHBaJNCHTHOH 3ajauet

(8) — (10) mns ¢ynkuuu v(y) B obnactu V ¢ GeckoHeuHO nuxpepeH-
UHpyeMbIMH JAHHBIMH. IIpH 3TOM NOCKOJBKY CYLIECTBYET GECKOHEYHO
nuddepenunpyemoe B U pemenne u (x) sagaun (1), (4), (5), To u
3anada (8) —(10) B V umeer GeckoHeuHo pudpepeHnupyeMoe B V peme-
HHe v(y)=u (x(y)). Has JHokaszaTenbcTBa yTBEPIKAEHHSA NOCTaTOYHO
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YCTaHOBHTb, 4TO Bee mnpoussofubie DYv (y) Ha $ oxHO3HAuHO ompefe-
JsoTca uepe3 AaHHble 3afauH ((8) —(10)).

3HaueHHs Ha NOBEPXHOCTH I NPOM3BOAHKIX D@ Oy (y) u D Dy (y)
NpH MIOGHIX & = (&g, ..., G,q), |& |=0, onpenensioTcs Hemocpen-
cTBeHHO H3 ycioBuit (8) u (9):

D@, 0g |y = D¥y,, D’ Vy|y =Dop,.

OG603HauHM uepe3 v, 3HaueHHe B HAua/le€ KOOPAHHAT QYHKIHH % D%
(al=oay!...a,l):

' 1
) va=—37 D (0), [a][=0. (12)

Torna uepe3 ¢GYHKUMH Uy H Uy ORHO3HAYHO ONPEAE/EHH Vgr, o H Uy, 1,
|e | =0:

1 ,
o

(al)! y =0 (13)

y=0 (14)

1 ,
’ T meme— o
Vo, 1 @ Doy,

(@) =0y! ... €py!).

IOas onpenenenus Ha X mpousBopHoi D2y (y), la’l=0, Boc-
noan3yemcs ypasuenueM (10). Huddepenunpys (10) mo yq, «ovy Ypay
u nojarad y,=~0, noayyum

D(a" 2)v\z =D(a':0)H1|2’ |a’|>0’

rae ¢yukuus H,(y) onpenensierca B V QopMmymnoi
n—1

n—1
Hy(y)= E Yi7 (9) Uy,-yf‘l‘ 2}1 Yin (y) Uy, +

Lj=1

+ 2@y, yH) vth(y)

i=1

(B KoTOpoOil B KauecTBe v (y) MOACTaBAEHO pewieHue 3anauu (8) — (10)).
Dynkuusa DO OH, |y ecTs QyHKUHSA (JMHEHHAsA C M3BECTHBIMH KO3(-
¢duuHeHTaMH) yxke onpefeseHHHX BenuunH DF-0p |y u DO Dy|y
mpu 0<<|B'|<<|o’|+2, 0|y |<|a |+ 1. [TosTomy Ha 2 ogHoO-
3HAYHO uepe3 JaHHbe 3aJauH ONpPENE]SAIOTCS BCE IPOU3BOJIHBIE
D@2y (y), |&’|=0, H, B 4aCTHOCTH,

Var,2= (21 (@' )) 1 D@ OH (y) lyor | [=0.

IlpennonoxumM, uro npu HekotopoM k==2 Ha X OJHO3HAYHO
yepes JaHHbIE 3aJauy y¥Ke OnpejeseHH Bce Mpou3aBojiHble D —y (y),
|a’|==0. Haiizem npoussognyio DMy (y)|z, |’ |=0. dasa sroro
npoaudppepenuupyeM B V ypaBrenue (10) @y pas mo yg, ..., 0,y
pa3 Mo Y,y M k—2 pasa mo y, a 3areM MOJOXUM y,=0.
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B pesyabTare moay4uM
DRy (g) |5 =D #=H, (y) .

Oyuknusa D@ —2H |5 ectb (OYHKUMS (THHEHHAS C H3BECTHBIMH
k03U IHEHTAMH) OTHOCHTEILHO Y3Ke Olpe/ie/leHHbIX BeuuuH DBy |z,
O<<ihk—1 O<|P |<|o/|+2mpu O<<i<<k—2u O0<<|PB'|<
< |a'|4 1 npu i=k—1). [TosToMy Ha 2 OZHO3HAYHO ONpEIESIOTCS
yepe3 [AHHLIC 33Ja4d BCe NpPOW3BOjiHbIE D@ Ay, |a'|=0, B uacT-

HOCTH,
Var, k= ((o)! k1) DO E=DH (y) |, (15)

YTBepKIeHHE [I0KAa3aHo.

3ameuanue. Ilycrs v(y) —npousBosbHas GeckoHeuHO Audipe-
peHiupyemas B o6anactu V ¢yHkuusa. PaccMoTpuM GecKOHeYHO aH(-
¢depennupyeMyo B V @pyHKLHIO

n—1 n—1

H(y) Evynyn— Z Yi/vyiy]— Z 'Vinvy,-yn_‘
6 =1 i=1

— X vivy,—yw—h  (16)

i==1

W3 nmpoBefeHHBIX pacCyXIeHHH BBITEKAET, YTO €c/IM 3HAYeHHs (yHK-
uud v (y) M BCEX €e NPOHU3BOAHHIX YAOBJIETBOPSIOT ycaoBHAM (12),
rle YHCHAA Vg, || =0, onpexenenn paseHcrBamu (13)— (15), T0

D*H (y) |j-o=0 npu Bcex a, |a]=0. 17

Hrak, Mbl MOKa3a/H, 4TO €CJH Ha MOBEPXHOCTH S HET XapaKTepH-
CTHYECKHX TOYEK, TO J4HHblE 33a4H OJHO3HAYHO ONMpeAeNsIoT Ha S Bce
npou3BoJHbIe GecKOHeyHO AuddhepeHUHpyeMoro pemeHus 3agaud (1),
(4), (5). CanenoBarenbHO, B Kiaacce (PpyHKUHH, OLHO3HAYHO OIpeness-
€MBIX CBOHMH 3HAYEHHSIMH M 3HAYEHHAMH BCEX CBOHX MPOHM3BOJIHHIX
Ha S, pewenue 3agauu (1), (4), (5) exuHcTBeHHO. OXHHM H3 TaKHX
K/JAcCOB SIBJISICTCS KJIAcC aHAJMTHYECKHX ¢yHKuui. Jlanee B sToM
naparpaje Mbl MOKaXeM, 4YTO B KJacce AHAJUTHYECKHX (DyHKUHI
sanaua (1), (4), (5) c aHANUTHYECKUMH [AHHLIMH Pa3pelIuMa.

OrMeTuM, 4TO, B OTJMYHE OT Caydasi OGEIKHOBEHHOI'O ypaBHEHHS,
yCJOBHE AHAJHTHYHOCTH JAHHBIX B CTOJb OOWEH cuTyauuu (ecau He
HajaraTb Ha Ko3(pduuuentsl ypaBuenus (1) monmosHUTENBHBIX Orpa-
HHYCHHH) ABJSETCS, B ONPEAEJICHHOM CMBIC/IE, HEOOGXONHMEBIM /5
paspemuMocTH 3anaun. Cenyromwuii npuMep, npunannexauuit I'. Jlesu,
MOKa3LIBAET, YTO YpaBHEHHE B YACTHBIX MPOHM3BOIHHIX C GECKOHEUHO
JudpepeHIHp yeMpIMH KO3QPUIHEHTAMH H CBOGOJHBIM UYJE€HOM BooOlLe
MOXKET H€ HMETb pEIEHHH.

IMpumep 1. [Jupdepenunansioe ypaBHEHHE

Uy, + Ty, -+ 20 (X1 %) teyx, = (x5) (18)
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HH B KAaKOH OKPECTHOCTH Hayaja KOODAMHAT (IpOCTpaHCTBa Rj3) He
HMEeT JBax[bl HenpepblBHO AHpPepeHUHpPYEMbIX peleHHH, eCaH
BellleCTBEHHO3HAYHAA (YHKUHA [ (x;) HE SIBJAAETCA aHAIHTHYECKOMH
dyHKIHEH.

Jns noKasarenbCTBa 5TOrO yTBEPXKAEHHsI, OYEBHIHO, JOCTATOYHO
[POBEPHTh, YTO YpAaBHEHHUE

Uy, ity + 20 (1 + iXy) Uy, = f (x3) (19)

HH B Kakoi OKpPECTHOCTH Hayajla KOODAHHAT HE HMECT HEINPECPBIBHO
augdepeHIHPYEMEIX pelleHH .

[Ipeanonoxum, HampoTuB, 4TO B UMauHApe Q= {x]-x3<<R?,
|x3|<<H} npu Hekoropeix R>0 u H >0 cymecTByeT npuHasie-
xamee C!'(Q) pewenue u(x) ypasuenus (19) ¢ HeanaauTHueCKo#
Ha HHTepBasle |X;| << H BeulecTBeHHO3HAuHOH ¢yHKIuel f (x3). Toraa
dyHRIUA U4y (0, @, X3)=u(pcos¢, psinQ, x3) B mapajiesenunene
N={0<p<<R, 0<p<<2m, |x3]|<<H} sBNfAeTCA pEIIEHHEM ypaB-
HEHHsI

u
Ugpei®ti —:;CB e+ 2ipe'®uy, = f (x3),

npryeM u; e C(T) u u;(p, 0, x3)=u, (p, 27, xs). [Tpounrerpu-
pyeM 3TO paBeHCTBO (mpH qucnpoaaﬂﬂblx pH x;,) no ¢ (0, 2mx).
B pesyJaerare momyuuM, 4to B npsmoyroabHuke K;={0<<p <R
X3 | <<H} ¢dyHKuHA

2n

uz (0, xg)={ w1 (0, @, x;)€®do,
0

Uy (p, x3) & C'(K,), yIOBJETBODSAIOT YpaBHEHHIO
tgg -+ 2+ 2Upline, = 27f (x3).
ITostomy npunamiexamas C!(Ky) N C (K,), roe K, — npsaMoyroJbHuK
{0<<r <<R%, |x3| <H}, dynxuusa
(rs x)=Vr us (Vr, x)
aBjserca B K, peuieHueM ypaBHEHHS

U, + vy, = 7tf (x3)

HJ/H, UYTO TO XK€ CaMo€, ypaBHECHHS

@, x)+in 1@ )i {00 x)+in] 1© dg) —o.

0
Ho mnocnenHee ypaBHeHue ecTb yciaoBHe Komm —Pumana s
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¢yHKIHH

W, x)=0 (s x)+in F (&) &

0

CnenoBarenbHo, (yHKIHA @ (r, X3) sIBAsieTCA aHaduTHYecKoH B K,
H HenpepbiBHOH B K, QyHKuUHEH KOMIVIEKCHOrO MepeMeHHoro 7 - ixg,
w(r, x;)=g (r +ixs). Tak Kak Regl,.o=0, 10 cornacuo npuHuHIy
CHMMeTpHH (YHKUHA g (r - ix;) [OMYCKAeT AHAJUTHYECKOe MPOJOJI-
xeHue B NpsAMoyronbHuUK Ky={|r|<<R? |x3|<<H} u, B 4acTHOCTH,

IBJISIETCS aHAJIMTHYECKOH 0 X3 GyHKUMeH Ha oTpeske {r =0, |x;| <<H}.
X3

Ho g|,=o=ingf(§) dt, mosTOMy AHAJNHTHYECKOH OpH |X3|<<H sB-

0
nsiercsl W GYHKUUA f(X3), YTO NMPOTHBOPEUHT MpPEATOIONKEHHIO.

3aMeTuM, 4TO, HampuMep, MJIOCKOCTb X;==0 HE CONepPKHT Xapak-
TePUCTHYECKHX Touek s ypaBHeHus (18). Takum oGpasoM, 3anaua
Komw pns ypaBHenusi (18) (c HauanbHBIMH YCIOBHSIMH, 33JaHHBIMH
Ha maockocTH x;=10) HE HMeeT peleHHH HH B Kakoil coiepikauiei
Haya/J0 KOOPAHHAT OKPECTHOCTH HH IPH KAKHX HAYaJbHBIX QYHKUHSX.

2. ABajauTHyeckHe (YHKUMH HECKOJAbKHX mepemeHHbX. [lycTob
Q — HeKoropad 06/acTh /-MEPHOTO MPOCTPAHCTBA R,, a g (X) — KOM-
IJIEKCHO3HA4YHAsA (QYHKIMA, onpeie/neHHasd B Q.

Dyukuusa g (x) HasbIBaeTCsA anasumuueckoli 8 mouke x° =Q, ecnu
B HEKOTOpoil oKpecTHocTH U 3TOH TOYKH OHa mpejcTaBjseTcss abco-
JIIOTHO CXOJASILIUMCSI CTEHEHHBIM DPSIOM

g(x)= Z Z e gal,.,an(xl—xg)“l...(x,,—x%)aﬂ=

oy =00z=0 an=0

=28 (x—x%  (20)

o

rae o= (A, ..., &), (X—x0%=(x;—x})%... (x,—x5)%.

GyHKnHA g (x) HA3BIBAETCS QHAAMUMUMECKOL 8 00Aacmu, €CJIH OHA
AHAJHMTHYHA B KaXJo# TOuYKe 3TOH O6/acCTH.

[Tyctb ¢ynkuua g(x) ananutuyna B Touke x° =Q. Torza B KyGe
Kp(x®)={lx;—x}|<R, i=1, ..., n} npu uekoropoM R >0 osa
npenctapasercs abcosoTHo: cxonauuMcs (B Kg (x9) pagom (20). Tak
Kak abcomoTHO cxopsmuiica B Kpg (x°) crenennofl psix B sioGoi
ctporo BHYTpeHHefi mopobaactu K ky6a Kp (x°), K & K (x9), cxo-
JMTCS pABHOMEPHO BMeCTe CO BCeMH [IPOHM3BOAHBIMH, TO (PyHKUHA
g (x) =C>»(K) u, cnenosarenbHo, g (x) C®(Kg(x°). Ilpu stoM,

OYeBHJIHO, ga=aD°‘g(x°), rie al=ay...a,l, T. e pan (20) aB-

asetcsa psaoM Tefiopa ¢ynkuuu g (x) B Touke x°. OTciofa BhITEKaeT,
4TO aHAJUTHUYecKas B obaacTH Q ¢YHKUHA OJHO3HAYHO ONpejensercs
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BO Bceit o6macTH ( CBOHMM 3H4YEHHEM H 3HAUYCHHSAMH BCEX CBOMX
NPOU3BOAHBEIX B [POH3BOJNLHON TOUKEe M3 Q, B YacTHOCTH, €CJIH
B Kakoi-mH60 TOUKe H3  OHAa paBHA HYJI0 BMECTE€ CO BCEMH IIPO-
H3BOIHEIMH, To g (x}=0 B Q.

TTokaxkeM, uTo ecau pynxyus g (X) awarumuuna 8 mouxe x° = Q,
MO OHA GHAAUMUMHA U 8 Hekomopoll okpecmHocmu smot mouxy. s
5TOr0 JOCTaTOYHO JOKas3aTh, 4To eclH Kpg(x°) —ky6, B KOTOpOM
¢yukuus g (x) npencrapisercs (aGCOMOTHO CXOAAUIHMCS) psagoM (20),
10 g (X) auanuTHUHa B Kybe Kgs; (x0).

W3 a6comotnolt cxogumocTH psiza (20) B Kp (x°) BHITEKaeT, 4TO
npu Jmobom p = (0, R)

Dl galpi*! < oo, @0
o

BosbMeM mnpousBosibHyl0 TOYKY x! & Kgs (x°). Toraa ans Bcex x &
e Kgys (x1) umeem

Z&;(Z Ca, (xy— x})P (x}—x;’)“t—m>><...

p1=0

ﬂ
X( 3} €l 5 1= xm“"_p”) B
P

_y 3 z 2aCli.. . Cor X

a py=0 P, =0
X (tp—x])Pr . (g — X5)Pn (e — XD =P (xh — x3) % P,

Tak kak mna Bcex ngR/g (*¥Y) npH JoBLIX A= (C1, ..., An)s
'p=(p1’ veny pn)) pigaia L=1’ veey 1y

QaCl ... CLn (= A (xh — )

1pl lal—1p1 R\l 1
=lgal2e () (3] el (5) " 7

H [OCKOJIBbKY B cuily (21) pan
R\ial 1 R\l
Xolel(5) =2 Dlaal(3)" <o
o p o
To (yHKuHs g (X) npeacTaBasteTcss B Kgss (x!) aGCOMIOTHO CXOAALLMMCS

pazoM
=X (x— a1,
P

o0
P —_
rme gp= >, ... gaCZ‘,(x}—xg)“l—”'---CaZ (xh — x3)*n"Pn. Cre-

oy =Py “n=pn

=
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JoBaTeqbHO, (YHKUHA g(X) aHAJIHTHYHA B TOYKe x! H TEM CaMbIM
B CuJy NpoH3BOIbHOCTH x!'& Kgys(x®) B Kgss(x%). YTBepkaenue
10Ka3aHo.

AHanuTnHueckas B TOuYke x° BelleCTBeHHO3HauHas (yHKUHA

g(x) =2 8a(*—x% nasmBaercs maxcopanmoti B TOouke x° (hyH-
o

Kuud g(x) (u3 (18)), ecan pas Beex a, |a|=0, | go!<<ga-
ITycte {gq» |0 |= 0} — HekoTOpas KOMIUIEKCHAs YHCJOBas MocJe-
JIOBaTeJBHOCTD, I/ KOTOpOH CyHIeCTBYeT BelleCTBEHHAs YHCAO0Bas

~

Noc/e10BaTeNbHOCTh {ga, |a|>0} Takasi, 4To /s Bcex a, |a|=0,
|8a!<<g@q M PAL D ga(x— x%)* a6COMOTHO CXONHTCH B HEKOTOPOH
o

oKpecTHOCTH To4kH x°, Torza, oueBuIHO, PyHKIHS g (x) = D g (x — X0)*

o
aHaJuTHYHA B Touyke x° H QyHKIHA g(x)=2ga (x — x%% siBasiercs
o

ee MaxopaHTOH B TOYke xP.

OueBHIHO TaKXe, YTO Y /OGO aHAMNUTHYECKOH B Touke x° (pyHK-
MM CcymecTByeT MaxopaHta (B x°)., B kauectBe MaxKopaHThl JJs
¢yukuvn  g(x) H3  (20) MmoxHO B3ATh, Hampumep, (QYHKIHIO

>l gal (x — x°)*. Maxopanty GpyHKumH g (x) u3 (20) MOXHO MOCTPOHT
o

Takxke ciaefytomHM o6pasoM. IlycTe psag B (20) aGcomoTHO cxopguTes
B Ky6e Kg(x°) npu HekotropoM R>0. Bo3sbmem HekoTopoe p u3
unteppana (0, R). B cuny (21) cymecrByeT Takoe nosioxurejabHoe M,
uto |golpl®¥l=< M, T. e. | go| << M/pl®!, nas Bcex a=(a, ..., 0).
310 03HayaeT, YyTo MaxopaHTo# PyHKUHH g(x) B Touke X0 sBJAsETCH

"M (x—x0)% M

i ple —<1_"1_—£1’),,,<1_xn_—"_%>'
P P

Maxopanrolt ¢yHkuun g(x) B Touke x° gBaAseTca NpH JaIO60M
N =1 rakxe QyHKUHSA

GbyHKUHS gx)=

~ M
X)=
g AT () TN ()
Y
MN®n (| o))
it
3. Teopema KoBaneBckofi. B sToM nyHKTe MblI GyneM H3yuaTb
3afjayy Koum B kjacce aHaJHTHYeCKHX ¢yHKIHH, T. e. 6yaem pac-
CMaTpHBaTb AaHAMHTHYECKHE B o6jacTH Q HJIH B HEKOTOPOH ee MoA-

o6nacti Q’, coxepxaileii moBepxHocts S, pemeHus 3anauu (1), (4),
(6). Ilpu stom Gymem npepmosnararb, uto jAaHHele 3agauu (1), (4),

MOCKOJIBKY /ISl BCEX O = (Qlys .oy Qp) =|gq |-
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(5) amanuTHYHBL, T. €. OyAeM CYHTaTb, YTO KOIpPHLMEHTH H CBO-
Gomubiit uneH ypasHeHus (1) m ¢ynkuus F u3 (3) (3agaromas ypaB-
HEHHe MOBEPXHOCTH S)— aHAIHTHYyecKHe B Q, a QYHKuMH [ (x),...
vy Ln(x)y ug(x), uy(x)—ananutuyeckne Ha S (T. e. (QYHKUHH
Lx @) ooy lax () 4o (x(9))s ur(x(y)), rre x (y) —3anannoe dop-
MyJqoil (6) oroGpaxkeHHe HEKOTOpPOH OKpecTHoctd U mpoM3BOJIBHOM
TodkH xS B OKpecTHOCTh V Hauana KOOpAMHAT, aHAJIHTHYHBI
B (n—1)-mepHo#i obnacth 2=V N{y R,.1, Y,=0}). Hanomuum,
YTO pellleHHe 3ajauH, Kos(pdHuHeHTbl H cBOGOAHBIH WieH ypaBHeHHs (1)
H HayaJabHble (yHKUHH KOMIJIEKCHO3HAUHBI, 8 KOOpAHHATHI [ (X), ...
ooy la(x) BekTOpa [ (x) M ¢yHKUHA F (x) BemlecTBeHHO3HayHbl. Bynem
Mpejnosiararb, 4YTO MOBEPXHOCTb S He HMEeT XapaKTepHCTHUECKHX
Touek j/a ypasHeHHs (I).

Ilpexkne Bcero pokaxeM JOKAJbHYIO TeopeMy CYHIECTBOBaHHS H
€IMHCTBEHHOCTH pelleHHs 3TOH 3ajaud.

Teopema 1 (reopema KoBamesckoit). ITycms Oannbie 3adauu
(1), (4), (B) anasumuuner u nosepxwocmo S He umeem xapaxmep-
crmuseckux moyex 0as ypasuenus (1). Toeda dan moboii mouku xX* = S
cywecmsyerm maxas oxkpecmuocme Uyg 3moll mouku, 8 xomopot sma
300a4a uMeerm AHAAUMUYECKOe peulenue, U HU 8 KaKol oKkpecmHocmu
mouku x° He moscem Ovimb 6Gosee O0HO20 AHAAUMUMECKOZO pelieHiis
amoti 3adauu,

Hamomuum (cm. n. 1), uro mop sapaueit (1), (4), (5) B obaactu
Uw MB MOHHMaeM 3ajlauy HaxXOxJACHHS pereHHs 4 (x) ypaBHeHHs (1)

U
B Uy, yIOBJETBOPSIOMEI0 HAYAABHBIM YCJIOBHSIM U |, = Uy, o | =t
J

rae Sg=3S N U,; npu stom okpectHocts U, npepnojaraercd Crojb
MaJioff, UTO NOBepXHOCTb S, pa3GHBaeT ee Ha JBe HelepeceKarowyecs
067acTH.

ITycte x° — mpousBosibHast TOuykKa moBepxHocTH S. Pacemorpum
B3aHMHO OHO3HayHOe oToOpaxeHue (6) HeKOTOpOH AOCTAaTOYHO MasoH
okpectHocTH U 3TOll TOUKH B OKpecTHOCTb V Hauyaja KOOpJAHHAT —
o6pasa Ttoukn x°. Ilockosbky nauneie 3anaun (1), (4), (5) u dyHk-
uun F;(x), i=1, ..., n—1, aHajauTHuHH, TO 3agauya Komwu (1), (4),
(6) B obsacth U npu 3ToM OTOGpax(EHHH NEPEXOAHT B SKBHBAJEHT-
Hylo eif 3agauy (8) —(10) (B o6nactn V) ¢ aHanHTHUECKHMH JAHHBIMH.
Ilna nokasaresbcTBa TeopeMhbl | JOCTaTOYHO MOKasaTh, 4TO Haijercs
TaKasi OKpecTHOCTb V Hauaja KOOpAMHAT, B KOTOPOH CYyMIECTBYET
aHaJHTHUecKoe pemeHHe v (y) 3agaun (8) — (10), u uTo pelieHHe STOH
3a1a4H eJUHCTBEHHO.

[Mpexae BCero NOKaXeM eIUHCTBEHHOCTb. I[lycTh B HEKOTOpPOI
OKDECTHOCTH V), Hauasna KOOpJHMHAT CYIIECTBYET aHAJHTHYECKOE pe-
wenue v(y) sapaun (8) — (10). Tak kak v(y) =C=(V,), TO M3 pac-
CMOTpeHHH m. | BeiTeKaer, YTO Ha MOBEPXHOCTH X NaHHBLIMH 3ajauH
OJHO3HAUHO OMNpene/sioTcs 3HaueHHsl BCeX MPOU3BOAHBIX D%y, | a|==0.
B uyactHoCcTH, OnHO3HAuHO omnpexeadloTcs Bce 3HadeHHs D%y (0),
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|a|==0. CrenoBareqbHo (cM. M. 2), pemieHHe v (y) OQHO3SHAYHO oOmpe-
neisiercss uepe3 JaHHble 3ajaud B of6iacth V. EnuHCTBeHHOCTH JO-
Ka3aHa.

[Mepeiinem k JokasarenbcTBy cyulectBoBaHus. Ilpexpe Bcero
OTMETHM, YTO JOCTAaTOYHO JOKa3aTk CYLIECTBOBaHHE TAaKOH aHaJUTH-
yecKolt B Hauase KoopaHHAT (YHKUMH v (y) —B CHAY CBOHCTB aHa-
JUTHYeCKHX (YHKIHA (CM. m. 2) OHAa aHAJUTHYHA M B HEKOTOPOM
OKpEecTHOCTH V Hayaja KOOpAHHAT, —KOTOpasl SIBJ/ISIETCA pelleHHeM
B V 3amaun (8)— (10).

PaBencrBamu (12) —(15) (cm. n. 1) no paHueIM 3apaun (8) — (10)
(onHO3HAYHO) OMpENEeISIOTC YHCAA Ug, | & | = 0. Ilokaxem, 4rto ¢op-
MaJbHO HAITHCAHHBIH CTErMmeHHON psf

D v (22)

npeacTaBasieT co60f aHAJHTHYECKYIO B Hayaje KOOpAHMHAT (YHKIHIO,
Torga cymMa 3TOro aGCOMIOTHO CXOASIIErocss B HEKOTOPOH OKpecT-
HocTH V Hauyasna KOOpAMHAT psija, o603HAuYuUM ee uepe3 v (y), Oyner
HCKOMBIM pelleHHeM,

HeiicrButenibHo, u3 (13) BeITeKaeT, UTO 3HAYEHHE AHAJIHTHYECKOH
no y ¢yskuun v(y’, 0) M -3HaueHHs BCEX ee MPOM3BOAHEIX IO
Y1 -+.s Yy OpH y’ =0 COBMANAIOT ¢ COOTBETCTBYIOUWUMH 3HAUEHHSIMH
IJis aHAMHTHYecKolt mo y dyHKuHH v, (y’). CrepoBatesbHo, v (y', 0) =
=v,(y") Ha X =V N{¥ =Ry, Y.=0}. Ananornyno u3 (14) moay-
uaeM, 4ro v, (4, O)=uv, (¥') Ha X. To, uto ¢yHkuus v (y) ynoB-
JaetBopsier B V ypaBHenuwo (10), npoBepsieTcs cienylomum oGpasoM.
Paccmorpum anajuTHueckywo B V  dyHKuMio H (y), onpejejeHHYIO
paBeHcTBoM (16), rme B KavecTBe v (y) MOACTAB/IE€HA HCCAeRyeMasi
aHanuTHueckas .pyHkuus (22). B cuny Buifopa uncen vy, |a|=0,
COIVIacHO CJieTaHHOMY B H. | 3ameyaHHI0 HMeEIOT MeCTO paBeHCTBA
(17), T. e. dynkuusa H(y) 1 Bce ee NpPOM3BOAHLIE B Hayane KOOpHH-
HaT paBHbl Hymo. Crl€noBaTenbHO, aHaJiuTHYeCKas B V GyHKuus
H(y)=0. A 310 ¥ 03HauaeT, yTo PyHKUHs v (y) ypoBJerBopsieT B V
ypasHenuio (10).

Hrak, HamMm HyXKHO 10Ka3aTb, YTO psif (22) aGCOJIOTHO CXORHUTCS
B HEKOTOpOH OKpecTHOCTH Hauaja KoopauHart, [ag aToro (cM. m. 2)
IOCTaTOYHO MOKAa3dTh CYUIECTBOBAHME MAayKOPAHTBI JJIs 3TOro psina
B Hayaje KOOpJHHAT,

3apauy Komwm (B V) ¢ aHaIuTHYECKHMH JaHHBIMH

n—1

n—1 n
Uy, = Z Yijﬁyiy/‘*' 5231 Yinﬁy,y,,‘*' 'Zl Vi¥y, + v0 + A, (10)
= i=

i,i=1
1y, —0 =0 (), (3)
5-'/71 \yn=0 =i (y’) (§)

G
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OyneM HasbBaTh 3ajaueii, MaxopHpywouel 3apauy (8) — (10), ecau
JaHHBIe 3TOH 3ajauH SBJSIOTCS MaKOPAHTAMH B Hadaje KOOpAMHAT
COOTBETCTBYIOHIHX JAHHBIX 33Ja4H (8)—(10)

Ecan 3agaua- (8) — (10) umeeT anaiuTHyeckoe B Hayaje KoopJ H-
HaT pelleHHe

9(9) = 3 ba®, (22)
[«
TO 5TO pellleHHe SIBJSIeTCS MaXKOpAaHTOH B Hayaje KOOpAHHAT A/
panga (22) u, cnemomaresbHO, pan (22) nmpeacraBasier co6oil aHasH-
THYECKYI0 B Hayaje KOOpAHHAT (YHKIHIO,

JloKa3aTenpCTBO 3TOr0  YTBEPMKAEHHS 3aK/IIOUaeTCss B INpOBepKe
CIpaBeAUBOCTH NpH Bcex a, |a|==0, HepaBeHCTB |v,|<< T, Ilo
OnpefeqeHHI0O MaXKOpHpylomlell 3agaun (PyHKUMH o H &, SBJAAIOTCS
Ma)KOpaHTaMH B Hauyajie KOOpAHHAT GYHKIHI 4y, U 4; COOTBETCTBEHHO.
CaenoBatespHo (cM. (13) u (14)), mns Beex a', |&'|=0,
| Ve, 0| < Do, 0 B |V, 1| <0, 1.

Hpennonome, YTO NpH HeKoTopoM k==1 yxe HOKa3aHl NpH
Beex 5, 0<<s<<k—1, ¥ Bcex @/, |a’|=0, HepaBeHCTBA |vy, ¢ | <<
< U, s. [loKaxKeM, 4TO TOra U | Vo, & | << Do, b, |@"| = 0. B cuay (15)

Vo, b= b CB’, k—1Up", k—1 T
(ri<ia|+1

+ Z Z cpr, sV, s+ Ao, ks

a
O, b= > e, k—10p, b1+
1B i<tai+1
k-2 . 5
+ Z Z cpr, sUp, s+ ha, ko

s=0{p 1o |+ 2

rae
(', k)
ha, (oc')l @y PP R 0),

hot, 4= D2 R (0),

MOCTOSIHHEIE  Cp, s — IHHEHHBIE KOMOMHAUMH C HEOTPHUATETbHBIMH
Ko3(pHIMeHTaMH 3HAuYeHHH B Hauaje KOODAHHAT MPOH3BOIHBIX KO-

¢uuuentoB ypasHeHus (10), a cg, s €cTb Te Xe camble JHHEHRHBIE
KOMGHHAUHH COOTBETCTBYIOMIMX (HEOTpHIATEeJIbHBIX!) HPOH3BOAHBIX

kospuunentos ypasmenns (10). Tak kak 3apaua (8)—(10)--
MaXKOpHPYIOWAs 33124y (8) — (10), TO | hyy, k]<h<Jc EOH o s|<<
<c,y s ClIenoBaTenbHo, |y, k| << U, ke
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Takum of6pasoM, [/ JOKa3aTeAbCTBA aGCOJIIOTHOH CXOAHMOCTH
B HEKOTOPOi OKPeCTHOCTH Haua/ja KOOpAMHAT psxa (22) Ham jocra-
TOYHO MOCTPOHTL MakopHpywomylo 3agauy (8)—(10), umeromyo
aHaJVTHYeCKoe B HauajJe KOOpAHHAT pemieHHe. IIpH mocTpoeHHH
MaXXOpHpYIOWeH 3a1aul yAOOHee HMeTh 1ei0 C ONHOPONHBIMH HAya/b-
HBIMH ycaoBHAMH (8) u (9):

(4 llln=0 = 0’ (80)
Uy, ’y,,=0 =0. (%)

b

3aMeTuM, 4TO /51 JOKa3aTeJbCTBAa CYHIECTBOBAHHSI aHAJHTHYe-
ckoro pemenus 3anaud (8) — (10) mocTaTouHo nOKa3aTh CYyLIECTBOBA-
HHe aHQJINTHUYECKOro pelleHHs w (y) caenylomel 3ajaud ¢ ofHoOpof-
HBHIMH Ha4a/IbHBIMH YCJIOBHSIMH:

n—1 n—1 n
’
Wy v, — > YWy, — Z VinWy,y, — > Yily, —yw—h' =0,
i =1 i=1 i=1
w Iyn=0 = 0,

wyn [yn=0 = Q’
rue
n—1 n—1 n
’ ’ ’ ’
2 Vil D Vi, + D) vy, e,
R j=l i=1 i=1

W () =0, (¥)+ Y1 (¥)-

HelicTBHTeIBHO, JIETKO BHAETb, YTO €CJIH W@ — aHAJHTHUYECKoe pellle-
HHe 3TOH 3aJauH, TO GYHKUHS U= w--w’ gBJASETCS AHAJHTHUECKHM
peienrem 3agauu (8) — (10).

CiefoBaTeqibHO, MBI MOXEM CYUHMTaTh HauyaJbHble YCAOBHs (8)
H (9) ONHOPOIHBIMH, T. €. HaM JOCTAaTOYHO NOCTPOHTb MaXKOPHpYIO-
myio 3agauy njs 3agaun (8y), (9p), (10). ITockombky Ko3(dHIHEHTH
H cBoGopHblii 4ieH ypaBHeHHs (10) aHalauTHYHBI B Hauaje KOOpJIH-
HaT, To (cM. M. 2) B KauectBe ypasHenus (10) MaXKopHpyoteH
3a7aYd MOXHO B3SITh YpaBHEHHe

N M
v = -
Un¥n ]_!/1+---+!/n_1+N!/nx
Y

n—1 n-—1 n ~
% (i iZ:l Oyt 3 By + Y a,,i+a+1) (10)
= =1 i=1

W=h—uj, +
i

npu HeKoTopeix p >0, M >0 u npouszsoinHoM N == 1. Paccmorpum

y1+-~~+%n—l+Ny" =m peweHua =Y (n)

ypaBHEHHS (10). Bce TakHe pelieHHs ABAAIOTCA pelleHHAMH OGbIKHO-

3aBHCAHIHE TOJIBKO OT
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BEHHOI'O ypaBHeHHS
AY'L-B(Y 41
a—n ’

rne A=M_E.§lﬂ_) B— N2 ’ =1—M(,;v:l)2_(n_1\;)M BriGe-

peM N HacTosbKO GOMBIUMM, YTOGH UHCIO @ OBUIO IMOJIOMKHTEILHBIM,
0<<a<l,

Bospmem pemenne Y,(n) ypaBHeHHs (23) Y IOBJIETBOP AOLLEE
OHOPOJHBIM HAYaJbHLIM YCIOBHAM Yo (0) =Y (0)=0. Tak Kak Ko3}-
GHUHeHTE! ypaBHeHHA (23) aHAIMTHYHBI NpH M=0 (zaxke mnpu [n|<
<< a), TO HeTPyAHO YyOeAMThCH, 4TO H QyHKIHA Y, (1) aHAIHTHYHA

% 1
B Hyne *). ITockonbKy Bce mpou3BoAHble B TOUKe 1= 0 GyHKIUH s
TOJIOKHTE/IbHE, TO B CHAY (23)
d*kY, (0)
dnk
Takum o6pasom, aHaIMTHYECKas B Hauaje KoopiHar byHKrIHA
iy)=Y (yl_l_ Y "HW") SBSIETCA pelleHHEM YpaBHEHHs (lO)

0
H BCE ee MPOM3BOJHLIE B Hauyad/Je KOODAHMHAT HEOTpHULATE/bHbLI. Cre-

JOBaTe/bHO, MBI MOCTPOWJH AaHANHTHYeCKOoe pemeHHe 3ajgaud Komw,
MaxopHupywoulet 3amauy (8), (%), (10) B Hauane KoOpAMHAT.
Teopema nokasana.

M3 Teopembl 1 BHITekaeT ciefyouiee yTBep:KAeHHe.

Teopema 2. Ilyemo Jdannee 3adaau (1), (4), (5) anasumuynol
u nogepxrocme S He umeem xapaxmepucmuueckux moyex. Toeda cyuye-
cmeyem maxas colepxcauwsas nosepxnocms S obaacme Q' (Q = Q),
8 KOmopoti ama 3a0aua uMeem AHAMMUYECKOe Delierue, U HU 8 KaKoLi
obaacmu, codepacaweli nosepxHocms S, He moxcem Gbimes 604ee 00HO20
QHAAUMUYECKO020 pellerus smoil 3adaqu.

Ilpexxne Bcero 3samernM, 4YTO YTBepXKJEHHe O ELHHCTBEHHOCTH
pellleHHs] HeMeAJeHHO BLITEKACT M3 TeopeMbl 1 H CBOHCTB aHAMHTH-
YecKHX (GYHKUHH,

Y = (23)

=0 p1a Bcex k=0, 1,

*) Ipouwe Bcero B 5TOM MOXKHO YOemUThCS caepyiomuMm obGpasoM. PaccMorpum

ypaBHeHHe
5 1 5, B (?+1)> ‘ .
" __ ' 23
Y a=n (AY-I— ek (23)
KoaddHLUENTH KOTOPOro (mocKoaeky 0 <Ca << l) MaOpHpYIOT cOOTBETCTBYiOUlHe
Ko3hbunHeH TH _YypaBHenns (23). Ypasnenne (23) ABAAETCA  ypaBHeHHEM ditnepa
s dynkmun V1, Y;[osneTBopmomee HaYaJlbHBIM YCJOBUAM ¥ (0)=7"0)=0

[01 (1—n/a)’* —o, (1 —n/a)o] — 1, rae

pemerne ypasuenns (23) Yo(’f])=
o, =[1— A+ V(__A)z-l——‘lB]/Q a oz—[l—A V({T—AF+4Bl2, ananu-

THUHO B HYJe H Maxopupyer B Touke 11=0 ¢ysxumio Y, (1).
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Jlokaxem CyllecTBOBaHHe pelueHHsi. B cuny teopemer | jas
KaXJIOH TOYKH x° MOBepXHOCTH S CYIIECTBYeT TaKas ee OKPeCTHOCTb,
B KoTopoii 3ajpaya (1), (4), (5) onmosnayno paspemnma. Herpynso
BUIETb, YTO yMeHblIas KaxkAylo H3 oKpecTHocTell Uy, ¥ &S,
MOXHO MONYYHTb MOKphiTHE {U, x° & S} nmoeepxHocTH S, o6aazaio-
miee C/efyIOU[UM CBOHCTBOM: €CJH NepeceyeHHe JIOGHIX ABYX OKpecT-
HOCTEH HEeMyCTO, TO OHO SBJSIETCS OTKPBITHIM MHOMXECTBOM, KakKHas
CBsI3HAasi KOMIIOHEHTa KOTOPOTO COAEP:KHT TOYKH S (T. e. 3TO mepe-
ceyeHHe MpejACTaB/asercss B BUAe OOBefHHeNHS He Gojee ueM CYeT-
HOrO 4HCJa HemepeceKamoupxcs o6nactel, Kaxaas H3 KOTOPHIX
COJEPKHT TOUKH S).

Ileficturennto, paccmoTpuM B Uy map {|x—x%| <<ro} Takoro
JIOCTaTOYHO Masoro paguyca ro=ry(x%) >0, 4To yron Mexnay Hop-
MansiMH K S B JI0ObIX ABYX TOYKAX H3 MepeceyeHHs 3TOro mapa
¢ S wmenpmwe n/4. B kauectBe Uy BosbMem o6nacTh {x: x=x'+
+in(xt), teSN{lr—xi<ry4), te(— 8, 6}, rae n(xt)—
— nopMasnb K S B Touke x!; mpH 5ToM GyaeM CUHTaTh Op= 8 (x?) <C
< ry/4 CTONb MAajblM, 4YTO uepe3 KaxAylo TOUKY 3ToH 06JacTH Mpo-
XOAMT TOJBKO ONHA HOPMAilb K HOBEpXHOCTH S(){|x—x0|<<ro}
(T. e. ans Kaxaoii TOYKH x & Ul cyllecTByeT TOJbKO OfHA TOYKa
x! (x), npuHagaexamas S({|x—x|<ro}, Takas, uro x mpHHanje-
KHUT npamoit {x: x=x'4n(x')¢, t =R,}). OueBugHO, UYTO MOKpEITHE
{Up, x®= S} noBepxHocTH S SIBJIAETCA HCKOMBIM.

Tak kak npu KaxaoM xo= S Up < Uy, To B Uy cymecTByer
eqMHCTBEHHOe AHAIMTHYECKOe pemenune 3anadu (1), (4), (b); o6osHa-
YHM €ro uepes Uy (x). 3ameTHM, 4To ecaH x° H x! — nBe MPOU3BOMB-
Hole TOYkH MOBePXHOCTH S H UnN Ui # @, TO up (X) = tp (X)
B UwNUi. CnegoBatenbho, B obgactn Q' = U Uy, Q =Q,

xS
MOXKHO onpejieIuTh AHAMHTHYECKYIO (QYHKIIHIO 4 (X) pABEHCTBOM U (X) =
= Uy (x) npH x € Up. PyHKUHA u (x) SBASETCH HCKOMBHIM AHAJHTH-
yecKuM pemeHneM B Q 3apauu (1), (4), (5). Teopema nokasaHa.

B cayyae, korga HOBepXHOCTb S He CONEPKHT XapaKTepHCTHYE-
CKMX ToueK, KaK NoKa3biBaer Teopema KoBajseBckoii, 3ajaua Ko
I/l YpaBHeHHS! B YacCTHBIX NMPOH3BOAHBIX BTOPOro Mopsjka, KoTopas
B n. | 6bl1a mocraBjeHa 1Mo aHajorHd ¢ 3ajaueit Kowwu ans o6BIK-
HOBEHHOro ypaBHeHHS BTOPOro MOPSAKa, H Ha CaMoM Jeje B ompene-
JIEHHOM CMBIC/I€ el aHa/nornyHa. li3BecTHasi B TeOpHH OGBIKHOBEHHBIX
ypasHeHu#i Teopema Komwn yTBep:Kpaer, uto OGbIKHOBEHHOE ypaBHe-
HHe (2) ¢ aHaJHTHYECKHMH Ha HHTepBase a << X << b KospduuneHTamu
H CBOGOIHBIM 4YJIEHOM B HEKOTODOiH OKpEeCTHOCTH TOYKH x°, B KOTO-
poit 3ajaioTcsl HauaJbHbie YCJIOBHS, @ << x°<Cb, HMeeT efMHCTBEHHOR
aHaJHMTHYeCKoe pellleHHe, YIOBJETBOPSIOUlee STHM HAYaJBHBIM YCJIO-
BHAM. Teopema KoBajeBckoit fBnsercss oGoGeHneM Teopembl Koru
HA CJyyail ypaBHeHHs B UAaCTHhLIX NPOH3BOAHBIX: €CJIH MOBEPXHOCTH S,
Ha KOTOpOil 3ajaloTcs HayajbHEE YCJAOBHS, He HMEET XapaKTEPHCTH-
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YeCKHX ToYeK H naHHble 3ajaud (1), (4), (B) aHaJMTHYHH, TO B HEKO-
TOPOH «OKPECTHOCTH» MOBepXHoCTH S 3amava (1), (4), (5) umeer
€IMHCTBEHHOE aHAJIHTHUECKOE pelleHHe,

OnHako noJHOH aHanorHu Mexay 3agauefi Ko psi o6bIKHOBEH-
HOrO YypaBHeHHs M 3apayell Kowm ana ypaBHeHHSI B YacTHBIX MpO-
H3BOJHBIX H, TeM Gojee, MexX1y TeopHel OOLIKHOBEHHBIX ypaBHEHHI
H TeOpHEell ypaBHEHHH B YaCTHBIX NPOHM3BOAHHLIX HE CYHIECTBYET —
B CJyuae YpaBHEHHil B YaCTHBIX MPOH3BOLHBIX CHTYaIM$l 3HAYHTEJb-
HO CJIO)KHee,

B n. 1 6bj0 nokasaHo, 4yTo B CJyuae, KOI'd HAa MOBEPXHOCTH S
HMEIOTCSl XapaKTepHCTHYECKHE TOUKH, CYHIECTBOBAHHSI AHAJHTHYECKOTrO
(¥ naxe ABaXK.bl HermpepblBHO AH(ppepeHIHpYeMOro) pelleHHs 3ajayH
Komwn rapantHpoBaTh Hesnb3sl: ecaH TOYKa x° & S xapakrepucTHYe-
cKasA 1js ypaBHeHHs (1), TO CylleCTBYIOT TakHe IVafKHe H Jaxe
aHaJHTHYeCKHe Haya/bHble DYHKLIHH Uy H u;, YTO HH B Kakoi OKpe-
cthocth U »sTofi ToukH He cymectByer pemeHHs (i3 C?(U))
3anaun (1), (4), (5). Ilpn sTomM OoTMeYanOCh, YTO €CJH MOBEPXHOCTH S
ABJIIETCA  XapaKTePHCTHKOM, TO BO3MOXKHEI TakKHe CJy4aH, Korja
3agauy KomH HYXKHO CTaBHTb [0 AHAJOTHH ¢ OOGBIKHOBEHHHIM YpaB-
HEeHHeM [MepBOro MopsfKa (HanmpHMep, A/ YPaBHEHHS Uy, — Uy, =
= f(x), 1 KoToporo mpsmas x,=0 SAB/IAETCI XapaKTEPHCTHKOH,
B rmaBe VI Gyner u3yyeHa 3apaua Komm, kotopasi COCTOHT B OTHI-
CKaHHH peLIEHHA 3TOr0 ypaBHEHHS B NOJYIIOCKOCTH X, >0, yn0B-
JIETBOPSIIOLIEr0 OZHOMY HAYa/JbHOMY YCJIOBHIO U 'y, —o = U, (¥1)). Kak
noKaseiBaer caenyrouiMii npumep KoBaneBckod, M B sTOM Ciaydae
AHAMUTHYHOCTL JAHHBIX 33734 He T[apaHTHPYeT CYILeCTBOBaHHE
AHAJ/IMTHYECKOTO peleHHs .

IMpumep 2. He cymecTByeT aHaJHTHYECKOro B Hauajse KOOpJH-
HAT pellleHHs ypaBHEHHS

Ugyxy — Ugy, = 0,
YZAOBJICTBOPAIOHIEI0 Ha4YabHOMY YCJIOBHIO

1
u |xs=0=m-

HenocpeacTBeHHo MpoBepsieTcsl, YTO €CJH aHAJMTHYECKOE B Hauase
KOOPJHHAT pellleHHe 3TOH 3ajayH CYLIECTBYET:

Oy O
U (X1 Xo)= Z Ugy, agX1 X2
g, Oz
2s - 2k)!
TO KO3pGHLMEHTH Uy, o, HMEIOT BHI U, k=%(— 1 )k+s
H Ugsy, =0 npH s=0, £=0. Ho Torga HanmucauHblfi psjg He MoXer
6LITb CXOASUIMMCS HH B KaKOH OKpECTHOCTH Hauasa KOOpJAHMHAT,
MOCKOJIBKY OH pacxoJHTCA, HamnpHMep, B JOG0H Touke (0, xo) mpH
x, % 0,
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Kaxk usBectHo, pewenne 3agaud Koum g1 0GHIKHOBEHHOTO YpaB-
HeHHA (2) HempepuHBHO 3aBHCHT OT Haya/lbHHIX JaHHHX. [IpHBOAMMBIH
HH:KE npHMep Ajamapa NoKasbiBaeT, YTO ypaBHEHHS B YaCTHBIX IpO-
H3BOZHHKX 3THM CBOHCTBOM, BOOOLiEe IOBOpA, He 06./1analoT.

ITpumep 3. PaccMorpum B Kpyre Q = {x; +x} << 1} 3amauy Kowu

Usggxy = — Ux,x:9

ulxg—()'—un 0= e—]/nemx,

ux2 |x8=0 - un, 1= 0:

rie n-—HaTypanbHoe uHcjao (npamas x,=0, oueBHAHO, HE HMeeT
XapaKTEePHCTHUYECKHX TOUYEK /ISl YPABHEHHS Uy,y, = — Uyx,). PellleHHe
3TOH 3ajauM (eQMHCTBEHHOE B KJacce aHAMHTHYECKHX (yHKIMH), KaK
JIEFKO NPOBEPHTb, HMEET BHA U =U, (x)=e‘V”ch nx.ei*x,  CrnepoBa-
TeJbHO, M J1000f TOUKH x = (¥;, X;) H3 Kpyra Q, He sexaulefl Ha
HavyanpHOH OpPAMOH x,=0, |u, (x¥)|—co NpH n—oco HecMOTpA HA

10, uTO 4y, 0(x) >0 (|tpo|=e-VY") u nake npu mobom k=1
ddl;"' — 0 npu n—oco paBHoMepHo Ha [— 1, I].

L

Bonee Toro, xopomo H3BeCTHO, 4TO Y J06Oro OGLIKHOBEHHOTO
ypaBHeHHs1 (2) ¢ HempepbIBHLIMH Ha HEKOTOPOM HHTEpBaje KO(dH-
LHEeHTaMH H CBOGOJHBIM YJE€HOM BCEra CYHIeCTBYIOT pelleHHs (Ha
BCeM 3TOM HHTepBase). B cayyae Xe ypaBHEHHS B YacCTHBIX IIPOHM3-
BOJHHIX B CTOb OOMmIEH CHTyallHH, KOTOPYIO MBI pacCMaTpHBAJH J0
CHX MOp, AaHAJOrHMYyHOe YTBEpXKAEHHE He MMEET MeCTa: KAK ITOKAa3hl-
Baer (nMpHBefeHHbH B n. 1) mpHmep JleBH, CYLIECTBYIOT TakHe JHHEH-
Hble YPaBHEHHs] BTOpOro MOpAAKA B YACTHBIX MPOM3BOJHBIX, KOTOPHIE
HEe HMEIOT HH ORHOIO peLIeHHs HH B KaKOH OKPECTHOCTH HEKOTOpoH
TOUKH; IIpH 3TOM HHKaKHe YCJIOBHSI Ha IVIAJKOCTb KO3(pHIHEHTOB
(1 naxe aHAJHTHYHOCTL KO3(HIHEHTOB) HE rapaHTHPYIOT CYHIECTBO-
BaHHe pelleHHs1 HH NpPH KakKoM CKOJIb YIOZHO IJafKoM (M naxe Gec-
KoHeuHo pnH(depeHLHpyeMOM), cBOGORHOM YseHe. CiefoBaTe/IbHO, MpH
H3yYeHHH HEeaHaJHTHYeCKHX pellleHHH JHHEHHOrO ypaBHeHHs BTOPOIO
MopsAAKa B YACTHLIX MpPOH3BOJHBIX HYXKHBI JOMOJHHTEJLHLIE YCIOBHS
Ha CTPYKTypy ypaBHeHHs. B crenyromem naparpade Mbl BBIAEJIHM
HEKOTOpBIe KJ4acCH YypaBHEHHMH, KoTophieé H 6ynem B janbHeHieMm
paccMaTpHBaTh.

§ 2. Knaccudukanus aunHefiHbix AudipepeHUHANBHBIX ypaBHeHm‘i
BTOPOrO0 MNOpPsiAKA

PaccmotpuM B Hekotopoit n-MepHOH obnacTh Q auHeliHoe Rudide-
peHIHalbHOE YypaBHeHHE B YaCTHBIX MPOM3BOAHBIX BTOPOrO MOpAAKa

n

fu= Y oyt 3 a@ugFa@u=f@. (1)

i, j=1 i=]
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Koadduunentsr ay; (x), i, j=1, ..., n, 6ynem cuuTaTh BeileCTBEH-
HO3HAYHBIMH; pelleHHd ypaBHeHHA (1) 6yL[eM npejpnosarath NpHHaA-
JIe XKAHUMH Cz(Q) Marpuny A4 (x) =l ay (x)|, cocrosmyio H3 koapdu-
UHEHTOB NpPH CTapIIMX MPOH3BOXHBIX oneparopa &£, MOXKHO CYHTaTh

cummeTquecxoﬁ ,Z[eﬁCTBmenleo,ZaUu” Za;,u”/ Za,,uxl %)y
rue at,—— (aiy+ap), ai,—g(a,j a;). Tak Kak Uapx, = U,y TO

2 @fjy,x, =0, nosTOMYy Zat/”xix =D aijuix, x, TPHYEM MATpHUA
| ai; (x) | — cmmeTpHueckas.

ITycth x° — npousBosibHAs Touka H3 Q, A, (x9), ..., A, (x®) —cobet-
BeHHBle 3HAauyeHHS (OYEBHAHO, BelleCTBeHHHIE) MaTpHunl A (x°), Uucso
TOJIOKHUTE/bHBIX COOCTBEHHbIX 3HAueHHH 0G03HAauYMM yepe3 n,==n, (x°),
YHCJIO OTPHIATE/IbHbIX —4epe3 7. =n_ (x%), YHCJO HYJAEBHIX — Yepe3
No= g (x°), n=n.+n_+ n,.

YpaBHeHne (1) HA3LIBAETCA YPABHEHUEM IAMUNMUMECKO20 MUNQ
8 moyxe x° (MMM TIPOCTO  9AAUNMIUYECKUM 8 mo4ke X0), eC/H n.=n
WIH n_=n. YpaBHEHHEe Ha3bIBACTCA IAAUNMULECKUM Ha MHONcecmee E
EcQ, ecqdu OHO 3IIHOTHYHO B KaXIOH TOYKE 3TOTO MHOXKECTBA.
TIpuMepoM ypaBHEHHMSI S/UIHNTHYECKOTO B R, ABASETCS ypaBHEHHE
ITyaccona

Au=f,

" 92
rue A=§;—{—...—|—(%—onepamp Jlamnaca.
1 n

YpaBuenue (1) HaspiBaeTcs eunepboauseckum 8 mouke x° = Q
(ypasHenuem eunepboaudeckoeo muna 8 x%, ecan n.=n—1, an.=1
HiH ecau n,=1, a n.=n—1. Ecan ypaBHeHHe runep6oHUHO
B Kaxjaoi Touke MHOxkecTBa E, E — (@, To oHO Ha3bBaeTcsl euneplo-
audeckum Ha E. TlpuMepoM runep6onHueCKOro Bo BCEM IPOCTpaHCTBe R,
NepeMeHHbIX Xj, ..., X, ABIAETCH BOJHOBOE ypaBHEHHE

xx1+---+ux

YpaBuenue (1) HaspiBaeTcss yabmpazunepboauteckum 6 mouke x°,
ecii ny=0 u l<<n,<<n—1. ¥Ypasueuune (1) — yivmpazunepboru-
yeckoe Ha E, E —Q, eciH OHO fABIfAETCA yJbTparHnepGOTHYECKHM
B Kaxjoii Touke E. YpaBHeHue

Uy, T Usgxy — Uy, — U, = [ (X)

— U =/,
n-1%n_1 *n*n f

ABJSETCA YJbTparHnepOOIHYECKHM BO BCEM IPOCTPAHCTBE Ry.
YpaBHeHHe (1) HasbiBaeTcs napabosudecKum (HJIH  YpasHeHuem
napaboauueckoeo muna) 8 mouke x° € Q, ecam ny>0. ¥Ypapnenue (1)
HasbIBaeTCs napaboaudeckum Ha mHoxcecmse E < @, ecim oHO mapa-
Gonnueckoe B Kaxpofi touke E. Ilpumepom mnapa6ojH4ecKOro ypas-
HeHHsl BO BCEM MPOCTPAHCTBE R, NEPEMEHHBIX Xj, ..., X, ABAAETCH
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ypaBHeHHE TEIJIONPOBOLHOCTH
uxlxl "I" .o ."I— uxn‘_lxn_l b uxn =f (x).

KoneuHo, THN ypaBHeHHA He 00S13aR ObITb OJHHM H TEM Xe I/
Bcex Touek obnactiH. Hanpumep, ypaBhenue Yamneiruua (n=2)

Ugixy -+ T (xl) Uxox, =f (X),

rae ¢yuxkuus T (x;) nonoxuresbHas gas x; >0, oTpuuarenbHas s
X1 <<0 u paBHas Hy 0 s x; =0, 3NJIUNTHYHO A5t x, > 0, runep6o-
JHYHO 1717 x; << 0 W napa6onuuHo nasa x;=0.

Hanomuum (cM. m. 1 § 1), uro sexamass B Q NOBEPXHOCTHL S,
3ajjaHHas ypaBHeHUEM F (x) =0 (emecrBeHHO3HauHasA QyHKIuA FeC(Q)
H |VF|5£0 Ha S), HasplBaeTCl XapaKTepHCTHUCCKOH IOBEPXHOCTDLIO
(xapakTepucTHKOM) Ans ypaBueHus (1), ecaw ana Bcex ToueK x € S

(A (x) VF, VF)=0. @)

Ecnu ypaBuenue (1) anauntuuno B Q, To MaTpHua A (x) aBasercs
IOJIOXKHTENILHO H/IH OTPHLIATeNbHO ONpeJeJEeHHOH B KaxJOH Touke
x & Q. 3To o3nayaer, yTo paBEHCTBO (2) MOXKET HMETb MECTO TOJLKO
npu |VF|=0. CJIeD;OBdTe.HbHO, 9MJIMNTHYECKHE YpaBHEHHs Ee HMEIOT
XapaKTepUCTHYECKHX MOBepXHOCTeH (6oJee TOro, HHKaKas MOBEpX-
HOCTb S HE CONEPXKHT HH OJHOM XapaKTepHCTHUECKOH TOYKH 3JIJHI-
THYECKOr0 ypaBHEHHS).

Ecan ypasnenue (1) runepGonHueckoe B (J, TO MOXKHO I0Ka3arb,
yTo yepe3 J00yw0 TOUKY 06nacTH (Q MOXKHO IIPOBECTH XapaKTepH-
CTHYECKYIO NOBepXHOCTh. Hampumep, B ciyuae BOJHOBOTO ypaBHEHHs
uxlxl—l—...—l—ux = Uy x, YpaBHeHHe (2) umeer BHJ

Fi+..+F  —F =0. ')

STOMY ypaBHEHHIO, B YaCTHOCTH, YIOBJETBOPAET QYHKUHSA (x — x°, m)=
= (x;—x}) my+...+ (x,—x5) My, Toe x° — NpOH3BOJAbLHAA TOYKA H3 R,
a ektop m=(my, ..., M,), |m|=1, noguuHeH ycjaoBHiO mj-...+
+ mp—1=mj YpaBHeHuo (2°) YZIOBJETBOpsAET Takke ¢yHKIHS
(ep— x4+ (Xpo1 — xh—1)® — (xy —x3)?, rHe x° — npoH3BOMbHAS
Touka u3 R,. CnefoBartenbHO, MIOCKOCTL (X —x% m)=0 H KoHHue-
CKasl NOBEPXHOCTb (X3 —x3)24...4 (Xpo1 — Xh—1)%2= (Xn — x})* sABAA-
I0TCA X4paKTepPHCTHKaMH BOJIHOBOTO YpaBHEHHS.

Hnf  ypaBHEHHS TEIVIONPOBONHOCTH Uy x ...ty x| = Us
ypaBHeHHE (2) HMeeT BHJ

Lbe 4P =0.

OueBHHO, 4TO J11060€ peIleHHe 3TOr0 ypaBHeHHs uMeeT BHA F = @ (x,),
rie @ — npousBoibHasg HENpepbiBHO aud¢epeHuupyeMas (YyHKUHS
(@’ 5= 0). IlosToMy XapaKT1epUCTHKH ypaBHEHHs TENJIONPOBOJHOCTH
CYTb IJIOCKOCTH X, = const,

n-1*n-1
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ITycts x° — HekoTopas Touka obsractu Q. O603HaunM yepes y =y (x)
(Yi=Yyi (%1, ...y Xa), i=1, ..., n) npeo6pasoBanHe, B3aAHMHO OJHO-
3HAYHO OTOOP2XKaloLIEe HEKOTOPYI0 OKpecTHOCTb U Touku x° Ha OKpe-
CTHOCTb V' cooTBeTCTBYIOmEH TOYKH 4P, 4° =y (x°), a uepes x = x (y)—
obparHoe eMy npeob6pasoBaHue. Bygnem mpeanosararn, uro ¢yHKIHH

—_ . o
v(x)eC?(U), i=1,..., n, u uto MaTpuma S$IKoGH J(x)=‘gTyj‘”
Npeo6pasoBaHus y = y (x) HE BLIPOXKJEHA, T. €. YTO SIKOOHAH NpEo6Gpa-

soBanusl detdJ (x) %<0 B U. @ynxumio u (x (y)) o6osHauuMm uepes v (y).

TaK KakK uxi = kzl Uyk!/kxi, ux’.x], =k Z l Uykysykxiysx/ "I" kZ]Uyk!/kxix/ N
= . S= =

T0 ypaBHeHHe (l) B pesyibTare 3aMeHbl NePEMEHHHX OYAET HMEThb
BUJ, :

n

Qps(x )] Uykys =F % v, Vo), (3)

Ry s=1

n

rae s (x) = Z @y (x) Yex Ysx;r 2 F — HexoTtopas QyHKuuS, He 3aBH-
1,i=1

cAmas OT BTOPLIX NPOM3BOIHHX (yHKuUMH v. Tak Kak MarpHLUbl
A (x) =| s (x)| 1 A (x)=|a; (x)] cBsi3anb paBencTBoM A (x) =JAJ*,
TO COIVIaCHO H3BECTHOH TeopeMe AsreGpbl 4HC/IO TOJIOXKHTEIbHbIX,
YHCJIO OTPHLATEJNbHBIX M YHCJAO HYJEBHIX COOCTBEHHBIX 3HAYEHHH
MaTpuipl A (x) coBmajgaeT ¢ COOTBETCTBYIOUIHMH YHCIAMH [/ MaTpHIIL
A (x). 310 o3Hauaer, uTo B 1060 TouKe y & V ypaBHeHue (3) nmeer
TOT e THI, 4TOo H ypasHeHue (1) B cooTBeTCTBYyIOWEH Touke x & U.
Takum o6pa3oM, npuBeJeHHas Bbille KJIaCCH(QUKAlHA ypaBHEHHH
BTOpOro MOpsJKa HHBAapHAHTa OTHOCHTENLHO IVIAAKHX B3aHMHO OJHO-
3HAYHBIX HEBBIPOXKJEHHLIX MpeoOpa3oBaHHH He3aBHCHMBIX [€PEMEHHBIX.
STHM O06GCTOATENHLCTBOM MOXKHO BOCIO/NbL30BATLCS Il YIPOUIEHHS

ypaBHeHHus (1).
BosbMeM mpoM3Bosnbhylo TOuKy x° Q. Hspectno, uro pasa mar-
puubl A (x°) cymectsyer Takas HeBoipoxkaeHHasd Marpuua T =T (x%) =

=| ty], uro
ny .
. oy 2%
= 0) = ¥
TA(x°)T*=A(x0) . _1.,,_13%

CrenaeM JMHERHYI0 3aMeHY He3aBHCHMBbIX nepeMeHHbx y =T (x%)x.
Tak kak maTpulia $koGu 3Tofi 3ameHnl paBHa T, TO B pe3yJ/bTare
npeoGpasoBanus ypaBHeHHe (1) mepefizeT B ypaBHeHHe (2), MaTpuua
KO3((pHLIHEHTOB NIPH CTaplIUX NIPOU3BOLHLIX B KOTOpPOM paBHa T'A (x) T*.
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4

1o 03HauaeT, 4TO NpPH X =x° ypaBHeHHe (3) HMEET BHI
J— —_— —_— = F
20 +eet Uyn+yn+ z}~’/rz++1~’/n++1 v vyn++n_yn++n‘ b

B KOTOpoH (yHKuusi F; He 3aBHCHT OT BTOPBIX NPOH3BOIHHIX (YHK-
LHH v. DTOT BHJ HAa3bIBaeTCs KaHoWuwecKum eudom ypasHeHus (1)
B TOYKe x°.

TakuM obpasoM, A1 J060H TOUKH x=x* &(Q MOXHO yKa3aTb
Heocofoe JHHeHHOe mNpeofpasoBaHHe HE3aBHCHMbIX NEPEMEHHHIX, NPH-
Bogsuiee ypaBhenue (1) npu x = x° K KaHoHWYeckoMy BHAy. [Tockonbky
npeo6pasoBaHHe 3aBHCHT JIHIIbL OT 3HAYEHHH KO3(PQUUHEHTOB mNpH
CTapliHX Npou3BoAHbIX B (1) npw x=x" TO B CJay4ae, Korja 3T
K03((OHIHEHTHI IOCTOsIHHBIE B Q, HalileHHOe JIHHelHoe npeo0pa3oBaHue
npUBOAHT ypaBHeHHe (1) K KAaHOHHYECKOMY BHIY B KaXIOH TOuke
obnactu Q (B o6macTt Q).

§ 3. TlocTanoBKa HeKOTOpPBIX 3anay

B sTom naparpade Mbl pacCMOTPHM HEKOTOpble (PH3HUECKHE 3aauH,
NpHBOAAIME K 3afauaM 115 AHbdepeHIHaNbHBIX ypaBHEHHH B 4acT-
HbLIX TPOH3BOJHBIX.

1. 3agaun o paBHOBECHH H [BHKeHHH MeMOpaHbl. Paccmorpum
‘3aJauy O HAaxXOXJEeHHH IIOJIOXXEHHSI paBHOBECH MeMOpaHbl (TOHKOMH
yIpYyToH IVIEHKH), HaXOAWEHCA MNoj IeHCTBHEM HEKOTOPOH CHCTEMBI
CHJL.

Byaem cuuraTh, 4TO B J11060M JONYCTHMOM II0JIOXKEHHH MeMGpaHa
npejcTaBaseT co60H NMOBEPXHOCTb, JEXKAIlylo B IPOCTPAHCTBE (X, u)=
= (%, X2, 1), OJJHO3HAYHO MPOEKTHP YIOLULYIOCS Ha HEKOTOPYIO0 06/14CThb Q
I10CKOCTH X,0x, W 3aJlaBaeMyl0 ypaBHEHHeM u=1u(x), ¥ =Q, npu
HeKoTOpoi QyHKUHMH u (x) knaacca C'(Q). EcinH u=¢(x), x=Q, —
KaKoe-HHOYIb JONYCTHMOE IOJIOXKEeHHe MeMOpaHbl, TO GyleM CUHTATD,
yTo J060e Apyroe JONMYCTHMOE IOJOMKEHHe u = i (X) NOJydYaeTcs H3
TNONIOXKEHHS ¢ = @ (X) TaK, 4TO KaxJasi TOUKa MEMOpaHLI NePeMELIAeT s
napaajensHo ocH Ou.

[lpeanonoxuM, 4TO NEeHCTBYOMAs Ha MeMOpaHy BHEUIHss CH/a
HamnpasJ/ieHa napajneqbHo ocH Ou H HMeeT HeNpepbIBHYIO IVIOTHOCTb
fi(x, u), pasuyi f(x)—a(x)u (Ha wmeMmOpany [eHCTBYeT CHJa
¢ IIOTHOCTBIO f(X), X = Q, H CHJa CONPOTUBJIEHHS yIPYroil Cpefsl,
IJIOTHOCTb KOTOPO# — @ (X) 4 NMpONOpUHOHAJbHA CMEIIEHHIO H 06paTHa
€My 10 3HaKy, a(x)=0— Koabduuuenr ynpyrocrtu cpeanl). Pa6ora
3TOH CHJIBI MO MEPEMEIIEHHI0 MeMOpaHbl H3 IIOJIOXKEHHS ¢ (X) B moJo-
JKeHne u (x) paBHa

u(x) a(x) 2 2
05 oo ) du e\ [F O @ ) —000) — 22 (2 ()-—0* (1)] i,
Q o . Q
Ha meMm6pany, kpoMe Toro, AeHCTByeT BHYTpDEHHASl YNpyras CHJa,

2 B. I, Muxainos
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bynem cunrarh, uTo ee paoTa no mepeMelleHHIO MeMOpaHbl H3 M0J10-
JKEHHA ¢ (X) B MOJOXEHHe u (x) paBHa

_ék(x)[vlﬂw?—l/l +1 Vo Pldx

(paboTa 3TOii CHJIBI, OTHECEHHAA K 3JEMEHTY (X, X1+ AXy) X (X, Xo+
4+ AXp) H3 Q, HPONOPIHOHANTBEHA H3MEHEHHIO ILIOMAJH MOBEPXHOCTH
YacTH MeMOpaHbl, NMPOEKTHPYIOUIEHCS HA 3TOT 3/eMEHT; KO3(xpHUIIHEHT
k (x) > 0 HaspiBaeTCsi HaTsKEHHeM MeMOpaHLI).

EcaH B TOYkax rpaHHIbI MeMOpaHbl NPHJIOKEHA CHAA C JHHEHHOM
IJIOTHOCTBIO gy (X, #) = g, (x)— o0, (x)u (01 (x) =0 — xospduuHeHT
YOpPYroro 3akpemJieHHsl TpaHHLbl), TO padoTa 3TOH CHJBL MO MepeMe-
IEHHIO MeMOpaHbl H3 IIOJIOXKEHHSI @ (x) B NOJIOXKEHHe u (X) paBHa

| [ 00 (@ () — 0 () =22 w2 (1) — ¢ () | dS.

a9Q

Takum oO6pasoM, B HOJNOXKEHHH u (x) NOTeHHHalbHas SHEPTHSA
MeMOpaHbl paBHa

U@ =U @+ (VTFVuE=VT+Ve[P)+
Q
+ 45 @—o)—fw—o)dct | [3 W -9 & w—9)] a5,
aQ

rge U (¢) — noTeHnuanbHas SHEPrus MeMOpaHLI B MOJOXEHHH .
HOna ynpomenus 3ajaud NpPeANONOKHM, YTO IpajueHT (QYHKIHH
u(x) Man AJs BCeX J[ONYCTHMBIX MOJOXKtHHH 4 (X), KOTOpble MOXET
HpHHHUMaTb MeMOpaHa, u OyleM IpeHeGperaTh YjeHaMH nopsjaka [Vu |4,
Torza noreHUHanLHAs SHEPTHS MEMOpAHBI B MOJNOXKEHHH & IIPHMET BHJ,

U@=U @+ [5(Var— Yo+ @ —o9) -
Q

—fu—@)ldx+ S [% u*—¢*) —g (u—cp)] ds.
aQ

EciH u — nosnoxxeHHe paBHOBECHS] MeMOpaHbl, TO COMJIACHO MpPHH-
IIHNY BO3MOXHLIX INEepeMElECHHH INpH Ja00M JIONYyCTHMOM U MHO-
roweH (no ¢)

P)y=U(u+tv)y=
=U(u)4 t[g (BVu Vo -t auv — fv) dx - S (o,uv — gqv) dS] +
. Q oQ
1 ‘;[S (k| Vo4 av?) de+ alv2d8]
g o
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0
HMeeT NpH {=0 CTaLHOHAPHYIO TOUKY. CneAOBaTeano,‘%—f—)=O,

T. €. npH Beex v & C(Q) PyHKUHA 4 (x), OMUCHIBAIOIAS [IOJIOXKEHHE
p4aBHOBECHSI MeMOpaHbl, YJOBJETBOpSET HHTErPajJbHOMY TOXAECTBY

§ (#VuVo+auv) dx+ | oyuvdS=fvdx+ | gwdS. (1)

Q aQ Q 9Q
Ecan rpaHuna MeMGpaHbl HEMOJABHKHA (KECTKOe 3aKpPeIlJeHHE), TO
BCE JONMYCTHMbl€ MO/OXKEHHA 4 MeMOpaHbl YIOBJAETBOPAIOT YCJIOBHIO

u |ag = ¢ lag. (@)

B sToM csyuae moTeHIHanbHasi 3HeprHs MeMOpaHLl B IPOH3BOJBHOM
TIOJIOXKEHHH « paBHa (eCH npeHeOpeub uneHaMH mopsAika |VulY)

U@=U@+\[5(7ap= Vo) +5 @ —e)—flu—o)]dx

.

HYCTI: U — IIOJIOXKEHHE pAaBHOBECHSA XKECTKO SaKPEHJIEHHOﬁ MeMO6-

paubl. Torna mns Jo6oit v e C!(Q), yHOB/IeTBOPAWOLEH YCIOBHIO
vlag=0, (3)

¢yHKIHA u--fv npd Bcex ¢ yjoBserBopsieT ycaoBuio (2). Crenosa-
TENbHO, AIA BCEX TaKHX U MHOTOWIEH

P(t)y=U(@u+tv)=U )+t (kVu Vo4 auv — fv) dx+
Q
+5 \ (&[0 +av?) dx
Q

HMeeT MHHHMYM npu {=0. 3uauur, aas Bcex v & C'(Q), yloBier-
BOPAIOIIUX YCIOBHIO (3), QYHKIHA « (x), ONHMCHIBAIOMAA MOJOXKEHHe
XKECTKO 3aKpelvIeHHOH MeMGpaHbl, YJIOBJETBOPSET HHTErpalbHOMY
TOXKIECTBY

{ (&Vu Yo+ auv) dx =§2fv dx. (4)
Q

B nAartoii rnaBe 6yLeT mOKa3aHO, YTO NpH ONpeNe/eHHHIX Of paHH-
YeHHAX Ha 3ajaHHbBe (DYHKUMH R, a, Oy, f, g1, @ B CIyuae XKeCTKOro
3aKpelvIeHHs] MeMOpaHEl H Ha Qg HHTerpasbHoe TOXIecTBO (1) M
HHTerpa/ibHOe TOXJECTBO (4) NMpH yCJOBHH (2) ompeiensioT eJHHCT-
BenHple ¢yHKUHH u (x). Bosee Toro, 6yner nokasaHO, uTO NMpH JOCTa-
TOYHOH TJIaJKOCTH IpaHHIbB 0Q QYHKUHH 4 (X) NpPHHALJEXKAT NpocT-
panctBy C?(Q). _ _

Cefiuac ke, mnpegmosaras, uro u(x) = C*(Q), k(x)=C(Q),
k(x)=ky>0, a(x) €C (Q), 01 (x) = C(0Q), g1 EC(9Q), ¢ & C(0Q),
HalijleM BMECTO HHTErpajbHbix ycjaoBHH (1) H (4) JOKanbHLIE YCIOBHS,
KOTOpHLIM HCKOMasl (DYHKUHMA « (x) JOJIzKHA YJIOBJETBOPSATH.

Q%



36 BBEJEHME. KJACCHOHKALUS YPABHEHHM (VL 1
Tak kak npH aw6oll v & C(Q) cornacio ¢opmysae OcTporpaickoro

S kEVuVu dx = — S v div (kVu) dx-}- § kg—flvdS,
o o Q
1o ToxaecTBa (1) u (4) MOXHO MNEpENHCAThb COOTBETCTBEHHO B BHJE

S (div (Vu) —au-f) v dx — S <kg—u—|—01u—g1)vd8=0 (1)
Q¢ aQ

n

CS?(c‘liv (kVu) —au-+f)vdx =0, (4")

[Mockonbky ¢yHKuusa div (RVu) —au-+f HenpepriBHa, TO H3 TOXJe-
crBa (4') BHITEKaeT paBeHCTBO

div (kVu) —au+4f=0, xe&Q, (%)

KOTOpOe BMECTe C I'paHHYHLIM YCJOBHEM (2) JaeT HCKOMEIE JIOKaJIbHbIe
YCJIOBHSI, KOTOPBIM JOJIKHA YIOBJETBOPATH (YHKIMSA « (X) B Cjaydae
KECTKOTO 3aKpenyieHHss MeMOpanbl. 3ajada HaXOXKIEHHS pellleHHs
ypaBHeHHA (5), YJOBJIETBOPSIOUIETO IPAHHYHOMY YCJOBHIO (2), Hasbl-
BaeTcsl nepeoli kpaesoi 3adaueli (3adaueti Jupuxae) Anst ypaBHeHHs (5).

Ilockonbky B (1') ¢yHKuUMA v (x) — IpoH3BO/MbHAA (YHKUHSA H3
C'(Q), TO, B 4YaCTHOCTH, NpH U, YJOBJIETBOPSIOUIHX YCJAOBHIO (3),
IOJy4aeM, YTO 4 (x) H B 3TOM ¢Jvdae yAOBJIETBOpPsieT ypaBHEeHHIO (D).
TTostomy TOXK1ecTBO (1) MOXKeT GHITh NIepelNHCaHO CAeYIOHM 06 pasoM:

S (k g—fl—l— ol —g1> vdS =‘O.
aQ

Tak kak jpas Jqo6od ¢yHkuuMH u3 C!(0Q) cymecTByer NpHHa-
nexauee C* (Q) npogomkenne B Q (eM. m. 2 § 4 ra. IlI), To U3 no-
CJI€JHErO TOXKJECTBA BHITEKAET I'PAaHHYHOE YCJIOBHE

% tou| =g (6)

‘ao:
rge 0 =0,/k =0, g=gi/k.

3anaua HaXOXKJEHHs pellieHHs! ypaBHeHHs (D), yIOBJIETBOPSAIOUIETO
rpaHHYHOMY YCJIOBHIO (6), HasplBaeTcs mpemveti Kpaesol 3adauet
s ypaBHeHus (5). B ciywae, xorga ¢ =0, TpeTbs KpaeBas 3ajada
HasbIBaeTCsl 8mopoti kpaegoli 3adaueti (3a0aueii Heiimaxa). B 3Tom
clydae TpaHHYHOE YCJOBHE HMEET BHJ

ou

dnlag = & (7)

TakuM 06pa3oMm, MNOJOXKEHHE PAaBHOBeCHsi MeMOpaHbl ONHCHLIBAETCS
pelieHHeM YypaBHeHHsi (D), yIOBJETBOPSAIOMHM HEKOTOPOMY TpaHHy-
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HOMY YCJIOBHIO. ¥ paBHeHHe (5) sIBJfETCS 3/MMITHUECKHM YypaBHEHHEM
H Ha3blBACTCA YPABHEHUEM DABHOBECUS MeMOpaHyl.
PaccMoTpuM Tenepb 3ajady O ABHXKEHHH MeMOpaHbL.
Ilycte ¢yHKUMA u(x, {) oNpenensieT noJOXeHHe MeMOpaHbl
B MOMeHT BpeMeHH f. Torna ¢yHkuMH 4, (x, {) H uy(x, ¢) (npesno-
JaraeM, 4YTO 3TH IPOH3BOJHEIE CYILECTBYIOT) OIPENe/AoT CKOpPOCThb
U ycKopeHHe MeMOpaHbl B Touke x & Q. IlycTh B HekoTOpbIil (Haualb-
HEIH) MOMEHT BPEMEHH { =1, 3aJlaHbi OJIOXKEHHE MeMOpaHbl H €e CKO-
pocThb, T. €. _
Ulimty =" (x)y, xE @)
Ulimty,="VP1(x), xEQ 9)

YcnoBusa (8) u (9) Ha3wBAOTCA HavaJbHEIMH YCJOBHAMH,

CorsiacHo npunuuny danambepa ypaBHeHHE JBHXKEHHS MeMGpaHbI
eCTb ypaBHeHHe DaBHOBeCHA (5), B KoTopoM (yHKIHA [ (x) 3aMeHeHa
tbyukuuelt —p (x)uy+f (x, £) (—p (%) 4y — NJIOTHOCTD CHJIBI HHEPIHH
B TOuke X, p (x) >0 — mIoTHocTE MeMOpaHb B Touke X, f(x, f) —
IJIOTHOCThL BHeIUHEH CHJIBI, BOOGIIE roBops, 3aBHCAulell oT f):

div (BV,u) —au-+f(x, ) —p (0 uy=0, x&Q, t>1t. (10)

I'paHHuHBIE YCIOBHA, KaK H B CTAaTHUECKOM CJyuae, HMEIOT BHJ (2),
(6) mru (7) B 3aBHCHMOCTH OT 3aJaHHOTO Ha rpaHHUe 0@ pexHMma
H BHIIOJHSAIOTCA IIpH BCEX pacCMaTPHBaeMBIX 3HAUEHHSIX BpEMeHH
t =1, 3ajauu HaxoxJeHHS pelieHusi ypaBHeHHs (10) mpu ycs0BHAX
2), 8), 9); (7), (8), (9); (6), (8), (9) HasbIBaOTCA COOTBETCTBEHHO
nepsoti, 8mopoii U mpemoeti cMeuianHbiMU 3a0auamu 115 ypaBHeHHs (10).

Takum oGpasoM, [BHXKEHHE MeMGpaHbl OIHCHLIBAETCH pelleHHEM
ypaBHeHHsa (10), ynOB/JETBOPAIOMMM HayaJbHbIM H HEKOTOPLIM Tpa-
HHYHLIM yCJOBHAM. ¥ paBHenHe (10) sABasiercs runepGOJIHYECKHM
(B TpexmMepHOM IpOCTPAHCTBE) H HAa3bIBACTCH YPABGHeHUuEM OBUNMCCHU
MmemOpanst.

B cayuae GecKOHeYHO NpOTSKeHHOH MeMOpaHbl (Q = R;) OMHCHI-
BapolasA [BHXEHHe MeMOpaHb OGYHKIHA u (x, ) IpH Bcex X&E R,
u t>1, ABjserca pemeHueM ypaBHenus (10) u yJoBJjerBopser
HavaabHBIM ycaoBHAM (8) u (9). B sroM cayuae roBopAaT, 4To 4 (X, £)
€CTb pellieHHe HauaabHoi 3adauu (3adawu Kowwu) aaa ypasHenus (10).

Ecin  kospduuuentel B ypaBHeHHsIX (10) u (D) - MOCTOSTHHBI:
k(x)=*k, p(x)=p, n a(x)=0, To 3T ypaBHeHHs] HA3EIBAIOTCS COOT-
BETCTBEHHO B0/HOBbIM YPOBHEHUEM:

alzu“—Au =,—(J2—0, XEQ, t>t0» (IO')

a =]/-§, u ypasreruem I1yaccona:

Au=——[—(l:—), xeq. (5%)
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B csyyae ofHO#I MPOCTPAaHCTBEHHOH mepeMeHHOH ypasHenue (10°)
HMeeT BHJ :

Uy — Ugy = O xE(a, B)y >t (10”)

OHO onHCHBaeT JIBHXKEHHE CTPYHBI, PacloJIOXKEHHOH Haj HHTEPBaJOM
(@, B). B cnyuae, korga x=(x;, Xy, X3), ypaBHEHHE

sug—du=LED y2q, 1>, (10"")
ONHCHIBAeT JBHKEHHe rasa B obOnacTH Q (pyHKuus u (x, f{) xapakre-
pH3yeT, HampHMep, MaJble OTKJIOHEHHS B TOUYKe X &(), B MOMEHT
BpeMeHH ! jaBJeHHsl ras3a OT I[OCTOSIHHOrO gaBJeHus). Yucnao a
B 3TOM CJy4yae eCThb CKOPOCTh pacnpOCTpaHeHHs 3ByKa B rase,

2. 3apgaua o pacnpocTpaHeHHH TenJa. [lycTh BelecTBo, Haxons-
meecss B TpexMepHoid o6JacTH (), HMeeT IJIOTHOCTh p (x) >0, Temno-
eMKOcTb ¢ (x)>0 M KO{HIHEHT TelIONPOBOJHOCTH & (x) > 0.
O6osnauuM uepe3 u(x, f) TemmepaTypy B TOYKe X &() B MOMEHT
BpeMeHH f. [lpemnmonouM, 4TO TeMmnepaTypa B HadalbHBI MOMEHT
BpeMeHH {=1{, H3BecTHA:

wx Ol=tt=h ), r=Q (11)

Tpe6yeTcs ONpPEeNeNUTb ee NPH !> fy:

Ilycte Q' — HekoTOpasA mono6aacth Q. B cooTBeTcTBHH ¢ 3aKOHOM
HeloToHa KkoauuecTBO Temsa, INpoxofsuiee uepe3 rpaHuly O0Q'
B 06JacTb Q' 3a [pOMEXYTOK BpeMeHH (fy, fy), fy=<<!; <f5, paBHO

U
- S dt Sk(x)%ds,
t aQ’
rje n — BHEUIHAS N0 OTHOLIeHHI0 K Q' HopManb K 0Q’.

Ecau B o6sacTH @ MMel0TCS MCTOUHHKH TelJa ¢ H3BECTHOH IJIOT-
HOCTbIO f (¥, £), TO NPHpaleHHe KOJIHYeCTBa Tell1a B Q' 3a IPOMERKYTOK
BpeMeHH (3, f;) paBHO

ts ty
SdtSf(x, t)dx—Sdt Sk(x)g—zds
1 Q t; aQ’
H, CJ€10BaTeNbHO, ypaBHEHHe TeIJIOBOro OajtaHca B Q' HMeeT BHJ
ta g
~\at Sk(x)g—zdS—}-S at \ f(x, 1) dx=
tl aQ' 1

’

= o (ulx &) —u(x, 1) dx.

,

1,
YuutoiBas, uro u (x, ty)—u(x, t,)= S g—;‘ dt, u nonb3yAck GopMyJI0H
1
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OcTporpaackoro, noJayuuMm
4

Sdtg[ (4)p (1) 2 — div (k (x)Va) —  (x, t)|ax=o.
h @
Ecan noppiHTerpanpHas ¢yHKuHS HempepelBHa B Q, TO B CHIY
IPOH3BOJILHOCTH 00/1acTH Q' W uHTepBajia (f;, f,) MocaenHee paBeH-
CTBO 3KBHBAJIEHTHO IH((epeHIHaIbHOMY ypaBHEHHIO

c(x)p(x)g—t—divy(k(x)Vu‘)=f(x, ), x=Q t>t. (12)

310 ypaBHeHHe ABJAAETCA ypaBHEHHeM NapaGo/H4YeCKOTO THIA (B YeThl-
pexMepHOM MPOCTPAHCTBE X, Xp, X, ). B cayuae, xorga ¢yHKumu
c(x), p(x) u k(x) mocTosHHb, ypaBHeHHe (12) HasbiBaeTcsl ypasHe-
HUeM menaonposooHocmLL: ]
1 ,(xv t) 4
a?ut—Au—. w (12)

sk
e at= .

IlojuepkHeM, uTo ypaBHeHHe (12) HMeeT MecTo JHIWB AAs >
H JIHLb JJIs BHYTPEeHHHX TodueK o6JactH (. IloBegeHne GyHKIMH
u(x, t) npu !=¢, 3ajaercd HaualbHHM ycioBHeM (l1), a jnd
X & 0Q no/kHO OBITH 3aJaHO JONOJMHHTENbHO. OHO JHKTYeTCH KOH-
KpeTHoH (DM3HYeCKOH 3ajaucii, ycTaHaBAHBAlOLUEH TeNJOBYIO CBA3b ()
¢ BHemmHell cpejoii.

B npocrefimeM cayuae 3apgaercd Temmepartypa u(x, {) Ha rpa-

e 0Q:
e ulag=/Fo(x, ?) (13)

IJIf BCeX paccMaTpHBaeMbIX 3HaueHuit f. B aToM cayuae Temmepatypa
GyIeT ONHCHiBATLCA pemeHHeM u (x, {) ypaBHeHusa (12), ynosnerso-
psrouuM ycaoBuaM (11) u (13)

Ecnu u3BecTHa IVIOTHOCTB ¢, (X, !) Tem1oBoro NOTOKa 4epes rpa-
HHLy 0Q, To coryacHo 3akoHy HblOTOHa rpaHHYHOE yCJOBHE HMeEeT
BHJ,

r) 2| =gy (x, 1), (14)
onlog— 10V

Ecnin wu3BecTHa TeMmepaTypa u,(x, f) cpegsl BHe o6jacTH Q
U IJOTHOCTb TeIJIOBOTO MOTOKd ¢, (x, {) uepe3 rpaHuly 0@ mpomop-
LIHOHA/IbHA Pa3HOCTH TEMIEpaTyp U |ogg H Ug s, TO TPAHHYHOE YCJIOBHE
IpHHHMAET BHJ,

0
kg (15)

0Q=k1uo 'OQ’

tie  k; (x) >0 — koappuiHeHT TemiooOMEHA Tena ¢ OKpYyXKalomel
Cpenoti.
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3ajaun HaxoxjeHHS peliieHHH ypaBHeHus (12) mpu ycaoBuax (il),
(13); (11), (14); (11), (15) HasbIBaroTCA COOTBETCTBEHHO Nepgotl, 610
poii U mpemoveli cmewlarHbIMU 3adagamu 1A ypaBHeHus (12).

B cayuae, Korja BelleCTBO 3alOJHfET BCe IPOCTPAHCTBO Ry,
Q=R;3, temnepaTypa u(x, f) yJLOBIETBOPSAET NpPH ! >>f, yPaBHEHHIO
(12) u npu ¢ =1, navajasHoMy ycJoBHO (11). B 3TOM cayuae ropopsr,
uyTo u (x, f) ecTb pellleHHe HayaavbHou 3adawu (3adayu Kowu) A
ypaBHeHus (12). ’

3AAYH K TJIABE 1

1. Mycre noeepxnocTh S Kaacca C2 pas6usaer o6jacTb Q Ha JBe Hemepece-
Kawomuecs obgacth Q nm Q~, u nycte ¢yHkuusa u(x) npuHagiexur C'(Q)N
nNC2 QT USHNC2(Q-US) u ynosnertsopsaeT B QF B B Q™ NHHCHAHOMY ypaBHEHHIO
BTOpPOro Mnopsiika

Xy (e + ,-§1 4 (M ugta@u=f() . (1)

i, j=1

€ HenpepuBHBIME B Q Ko3(HUueHTaMH U CBOGOAHBIM 4jieHOM. [loKasaTh, 4YTO ec/u
ans moGoit oxpectHoctH U,, Hekoropoli Toukn x® & S GyHKUHA « (x) He NpuHaj-

aexur C? (Uxo), To Touka x¥— XapaKTepHCTHueckasi /s ypaBHeHus (1).

2. Ilycte B jByMepHO# 06jacTd Q 3ajaHO JIHHelHOe YypaBHeHHe BTOPOro
nopsaka (1) ¢ anaauTHYeCKHMH K03((dHIHEHTAMH H CBOGOJHBIM 4JIEHOM, H NYCTh
JiBe Tepecekalmoiifecss B HeKoTopofl Touke x®e= Q npamee L, B L, aBasioTCs
XapaKkTepUCTHKaMK /sl 3Toro ypasHeHus. [lokasatb, 4yTo 3ajaia (3agaua I'ypca)
OTHICK4HHs peuleHus « (x) ypaBHeHHus (1), yAOB/IeTBOPSAOLIEro YCIOBHAM U [Ll=u1,
Ulp, =iy C aHANHTHYECKHME QYHKUHAMH Uy H Uy, HMEET B HCKOTOPOH OKpecTHOCTH
TOYKH X0 efMHCTBEHHOE pelIEHHe B KJaacce aHa/MuTHYecKHX OyHkumi (4 (x0) =
= 1y (x9)). ,

3. Ilycte B o6nacTu Q 3agaHo JMHHeliHOe ypaBHEHHe BTOPOTO MOPSIAKA C Hempe-
peiBHEIME KO3(duunentamu. JlokasaTb c/lefyiouide yTBepKICHHSA.

Ecin B HekoTopoii Touke oGjacTH Q ypaBHEHHe 3JIJIMNTHYHO (MK rHnepGo-
JIHYHO), TO OHO SVIHNTHYHO (HJIH COOTBETCTBEHHO T'HIEpGOJIHYHO) M B HEKOTOPOH
OKPEeCTHOCTH 3TOH TOUKH.

Ecan B Q cymecTBylOT jgBe TOYKH, B OfHOH M3 KOTODHIX YpaBHEHHE 3/L/HI-
THYHO, @ B JAPYrod — runepGonuuHo, TO B Q Hafifercs TOYkKa, B KOTOPOH 3TO ypas-
HeHHe Napabo/HYHO.
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IF'masa Il

HHTEIPAJ1 JIEBETA U HEKOTOPBIE BONPOCHI
®YHKI{HOHAJIbHOIO AHAJIN3A

§ 1. Murerpan JleGera

[TonaTue uHTerpaja M CBfi3aHHOE C HUM IOHATHE HHTErpPHpyeMoH
GYHKUHH ABJIAIOTCA OCHOBHLIMH IOHATHAMH MaTeMaTHYecKOoro aHa-
ausa. B cBA3H ¢ DOTpeGHOCTAMH INIPHKJIAIHBIX HayK, Ja U caMof
MaTeMaTHKH 3TH NOHATHA B HPOLECCE CBOErO Pa3BHTHA NpeTepleBaH
3HAYHTEJIbHbIE H3MeHends. JliA pelleHUS OJHHX 3aJay JOCTaTOYHO
6bLIO YMEThb HHTETPHPOBATH HelpephbiBHble HJIH JaxKe aHaJUTHUECKHE:
(QYHKUHMH, JJA PElIeHHS APYTHX — IPHXOJMJIOCH TH MHOXeCTBa pac-
IIMpATh, @ HHOTJA paccMaTpUBaTbh M MHOXeCTBO Bcex (YHKUHH,
uHTerpupyemeix no Pumany. Bosee Toro, ajs mMaTteMaTHyeckoro OmH-
caHHA pAjga fABJEHHH OKa3pBaeTcsi HEeJOCTaTOUHO GOoraThiM Jaxe
MHOXKeCTBO (pyHKIMH, HHTerpupyembix no Pumanmy. EcrecTBeHHO, uTO
3TO MHOMXKECTBO OKa3ajJoCh HEJOCTATOYHLIM H JAA% [OTpeGHOCTeH
caMOli MaTeMaTUkH.

B uacTHoCTH, HEKOTOphI€ MpOIECCH yadeTcd MPHOGIHXKEHHO OIH-
ChIBaTh C IIOMOILbIO IOC/EJOBaTeNbHOCTH «XOPOLIHX» (GyHKUHI [, (X),
k=1, 2, ..., 0 KOTOpOH# MOXHO YyTBepXKJaTh JHIUb CXOJHMOCTb
B HEKOTOPOM HHTerpajbHOM cMbicne, Tak, HampuMep, MOC/e0Ba-
TeJNBHOCTD [, (¥), k=1, 2, ..., MOxeT 06/1afaTb OJHHM H3 CJEAYIOLHX

CBOHCTB! S lfe—=fmidex—0 nmpu m, k—>oo (HyHaaMeHTANBHOCTD

HOC/IENOBATEILHOCTH B CpeHeM), S (tr—Fm)?dx—0 (byugamenTa B~

HOCTb B CpeJHeM KBaJpaTHYHOM) HJIH B GOsle€e CJIOKHBIX Caydasx —
CTpeMATCA K HYJI0 HHTerpajbl, COJAEpKalllHe NPOH3BOAHEIE OT (PyHK-
uul (QyHAaMEHTaNbHOCTL IO 3HepruH). DTH CBOHCTBA, B YacTHOCTH,
(dyHIaMEeHTaJBHOCTh B CpPEJHEM KBaJpaTHYHOM, CaMH IO ceGe MOTYT
He rapaHTHpOBaTh CXOJMMOCTH B OGBIMHOM CMBIC/IE: IIOC/EI0BATENb-
HOCTh MOXeT He CXOJMTbCA HH B OfHOH Touke. M, TeM He MeHee,
MOXKHO NOKasaTb (HHXe 3T0 OyIeT CAE/NAaHO), 4TO CYIIEeCTBYeT B ompe-
JIEJIEHHOM CMBIC/I€ eJHHCTBeHHAA (YHKUHA, K KOTOPOH 3Ta HOC/eNo-
BaTeIbHOCTb CXOJMTCH (B CpeJHeM KBaJApPaTHYHOM). 3STa (yHKUHA,
BooGlle roBopf, mo PuMaHy He HHTerpHpyeMa, IO3TOMY HHTErpaJ
B OIpeJie/ieHHH CXOAMMOCTH NPHXOQMTCA NOHHMAarb B GoJiee LIHPOKOM
CMEfcaie — cMblcaie JleGera,

1. MuoxecTBo Mepbl Hyab. MuHoxectBo E < R, HasblBaercs MHO- .
oecmeom (n-MepHOH) MepbL HYyb, €CIH €ro MOXHO NMOKPHTb CYETHOH
CHCTeMOH (n-MEPHBIX) OTKpPLITHIX KYOOB €O CKOJIb YrOfHO MaJof
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CyMMO# 0GBEMOB (CyMMapHBIM oGBEMOM), T. €. mo Jwobomy &0
Moxmo HaliTH TakKyl0 CYETHYIO CHCTeMY Ky60B Ky, Kgy ..., uTO

Ec U K;, a cymmapHbIit 06beM 3THX KyOO0B Z |K; | <<e, rne |K;| —
=1
o6bem Ky6a K i=1, 2,

HenocpencreeHHo 13 onpeueneﬂﬂﬂ BBITGKAEeT, YTO MHOXECTBO,
COCTOsIIlee M3 CYETHOrO YHCJAa TOUEK, €CTb MHOXKECTBO Mephl HYJb.
[lepeceuenne M OGBEIHHEHHE CUETHOTO YHCJAA MHOXKECTB Mephl HYJb
€CTb MHOXKECTBO Mepbl HYyJb. IJlajKHe MOBEPXHOCTH: - Pa3sMepHOCTH
k <<n TOXe NpEACTaBAAIOT COCOH MHOXECTBa Mepbl HYJb.

B nanpHefiinemM HaM GyAeT HOJe3€H CJIEAYIOWHH KpUTepHH.

Jlemma 1. Mrnoxecngo E Agrsiemcsi MHONCECEOM Mepbl HYAb
8 MOM U MOALKO 8 MOM CAYuae, Ko20a CYWECMBYem MaKoe e20 noKpbl-
mue cuemnoll cucmemoll Kybos ¢ KOHEUHOIM CYMMApHoIM 0DBemom, npU
KOMOpoM KaxcOas mMouKa OKA3bIBAEMCsi NOKPLIMOL GecKOHe HbIM MHOJe-
cmaom amux Kyboe,

[IpeanonoXuM cHayana, yYTO NOKpPLITHE, O KOTOPOM TOBOPHTCH
B JjeMme 1, cymectByeT. Bri6pacsiBass H3 HEro KOHEYHOE YHCJO KyGOB
C MAaKCHMaJbHBIMH OOGBEMAMH, MOXKHO JOOHMTHCH, UTOGBl CyMMApHbIH
ofBeM OCTaBLIErocs HOKPLITHA ObU1 CKOJMb YrOAHO MaJj. 3HauHT,
E ecTb MHOXeCTBO Mepbl Hyab. O6GpaTHO, ecaH E — MHOXECTBO Mephbi
HYJb, TO €r0 MOXHO IOKpBITh CUETHBHIM YHCJIOM KYGOB C CyMMapHBLIM
06beMOM, MEHbUHM 27%, mpu go6oM uenom k==1. Hyxnoe Ham
HOKpHITHE TMOJAYYHTCH MoCje OOBefHHEHHa mo k=1, 2, ... 3TUX
NOKPBITHA.

Ecau Kakoe-nHGO CBOHCTBO BRINIOJHAETCH M/ BCEX TOUEK X M3
HeKoToporo MHoxectBa (4, 3a MCKJIOUCHHEM, OBITb MOXKET, MHOXKe-
CTB2 Mepbl HYyJb, TO TOBOPAT, YTO 3TO CBOHCTBO BBINOJHEHO 048
noumu ecex movex x = G, noumu esde 8 G, noumu eciody ¢ G, n. 6.
(6 G). Tak, ¢dyukuusa Hupuxnae y(x), paBHasg | aasa Touwek, y Koro-
pbIX BCE KOOPJAHMHATH PAaUHOHANBHBI, H HYJI0 BO BCEX OCTANbHHIX
TOYKax, PaBHa HyJO I. B. B R,.

[Tyere Q — HeKoTopas o6JacTb npocTpaHcTBa R,. Hapsany ¢ pyuk-
LHSAMH, ONpEJe/]SHHEIMH BCIOAY B Q (T. €. HMEIOMIMMH B KaxgoH
TouKe () KOHeyHoe 3HaueHHe), Mbl OyAeM paccMaTpHBaTh H QYHKIUHH,
OmpefieJieHHble MOYTH BCIOAY B Q, T. €. QYHKIHH 3HAUCHHS KOTOPBIX
He OnpeJieNeHbl Ha MHOXKECTBAX Mepbl HyJb. [1py stom pynkumu f 4 g,
[-g (f 1 g onpelesieHbl . B.) OmpefieieHbl B T€X TOYKAaX, B KOTOPHIX
onpeneneHsl 06e QYHKUHH [ 1 g.

2. Hsmepumbie ¢yukuuu. Ilycrs Q — HekoTOpas 06AACTb MpPo-
ctpaHcTBa R,. [locsienoBaTe/IbHOCTEL (ONpefieleHHbIX 1. B. B Q) YHK-
uui f, (x), k=1, 2, ..., HaswBaerca cxodsuyetics n. 8. 8Q, ecau aas
n. B. x* =(Q uucnoBas noc/efoBaTeJbHOCTE 3HAYECHHH 3THX $YHKLHI
B Touke x* HMmeerT (KoHeuHwmfi) mpefen. PyHkuus f(x) HasbiBaercs
npederom n. 8. cxodaueldcs nocaeoosamenvrocmu [ (x), k=1, 2; ...,
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fo(x) >f(x) 0. B. BQ npu k— 00, ¢cau Aag 1. B. X = Q llmfk(x"

= f (x°). OueBHAHO, uTO e€cau QYHKUMH f(x) U g (X) HBJIH}OTCH npe-
JeJaMH HEKOTOpOH CXOAAWEHCH II. B. MOCJENOBATEJbHOCTH cpyHKunn,
TO CHH COBIRJAOT 0. B.
®yukuus f(x) HaswiBaeTcs ugmepumoid B Q, ©CAH OHA SBJAETCA
npesesioM I. B. cxoffmelics mocsefoBaTeabHocTH Gyukuuit u3 C (Q).
OTMeTHM HEKOTOphie OYeBHJHBIE CBOHCTBA H3MEPHMBIX - QyHKIIHE.
[TpousBosibHAsA JHHeHHAS KOMOGHHALMA H3MEPUMbIX (YHKLHH —
usmepuMas QyHKuMsa; GyHkuusa fy-f, usmepuma, ecad f, ¥ f, u3Me-
puMbl. Bmecte ¢ f usmepumoii sBaserca M ¢yHKuMaA |f!. PyHKuUHH
max (fi (x)), min (f; (x)) n Lim fr (x) (mpenen moHUMaeTCs B CMBICAE II. B.)
i<k i<k -0
M3MEp UMBI, €CJIH [y, f2, . . . H3MepHMEL. Tak Kak snklp (e (%) :Lim ma<>i(f,~ x)
—00 [

H mf (fr (x))—llm min (f; (x)), TO 3TH QYHKUHMH TOXe H3MEpHMBbI NpH
i<k

ko0

PI3MepPIMbIX Fer —l 2, ... IlpousBogHas H3MepHMOH QYHKIHH, €Cau
OHa CylecTByeT I. B., nsmepnma

M3 onpenenenns BeiTeKaeT, uro ¢ynKuusa f(x), NpHHaAjexamas
C (Q), usmepuma. HpOPI3BOJIbHaH ¢yukuus f(x) u3 C(Q) Toxe nsme-
pHMa, TaK KaK €€ MOXHO NpeJCTaBHTb B BHJe Npeflesa CXOAAMmeics
B Q mocnenoBarenbHocTd Gyukuuit us C (Q): f(x )—gmé f(x)Ts(x), rme

{s (x) —cpesaromasn GynkuHus aaa obaactd @ (cM. ra. I).

3. Hurerpan JleGera ot HeoTpuuaTenbHbiX ¢yHkuui. Mbr 6yzem
yacTo paccMaTpHBATh MOHOTOHHO HEYObIBAOLIME (HEBO3pacTaloliHe)
0. B. B Q mocjenoBatenbHOCTH [, (x), k=1, 2, ..., H3MEPHMEBIX QYHK-
UMi, T. €. TaKHe IOC/eJJOBATeNBHOCTH, /15l KOTOPBIX IpH Beex k=1
0. B. B Q HMEIOT MECTO HepPaBeHCTBA [y (X) =f4 (X) (frir (X) <<[r (x)).
Ecnu Takas mnocnefioBaTesbHOCTH $YHKUMH I. B. OrpaHHueHa (T. e.
Las 0. B. x° = Q uxcioBas MOC/EI0BATENBHOCTD [f, (x0), k=1, 2,
OrpaHHYeHa), TO OHA CXOJMTCHA M. B. K HEKOTOpOH ¢yHKUHH. Byzem
IpH 3TOM M0Jb30BaThcsi OGO3HaueHHsamHu: f,4f m. B. nmpH k—co,
ec/In TOCJIeIOBATeJbHOCTh MOHOTOHHO He YObiBaeT, H f,|f m. B.
npu k—» o0, €ClAU NOCaeJOBAaTeIbHOCTh MOHOTOHHO Hi€é BO3pacTaert.

HeorpuuareasHas n. B. B Q dyHkuusa f(x) HasbiBaeTcA uxmezpu-
pyemoit no Jlebeey 6 Q (no Q), ecan cymecTByer I. B. B Q cxops-
masca K Hell MOHOTOHHO HeYGhIBAaOIasi IOC/EA0BATEJbHOCTD [ (X),
k=1, 2, ..., pynkuuit u3 C(Q) ¢ orpaHHueHHOH CBepXY IOC/ENOBa-

TeJIbHOCTBIO HHTerpasoB (PuMana): ka W dx<C, k=1,2, ... Tlpu
Q
3TOM TOYHas BEepXHAA I'PaHb MHOXECTBA ka( Ydx, k=1, 2, }, Ha-

SbIBaeTCH UHmezpasom Jlebeea GHyHKUHH f( x):

(L) §f de=sup { f, (x) dx= lim {f, (x) dx. (1)
Q k Q k—mOQ
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JlokaxeM, 4TO eciau HeoTpUUareabHas I. B. B Q QyHKUHA f(X)
HHTerpupyema no JleGery, To s KaxJIOH MOHOTOHHO HeyGbiBatollel
IOC/IeloBaTeNbHOCTH [ (%), k=1, 2, ..., ¢ynkuuii u3 C (Q), cxoas-

mefics 0. B. K f, IOCJe10BAaTENIbHOCTL HHTETPaJioB Sf,; ) dx, k=1,2,...,
q

OrpaHHueHa CBepXY H sup {fe () dx=(L) Sfdx, T. e. unmezpas Jlebeza
Q

He aasucum om 8bl6opa annpoxcuzuupyrou;eu 10c1e008aMEAbHOCIU.
[Ipexkae ueM [OKa3aTb 3TO YTBEPKAEHHE, MOKAXKEM, UYTO €CJH
fe(x), B=1, 2, ...,—1poH3BOJBHAA TIOC/JEAOBATEJIbHOCTL (DYHKUHH

u3 C(Q) takas, uro f,4f m B. mpu k—co (f(x)=0 n. B.), TO
sn;p S fe(x)dx =0, u Tem caMmeiM, uTO Anst JOGOH 1. B. HEOTpHUIa-
Q

TeJbHOH HHTerpupyeMoii no JleGery ¢yHkuuu f(x)

(L)éfdx;O. @)

yers fr (x)4f(x) n. B. npu k—co. BosbMeM npousBojbHOE
g> 0. MHoxecTBO £ Touek, B KOTOPBIX HJIH MOCAENOBATEJbHOCTD [y,
k=1, 2, ..., He cxomutca K QyHKuuH f, uau f <<0, ecTb MHOXKECTBO
Mepbl HYJb, I0ITOMY €T0 MOXKHO IOK PbITh CYUETHBIM MHOMECTBOM OTKpbl-
ThiIX KY60B {K;, i=1, 2, ...} ¢ cyMMapHbIM 06beMoM, MeHbIIUM &. O6o-
3HauuM uepe3 K odxennﬂeﬂne Bcex KyGoB 3TOro mNOKpuITHA., [lna
J060i Touku ¥ & QN\K [, (x°) 4f (x°) =0 npu k — co, mosromy cyme-
crByer Takoe N=N (x°), urto fy (x°)>~—s Tak kak ¢ysuua
fv (x) =C (@), To mocaensee HepaBeHCTBO OYAET BBINOJIHATHCH H
B nepeceuenud U ,»(1Q MuoxectBa Q C HEKOTOPHIM OTKPHITHIM
Kyb6om U, c nesTpoM B Touke x°. B cuay MOHOTOHHOCTH mOC/efO-
BaTeJIbHOCTH B Uy (1 Q HMEIOT MECTO TakKe H HepaBeHCTBA f, (x) > —&
A5 Bcex k== N. CoBOKYIHOCTb OTKPHITIX MHOXeCTB {U,, ¥ € Q\ K} U
U{K: i==1, 2, ...} nokpbiBaeT MHOXecTBO (), 2 TaK KaK MHOXeCTBO

3aMKHYTO, TO H3 3TOTO NOKPBITHA MOMHO BbIOPaTb KOHEYHOE MOJ-
nokpuitne Uy, ...y Uy, Koy ...y K. OGosnauum uepes K’ oGsenu-

s

HEeHHe U Ki;. Tak kak |K’|<<e u cymecTtByer Takoe N, uTO
=1

l .
s Beex x e NK' < (U le>ﬂQ fr (¥) > —enpn Bcex k=N,,

i=1
TO JJSl Takux Rk

ka dx= § fe(0)dx+§ fr()dx=—e|Q|+Are=2(4,—]Q]),
Q\K* K

rae |Q|—o6beM Q, A;=minf; (x). V3 3Toro HepaBeHCTBA B CHJIY
req
IIPOH3BOJIbHOCTH &> (0 mosyuaeM HepaBeHCTBO (2).
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[Tycts Temepb f(x) — NpoM3BO/IbHAA N. B. HEOTpHIlATeJbHAsl HHTe-
rpupyemas no JleGery o¢yukuus, a f,(x), k=1, 2, ..., fo1f 0. B.
npH k —» oo — nocnefloBatenbHOCTh PyHKUHH u3 C (Q), Aas KoTopoi
TI0C/IeJOBATELHOCTh HHTETPaJoB OrpaHHyeHa. Bo3pMeM IPOH3BONBHYIO
nocJeoBaTeNbHOCTh fi (x), k=1, 2, ..., dyukuui us C (Q) Takymwo,
yto f; (x)4f(x) n. B. mpu k— co. ITokaxeM, uro

li p dx = li dx,
pim Y= i s

Ilpy DpOH3BOJBLHOM i PACCMOTPHM IMOC/EAOBATENLHOCTD fr, — frm,
k=1, 2, ... Tak Kak npd k—>co fr—futf—fm=0 0. B. B Q, TO
lim S(fk—f,’n) dx= lim Sf,, dx—Sf,’n dx = 0. CnenoBarenbHo, mocJje-
k—c0 g k—oo Q X
poBatensHocTb § fndx, m=1, 2,..., orpannuena u lim {fmde<

Q m=cQ
= lim ka dx. TTockoabKY, OUEBHIHO, CIpaBeJJIHBO H 0OGpaTHOE Hepa-
kaooQ
BEHCTBO, TO YTBEpXJIeHHe JOKa3aHO.

BosbMeM copepskamuii o6nacte Q Ky6 € rpaHsMH, Hapajeib-
HBIMH KOOPJMHATHBIM IIIOCKOCTAIM, H pa306beM €ro Ha KOHEYHoe
YHCIO0 TapasjesenuneloB IIOCKOCTAMH, MNapauleJbHBIMH TpaHsM.
Henycroe mnepeceueHHe OTKPHITOTO IapajijiesieluIea MOoJyYeHHOTOo
pasbueHus ¢ obaacTeio @ OyleM Has3bBATH suelKoll (pa3GHeHHH
obsacti ), a COBOKYIHOCTb Bcex fueeK — pas6GuenueM II obnactu Q.
Hsmepumyto ¢yukuuio f(x) HazoBeM cmynewuamod 6 Q, ecnu oHa
IpPHHUMaeT INOCTOSIHHOE 3HaueHHe BHYTPH Kax/JOH sfueHKH HEKOTOPOro
pas6uenus Il obmactu Q.

ITox uHTErpanoM oT cTymeH4yarod (QyHKUHH OYAeM, eCTeCTBEHHO,
OHHMAaThb CyMMy OGBEMOB BCEX fueeK, YMHOXEHHbIX Ha 3HaueHHe
GYHKIHH B COOTBETCTBYIOLIEH sueiike.

Jlemma 2. [an a060d moromonno Heybusarowel nociedosamens-

nocmu fn(x), k=1, 2, ..., ¢yncyut us C(Q) cywecmsyem maxas
MOHOMORHO Heybusaroujas n. 8. nocaedosamersHocme fr(x), k=1,2,...,
cmynensamelx  yukyuld, umo n. 6. fr(x) <fr(x), k=1, 2, ..., u

fe(xX)—fi (x) >0 n. 6. npu k— oo,

B cuay paBHoMepHOH HenpepblBHOCTH (yHKUMH f, (¥) Halfercs
TaKoe 4Hca0 8, >0, uto | f, (x) —fr (") | <<27% pns M06BIX TOWEK X',
x" & Q, 1as KotopwiX | x' — x"| <8y, k=1, 2, ... O603HauuM uepes II,
pa3bueHne o6aacTH @ ¢ MakCHMaJbHbLIM JAHAMeTpOM fAuelKH << 0.
Crynenuarasi ¢yHkuus f{(x), paBHas B Kaxaoi suefike K pasGue-
nua I; uucny minf, (x), o6nagaer coiictBoM: 0<<f, (x) —fi (x) << 27!

xeEK
Ing o, B. xeQ. 3a cuer u3MenbueHdus pasbuenus II; moctpoum
HoBoe pasbuenne II, c MakCHMaJbHBIM JAHAMETPOM FAYCHKH < O,.
Crynenuaras ¢yHkuus f;(x), paBHas B Kaxaoll sueiike K pasGue-
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Hus II, uucay minf, (x), yAoBaeTBOpfeT HpH I. B. X < @ HepaBeH-

k=K

ctBaM 0<<f, (x) —fi (x) <2-% Kpome Toro, m B. B Q f3(x) =1 (x).
[Tpogonxkas 3TOT mpouece, MOMYyYHM s atoboro k= 1 pa36uenue II,
obsacT Q H BMECTe C HHM CTyreHuyaTyio OyHKUHIO f;(x), obnanaro-
myto cBobicTBaMu: 0= fj, (%) — fi (x) <27, fr(x)<<fi-y (x) nna m. B.
x Q. CnenoBarenbHo, fr(x)<<f.(x) m. B. B Q ¥ 0. B. B Q cylecr-
ByeT H paBeH HYJ0 Opeles MOCTeNOBaTeTbHOCTH [y (x) —fi(x), k=
=1, 2, ... J/leMmma joka3saHa.

Jlemma 2. Hag moboid monomonro Heybewarowed n. 8. 6 Q
nocaedosamenswocmu  fr(x), k=1, 2, ..., cmynenuameix @YHxyui
cyugecmeyem MaKas  MOHOMORHO uey6bzeaf0u4aﬂ nocAe00BAMEALHOCHLD
fe(x), k=1, 2, ..., ¢pynxyui us C(Q), wmo n. 8. f,(x)<<fi(x) u
fr(x)— f,,(x)—+0 n. 6. 6 Q npu k—oo.

OueBuano, 310 yTBEpxK/eHHE [OCTaTOYHO J0Ka3aTb B cJayuae,
Korga ¢yukuusa fi(x)=0 n. B.

. Paccmorpum ¢dyukumio fr (x) (M3 fi(x)=0 n. B. BHITEKAeT, uTO
fi(x)=0 n. B.), H mycTb cooTBEeTCTBYyMOMEEe el pas6uenue II; Heko-
Toporo collepxawero obmacte Q Ky6a (o603HAuuM uepes qy AJUNIY
pe6pa aroro Ky6a) COCTOHMT H3 M, sueeK (KOrAa COOTBETCTBYIOILee [k
pasGuenre II, o6mactu Q coctouT He Gojee uyeM U3 m, SUYEEK).
Qp
BosbMmeM Gk—mm{ 5 na{,"lmk2k},
H3 BceX pebep BceX NapaiesenuneloB — Aveek pasbuenus I, u
oyCThb C’,s’k (%), 0 << T8, (x) << 1,—)-cpesaroas pynxuus (cM. ri1. 1, sae-
AeHue) p-H fAueiiku pas6uenus II; (8, BHIOPAHO Tak, 4TOGH CyMMap-
My

HBII 0GbeM [TepeceYeHH st 1ap aJleJIeNHIEN0B, B KOTOPBIX ) &F L)<l
=1

rae a,-— AJHHa HaUMEHbLHEro

¢ o6aacTbio Q He mpeBocXogua 27%).
m

O6o3HauuM uepes Py, (x) yHKUHIO ff (X Z ). Jlerko Bugets,

w0 yKunH ¥y (x) & C (Q), $e (V< (x n=s n fk () —py (x) 0
1. B, IpH 2 — 0o. Torga HenpepLIBHEIE B QcpyHKImH fr (x)=max {,, (x)
B <

ms

YIOBJNETBOPAIOT H. B. HepaBeHCTBAM [ (x)<<fz (x), k=1, 2,
fe (x) —fr(x) >0 0. B. mpu k—co, JleMma nokasaHa.

W3 neMM 2 u 2’ HeMe[JIEHHO BhbITeKaeT cJjelyiolliee yTBepAICHHUe.

Teopema 1. Han mozo umober neompuyamenrvras n. 8. 8 Q
pyuryua f(x) 6era unmeepupyemoii no Jlebezy 6 obracmu Q, Heob-
xo0umo u docmamodro, 4mobbl cyulecmeosara n. 8. cxo0uascs K Hell
MOHOMOKHKO Heybwisaowyas n. 8. nocredosamebrocms fr, (x), k=1, 2,
cmynenuamox QYHKYUL ¢ 02PAHUYEHHOL NOCAe008AMEAbHOCIbIO UHME-

epaacs. Ilpu smom (L)Sfdx:sukpka dx.
2 Q
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Jle Mmma 3. Monomonro neyébwa/ou;aﬂ noced06amebHOCb (YHK-
yud u3 C(Q) ¢ oepanusentoli nociedo8amesbHOCIbIO UHME2PAN08 CXO-
oumcsa n. 6. 8 Q.

W3 neMMul 2 BeITEKaeT, UTO JJs JOKa3aTeJbCTBA JIEMMBI 3 AOCTa-
TOYHO YCTAHOBHTb CIPaBENJIHBOCTb CJEAYIOUIErO YTBEPXKAEHHA: €CJH
HOC/IeOBaTeIbHOCTD fr, k=1, 2, ..., CTyneHuaTeix QYHKUMH 0. B.
MOHOTOHHO He yOblBaeT U HOC/EN0BATEIbHOCThL HX HHTErpajoB orpa-
HHYEHa, TO NOC/IeJOBaTENBHOCTD [, k=1, 2, ..., cXoAuTca 0. B. B Q.

Iokpoem rpanuny 0Q (0Q =C?*, cM. ra. 1, BBefeHHE) KOHEUHBIM
YHCJIOM 3aMKHYTHIX KY6oB K, ..., K, ¢ ,IIOCTaT(l)‘IHO MaJibIM cyMMap-

HBIM OGBEMOM TaK, UTOOBI MHOXKECTBO Q' = Q™ UKi ObIIO 06/IACTBIO.
i=1

OueBHIHO, YTO HAM AOCTATOYHO N10KAa3aTh, YTO H. B. MOHOTOHHO HeYGHI-

Bawollasg MOC/EN0BATENbHOCTL CTyNEeHYaTax GyHKUHA fp, k=1, 2, ...,

CXOAMTCH H. B. B MHOTOrpaHHuke Q.

PaccMoTpuM NPOU3BOJIbHYIO QYHKIHIO fr,(X¥) M3 3Toll MoC/AefOBa-
TeJBHOCTH, H OycTh I, — coorBercTBYylOWEe ell pazbueHHe MHOTOrPaH- -
HHKa Q.

OGo3HauuM uepes S o6beJHHeHHe TpaHell BceX MHOTOTPAaHHHKOB,
BXOASAIHX XOTA Obl B ofHO M3 pasbuenun II,, k=1, 2, ..., a uepes
& — COBOKYNHOCTb BCEX TeX TOYeK ¥ MHoxecTBa Q'\ S, B KOTOpBIX
YHC/I0BAS IOCJE0BATeNBHOCTh [i (x), k=1, 2, ..., He orpaHuueHa.
Tak Kak S ecTb MHOMXECTBO Mepbl HyJdb, TO HaM JOCTATOYHO IIOKa-
3aTh, UTO & — MHOMKECTBO Mepbl HyJIb.

BosbMeM mpoussosibHoe & >0, H mycTh &), , — MHOXECTBO, COCTOS-
mee u3 (KOHEYHOrO UHC/a) fueeK pa3GHeHHs 11, na KOTOPBIX [ (X) =

> 1/ Tak kak C = ( Fo(0) dx=—| Ay)|Q' |+~ |8y, o], ti€ Ay — Han-

MeHbLIee U3 3HAYEHHH, KOTOpbie PYHKIHA [y (x) IPHHHMAeT Ha sueHKax
pasbuenus II, (fk( )>A1 I. B, BQ), 10 |4 ol <e(C+ |A:]|Q).

Tak kak & U Ere=28 .U U pi1, e \&r, ¢)y TO MHOXECTBO &
k=1

MOKPHITO CYETHOH CHCTEMOi MHOI‘OI‘paHHPIKOB, IpHYEeM CyMMapHBI

06heM 3THX MHOFOTPaHHHKOB He mnpeBocxoaut &(C+-!1A4,||Q|), no-

CKOJIbKY B CHJY MOHOTOHHOCTH II. B. IIOCJE€J0BATEIbHOCTH CTYIIEH-

HaThIX Gynrwmit fr(x), k=1, 2, ..., npu moboMm N=1 & ., U

U U (Erra, N8, 3)c:gN ey H, CJAEIOBATE/BHO,
k=1

N—1
1Er e |4 D) 18k, \Er e | <|En, | <e(CH|A1l|Q)).
F=1

Ho Torna MuoxecTBo € MOXHO NOKPHITH H CYETHOH CHCTEMOH OTKPBITBIX
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Ky6OB C CyMMapHbIM oGbeMoM, MeHblnM 2¢(C+|A4,||Q]). Jlemma
JloKa3aHa.

4, ®dynkund, HHTerpupyembie no JieGery. JlioGyio BelecTBeHHO-
3HauHyl0 QYHKLHMIO f(X) MOMKHO IPEJCTABHTb B BHJE

fx)=F"(x)—F (%), @)

rae ¢yukuun f* (x)=max (f (x), 0) u f-(x)=max (—f (x), 0) HeoTpu-
ATE/IbHBI.

Dyukuua f (x) HaspiBaeTCH UHMeepupyemol no Jlebeay no obracmu Q,

ecad QyHKUMH f*(x) u f-(x) u3 (3) uurerpupyemnl no Jlebery mo
o6aacti Q. HMuterpan ot f(x) onpefensercs paBeHCTBOM

(Ly §f dx=(L) {f+ dx— (L) {f~ dx. (4)
Q Q 2

OGosnauuM uyepes A (Q) MHOKECTBO BCEX HHTETPHpYeMbIX Mo JleGery
B Q ¢yukumii. M3 onpenenenusi A(Q) BbiTeKaer, uyTO (QyHKUHA
Cifi () +Cofa (¥) = A(Q), ecu_dyrkunn [; (x) A (Q), a C;—npo-

U3BOJIbHBIE MOCTOSIHHBIE, (=1, 2. IIpu 31OM

(L) §(le1 +Cofa) dx=Cy (L) §2f1 dx+4Cy (L) §f2 dx

IToaTomy, B uactHoctH, |f () |=ft (x) + - (x) = A(Q), ecu | (x) =
= A(Q), 1. e. uurerpupyemas no Jlebery ¢pyHKUHA aGCONIOTHO HHTE-

rpupyeMa. Tak Kak |f|+f=2=0 u |f|—f=2f~=0, 10 ann
f = A(Q) u3 HepaBencTBa (2) BbITEKAaeT HEPABEHCTBO

l( de|< §IF1dx. ()

B cuay Toro ke mepaBeHctBa (2) ans ¢oyskuuit f; u f, us A(Q),
YIOBJETBOPAIOMHUX AMsA [. B, x & Q HepaBeHCTBY [y << f,, HMeeT MecTo
HEPaBEHCTBO

O §fdx < (D) | ©)

Q

‘DYHKHHPI max (fy (x), fo (x))= ; (Ffr+fe+ifr—F2 ) v min (fy (x),

fa (¥) == (fl+f2_|fl_f2 ) mpunapaexar A(Q), ecau fy u f, npu-
Hajaexar A (Q), a caemoBarenbHo, H max (fy (x), ..., fm (x)) € AQ),
min (fy (1), ..., fn (1)) €A Q) ecan f; (1) €AQ), i=1, ..., m.

Teopema 2. [an moezo umobol n. 6. neompuuame/zbnaﬂ UHMme-
epupyeman no Jlebeey ¢ Q ynxyus f(x) 6sesa pasHa Hywo n. 6.,
neobxodumo u docmamouno, umobsr (L) {f dx=0.

Q
Ecau f (x) =0 n. 8. B Q, TO nocne10BaTeNLHOCTS [r (X), k=1, 2, .
GYHKUMHA, TOXIECTBEHHO B (Q paBHBIX HyJ/O, 001aJaeT CBOHCTBOM
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fe)4f(x) m. B. B Q npu k-—»oco. 3HAUHT, 1O ONpeAeTeHHIO

(L) S fdx=0
Q
O6parno, mycts (L) S fdx=0. Torga cymecTByer nocseroBare/b-

HOCTD f (%), k=1, 2, ..., dyukumii us C (Q) Takas, uto fk x) 1 (x)
. B, OpH k& — co. PaCCMOTpHM noc/iefioBatenbHOCTD [ (x), k=1, 2, ...
OueBugno, ft(x)e=C(@Q), k=1,2,..., u n. B. [} (x)?f(x) npH
k—co. 3uaunt, 0<<{ff(x)dr<<(L){fdx=0, 1. e. fi(x)=0 115

Q Q
Bcex k=1 u, Tem camniM, f=0 n. B. Teopema JokasaHa.

5. Cpasnenue uuterpasoB Pumana u JleGera. Ecau yukuus f (x)
HHTerpupyema no PumaHy (HamoMHuM, 4To HHTerpan Pumana ompe-
JensieTcs TOMbKO IS OrpaHuueHHbIX QYHKLHI), TO, Kak H3BECTHO,
CYLIECTBYIOT [B€ CXOLAIMECH M. B. K f (x) mnoclenoBaresabHOCTH fk,
fe» k=1, 2, ..., crynenuarsix dyukuui, fz, k=1, 2, ..., MOHOTOHHO
n. B. HeyGwBajowas, fr, k=1, 2, ..., MOHOTOHHO I. B. HeBO3pa-
craiomas, TakKde, YTO IIOCJAELOBATENbHOCTH HX HHTErpajoB HMEIOT
o6lui npenes, paBHblil HHTerpany Pumana or dyukuuu f (x). B Gosee
«KOHOMHOM» TIpOIleCCE€ IOCTPOeHHA HHTerpana JleGera obxozaTcs
(Bocmosib3yemcsi TeopeMoil 1) suiIp OZHOH NepBOi nocaeloBaTeb-
HOCTBIO (OrpaHHueHHyl0 (YHKIHIO f(X) MOXHO CYuTaTh, 3a CYeT
Jo6GaBjeHUsl K Hell COOTBETCTBYIOUIEH IOCTOSHHOH, HEOTPULATENb-
HOi1),

3Hauut, ecau Gynrkyus f(x) unmeepupyema no Pumany, mo ona
unmeepupyema u no Jlebezy, u ee unmezpasst no Pumany u no Jlebeey
cosnadarom. Tlostomy B JanbHeduieM 3HauoK L mepen 3HaKOM HHTe-
rpana GyneM omycKarb, MOHMMasi BCeria Moj HHTEerpasjoM — HHTerpaij
JleGera, a noj unterpupyemoil pyHkuueit — byHkuio us A (Q).

MHoxecTBO orpanuueHHbIX GYHKIMIH, BxozfAmHx B A (Q), upe
MHoxkecTBa (YHKIHI, HHTErpUPYeMBIX 1o PUMaHy, moCKONBKY, HampH-
Mep, hynkiua Jdupuxie y (x) = A (Q) orpannueHa 1 He HHTerpupyeMma
no Pumany.

Hanee, npu moctpoeHuu HHTerpana JleGera or ¢yHKuuu f(x) He
npennoJaranach €e OrpaHHYEHHOCTh, HAaIpHMEp, HeorpaHHYeHHas
oyHkuus |x -* npu 0 <<a <<n npuHagmexutr A (x|<<l). B Kypce
Anasmusa paccMarpusaercsi oGoGuieHHe HHTerpana PHMaHa Ha Heorpa-
HHyeHHble GYHKIHMH (HecoGcTBeHHBIH HHTerpas). HerpynHo mokasars,
4T0 a6co/MOTHO HHTErpHpyeMas no Pumany (B HecOGCTBEHHOM CMBIC/IE)
oyukuusa f(x) npunagnexutr A (Q) u ee unrerpan JleGera coBmagaer
C HecoGCTBEHHBIM HHTerpajoM Pumana.

3aMeTHM, 4TO B OOJMACTSX PasMEpPHOCTH, He MEHblUeH yeMm 2, Bce
HecOGCTBEHHO HHTerpHpyeMmeie no PumaHy ¢yHKLIHH — aBGCoIOTHO
HecoGCTBEHHO HHTerpupyeMmel. [109TOMy TOJIBKO B OJHOMEPHOM cyuae
M3 CYIEeCTBOBAaHHs HeCOGCTBEHHOro HMHTerpasna PumaHa oT HeKoTopoit
GYHKIMH MOXKET He C/Iel0BaThb HHTErpHPYeMOCTb 3TOH (YHKLIHMH MmO
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JleGery. I}pnmepOM Takoif (GYHKIMH fABadercsa 3ajaunas Ha (0,1)
dbyHKIHA + Sin—.

6. JloctaTounbie ycioBMs HHTerpupyemocTH mo JleGery . Teopema
Jlesn. [lepeiizem Tenepb K yCTAHOBJEHHIO CBA3H MEX1Y H3MEPHMOCTBIO
H HHTerpupyemocTbio OyHKuuu. Ilo ompeneneHuto HHTErpHpyemas
¢oyukuua usMepuma. OpHakKo He BcAKas H3Mepumasi GYHKuMs, Kak
NOKa3biBaeT MnpuMep 3ajaHHoit B mape {|x|<<1} dyHkuuu |x|%,
o >>n, HHTErpHpyeMa. ¥ CTAaHOBHM HEKOTODBIE JOCTaTOYHBIE YCJIOBHA
uHTerpupyeMoctd. s 3T0r0 HaM MOHAZOGATCH BaXKHLIE H CAMH IO
cefe TeopeMbl O BO3MOXKHOCTH Iepexoja K Mpeleny IOL 3HAKOM
HHTErpasa.

[Tpexe Bcero paccMOTPHM MOHOTOHHBIE NOC/IEOBATENLHOCTH (Y HK-
UHHl U JOKaXkeM TeopeMy O «3aMKHYTOCTH» MHOMXKECTBA HHTErpHpye-
MbIX (YHKIHII OTHOCHTENHHO MOHOTOHHBIX MpENeNbHBIX IEPEXO0JO0B.

Teopema 3 (B. JleBu). Mornomonnan n. 6. nocaedosamenvrocme
fr(x), k=1, 2, ..., unmeepupyemoix 8 Q ynxyui ¢ ocparudennod
nocae0osamebHOCMbI0  UHMe2paros n. 8. 8 Q cxodumca K rexomopoil
unmezpupyemos yrxyuu f(x) u npu amon

lim § fedx={fdx. @)
k—co 0

JloKa3aTeJbCTBO TeOpeMbl JIOCTATOYHO INPOBECTH AJIS CJyyas MOHO-
TOHHO HeyObIBalomlel nocaeoBaTenbHOCTH. Ciyyaii MOHOTOHHO HEBO3-
pacraiouieil mocJeI0OBaTeNbHOCTH CBOJMTCSA K IpelblAylleMy: JHOCTa-
TOYHO H3MEHHTb 3HAK Yy BCeX (PYHKUH.

Hrak, nycts f, (x), k=1, 2, ..., — MOHOTOHHO HeyGbIBalOWas 11, B,
nocJIeJ0BaTeIbHOCT HHTErpHpyemblx GyHKIMHA. He ymanas obumocry,
MOXKHO CYHTaTh, YTO QYHKUHH f, (x)==0 n. B., k=1, 2, ... (B npo-
THBHOM CJIyyae BMECTO MOCIENOBaTeNbHOCTH fr (x), k=1, 2, ..., cne-
LyeT pacCMOTPEeTh COCTOAIYI0 H3 HEOTPHIATEBHBIX M. B. QYHKUHI
nocaenosarensHocts Fj(x)=f, (x) —f1(x), k=1, 2, ..)).

BosbMeMm il Kaxaoro k=1 mnocnenoBarenbHOCTb fry, (x), m =
=1,2,..., pynkmuii u3 C (Q), fem (x) 1f£ (x) n. B. BQ npu m — co.
DyHKIUH @y, (x)=i<ax (fim (x)), m=1, 2, ..., npunagnexar C(Q) u

<m
06/1afaloT CAeIyIOIUMH CBOHCTBAMH:

8) O () < Brsa (2),

6) frm () << @ (x) <<[m (x) 218 k<<m (BTOpPOE HepaBeHCTBO B 0),
KOHEUHO, BBHIIIOJIHEHO M. B.),

B) { @m () dx<{ [ (x) dxr<C,

Q S Q
£) {fom (1) dx < @ () dx 1 k<,
Q Q
s a), B) u sneMMBl 3 caenyeT, 4To pH M —>00 M. B. B Q @, 1/,

rae f —Hekotopasi usMepumas GyHKuusa. [lepexozs K mpegeay npu
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m-—>Cco B JIEBOM HepaBeHCTBe H3 6) U HCNOJb3ys IpaBoe HepaBeH-

ctBO U3 6), MOJYUHM, UTO 175 BeeX R @y (x)<<[, (x)<<f(x) m. B. B Q.

Torza f.(x)—>f(x) n. B. B Q npu k—co u f(x)=0 n. B. B Q.

Canenoarensho, f(xy& A(Q) u {fdx= lim{ ¢, (x) dx. Tlepexons B B)
Q k= cog

H T) K Ipeleny OpH m—- co, MOJYYHM, UTO NPH J1060M & ka dx <<
Q
gg fdx< lim Sf,,, dx, 1. e. Sfdx== lim Sf,,, dx. Teopema IoKa3aHa.

C-momompio TeopeMmbl JIeBH yCTaHOBHM CJeLylollee JOCTAaTOYHOE
yCJIOBHE HHTErPHPYeMOCTH (YHKIHUH.

Teopema 4 (nemma Pary). Ecau nocaedosamersmnocme [ (x),
k=1, 2, ..., unmeepupyemoix n. 8. HeompuyamesbHoix GYRKYULL cxo-
Jumea n. 8. k gynkyuu f(x) u kadxéA, k=1,2,..., mo f(x)

Q
unmeepupyema u \fdx<< A.
Q

PacemorpuMm  npH m<Ck  uHTErpHpyeMble GYHKIHH Yy (X) =

= min (f;(x)). Tak Kak M. B. Y (X) { Pp (x)= inl (f; (x)) mpu

m<i<k , i=m .
k—oo un B. 0<<{p(x)<f,(x), To H3 HepaseHcrsa (6) u ,Teo-
pembl JleBu crenyer, uto Y,(x)=AQ) u 0<< Sip,,, (x) dx <<

Q
<S fm(x)dx<<A. YTBep)IeHHE TeOpeMBbl TeNepb BHITEKAET H3 TEO-

Q
peMbl JIeBH, MOCKOMBKY M. B. P, (x) 4 f(x) mpu m—co.

Ewe ogHo nocratoyHoe yc/j0BHE NpPHHALIEXKHOCTH DYHKIHH MHO-
xectBy A (Q) comepxHTCA B C/IELYIOMEM YTBEPXKIEHHH.

Teopema 5. Ecau pynryus f (x) uamepuma u n. 6. |f (x)| << g (x),
20e g (x) — unmeepupyemas Gynxyus, mo f (x) mooce unmezpupyema.

Takum o6GpasoM, H3MepHMas (YHKIHUA C HHTETPHPYEMBEIM MOZYJIEM
HHTErpHpyeMa H, B YacTHOCTH (o6nacTb (Q orpaHuuyeHal), UHTErpH-
pyeMa qmo6as orpaHuueHHas (t. e. |f(x)| <<const n. B. B Q) Hu3Mepumas
GbyHKIHA.

HokasatenbcTBo TeopeMmn 5 Tak kak ¢yHkuua f(x)
H3MepuMa, TO CYILECTBYeT IIOC/IeLOBaTeNbHOCTh HHTErpHpYeMbIX (Ha
caMoM jesie, naxe HellpephBHBIX B Q) dynkuuit f,(x), k=1, 2, ...,
cxopamanca kK f(x) n. B. B Q. TlocnenoBarensHOCTs HHTErpHpPYEMBIX
byukuuit fi (x) =max (— g (x), min (f, (x), g(x))), k=1, 2, ..., Toxe
CXoOMTC K f(x) m. B. M JONOJHHTENbHO 0G/i3agaeT CBOHCTBOM:
|fr(x)|<<g(x) o B., k=1, 2, ... Torga nocnenoBaTenbHOCTH fr, (¥) +
+g(x), k=1, 2, ..., COCTONT U3 II. B. HEOTPHIATEJbHEIX QYHKIHUI,
0. B. cxonurcs K f--g M mpH Beex & .f(f,’e+g)dx<_28gdx. Io

Q Q
Jgemme QPary f4-ge= A(Q), a caenoBarenvho, H f < A(Q). Teopema
JO0KasaHa,
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N3 rteopemni JleBn u TeopeMul 5 BbITEKAET C/eLyIOlIEe yTBepqueHne
Cnencreue. Ecau f(x)=AQ), k=1,2, ..., u pad

Ms

Slikldx<oo, mo n. 8. 8 Q abcomomuo cxo@umcz pad Z fr ()
E=1

m \
m, e. n. 8. cxo0umcs nociedosarmebHoOCHb Zlfk X)), m=1, 2, )
E=1

T W

u pyuryus f (x) =k2 fr(x) = AQ)
=1

7. Teopema JleGera o mnpegesbHOM mepexofe MOJ 3HAKOM HHTer-
pana. OZHHM H3 LEHTPaJbHBIX pe3yJbTaTOB TEOPHH JEGErOBCKOrO
MHTErpHpOBaHHusA fABJfETCS Cjelylomas TeopeMa Jlebera o BO3MOXKHO-
CTH nepexoja K INpeieny IOZ 3HAKOM HHTerpasa.

Teopema 6 (reopema JleGera). Ecau nocaedosamensHocme usme-
pumerx pynxyuts f,(x), k=1, 2, ..., cxodumea n. 6. 8 Q K Hexomo-
poti pynxyuu f(x) u |fo(x)|<<g(x) n. 6, k=1, 2, ..., 20e g (x)
unmeepupyema, mo f (x) mooce unmezpupyema u

lim {f, dx={f dx. (7)
k=g Q

B cuny Teopemn 5 dyHKuum f, (x), k=1, 2, ..., HHTErpHpyeMHI.
PaccMOTpHUM H3MepHMble QYHKIHH @ (x)—sup fr(x) 1 Ys(x) =

_mf (fr (x)), s=1, 2, ... Tlockoseky 0. B les (x)|<<g(x)

|1|Js(x)]<g(x) s=1, 2, ..., T0 OyHKIHH @5 (¥) HPs (), s=1, 2, ...,
toxe uHTErpupyemsl. Ho @, (x) | f(x), ¥s(x) 4f(x) n. B. Ipu § — oo;

sHauuT, no Teopeme JleBn f(x)=A(Q) u Sfdx= lim Sq)sdx =
Q $=®Q

= lim S’l])s dx. PaBeHctBo (7) Temepn cielyeT H3 OUEBUAHBIX Hepa-

§—»CO
BeHCTB P (X) <<f;(x) << @s(x) m. B., s=1, 2, ... Teopema jnokasana.
PaBeHcTBO (7) MOXKET He HMETh MECTa, eci T0CJ/1€10BATENbHOCTD
He MaxopHpYyeTcs HHTerpupyemoit ¢yHKuuelt. Hanpumep, nocaeno-
X
BaTENBHOCTD [ (x)=—1(I | (I—1{xl), k=1,2,..., rze o, —niomagp
n
NOBEPXHOCTH €IHHHYHON cepsl B n-MepHOM NPOCTPAHCTBE, 3ajaHHas
B uiape Q={|x|<<1}, Bciony B Q crpemurca K HyJi0, HO kadx=
Q

k2
= (k) ka4 ])
M3 reopemsl JleGera BhTeKaer
Teopema 7. Iycms npu rnexomopom s=0 ¢pynxyus f(x, y),
X=%1 v X)) EQC R, Y=y ---» Ym) ERRy, npunadaie-
sum 018 n. 6. x=Q npocmpancmey C(Q) u 013 scex y=Q u

— 1 npu k—co.
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la|=<<s ]DZ (x, y)|<g(x) npu n. 8. x=Q, ede g(x) — unmeepu-

pyemas no Q ¢ynxyus. Toeda [ (x, y)dx = C°(Q).

Q
8. 3amena nepeMeHHBIX MOJ 3HAKOM HHTerpaja. 10 OTHOMIEHHIO

K 3aMeHe He3aBHCHMBIX NepeMeHHBIX HHTerpan JleGera Bemer ce6s
aHaJiorH4Ho HHTerpany Pumana.

[Tyctb HempepbiBHO auibepeHnupyemoe B ofsactH Q mpeoGpaso-
BaHHe

y=y(X) @i=yi(x1s -y Xa), i=1, ..., 1) (8)

B3aHMHO OJHO3HAYHO OTOGpaxaer obmacTb Q Ha obaactb Q'. Ilpexne
BCErO MOKAXKEM, YTO 3Mo npeobpasosanue nepesooum MHONECHIBO
MEpbL HYAb 8 MHONCECMBO Mepobl HYas.

HeficrButensHo, nycrs E, E < Q, —MHOXecTBO Mepnul HyJab. Tak
KaK OOBEIHHEHUE CYETHOTO YHC/Ia MHOMXKECTB Mephl HyJb €CTh MHO-
EeCTBO Mepbl HYJb, TO HaM JOCTaTOYHO IIOKasaTh, YTO 06pPa3 MHO-
xecrBa Eg= E Qs npH moGOM 10CTaTOYHO Masom § >0 mpH 1peos-
pasoBaHuH (8) €CTb MHOXECTBO Mephl HYJb.

BospMeM mnpousBosibHOe &>>0. MHoxecTBO Es MOXHO IOKPHITH
CueTHOH cHCTeMOHl KYGOB € CyMMapHBIM OGBEMOM, MEHbIIHM &, MOXHO
CUMTATh, YTO BCE KYGBl 3TOr0 MOKDEITHA HMEIOT AHAMETPbl, MEHbBIIHE
6/2, u cnepoBaresqbHO, BCe OHH NMpuHamjexaT Qs. Tak Kak Kaxabli
Ky6 3TOH cHCTeMbl, AuameTpa d, mpH oro6paxeHud (8) mepexoaut
B o6acTb ¢ guamerpoM d'<<d}/'n max |yy;|=Cd, To 06pa3 MHO-

1<<ign

xeéo/g
xKectBa Es MOXHO MNOKPBITb CUETHOH CHCTEMOH KyGOB C CyMMapHBIM
06beMOM, MeHbIUM C* (Vn)" €. YrTBEpKIEHHE NOKa3aHO,

Teopema 8. Ilycmo Henpepewsro Oughpeperyupyemoe 8 Q npeo6-
pagosanue (8) 63aumHO O00HO3HA4HO ¢ OMAUYHLIM om HYAL 8 Q saKo-
6uanom J (x) omobpaxcaem obaacme Q na obaacme Q'. JIas moezo
umobor pynxyus [ (y) npunadrencara A(Q'), HeobxoOumo u docma-
mouno, umobo pynxyua f(y(x))|J (x)| npunadexmcara A(Q). Hpu

amom
§ F@ydy="F@x)J(x)ax. ©
Q Q

O6parHoe Kk (8) npeoGpasoBaHie B3aHMHO OJHO3HAYHO MEPEBOJHT
Q' B Q, HenpepuBHO auddepeHnupyeMo B Q' H HMeET OTJIHYHBIA OT
nyna B Q' sKo6uaH. [TosToMy n0Ka3arenbCTBO T€OpeMbl 8 IOCTATOYHO
npoBecTH B ofHy cTOpoHY. IIpH 3TOM MOXHO OrpaHHYUTBCH CIyuaeM
HeorpHuareabHOH I, B. B Q' dyukuuu f(y). _

[lycrs f(y) —n. B. HeoTpHuaTe bHAA HHTErpHpyeMas mo Q' ¢yHK-
uus U f,(y), k=1, 2, ..., — nocnegoBaresnsHocTh GyHKUHA H3 C (Q'),
[~ +f(y) n. B. B Q' npu k— co. PaccMorpum nocieoBatebHOCTb
HempepbiBHBIX B Q' dyHKuMi fi(y) =f.(y) C(ko ), k=1, 2, ...,
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rae onpezeneHHasd Ha [0, co) ¢yuxuus { (f) paBHa O mpn 0<Cf<< 1/2,

" paBHa 2f—1 npu 1/2<<t{<<1 u paBHa 1 mpu ¢=1, a p(y)— pac-

CTOSIHME OT TOUKH Yy & Q' 1o rpanuus 0Q' (p (y) EC(Q ).
OueBuzHo, uro n1a moboro k fr(y)<<f.(y)<f(y) n. B. B Q'

(oTKyna BhITEKaeT OrpaHH4YeHHOCTb I10C/€JOBaTENbHOCTH S frdy, k=
Q
=1,2,..) u fr()1f(y) n. B. B Q' npu k—oco. CienoparenabHo,

Jim § i () dy=\F (v) dy.
®Q Q

B cuny wuempepeBHOCTH B Q' dyHKuui [ (y) Sﬂ. (y)dy =
¢
= {fe g )1 J (x)1dx, k=1, 2, ... Tlostomy dyuruus f (y(x)) ' J (x) |,
Q

ABIAOMAACA MpejeaoM I. B. B Q cxojsimeiici MOHOTOHHO HeyGhbl-
Balolllell NOC/IeNOBATENLHOCTH fr, (y (X)) [ J (x) |, k=1, 2, ..., dyHKuH#
3 C(Q), uHTerpupyema mo Q H umeer Mecto paBeHcTBO (9). Teo-
. peMa JOKasaHa.

3ameyaHue. M3 Teopembl 8 HemensneHHO BBITEKAeT, UYTO €C/IH
B obsacti Q umeroT MectO HepaBeHcTBA Co<Z|J (x)|<< Cy, rae C, H
C, — HEKOTOpbIE TMOJIOKHTE/AbHBIE IOCTOSIHHBIE, TO HEOGXOIHMBIM H
JOCTaTOYHBIM  YCJIOBHEM HHTerpupyeMoctH mo Q' dyHkuuu f(y)
ABAAETCA UHTErpHpyemocTb mo Q ¢yHxkuuH f(y(x)). IIpu arom crmpa-
BEJJMBLl HEPaBEHCTBA

CoSIf(y(X))Idx<SIf(y)Idy<01§|f(y(X))lM- (10)
Q Q

9. Hsmepumbie MuOXecTBa. HHTerpasbnl nmo H3MepHMBIM MHOXe-
crBam. Paccmorpum Hekoropoe nopMHoxecTBo E ob6aactu Q. Pyuk-
uua Ye(x), pasuas 1 g1a xeE u 0 gna x =Q\E, HasbBaercd
xapaxkmepucmuyeckoll ¢pynrkyuell MHOXKecTBa E.

MuosxecTBo E HasblBaeTcs uamepumsim, €Ci H3MEPHMA €ro xapak-
repucTHuecKkasn ¢yHkKuua. Mepa usMepumoro MHoxectBa E (meskE)
onpenensieTcss paBeHCTBOM

mes E = { yg (x) dx (11)
Q

(AHTErpas B MpaBoHl 4acTH HMEET CMBICT B CHJY TEOpPeMHI 5).
Ecin Q' — mogo6iactb 061acTH Q, TO OHAa H3MEpHMA, MOCKOJBKY
Xo (x)=1im§¢(x) rae {s (x) —cpesaoman GyHKUHA ajasa o6nactd Q'.

Ilpu 9TOM mesQ Q' .

Onpegeneynpe B m. 1 MHOXecTBa Mepbl HyJb H3MEPHMBbI, H OHH
H TOJIbKO OHH HMEIOT PaBHYIO HYJI0 Mepy (IO IaHHOMY TOJNBKO UTO
onpene/eHnio). A NOKa3aTelbcTBa 3TOrO YTBEPKAECHHS NOCTATOUHO
BOCITO/Ib30BaTbCA TEOpeMOil 2 u3 m. 4,
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Ecin E — usMepuMoe mnoaMHOXKECTBO o6sactd Q, a f(x) — dyHk-
IHfl, HHTErpHpyemas 1o Q, TO MO onpenejeHHIO GyIeM CUHTATh 3TY
¢byHKuHIO HHTErpHpyemMoit W mno E, mpuuem uHterpan no E onpepe-
JuM GOpMYJIOH '

{ fdx={fx dx (12)
E Q

(uHTErpa/M B NPaBOH HacTH MMEET CMLICA CHOBA B CHJIY TEOpPEMBI 5),

Ecau MHOXecTBO E ecTh mopo6iacth Q' o6sactd ), TO 9TH HOBEIE
ornpenesNieHHs] MHTerpHpyeMOCTH H HHTerpana mo @', KOHeyHo, KakK
HETPYIHO TPOBEPHTb, HE HAXOAATCH B MPOTHBOPEYHH C NPHHATHIMH
npexae (m. 4) COOTBETCTBYIOIIUMH OINpENEJEHHSAMH, JAaHHBIMH HEMNo-
cpeactBeHHO 18 Q'.

10. AGcomoTHasi HempepbiBHOCTb HHTerpana. Chenyioliee cBoif-
CTBO Ha3LIBAETCH QOCOMOMHOL HenpepuigHocmbio Unmezpaia Jlebeea.

Teopema 9. Ilycmo pyrryusa f (x) unmeepupyema no Q. Toeda
no awbomy >0 moxcrno yxasame maroe § >0, umo 0ra npousors-
Hoeo uamepumoeo muoxcecmea E — Q, mes E << 8, umeem mecmo Hepagen -
cmeo

gfdx|<e. (13)
E

B cuny HepaBeHcTBa (5) TeopeMy AOCTaTOYHO J0Kasarth JyifA (YHK-
uuy |f(x)|, T. e. MOXHO cuHTaTh, 4T0 f(x)=0 m. B. B Q.
Bosbmem npousBosiibHoe £>>0 H mnopGepeM Takylo GYHKLHIO

fex)eC@Q, wo fx)=f=0 m 8 8 Q n 0<{fdr—

Q
— e dx<<e2. Torpa {f dx={fye de="(F—fo) xedx+{fexe dr <
Q E Q Q Q
<%—I—Ms mes E, roze M,=maxf,(x). Ilostomy pnns TOro, uroGHi
xeQ

BHIMONMHANOCH HepaBeHctBO (13), pocrarouHo B KadectBe § B3fThH
udcno &/(2M,). Teopema pokasaHa,

11. CBsA3b MeXAY KpPaTHBIMH H NMOBTOPHHIMH HHTerpatamu. OGpa-
THMCHl TENepb K BONMpOCY O CBeJEHHH KpaTHOro HHTerpasa JleGera
K NOBTOPHBIM H OJHOBPEMEHHO K BONPOCY .0 BO3MOXKHOCTH NepecTa-
HOBKH HHTET paJIoB. ' ‘

Ilyets Qp— orpaHHuyeHHas n-MepHasd OGJACTh MEpPEeMEHHBIX X =

= (X1, .-y Xp), @ Qp—oOrpaHHyeHHas m-MepHasA 06JacTb IepeMeH-
HHX Y= (Y ...» Ym). B orpanuueHHO# 06aaCTH Qpipn=Qm XQ,
(m + n)-mepHOro MPOCTPAHCTBA MEpEMEHHBIX (X, ) PaccMOTPHM (yHK-
uuio f(x, y).

Teopema 10 (treopema ®y6unn). Ilyeme gpynxyus f(x, y) un-
meepupyema 10 Qm+n. To20a 02a n. 6. x&Q, [(x, y) unmeepupye-
ManoysQy, 0nan. 8. y=Qn, f[(x, y) unmeepupyema no x = Q,,
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pynryus  f(x, y)dy u §f(x, y)dx unmeepupyemer no x<Q, u

Q, 4,
no y < Q, Co0Omeemcmeenro, u
{ fdedy=(dx (fdy= 1 dy§far (14)
Cmin : < m Qn A

JokasarennctBo TeopeMbl ®yO6uHH, KOHeyHO (cM. m. 9), gocra-
TOYHO TPOBECTH IJf cayyas, Korga Q, ectb Ky6 K,={lx|<a,
i=1, ..., n}, Qu ectb KY6 Kp={|y:|<<a, i=1, ..., m}, a Quin
ectb Ky6 Kpin={|%<a, |y;|<a, i=1, ..., n, j=1, ..., m}
npu Hekoropom a>0. Tlpexne ueM mepefiTH K 3TOMy JOKa3aresb-
CTBY, JOKaXeM CJeIyIOliee YTBEpKIEHHE.

Jlemma 4. Ilycme E — mroocecmso (m |- n)-mepHoLi meper Hyis,
pacnonosxceriroe 8 Ky, py a Ey (%) u Ey(7)—eeo m-meproe u n-mepHoe
CeHeHUA NAOCKOCMAMU X = X U Y = J coomsemcmeeHto. [ran. 8. xe K,
MHoxcecngo E, (x) umeem m-mepHyro mepy Hyse, u 013 n. 6. y= K,
mHoxcecmeo Ey (y) umeem n-mepryro mepy HYyas.

B cuny semmet 1 (n. 1) mHOXecTBO E MOMKHO MNOKPHITH CYETHOM
cucreMoil KyGOB ¢ KOHEYHBIM CYMMapHBIM OOBEMOM TaK, YTO Kaxjas
€ro TOYKAa MpHHALIEXKHUT OGecKoHeuHOMYy uHcaAy KyGoB. Ilpu astom
MOXKHO CUHTarb, YTO IPaHH 3THX KyOOB Napas/ielbHbl KOOPIHHATHHIM
miockocTM. Psj M3 HHTErpasoB OT XapakTepHCTHUECKHX (DyHKIHI

Xz (x, y) 3THX Ky6oB cxogurcid. Tak Kak S Xe (X, ) dx dy =
m+n

= S dx S % dY, TO COTJIaCHO CJIEACTBHIO H3 TeopeM 3 H 5 (1. 6) psAx U3

Ky  Kp

HHTEr pajioB S Ye (%, y) dy cxomurcsi mpH m. B. x. A 310 H O3Hauaer,
Km
yTO /1A I. B. X MHOXecTBO E,(x) OKasblBaeTcfi NMOKPHITHIM CHETHBIM
YHCJIOM fM-MEPHBIX KYGOB C KOHEUHBIM CYMMapHBEIM OGbeMOM, IpHUEM
TaK, YTO KaXJafd ero TOYKa MPHHALJIEeXHT GeCKOHEUHOMY YHCTy TaKHX
KyGoB. Jlemma nokasaHa.
[epexonst K [OKasaTesabcTBY Teopembl @DYGHHH, INpeXZe BCEro
3aMeTHM, YTO MOXKHO Or paHHUHThCH cayyaeM f(x, ¥) =0 n. B. B K.
BosbmeMm nocnepoBatenbHOCTh fi (x, y), k=1, 2, ..., OyHxuui
U3 C(Kpn+n) Takywo, uto fr(x, y) 1 f(x, y) 0. B. B Kpipn. O603HaUHM
uyepe3s E Takoe MHOXeCTBO (1 -}-n)-MepHOH Mepbl HYJb, YTO JJ/If BCEX
(x, ¥) € Ko n\E TOCTEIOBATENBHOCTD f, (X, §) MOHOTOHHO CXOZHTCA

K f(x, y).
ITo onpeneneHuio HHTErpana NpH k—» oo

l§deka(x, yydy= § fu(x, yydrdy—~ § fdrdy.

n m Kinyn . Kmin
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CornacHo TeopeMe JIeBH MOHOTOHHAf MOC/TENOBaTeNbLHOCTE Fy (x) =
= { fr(x, p)dy, k=1, 2, ..., dynkuuii u3 C(K,) cxomurcs m. B.
Km
B K, K Hekoropoil uHrerpupyemoil mo K, ¢dyukuuu F (x) u

{ Fdx=lim { F,(x)de= { Fdrdy (15)

Kfl . fe=co Kfl Km+n
BosbMeM TNpOH3BOMBHYIO TOUKY X & K, B KOTOpOH uHC/IOBas
nocsefoBaresbHocTb Fp (%), k=1, 2, ..., cxogurca K F (¥) U MHO-

xecTBO E, (%) (mepeceueHHe MHOXeCTBA E € NJIOCKOCTBIO X = X) UMeET
m-MepHYI0 Mepy HyJb. B cuay Jjemmbl 4 MHOXecTBO TOueK H3 K,
He O0G/ajalolUX STHMH CBOACTBAMHM, HMEET A-MEPHYIO Mepy HYJb.
[NocneposarenvHocTs fr (X, y), k=1, ..., MOHOTOHHO CXOHTCH I/
Beex ye= K, \E;(X) (crepoBaresapHo, n. B. B K,) K f (%, y). Teo-
pema JleBu yTBepxpaer, uto f (%, y) = A(Kp) u npu kB — oo

§ Fe(x g)dyt § F(x, 9)dy. (16)
Km Km
CaegoBaresbHO, GYHKLIHH S f(x, yydy u F (x) coBnagaior B K,
Km

n. B. Teopema noKasaua,

B ranbHefimeM Mbl 4acTo GYIeM HCNO/b30BaThb cjepylollee Ipej-
JIOXeHHe, BbITeKawolee U3 TeopeMbl PyOHHH.

CnencrBue. Ecau f(x, y) usmepuma 8 Qn.,, Heompuyamervra
n. 8. u cywecmsyem oOuH U3 noémoproLx unmeepasog ¢ (14) (m. e.,
Hanpumep, 043 N. 8. x QYHKyus f (x, y) unmeepupyema no y u Gyrk-
yusa S f dy unmeepupyema no x), mo gynryua f (x, y) unmeepupyema

Q
no Q,,,";,, U, mem camuim, cyuiecmeyem 6mopoti noemopHull UHmMezpan
u umeem mecmo pasercmeo (14).

Jlna nokasaresbCTBa JOCTATOUHO MPOBEPHTD, UTO f (x, ¥) = A (Qmin).
[NocaenosareasHocts fr(x, y)=min(f(x, y), k), k=1, 2, ..., obJa-
naer csofictBamu: fi(x, y) 1f(x, y) 0. B. B Qpain,

§ fetx, y)dxdy=QS dqu fex, yydy<< § dx § fdy

m+n n m n Qm

(3mecb paBEHCTBO HANMMCAHO Ha OCHOBAHHH TeopeMbl PyGUHH, NpH-
MEHEHHOH K H3MepHMOH H OrPaHHYEHHOH, a 3HAYHT, U MHTErpHpYye-
MOH 10 Qi+, OYHKUHH f,(x, y)). [IpuHagnexuocTs dyHKuuu f (x, Y)
A (Qm+n) TIOCHE 3TOrO BHITEKAET M3 TeopeMbl JIeBH.

12. Wnterpanpl THNA notenynana. I1ycte p (x) — u3Mepumas orpa-
HuueHHas 1. B. B Q ¢yukumsa, |p(x}|<<M n. B. Torga gaa Kaxk-
p () dy

W:—yi—a,a<n, Ha-

Joro xR, onpegeneHa GyHKIHA u(x)=5

q
3bIBaeMasd uUHmeepasom muna nomeryuaiq,
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[okaxem, uto u(x) & C(R,). Ilpn a =<0 aro oueBHgHO. [1ycTh

a>>0. Tlpexne Bcero 3ameTHM, YTO JAJAs JOGbIX TOYeK X° M X H
mogoro 6 >0 HMeer MeCTO HEPaBEHCTBO

|u<x°)—u<x)|<§|p(y)| ‘ ‘

Eriimr=mcl LA

éMm \ (et ) 4o+
—y| <6 |
+MW|°S T ar
x0—y| =8}

1
—y

dy. (17)

®uxcupyem x° u Bo3bMeM NpoH3BOJbHOE £ >>0. Tak Kak npu a =0
Hx£xb

1
= su

. 1 1
inf = p —_—
8T ye flx—yI>0 N iIw—g1<s) [ —YI*

v {lx—y <8 {I2o—y|>8) | F— Y|

ames{(|x—y|<ON(x°—y|>8}=mes{(|x—y|>8)N(x°"—y|<
< 8)}, To

dy dy
S {x—yf"'< | O—y|®
Jx0—y| <8 |-yl <8
[oatomy
1 I dy
< — e == .An—-a
\ (mmmmtpmm)v=<? | pfm=const-one,
|x0—yl<<b |x0—yl<<8

CnezoBaTesbHO, MOXKHO HalTH (M 3adHKcHpoBarb) Takoe 6 >0, uro
nepsoe cjaraemoe npasoil uactH (17) Oymzer <Ce/2.

®dyukuus F (x, y)= [@—y8 ~ [7—g] | HETPEPLIBHA HA 3aMKHY-

Tom MHOXecTBe Q={|x—x°| <82, y=Qn(ly—x° |==08)} wu
F (%, y) |x=2 =0. TlosTOMy MOXHO HaiiTH Takoe 11, 0<<n<<§/2, uro

F(x, 0)<gpgp P4 |x— x| <n mn seex y €QN Iy — x| =9).

CnepoBarenbHO, 1Jf | x —x°| <{m H BTOpOE cjaraeMoe NpaBOil 4acTH
(17) ne npesocxogur €/2. Takum o6pasoM, gaa |x—x% <7
|u(x®) —u(x)| <<e, 1. e. QyHKUHA u (x) HempephIBHA,

[Myctb n—a>1. Tlokaxem, uyro B 3TOoM cayyae u(X) Hempe-
peiBHO aupepeHuHpyeMa B R, u uTO

a ! —
ux,(x)=§ p(y)(g(g_—m)dymx S 0 (9) Ty or dy-
Q

1
NERTIEE

Yyi—Xi

T5—y P i=1, ..., n, To ¢ HOMOLibIO pac-

Tak kKak l
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CyXKJIEHHiH, aHAJOrHYHBIX INTPOBENEHHHIM BbILLIE 115 (byHKuHH u(x),
yCTaHaBJ/JHBAETCH, 4TO $yHKUHH

X

ui(x)=a§p(y)T,;y_—f;:Wdy, i=1 ... n

HenpepoiBHEL B R,. Ilanee, cornacHo teopeme ®y6unn mnd moGoro i,
i=1, ..., n,

xi xi
N dn=a  dn o ) 25 dy =
© x Q

X xi

—x CoCa 1
—a{owan\ iz an=owa | 2 (27 an =
b Q x,‘;’
=u(x)—u(x1, cees Xieqs xi, Xig1y «ons xn)0
[Tostomy
u,(x)=ux‘,(x), i=1, ..., n

YTBepxeHHe J0oKa3aHo.
TouHO TaK e YCTaHABJAMBAeTCA, YTO eCJIH A — & >>S, Ije §—
11eJI0e YHCJIO, TO 4 (x) HMeeT HelpephBHble NPOU3BOAHbBIE JO MOPAAKA S

BKJIOUHTEJNBHO H I BCX Ot=={(Cl1, ..., O), | O] <s,
1
D%u (x =S T dy.
( ) 3 p(y) X Ix—yl“ Y

3aMeruM, YTO GYHKLHSA

ul(x)=§p(y) In|x—y|dy,

HasbiBaeMasl so2apugpmudeckum nomenyuaiom, (n—1) pas Henpe-
pbIBHO JquddepeHuupyeMa B R, u 174 Beex o, |a|<<n—1,

D“ul(x)=§lp(y)D?lnIx—yldy.

13. HMurerpan JleGera or KommiexcHO3HauHBIX ¢yHknmuid. [Tycrb
dyHKuMa f(x), 3aganHas B obJactu Q, fBJfAETCA KOMILJIEKCHG3HAYHOMH

f(x)=Ref (x)+iImf (x).
®yHKuuA f(x) HasbiBaercss U3MepHMOH B Q, eclH H3MepuMHl B Q
Gynkuuu Ref u Imf. ®@yukuusa f(x) HasbiBaercsi HHTErpupyeMoii
B Q, eciu uHTerpupyeMul B Q ¢ynkumu Ref u Imf. Hurerpaa or
GyHKUHH f (X) B 3TOM CJydae onpejesisieTCsl pPaBeHCTBOM

(fdx={Refde+ifImfdr.
Q Q Q
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Tax kax  (|Ref|+|Imf|) <|f|<|Ref|+{Imf|, 10 saa Toro

yToGH H3MepuMasd ¢yHKUHA f(x) Ob1a HHTErpupyeMoill, HeOGXOIHMO
M JOCTaTOYHO, 4TOGH (yHKUHMA |f (x)| Oblia HHTEr pHpyeMoil.

14. UnTerpan JleGera Ha (7 — 1)-mMepHoii mosepxHocTH. I[lycTb
S — (n—1)-MepHasi noepxHocTb (kaacca CY), u nyctb S, m=
=1, ..., N,—NoKprTHE HOBEPXHOCTH S MNPOCTHIMH KyCKaMmu, S =

N
= |J Sm (em. ra. 1, BBenenne). Kaxuwiii mpocrofi kKycok Sy, ot

m=1
ChiBaeTcsl ypaBHEHHEM
Xp=Qm (X1, «evs Xp-1s Xpr1s +eos Xp)s

(X1 vevs Xpa1y Xpi1y +ees X)) EDp, @ne=C (D,)  (18)

(D — npoekuus S,, Ha KOOPAMHATHYIO MJOCKOCTh Xx,=0, l<<p =
= p(m)<<n,—(n— l)-MepHas o6aactb ¢ rpaHuuei knacca CY).
C momowpio gopmyanl (18) ycTanaBnuBaeTcsl B3aMMHO OJHO3HAU-

HO€ COOTBETCTBHE MEXTy TOUKAMH (X1, ..., Xp-1, Xpi1s ++., Xp) MHO-
xectBa D, U TOUKaMH (X1, ..., Xp_1y Xps ..., Xn) H3 Sy KaXKIOH
TOUKE (X15 vvvy Xpo1s Pm X1y vy Xpots Xpids cony Xn)y Xpits oey Xp) &
& S, CTABUTCA B COOTBETCTBHE TOUKA (X3, Xa, ooy Xpoiy Xpily - ooy Xn) E

& D,, (ee npoeKuus Ha MIOCKOCTb x,=0).
[Tyctb MHOXecTBO E COJEPHKHUTCS B S, NMpPH HEKOTOPOM m, m =:

=1, ..., N. O6osnauum uepes & npuHannexamuii D,, ero npoo6pas
npu 3ToM oToOpaxeHuu. DyneM roBopuTb, 4To MHOXecTBO £ ecTb
MHOXECTBO NOBEPXHOCTHOH Mephl HYJb, €C/IM MHOXECTBO & eCTb MHO-
*kecTBo (n — 1)-MepHOH Mephi HYJb.

[Mpunannexamee S MHoxXecTBO £ Has3biBaeTCsl MHOXKECTBOM #0-
BEPXHOCMHOL Mepol HYAb, eCd Kaxjaoe u3 MHoxectB E(\S,, m =
=1, ..., N, fIBJfieTCS MHOXECTBOM NOBEPXHOCTHOH MepHl HYJb.

Jlerko nokasaTb, YTO CBOMCTBO MHOeCTBa E < S GHiTh MHOXeE-
CTBOM II0BepXHOCTefi Mepnl HyJb He 3aBHCHT OT BHIGOpA MOKPBITHA
Sy ..., Sy noBepxHocTH S.

[NonaTHe MHOXecTBa Mephl HY/b I03BOJSIET B NOJHOH aHAJOrHH
Co cayyaem n-MepHOH o6aactu (cM. nn. 1 —4) BBeCTH MOHSATHE CXO-
JHMOCTH M. B, Ha S M CBfI3aHHble C HUM HOHSITHSA H3MepHUMOH Ha S
¥ HHTerpupyeMoil no JleGery Ha S QyHKIuH.

3anaHHas Ha S GyHKUMA HasblBaeTcs - usmepumoli (na S), ecau
OHa fBJfIETCA TNpenesoM M. B. Ha S cXopsueHcs moc/esoBaTeb-
HoctH GyHkuui uz C(S).

HeoTpuiiatenvhas ¢yHkuus f(x), 3agaHHas Ha S, HasbBaercs
unmezpupyemori (no JleGery) Ha S, eCIH OHA ABJIAETCH HpPELEJOM
M. B. Ha S cxopsuefics MOHOTOHHO HeyOwIBaKOLIeH nocCe10BaTeNbs
HOCTH fp(x), k=1, 2, ..., HenmpepuBHBIX Ha S QYHKLUHUI C orpaHu-
YeHHOH CBepXy MOC/Ie10BaTe/]bHOCTBIO HOBEPXHOCTHLIX HHTEr pajnios
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(Pumana): ka (x)dS<C, k=1, 2, .... Tlpu 3TOM NMOBEpPXHOCTHBI
S
uHTerpaa (Jlebera) ot ¢ynkuuu f(x) omperensiercs dopmyJoi

{7 dS=sup { i (x) dS=lim §f,(x)dS.
s ks k

-8

3ananHas Ha S BemecTBeHHO3HayHasi GYHKUMA f(X) Ha3blBaeTcs
unmeepupyemoli no JleGery mo S, eciu HeoTpHUaTeNbHble (GYHKLHH
f*(x)=max (f (x), 0) u f(x)=max(—f(x), 0) uHTErpHpYeMEl IO
JleGery, Ilpu atom

{rds=frdS— {j-ds.

S S S
[Mycry ¢yHkuus f 3agaHa Ha noeepxHoctH S H Sy, ..., Sy —
HEKOTOpOe IOKPHITHE MOBEpXHOCTH S mpocThiMH Kyckamu. OGosHa-
yuM uepe3 ™ (X1, ...y Xpm)-1s Xp(myr1s +-+, Xn) 3a4aHHYW Ha Dy
prHKU.I/IlO f(xl, coor Xp(m)-1, (p,,,(xl, ooy xp(,,,)_l, Xp(mytls +o o x,,),
Xp(m)+1s «+ s Xpn)-

OKameM, UuTO QyHKyua [ usmepuma moeda 1t mosvbKo moeda,
Koeda usmepumor sce pyukyuu f*, m=1, ..., N, ¢ynxyusa [ unme-
epupyema no S moeda t moavbko moeda, Kozda Kaxcoas us pynxyul fm
unmeepupyema no D, m=1, ..., N, npu smonm

N ———— e e
(Fas= 3 S VT+]VenPdr ... dtpmy1dXpmyrsdtsr  (19)
s m= 1D,

m~—1
2de Dj=Dy, a Dy npu m>1—npoekyus Sp\ |J S; na nio-
i=1
CKOCno xp(,,,)=0.
Ecau [ wusmepiiMa (uHTerpupyema), TO, OYEBHIHO, H3MepuMa
(unTerpupyema) kaxnas u3 oyHkuud 7, m=1, ..., N
INokaxeM, uto ecau Bce QyHKuuu f*, m=1, ..., N, uHrerpu-
pyeMbl, TO HHTerpupyema W QyHKUuA [ (YTBepKIeHHE 06 u3MEpH-
MOCTH YCTAHaBJIHMBAETCS AHAJIOTMYHO); NPH 3TOM GYyAeM CYHMTATh (3TO
He yMmajser oOuHOCTH), 4TO QYHKUHA [, a C1eIoBare/blo, u BCe ™,
m=1, ..., N, HeoTpHUATeJbHb M. B, (Ha S H COOTBETCTBEHHO
Ha D).
Ipu kaxzom m, m=1, ..., N, Bo3bMeM MOHOTOHHO HeyGHBai0-
IyIo MOC/JefoBaTeJbHOCTD [, k=1, 2, ..., HEOTpHUATEAbHBIX QYHK-

uuit us C(D,), cxousmyiocs m, B. (B D,) K ¢yHkuuu ™. Pac-
CMOTpPHM mocjesoBatenbiocts I, 2=1, 2, ..., pasGuenuit (n —1)-
MepHoro ky6a K, coxepxamero obnacrte Dy, II; — pas6uenue ky6a K
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Ha 27-1 paBHHIX NOAKYGOB ¢ peGpoM, paBHBLIM MOJOBHHE peGpa Kyba K,
pasbuenue Il, —usmenbuenue pas6uenus II,, nmpu KotopoMm kaxjas
Avefika (ky6) pa36ueHus II; nenurca Ha 2°°! paBHRIX NOAKYGOB, H
T. 1. OG6o3HauuM npu mobuix m=1,...,Nuk=1,2,...uepe3 Dy,
3aMKHYTOE MHOMECTBO, CoCToslllee M3 (KOHEUHOro YMCJa) 3aMblKaHui
BceX siueek pasGuenusi I1,, comepxamuxcs B Dp,, a uepes fi' —He-

npepuiBHyio B D, ¢pyHKumio, paBuyo B Dy ™\ Dim,x HYTO H paBHyio
B D, dynKinu fk"‘c(k"m D e LO=0 npu 0<i<+,

1

f@)=2t—1 npu T=< <1, {()=1 npu ¢>1, ar, ,— paccros-
HHE OT TOUKH (Xi, ..., Xp(m)-1» Xp(m)+1r +++» Xn) € D 10 Tpa-
Hulpl Dy, p. SlcHo, uto npu Jwobom m, m=1, ..., N, nocieroBa-
TEJbHOCTh fk, k=1, 2, ..., MOHOTOHHO He yGmBas n. B. B D},
cxomutca K Qyukuuu .

OnpenenuM HenpepuBHYID HAa S (QYHKLHIO e, m=1, ..., N,
k=1, 2, ..., cjaenywomuM oGpasoM:

NnpHu xSy fl'zn f (x1, ceoy Xp(m)-1s Xp(m)+ls e Xn)s

mpr xS\ S, [r=0;

N .
H OycTb  f, = Z fe, k=12, ...0OueBumHo, 4TO Kaxjgas wu3

GyHKUHA [, —1 2, ..., HempepbiBHAa Ha S u
N, N .
Vas= X [ipds= 3 {lpds=
m=18 m=ISm
S f;'znVl‘}“IV(PmladJﬁ dxp(m)_ldxp(mm veo dXp =
m

g FoVIFTVonlds, ... de,, dc, . ... dx, (20)

,

Kpome Toro, f,4f n. B. na S npu k—»oo. B cuny unTerpupyemoctu

Ha Dy, oyukuuu PV 14| Von 2, m=1, ..., N, us (20) BuiTekaer,
UTO HOCJAE0BATeNbHOCTh ka ds, k—-l 2, ..., orpanuueHa. Cjeso-

BaTeJbHO, (YHKLHS [ nHrerpnpyema no S. Tlepexoxs B pasen-
ctBe (20) k npefeny mpu k—co, moayuum (19).

M3 pokasaHHoro HeMelJe€HHO BBHITEKAeT, YTO A1 H3MEePHMBIX H
HHTeTpUpyeMbXx N0 S GYHKUHH CrnpaBelMBB BCE CBOficTBa, ycTa-
HOBJIGHHLI® Bbillle JJs ca1ydas n-MepHOH o0JacTH,
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§ 2. JluHeiiHble HOPMHpPOBAHHbLIe MPOCTPAHCTBA.
T'uab0epTOBO MPOCTPAHCTBO

1. JIuHeifiHble TpoOCTpaHCTBA. JIuHedrvim npocmpancmeom HashH-
BaeTcsl MHOXKECTBO of , /sl 3JIEMEHTOB KOTOPOro OMNpeje/ieHH Ornepa-
MM CJOXKEHHS H YMHOMKEHHS Ha BellleCTBEHHbIE (KOMIIEKCHbIE) YHCIA,
He BHIBOAfMILIHE M3 of M o6/ajaiolye CBOHCTBAMH:

a) fi+fa=F+T1,

6) (fl+f2)+f3=f1+(fz+f3),

B) B f CyIIeCTByeT 3/eMEHT 0 TaKoi, uto Aafl Joboro fe o
0-f=o,

r) (c1+6) [=cf +oof,

1) c(fitfo)=cf1+cla

&) (cico) f=c1(ca),

x) 1-f=f
s MOGBIX f, f1, ...& < H MIOOLIX BELIECTBEHHBIX (KOMILIEKCHBIX)
yyceda ¢, Cp, ...

B 3aBucuMocTH OT TOrO, Ha Kakue YMC/IA, BelleCTBEHHHE HJIH
KOMIJIEKCHBIE, JONYCKAeTcsl YMHOMeHHe 3j1eMeHTOB H3 of , HpOoCTpaH-
CTBO of Ha3bIBAETCH BLU{ECEEHHbLM UITH KOMNACKCHbIM AUHELHbIM NPO-
cmpancmseom. ns onpejeseHHOCTH MBI B 3TOH rJjaBe GyJleM pac-
CMaTpPUBAaTh JHIIbL CJAY4YaH KOMIJIEKCHBIX JHHefiHbIXx npocTpaHerB. Ha
Cayuall BelleCTBEHHHIX JHHeHHBIX HPOCTPAHCTB COOTBETCTBYIOILHE Of-
pelesieHHs] W pe3yJbTaThl NepeHOCATCs Ge3 3aTpyJAHEHHH,

INomMHOXecTBO JIHHEHHOrO TNPOCTPAHCTBA < , CaMO ABJSAMIMLeecs
JMHEHHBIM TN POCTPAHCTBOM, HA3BIBAETCA AUHEUHbIM MHO2000pasuem
B I1IPOCTpAHCTBE o

Iyetb fm, m=1, 2, ..., —cueTHasa (ugM KOHEuHas) CHCTEMA 3Jle-
MEHTOB JIMHEHHOrO TNpPOCTPAHCTBA o . MHOXKeCTBO 3J/1eMEHTOB BHJa
¢ifi+.. .+ cufr MpH BCEBO3MOXKHBLIX 2 M NPOH3BOJLHBIX KOMIJIEKCHBIX
iy ..., Cp SIBJSETCS JIMHEHHBIM MHOrooGpasHeM B NMPOCTPAHCTBE of H
HA3bIBACTCS AUHEHbIM MHO2000pasliem, HAMAHYMbIM HA 3AeMeHmbl [y,
k=1, 2, ... DneMeHTH [i, ..., fm U3 o HasLIBAETCA AUHELHO Hesa-
BUCUMbBIMU, €CIIH PABEHCTBO Cif1--.. .+ Cufm =0 BO3MOXKHO JIHMIIbL NPH
¢i=...=Cp=0; B TNPOTUBHOM cJay4ae fi, ..., fm— AUHEUHO 3a6u-
cumol. BeckoHeuHOe MHOXKECTBO 3/1eMEHTOB U3 of Ha3bBaeTCsl JHHEHHO
He3aBHUCHUMBIM, €CJH JIOGOe ero KOHEYHOe ITOJIMHOMKECTBO JIHHEHHO
He3aBHCHMO,

JIluHefiHoe MHOroOGpasue KOHEYHOMEPHO (N-MEPHO), eCH B HeM
CYLIECTBYeT # JMHEHHO He3aBHCHMHIX 3JIEMEHTOB, a COBOKYIHOCTL
JIO6LIX ero n -1 3/eMeHTOB JIHHEHHO 3aBHCHMA.

JluHefiHoe MHOrooGpasHe, HaTfIHyTOe Ha JHHEHHO He3aBHCHMBIE
3JeMeHTH [y, k=1, ..., n, u3 F, n-MepHo.

JluneliHoe MHOroOGpa3sHe HA3BLIBAETCA OECKOHEUHOMEPHHIM, €CJIH
B HeM MOXHO HAaiiTH JIHHEHHO He3aBHCHMOE MOAMHOMKECTBO, COCTOALIEe
H3 GeCKOHEUHOTO 4HCJa 3JEMEHTOB,
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2. JluHeiiHbie HODMHpPOBaHHble NPOCTpAHCTBA. JIHHelili0e npocTpaH-
CTBO of HA3bIBAETCS HOPMUPOBAHHBLM, €CIH KAKAOMY €ro 3jeMeHTy f
MOXKHO TOCTAaBHTb B COOTBETCTBHe BelllecTBeHHoe uucao |f|=|flz
(Hopma ), n 3TO cooTBeTcTBHE O6GJafaeT CJAEAYIOUHMH CBOMCTBAMH:

a) le fll—lc]”f[[ NpH TNPOU3BOJBLHEIX KOMIUIEKCHOM ¢ H & o,

6) [fi+Fal <<Ifil+|fel nna mobex fi&<F, i=1, 2 (HepaBen-
CTBO Tpeyro.anHKa),

B) [[f{=0, npuuem |f|=0 Tombko aas f=o.

B /HHeflHOM HOPMHPOBAaHHOM MpPOCTPAHCTBE MOXKHO ONpeleNUThb
noHsTHe paccmoanus |fi—fy| Mexny naByma sjemeHTamMu f; H f,,
a BMecTe C HHM H MOHATHE CXOIHMOCTH.

TMocnenoBarenbHocts f,, m=1, 2, ..., 31eMeHTOB U3 of Haswl-
Baerca QyHOAMeHMAarbHOL, eCit ||fk— fm|—0 npu &, m—co,

ITocnefoBareqbHOCTD fr,, m=1, 2, ..., 3J€MEHTOB H3 o Hasbl-

Baercs cxodsuyelics k [ & oF f,,,—>f MpH m—00, uiu  lim f,,,—f>
m — oo

ecl ||fm —f|—0 npu m—oco.

TMocepoBaTeabHOCTh HE MOXKET CXOAWTbCA K JBYM pasjiHYHHIM
s/MeMeHTaM, Tak Kak ecd [fm—f|—>0 u |fn—g|—0 npu m— oo,
1o [f—g|=If—IntIn—gl<|fm—Fl+|/n—gl—0 npu m-oco,
T. e. [f—g|=0, otkyna =

Ecid fm—f, 10 |fm ||—>]|f|| (Henpepoisrocme Hopmot). HeiicTBu-
TEJbHO, B CHJY HEpaBeHCTBA TPeYyroabHUKA |fm|<<|fm—F|+|f]
FI < fm— F1--1fn]. Tlost0MY [ — 17 || <<] s — >0 mpst m— oo

Ecau nocienosatenbHocTh cxopamasics (fn—f), 10 oHa ¢yH1a-
MeHTaJlbHa, TaK Kak

\fe—Fm|=1Ffe —F+F—Fnl<<Ife—F [+ —[n|—0 npu &, m—oco.

OGpartHoe yTBepXjieHHe, BOOCLIEe roBOpsi, HE HMEET MECTa.

JluHefiHOE HOPMHPOBAHHOE HPOCTPAHCTBO HA3BIBAETCH  MOAHLIM,
ecJH 14 JoGoH (PyHJaMeHTaNbHO# 1T0C/Ie/JOBATELHOCTH £10 3/IEMEHTOB
HafileTcs 3JaeMeHT 3TOro NMPOCTPAHCTBA, K KOTOPOMY OHa CXOQUTCH.

[TosHoe juHeliHOe HOPDMHPOBaHHOEe NPOCTPAHCTBO B HaskiBaercs
GaHAaxX08bIM NPOCM PAHCIMBOM.

JInHefiHoe MHoOrooG6pasue B GaHaxXOBOM MNPOCTPAHCTBe B, noJHOE
B HOpMe B (¥, TeM caMbIM, caMo fiBJfIoLleecs 6GaHAXOBbIM IPOCTPaH-
CTBOM C TOH »Ke HODMOH), HasblBaeTcs noonpoCmpaHcmeom NPoCTpaH-
crBa B. JluHeiiHoe MHOrooGpa3ue, HATAHYTOE HA KOHEYHOe YHC/IO 3Je-
MeHTOB H3 B, sBjsierca NOANPOCTPAHCTBOM 1POCTPAHCTBA B.

[TyeTs oM — HEKOTopoe JIMHeHHoe MHorooGpasue B B. Muoxe-

ctBo o, monyuenHoe B pesymbTare npucoenunenus k ¥ npenenn-
HBIX 3JeMEHTOB BCeX  (YHJaMeHTAJbLHBIX  MOCJeNOBATENbHOCTEH
snementoB u3 o/ (B mnpoctpanctBe B mo6as  QyHIaMeHTasbHas
NOC/IeA0BATENBbHOCTL HMEET MpellesbHLIA 3/1eMeHT), Ha3bBaeTcs 3ambl-
kanuem (B B) MHOrooGpasus
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Samuikanne o nuneitnoro MuorooGpasus o#, ouesnHo, SBAsETCA
JIHHeHHbIM MHorooépasneM TTokaxkem ero nosHory. Ilycrs fi, & =
=1, 2, ..., —npoussosbHas QyHIaMeHTaJbHAS MOC/IEA0BATEbHOCTD

saementoB us o, a f= 11m fk Y6enumest, uTO feefl’l U3 onpege-

nenus oM cJeqyer, 4to A .moéoro k=1, 2, .., cymecrByer TaKo#
anemeHT fr & M, uto |fi —fr| < 1/k. I'Iosvro'vxy

If—fel=If—fet+Fe— el <<|f— e+ 1/E—0

npu k— oo, T. e. f=lim f;. dro H o3Hauaer, uTO fee/l’l.

Hrak, 3ameicanue aunelinozo mHozoobpasus 8 B sgisemcs nod-

npPOCIMPAHCINBOM.

3aMblKaHHe JIMHEHHOrO MHOrooGpasus, HaTSIHYTOr'O HA 3JIeMEeHTHI [,
k=1, 2, ..., Ha3LIBAeTCA NOONPOCMPAHCMBOM, HAMAHYMOIM HA MU
JneMERmbL, ‘

Muoxectso o#’ — B nasniBaercs O2PAHUMEHHbIM, €CJTH CYIIECTBYeT
takas nocrosHHas C, uto ||f|<<C s Bcex f&

MHoxectBo o’ — B HaswiBaercs 8cody nAOMHOLH 8 B, ecau jaa
JI0GOr0  3JeMeHTa fe B cymectByer noc/enoBaTeNbHOCTh fi, B =
=1, 2, ..., anementoB u3 o¥’, cxoxsamasca K f.

BanaxoBo npocTpaHCTBO B HasbiBaeTcsl cenapabesbHbiM, eCiH
B HEM CYINECTBYET CYETHOE BCIOJY IJIOTHOE MHOMeCTBO.

3. CkaasipHoe mpou3BeneHHe. ['uanGepToBo mnpoctpaHcTEo. Bynem
FOBODHTBb, YTO B JIMHEHHOM HpocTpaHcTBe H BBeleHO CKAAApPHOe Npo-
usgedenue, ecau JoGoH nape ajaeMeHTOB Ay, by & H nOCTaBJEHO B COOT-
BETCTBHE KOMILIeKCHOe 4Hcao (hy, h,) (CKa/lsipHOe MpOH3BeJeHHEe 3THX
3/71eMEeHTOB), H 3TO COOTBETCTBHE 00JajaeT CJICIYIONMMH CBOHCTBAaMH:

a) (h1, hy) = (ha, hy) (B 4acTHOCTH, (h, h) — BeluecTBEHHOE YMCJIO),

6) (b1t he, B)=(h1, h)+(hs, h),

B) A JIOGOro KOMIJIEKCHOTO ¢ (chy, hs) =c¢ (hy, hy),

r) (h, h)=0, npuuem (h, h)=0 TonBKO 1Jf h=0.

YCTaHOBHM CJIefyIolee BaxKHOE HepaseHcmso bByHaKoscKoeo:

I(hl’ h2) ]2 (hlv hl) (hzv h2)9 (1)

HMelollee MecTo 1A JoObIXx hy W hy w3 H. Ecau hy =0, TO Hepa-
BeHctBO (1) oueBupHo. Ilyctb Ay 5=o0. Tlpu _TTPOH3BOJIbHOM KOMILIEKC-

HOM ¢ O<< (B thy, hytthy)=(he, hy) -t (e, Big) - (he, ho) |21

X (hsy hy). Ecau t=—%—%—, TO 3TO HepaBeHCTBO NMPHHHMAET BH[

(h1y A1) —%l’h—g))lg->0 SKBHBAJIEHTHHIH (1).
2> 2

CkanfipHoe NpOM3BeJeHHe MOPOXKJAeT B HpocTpaHcTBe H HOpMy
|k|=V (h, B). Csoiictea a) u B) A9 TaK BBEICHHOH HOPMHL
3 B. Il Muxaiiios
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oueBugHbl, s jokasaTenncTBa cBOHCTBa 6) (HepaBeHCTBAa TPeyroJib-
HHKa) BOCIOJIb3yeMcsl HepaBeHCTBOM ByHsAKOBcKoro

[yt ho P =[ha [P+ (as o)+ (hey Ba) 4] e P <
<[ B P+ 2{Ad ] A2 |+ B P = (A | [ e )

JIuHefiHoe MPOCTPAaHCTBO CO CKaJAPHBIM MpPOH3BeleHHEM, NMOJHOE
B HOpMe, ITOPOKJ1aeMOii 3THM CKaJIipHHIM NPOH3BeleHHeM (T. e. ABJSAIO-
meecss GaHaXOBLIM B 3TOif HOpPMeE), HasLIBAeTCs euabbepmossim fpoc-
PaHCMBOM.

B runbGeproBoM NpOCTpAaHCTBE HAPALY CO CXOXHMOCTBIO (IO HOpMe)
yAOGHO BBECTH elle OHH BHJ cXoauMocTH. IlocienoBaTeqbHOCTD A,
m=1, 2, ..., u3 H HasuBaercsi cAab0 cxo0aujelica K 3JeMeHTy
heH, ecniu lim (hn, [)=(h, ) ana mobGoro snementa f = H.

m— oo

[TokaxeM, 4YTO MOCJeIOBATENbHOCTD HE MOMKET CJa60 CXOIHTHCA
K pasiuuHbiM 3jeMeHTaM H. [lycth cyllecTBYIOT 1Ba 3jeMeHTa A H
K = H, pn1s KoTophix 11m (hm, H=(,[) u llm (h,,,, )=, [) npu

aio6oM < H. Toraa ;um Bcex feH (h— h’ f)—O B YacTHOCTH,
npH f=h—H umeem (h—H, h—H)=0, T. e. h=FH.

Ecan nocaenoBaTesnbHocTh h, =H, m=1, 2, ..., cXxomurca
K h=H, 10 oHa U cjabo cxogurcsi K h. B caMom jene,

by 1) — (Bs D =1(hm — B, D) <[ hm—R[[f] >0 npu m—co.

4. 3pMuTOBHI GH/IHHelHble ()OpPMbI M IKBHBAJNEHTHbIE CKAJSDHbIE
npousBejeHMsl. ByeM roBopHThb, 4TO Ha FHJBOEPTOBOM NpocTpaHcTBe
3ajiaHa apmumosa buaunetinas gopma W, ecnu moboli nape sjieMmeH-
TOB h; U hy W3 H NOCTaB/leHO B COOTBETCTBHE KOMIJIEKCHOE YHCJIO
W (hy, hs), u 3TO cOOTBETCTBHE 0G/ajaeT CJEAYIOWMMH CBOHCTBAMH:

a) W(h1+h2, h)-: W(hl, h)+W (hg, h),

6) W(Chl, h2)=CW (hl, hg),

B) W (hy, ho) =W (hy, hy)

NpH NPOH3BOMBHEIX kA, h;, hy & H W NMpOM3BOJBLHOM KOMIJIEKCHOM C.

Keadpamuunod gpopmodi 3pMuTOBOH OHIHHEHHOH dopmet W (hy, 4,)
HasplBaeTcs 3ajaHHas Ha H ¢ynkuus W (h, h). VI3 cBoficTBa B) BbiTe-
KaeT, 4TO KBajJpaTHuHad ¢opMa 3PMHTOBOH OHJHHe{iHOH GdopMEbL
BellecTBeHHO3HAYHa,

TTpumepoM apmuTOBO#I OH/IHHeHHOH GopMBl, 3a1aHHOH Ha H, ABad-
eTca ckanspHoe npouseeneHHe., CooTpeTcTBYIOLIAS 3TOH GHIMHEHHOM
¢dopMe kBajparHuHas ¢GOpMa €CTb KBaJpaT HOPMEI, MOPOXLAEMOH CKa-
JSPHBIM MPOH3BEJEHHEM.

Ecau kBajgpatuuHas (opMa HEKOTOPOH 3PMHTOBOH GHIMHeHHOH
topMbl o6nasaet cotictBoM W (h, h) =0 yia Bcex he Hu W (b, h) =
=0 Tonbko aaa h=o, 1O GuauHefinyio ¢opmy W (hy, h,) MOxKHO
NPHHATL 32 (HOBOE) CKassipHoe npoussenenne B H: W (hy, hy) = (hy k).
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CooTBeTcTBYIOIAsl (HOBas)) HOPMa TOTAa OMpPEIENsETCs PABEHCTBOM
Ik =V'W (h, h).

Hopma | | HasbiBaeTcsi sxsusasenmroii HopMe | |, ecau cymect-
BYIOT Takue noctosiHHble C; >0 u C; >0, uto |A| << Ci|A|, |A]<
< C||h| mna moGoro siaementa h < H. CkajasipHble NpoH3BelEHHS
(,)u (,) Has3bBAOTCA 3KBUBAJIEHTHHIMH, €CJIH 3KBHBAJIeHTHHI
IOpOK/iaeMble UMH HOPMBIL.

Ecau nHopMma | || skBuBaJeHTHa HopMe | [, To MHOxecTBO H siBJIfI-
eTcsl THALOEPTOBbIM (T. €. TOJIHBEIM) MPOCTPAHCTBOM H B CKajspHOM
npousBefenuu ( , ).

JleficTBHTeNIbHO, MYCTb IOC/IeJ0BATeIbHOCTh JIEMEHTOB A, , k=
=1, 2,..., us H ¢ynaamenrajnsa no Hopme | |t | b —hs| -0 npu
k,s —co. Tak xak | iy, — hs| << C, |he — hs [[, TO 3T NOC/IEIOBATENLHOCTD
¢yHzameHTanbHa W B HopMe | |. ITockoabky H — moJiHoe mnpocTpaH-
CTBO B HopMe | |, To cymecTByeT aneMeHT h& H, K KOTOpOMy B3fl-
Tas MOCJIeJoBaTeJbHOCTb B 3TOH HOpMe cXoiuTcs: |A,—h|—0 npu
k—oo. Tak kak |h, —h| <<C;| h,— h|, To noc€I0BATENBHOCTL CXO-
IHTCA K h 1 B HOpMe | |[. YTBepxIeHHe JOKa3aHo.

5. OproroHadabHocTb, OpPTOHOPMHPOBAHHBIE CHCTEMBI, DJIEMEHTHI
hy u h, = H HaswBalotcs opmoconasoroimu (hy | hy), ecnu (A, hy) =
= 0. DneMeHT A HasblBaeTCAd OPMOZOHAAbHUM MHOxcecmsy H — H,
ecin (h, )=0 pns Bcex W = H'. JIpa mMHoxectBa H' u H" w3 H
HasblBalOTCs opToroHanbHbiMu (H' | H”), ecmu (K, h")=0 nas Bscex
KeH, eH.

Eciu A= H oproroHaneR Bcioly njaoTHomy B H MHoxectsy H',
To h=o0. [eficTBUTeJbHO, MNyCTb TNOC/JeJ0OBaTeNbHOCTh M, k=
=1,2,..., aneMenTtoB U3 H' u hi —h npu k —oo. Tak Kak (hz, A)=0
41 Bcex k=1 u B cuay caa6o#t cxomumocTH (hi, k) —|A[?, 1O
|k]|=0, T. e. A=0.

OneMeHT h = H HasbiBaeTca HOpMUposauHsim, eciu |h|=1. Muo-
XKecTBO H' < H HasbiBaeTCsl OpmoHOpMUPOBAHHOIM (0 PMOHOPMUPOBAH-
Holl cucmemoti), ecsH €ro 3/eMeHTH HOPMHPOBaHbl H NOMAapHO OpTO-
roHaJbHbl. OpTOHOPMHPOBAHHOE MHOXKECTBO, OYEBHIHO, JHHEHHO Hesa-
BHCHMO.

CueTHOe (MM KOHeUHOe) JIHHEHHO HE3aBHCHMOE MHOMKECTBO 3Jie-
MeHTOB A,, k=1, 2, ..., MOXHO mnpeofpasoBaTb B CUeTHOe (HJH
KOHEYHOe) OPTOHOPMHPOBAaHHOE MHOXKECTBO CJEAYIOUIHM 0Gpa3oM
(Meron T'pamma — [lIMugra): :

e :_21_ e, = hy—(hs, &) &y .
T7mT 2 The—(y, edegl” "7

e — hp—(hp e)er—...—(hy, en1)ena

" b — (b, )er—.ci—(hy, €p ) ena’ T

(B cusy npennoJoXKeHHs O JHHeHHOH He3aBHCHMOCTH MHOXKeCTBa /i,
k=1, 2, ..., npu mo6oM n=2 h, — (hy e)e; —...
. -—(hm en—l) €n-1 #O)

3
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6. Paabi ®dypbe no npoH3BOJbLHOH OPTOHOPMHPOBAHHOM CHCTeMe.
[Tycte f—npousBoJbHbII 3/71eMeHT H3 H, a ey, ..., e, ...— HeKoTO-
pas cueTHas OPTOHOPMHpOBaHHaf cucteMa B H (ecan nmpocrpaHcTBo H
KOHEYHOMEPHO, TO HYXXHO B3fTb OPTOHODMHPOBAHHYIO CHCTEMY,
COCTOAIIYI0 H3 KOHEYHOro 4uc/ja 3siemeHToB). OGosHauuMm uepes H,
TNOANPOCTPAHCTBO, HATAHYTOE HA 3JEMEHTH ey, ..., e, NPH HEKOTOPOM
p=1, u HaiigeM B H, sjeMeHT HauGojee GIM3KHH (B HOpMe MpOCT-
panctBa H) Kk anementy f. Tak Kak MpoHM3BOJIbHBIA s/eMeHT H, nMeeT

P
BHJ{ Z C,e, TPH HEKOTOPBIX MOCTOSIHHBIX C;, ..., Cp, TO 3Ta 3ajaua
r=1
CBOJIMTCA K HAXOX[EHHIO TaKMX YHCeJd Cj, ..., Cpy NPH KOTOPBIX
JOCTHraeT CBOero MHHHMyMa BeqHuHHa 6% (f; ¢, ..., ¢p) =
P 2 ’
=\f— Z Crer‘ .
r=1
Beenem uncna f,=(f, e,), k=1, 2, ..., HasbiBaeMble K03ghghu-
yuenmamu Dypve sjeMeHTa [ NO CUCTeMe e;, €, ... TaK Kak
P . P \
8, (f; cu ..ns c) =f — > ol f— ) c,e,)=
r=1 r=1
P P _ P ’
=|]f"2_ Z Crfr_ Z Crfr+ Z ]Cr]2=
r=1 r=1 r=1
P P
= Z ]Cr_frlz_ Z 'fr]2+||f]]2,
r=1 r=1
TO BeJIHYHHA Gﬁp (f; ¢1, ..., Cp) HOCTHraeT MHHHMYMa TOJIbKO MpH
¢ =f,, r=1,..., p, H 3TOT MHHHMYM —O0BGO3HAUMM €ro uepes
P
i, () —pasen [FP— Y I/, I
r=1
14
8, (H=IFPF— X 112 @)
B r=1
TakuM oGpa3oM, NMpH 3a1aHHOM [ A1 BCEX ¢y, ..., C, HMEET MeCTO
HepaBeHCTBO

=

,

14
f_Zfrer

r=1

“f - é_‘,l crer

BhIpazkarollee MurumassHoe ceoticmso xosppuunentos Pypre, npHueMm
PaBEHCTBO JIOCTHIaercsl TOJMbKO MpH ¢, =f,, r=1, ..., p.

OGo3HauuM uepe3 fP eIMHCTBEHHbll OaHXKaHUIMA K [ 3/eMeHT
8 noanpocrpauctee Hp:

p
fr= Z fre:.

r=1
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Torna

If =R =8%, (). 3)
DneMeHT [P HashLBaeTcs HpOeKIMeH 3jeMeHTa [ Ha HOAMpPOCTPAaH-
ctBO H .

M3 paseHctBa (2) cuenyer, uro jasi Jio6oro sieMeHra f e H
P

u mogdoro p=1 > |f,P<<|fP
1

r=

. 10 03HayaeT, 4YTO UHCJOBOH PAX

fe o]
2 |f,|? cxomuTcsi ¥ uMeer MecTo Hepasetcmso becceas

r=1
o)

2 E<IfIR
r=1
JJemma 1. Tyems fry k=1, 2, ..., — Hexomopas nociedosamens-
HOCMb KOMNAEKCHBbIX wucen, a ey, k=1, 2, ..., — OpmMOHOPMUPOBAH-

nas cucmema 8 H, s mozo umobel psd Z frer cxolusnca 8 Hopme
E=1
H, neobxodumo u docmamouro, 4mobbt cxo0uacs 4ucrogol pad

[s]

2 -1

r=1

14 L]
Mycets S, = Z f-e, —uacTHuHadA cyMMa psja Z fre,. dns p>gq
r=1

r=1
: p 2 p
uveeM pasenctso |S,—S,P=| 3 f.e. | = X |- nu3 koroporo
g+1 g+1

BBITEKAeT, YTO CXOAMMOCTb psna 2Z|f,|? Heo6XxOAMMa H JOCTaTOUHa
/15 (pyHIAMEHTaNbHOCTH MOCTEA0BATENILHOCTH YaCTHYHBIX CyMM pfiia
H, TEM CaMbiM, B CHJIy IOJHOTH OpocrpaHctBa H AJf CXOAMMOCTH
aroro pAna. JleMMa joKasaHa.

IMycts f—npousBonbHbiit snemeHT M3 H u fe k=1, 2, ..., —
ero KosgpHuHeHTsE Pypbe N0 OPTOHOPMHPOBAHHOH CHCTEMe €, Rk =

=1, 2, ... Pan
Z frer
E=1

HaspiBaercsi psagom Pyppe sieMenrta f no cHereMe e, k=1, 2, ...
M3 HepaBenctBa Beccenss u sieMMbl 1 BbiTekaer :
JlemMma 2. Pad dypoe npoussoserozo sremenma f = H no npo-

U3B0AbHOUL OPMOHOPMUPOBARHOL cucmeme CXO0UmMCA 8 HOpMe npocm-

pancmsa H.

JleMMa 2 ycTaHaB/MBaeT CyllecTBOBaHHe 3jeMeHTa [ & H, K koro-
poMy cxomurca psx Pyppe sjemeHTa f. BO3HHKaeT ecTeCTBEHHbLI

BONpOC: He CNpaBe/JIMBO JH 1isi BeeX [ & H paseHctso | —f?
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B ‘ofmem caydae, ecqH He JeJaTh HHKAKHX AOMOJIHHTEJBHBIX
APENTOJIOKEHHH OTHOCHTEJIbHO CHCTEMBI €, €5, ..., KPOMe €e OpTo-
HOPMHPOBAHHOCTH, OTBET Ha 3TOT BOMNpOC OyJeT OTPHUATE/JbHEBIM.

7. OproHopmHpoBaHHbIA GasHc. M3 (2) BeiTekaer, uro nmpu JmoGoMm
f e H Beqnunna GH (f) ¢ poctoM p MOXeET TO/NIBKO YMEHbBLIATHCH.
Toatomy a priori MoryT NPEACTaBHTbCA JBa CJyyas:

a) pna Beex fe H GHP (f) >0 npu p— o0,

6) cyllecTByeT TakoH 3JeMeHT f & H, mn1s KOToporo HpH p-—»oo
# (fy=c>0.

p

B cayuae a) B cuay paBeHctBa (3) gas mwoboro f < H uMeer
MECTO COOTHOILUEHHE

f— tim 3 fues

p—>00k=l

HJIH, UTO TO K€ (aMoe€, paBCHCTBO

f= i free (4)

k=1

T. . B clyvae a) pax Pypbe moboro sjiementa f cxogurcs (B MeT-
puke H) k f. Tlpn stom pas mo6oro f e H uMmeeT MecTo paBEHCTBO

1FE= 3 1702 )

k=1

HasuiBaeMoe pasgercmeom Ilapcesars — Cmexaosa, W 06o6lLaoliee ero

paBeHCTBO
[ee]

(f, &= e (5)

cnpaBejIHBOe Il JIIOObIX 3J€MEHTOB f u g u3 H.

PaeenctBo (5) BhITEKaeT H3 (2) Hoxkaxxem paseHcTBO (5'). ITpexne
BCErO 3aMeTHM, UTO psif, CTOfILHH B MpaBOM 4YacTH, aGCOJMIOTHO CXO-
IHTCH, TaK KaK €ro OGIHH UYJIeH MaXOPHpyeTcsl OGLUIHM UJIEHOM CXO-

Jslerocst psiaa: ifkékléé (Ife 2+ 2. 3. Oanee, B cuay (4)

(f, = lim (f?, g 11m <Z fren, & >=
p—x E—1

14 _ <] _
— lim Z folerr @ = lim Y foge= Y] fugs
P—® p— P—® p—| k=1

Uro H TpeGoBanoch yCTAHOBHTb.
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B cayuae 6) cymectByer Taxoil sneMenT f & H, psan Pypbe Koro-
Oro CXOAMTCS (COTJIacHO JieMMe 2 MpelbIAyIlero MyHKTa) K 3JeMeHTY
#f, T. e. snemeHT h=f—f==0. TakuM oGpasom,

f=h+ i fkekv

k=1

rae A0 W h OpTOroHa/NeH MOANPOCTPAHCTBY, HATAHYTOMY Ha CHC-
TEMY €1, €g, ...

Bepremcsa Tenmepb cHoBa K Caydalo a), KOTOPBIH, eCTeCTBEHHO,
Hac B OCHOBHOM H OYIeT HHTEPeCcOBaTb.

CueTHast ODTOHODMHDOBAHHASl CHCTEMA ¢y, €, ... HA3BIBAETCHA N0A-
HOIL MJIH 0pmONOPMUPOBaHHbIM Ga3ucom TpocTpaHcTBa H, ecan Jo6oil
sneMeHT fe& H MoxeT ObTh pasjoxkeH B psan Pypbe (4) mo 3r10i
CHCTEME.

M3 poka3aHHOro Bhlllle BLITEKAET CHNPAaBENJHBOCTb CJIEAYIONIErO
YTBEPXKJACHHS.

Jlemma 3. Jaa mozo0 umoSe. OPMOHOPMUPOBAKHAS CUCMEMA ey,
e, ... Oblaa opmoHOpmuposanHuiM basucom H, Heobxodumo u docma-
mouro, umobol 041 awbo20 aremenma [ & H umenro mecmo pasercmeo
Iapcesanrs — Cmeknosa (5) uau 0an mobvix 08yx snremenmos [ u g
us H umenso mecmo pasercmso (5').

JlemMma 4. [as mozo 4mobei 0pmOHOPMUPOBAHHASR CUCMEMA ey,
e, ... Oblaa opmoHOpMUpPOBaHHbIM Oasucom npocmpancmsa H, neobxo-
Oumo u Odocmamouno, 4mobol AuHelHOe MH02000pa3Ue, HAMAHYMOe
Ha amy cucmemy, 6vino 8ciody naomueim 8 H mrosxcecmgom.

Eciu cucrema ey, ey, ... SIBJISIETCS OPTOHOPMHPOBAHHBIM Ga3HCOM
B H, 1o moGoii smeMeHT [ & H cKOMb YrojHO TOYHO AMIPOKCHMH-
pyeTcsl B HopMe [ yacTHUHBIMH CyMMaMH cBoero psina ®yprbe, ABIAOWH-
MHCSl JIMHEHHbIMH KOMOHMHAUHSIMH 3TOH cHcTeMbi. HeoGxomuMocTb
yCTaHOBJIEHA. '

JIoKaxkeM J0cTaTO4YHOCTb. [IycTh f — MpoH3BOJIbHBIH 3/eMeHT H3 H .
Jas npousBojbHOro & >0 HaiigeM UHCJO p =p () H Uncaa ¢ (g), ...

P
.y Cp(e) Takme, utO |f — ) ¢4 (e)e,|<<e. B cuay MHHHMAIBHOrO
k=1
cBofictBa Koa(ppuuHentoB Pypbe

p p 12
‘f_kaekFQf—ZCk(B)ek < ¢€?,
k=1 k=1

OTKYZA H CIeayeT pasjoxuMmocTs [ B pajg Pypwe (4).

Teopema 1. B cenapabesoHom ecurvbepmogom npocmparcmee
cyujecmayem 0pmMoOHOPMUpPosaHHell basuc,

Iycrs A, Ay ...—cueTHoe Bclody IVIOTHOe B H  MHOXeCTBO.
OGosHaunM uepe3 h; mepBblii OTVIHYHBIH OT HYJA 3JeMeHT h;, (h] =
=...=Hhp,—1=0) 3TOr0 MHOXKECTBa, uepe3 /i, NMepBblii 3IEeMEHT MHO-
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XKecTBa A, +1» Ak 42+ ..., OBpasyiolWii ¢ 4, mapy JHHeHHO He3aBHCH-
MBIX 3jeMeHTOB H T. 1. CueTHas (M/JIM KOHeuHas) cucrema Ay, A, ...
JIMHEHHO He3aBHCHMA, H JHHEHHble KOMOHHAUMH 3JEMEHTOB 3TOH CHC-
Tembl Bciogy maoTHeL B H. TlpeoGpasyem cucremy Ay, hg, ... (1. 5)
B CUETHYIO OPTOHOPMHDOBAHHYIO CHCTEMY 3JIEMEHTOB €y, ég, ..., JHHEH-
Hble KOMOHHALIHH KOTOPBIX TOXKe IJIOTHH B H. B cuny nemMbl 4 3Ta
CHCTEMa fABJSETCS OPTOHOPMHPOBAaHHBIM 0a3sHCOM MpocTpaHcTBa H.
Teopema 1 nokasana.

.

§ 3. Jluneiinbie onepatopbl. KomnakTHbie MHOXecTBa. BnouaHe
HenpepbiBHbie ONEepPaToOPhi

1. Onepatopbl. ®yHKRHOHaabl. [lycts B; u B, — GaHaxoBbH NpoOCT-
paHcTBa, a Bj— HEKOTOpoe MHOXKECTBO, Jexaulee B B;. ByneMm roso-
pHTb, 4TO Ha By 3agaH onepamop A (onepamop A u3 B, 8 B,), ecu
Ja1060My 3J€eMeHTy f & B; NocTaB/lieH B COOTBETCTBHE HEKOTOPBIH 3i€-
MeHT g & B, : g= Af. MHOXecTBO Bj] HasbiBaeTcsl obaacmor onpede-
senus Da, D= Bj, onepatopa A, a MHOXeCTBO 5/1eMeHTOB BHua Af
npu f & D4 — obaacmorw ero snawenuti R, < B,.

Onepatop A HasbiBaeTcsi (p)YHKLHOHAJIOM, €CJHH NPOCTPAHCTBO B,
€CThb MHOXKECTBO KOMILIEKCHBIX 4HcCeJ (32 HOPMY Ha 3TOM MHOXECTBE
ADHHUMAeTC MOAyJb KOMIJIEKCHOro uncaa). PyHKLHOHANB OGBIYHO
OyayT o603HauaTbcsd OYKBOM [.

TlpocTefimuMu onepatopaMH fABJAsAOTCA onepatope O — HyJIeBOH
H (npu B;=DB,) [ —eauHuuHbli, ompejesAeMbe caefyomHM o6pa-
3oM: Of =0 pns Bcex fe& Dy, If =f mns Beex f < Dy.

Onepatop A HasbiBaeTcsi HenpepoiBroim HA dremenme [ = Dy, econ
oH Jiobylo cxopsmyloca K [ B HopMe B; mnocienoBaTebHOCTH fp,
k=1, 2,..., asneMeHTOB M3 D, nepeBOOHT B CXOAfIlyiocH K 3Je-
meHTy Af B HopMe B, mocaemoBaresmbHocTh Afp, k=1, 2 ... Onepa-
TOp A HasbBaeTcs HenpepoisHoim Ha mHoxcecmse E < D 4 (B 4aCTHOCTH,
Ha D,), eciu OH HempepbiBeH Ha Jqio0oM 3JemeHTe f & E. Oneparop
A, HenpepbiBHBIH Ha D4, GyneM HasbiBaTb HENPEPOIBHLIM.

Oneparop A HaspiBaeTcs Audelinsiv, ecan D, — THHEHHOE MHOro-
o6pasne H A (¢1f |+ ¢of s) = 1Af1 + o Af, A5 MoGBIX 31eMeHTOB f; & D 4
H uHces ¢, i=1, 2.

Jluneiinbiii onepatrop A HyJieBOMY 3/i€MEHTY npocTpaHcTBa B, cra-
BHT B COOTBETCTBHE HYJIEBOH 3JIEMEHT NpPOCTPaHCTBA B,, MOCKOJBKY

Ao=A(0-f)=0-Af=o0

(f — npou3BOJIbHBIN 3J1eMEHT H3 Dy).

Jas Henpepowrocmu aunelinozo onepamopa A neobxo0umo u Gocma-
mouro, umobbs OH OblA HENPepbLiBer Ha HYAesoM 3ieMerme (uau, 8oobuie,
Ha Kakom-aubo asemerme uz D p).

Heo6xomuMOCTh yTBEPKACHHA OueBHAHA. J[OKaXKeM JOCTATOUHOCTD,
Myers fr, k=1, 2, ..., —n0c/Ie10BaTeNLHOCTb 3JEMEHTOB H3 D4,

~
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cxopAamasnca kK f & Dy. Nockoabky g,=}t.—[, k=1, 2, ..., —nocre-
JOBaTeJIbHOCTb 3JeMeHTOB H3 D,, cxopsmascs K Hymawo, To Ag,—o0
npu k—oo. A 310 H o3Hauaer, yro Af, — Af npu k— oco. YtBep-

XKJIEHHEe JOKa3aHo. ‘

IMyers A;, i=1, 2, —uHeiiHble oneparopsl U3 B; B By, Da, =
=Dga, a ¢, i=1, 2,—Hekoropsie uyncaa. OnpegequM omepaTop
A=c1A,+4c,A; caenyomM o6pasoM: gas Jmo6oro f & Dy=D,, =
= Da, Af =c,A\f +c.A,f. Oneparop A rarKe fBAAETCA JHHCHHBIM.

TakuMm o6pa3oM, Ha MHOXKECTBE JIHHEHHBLIX OMEPaTOpPOB C O6Lief
06/1aCTbIO ONpPEAEJICHHS! BBENEHbl ONEpalHH CJIOXKEHHS H yMHOXEHHS
Ha KOMIIEKCHbIE uHcaa. HeTpynHo yGenHTbes, UTO 3TO MHOXKECTBO
o6pasyeT JIHHEHHOE MpPOCTPAHCTBO.

Jlunefinbili omeparop A HasblBaeTcs 02DAHUYEHHbIM, CIH CyLUe-
creyer takaa nocrossHas C >0, uto | Af|s, <<C|f|s, 117 Beex f =
& D4, maH, 4to TO Xe camoe, | Af s, <<C naa tex f & D,, a4 KoTo-
poix |f o, = 1.

TouyHas Hy#"A rpaHb 3HaueHHA nocTosiHHOfI C HasbiBaeTcs Hop-
moti onepatopa A H oGosHauaeTcs uyepes |A].

Tlokaxkem, utoO

p [ Af o (1)

A= su = su
141 fegA 118, feD 4
Iflg, ="

O6ozHayum fsup | Af |8,/If |8, uepes . Tlockoabky pnsa Bcex f & Dy
D

A
1Af s\ fle, <<, To |A|<<a. ¥YcraHoBHM oGpaTHOE HEpaBEHCTBO.
Ilo ompepenennio ToOuHOH BepxHel rpaHH ajsA Jo6oro e >0 cye-
ctByer sqeMeHT f, &D,, aaa koroporo |Afe|s,/|fe |, = o —e. dt0
o3Hauaer, 4T0 |A|=a —e npu mo6om €>0, T. e. |A|=a. Hraxk,
[A]=a.
B uacTHocTH, €cin omepatop A fAB/sETCA JHHEHHLIM OrDaHHYEH-
HplM ¢yHKIHOHaMOM, A =/, TO ero HOpMma
[} .
111=sup fEL = sup 1if
Iflp,=1

OrMeTHM, UYTO MHOMECTBO JIHHEHHBIX OrpaHHYEHHBIX OINEPATOPOB
¢ ofwel o6/aacTbio ONpejeseHHsl ecTh JIHHEiHOe MHOrooGpasHe B Ipo-
CTpaHCTBE BCeX JIHHEHHBIX ONEpaTOpPOB € 3TOH 0GJACTbIO ONpeNedeHHS.
BBeneHHast HopMa JIMHEHHOrO OrpaHHYEHHOrO OIeparopa YAOBJETBO-
psieT BCeM aKCHOMaM HOpMhl. Jlerko nokasarb, 4TO 3TO HOPMHDOBaH-
HOe NMPOCTPAHCTBO fABJACTCA MOJHBLIM (T. €. 6aHaXOBBIM).

Crenyiolee npenjioKeHHe yCTaHaB/IMBAET CBA3b MEXAY NOHATHAMH
HenpepbIBHOCTH H OrDaHHYEHHOCTH M/ JIHHEHHBIX OHEpaTOpOB.

as moeo umobel aurelinvili onepamop A Obir Henpeposer, Heob-
X00uMmo u O0CMAamouno, 4mobot OH ObiA 02PaHUHEH.
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HocratouHocTs. [1ycTs mocmenoBarensHocts fp, k=1, 2, ...,
u3 D, cxomurcs (B By) k f &= Dy. Tak kak |Af,— Af g, =] A (fr —
—Nl.<|A]|fe—fls,—0 npu k—oco, 10 Af,—Af B B, npu k—co.

eo6xopguMocTb. [lpegnonokuM, uro omneparop A HeorpaHH-
YeH; TOrJa CYILEeCTBYET MOC/eN0BaTeIbHOCTD fr, k=1, 2, ..., snemeH-
T0B D4, ana kotopoit | Af A, > k| fr|s,. Ho 3To nporusopeunt He-
NPEPLIBHOCTH onepaTopa A, NOCKOJNBKY MHOCJAENOBaTeJNbHOCTD f, =
=fe/(k|fels), £#=1, 2, ..., npunapnexamas D,, cTpemutcs B By
K HyJi0, a nocjenosarenbHocTb Afy, =1, 2, ..., He MOxer crpe-
MHTbcl K Ao==0, Tak kaK |Af,|s, = 1.

JIMHeiiHb/i orpaHHYeHHbl omneparop A ¢ Bciogy IVIOTHOH B B;
o6J1acTbio onpeneseHus D, Bcerjga MOXKHO CUMTATh 3alaHHBIM Ha BCeM
B, noompepenss ero Ha By, \ D, caepyomuM o6pasom. [lyers f—
Mo6o# snemeHT U3 By \ Dy, a fn, k=1, 2, ..., —HekoTopas noce-
JOBaTeJIbHOCTh 3JEMEHTOB H3 D4, cxopfilascd B HopMe B; K f
(D » Bcrogy maotHo B By). Tak Kak omeparop A orpaHuyeH, TO mocJe-
noBareqbHocTh Af,, k=1, 2, ..., sjgemeHTOB H3 B, (pyHZaMeHTa/bHA
B B,. B cuay nomHotsl B, nmocaegoBaresnbHocTh Af,, k=1, 2, ...,
umeer B B, npepen. [lokaxem, uTo 3TOT mpenes He 3aBHCHT OT BHGOpa
HOCJIEOBATENbHOCTH [, £=1, 2, ... [eficTBHTeNBHO, NyCTb fr, £ =
=1, 2, ..., —npyras nocaenosareqbHocTh H3 D4, cxopsmascsa K f.
Torsa | Afi = Afula, =1 A (s 12) oy =] A i —Fuls,0 mp# 0o,
CnenoBaTesibHO, Npefes 3aBHCHT TOJNBKO OT sjeMeHTta f. Ilpumem ero
3a 3Hauenne Af omeparopa A Ha ssnemente f. IlosyueHnoe pacuwpe-
Hue omepatopa A, Ha3bLIBAEMOE PACUULPEHUEM NO HenpepsigHocmu,
ABJseTcsl JIHHEHHBIM OrpaHHYeHHLIM OMNEPAaTOpOM, 3ajaHHBIM Ha
BceM Bj. '

Ecan A, u A, — nuHefiHbie oneparopbl, A KOTOpbIX Ra, < Dy,
TO JIHHeHHbIH omepatop A,A,; Ha D4, ¢ 06/macTbio 3HAUEHHH H3 Ry,
onpegeasierca Tak: A A.f = A, (Asf). Ecin A, v A, — orpaHuueHHbIe
onepatopsl, T0 A;A, Toxke orpannuen u |A;Aq|<<|A,]]| A2

[Mycts pas moGoro g &= R, ypaBHeHHe Af =g HMeeT eIHHCTBeHHOe
peumreHne f e D,. 310 03Havaer, uro Ha R, 3ajmaH omeparop, Gynem
06o3Hauarh ero yepes A-!, cTaBsiHi B COOTBETCTBHE 3JEMEHTY g R 4
TOT €QHMHCTBEHHBIH 3JeMeHT f & D,, ana koroporo Af=g. Oneparop
A-! HasbiBaerca obpamnoim ¥ omepaTopy A. SIcHO, 4TO Da-1=R,,
Ra-w=D,, A'A=I, AA'=]. Ecau oneparop A JHHEHHBIH, TO
o6parHbifi onepatop A~! TOXe JIHHEHHBIH.

2. Teopema Pucca. IlpumepoM JHHefiHOro OrpaHHueHHOro (yHK-
[[HOHA/Ia, 33aJaHHOr0 Ha THJBLOGEPTOBOM HpOCTpaHcTBe FH, siBaseTcA
CKa/lpHOe INpOH3BeNeHHEe: (PHKCHPYyeM IPOH3BOJLHO 3JeMeHT h & H,
torga (f, h) sasasercss (no f) JHHEHHBHIM OrpaHHYEHHBIM (PyHKLHOHa-
JIOM (OrpaHHYEHHOCTb €ro cJegyeT H3 HepaBeHCTBa DyHSKOBCKOro).
BecbMa 3aMeuaTe/IbHO, UTO B BHAE CKaJSDHOTO IPOM3BEJEHHS NPH
HajsiexkaleM BoiGope 4 & H Moxer 6HThH HpencTas/ieH Jo6oH JHHel-
Holl OrpaHHYeHHbll (PyHKUMOHaJ, 3ajaHHB Ha H (MM B cHay m. 1

.
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Ha BCIOAY IJIOTHOM B H MHOXecTBe). A MMEHHO, CHpaBeJIuUBO CJe-
Jylolllee BaXXHOE yTBEpXKJAEHHE.

Teopema 1 (teopema ®. Pucca). [Jas a0bo20 aunetinozo oezpa-
HUHeHHOo20 yHKkyuonara I, 3a0aHHO20 HA 2UAbOEPMOBOM NPOCMPAHCMEe.
H, cyuwjecmsyem eduncmeennnili aremenm h & H makoii, umo daa ecex

feH
L= h. (2)

Ilpn nokasatesnbcTBe 3TOi TeOpeMbl OTPAHHUHMCA CJydaeM cenapa-
6eqIbHOTO THJBOEPTOBa npocTpaHcTBa H (TOMBKO A1 TakKHX HPOCT-
paHCTB Mbl 3TOH TeopeMOH H GYyZEM HOJIb3OBATHCH).

Ilycrs ey, ..., e, ...—-opTonopMHpOBannblﬁ 6asnc B H (oH cyue-

CTBYeT B CHJy Teopemsl 1 § 2), Z frer — pasioxenue B pan Pypoe

14
Hekotoporo 3jaeMeHTa fe H. Tak kak npH p-— oo Z frer —f, TO
k=1

B CHJIy HENpephBHOCTH (PyHKUHOHama [
p p o
1= liml<2 fke,,>= im Y i)=Y ffe (3
P—® \p=| pPo0p—1} k=1
rae hy=1I(ex), k=1, 2,...

14
PaccmorpuM siieMeHT hP= ) e, Tak kak |l (hP)|<<[l]]h?|
E=1

p p
(orpanuueHHOCTb QyHKuHOHaNa [), a [ (hP) = Z Al (ee) = D) (M2 =

=|h?|% To mna Becex p=1 Z |he 2<<||{|2. D10 o3Hauaer, uTO psAx
k=1

Z | Ay |2 CXOZHTCS K Z |he2<<|{|?. B cuay Jemmsl 1 (1. 6 § 2)
k=1

pan D) hue, cxomuTcst B HOpMe mpocTpaHcTBa H K HEKOTOpOMY 3Je-
k=1
MeHTy h & H (h, — kospduunentst Pypre sementa h).
Toacrasasa B (3) f,==(f, ;) U cHOBa MOJIB3YACH HENPEPHIBHOCTHIO
[ee]

dyHkunonana I, mnomyunm paseHctBo (2): [(f)= D) (f, huer) =
k=1

[ee]
= (1. 3, her)= 1. .
k=1
Ecnin Hapsany c npeacraBjeHHeMm (2) ecTb Apyroe HpejcTaBjeHHe

¢ynxkuuonana [: [ (fy=(f, '), To naa scex f= H (f, h—h')=0.
A sr0 o3Hauaer, uto h=~h’. Teopema pokasaHa.
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OrMernM, 4YTO B IHpollecce AOKasaTeqbcTBAa TeopeMel | ycTaHoB-
JeHo HepaBeHcTBO |A|<<||/|. M3 (2) u nepaBenctBa ByHskoBckoro
BBITeKaeT oGpaTHoe HepaBeHCTBO | /| <<|h|. Caenosaresnnho, || =|[A|.

3. Conpsxennniii onepatop. Ilycts H —ruas6epToBO NpoCTpaH-
cTBO, a A —JMHedHbH oneparop W3 H B H, 3anaHHbifi Ha Bclopy
nnoTHoM B H MHOoxecrBe D, (oneparop A, Boofie roBops, HE Npex-
[0JIaraeTcs OrpaHHYEHHBIM).

IMycts D 4» — MHOXKECTBO BCEX 3/IeMEHTOB H3 f, 0o6/afaiouHx cie-
IYIOIHM CBOHCTBOM: 1JIf JiIoGOro g & D 4+ CyIeCTBYeT TAaKOH 3J1EMEHT
h e H, uro npu Bcex fe D, HMeeT MeCTO PaBEHCTBO

(Af, &) =(, h).

MuoxectBo D 4+ — HelmycToe, MOCKOMBKY HYJEBOH 3JIEMEHT IIpo-
cTpaHcTBa H eMy NpHHAJJIEOKHT: NpH g==0 3JEeMeHT A =o.

TokaxkeM, uTo JO60MY 3/1eMeHTy g & Da+ COOTBETCTBYET JIMIIb
oauH sneMent h < H. Ilycrs, HanporuB, HekoTopomy g & D 4+ orBe-
yaloT ABa sqeMeHTa h W h’ w3 H. Torpa pas Beex f =D 4 umeer
Mecto paBeHcTBO (f, A—h')=0, H3 KOTOpOro BHITEKaeT, 4TO hA=~Hh'
(HanomuuM, uto D, Bciogy miaoTHO B H).

Takum o6pasoM, Ha Ds+ 3ajaH onepaTop, OyaeM o003Hayarb ero
yepes A*: KaxXgoMy 3/MeMeHTy g & D4+ CTaBHTCA B COOTBETCTBHE
€IMHCTBEHHBIH 3/eMeHT h= A*g & H Tako#, uTo

Af, e)=¢, A*g9) 4)

s qogoro f e Dy, Onepatop A* HasbIBAGTCS CONPANCEHHOIM K One-
paropy A. MHoxectBo D 4+ Bcex saemeHTOB H3 H, 1jsi KOTOpBIX
BBINIOJIHEHO paBeHCTBO (4) mpH Beex f & D, fBASETCA €ro 06JacThio
OTIpese/IeHH ,

ITycTs g, gs — NPOH3BOJILHBIE 3JeMeHThl H3 Da+, a ¢y, ¢ —JOGBIE
KOMIIEKCHbe YHcaa. Torpa B cuay (4) mis Jmoboro f e Dy

(f, cA*gi+cA*g) =10t (f, A*g)+ca(f, A*ge)=
=7¢, (Af, &)+ (Af, g)=(Af, c1g1+cags).

3710 o03Hauaer, 4YTO C1g;+ €8 =D a+ (T. €. D 4+ — HHeEHiHOEe MHOro-
o6pasue) U A* (¢18, -+ co82) =1A* g1+ c,A*g,. Takum o6pasom, ome-
parop A* — qHMHeAHbIH.

ITycrs Temepn omeparop A orpannueH. B cuay n. 1 ero moxHo
CUHTaTh 3ajaHHBIM Ha BceM npocrpadcTBe H. BosbMeM npoussossweiii
sseMeHT g & H. Jluneiinnifi dyHkunonan [ (f)=(Af, g) orpaHuueH,
nockomsky |1 (f)| <] Afllg]= (| A|lgD|f]. Cornacko Teopese Pucca
(m. 2) cymectByer (eZHHCTBEHHbIH) sneMeHT & & H Tako#, uto [ (f) =
= (Af, @9 =(f, h)=(f, A*g). CnenopareqbHO, paBeHCcTBO (4) HMeer
MecTo Oas eécex g H, 1. e. Dav=H
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Ilokaxem, uro omeparop A* orpa}mq-eu u uro |A*|=|A]. Toz-
craBnss B (4) f=A*g npH npoHsBoJbHOM g & H, mosyuHM

|4%*g*=(AA%g, g)<|A(A%g)|lgl<(Allgh1A*gl.

Tostomy |A*gl<<|Allg|, 7. e. oneparop A* orpannuen u jA*|<
<|A|. TogcraBaaa B (4) g=Af npn moboM f & H, aHaJoOrH4HO
noayunM |A*|==|A|. 3naunr, |A*|=[4].

Hrak, omepatop A*, conpskeHHbi K JHHEHHOMY OrpaHHYEHHOMY
onepatopy A, ompejejeH Ha BCEM IPOCTPAHCTBE, JHHEEH, OrpaHHYEH,
H ero HopMa paBHa Hopme omeparopa A.

Jlerko npoBepHTb, ut0 (A*)*=A, (cA)* =CA* (c — KOMIIEKCHOE
yHceao), (A -+ B)*=A4*4 B*, (AB)*=B*A*.

4, MaTpHyHoe MNpeACTaBJeHHe JdUHEHHOro OrpaHHYEHHOro onepa-
topa. [IpH pokasaresbcTBe TeopeMbl PHcca OBJIO yCTaHOBJIEHO, UTO
JIHHEHHE[H OrpaHHueHHbIH (YHKUHOHAM, 3aiaHHbIH Ha cemapaGe/bHOM
THILGEPTOBOM IPOCTPAHCTBE, MHOJHOCTBIO OMNpEACJAAETCA €0 3Haue-
HHAMH Ha ODTOHOPMHDOBAHHOM GasHce 3TOr0 INpOCTpaHcTBa. AHa-
JIOTHYHO OGCTOHT JEJIO H C JIHHEHHBIMH OrpPaHHYEHHLIMH ONEpaToOpaMH.

Tlycrb A — nHHefiHBIH OrpaHHYeHHHIH omeparop, AEHCTBYIOIUMA H3
cenapaGespHOro ruasbeprosa npocrpaHctsa H B H. Ilyers Dy=H,
aey, .., €, ...—HEKOTOPHIl OPTOHOPMHPOBAaHHHH GasHc H.

Beckoneunyio marpuuny a;;=(Ae;, e;)=(e;, A*¢), i=1, j=1,
OyleM Ha3blBaThb Mampuureim npedcmassenuem onepatopa A B GasHce
1y vovy €ny... TaK Kak (A%¢, e)=ay, i=1, 2, ...,— Koapduuu-
eutsl ®ypoe snemeHta A*e;, TO corslacHo paseHcTBy I[lapceBans —

[ee]

CreksioBa (paBeHctBO (5) m. 7 § 2) psan Z |ai;? cxoguresa M s
i=1
Bcex j=1, 2, ... HMeeT MECTO HepaBeHCTBO

g layP=]A% P <|A*P=] A, )

[ee]

BosbMeM npoH3BOJIbHBIA 3jeMeHT fe& H, H mycts f= Z frer —
k=1
ero pasjioxkeHHe B pax Pypre. Tak Kak snemeRT Af & H, 10 ero
KoappHuHeHTe Pypre

(AhH;=(A4f, el)=<A [Z,I f i €j>= i fi(Aey, e) = i fiay,  (6)

i=1 i=1

j=1,2,... Pan B npaso#l yactH (6) cxomgHTcsi aGCOMIOTHO, NMOCKOJIBKY
OOWMH ero 4YjeH f;a; MaxKOpHpyercss OOLHM YJIEHOM CXOASAILErocs

1
pama (| fil*+!a;|®. ToncraBass 3HaueHHs KosddHuneHToB Pypbe
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[ee]

B pag Dypoe Af = D] (Af);e;, nonyunm

=1
[0} [0}
1= 3 S a)er 7
i=1 \i=1

TakuM o6pasom, g1 -mo6oro f & H snemedt Af & H Moxer GHTb
HajileH N0 [ ¢ NOMOULbIO JIMUIb MATpHUbl (). DTO O3HayaeT, yToO
MaTpuua (a;;) MOJHOCTBbIO ompejessier omepatop A.

Ecnmn (a;) —marpuunoe mnpeacraBienne omepatopa A B 6asuce
e1, €3, ..., a (ajj) — cooTBeTCTBYyIOIEE NpPEACTaBJEHHE COMpPSXKEHHOro
oneparopa A*, To

ajj=(A%e;, e;)=(e;, Aej)=a; ana Beex i=1, j=1.

Omnepartop A HasbiBaercsl KOHEYHOMEPHBIM (N-MEPHbIM), €CJIH OH
OTOGpaXkaeT THIBGEPTOBO NMPOCTPAaHCTBO H B HEKOTODOE €ro n-MepHoe
NOAIPOCTPAHCTBO.,

Ilyets H,—nopmpocrpaHcTBo mnpocTpaHcTBa H, HaTAHyTOe Ha
3JIEMEHTHI €;, ..., €,. [ TOro uToGbl JIMHEHHbIH OrpaHHYCHHLIA One-
patop A mnepesogua mnpocrpaictBo H B H,, Heo6XOZMMO H jocTa-
TOUHO, YTOGH a;=0 paa j>n, i=1. 310 VTBEpPXKIEHHE HeMelyIeHHO
BLITEKaeT U3 paBeHcTB (6) u (7).

5. CamoconpsikeHHble ormnepaTopbl. OnepaTopsl OpTOroHaJbHOrO
NPOEKTHPoBaHud. 3ajaHHHI Ha IHALGEPTOBOM mpocTpancTee H nuneii-
Hplfi orpaHuveHHbii omepatop A u3 H B H HaspBaercs camocomps-
XEHHBIM, ecid A = A*

CamoconpsikeHHOMy omneparopy A MOXHO MOCTaBHTb B COOTBET-
CTBHE 3pMHTOBy OunuHeiinyio dopmy W (f, g)=(Af, g u cootser-
cTByIOIYIO efl KBagparuunyio ¢popmy (Af, f). Otu dopMme HaswiBaloTCA
COOTBETCTBEHHO OuAunelinol U xsadpamuirnol gopmamu onepamopa A.
KBagpaTtnuHasi ¢opma caMOZONMps:KEHHOrO OmepaTtopa BeLIECTBEHHO-
3Haudaa. Ecau (Af, f) =0 ans Bcex f u3 H, T0 caMOCONDSKEHHBIH
oneparop A HasbiBaeTcsi HeompuyamessHoim, HeoTpHuarensHplll one-
patop A HasbiBaercsl nososcumenvroim, ecan (Af, f)=0 Tonpko npH
f=o.

MarpuyHoe npexcraBieHHe (@;;) CaMOCONPSXKEHHOro oneparopa
(B ciyyae cenapaGenbHOCTH: NPOCTpaHCTBA H) 0GaazaeT CleayiomuM
CBOHCTBOM: a;;=dj;, i, j=1, 2,...

[TycTb ey, e, ...— HEKOTODBIH OPTOHOPMHpPOBAHHBIH GasHc cemapa-
GenbHOro ruibGepToBa npoctpaHctsa H, e, ... ey, ...—HeKOTOpOe
€ro cyeTHoe (WM KOHEUHOE) NOIMHOXECTBO, @ €j, ..., €, ...— NOL-

MHOXKecTBO GasHca, JOMOJHHTENBHOEe K BhiGpaHHOMy. OG603HauuM
uepes N’ NOANPOCTPAHCTBO, HATAHYTOE HA SJEMEHTH ¢;,, k=1, 2,

a uepes " —rnoanpocTpaHCTBO, HATSIHYTOE Ha S/EMEHTH ¢;,, k =
=1,2,...Tlognpocrpanctso N’ (") ecTb COBOKyNHOCTD /EMEHTOB NPO-
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cTpaHcTBa H, OpPTOroHajbHBHIX BCEM 3JeMEHTaM e, k=1,2,... (es,,

k=1, 2,..). WUau, uro 10 xe camoe, IIOI[IIpOCTpaHCTBO RN’ (‘J?”) €CThb
MHOXKECTBO BCEX T€X 3/1EMEHTOB H3 H, y KOTODHIX B Da3/OXKEHHsX

B psaapl Pypbe mo Gasucy e, k=1, 2, ..., kKosppunuents Pypne
NpH_s/MeMeHTax e;, k=1, 2,... (e, k=1, 2, ..)), paBHn Hymo
(T. €. COOTBETCTBYIOILLHE YJEHBI B Pa3/IOKEeHHsIX OTcyTCTBy}OT) Ioz-
npocrpaictBa N’ u N” oproroHaneHb, N’ | N,

ConocraBHM NpPOHM3BOJNBHOMY 3/eMeHTy f & H, pasjiokeHHe KOTO-
poro B pan Pyppe umeeT BHA Y, frep, SMEMEHTHI

f'=P'f=kZl fiei =P =kZ figeiy: @)
= =1

Panul B (8) cxomsrcsa B HOpMe npocTpaHcTBa /1 B cHay HepaBeHCTBa
Beccena u nemmbr 1 (nm. 6 § 2), TI09TOMy COOTHOMIEHHAMH (8) na H
3a/lai0TCA  iBa_OnepaTopa P n P Oun nmunefinnl, O6aacTd UX 3Ha-
yeHuil: Rp-=N’, Rpr=N".

Onepatopsl P’ u P" Hasmpaiotcs OIePaToOpaMH OPMO20HAALHO20
npoexmupoearus mnpoctpaictBa H Ha nopmpoctpaHctBa N u N”
COOTBETCTBEHHO (IJIl KPAaTKOCTH, 3TH OmepaTOpel GyJeM HasbiBaTh
NPOeKUUOHHbIMY OTIEDATOPAMH).

ITpoexyuonnoi onepamop oepanuyer u e20 Hopma passa 1. Ieii-

[ee]

CTBHTENbHO, Tak Kak wia Beex feH |P'fi=|f'|P= Y |fi <<
k=1

< f] Ife 2=|f]% 10 | P'|<<1..Ho P’e;, =ey, 3Hauur, |P'|=1.

[MpoeKkuHOHHBIH OnepaTop SBJIAETCA CAMOCONPSIXKEHHBIM, OCKOJIBKY

s mobsix f u hous H (P'f, h)y= <Z fiei, >;k§1 fi, (e, B) =

= Z fi, ‘k_(f P’h).
I/Ia paBeHcrBa (8) BeiTekaer, uto s mwoboro fe H
f=I1f=Pf+Pf, I=P +P, 9

rie PfeNR, PfeR". Tpn stom

IFE=1P'+P'TE=IPFP+IPTE+ @' P+
+(P'f PH=[PFR+IPTE,  (10)

MocKoJbKy RN’ 1 N”.
6. KomnaktHbie mHoxecTBa. [lycTn H — rHan6eproBo mpocTpaH-

ctB0. Muoxecro o/ — H HaspiBaercss xomnaxmusim B H, ecou Jo6as
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(GeckoHeuHas) HOC/AENOBATENbHOCTh €r0 3/eMEHTOB COAEPXKHT (pyHpa-
MeHTa/MbHYyI0 B H mopmoc/ienoBaTebHOCTb.

Jlemma 1. Komnaxmroe MmHoxicecmso 0zpaHu4eHo.

ITyctb o/ — neorpannyenHoe MHOxecCTBO. [loKakeM, YTO OHO He
MOXeT ObIThb KOMIAaKTHbIM. BosbMeM Kako#-HHGyIb ero sjemeHT f!
H ofo3HauWM yepe3 Sy map pagHyca 1 ¢ uentpom B fl, T. e. MHO-
JKECTBO Tex saemenToB | & H, zas Koropuix | f — f1] < 1. Tak xak o#
HEOrpaHHYeHO, TO MHOXKeCTBO 1=\ S; Hemycto. Bosbmem
g/%oI/IBBOJIhHO e, (P—f|=1). Tak Kak ® MHOXECTBO

» HeNycTo, TO CyIeCTByeT Takoit siaeMenT [3 o,
yro |ff—f1|=1, |[°P—f*|=1. Tlpomomxas 3TcT nmpouecc, MOJy4HM
nocJeoBaTeIbHOCTb f*, k=1, 2, ..., saementoB 3 o, yIOBJIET-
BOPSAIOWHMX NpH JMoObIX , j, {7 j, HepaBeHcTBy ||fi—f/|=1. Bra
foc/e0BaTeNbHOCTh He COIEPXKHT HH OfHOH (yHjaMeHTalbHOH NOJ-
nocsenoBatenbioctd. CrnenoBaTenbno, MHoxectBo o He Moxer
OBITb KOMHAKTHBIM.

Jlemma 2. Haa moeo umobor mroxcecmso M u3 Koneuromeprozo
(n-meproeo) eunvbepmosa npocmparcmsa H 6Goiao kKomnaxmro, Heob-
xo0umo u Gocmamouno, 4mobbl OHO OblLAO 02PAHUMEHO.

Heo6x01UMOCTh OrpaHHYEHHOCTH BHITEKaeT U3 JieMMmbl 1. JloKaxkeM
ee J0CTaToyHOCTh.

B cuny orpannyennoctd Muoxkectsa o | f|<:C nas seex f < o/,
[Tostomy Kosdduuuentt Pypre f;=(f, ¢), i=1, ..., n, pasnoxe-
uus f=fie;+...+ .. MpousBosbHOTO 3eMenta f e *) ynoBJe-
TBopsitoT HepasenctBaM |f;|=!(f, &)|<<|f||e|=|f]|<C. Cnenoma-
TeJbHO, /A J0OGOH mnociaenoBatenbHoctH f%, k=1, 2, ..., sneMen-
toB us o/ nocnenoBatenbHOCTL n-MepHbix BekTopos (ff, ..., %),
k=1, 2, ..., rae ff=(f, e;), orpannuena. ITo Teopeme Boabunano —
BeifiepiuTpacca H3 Hee MOXKHO BHIGpaTh ByHIAMEHTA/bHYIO MOAMNOC/E-

kR R
JOBaTeNbHOCTh ( IR fnS), s=1, 2,

k k|2
If‘s—f‘P

k k k
CootserctByiomas  NOANOCAEAOBATENbHOCTb  f's = fise +...+f se,,
s=1, 2, ..., pynnamenrasbHa B H, NMOCKOJbKY

flepnzz‘lffs—fiplz-i-...—i—lffls—f:plz»o npu s, p—»00.

YTBepKieHHe NOKa3aHo.

7. TeopeMa O KOMNAaKTHOCTH MHOXECTB B cenapalejdbHOM IHJlb-
GeproBom npocrpancTBe. Ilyctb H — GeckoneuHoMepHOe cenapa6esib-
HOE THJABGEPTOBO MNpPOCTPAHCTBO, A €5, ..., €4y ...— €O OPTOHOPMH-
poBaHHBIH 6azuc.

Tlpexxje BCEro 3aMeTHM, YTO He BCSAKOE OTPAHHUYEHHOE MHOMKECTBO
u3 H xomnaktHo. Hanpuwmep, /mo6oe orpanHueHHOE MHOXKECTBO, COAep-

f:p\2—>0 HOpH S, p—0Q.

*) Flo nekoTopOMy OPTOHOPMHPOBAaHHOMY Gasucy ey, ..., €.
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JKallee OPTOHOPMHPOBAHHBIA 6Ga3Hc, HEKOMHAKTHO, Tak KaK M3 Iocje-
JOBaTeJIbHOCTH €, k=1, 2, ..., B CHJy paBeHCTBA ||e,-——e,-|I=V2,
{ # ], Hesb3sl BbIIEJHTb (yHJAMEHTAJbHOH HOANOC/IEIOBATEIbHOCTH.,
B uactHoctn, MHOXectBO {|f|<< 1} (3aMKHyTBIi €IHHHUYHBIH Liap) B
6eCKOHEeYHOMEPHOM HPOCTPAHCTBE HEKOMHAKTHO.

Obo3nauuM yepes P, NpoeKUHOHHBIA onepaTop, otrobpaxaromuii
Ha 7-MepHOe MOANpPOCTpaHcTBO H,, HATAHYTOE Ha 3/eMeHTH €y, ..., €q,
H nyctb Pp=1—P, [na mo6oro fe H u npousBosabHOro n=1
HMeeM (cMm. (9))

f=Paf + Pxf, (11)
rae Pif= Zn_‘, frenr Pif = f_‘, fver. V3 (11) BbiTeKaet, uyTO
k=1 ) k=n+1
IFI2 =1 Paf [+ | PaF P (12)
rae | PAf|t = Zn_‘, [fel?, | Paf IR = i‘, |fe|2. 3uauut, paa Jmo6oro
feH ‘{I/ICJI(’;:alﬂ HOCJIe,Z[OBaTeJII,jI:I:OnC{’I-‘Ii |PafI% n=1, 2, ..., MoHO-

TOHHO He BO3pacTasi, CTPEMHTCS K HYJIO NMPH A — 0O,

Teopema 2. [aa moeo umobs: mroscecmso @ < H (H — cena-
pabeasroe euivbepmoso npocmpancmgo) Obia0 KOMRAKMHbIM, Heobxo-
Oumo u 00cmamouno, 4mobbl OHO GblA0 02PAHUMEHHOIM U OASL 8CAKO20
}a>0 cywecmeosans makoti Homep n=n(g), umo |Pnf|<<e daa ecex

= M.

Ipyrumi cioBaMH, A1 KOMIAKTHOCTH MHOxectBa o Heo6xo-
IHMO H JIOCTaTOYHO, YTO6bl OHO GbLIO OTpaHHYEHO H «MOYTH KOHEYHO-
MepHO».

HoctatounocTs. Ilyers |f|<<C mns scex fe o, BosbMem
NPOU3BOJIBHYIO NOCJenoBaTeIbHOCTD f%, k=1, 2, ..., 5/IeMEHTOB H3 .
Tonoxum e=1, toraa |P;f*|< 1 aasa scex &, rae ny=n(l). Tax
KaK | P ft|<<|f*|<<C nmna Bcex k (P, u3s (11)), To MHOXecTBO
Puff, k=1, 2, ..., ecTb OrpaHHYeHHOE MHOMECTBO f;-MEDHOTO MpO-
crpancrBa H,,. Tlo nemme 2 (nm. 6) M3 HEro MOXHO BBIIENHTH (yHIa-
MEHTaJbHYI0 NOANOC/AeN0BATENbHOCTb, @ H3 NOCJAeHel — NoANocae0-

BaresqbHOCTh Pp fls, s=1, 2, ..., o61ajaiouyio CBOACTBOM:
| PrfYs— Prfb?|<<1 aas Bcex su p=1. Toraa aas moxmocsaenoBa-
TenbHocTH fl1, ..., fls, ... B cuny (12) nMeeM HepaBeHCTBa

|3 = fl o[ | Pift- — Phft 2| Prf — Pifh o<
<1+ (|Paf |+ Prfh*I)* <5,
cnpapensuBble /1 BCEX p H S.

[To e=1/2 BosbMeM uHCiO ny=n(1/2). TlocaenoBaTeqbHOCTH
Pofbt, ..., Ppfs, ... npHHagaexHT H, W OrpaHHyeHa; CJaeioBa-
TeJbHO, H3 Hee MOXHO BBIIENHTH MOAMNOC/ENOBATENBHOCTb Pp f% 3,
s=1, 2, ..., ma Kotopoit | Ppf%s — P, fo7|<<1/2 pna Beex p, §.
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B caury (12) nmeent | f2.5 — f20 [E— || Py,f2 s — Py j2 o2 Pjf s —
—Pp f2r|*<<1/4+4/4=5/4 npu Bcex s, p; U T. A Haa e=1/i
Haiinem m;=n(l/)) ¥ H3 mnoanocaenoBaTeNBHOCTH Prfi—hs, s=
=1, 2, ..., BBIEIHM I[OANIOCJEN0BATEIbHOCTD P;‘,f"' s, s=1, 2, ...,
TaKylo, YTO “P;if"rS—P;ifi'P\\é 1/{ npu Beex s, p. Haa mommocse-
nopaTesibHOCTH f 5, s=1, 2, ..., uMeeM B cuay (12) |f-s—forP <
<< 1/i®1-4/i* =5/i® npu Bcex s, p.

Jluaro”asbHasf mocjenoBaTeIbHOCTD [ 5, s=1, 2, ..., ABJAserca
HOAIIOCAEA0BATENbHOCTBI0O HCXOLHOH MOC/IeN0BATeILHOCTH, H A/ Hee
|fe-2 —fs.s|<<5/i* pas Bcex p, s==i, T. e. oHa (yHIaMeHTa/bHa,

Heo6xogumocTb. Heo6xoquMOCTh OrpaHHYEHHOCTH MHOXKECTBa

IOKasaHa B JeMMe 1 (1. 6). IlokaxkeM Heo6XOZHMOCTb BTOPOTO
YCJIOBHSI TEOPEMBI.

[lycts o/ xomnmakTHO, HO, TeM He MeHee, CYIIECTBYET TaKoe
go>>0, uto n1s Bcskoro n | Pnf| =g, npu Hekotopom f* & o,

Bosbmem npoH3BosbHO 15, MO HeMy HalgeMm [ < TaKoOH, 4To

nf|=¢, Ilo saemeHty f* BbIGEpeM TaKoe YHCJO fy > M, UTO
| Prfmll <<ey/2 (370 MOXHO caesnaTh, MO0 AJst J0GOro (PHKCHPOBAH-
Horo f e H | Pif|—0 npu k— co). Tlo n, BbiGepem f: = TaK,
uToGhl | P fr)|=g. Tlo f*: Haxomum ny Tak, uToGHl | Py f™| << g6/2,
H T. 1. Takum 06pasoM, Mbl JOJYYHJIH [OC/EIOBATENbHOCTEL [k,
k=1, 2, ..., 5JeMEHTOB H3 , AJs1 KOTOPOH BBHIMOJIHAIOTCS Hepa-
BEHCTBA

: HP;,‘.fnk == &y, \ '<80/2-

:k-uf "

" [ToKaxeM, uTO 3Ta MNOC/AENOBATEJNbHOCTb HEe MOXET COHEpXKarTh
¢byHaaMeHTaIbHOH  MoAnOC/enoBaTeNbHOCTH.  [leficTBHTEIBHO, 44
Jo6blx k>s B cuay (12) ¥ moHoTOHHOCTH TNO n QyHKuuH | Pif|
HMeeM

If7e — s [P = P, (7" — ") + | Pr, ("¢ — 1)
=P, (" — fro)f = ([Pa | = Pas [ =
= ([P | —lPi 1" ]) > (eo—ew/2)? =ei/d.

22

5+1

Canexcrsue. Iyers o/ —muoXecTBO H3 cenapaGesbHOrO THJIb-
GeproBa npoctpaHctBa FH. PaccMOTpHM HeKOTOpoe ceMeHCTBO MHoO-
wectB ¥, H, >0, obranawouux CJIeIYIOUHM CBOHCTBOM: ISt
moboro f & oM s xaxnome¥,, £ > 0, Haiinercs TAKOM 3/1€MEHT f'=Ff(9,
yro |f' —f|<te. Ecau 0rn Hexomopoil nocaedosamenvrocmu g, —»0
npu k—co, &,>0, ece mnoxecmsa Me, xomnaxmuol, mo oH rom-
nakmo.

BoabMeM npoH3BO/IBHOE €, H3 3TOH MOCJENOBATENbHOCTH. B cHiy

KOMNaKTHocTH MHOxKectBa ©fle, Haiimerca Takoe n=n(g,), uTO
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| Prf| <& mos Beex feofle,., Ho torma ans mwboro fe o
1Paf 1=\ Pr F—F') + Paf | <| Pn(F— ') |+ Paf | <|F — F' |+ e<2ee,
ecau f' W TakoHl 3/eMeHT u3 m"'k’ yro ||f —f'|<<e&.. Tak kak g,—0,
TO B cHJIy TeopeMul 2 MHoxectBo o/ KommakTHO.

8. Cna6asi koMnakTHOCTb. MHoxectso o/ wus ruib6eprosa mpo-
cTpaHctBa H HasbiBaeTcsl cAab0 KOMRAKMHLIM, eClld U3 JioGoH (Gec-
KOHeuHOfi) HOC/IefOBATEIBHOCTH €ro  3JEeMEHTOB MOXKHO BHIGpATh
TMOAMNOC/e10BATENbHOCTD, CJA60 CXOAALIYIOCST K HEKOTOPOMY 3JeMEeHTY
us H (He o6si3aTesbHO NpHHALIexameMy MHOxecTBy o),

Teopema 3. Jwboe ozpanuvernoe nodmHoxicecmeo 2urvbepmosa
npocmpancmea caabo KOMRAKMHO.

Ha camoM pene, orpaHHueHHOCTb MHOXECTBa He TOJNBKO 1OCTa-
TOYHa, HO H Heo6xojiMa AJs1 ero cjaGofi KOMIAKTHOCTH. Mbl He
6yneM, OIHAKO, OCTAHABJIHBATLCS HAa JOKAa3aTe/bCTBE HEOGXOIHMOCTH,
a JOKaXeM JIHIIL JOCTATOYHOCTb OTPAaHHYEHHOCTH B CJyyae cemapa-
6esIbHOrO THJALOGEPTOBA MPOCTPAHCTBA.

[ycte e,, k=1, 2, ..., —HeKOTOPBIHi OPTOHOPMHPOBAHHBIA Gasuc
H, a o — orpannuentHoe MHOxecTBo B H: |fl=<C nas Becex [ = oM,
BosbMeM NpOHM3BOJIBHYIO NOC/EN0BaTeNbHOCT ¥, k=1, 2, ..., H3 oM.
Tax kak pgns Beex k |f*|<<C, TO uMci0Basi NOC/J€10BATENLHOCTD

(f*, e1), k=1, 2, ..., orpanuuena: |(f*, e;)| <<|f*|le:1]|<C. IMosromy
H3 HocjefoBatesbHocTH f%, k=1, 2, ..., MOXHO BLIAEJAHTH IOJMO-
caejoBaresbHocTh f1*, k=1, 2, ..., 1A KoTOpoH uMcaOBasA mocJe-

zoBaresbHOCTh (fl: %, €;) cxomuTcs K HekotopoMmy 0! (fl:%, ;) =0
npu k—co. Yucjosas mnocaegoBatesbHocTh (fl %, e;) Takxke orpa-
HHYeHa. 3HayHT, H3 NocaeqoBatesbHOCTH fL % k=1, 2, ..., MOXHO
BBIIEJNHTE IOANOC/HENOBaTebHOCTL f2 %, k=1, 2, ..., a3 KOTOpOH
YHC/I0BAS IOCJAEN0BATeBHOCTD (f% %, €,) cTpeMHTCS K HEKOTOPOMY O,
npu k—>oo, H T. I.

TTokaxkem, uTO jguaroHa/jbHast MoOCJAeNOBaTeNbHOCTb [* %, k =
=1, 2, ..., aBasercs cjabo cxoiswmeiica. [Ipexne Bcero orMerHM,
yro pas Jmoboro s=1 (f**, e)—os; npu k—oco. [lostomy npH
JoboM m =1

m

m m
(fk-k, > oiei>= D Gi(fak, e)— X |o;* mpn k—co.
i=] [==<1

i=1

2 m m

<|ft*PR Y o [*<<C? ¥ [oif%, ToO

i=1 i=1
e

Tak Kak

> 10;2<C? a1a moGoro m=1. CrenoBareibHO, Mlot<C

i=1 i=1
o0

B cuny nemmer 1 u3 n. 6 § 2 psn Z 0:¢; CXOEUTCSI K HEKOTOpPOMY

i=1
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[oe]
anementy fe H, npuuem |f[2= )] |o; 2. [lokaxewm, uto mocsezosa-
i=1

TejbHOCTh f* %, k=1, 2, ..., cna6o cxomuTcs K f. >
[Tyctb g — npousBosbHBIA 31eMeHT H3 H. BosbMeM mpom3sBoOJibHOE
[oe]

e>0 u BuGepeM Tak uHcaO S=s(g), uTo6b D, |gi[*<<e% Co-
[=s-}1

rjacHo o6obueHHoMy paBeHctBy IlapceBanst —CreksnoBa (paBeHCTBO

(®') m. 7 § 2) uMeem

(7> #—f, @)= '21 (7% e)— o) gi|<
< X (%4 e)— o]+ g |+
i<
+ 3 s allal+ X allal (19
ITpu srom A -t
( > |Ut|'|gi!>2< > ol D lar<|fI?-et
i=s-1 (=541 i=s41
(E |(F*- *, et)!!gt|>< YRR e Y gt <Ct
i1 i=st1 1=s41

B cugy onpeneneHust unces O; U NepBoe cjaraeMoe npasof yactu (13)
MOXeT OBITb CAEJAHO <C€, €CIH k==Fk,(g) NMpPH HEKOTOPOM R, (g).
Mostomy |(f**—f, g)l<<e+e(C+|fl) s k=ky(e). Teopema
J0Ka3aHa. _

9. Brnonne HenpepbiBHbie omnepatopbl. IlycTe H — rusip6eptoBo
npoctpanctBo. JluneliHmit omepatop A u3 H B H, 3apanHmit Ha H,
HAa3bIBAETCS BMOAHE HenpepbisHbim, €CJAH OH IepeBOIMT Jo6oe orpa-
HUUEHHOe MHOXEeCTBO B KOMIIAKTHOe MHOXKECTBO.

Ecau omepatopet A; u A, Bro/jHe HempepelBHBI, TO MPH JIIOGBIX
NOCTOSIHHBIX ¢; H ¢, onepatop c¢;A;-+c,/; BHOMHEe HempephiBeH.
Ecnn oneparop A BnosHe HenpephiBeH, a 3ajaHHbiii Ha H oneparop B
orpaHnued, To oneparopul AB W BA BHoaHe HelpepbIBHHI.

W3 jgemmbl 1 (1. 6) BbiTeKaeT, YTO BIIOJIHE HENpEPHIBHHIA onepa-
Top orpannuyed. OIHAKO He BCAKHA OrpaHHYeHHBIl ONepaTop BHOJIHE
HenpepriBeH. Tak, HanmpHMep, efMHHYHBIR onepaTop /, AeHCTBYIOWIHH
B 6GeCKOHEYHOMEpPHOM TH/IBOEPTOBOM NPOCTPAHCTBE, BHOJHe Henpe-
PHIBHBIM GBITH HE MOXKET, TaK KAaK OH MepeBOIHT HEKOMIAKTHOe orpa-
HHUEHHOE MHOJKECTBO — OPTOHOPMHpOBaHHbIH 6a3Hc — B celsl.

KoneunomepHbii orpaHHyeHHLIi oOnepaToOp BIOJIHE HerNpephIBEH.
dto caenyer H3 Jgemmel 2 (m. 6). CroepyrolHii KpHTepHH sBJjsercs
HENMOCPENCTBEHHBIM OGOGIIEHHEM 3TOTO yTBEPXKAECHHSA.
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Teopema 4. [Hdaa mozo umobvt 3adannbil Ha cenapabeibHom
auavbepmogom npocmparcmee H aunednoui oepanuvennsili onepamop
A us H 6 H 06bwa 6noane HenpepoigHoim, Heo6xo0uM0 U G0CMAMO4HO,
umobb. 0as 06020 €>0 moxcHo Obiao Halmu makoe yeaoe 4ucA0
n=n(e) U maKue aunelinvie onepamopot Ay u A,, A,—n-mepHoid,
| Az <<e, umo

A=A+ A, (14)

Taknum o6pasoM, BnoJHe HeNpephiBHbie ONEPaTOpbl —3TO Olepa-
TOpBI «NOYTH KOHEUHOMEPHBIEY.

Heo6xoaumocth. B cuay (11) (eMm. n. 7) ana moboro f & H
H Jjoboro n >0 HMeeM paznoxeHHe

Af =PrAf+ PrAf  (A=PrA+ PrA). (15)

Tak Kak A BI‘IOJIHe HenpepsiBeH, TO N0 Jo6oMy &>>0 MOXHO Hail-
T Takoe n=n(e), uto |PpA|=<<e. HelicTBHTENbHO, B CHJIy TeO-
pei 2 | PaAF| =[] PaA (/|FI=<<elf], nockomsky us orpann-
yeHHOCTH MHoxectBa {f/|f|} ClefyeT  KOMNAKTHOCTb —MHOXeCTBa
{A¢F/IF)}. Tax kak onmeparop P,A —n-mepHblft, TO HEOGXOXHMOCTD
JloKa3aHa.

HocrartouHoctsh. Ilyers f*, k=1, 2, ...,— npousBojbHas
orpaHHYeHHas mocsaenoBareabHocTs H3 H, |ff|<C, k=1, 2, ....
TTokaxkem, uto H3 mocjefopareqbHocTH Aff, k=1, 2, ..., MoXxHO
H3BJeub (yHIAMEHTaJbHYI0 mNoanocjenoBaTesbHocTh. YHcna €>0
6yneM 6paTh H3 MHoXectBa {1, 1/2, ...,l/i, ..} n gna e=1/{ Haiizem
n;=n(1/i) u onepatoper A! u A! takue, yro A=A+ AL, A! n,
wepiu ¥ [ 44| 1/i. TorsaAf]=]4 - A d<lAl+ A< 4]+
MmuoxectBo Aif*, , 2, ..., — OrpaHHYeHHOe MHOXECTBO nl-MepHoro
HpOCTPAHCTBA, noaTomy (meMma 2 H3 0. 6) H3 Hero MoOXHO BHIOpPAaTh
¢dyHIaMeHTaJabHYl0 Noamocaenosatesbhocth AilfLk, k=1, 2, ...
[NocnenoparenvHocts f1*, k=1, 2, ..., npH 3ToM obiagaer CBOH-
crBom: | A4 <<|AL|If**] =< 1-C. TlocaenosarenbHocTb Aifi*, k=
=1, 2, ... ,—orpaHuyeHHas NOC/JeLOBaTeJbHOCTDb Hy-MEPHOTO MpOCT-
paHcTBa. CnenosaTeJIbﬂo, cywecTsyer ee ¢yHaaMeHTa/jbHasi MOAMNO-
caefoBarenbHocth A%42k k=1, 2, ..,. TIpu sToM BBINOMHSIETCS

hepasenctso | A4 <| AP <5 -C, 1 7. A

IlnaroHanpHass mnocaepoBareqbHocTh fUo1, f22, ..., OueBHIHO,
o6/ajaeT CjAelyIOLHMH CBOACTBAMH: Noc/iefoBatenbHocTh Aiftk kb =
=1, 2, ...,—dyHnamMeHTanbHas A go6oro i, Tak Kak 1aa k=i

fe+  saBasiioTcA  3JeMeHTaMU 110C/1e/I0BATe/IbHOCTH fr k=1, 2, ...
Kpome toro, |Aifs#| << C/i nns Bcex (. Ilokaxkem, uyTO mnocsenoBa-
TenbHOCTE Af**, k=1, 2, ..., dyHnamentanbHa. BosbMeM mpoHs-

BojibHOe €>0 H q)HKcnpyeM i>1/e. Torna B cuay ¢yHIameHTa/Ib-
HOCTH TnocaefoBatenbHoctd Aiftk, k=1, 2, ..., npH JIOCTaTOYHO
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6oJbILHX R, S HMeeM

A — Afes | | AL (2 — ) | ] AL (% = o) =
< et Alfrr |+ Affe| < e+ 20K < (1420 ¢

Yro H TpeboBasOCh YCTAHOBHT.
U3 Teopembl 4 BbiTEKaeT, B YACTHOCTH, C/efylollee NpenaoXkKeHHe,
Iycme A —3ad0annbii Ha 6cem  cenapaberbHom  2usbbeprosom
npocmparcmee H enoane Henpeposnbii. auneiinsii onepamop us H
8 H. Toeda u conpscennnlli K Hemy onepamop A* enoaue Henpepoise.
HelictBUTENBHO, TNpencTaBieHue (14) mopoxpgaer mnpencTas/jeHHe
t+ A%, roe |Af|=|A.|<<e CnenoBatensHo, chopMyaHPO-
BaHHOe yTBepxKAeHHe GyneT AOKa3aHO, ecjaH IOKa3aTh, YTO ONEparTop
At — KoHeyHOMepHBIH,
[Tycte R4, — n-MepHOe NOANPOCTPAHCTBO MpocTpaHcrea H, a ey, ...
vey e,,—ero opTOHopMHposaHHmﬁ 6asuc. Torma pas Juoéoro feH

Af = Z (Asf, &) e;= Z (f, Ate)e. Tlostomy npn /OObIX f H g

i=1 {=1
3 H umeem

=1

(A, )= ; a1 z:giAlei),

¢, Atg)=(Af, g)— (f z:giAle)

i=1

Crneposarenbio, 1aa Beex g = H Afg= )] g;Afe;. 210 u osnauaer,
i=1

uT0 R4y €CTb MOANPOCTPAHCTBO, HATAHYTOe Ha sneMentsl Afey, ...
., Ate,, T. . ABJAAETCS KOHEUHOMEPHBIM.

§ 4. JluHeliHble ypaBHeHHS B THJILOEPTOBOM MPOCTPAHCTBE

Pesyabratel 3TOr0 nNaparpaga cnpaBeiJHBbI B Caydae Jo60ro
GanaxoBa npoctpaHctBa. ONHAKO Mbl OrPaHHYUMCH pAaCCMOTPEHHEM
cayuast Juiib cenapabesbHoro rujbfepToBa mpocrtpaHerBa H.

1. Cxkumaromuii nuHeHHb omnepaTop. 3anaHubii Ha H JHHell-
Hbilt oneparop A u3 H B H HasbBaercs cocumaioujunm, ecin |A | <<l1.

Jemma 1. Ecau A — cocumarowuti onepamop us3 H ¢ H, mo
cywecmsyem 3adannnii Ha H onepamop (I—A)-' us H 8 H, npuyem

10— 4 |< =1y

Hns pokasatenbcTBa PAacCMOTPHM ypaBHEHHE

(I—A)f=g | S




§ 4] JUHEMHBIE YPABHEHHS B TUJIbBEPTOBOM TPOCTPAHCTBE 87

H TIOKaxeM, 4YTO IpH JI1060M gEH €IHHCTBEHHLIM €r0o pelleHHeM
ﬂBJIﬂeTCﬂ pemieHHe, NOpPEACTaABJSAEMOS CXOAALIHUMCS B H psiaoM f=

= L Arg (A0=1).
aTOT pan CXOI[HTkﬂ HOCKOJIbe HpOCTpaHCTBO H nonnoe u yac-
THYHBIE CYMMbl DA Gp= Z Akg o6pasyloT (yHIaMeHTaJbHYIO

k=0
MOCJ/IEN0BATENBHOCTD: TIpH p>m

Ilgp—gm'II=IIA”g+---+A'"“gtt<llA”gll+ AT g <
<|gl (1Al +... Ilglll_”,,,,—>0 npH M, p—» 0.

Onement fe H ectb peweHue ypaBHeHus (1), tak kak (I —A) f=
=(@g+A4Ag+...)—(Ag+A%+...)=

D10 pelueHHe eXMHCTBeHHO. JleHCTBHTENbHO, MYCTh CYIIECTBYIOT
nsa peweHHst f; H f; ypaBHeHus (l). Torza saemeHt f=f;—f,
ABJSIeTCSl pelleHHeM onHopopgHoro ypaBHeHusi f= Af. Tlosatomy nas
Hero BhinosiHsAercst cootHoweHHe ||f |=| Af |<<| A|||f]. CnenoBaTtennHo,
f=o0, 1. e fi=F.

Takum obpasoM, omepaTtop (/—A)~! cymecTByer, onpeneneH Ha
BceM H, u tak kak |(/—A) g|=|g+Ag+ ...+ A"+ .. |<
<[gld+]A|+...) = lﬂg” IJsi Bcex g < H, T0 OH OrpaHHYeH H

4l
[(1—A)-1| <1—_—I”A¢” JlemMa jokaszaHa.

3aMeuyanue. B npegnonoxkenunx jemmbl 1 cymectByer Takxke
orpaHnuyeHHbl oneparop (I — A*)~1, nockoabky |A*|=|A|<<1.
Ipu stom (I —A*)-1=[(I— A)~Y]*.

[as nokasarenbCTBa NMOC/IENHETO paBEHCTBA BO3bMEM MPOH3BOJb-
Heie f H g’EH H TOCTPOHM HO HHM (nemma 1) Takne fu g=H,
uro (I —A)f=F, (I—A*)g

Tak kak f=(—A)"1f o g=({—A*-1g’, 10 paBeHCTBY
(I—=A)f, g)=(f, (I—A*) g) MoxHo npHaath Buz (', (I — A*)-1g) =
= (I —A)"Y, &), oTKyla H cienyeT HyXHO€ HaM PaBEHCTBO.

2. YpaBHeHuWe ¢ BIOJIHE HENPePLIBHEIM onepatopoM. PaccMoTpuM
ypaBHeHue (1) 6e3 npennosioxkeHHs: 0 MajJoCTH HOpMbI omeparopa A.
Bmecto storo Gysem cuurtaTh, uTo omepatop A BOJHE HENpepbIBeH.

C nomopbio TeopeMbl 4 u3 n. 9 mpembigymero naparpada ypas-
HeHue (1) MoxHo mepenucats B Buge (I — A;)f— Aif=g, rie one-
patop A; —n-MepHbil, a | A;|<<e<< 1. O6o3nauum (I — A,) f uepes .
B cuny aemmbr 1 onepatop / — A, umeeT 3anaHHuiii Ha H orpanu-
ycHHbIH 06paTHbifl onepatop (I — A,)~ Y

(I—Ay)f=h, f=(—A)"h ' 2
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YpaBHenue (1) a1 A nepenuiercs B BHIE

h—A(I—As)th=g. 3)
[Tycte A* — conmpsikeHHbI K A oneparop. YpaBHeHHe
(I—A*)[*=g* (1%)

HaspiBaercsi conpaxcernvim X ypasHeHuio (1). M3 paBenctsa A = A4, +
+ A, umeem A*=Af+ Af. B cuny 3ameuanusi K JjemMe 1 omepa-
Top (I —Af%) wnmeer 3amaHHBIi Ha f orpaHuuYeHHBIH O0G6paTHBIA

(I —Afy 1 =[(I — A)" )%,
(I —A%)-1g*=2z*, g*=(I—A}z* (2%)
YpaBHenune (1*) mMoxHO mepenucaTth B BHIC
(I — A f* — Arf*=g*.

[Mpumensas x Hemy omnepatop (/I —A%)~!, noayuum >KBHBaJeHTHOE
ypaBHeHHe

o= = Ay 1]Aife =27, (3%

B KotopoM omepatop [(/ — As)-1]*AT saBasieTcs conmpsiKeHHbIM K olle-
paropy A;(I—A,;)"! (B ypaBHeHuu (3)).

Oneparop A, (I — Az)~', oueBHIHO, n-MepHBLIH, MO3ITOMY €ro Mar-
puuHoe INpeicTaB/]eHHE (a;) B COOTBETCTBYIOUIEM OpPTOHOPMHDPOBAHHOM
Gasuce e, k=1, 2, ... (MOANPOCTPAHCTBO, HATAHYTOE HA 3JMEMEHTHI
€1y ...» €y, COBHAZaeT ¢ Ra,— a,"1), obnagaeT CBOHCTBOM: a;;=0
ma i=1, j=n+1 (cMm, n.4 § 3), npuuem u3 dopmyast (5) n.4 § 3
clepyeT, uTo Ajsa Joboro j

3 lay P <] Ay (1~ AP

=]
YpaBnenue (3) cornacHo copmyae (7) u3 m.4 § 3 MoxHO mpezncra-
BUTb B Buae Y he;— MY hajye;=Y gje;, SKBHBAICHTHOM B CHJY
i i i

JIHHEHHOH He3aBHCHMOCTH CHCTEMBI g, €y, ... are6panyecKoil cHCTEME
ypaBHeHHH 1151 Kox(pduuueHtoB Pypbe hy, ..., Ayy... HCKOMOrO
snemMeHTa h:

hj— Z aili=gp j<<n, h=g; j>n
i=1
Tak kak kospduLHEHTH h; AN j=>n H3BECTHBI:
hy=gp j>n, 4)

TO HOCJAeIHsIsT CHCTEMA = CBOJUTCA K CHCTEMCE - aﬂreépanqecxnx
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ypaBHEHHUH
b~ ai=g+ Y oygn  j=1,...,n, )
=1 {=n+41

AN ompeneneHus hy, j<<

AHasnor iuHbIM oépaaoM, ypaBHenue (3*) MOXHO S5KBHBAJEHTHO
3aMEHHTb a.nreépanqecxon CHCTeMOH Aas omnpeneneHusi KosbduuueH-
toB ®Pypee ff, j=1,2, ..., aleMeHTa f* uepes KoappuuuenT Pypoe
g, j=1,2, ..., saemenra z*=(I—A¥f)"1g*. Tlpu stom m1a f},
j<<n, nonyuum JuHefiHYl0 anre6paHyecKylo CHCTEMY

_I'iﬁ=z7v ] I, ... y Ny (5*)

h

fi—

1
a ff, j>n, ompexensioTcss OIHO3H4yHO uepe3 ff, j<<n, dopmyaamu

—d+ Y af,  i>n (4"

i=1

3. Mepeasn Teopema Ppepronsma, Martpuubi cucreM (5) u (5%)
ABJISIIOTCS  3PMHTOBO COMpshKEHHBIMH. Cliel0BaTe/IbHO, MOLYJH OMpe-
JenuTesieil 3TMX MaTpul paBHHL. ITosTOMy ec/iiu OfHA H3 THX CUCTEM
paspeinuMa mnpH JIOOGGM CBOGOJHOM 4JIeHe, T. €. COOTBETCTBYIOLUH
ONpeNeuTeNb OTJIHYEH OT HyJA, TO M Apyras obnanaer 3TuM CBOH-
CTBOM, M peineHHs 3THX CHCTeM ONpeje/sioTcsl ofHo3HayHo. B yact-
HOCTH, peileHHs COOTBETCTBYIOUHX OJHOPOAHBIX CHCTEM — TOJILKO
HyJeBble. Mau: ecin opHa H3 OJAHODOAHBIX CHCTeM (D) HJH (5*)
HMeeT JIHHIb HYJeBOe pelleHue (CJeN0BaTebHO, COOTBETCTBYIOU{HI
onpejeauTeNb OTJHYEH OT HyJs), TO TeM 3Ke CBOACTBOM 06Jajaer u
Apyrasi; nmpu 3ToM cucTembl (D) u (5%) paspemmMbl (OLHO3HAYHO)
npu JoObIX CBOGOLHBIX UY/i€HAX.

Tem xe cBoficTBoM o6nanaior U ypaBHeHus (1) u (1%).

HeiictButesqbHo, nycTb ypaBHeHue (1) (mam (1¥)) paspemumo
npu Jwbom g (uiu g*) w3 H. Wau, uto B cuny (2) (wau (2%)) to
Ke camoe ypaBHeHHe (3) (mau (3*)) paspeimumo mpu JJoGoM g
(anu 2*) w3 H. B uvacTHocTH, OHO paspewiuMo u A JOGOro g
(a1 2*) M3 MOANPOCTPAHCTBA, HATSAHYTOrO Ha 3JMEMEHTHI €, ..., €.
CrniepoBaresibHO, cucreMa ypaBHeHH# (D) (uau (5*)) paspemmMa mpu
moGoii npaBod yactu. To eCTh ompenenuTeNb CHUCTEMbl OTJIMYEH OT
HyJsi, U OLHOpOAHbe cHcTeMbl (5) u (5*) HMEIOT TOMbKO HYJ/IEBbIE
pemenusi. Torna B cuay (4) u (4*) omHopopHbie ypapHeHus (1)
(1*) uMeloT TOJbKO HYJIEBHIE DEIICHHS.

O6paTHO, MycTb OAHO H3 OAHOPOAHLIX ypaBHeHu# (1) wiaum (1%)
HMeeT TOJbKO HyJMeBog peineHue. Toraa COOTBETCTBYIOLiAsS OLHOPOX-
Has cucteMa (5) uau (5*) umeeT TosbKO HyJepoe peuieHue. Ciefo-
BATE/bHO, ONPENENHTENTH OOeHX CHCTEM OTJIHYHBI OT HyJas, To ecTob
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HeonHOponHble cucTeMbl (5) H (%) (omHO3HAYHO) paspeiuMbl NpH
JIOGHIX CBOGOAHBIX useHax. A Torza B cuny (4) u (4*) (oAHO3HAYHO)
paspemiMpl NPH JIOObIX CBOGOAHHX Y/JeHaX M3 H H yp BHeHus (1) u
(1*). 3uauur, cymecTByioT o6paTHHe onepatophbi (I — A)~1u (I — A*)!
3ajaHHble Ha H.

ITokaxeM, 4TO 3TH ONEPATOPH OrpaHHYEHH,

[Tyctsb cucreMa (5) oqHO3HAYHO pa3peruMa (OnpeleuTe]b MaTpHULE
B (5) orauueH oT Hyas) H (hy, ..., h,) —ee pewmenue. V3 npaBusa
Kpamepa caepyer, uto cyumecTByeT Takas nocrosiHHas C >0, He
3aBHCSIAS OT CBOGOJHOrO WIEHA B (5), UTO HMEET MECTO HepaBEeHCTBO

MimeE<c g+ D aml (6)
j=1 j=1 i=n+1
Tak Kak
n oo 2 n [o] oo
Slg+ 3 am| < 2Z<ig;.2+ S ojgyee Y |g,~:2><
= {=n+1 j=1 i=n+41 i=n-1

<|glF@+2n|A (I — A ) =Cil gl

TO

121 |y P< (CCY?| gl

[hP= 35 1h i+ §1|g,'2< +CC) g =C2l gl
[MostoMy corsiacHO (2)

Ifl<Gslel (7

¢ nocrosiHHOR C3>0, He 3aBucAmEeH OT g. D10 ¥ O03HAYAET, YTO
oneparop (/ —A)-1, a 3Hauur, u omeparop (/ —A*)! orpaHuyeHH:
[ = Ay |=] (1 — A% <C..

TakuM 06pasoM, N0OKasaHO Cjefyioliee YTBepXKIeHuHe.

Teopema 1 (mepeas Teopema Ppearoabma). [lycme A — 3adan-
Houi Ha H snoane wenpepwsroid aunedroii onepamop u3z H s H.
Ecau odno us ypasuenuid (1) wuau (1*) umeem pewenue npu awobom
CB0BOOHOM HAeHE, MO U 8MOPOE YPOBHEHUE uMeem peulerue npu aobom
CB0GOOHOM ujeHe, npudem 3mu peuienus eQuHCMBeHHbl, M. €. 00HOPOO-
noie ypasuenus (1) (g=o0) u (1*) (g* =0) umerom moavko Hyiesvie
peuierus. .

Ecau 00xo u3 00ropoOHbx ypaswenud (1) (g=0) uau (1*) (g* =0)
UMeem MmOAbKO HYAe80€ pelieHue, mo u Opyzoe UMEem MOAbKO HYAesoe
pewernue. Ilpu amom ypasnwenun (1) u (1*) odnosnauno paspewiumbl

“- npu Mobbx c80000HLIX 4seHax, m. e, cyujecmeyiom 300annbie Ha H
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onepamoper (I — A)-* u (I — A*)~1, npuuem smu onepamops. oepa-
HU4ensL.

4, Bropas TeopeMa ®pefrojbma. 3aMeTHM, YTO PaHTH MaTPHIL
B=|bij“, rie b,~,~=6ij—a1,-, i, ]=1, ooy N (611=0 npu 1:79-]',
du=1), u B*=|b;| B cucremax (5) u (5*) onunakoBul. ITosTomy
oJiHoponHbte cucteMbl (5) 1 (5*) Bcerga HMEIOT ONHHAKOBOE UHCIO B << 11
JHHeHHO He3aBHCHMbX pemeHuli. Torma B cuay (2), (4) u (4*) u
BO MHOXECTBaxX BCeX pemeHHH onHopomHelx ypaBHenuii (1) u (1%)
HMeeTCsl DOBHO HO £ JIMHEHHO HE3aBUCHMBIX.

TakuM o6pasoM, JoKasaHa

Teopema 2 (BTopas Tteopema ®penrosnMa). Ecau od0nopodxoe
ypasnenue (1) (A —3adannsii na H enoane Henpepowsuvil onepamop
uz H e H) umeem Henyresvle pewleHUs, MO AUHEUHO HE3ABUCUMBLY
cpedu Hux auwie Koxeuroe uucao. Ilpu amom odnopodroe ypasrenue (1*)
umeem maKoe e 4UCAO AUHELHO HEe3Q8UCUMbIX pelueHul.

5. Tperbsa Teopema <¢penronpma. Ilepeiinem Tenepr Kk Bompocy
0 paspeHIHMOCTH ypaBHeHHs (1) B cayuae, KOrja OZHOPOAHOE ypaB-
HeHHe (1) MoOxeT HMeTb HeHyJeBble pemeHHst. CoOrjiacHO BTOpOI
teopeMe PpenrosbMa JHHEHHO HE3aBHCHMBIX peilleHHH OLHOPOAHOE
ypaBHeHHe (1) HMeeT JHmb KoHeuHoe uHcno: f1, ..., fk. Takoe xe
YHCJIO JIHHEHHO HE3aBHCHMBIX peLIeHHH HMeeT H OJHOPOLHOe ypaB-
nenue (1%): f1*, ..., f**. Cucremy f1, ..., f* (TaK e Kak H cHCTeMy
f*, ..., [*") MOXHO CUHTaTb OPTOHOPMHDOBAHHOI.

Teopema 3 (tperbs Teopema PpenronbMa). Jas moeo 4mobet
ypasrenue (1) ¢ 3a0annoim Ha H enoane HenpeposHoim onepamopom A
us H 6 H umero pewuernue, Heob6xo0umo 1 GoCcmamouro, 4mobsl 34emenm
g Gvin opmocoHaser 8cem peuwterusm 00HOpPoOHO20 ypasrernun (1%).

Cpedu scex pewenuti ypasrenus (1) ecmo eQuHcmeenroe petuerue
f, opmoeonanvroe scem pewernusm 00nopodnozo ypasrenusn (1). JlobGoe
Opyeoe pewenue ypasuenus (1) npedecmasasemcs e sude cymmobl. amozo
peuieHuss U HeKomopoeo peiueHus 00HOpoOHo20 ypasrerus (1). das
pewenus f umeem mecmo nepagercmso (7) ¢ He 3asucawel om g nocmo-
AHHOU.

[Mycry pemenne ypaBHeHus (1) cymecTByer, Toraa B cuHay (2)
CylleCTBYeT pemleHHe ypaBHeHHs (3), a BMecTe C HHM H CH-
cremsl ().

[Mycre panr Marpunbl B=| b; |, rae by;=8;—ay i, j=1, ...
... 1, paBeH n — k. Torna noanpocTpaHcTBo R, _;, 1-MEPHOrO BEKTOPHOTO
pPOCTPAHCTBA, HATAHyTO€ HAa BEKTOpBl B;= (b1, ..., bin), i=1, ...
..., 1, — CTOJIOIBI MATpUIL! B, HMeeT pasMepHocTh 1 — k. Tak Kak ofHo-

n

pomuyio cucremy (5%): M b,ff=0, j=1, ..., n, MOXHO 3amHcaThb
i=1

B Bume (f*, B;)=0, i=1, ..., n, To pemeHHs: OJHOPORHOH CHCTEMEI

(5*) o6pasyioT k-MepHOE NOANPOCTPAHCTBO, OPTOTOHAIBLHOE MOANPO-

cTpaHcTBY R,-p; 0603HAUHM €ro uepes Ri_n.
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[To Teopeme Kponekepa — Kamennn ans Toro, yroGel cucreMa ()
HMeJa pelleHHe, HeOOXOJIMMO H JOCTAaTOYHO, YTOObI COBNAAAJH PaHrH
MaTpuusl B M pacmlMpeHHON MaTpHIbI, MoJydyaioulefics NMPHCOENHHe-
HHeM K B cron6ua cBoGoaHbIX ujneHOB B (5), T. €. UTOGHl BEKTOP
CBOGOAHLIX U/JEHOB TNpHHAJJEXaJ NPOCTPAHCTBY R,~, WIH, 4TO
TO e caMoe, ObUl OPTOrOHaJeH Ri_s

YuurbiBasi, uT0 Jio6oe peieHHe f* opHOpOAHOTO ypaBHeHHA (1¥)
HMEeT BH],

f*=f?€1+---+f3€n+f:+1€n+1+---,
rae Bektop [* = (f{,..., f) —pemeHne omHOpOmHOH cucTeMbl (5%),

a ff= Z auff ans j>n, W 3anucbiBas YCJIOBHE OPTOrOHAJBLHOCTH
i=1
BEKTOPOB [* U MpaBoil yacTH B (5) C/EAYIOWHM 06pPas3oM

O=1§1<gj+ py augz>f, Egif*‘i" Z ngi"‘grf)

i=n-+1 f=1 =n+41

noJydaeM, 4YTO €CJIH pelleHHe HeOAHOpPOAHOro ypasHeHHs (1) cyme-
CTBYET, TO 3/E€MEHT g NOJKeH GbiTb OpPTOrOHAJIeH BCEM PeHleHHSIM
OfHOpoAHOrO ypaBHeHHs (1%).

OGpaTHO, ec/H 3JEMEHT g OPTOrOHAJIEH BCeM peme}mﬂM f* OJIHO-

ponHoro ypaeHeHHsi (1%*), TO BeKTOp ¢ KOOpIMHaTaMHM g; - Z ;8

. i—n+1
j=1, ..., n, opToroHajses BCeM peileHHAM [* OJIHOPOJIHOH CHCTEMEI

(6*). CnenpopatenbHo, cucteMa (5), a BMecTe ¢ HeHl M ypaBHenHe (1)
HMEIOT pellleHHe.

[Tycts fo —Kakoe-1u60 pemeHHe HeOAHOPOAHOro ypaeHeHus (1),
a fl, ..., [*—opToHOpMHpOBaHHasi CHCTeMa pPelleHHH OJLHOPOAHOro
ypaBHenus (1). Torpa saement f=fo—(foo M1 —...—(For [¥) fF —
TOXKE pemieHHe ypaBHeHHs (1), npHueM OHO OPTOTOHAJbBHO BCEM peine-
HHSIM OJHOpOXHOTrO ypaBHeHHs (1). Takoe pemeHHe eQHHCTBEHHO:
ecqH GBI CyIIECTBOBA/IO €llie OJHO TaKoe pelleHHe f, TO HX Pa3HOCTb
f—f, Oyayuu pemieHneM OIHOpOAHOro ypaBHeHHs (1), 6bu1a Gbl
OpTOroHa/NbHa BCEM PeilleHHsSM OJHOPOJHOro ypaBHeHHs (1), B ToM uncae
H cebe, T. e. f—f=o.

[Mycts f —mo6Goe pemende HeopHopoaHoro ypasueHnHs (1). Toraa
f—f=[" ectb pemeHHe oaHopoaHOro ypaBHeHHs (1), T. e. f=f4f".

HokaxeM Tenepb HepapeHCTBO (7). Ilyctb A — anemeHT u3 H, coort-
BeTCTBYIOWUH cornacHo (2) aemeHTy f. DTo 03Hayaet, yTO A €CThb
peilenHe ypaBHeHHs1 (3), yIOBJeTBOpsioliee B YCJIOBHSM:

0=, f)=(U—4) ‘hf) =(h, 1 —A3"'F),  i=1,...,k (8)
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Tak kak paciHlipeHHasi MaTpPHLA CHCTEMbl (D). HMeeT TOT e paHr
n—k, yrd ¥ Mmatpuua B, To HeKoTopeie kB ypaBHeHu# B cucreMe (D)
SIBJISIIOTCS  JIHHEHHBIMH KOMOGHHALHMSIMH OCTAJbHBIX 7 — R ypaBHEHHH.
 CnenoBatesbHO, ecMH 3TH k ypaBHEHHH BHIGPOCHTB, TO NOJIYYEHHAs
cucreMa GyZleT 3KBHBaNeHTHa cucreMe (5).

Takum o6pasoM, n-MepHbHi BekTop (hy, ..., h,) SIBJISETCS peLue-
HHeM JIHHEHHON CHCTeMbl 1 ypaBHEHHH (n —Fk ypaBHeHu#l H3 (D) M &
ypasHeHnu# (8)), Kos(hUIHEHTE KOTOPHX He 3aBHCAT OT IPABOH 4acTH
B (5). IlpHueM H3 enfMHCTBEHHOCTH 3jeMeHTa [ caenyer, uTo (hy, ...
.. »hp) — €MHHCTBEHHOE peilleHHe 3TOH CHCTEMBI, T. €. ONIPEeNeIHTe b NOJTY-
YeHHOH CHCTEMBI OT/IMYeH OT HyJas. A Toraa Bektop (hy, ..., Ai)
MOXHO MNOJyuYHTb No mnpasuay Kpamepa. CneposaresbHo, 1Jsi Hero
CrpaBejIMBO HepaBeHCTBO (B), OTKyjma HeMenJeHHO CJIefyeT HyXKHOe
HepaBenctBo (7). TeopeMa noKasaHa.

6. CoGcTBeHHble 3HauYeHH s U COGCTBEHHbIE 3/1EMEHTHI BIO/IHE Henpe-
pbiBHOro omnepatopa. UHci0 A Ha3BIBACTCS COOCMISBEHHbIM SHAUEHUEM
JuHefiHoro omepatopa A, pefictylomero u3 H B H, ecau cyme-
cTByeT TakoH 3jeMeHT [ & H, uro f # o u Af =Af. Dnement f Hasb-
BaeTcsl B 3TOM cjyyae cobcmgernoim 3aemenmom oneparopa A. Yucdo
p=1/A mpu A £0 HaseBaercs xapaxmepucmuueckum wuciom. Tak
Kak Hapsafy ¢ [ aneMeHT c¢f npu moGoii nocrosHHOH ¢ % 0 TOXke
IBJISIETCS COGCTBEHHBIM 3/JIEMEHTOM, OTBEYalOLMM COGCTBEHHOMY 3Haue-
HHIO A, TO COGCTBEHHBIE JIEMEHTHI MOXHO CUHTaTh HOPMHPOBAHHBIMH,
HanpuMmep, ycqaoBheM || f|=1.

MakcHuManbHOe YHCJIO JIMHEAHO He3aBHCHMBIX COGCTBEHHBIX 3JI€MEH-
TOB, OTBEYAIOUHX JAHHOMY XapaKTEPHCTHUECKOMY UHCJHY (COGCTBEHHOMY
3HAuCHHIO), Ha3bIBAETCHA KPAMHOCMbIO 3TOTO  XapaKTePHCTHUYECKOro
yHc/aIa COGCTBEHHOro 3HaueHHs. Ecau XapakTepHCTHUECKOMY UHCy
(COGCTBEHHOMY 3HAueHHIO) COOTBETCTBYET GECKOHeUHOe YHCJIO JHHEHHO
He3aBUCHMBIX COGCTBEHHBIX 3/€EMEHTOB, TO KPATHOCTb XapaKTEPUCTH-
YecKoro yHcJsa (COOCTBEHHOro 3HauyeHHsl) GeCKOHeuHa.

[Myctb onpenesneHHb#t Ha BceM H onepatop A BrOJiHE HeNpephIBEH.
Torpa BrnOsHe HenpepbiBeH M onepatop WA, riae p — NPOH3BOJIbHOE
KOMILIeKCHOe uHcjo. M3 teopem 1, 2 m 3 BhTekawr crenyiomue
YTBEPXKAEHH L.

Has moeo umobb ypasgrerue

f—naf=g (1)

Obino paspeuiumo 0as ecex g = H, neobxolumo u Gocmamouno, 4mobet
W He Guiao xapaxkmepucmuueckum ducaom onepamopa A (m. e. 1/u
He Obino cobcmeerubim 3Haweruem). Ecau |\ ssasemcsa xapaxmepucmu-

YECKUM HUCAOM, MO €20 KPAMHOCMb KOHEYHA U | ABASCMCA XApaKme-
pucmuveckum yucaom onepamopa A* moi sice kpamuocmu. s paspe-
wiumocmu  ypasrenus (1) 8 amom caysae Heo6xo0umo u GOCMAMOYHO,
umobvt asemenm g Obia OPMOSOHAAEH 8Cem COOCIBEHHbIM INCMERMAM
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onepamopa A*, coomsemcmsyrowum coocmseernomy 3naueruro 1/, Ipu
smom Yy ypasrenun (1) cywjecmsyem eOuHcmeenHoe peluerue, 0pmoeo-
HOAbHOE 6Cem COOCMmSeHHbIM dAemenmam onepamopa A, omeedaroujum
cobemaerHomy 3raveruo 1/p.

OGbIYHO HMEHHO 3TH YTBEpXIEHHS MOHHMAIOT MNOJ TeOpeMaMu
®penronbma.

7. YerrepTas Teopema <bpenronbma. Y cTaHOBHM HEKOTOpHIE CBOIi-
CTBA XapaKTePHCTHUECKHX 4YHCes BIMOJHe HeNpephHBHOrO Oneparopa.

Teopema 4 (uetBepTass Teopema Ppenronbma). Jas 406020
M > 08 xpyee {|n| << M} komnaexcroll naockocmu moxcem coeprcamocs
AULLD KOHEYHOE HUCAO XAPAKMEPUCIMULECKUX HUCeN BROAHE HENnpepbiBHO20
onepamopa, Odeticmeyroweeo u3 H e H, ¢ obaacmero onpedesenus H
uau, 4mo mo osce camoe, gre kpyea {| A|<<1/M} moxem 6oimo auiue
KOHEYHOe 4ucao cobcmseHHblx 3HaueHul .

[NpepnosoxuM, HampoTus, yto B Kpyre {|u!<< M} ectb Gecko-
HEUHOE UYHC/IO XapAKTEDHCTHYECKHX WHCEM [y, ...y May o-vs Wi 7 Wy
i #j. Tlyctb e, — Kako#-HHGYyAb COOCTBEHHBIAl 3/M€MEHT, OTBEYAIOLHH
XapaKTEepPHCTHUECKOMY uHcay W;, (=1, 2, ...

TlokaxeMm, uyro npu Jwo6om n==1 cucrema ey, ..., €, JHHeHAHO
He3aBucuMa. [na n=1 »3To yTBepxnueHHe oueBHAHO. IlycTb OHO
cnpaentuBo ajaa n— 1. Ilpennosoxum, 4to e, ..., e, JHHefiHO
3aBucHMbl, Torpa e,=cyey+...+¢€,-18, -1 NPH HEKOTOPLIX MOCTOSH-

e e
HBIX Cpy ..., Cy-1, HE BCEX paBHHIX Hymo. Ho Ae,,=ﬁ"—=c1 ”—1+
n 1

..+c,,_1;’;:1, OTKyJa cl(l—”—>e+ A ae 1<1_M >e,,-1=o,

yero He MOeT ObiTb, NMOCKOJBKY l_ﬁ;é 0, k=1,...,n—1.

n-1

OGosHayuM uyepe3 R, MOANPOCTPAHCTBO, HATSIHYTOe HA 3/€MEHTHI
e ..., €,. M3 nokasaHHoro caenyert, uto ¥y e =...cN, ...
u R, 7#N,-1 Hu npu kakoM n. Iloatomy pis moGoro n maipercs
saeMeHT [, &N fr L Ma-1, |fr]|=1. TlockonbKy MHOXKeECTBO [y, [,y ...
ey far ... OrpaHuyeHo, a oneparop ‘A BrOJHe HENpEepbIBEH, TO H3
mHoxectBa Afy, ..., Afs, ... MOXHO BHEMUTH (yHAAMEHTANbHYIO
NOANOC/EN0BATENBHOCT, ¥

TlokaxeM, 4TO Ha CaMOM Jie]le 3TOro CAENaThb Heab3s, 3TO H
GyAeT MPOTHBOPEYHEM, NOKA3bIBAIOMUM TeopeMy.

ﬂJIﬂ npousaonbnmx 1e/bIX tmcen mu n, m<n, Af,, Af =

=_fn (unAfn fﬂ)_Afm='!I,;fn+o'm rie 0, RN,-1, mOC-
KOJIbe Af,,, ERncNac1 1 WAfn—fr=mA (c121+. .+ Cren) —

—(clel+...+c,,e,,)=c1<%; —1>e1+..'+c,,_,(M:""l —1>e,,_le‘)2,,_1.
1 o
Tostomy | Afa— A |=| - fat0a| = el fal = 1y = 7,
nocnenoparensHocts Afy, ..., Afn ... He MoOXeT cosepxath QyHpa-
MEHTAJILHOH MOJNOC/IeN0BaTeIbHOCTH. TeopeMa foKasaHa.

T. €.
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Ws Teopembl 4 BHITEKAeT, YTO MHONECMBO XAPAKMEPUCMUYECKUX
ducen BnOAHE HenpepeleHoe2o onepamopa He 6o0aee uem cuemro (OHO
momcem Goime u nycmoim! ). Xapaxmepucmuueckue wucaa, ecau OHU
CYWECmBYIOM, MONCHO NepeHymeposams 8 nopadke Heyboisarus modyael

p‘lr szu-r ) (9)

lwml<<lw+il i=1, 2, ..., npuvem xaxcloe xapakmepucmuuecxoe
qucao 8 nocredosamensrocmu (9) écmpedaemca CmMoAbKO pPas, KaKosa
e20 Kkpamuocms. Mwuoxcecrnso (9) moocem cocmosme U3  KOHEHH020
qucaa 3ssemenmos (8 wacmpocmu, moxcem Obtimb nycmbim) Ul u3
becroreuro2o ducaa sremenmos. B nocaeduem caydae

| we |00 npu k—co. . (10)

Iocaedosamenvrocmu  (9). omsewaem nocaedosamesbHOCMb COOMBEMCM-
BYIOUYUX COBCMBEHHBLX 3AeMEHMO8

€1, €g, .ne (3

ABAIOULAACA AUHCUHO He3a6UCUMOL.

B cnepyromem naparpage 6yAer 10KasaHo, UTO A/151 BHOJHE Hempe-
PHIBHOTO camoconpsiXeHHoro onepatopa A % 0 MHoxecTBa (9) H
(11) He mycrhle.

§ 5. CamoconpsikenHbie BIO/He HENPepbiBHBIE OMeEPaTOpbI

I. CoGcTBeHHble 3HauYeHHs M COGCTBEHHble 3JMEMEHTHl CAMOCONps-
KEeHHOro BIOJIHe HenpepbiBHOro onepatopa. IlycTb A — MuHeHHBIH
OrpaHHYeHHBIH camoconpsikeHHb# onmeparop u3 H B H. Tak kak
s Beex f, |fl=1, |(Af,f)|<|A|, To Ha enuHHunOH cepe |f|=1
CyLIECTBYIOT TOUHBlE BEPXHSsT H HUXHSS FPAHH KBAaJAPATHYHOH GOPMEI
(Af, /) omepatopa A: m= inf (Af, ), M=”?”upI (Af, f), npu stom

=1
|m| <[ A}, M<|A], m<(Af, <M.

Ecau f— npousBo/ibHBIE OTMHYHEIH OT HyJE€BOro ajemeHT us H,
To aneMeHT f/|f( npunamiexur enunuuHo# cdepe. Ilostomy m =
= inf —f’z—), M= sup —J, H TeM cambM, pJis BceX f u3 H umelot

ren I fen IFI?

MecTo HepapeHnctBa m|f|*<< (Af, fy<< M|f|2.

[Tockoaeky kBagpatuuHas ¢opma oneparopa A BeleCTBEHHO-
3HAyHasl, TO BCE €ro colcmeeHHble 3HA4EHUS (Xapakmepucmuteckue
4UCAQ) BEUYECMBEHHbL €CTH A — COGCTBEHHOE 3HaYeHHe, a f— COOTBET-
CTBYIOUIHHA COGCTBEHHLIH ameMeHT, T. €. Af=Af, To A=(Af, H/IfE
ChnepoBaresbHo, m<<h<< M.

Cobemsennvie saemenmot fy u f, oneparopa A, omsescrouyue pas-
AUHHBIM  COOCMBEHHbIM 3HOUEHUAM Ay W Ly, OpmMoOcoHaibHb. JIeHcTBH-
Te/IbHO, yMHOXas CKaasfpHO papeHcTBA Af;=»MAify, Afs=A.fs Ha [,
U f; COOTBETCTBEHIO, a 3aTeM BLIUHTAsh MX APYT M3 APYra, NOJAYy4YHM
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(Afw fo) — (fuy Afe)= (1 —29) (fy, fo). Tlockombry (Afy, fo) = (1, Afo) u
M # Ry, TO (f1s f3)=0.

Jlemma 1. Jaa moeo umobst wucao M=]”s”upl (Af, p 6bLao cob-
CMBEHHbIM 3HAHEHUEM CAMOCONPINCEHHO20 02PAHUYeRH020 onepamopa A
us H 8 H, a f, (caumaen, umo || fo|= 1) — coomsemcmesyroujum cobem-
BEHHbIM  INCMEHMOM, HeoOX00umo u Gocmamoyno, 4mobbl EHINOAHANOCE
pasercmgo (Afo, fo)=M.

Ananozuuro, 0an moeo umobsb wucao m= inf (Af, f) 6vi10 cobem-

fll=
BeHHbIM 3HaueHuem onepamopa A, a fo (cttu”ngae)u, amo | fo]=1) —
coomeememeyrouium CoOCIMBEHHbIM  SACMEHRMOM, Heobxo0umo u docma-
moyHo, 4mobsl 8einoarssocy pasercmso (Afo, fo)=m.

Ecnu M — cobcTeeHHoe 3HayeHHe, a f,— NPOM3BOJILHBIA COOTBET-
CTBYIOIMH eMy coGcTBeHHbII 3jeMeHT onepatopa A, To Afy=Mf,.
CaenorarenvHo, (Afo, fo) = M(fo, fo) = M. HeobxonuMocTb noKa3aHa,

HokaxeM: nocraroyHocTs. Ilycts (Afy, fo)= M nns HekoToporo
fos |foll=1, wan, uto To xe camoe, (Mfo— Af,, fo)=0. [TockombKy
ans Beex [ w3 H O<<M|f|*— (4f, ) = (Mf — A}, [), To npu mpo-
H3BOJILHOM ¢ H3 H u mo6oM kommiaekcHoM ¢ (M (fo+to) — A (fo +
+19), fott9)=0, 1. e ¥(Mio—Afo, ®)+1(Mfo—Afs, @) +
+{t12(Mp— A, ) =0. Tlonaras B 3TOM HepaBeHCTBe {= — 0ge%,
rae a=arg (Mfo— Af,, ¢), a O BellleCTBEHHO, MOJYYHM CIPaBEJJIHBOE
NpH BCeX BeElIeCTBEHHLIX O HepaBeHcTBO — 20 |(Mfo— Afo, @) |+
+ o2 (Mo —Ag, )=0, u3 KoToporo cjexyerT paseHcTBO (Mfy—
— Afo, ¢)=0. TlostoMy B cuny npousBosabHOCTH @ Mfo— Afy=0.

Bropoe yTBepxiueHHe JeMMBI CJ€NyeT H3 NEPBOTO, €C/H BMECTO
onepatopa A paccmoTperb onepatop —A. JleMma pokasaHa.

Jlemma 2. Ecau onepamop A u3z H e H ssasemca camoconps-

WCEHHBIM U 8ROAHE Henpepoisroim, mo 4wucio M = sup (4Af, f) (anaro-
, If) =1
euuno, wucao m= ini (Af, [)), ecau ono omauuno om nyis, aBasemes
IHES -
COOCMBEHHbIM 3HAMEHUEM 3MO20 Onepamopaq.

[Myets M £ 0. PaccMoTpuM 3pMHTOBY GuinHefiHylo dopmy (Mf —
— Af, 8), [,g=H, u cooTBeTCTByWOllyl0 €ifi KBaapaTHuHYyIO (HopMy
(Mf—Af, [). Ona Bcex f us H umeer MecTo HepapeHCTBO (Mf—
— 4}, )=0.

[NokaxeM, uTo cyllecTBYeT TAaKOH OTJIHYHbBIH OT HYJEBOrO 3J€MEHT
fo. uto (Mfo— Afo [o)=0. Toraa yreepxnenne jeMMbl 2 Gyner cie-
JOBATb H3 JeMMbl 1.

[Ipennosioxum, uTo TakKoro sjaeMeHTa f, He cymecTByeT. Toraa
(Mf—Af, f), f=H, MoxeT 06paTuThCsi B HyJab JHWb NPH f=o.
[Tosromy GuauHefinas ¢opma (Mf— Af, g) MoxeT OHITb B3sATa B
KaueCcTBE HOBOTO CKaMsipHOro mnpousBefleHuss B H. 3Hauut, aad
Jo6six f u g u3 H uMeeT mecTo HepaBeHCTBO ByHsiKoBckoro

[(Mf—Af, @) P<<(Mf —Af, ) (Mg~ Ag. g). (1)
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Hs onpeneneHust M, kKak TOyHOH BepXHeH TpaHH KBaApaTHYHOH
¢opmut (Af, f) Ha enuHuyHOMH cqaepe ||f||—1 BBITEKAET, UTO cymecr-

ByeT TMOC/JeNOBaTeNbHOCTL [y, fo, If:il=1, i=1,2, ..., maa
koropolt (Af., fu}—>M, unn
(an_Afmfn)—*Or n—0o. @

[Nonaras B HepaBeHCTBe ) f=f. g=Mf.— Af,, nonyuum | Mf, —

— Al |t < (Mfs — A, ) (M Z OMAf, + A%, Mfa—Af) <
é(Mf,,—Af,,, f,,)(|M|+||A|} U3 cootHomeHus (2) mosToMmy ciie-
ayer, uto mocnefoBarenbHocte Mf, — Af,—~0 npu n—oo. ITloc-
KOJbKy onepatop A BNOJIHe HeNpephiBeH, a MOC/Ie0BaTeIbHOCTH [y,
fs ... orpanuuesa (|f;|=1), To mnocnenorarenvuocTs Afy, Afs, ...
KOMMAaKTHAa. 3HAYHT, H3 Hee MOXHO BBIAEIHTb CXOASAILYIOCS MOAMNO-
CJIEJOBATENbHOCTD; OyleM CuuTaTb, yTo OHA conajaer ¢ Afy, Afe, ...

Toraa nocneposarenbrocts Mfy, Mf,, ..., a BMecTe ¢ Hew (M #0)
H TOCJIeNoBaTeIBHOCTL fq, fy, ... TOXe cxomutcs, Eciu 06o3HauHTDH
uepe3 f, Npenen MNOC/AeNOBAT&ILHOCTH fy, fs, ..., TO OUEBHJHO, YTO

Ifol=1, u B-cuay (2) (Mfo— Afo, fo) =0. Jlemma nokasana.

Teopewma 1. [aa scakozo omauunoeo om HyAegoeo 6noAHe He-

npepuiBHoz0 camoconpastentozo onepamopa A uz H e H (H — 2uavbep-

moso npocmparcmgo) 00ko u3 wucer =1 /|A|=x1/ "sflf[pl (Af D
=1

ABAAEMCS Nepevbim  (HAUMEHbLUUM O AOCOMOMHOL BeAUYUNE) XapaKme-

pucmuueckum uuciom Wy, npusem py=1/M, ecau M>|m|, ede M =

= sup (4f, ), m=l1”nf (Af, )y ma=1l/m, ecau M<|m|. Ecau
i

M={m|, mo oba uucaa 1/M wu 1/m ssasomcs HaumenvlUMU NO
MOOYAI0 XApAKMepucmudeckumu wuciamu onepamopa A.

Bee  azemenmor [y, 0as xomopbzx umeem Mecmo  pageHcmao
(Ao )/l fu =M 8 caguae M> |, e pasencriso (Afo, o) /Iflf=
=m 8 caysae M <|m|, 4 moavko OHU ABAAOMCSE COOCMBEHHbIMU
saemenmamu, coomgememsyrowumi Wy, Ecauw M =|m)|, mo cobcmeen-
HbIMU 3NEMEHMAMIL, COOMBEMCMBYIOUUMU XAPAKMEPUCIULECKOMY HUCAY
/M, sgaswomea me u moabko me 3aemeHmsl [y, 0an KOMOpbIX
(Afoy fo) /folP=M, a cobcmsennoimu sremenmamu, coomsememsyto-
Wumu XapaKmepucmuyeckomy “ucay l/m, me u moavko me 3aeMermol
fO; 013 Komopbix (Ava fo)/”fo“2=m

B wacmnocmu, ecau onepamop A HeompuyameivHoili, mo

! 1 _inp ME

M= = i T _“m:;(/lf, D~ jenlAh b’

U COOMBEMCMBYIOUUMU [y COOCMBEHHBIMIL 3Ae MEHMAMIU, HOPMIUDOBAN-
Homy  yeacsuem (f=1, serswomes me u moavko me sremenmot [,
|fol =1, mna xomopwx ksadpamuunas ¢opma (Af, f) ra edunuunod
chepe aocmueaem ceoell sepxHel 2panu.

4 B. I, Muxaiinos
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Ilas nokasatenncTBa Teopembl 1 B cuny semm 1 M 2 jpocTatouHo
nokasarb, 4TO ||A||=N, rae N=”fsup | (Af, f)l=max(m|, M).

Kak mnokasano Buiute, N <<|A|, mosTroMy HaM OcTaeTcsi yCTAaHOBUTb
CIIpaBeJTUBOCTD 06paTHoro HepaBeHCTBa ][A||<N
[Mockonbky ns qoboro g H |(Ag, g)|<<N|g|* u nockoabky

(A (Fr==fe)y Frefo) = (Afys f)+ (Afes fo) 2 Re(4fy, fo),

TO AJS JIOOHIX fl uf, uz H
[Re (Afy, fa) | =51 (A Gitfa)y ok Fo) —(A (i—Fo) hi—Fo) |<
<1 <A (r-Fods FaF) |1 (A (o =Fo)s Fo—Fo) ) <
<Z QhARPHA—FP =T (hR+1fP

[Tosiaras B sToM HepaseHctBe fi =V Nf, fo= l%Af, rae f—npo-

M3BOJIbHBIE 3neMeHT u3 H, monyuum | Af [P << 5 (N IF 12+ || Af [2),

oTkyna BuTekaer, uto |Af|<<N|f|. Ilostomy |A|<N. Teopema
JIOKa3aHa,
TakuM oGpasom, MHOXKECTBA

p'lv P«m seey (3)
€1; €95 ... (4)

XapaKTePUCTHYECKHX = YHCeJ M COOTBETCTBYIOLIMX HM COGCTBEHHHIX
3JIEMEHTOB /Il CaMOCONPSXKEHHOTO BIIOJIHE HENPEPHIBHOrO oOliepaTopa
A == 0 Henyctoie. Ilpn 3TOM Bce XapaKTepHCTHYECKHE YHCJ/IA Belle-
CTBEHHBI, @ CHCTeMy COOCTBEHHBIX 3JIEMEHTOB MOXKHO CYHMTaTh OPTO-
HOPDMHDOBAHHOM, TMOCKOJbKY COGCTBEHHLIE 3JIEMEHTHI, OTBeYalolHe
Pa3/IMYHbIM XapaKTEPHCTHYECKHM YHCJIaM, OPTOrOHA/bHbBI, a8 KOHEUHOe
YHCJIO JHHEHHO HE3aBHCHMBIX COGCTBEHHBIX 3JIEMEHTOB, OTBEUAMOLIHX
OJHOMY XapaKTePHCTHYECKOMY YHCJY, MOXKHO OPTOHOPMHPOBATH.

[Tycte A —BnonHe HenpepuiBHBII CaMOCONPSIKEHHHIH oOmepaTop
us B H. OGo3nauum uyepe3 H, NOANPOCTPAHCTBO mpocTpaHcTsa H,
COCTOSIlIIeE M3 3JIEMEHTOB [, OPTOTOHANBHBIX MEPBBHIM #i COGCTBEHHBIM
aneMentam omeparopa A: (f, ) =0, i=1, ..., n,

Hnsa mo6oro f us H, snemeHT Af Toxe npuHamnexut H,, Tak

kak (Af, e)={(f, Aei)=L(f, e)=0 npu Bcex i=1, ..., n. 3o
by

O3HayaeT, 4ro omepaTop A MOXHO paccMaTpPHBaTh Kak ONEpaTop H3
ruabbeproBa mnpoctpanctBa f, B H,. Ilpu sTOM OH, KOHEUHO, fIB-
JSIeTCsl CaMOCONPSKEHHbIM H BIIOJHE HenpepoiBHBIM. Ero xapakre-
PHCTHYECKHE YMCJA M COOTBETCTBYIOI[HE COGCTBEHHBIE 3JEMEHTHI COB-
najailoT C XapaKTEepHCTHYECKUMH HHCJIAMH [y, Waigs ... H COOTBET-
CTBYIOIMMH COGCTBEHHBIMH 3JIeMEHTAMH €4y, €42, ... ONEpaTopa A
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us H B H. IlostoMy Ha ocHOBaHMH TeopeMbl 1, mpuUMeHeHHOH K Orme-
paropy A us H, B H,, umeeM

1 1
ot | = ~o T AT = s TG DT’

}]fll=1 Ifl=1
ch, ey
i=1, aees

Ecan onepatop A HeoTpuuaTened, TO
_ 1 g
Hpy1 = sup (Af’ f) - (f, lggf=0 (Af’ f)' (5)

(fl'lfgili——:o’ (=1, ., n

l'=1, cees 1

2. Paznoxkenne B psj Pypbe no cOGCTBEHHBIM 3JeMEHTaM BIOJHE
HeNnpepHIBHOIO CaMOCONPSKEHHOro onepatopa. PaccMoTpuM opToHOP-
MHPOBaHHYIO CHCTeMy (4), cOCTOAIYI0 H3 COGCTBEHHBIX 3/J€MEHTOB
BIIOJIHE HENPEPHIBHOrO caMocompsixeHHoro oneparopa A u3 H B H,
A =0. Ilycte P,—omnepaTtop OpPTOrOHAJLHOTO TNPOEKTHPOBaHHSA Ha
NOATNIPOCTPAHCTBO, HATAHYTOe HA 3JM€MEHTH €y, ..., €,, H OIeparop
Ap,=A—AP,=A ([ —P,).

Oneparop A, — nuHelHuill U orpaHuuenHuii: [A,|<<|A|.

Oneparop P, nepecTraHOBOYeH ¢ onepaTopoM A, NOCKOJbKY sl
awoboro f= H

AP, f=A (flel"l"'-'+fnen)=f1Ae1+---+anen=
=h fne — (5 & en\, —
o ule‘+'“+une" (f’ ux) el+"'+(f’ un)e" '
=(f, Ade)ey+...+(f, Aey)en=(Af, e)es+...4+ (Af, en) e, = PLAf.
Tak kak onepatopsl A U P, — nepecTaHOBOYHBIE 1 CAMOCONPSAXKEH-
Hple, TO AP,— camoconpsikennwiii: (AP,)* =P;A*=P,A=AP,.
ITosTomy omepartop A, — Toxe €aMOCOTPAXKEHHBIH.
KpoMe Toro, oH BmoJHe HenpephBHHIL KaK CyMMa ABYX BIOJIHE
HeTpepBLIBHBIX OMepaTopoB: omepaTopa A. H KOHEYHOMEDHOrO oImepa-

topa AP,=P,A.
Hdas moboro fe H

Af=4f— Y Ite,, 6)

Yucna Ppi1s ... H SJIEMEHTH €44y, ... ABJIAIOTCA XapaKTEPHCTH-
YeCKMMH YMCJaMH H COOTBETCTBYIOIMIMMH COGCTBEHHBLIMH 3/1€MEHTaMH
oneparopa A,. IlefictBuTenbHO, TaKk Kak (e, €p) =0 npu k==p, 10

B cuny (6) i p=n-+1 Ase,=Ae,— 2 (e‘;’kek) e ;‘;
k=1

Hpyrux xapakrepucTHYecKux uHcen omeparop A, He wuMeer.
[Tycrb, HanpoTHB, W M € — XapaKTePHCTHYECKOe HHCAO H COGCTBEHHbI

4
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3/eMeHT, nAe=e, W=, p=n--1. YMHOXKas ckaldpHO 3TO pa-
BEHCTBO Ha ep, k=< n, NONYUHM (e, ep) = (A8, ex) =1 (e, Aner) =0,
noCKOJIbRY Ane,=0 ans k<< n. Tlosromy B cuay (6) A,e=Ae, T. e.
pAe=e. TakuM 006pa3oM, i €CTb XapPaKTePHCTHYECKOE HHCJIO, a € —
co6crBeHHbI 3memeHT omepatopa A. Tak Kak Bce XapaKTepHCTH-
yecKHe yHc/a omepaTopa A HaxomfATcd B IOCTENOBATeNbHOCTH (3) U
TaK Kak e _| e, k=1, ..., n, T0 | coBmajaeT c ‘OJIHUM H3 [y,
k=n+1.

. Tak Kak pp4 —HauMeHbIee N0 aGCOMIOTHOH BeJHYHHe XapakTe-
PHCTHYECKOe 4YHMCJO omeparopa A,, TO Ha OCHOBAHHH TeOpeMsbl |

1 p'n+11 ” A ” (7)

Ecnn nocnepoarenbHoctH (3) H (4) KOHEYHBI H COCTOAT U3 m
3/1eMeHTOB, TO onepatop A, =0 B cu1y TeopeMbl 1, NOCKOIBLKY OH He
HMeeT XapaKTepHCTHUYeCKHX uHcen. B srom cayuae A= AP,,— Ko-
HEYHOMEpHBbIH omeparop, T. e. Aad mwboro fe H

i f i (Af)s €. ) (8)

Ilycrs Temeps mnocsepoBaresnbHOcTH (3) M (4) GecKoHeynbie. M3
(7) u coorHoumenuda (10) npeapipyuiero mnaparpaga BHITEKaeT, 4TO
|A,|->0 npu n-»co. 3nauur, gra moboro feH |4 f|<
< | An||f]|—0 npu n—oco, 1. e. paa moboro fe H

o0}

Af=lim AP,f= 2 & o= Y (APen ©)

n—oo -

Takum obpasoM, n0KasaHa caejyiollas BaxKHas

Teopema 2 (reopema I'mnnbepra— Hlmupra). Ecau A — camo-
conpasicennblll 8noaHe Henpepoisroil onepamop u3 H e H, a [ — npo-
usgorvHbiil snemenm u3 H, mo ssremenm Af pasraeaemcs e psd Pypoe
9) (uau (8)) no cucmeme (4).

Huxe nam norpeéyxorcsl HEKOTOPbie CJENCTBHS U3 TeopeMbl ['HJb-
Gepra — [Imunra.

CornacHo nemme 2 n. 6 § 2, pan Pypobe Z [ ver TPOH3BOJIBHOrO
snementa f = H no opTOHopMHpOBaHHoﬁ CHCTeMe (4) cxoautcs B H.
CaenoBarenbHo, A Z frer= Z frde,. Ho frAe, =], e’; = (f, dey)e,=

=] k=1
= (4f, ) e,,—(Af),, ep. TlosToMy B cuay (9) uMeeM

A(f—kaekF . (10
k=1 /- ;
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Ecnmu omeparop A umeer o6patHmit A1, To u3 paBencrBa (10)
BLITEKAeT, HTO

f= ifkek

k=1

ana Jqoboro smeMedTa fe H. D10 03HayaeT, YTO B 3TOM Ciyyae
cucrema (4) ectb opToHOpMHpOBaHHBIH Ga3Hc mpocTpancrsa . Takum
06pasoM, YCTAHOBJIEHO

Cnrnencteue 1. Ecau 8noane HenpepuigHblii camoconpacertblil
onepamop A uz H 6 H umeem obpammpiil, mo cucmema (4) agarsemcs
OPMOKOPMUPOBAHKbIM ba3ucom npocmparcmsa H.

B ofumeM ciyuae u3 papeHcTBa (10) BhITekaeT JHib, YTO JIs
Jioboro snemenTa f e H cymectByer Takoil aneMeHT ¢p H, Aey=0,
yTO

f=eo+k21fkek- (11)

MmuoxecTBo N anemenToB g = H, pna xotopeix Ag=0 ecTb noanpo-
CTPAHCTBO mpOCTpaHcTBa f; moGOA OTJIHYHBLIH OT HYJEBOTO 3/1€MEHT
u3 N ABAAETCH COGCTBEHHBIM 3JAeMEHTOM omeparopa A, OTBEYaloLHM
HYJIEBOMy COGCTBEHHOMY 3HaueHHio. EciM npeanosoxurh, 4To mpo-
crpanctBo H cemapaGenbHo, TO B RN MOXKHO NOCTPOMTb CUETHbIH
OPTOHOPMHPOBAHHbLI GasHC ej, €3, ... (COCTOSIMI U3 COGCTBEHHHIX
3JIEMEHTOB omeparopa A, OTBeYalOHX HYJEBOMy COGCTBEHHOMY 3Ha-
yenuto). Torna uz (11) cnenyer, uto ana moboro f & H HMeeT MecTo

pasJjioxxeHnue

rae fe=(f, er).
Takum ofpasoM, yCTaHOBJIEHO
CnepcrtBue 2. i 6cAK020 6MOAHE HENPEPLIBHO20 CAMOCONPSA-
acennoeo onepamopa A u3 cenapabeabro2o (2uibbepmosa) npPOCMpan-
cmsa H e H cywecmsyem opmoropmMupOSAHHbIE 6A3UC 1 POCMPAHCMEA
H, azremenmamu Komopoco ABASIONMICA COOCMBEHHbIE 3/eMeRmbL onepa-
mopa A.



I'masa III
¢ YHKIIUOHAJIBHBIE NMPOCTPAHCTBA

B npexwinywmeit raaBe Gblid BBeJeHbl MOHSTHSI GaHAXOBa H THJb-
GeproBa mnpocrpancTB. CaMH 3TH TOHATHSL OIHMpAlOTCA TOJbKO Ha
COOTHOILIEHHA MeXKJy 3JEeMeHTaMH: JOCTATOYHO BBECTH yJOBJETBOPSIIO-
[He ONpEJeJEHHLIM aKCHOMAaM ONepanHtH CJIOXKEHHS 3JeMEHTOB H
YMHOJKEHHS HX Ha YHCJA, HOPMY HJHM COOTBETCTBEHHO CKaJspHOEe
npoHsBeneHde, [IpH 5TOM COBEpIIEHHO He CyLIECTBEHHA MPHPOJA 3Je-
MEHTOB 3THX MPOCTPAHCTB, H OOLHe YTBEPKAEHHSA, TOJyYEHHBIE
B OpeiblAylledl rJjaBe, MPUMEHHMB KO BCeM IPOCTPAHCTBAM, H3 KaKHX
Gbl 31eMEHTOB OHH He cocTosiid. OfgHaKo 1/l TeOpHH nHGxbepeHIHAMb-
HbIX ypaBHEHHMH 3THX OOLIMX CBOMICTB He jJ0CTaTouHO. [lpH H3yueHHH
IH(pepeHIHaNbHBIX ypaBHEHH B YACTHBIX NPOU3BOJHBIX €CTECTBEHHO
paccMaTpHBaTh (yHKIMOHAJbHBIE NPOCTPAHCTBA, T. €, MPOCTPAHCTBA,
3J1eMEHTAMH KOTOPHIX ABAAIOTCA QYHKUMH £, B HalleM CJayvyae Belle-
CTBEHHBIX, IepeMeHHEIX. B HacTosIelt ryaBe 6yAyT BBEEHbl HEKOTOPLIE
(GyHKLIHOHA/IbHbIE INIPOCTPAHCTBA H IOJy4YeHbl TaKHe yTBEp:KIEHHS
O B3aHMOOTHOLIEHHSIX MeXKJy HHMH, KOTOpbleé IIO3BOJIAT H3 OJHHUX
CBOJCTB 3/1€MEHTOB yCTaHABJMBaTb JpyrHe HX CBOMHCTBA.

§ 1. llpocTpaHcTBa HempepHIBHBIX M HenmpepbIBHO
autdepennupyeMblx (yHKUMH

1. Hopmuposannbie npoctpanctBa C(Q) u C*(Q). PaccMoTpum
muoxkecTBo C (Q) Bcex HempephlBHBIX B ( (Q — orpaHHueHHasi 06.1acThb
npoctpaHcTBa R,) ¢ynknuit. Ilpexxpe Bcero OTMETHM, YTO 3TO MHO-
KeCTBO sIBJsieTcsl JMHefHHM mpocrpancTBoM. Henocpencrsento npose-
psiercs, yto 3ajanHuifi Ha C(Q) ¢ynxkuHonan max |f(x)| ynoBaer-

*EQ
BOpSIeT BCeM AakcHoMaM HopMbl (m. 2 § 2 I‘JEI. II): max |df|=
xe=Q N
={c|max |f[; |[i@)+f@)|<Ifi®)|[+Ife(x)| mas Bcex x =Q,

xeQ
nostoMy max |fy (x) 4 s (x)|<<max |f; (x| +max | fy (x) |; max|f(x)|=0
. xeQ x=Q xeQ xEQ _
u max |f (x) | = 0 Tosbko npH f (x) = 0. CnenosatenbHo, B C (Q) MOxKHO
xeQ <
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BBECTH HODMY

Ifle @)= mag | (). : (1)

Cxomumoctb 10 HOpMe (1) ecTb paBHOMepHasi CXOZHMOCTb B Q.

[Mpocrpancreo C (Q) ¢ Hopmoii (1) GanaxosO, MOCKOJBKY MPOH3-
BOJIbHAA (yHjaMeHTaslbHash B HopMe (1) mocsenosaTebHOCTb (PyHKUHI
H3 C(Q) B cuny kKputepusi Kouwd paBHOMEPHO CXOAMTCH K HEKOTOPOH
¢yukuuu H3 C (Q).

Tak kak mobas HenpepuiBHast B Q q‘.)yHKIJ,I/IH o TeopeMe Benep-
mTpacca fIBASieTCs MPENEJOM HEKOTOPOH paBHOMEPHO cxoxsuiefics B Q
(r. e. B HOpMe (l)) mocnenoBaTebHOCTH MHOrOYJIEHOB, TO MHOXECTBO
BCeX MHOrouneHos Bcioay miotHo B C (Q). Ho mponsBosbHelfl MHOrO-
UJeH B CBOIO OYepeib MOXMET GhITb NDEJCTAaBJIEH KaK NpeJen PaBHO-
MepHO cxofisiueficss B Q mOC/IeI0BaTe/ILHOCTH MHOTOYJIEHOB C pal(Ho-
HaJIbHBIMH Ko3@xpuinentamu. [TostoMy B C (Q) BClogy MJIOTHO M CueTHOE
MHOJKECTBO BCEX MHOTOYJIEHOB C PaAlHOHANBHEIMH KO3(pHLHEHTaMH.
3uauut, npocrpancro C (Q) cenapaGeJibHO.

Pacemorpum B C (Q) muoxkecrso € (Q), cocTosimee H3 Bcex ¢byHK-
uMit, obpawamoluxcd B Hydb Ha rpanuue 0Q obnacti . OueBHjHO,
C (Q) — nmuefinoe muorooGpasue B C (Q). 70 MHOrooGpasie 3aMKHYTO
(B HopMe (1)), NMOCKOMBKY IIpenes MOCJaEeNOBaTebHOCTH q‘.)yHKIJ,PII';I U3
C(Q) PaBHOMEpHO cxopsimeiicss B Q, ecTb GQyHKUHS H3 C(Q).Cﬂe,uo-
Baresnbio, C (Q) — noanmpocTpanctso mpocrparcTBa C Q).

Paccmorpum teneps B C (Q) mogmuoxectsa C* (Q), k=1, 2, ...,
cocTosilie H3 Bcex (yHKUHH, HMeOMHX B 00JacTH  Bce MPOH3BOJ-
Hble JIO MOpsijKa k BKJIIOYMTENbHO, HempephiBHHE B (. MHOXKecTBO
C*(Q) ectb nuueitnoe mpocrpanctso. Kpome Toro, B Cj (Q) MOxHO
BBECTH HOpMy

" fler= X2 max|D%f (x)]. 2)

la| <k xsQ

CXofUMOCTb TO 3TOH HOpMe ecThb paBHOMepHas B @ cXonuMoerb
¢yHKIMA M BceX HMX IPOHM3BOAKLIX O k-ro MOPSJKAa BKJIOYHTENBHO,
OuepnjHo, npocTpanctBo C*(Q) (c HopMo#t (2)) 6aHaxoBo.

[ycrb @, (| x — y|) —HekoTOpOE fAxpo ycpenHeHHs (cM. rJ. I, Bee-
nenue), a f e C(Q). Paccmorpum npu A >0 dynkuuio

fh(x)=§f(y)mh (x—yDdy, xERa (3)

QyukuyH f,(x), h>>0, HasLBaOTCA cpeOHUMU GYHKYUAMU IIS
byukunu f(x) (ycpednennoimu pynxyuanu nas f(x)). M3 ceoficta
a) sgpa ycpenHendst M teopemsl 7 m. 7 § 1 ra. II caepyer, uro mpu
mo6oM h >0 f,(x) = C=®(R,). Kpome toro, f,{x) =0 Bre Q* (Q"—
o6beauHeH e MO BeeM x° e Q mapoB {|x —x0 << hj).
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IokaxeM, uro ecau fe C(Q), mo f,(x) cmpemumesn K f(x) npu
h—0 pasHomepro Ha awboid cmpozo sHympewHed nodobracmu Q'
obracmu Q, Q' Q.

HefictBUTenbHO, NpH AOCTAaTOYHO MalbiX h (MEHbUIHX DACCTOSHHSA
mexny 0Q" u 0Q) M3 cBoficTB 6), B) U a) snpa yCpeIHEHHA HMeeM
npu x < Q'

|fa () = F(x) | =
= fpeos(lx—yDdy—fx) § on(x—yDdyl<
lx—y|<h lx—yl<h
< max [f@—f@)| § on(x— yl)dy— max |f(!/) f ().
lx—y1<h lx—yl<h yis

CrenoBaTenbHO, M3 DaBHOMEDHO! HempephiBHOCTH f(x) B Q mosyuaem,
Y10 ,
|fa=Flc@y—0 npu h—0.

Tak kak aas fe C*(Q) npu x & Q' U J0CTaTOYHO MaJBIX h
Di‘h(x)=§f(y xop (| x—yydy =
= (— 1)@l {f (y) Dyon (| x—y|) dy

Q
=§D‘;f(y>-mh(1x—y|>dy, lal<t,
TO M3 JOKA3aHHOTO YTBEPXKIEHHS HMEEM:
ecru [ & Ck(Q), mo dan awboi Q' €Q

Ifa=Floegy—0 npu h—0,

2. dopMyasl HHTErpHpOBaHuHA MO 4HacTaM. [lycte B obnactu Q
(rpeauna 0Q < C') 3apan Bektop A (x)=1(A4,(x), ..., A,(x)), KoOpaH-
Harsl Kotoporo 4; (x) = C(Q)NCYQ),i=1, ..., n.UsKypca Anamusa
H3BECTHO, 4TO ecd QyHKUHA div A (X)E—ox—l—l-...—l-%'—l HellpepLIBHA

1 n

B Q WM jaxe HHTErpHpyeMa 1o Q, TO HMeeT MeCTO cjeAyoLas .
popmyra Ocmpoepadckoeo:

{divA (x)dx={ A (x) n(x)dS, (4)
Q a ’
rje n— eJUHHYHBIH BEKTOD BHemHed MO OTHOIEHHIO K 06jacTH Q
HOpMaJH K rpaniue 0Q. N
[yets u (x) = C2(Q) N C*(Q), veCY(Q), a dynxuus Au=div (Vu) -
HHTerpupyeMa no Q. Tak kak vAu=wv.div (Vu)=div (vVu) — VuVo
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(Vu Vv=uxlvxl—|-...+uxnvxn), TO corqacio ¢opmynre OcTporpaicko-
ro (4) umeeMm

(SvAudx=Sv§%dS—S VuVo dx, )
% b
MIOCKOJTBKY Vu'nlaQ=g—z 2"

Ecnu o6e ¢ynkuun u u v npunagiexar C%(Q) N C*(Q), a dynk-
uMd Au ¥ Av HHTerpupyeMunl no Q, To Hapsany c ¢opmy.oi (5) HMeeT
mecTo u Qopmyaa

§uAvdx= S ug—%dS—ngVudx. (5')
daQ &

Briuuras nousenHo u3 (5), (5’), moayuMM paBeHCTBO

du

du
S —ugt)s. (6)

§ (vAu—uAv)dx=§q(v

©opmyanl (5) u (6) HasbiBatoTes popmysamu Ipuna,

§ 2. MNpoctpancTBa HHTerpHPYeMbIX (hyHKHUHIL -

Kaxk ObIO MOKa3aHO, MHOMKECTBO HeNpepuBHHIX B @ 'byHKuHi

fBasiercd GaHAXOBHIM MpPOCTpaHCTBOM ¢ HopMo#i max | f(x)|. Onnako
xeQ

yacTo GblBaeT yJOGHO paccMaTPHBATh Ha 5TOM MHOXKECTBE HMHTErpafb-
j 12

Hble HOPMBI, HalpHMep, S|f(x) | dx unu <S|f(x) |2dx>/ (aeTpyHO 1po-

Q Q
BEPHTb, YTO NPH 5TOM BhLINOJIHEHb BCe aKCHOMBI HOPMbI). Paccmorpum
NpPOCTPaHCTBO C HOPMOH Sl f (x)| dx, snemeHTaMH KOTOpOro fABJAIOTCA

Q
HernpepbiBHbe B Q GyHKIHH., DTO HOPMHPOBAHHOE IMPOCTPAHCTBO He

ABJseTCS NOMHBIM. [leficTBHTEIBHO, H3 Onpeje/ileHHs HHTerpaJa JleGera
caenyer, uto 1if J060fi HHTErpupyeMoit 1o o6s1acTH Q GyHKuMH f (x)
CyIIeCTBYeT CXOJAIAYcA K HeH B 5TOH HOpMe MOCJEN0BATENbHOCTD

HenpepbiBHLIX B Q QYHKUHH fr (x): {| fm (x) — f ()] dx—0 mpu m—oco.

Q
3ro O3Ha4aer, 4YTO €C/JIH Mbl XOTHM IMOJYYHTH IIOJIHOE HOPMHPOBAHHOE

(6aHaxoBO) MPOCTPAHCTBO ¢ HOPMOH S| f(x)|dx, B KOoTOpPOM cOnEpKa-

Q
JIMCh Obl BCe HeMpephIBHBIE (MTH 1axke GeckOHeuHO AH(depeHIHpyeMble)
B { QyHKIHH, TO Mbl JOJIKHBI BKJIOYHTH B HEro BCE HHTErPHPyeMbIe

no Q ¢yskuuu. Ho torna dyHknuonan S|f(x) | dx mepectaer GhITH

Q
HOPMOH —OH He YJUBJNETBOpPSIET MoOcCJaefHeH akchHome (cM. 1. 2 § 2
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ra. II) HOpMBI, Tak Kak S|f(x) \dx =0 gna Beex f (x)=0 n. B. B Q.
: Q
Onuako B chay Teopembr 2 m. 4, § 1, r. IT §[f(x)|dx=0 TospkKO
' Q

nasi gyHkuuit f(x), paBHBHIX Hy/o I. B. B Q. CnenoBaTenbHo, A1 TOro
YTOGHl MOCJE[HAS aKCHOMa HOPMBI BBITNOJHAACh, Mbl JOJKHBI 0MOMC-
Oecmeume Bce QYHKIHH, paBHble M. B, B. Q. IInd 35TOro MOXHO JHGO
CUMTAThb 3/JeMEHTaMM NPOCTPaHCTBA KJaacchl (yHKuUH, B KaXKAbl# M3
KOTOPHIX BXOJAT Bce QYHKUMH, paBHHle M. B., JHG0, YTO Ha CaMOM
Jlesie TO XKe caMOe, BBECTH HOBOe OIpefleleHHe DaBEHCTBa (yHKIMH:
ynKyuU pasHeL, ecau ux anatenus cognadarom nowmi écro0y. TIocKONBKY
yloOHee HMeTb Aes0 ¢ (QyHKIHUAMH, a He C KjaccaMH (yHKIMH, TO Mbl
GyneM jnajee CUHTAaThb PaBHBIMH (YHKIMH, 3HaYeHHSA KOTOPHIX COBlIa-
‘AT JJA TOYTH BeeX (a He o6fA3aTenbHO s Bcex) x u3 Q. Tak Kak
IpH TakoM ollpefesieHHH paBeHCTBa (QyHKUHA QYHKIHH He MEHAOTCA
IPK NPOH3BOILHOM U3MEHEHUH HX 3HaueHHi Ha JI060M (HKCHPOBAHHOM
MHOXKeCTBE Mepbl HYyJ/b, TO B 3TOM CJy4ae €CTEeCTBEHHO CYHTaTh, YTO
¢yHKIMM 3anaHbl MouTH Bclogy. Ilpu 3toM eca ¢yHKHuA [ noutH
BCIOJly paBHa HYJIO, TO Mbl ee CuMTaeM HyneBoit ¢yHKuHeil. AHnaso-
THYHO, ecyH QYHKIHA INOYTH BCIOLY COBMNAJAeT C BCIOAY OIpejeNeH-
HOH HemnpepulBHOH (yHKIMeEH, TO Mbl Oy1€eM €€ CUHTATh HeNpPePLIBHOH.
Ecan oHa nouTH BClOAy coBMajaeT ¢ BCIOAY OMNpeneneHHOH Hempe-
puiBHO gHdpepeHnupyemolt no mnopsika k QyHkuHed, TO Mbl GyAeM
CUHTaTh ee HEMpephBHO AudxpepeHuupyemoit no mnopsizka k. B coor-
BeTCTBHH C BBEJCHHBIM [IOHATHEM paBeHCTBA OyJeM CYHTaTb, YTO H
aneMeHTaMH 1npocTpanctBa C* (Q), k=0, sBafAOTCA HENpPePHIBHO
IHudbepeHnMpyeMble 10 nopsaaka k£ (QyHKIMH, ONpeleseHHble MOYTH
Bciony B Q. To ectb ¢yukuus f(x) npunagnexur C* (), ecau oHa rouTH
BCIOLy COBMajaeT ¢ ¢yHKuuell, omnpeleneHHod Bo Bcex Toukax Q u
HeTpPEePLIBHOH BMeCTe CO BCeMH IPOHM3BOJHBLIMH [0 MOpPSAKa k BKJIO-
ynuTenbHo B Q. IlpH 3ToM mop 3HauyeHHeM B HEKOTOPOH TOUKe 3J€MEHTa
npoctpancrea C (Q) (4, Tem Gosee, pyHkuuu H3 C*(Q)) GyneM NOHH-
MaTb 3HaueHHe B 3TOHl TOUKE BCIOAY OIMpeNeNIeHHOH HenpepLIBHOM
(¢yHKUUH, coBmajamiiefl n. B, B  C 3THM 3JEMEeHTOM.

1. NMpocrpancrBa L1 (Q) u L, (Q). PaccMoTpHM MHOXKECTBO KOMII-
JIEKCHO3HAUHLIX HHTerpHpyeMux no  ¢ynkuuii. OueBHIHO, YTO OHO
ABJSETCA (M B HOBOM INOHHMAHHHM paBeHCTBA GYHKUMI) JHHEHHBIM

NpPOCTPAHCTBOM, H QYHKIHOHAN S | f (x) | dx ynoBreTBOpsIET BCeM aKCHO-

Q
MaM HOpMbl. Dyzem o6o3HauaTb 3TO JiMHeHHOe HOPMHPOBaHHOE Mpo-

CTpancTBO Yepes L, (Q);

flee@=§1f (x)| dx. (1)

Q

MHoKecTBO H3MepHMBIX KOMIJIEKCHO3HAYHBIX QYHKIHI (HamoMHuM,
4TO (GYHKIHH, COBMAjAIollHe I. B., OTOXKIECTBJISAIOTCS), KBaIpaT Mo-
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IYJs KOTOpbIX HHTerpupyeM mno obJactH , o6o3HauuM uepes L, (Q).
ITokaxeM, 4to L, (Q) — nHuelinoe mnpocTpaHcTBo, [lycTh ¢y M €p —
NPOM3BOJIbHEIE YHCHA, a fy(X) H [y (X) — OpOH3BOJIbHBIE (YyHKIHH
H3 Ly (Q). Tak kak uamepumast GyHKUHS ¢ify (x) -+ cof s (X) yIOBJIETBO-
PAET HEPaBEHCTBY | ufy (x) + cofa (VP2 | ¢y |y () P+ 2 o f | (X) %, TO
no Teopeme 5,0. 6 § 1 ra. II dynruus |cify (x) 4-cof s (x) 2 uHTErpH-
© pyeMma. 3HauurT, ¢fy(x) 4 cofe (x) = Ly (Q).

Qyukuusa fi(x)fa (%), rae fi(x) u fy(x) npunapnexar L, (Q),
HHTErpHpyeMa, IIOCKOJMbKY OHa H3MepuMa Hu |f; (x) fo ()| <

1 !
<5 (/i () ?+1fz (x) |*). Tlosromy nape ¢ynkuuit f; u fp MOXKHO
IOCTaBHTb B COOTBETCTBHE YHCJIO

Fur Fora@ = Fr (0) 2 () dx. 2

Q

Jlerko mpoBepuTh, 4TO ¢opMmysofi (2) ompenensiercd CKajaspHOe
npoussenente B L, (Q). IlopoxkpeHHas 3THM CKalsipHHIM IIPOH3Bere-
HHeM HOpMa HMeeT BH]

Ifle.@ = Q |f ()2 dx)”z. &)

Tak kak |f|=|f|~1<%(lfl2+l), TO B Cly4Yae OrpaHHyYeHHOH

obnactd Q ¢yHkuua f(x), npuHajnexawas L, (Q), NPHHALIEKHT U
L, (Q). 3uauur, ana orpaHHYeHHOH o6nacTH L, (Q) < L, (Q). Oue-
BHAHO TakXke, 4YTO B cjyyae orpanHdenHoil o6nacti Q C(Q) <
< Ly (Q = Li(Q)-

Teopema 1. L;(Q) ecms barnaxoso npocmparcmso ¢ Hopmot (1),
L, (Q) — eunvbepmoso npocmpancmso co cKarapruim npoussederuem (2).

Jlna nokasarenbcTBa TeOpeMbl JOCTATOYHO YCTaHOBHUTH MOJIHOTY
npocrpanctB Ly (Q) ¥ Ly, (Q) B COOTBETCTBYIOWIMX HOpMAXx.

1. Tlyctb mocJenoBaTesbHOCTD fp, =1, 2, ..., bynkuuit us L, (Q)
apasiercd  ¢GyHaaMeHTagsbHOH B Ly (Q), T. e. mas smoGoro £>0 cy-
mectByer Takoe uucao N (g), 410 |fpo—fmli, @ <<€ Aa Bcex &,
m=N (¢). Bosbmem &=2-% npu HeKkoTOpOM I1Ee/OM £ M 0GO3HAUUM
yepe3 N, uucio N (27%), u nyctb npu 3toM Np<<Npyy. Torpa mpu
m=N,

"ka—fm“LI(Q) <2_k, (4)
H, B 4acTHOCTH, “ka—ka+1||L1 @ <2* Tostomy psn > |fv, —
k=1

——ka“ ||L (@) CXOLHUTCA. 3HAYUT, HA OCHOBAHHH cjegcTBua M3 m. 6 § 1
1

ra. II o B. B Q x HeKoropoh ¢yHKIHM u3 L; (Q) cxoaurcd psx
[ee]
2 (fv,,—fn,) u, Tem cambm, m B. B Q npH k—00 cXORHTCH
k=1
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K Hekotopoit Gynkuun f & L, (Q) nocnenosaresbHocTs fu,, k=1, 2,.
fn, @) —=f (x), k —o0.

INokaxem, ut0 |fm—flr, 0 —0 npu m—oo. IleficTBuTenbHO,
u3 (4) BuTekaer, uto A m=N, U k=r

V=gl @<Ifn— x| @t o, = iy, @< 22 =21,

[Tepexoast B 31OM HEpaBeHCTBE K Npenesay IpH k— 0O Ha OCHOBaHUH
jgemMmbl Pary (reopema 4 m, 6 § 1 ra. II), moayuuMm HepaseHCTBO
Ifm —flL,@ << 2'", cnpasennusoe aaa Bcex m = N,. Ilpu nocrarouno
OOJILINMX M YHCJIO 7 MOXKET ObITb B3fITO AOCTATOYHO GOJBIIHM, MO-
stoMy |fm—flL, @ —0 mpu m-—co. Hrak, L,(Q)—moanoe mpo-
CTPaHCTBO.

2. Tlyctb Tenepb GpyHKIMHU NOCJAENOBATEJNbHOCTH [, (x), k=1,2,...,
npHHagnexar L, (Q), H nocaenoBareqbHOCTh fABJAeTcd (yHiaMeHTalb-
Hoit B Hopme L,(Q). Tak Xe Kak M IpH J0KAa3aTesLCTBE IEpBOMH
YacTH TeopeMbl, HaiileM TaKylo UHCJOBYIO IOC/Jef0BaTeNbHOCTb N =<
<N,<<...<<Np<..., ur0

|y —Fmle, @ <2* (4
a1 Bcex m= Ny, M B YaCTHOCTH, ||ka+1—ka|]L (Q)<2"’. Hs
HEpaBeHCTBA DyHAKOBCKOTO  cJaemyer, uro ||ka+1 fw, ||L @<=

<V Q] |]ka+1 | L <V I1QI27*, nostoMy cymecrsyer Gynkuus
fx)= L1(Q) rakas, uro fy, (x )—=f (x) npu k—oo 0. B. B Q. A 31a-
YMT, H |ka]2—>|f|2 npu k—»oo n. B. B Q. Kpome TOrO,

||ka”L @=|fn,— fN1||L (Q)+||fN1”L @<=7 +||fN ”L "

[Tosromy Ha ocHoBaHuH JeMMbl Paty f(x) < L, (Q).
[Mokaxem, uto |fm—flL,@—0 npu m—co. Has m>N H
k =r umeer MecTo BbiTeKkaiouiee u3 (4’) HepaBeHCTBO

i = by @ <[fm =¥, e, 0 tin, —tw, |fL2<Q>< 2.

[lepexoas B 3TOM HEpPaBEHCTBE K IpefieJy NpH & —-00, CHOBA Ha
OocHOBaHHH JiemMbl PaTy MONYyUHM HEpPaBEHCTBO ||f,,,—f||,_ Q =217,
cnpaBesuBoe /sl BceX m=N,. A Tak KakK UHCJIO 7 MOXKHO B3fTb
JOCTATOYHO GOJIBIMHM, €CJIH m JOCTaToyHo GoJsblioe, TO IOJyvaeM,
4T0 |fm— fll, @ =0 npn m—oco. Teopema poKasaHa.

3ameuanune. OTMeruM, YTO NIpPH JAOKA3aTE/NLCTBE TeopeMbl |
OHOBPEMEHHO yCTAHOBJIEHA CIIPABENJIHBOCTb CJELYIOLIErO yTBEPXKe-
HusA. H3 ecaxoid nocaedosamesvvocmu Gyrkyull, cxodauielics K Heko-
mopol ¢ynkyun f 8 Li(Q) uau e L, (Q), moxcro evibpams nodnocae-
dosamenvtiocms, cxodauyocs K [ noumu ecrody.
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2. Maornocts MHoxectBa C(Q) B L,(Q) u L;(Q). CenapaGean-
Hoctb npocrpaicTe L; (Q) u L, (Q). HenpepoisHocTb B cpenHeM aJe-
mentoB L, (Q) u L, (Q). N

Teopema 2. Mrnoocecmso Henpepoigroix 8 Q dynxyull 8crody
naomuo 8 L (Q) u Ly (Q).

1. Tlycre ¢ywkuus f(x) = L, (Q). He ymanas o6mHOCTH, MOMKHO
CUMTATh €e BEleCTBEHHO3HAUHON M HeoTpuuatesabHoi. Torga mo onpe-
JENEHHI0 MHTerpupyeMocTH QYHKIHHU f (X) CYILECTBYET MOC/Aeq0BaTelb-
HOCTb HenpepbiBHBIX B Q byHxuuit fp (x), k=1, 2, ..., obnagawoumas
cBoitctBami fe (x)1f(x) m. B. B Q u {fedx—{fdx npu k— co. Tak

Q Q

kak {|f —feldx={ (F—Ffu)dx, 10 |f = falL, @0 npu k— oo, uro
Q .

Q
H Tp860BaJIOCb YCTaHOBHTbD.

2. [lycrp ¢ynkuus f(x) =L, (Q). CHOBa MOXKHO CUHTaTb ee Be-
LIeCTBEHHO3HAUYHON M HeorpunaresnbHoit. Ilockoabky f(x) = L, (Q),
TO HaliileTc MOHOTOHHO HeyOwlBaloliasi IOCJeI0BaTeJNbHOCTD fr, kB =
=1, 2, ..., dyukuuit us C(Q), cxonsmascsa K f n. B. B Q. Pyuk-
MK fp (X) MOXKHO CUMTATb JONOJHHTENBHO HEOTpPHIATEJbHBIMH, 3aMe-
HHUB B cJyyae HEOGXOQMMOCTH B3ATYIO IMOCJENOBATEJbHOCTb I10C/EN0-
BatesibHOCTBIO ff; (), k=1, 2, .... Ho Torma f§ (x)4f%(x) n. B. B Q
opu k— oo, [lo ompenenenuto uuTerpana or f2(x) Sf,i dx—rszdx,

Q Q

T. e |fell, @ —=|fli. @- Tak Kak f,f<<f% 710 no Tteopeme JleGera
(reopeva 6 nm. 7 §1 ra. II) klim (frr DL, =|fli.@. 3uauur,

— 0
Ife—Fli. @ =1Felts @ —2 (s N, @ +|FIE. @—0 npu k—co. Teo-
peMa JOKa3aHa.

OrMerum, 4TO ecau nocjepoBatesnbHOCTh ¢ynkuuit us C(Q) cxo-
JUTCH K HeKoTopoir ¢yHkuuu B Hopme npoctpauctBa C(Q), To ona
cXonuTcA K Heit M B HOpMax npocrpancTB Ly (Q) u L, (Q). Creposa-
TeJIbHO, JIOOVIO HeNpephiBHYW .B  GYHKUMIO MOXKHO NPHOIH3HTD
NIOCJIEJOBATE/IbHOCTBIO MHOTOWIEHOB C PallHOHAJIBHBIMH KOS(xpuylen-
tTaMH B HOpMax L;(Q) u L;(Q). Torpa u3 Teopembl 2 cjeayer, uto
CUETHOE MHOXKECTBO MHOrOY/JIEHOB C PalHOHANbHBIMH KO3(pHIMEeHTaMH
Bcioqy maoTHO B [;(Q) ¥ L, (Q). To ectb umeer mecro

Teopewma 3. Ilpocmpancmea Ly (Q) u Ly (Q) cenapabenoroi.

[Tpunapnexkamas npocrpanctBy L, (Q) (M mpopo/npkeHHasi HyJem
BHe Q) ¢ynkuus f(x) HasbiBaeTcsi HenpepvisHol 8 cpeduem (ksadpa-
Mu4HoM) usu 8 Hopme npocmpancmsa Ly (€)), ecau no moGomy & >0
Hafmerécﬁ trakoe 0>0, uro |f(x42)—f (%), <& m1a Bcex z,
|z|<<O.

[Tpunapnexamas npocrpauctsy L; (Q) (¥ npomo/kenHass HyJeM
Bue Q) GyHKuMSA f (X) Ha3bIBACTCS HenpepuiBHOL 8 CpedHem Ul 8 HOPMe
npocmparcmsa Ly (Q), ecin no moGoMy & >0 maiigercsa Takoe § > 0,
uto ||f (x42) —f (*) o, @<<& m1a Beex 2, |z]<<8.
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N3 TeopeMbl 2 BHITEKaeT CaAEAyIOUIee YTBEPKAEHHE.

Teopema 4. Jlobas ynsyus uz L, (Q) Henpeposra 6 cpeanem
(keadpamuurnon). Jwobas gyuryus us Ly (Q) Henpepusna 8 cpeduem.

Iycrs dyuxuua f = L, (Q) (B cayvae, kKorpa fe< L (Q), nokasa-
TEJILCTBO YTBEPXKICHHS COBEpIIEHHO aHaJOrHyHO). BosbmeMm uHCI0
a>0 crosp GoablumM, utobbl Q& S,, rae S,—wmap {jx|<<a}.
Dyukuusa F (x), paBHad f(x) ma x=Q u Hy o a x< S, \Q,
NpHHAIIERUT L, (S2,), TaK Kak f(x) =L, (Q). Bo3bmeM mpoussosb-
Hoe £¢>0. Ha ocHoBaHHH TeOpeMH 2 cyuiecTByeT HenpeprBHaﬁ B Sy

dyuknus F (x), yIOBJeTBOpSAIOMAs HEPABEHCTBY HF F (x) ||L2 Son) <
<< e/3. 3a cueT yMHOXxeHHsS (QYHKUHH F (x) na NOAXOAALLYI0 Cpe3alo-
myo ¢yHKIHIO 06/acTH S, MOXHO CUMTaTb, UYTO ¢>yHKuuﬁ Fix)=0
s x Sw\S Tosromy aad |z|<<a |F (x+2) —F (x4 2) ||L2(82 )=

—|Fx) ||L s,y<¢&/3. Tak Kak QyHKIus F (x) paBnomepHo
HenpemeHa B §2a, to cymectsyer 6>0 (6 <Ca) rakoe, uro
|F(x42)— ||L2(sza)\s/3 Kak TOJIbKO |z|<<O6. 3Hauur, npu
lz] <6

IFc+2) —f (e, @=F (x+2) = F ()|, s,) <
<|F(x+2)—F(x+2)]s, (sm)+||7’ (x+2)—F @], (sza)+
+||l~'"(x) ||1_2(sm <\ + +

Teopema nokasana.

3. Ycpennenne dynkunii u3 L, (Q) u L,(Q). Haa byukuuit us
L (Q) u L, (Q), Tak xe Kak u s ¢yukumit u3 C (Q), MOXHO ompe-
JeJIUTD prellHeHHbIe ¢$byHKUHH.

[Tyctb @y (| x —y|) —HekoTOpOe sAxpo ycpenenus (ra. I, BBenme-
sue), a f (x) = L; (Q). Pyukuus

f;,(x)=§2f(y)mh(lx—yl)dy, h>0, ()

HasbIBAETCH CpedHell ynrkyueld 0as pynxyuu [ (ycpedHenHol @dynk-
yueld daa f).

U3 cBolicTBa a) sinpa ycpennenus u Teopembl 71m. 7 § 1 ra. II cue-
ayer, 4to f, (x) =C>(R,) npu h>0. Kpome Toro, f, (x) =0 Bue Q".

Teopema 5. Ecut f(x) €Li(Q (La(@)r m0 [fo—Fli @ —0
(fs—=Fle. @—0) npu h—0.

IokasaresbcTBO OGOMX YTBEPHKAEHHH OJHHAKOBO, IO3TOMY OCTa-
HOBMMCH, Hanpumep, Ha caydae feL,(Q). Bynem cunrarb ¢yHk-
o f npogo/mxkenHoi nyJseM BHe Q. CpoficTsa 6) H B) siipa  yCpeNIHEHHS,
HepaBeHCTBO DyHSIKOBCKOro, CBOICTBO T) fAApa yCpenHEHHs, II0-
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C/Ie10BaTe/IbHO IIPHMEHEHHbIE, [aroT

\fa () —F (x) 2=
=| | fwoen(x—yNdy—f(0) § on(x—y)dy|<

[x—yl<h lx—yl<h

< | etx—yhdy § 1F)—FfWrd<

fx—pi<h |x—yl<h

< 2ot 5 I (x+2) —f (1) [ d.
[z2][<h

CorsiacHo cnenctBuio u3 TeopeMbl Py6unu (m. 11 § 1 ra, II)

= iPno=Zp\dar | Ifeta—f@Pa=
Q lzl<h

=52 § afiera-rore o
lz{<h

Bosbmem npoussosibHoe £>>0. CorsacHo TeopeMe O HempephiB-
HOCTH B cpefiHeM (TeopeMa 4) Halinercsi takoe 6 >0, urto ||f (x +2) —
—f (), @ <&, ecan ToabKo |z|<<h<C8. TlosToMy nnst Takux h
u3 (6) BbiTeKaer HepaBeHCTBO | fn —f|L, ) =S const-e. Teopema poka-
3aHa.

3ameuanue, OTMeTHM, YTO NIpH JOKa3aTe/NbCTBE TEOPEMBI 5
HE HCII0Jb30Basach HEOTPHLATENbHOCTb fiipa ycpennenus. Crenosa-
TEJIbHO, €CIH CpeiHion OyHKuHw f, (x) mna ¢yukuuu f(x) ompene-

o xX—
auts gopmyaofi (5), rae s (| x —y) =g (7). a o (), —o0 <
<t << oo, — 6eckoHeuHo aMpdepeHnupyemas uerHas (GyHKUHS, paB-
nas Hymo gaf |¢|=1 u Takas, uro Sml (|x])dx=1 (cp. ¢ ompe-

n
JeJeHHeM fipa yCpeIHEHHS BO BBeleHHH, ryaBa I), To Teopema 5

oCTaeTcsl CIIPaBejIMBOil M B 3TOM ciyvae.
Teopema 6. Mrosecmso C®(Q) ssasemcs 6ci00y NAOMHbIM

6 L;(Q) u s L:(Q).

[ycrs f (x) = L, (Q) (cnyuait f & L, (Q) paccmarpuBaercs aHaso-
ruuHo). 3adurcupyeM npoussodbHoe &>(0, CorgacHo Teopeme
06 aGcoJmoTHOH HenpephBHOCTH HHTerpasa JleGera (teopema 9 m. 10§ 1

ra. II) waiigerca takoe 6 >0, urto S | f |2 dx << €*/4. dro o3nauaer,
Q\Qs

uro ¢unutHas B Q ¢ynkuua F(x), npunamiexamas L,(Q) u pas-

Has f(x) g x=Qs U Hymo 1is x =Q\Qs, YIOBIETBOPSET HEpa-

BeHCTBY |F —f|i, @ <<&/2. B cuny Teopembr 5 MOXHO HafiTH TaKoe

ho>0, uto |Fp—F|L,q <<&/2 ana Bcex 0 <<h<<h,. Cpenuss dyuk-

una Fy ana ¢uautHofl GyHKuMM F npHHAANEXHT IPH JAOCTATOYHO
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Maabix A MuoxectBy C=(Q) u
|f—=Falec@ <If— Fle.@ +IF = Fal.o <5 + 5 =¢.

Teopema poKazaHa. .

Tak Kak npu Jiobom k=0 C* Q)= C* Q) =L, (Q), 1o C* (Q)
npu Bcex 2=0 Bcriogy mIotHH B L, (Q).

4. Jluneiinbie mpocTpancTBa Ly, toc, L2, toc. MHOXKECTBO HHTErpH-
pyeMblX B KakAO# cTporo BHyTpeHHel mogoGiactu Q' obmactu Q,
Q'=Q, dyukuuit o6osnauuM uepes L;, 1oc (Q)-

MuoxecTBo u3MepuMblx B Q GyHKIME, MOAYJb KBajpaTa KOTO-
pbIX HHTErpHpPyeM Mo JioGOH CTporo BHYTpeHHefi mogoGmaactu Q'
o6aactu Q, Q' ©Q, o603HauUM uepes Lj, 1oc (Q).

SIcHO, 4TO Ly, 10c (Q) M L, 10c (Q) ecTb JMHeHiHBIE IPOCTPAHCTBA.

Kpowe 10r0, L; (@) < Ly, tos (@), Lz Q) < La, 1oc Q). Pymktmns —or,

HalpuMep, NMPHHAMMERAT Ly 1oc (x| <<1) B Ly 10c (x| << 1) npu io-
6biXx m, H B TO e BpeMs OHa mnpuHamIexHT L, (x|<<1) rosbko
npu_m<<1, a Ly(jx|<<1) Toasko mpu m<<1/2.

§ 3. 0Go0menHnbie NPOU3BOAHBIE

1. Mpocreiimwine cpoficTBa 0600LIEHHBIX NPOU3BOAHBIX. [IycTh He-
npepbisHast B Q ¢yHKuHsA f(x) HMeeT HeNpephiBHYIO B Q NPOHZBOI-
Hyio fy (). Torsa npu moboit pynkuuu g (x) & C* (Q) umeer Mecto
paBeHCTBO .

| fas de=—{xg dx.
Q Q
OkasbiBaeTcst, STHM DaBEHCTBOM NpOH3BOMHAR [y, QyHKUmH f noj-

HOCTBIO OTpefesieTcsd: HeTPYNHO I0Kas3aTb, 4TO €CJIH [/ HelpephiB-
HOM YHKUMH f(x) cyuiecTByeT Takas HenpepbiBHas (yHKUuA A; (x),

4TO NpH MOGOH g (xX) & C'(Q) BHLINOJIHSAETCS PABEHCTBO

{fgs, dx=—(hg dx, (1)
Q Q

TO (QYHKUMA f(r) HMeer B Q NpPOH3BOAHYIO fy, M AN BceX x &Q
fxl=hi. Takum o6GpasoM, ¢ NOMOWbI TOXxAecTBa (1) MOXKHO 1aTh

Jpyroe, SKBHBaJEHTHOe (B KJacce HempephlBHBIX (QyHKIMI) OGLIYHOMY,
onpenesneHHe npoH3BopHoH GyHKuMH f(x). Ecau B pasencrse (1)
OTKa3arbcsi OT HempepbiBHOCTH GyHKuME f(x) H A; (x), @ BMeCTo 3TOrO
norpe6oBaTh HX HHTETPHPYEMOCTb HJIH MHTErpHPYeMOCTb HX KBajpa-
TOB (NocneniHee HaM yjo6Hee) H HHrerpasbl B (1) MOHHMATh B CMbiC/e
Tle6era, TO Mbl paclIMPUM KjaacC (GYHKUMH, I KOTOPBIX MOXKHO
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BBECTH NMOHATHE MpPOU3BOAHON; (yHKUHSA h; HaspiBaercd OGOGIIEHHOM
npousBojHON 1O x; ¢yHKuUM f B oGaactH Q.

[Myetb @ =(oy, ..., ®;) —BEKTOp C LEJLIMH HEOTpHIATEbHBIMHU
KoMnoHeHTaMH. PyHkuus f* (x) & Lo, 10c (Q) HasuiBaercs o-if 0606uyeH-
Hotl npoussodroti (0. n.) 8 obaacmu Q GyHKUHH f (x) & Ly, 10¢ (Q), eciu

s Jmo6oit dyHkuu g (x) = C1! (Q) uMeeT Mecto paBeHCTBO

(S)f(x)D“g (x)dX=(——1)'°"§f°‘ (x) g (x) dx. 2

Hpémne BCEro NnokakeM, uto ¢GYHKIHA f(x) MOXeT HMETb JHINb
ONHY O. M. f*(x) (HanOMHHM, YTO (PYHKUHH CYHTAeM DaBHLIMH, €CJIH
OHHM COBMAJAIoOT I, B.).

HeficrsurenbHo, nyerb f&(x) u f% (x)—aBe o. n. ¢yHxuuu f(x).
B cuay (2) ana npousBoJibHO pHKCHpoBaHHOM mojo6aactd Q', Q' &Q,
H  NpOH3BOJNIbHOR  ¢(yHKUMH g (x) =C!*1(Q') HmeeM paBeHCTBO

{(f*—f*)gdx=0. Ho fo—fr =L, (Q'), mosToMy B cHily Teopemsl 6
o
n. 3 mpenbinyuwero naparpaga f¢*—f*=0 n. B. B Q, a 3Hauur, u
n. B. B Q. ]

Mycrs dynkuusa f (x) e C1*!(Q). Toraa us ¢opmyas Ocrporpan-
CKOTO HMeeM pPaBEeHCTBO

éf(x)D g(x)dX=(——1)'°"§D°‘f (x) g (x) dx @)

s ao6ol pyHkunn g (x) & Ciel(Q). To ectb QyHkuus f (x) umeer
o. m. f*(x), pasuyio D% (x). B uacrnoctu, ynknus f(x), (n. B.)BQ
paBHasi MOCTOSIHHOMH, HMeeT o6yl o. m. f*(x) =0, |&{> 0.

B nanbHefimeM OGOGIIEHHYIO MpPOM3BOAHYIO f* ¢yHKRUMH f Oynem
o6osHayaTh uepes D*f, Il 0GOGUIEHHBIX MPOH3BOJHBIX, B OCHOBHOM
NepBbIX H BTOPBIX HOleIKOB,aéyJIeM M0JIb30BAThCAA TaKkKe 0003Haye-

*f
HHSAMH f"i’ fxixj, Lo H Tt W’
alalg

. o
ox,t .. 0x n
1 n

He 3aBHCHT OT nopsaka audpepeHIMpoBaHHSA, TO M3 €THHCTBEHHOCTH
060o6LIeHHON npoM3BOjHON H (QopMyJbl (2) caexyer, uTo 0606UeHHAR
npousso0Has TOXE He sasucum om hopaoka dudigheperyuposanus.
Takxke u3 onpeneneHHs cpasy clenyer, 4TO ecaH (GyHKUHH f; (x),
i =1, 2, umeior o. 1. D%;, To ¢yHKUUS C4f; + Cofy NPH POH3BOJMB-
HBIX TOCTOSIHHBIX ¢; UMeeT 0. I. D*(¢\fy+ ¢of o) = e1D*f1 -+ c.D*fs.
MMpumep 1. Oynxuua f(x)=|x;| B mape Q={ x|<<1} umeer
nepebie 0GOOIEHHBIE NPOH3BOIHLIE fxlzsign X1, f"z=0’ i=2,...,n.

IMockonbky ad riagkux GyHKuMi g (x) nmpoMsBojHas
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Ieiicteutenbho, st Jioboft dynkmuu g (x) & C* (Q)

Slxllgxldx= S x1§x1 dx—_ S xlg‘xldx’

Q Qr Q-
rie Q*=QM (x> 0), Q-=Q (x; << 0). U3 dopmyt Ocrporpasnckoro
umeeM (x,g=0 Ha 8Q u npu x,=0)

Slxliéxldx':_ S §dx—|— S §dx=—SSignx1-§dx.
Q Qt Q- Q

[Tostomy 0. n. mo x; ¢GyHKUMH |x;| CYLLECTByeT M paBHa (PyHKIHH
signx;. Tak Kak jgud { =2

{11 @y, dx =1 (1x:]2)s, dr=0=—§0-gdx,
Q Q )

-T0 QYHKUMSA |xy| MMeeT 0. m. MO0 x;, i=2, ..., N, DaBHBE HYJO,

3aMeTHM, YTO KJIACCHYECKOH INpOM3BOJHOA MO X; QYHKIMA ||
B 06s1acTH Q He MMeeT (He CYLIECTBYET IPOM3BORHOH npH x;=0).

[Tpumep 2. Oyukuus f(x)-sngnxl BmapeQ {| x| < 1} nmeer
00001IeHHbIE NEPBbi€ MPOH3BOIHLIE f,, 0, i=2, ..., n, HO He UMeeT
0GOGILEHHOM MTPOU3BOLHOM f,,1 Cym.ecTBOBaHHe 0. I f"‘i’ i=2,...,n,
yCTaHaBJ/IMBAeTCH TaK e, Kak H B npumepe 1. JlokakeM, uTo ByHK-
HA f He HMeeT O, I. MO x;. [1peanmoJiokUM, HanpoTHB, 4TO CymMIecT-
ByeT OYHKIUSA @ & Ly 10c (Q), ABIsMOmAsics 060GLIEHHOM TPOH3BOAHO
no x; ¢yukuuu f. Toraa aas npousBosibHON (yHKUHK g (x) & C1(Q)
HMEET MEeCTO paBEeHCTBO

{ogdr=—/{(slgnx) gedr=— 1§ gedr+ | g drx=

Q Q QF S
' =2 § gdo..du @)
QN{x =0} :

W3 atoro paBeHCTBa mpexje Bcero cJeayer, uTo @ =0 (n. B.) B Q.

HeiicteuTenbHo, noxctaenss B (4) NMPOH3BOJBHYIO QyHKUHMIO g(x) &

ECI(Q), paBHyl0 HyJi0 B Q~, MOJYuMM paBeHCTBO Smgdx=0,

Q+
M3 KOTOpPOro BhiTeKaeT, uto =0 (m. B.) B Q*. AHajornuHo poka-’
spiaeTcsl, uTo o =0 (0. B.) B Q~. CienosaTesibHO, 1/ J0Goi g (x) &
=0 Q) (ogde=0,1. e § g de ... de,m=0. Tocremee
Q QN{x=0}
PABEHCTBO, OJHAKO, He MOXeT HMeTb MecTa IpH JioGoi yHKUMH
g(x) =C Q).

O6oGuiennas npoussoaHas D%f, B oTJHUHE OT COOTBETCTBylOMIE
KJ1aCCHUECKOll NPOH3BOLHOM, onpene/sercad TOXKIECTBOM (2) eaobaisto,
cpasy B Q. OnHako H g awbod nodoGaacmu Q' < Q pynkyus D*f
6ydem o. n. ¢yuxyuu f, NocKoNbKy QyHKIMS g (x), NpHHANIEkKALIAH
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Crol @’) M [pPONO/KEHHAs HyJeM BHe Q', MPHHANJIEKHUT C"“!(Q)
(3THM CBOMACTBOM Mbl (haKTHYeCKH Y€ BOCIIO/Ib30BANHChL MPH 10Ka-
3aTesIbCTBE eIHHCTBEHHOCTH 0GoGUIeHHOH mnpou3BoaHoit). Ilosromy
ecm GyHKUMA f(x) uMeer B Q o. . D*f u f(x}=c (n. B.)BQ' <=Q,
10 D¥ =0 (n. B.) B Q'. B uacTHocTH, 0. m. (€CJH OHa CyIeCTBYeT)
¢unnTHOM B Q yHkuuu f(x) (1. e. aas Hekoropoit Q', Q"&Q,
f(x)=0 n.B. B Q\Q") dunntHa B Q H, ciegOBaTENbHO, IPHHAIEIKHT
L.(Q.
Ilycrs dynkuus f(x), npHHagjexawas Lg joc(Q), HMeeT o. .
D*f=F, a dyukuusa F (x) umeer o. n. D8F=G. Torapa cywecméyem
0. n. D*Bf y DBf =G, .

IeiicteurensHo, nycth g(x) e Cl*+81(Q). Tak kak Dfge
eC*!(Q), 1o
{iD*Bg dx = (—1)l=! { D*DBg dx =
Q Q

= (—1)le SFDﬁgdx=(_])Ial+lﬁl SDﬁFde=(__1)!a+Bl Sngx,

Q Q Q
YTO M TPefOBANOCh YCTAHOBHTD.

B omanuHe oT KjaccHuecKoll NpOH3BOJHOH 06GOGUIEHHAs MpPOH3BOL-
Hag D%f onpepensierca cpasy i nopsjaka | o | 6e3 npeanosoKeHus o
CYLIECTBOBAHHH COOTBETCTBYIOMMX MJAMIHX NMpPOM3BOIHBIX. [TokaxeM,
YTO MJIaJmHe MpPOM3BOJHbIE H Ha CaMOM fieJieé MOTYT He CyIIeCTBOBATh.

[Mpumep 3. Paccmorpum B.mape Q ={| x| << 1} dyHkuwuo f (x) =
=@ (x1) + ¢ (x3), rae @ (x)=signx,. M3 pesysnbratos npumepa 2
BhITEKaeT, 4To f(x) He HMeeT OGOOLIEHHBIX POH3BOIHBIX fr,H [y,.

TTokaxkeM, UTO TeM He MeHee cyumecTByer 0GOGUIEHHAs MPOU3BOJ-

nasi fy,,. BosbMeM mpousBosibHYI0 GyHKuMIO g(x) & C?(Q). Hmeem
Séxixj dx= S ? (x1) éx:xadx‘i‘ S @ (%2) Grux, dX.
Q Q

, Q
[Tockoabky

S (' (xl)éxu\?z dx =— S Exxxz dx + S é&xz dx = 0,
Q _Qﬂ{x1<0} QN (x> 0)
H, aHaJIOTHYHO, S @ (x3) Gxyr, dx=0, TO

Q _ _
([gew, dx=0=(0.gdx.
Q Q

Takum obpa3om, 0600LIECHHAS IPOH3BOHAS fy,y, CYLIECTBYET H paBHa 0.

2, Q6o0weHHEIe TNPOM3BOLHbLIE U cpegHHe dyHKuuH. Kpurepuii
CyuiecTBOBaHHS 0000uIeHHOA npou3BofHOK. [IycTb dyHkuuA [ (x) &
e L, (Q), ®, —HEKoTOpoe fApo yCpelnHeHHH, a

f (X)=§wn (x—yDf@dy, h>0,

— ycpenHeHHas ¢yHKuMS mia dyHumu f(x), f, (1) C= (R,).
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Jlemma 1. Ecau ¢ynxyus f(x) u3 Ly (Q) umeem o0606uwennyw
npoussoduyo D*f & L, (Q), mo dia mobod mouxu y =Q npu docma-
mouro maiom h>0

(D*f)n (9) = D*f 1y) . (5)
u 0as npousgossroll nodobaracmu Q' &Q npu h—0
ID*fr — D*f |, @ —O. (6) -

Ecau gynryus [ (x) donosnumenrsro ¢purumna 8 Q (u npodonxcena

Hysem ene Q), mo cpopmysa (5) umeem Mecmo 0an 8cex y &Q npu
docmamouro massix h>0 u

| D% — D% L, =0 npu h—0. (7)

[Toncrasasia B dopmyay (2) B KauectBe QyHKIUH g (x) AAPO yCpen-
HeHHs oy ((x—y|), y=Q, npu nocratouHo MajoMm A>0 (h MeHEwe
paccTOSIHMA TOYKM Yy [0 TpaHuubl 0Q), NOJyYuM Ha OCHOBAHHH. TeO-
pemal 7 n. 7 § 1 rai. II dopmyay (5)

(D%, @) = (=1 {f (x) D20, (| x—y ) dx =

3
= éf (x) Dyon (| x — y|) dx =Dy (y).

Ecm Q' &Q, 1o cyuwecrByer Tako€ hy>>0, uro npu h=<hy dop-
Mysna (5) umeer Mmecto mia Bcex y<=Q'. B cayuae GuHUTHOH f ()
(D*f Torpa Toxke (GUHHTHA M NPHHAIJIERHT L, (Q)) Takxke cyliecTByer
Takoe hy>>0, uTo npu h=<h, ¢opmyaa (5) MMeeT MecTO AJs BCEX
y = Q. Tlosromy cootHoweHnHss (6) u (7) BHITEKAOT U3 TeOpeMbl 5
o 3§ 2

Caencrsue. Ecau sce o. n. nepsoeo nopadka pynxyuu f pasre:
Hymo, mo f= const,

HeiicreuresnibHo, B JoGoit nogobsactH Q' &Q mOpH JOCTATOYHO
Maabix A (fx)a=0, i=1, ..., n. B cuny () (ay,=0,i=1,...,n,
T. e. fp=const=c(h) B Q' nas takux h. Tak Kak ||fs—f|L, ) =
=|c(h)—flL,@¢y—0 npu h—0 (teopema 5 m 3 § 2), TO
le (k) — ¢ () I, @y =1 ¢ (1) —c (1) |V TQ@ |~ O nipn_hy, hy—0. Cre-
joBarenbHo, c¢(h)=f, cxoaurca pasHoMepHo B Q' (M TeM OGosee
B L,(Q')) kx HexoTopoli mnocrosiHHo#M, T. e, f=const B Q', u TeM
caMbIM, B Q.

C nomobio JleMMbl 1 JOKaKeM CJefYIOmHi KpHTepuil CyLiecTBo-
BaHUA OGOGLIEHHO# mpou3BoaHOfi ¢yHKuMH [ & L,y (Q).

Teopema 1. [aa cywecmsosanus o. n. D*f pynxyuu | = L, (Q)
Heobxo0umo u OocmamoyHo, 4mober i moboti nodobaacmu Q' & Q
cyujecmsosaau maxue nocmoarnoie C(Q') u hy(Q'), 4mo | D*fnllL, 0y <<
< C(Q') 027 scex h<<hy(Q').
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Heo6xoauMocThk noKasaHa B Jemme 1,

IlokaxeMm pocratouHocTb. BosbMeM Takylo cHcTeMy obaacted Q; €
cee...E€Qne...&€0Q, uro mobasg ToUKa x = Q NpUHALIEKHUT
HeKoTopoil ofsactH Q; (a caemoBaresnbHo, H BeeM Q; mpu j>i).
Tak kak npu b <<hy Q1) |D*4llL, @y << C (Q:1), To MHOXecTBO {D%,}
I Takux h cjabo kommaktHo (TeopeMa 3 m. 8 § 3 rui. II). TToatomy
MOXXHO HAaiTH TaKylo [0C/1e0BaTeIbHOCTb 3HAYCHHH f, Ay 1, ...y By gy ..o
«evs My} O IpH £ — 00, UTO NOC/IEOBATENBHOCTD GyHKIHI D“fhl' o k=
=1, 2, ..., cia6o cxogutcsi B L, (Q;). AHajoruuso, u3 mnocsenosa-
TeJIbHOCTH hy p, k=1, 2, ..., MOXHO BbIGpaTb I[OIMOCJEOBATEb-
HOCTb Ay py R=1, 2, ..., TaKylo, 4TO cjabo cxomurcs B L, (Q,) mo-
CJIeI0BaTeIbHOCTD (PyHKUHI D"‘f,,2 o k#=1,2, .. . Tlpu srom cnaGbiit
npejes 3TOH MOCJENO0BATEJLHOCTH B Q;, KOHEUHO, COBMNAjaer co Cja-
6bIM IIpejeJoM IMOC/efoBaTeIbHOCTH D f,, " k=1,2, ..., u T. I
JuaroHasbHas mocjegosareabHocte D% f,, o k=1,2,..., cnabo
CXOAMTCA K HeKoTopoll ¢yHKuuu o (x )E L2 1oc (Q) B mpocTpaHcTBe
L, (Q;) npu awbom =1, 2, ... Torma nna moboit Q' = Q D"fhkk
¢1abo cXORUTCHA K ® B L2 @".

BosbMeM npousBoiIBHYIO dyHKIHIO geClel(Q), n nycTb- Q' —
o6nact, BHe Kotopoil g(x)=0, Q'&Q. IOns Beex k=1, 2, ...
HMeeT MeCTO paBeHCTBO

{Dfs, gdr=(—1)=! |, D7gdr,
Q Q

B KOTOPOM HHTerpHpoBaHHe Ha CaMOM Je/le NPOBONHUTCHA He MO Beeli
obnactd Q, a no Q'. TTocKo/IbKY NOC/IENOBATENLHOCTD D“f,,k' " k=
=1, 2, ... cnabo cxogurcs B L,(Q') K ¢yHKUHH ®, a MOCJenoOBa-
TeJIhHOCTh fhk . k=1,2,..., cuapHO (a 3HauuT, H C1a6o) CXo-
IUTCH K GYyHKUHM f, TO B 3TOM paBeHCTBe MOXKHO IlepefiTH K ppe-
Jeny mpH k—»oco;

Smgdx=(——l)l°‘l SfD"‘gdx.
Q Q

D10 o3Hayaer, uTo GyHKUMA [ HMeeT O0GOGIIEHHYIO NPoH3BOAHYI0 D%,
paBHy0 QyHKUMH . Teopema nokasaHa.

3. CymecrBoBaHHe 0000weHHOH NPOM3BORHO B 00belHHEHHH
o6nacreii. B n. 1 yxe ormeuanoch, uro ecaum D% sBasercs o. m.
¢ynkuuy f B Q, To M B jwoGoit mogo6iaactH Q' < Q oHa sBasieTcs
0. m. sToit GyHKUMH. HacTosuifi NmyHKT NOCBSALIEH NOKAa3aTeNbCTBY
CHIEYIOLLErO INPeIJIOXKeHHS,

Teopema 2. Ecau ¢ynkyus [ umeem o. n, D% 8 obaacmax
Q u Qy u Q1UQ,=Q momce ssasemca obaacmeio (m. e. sAgAsemcs
CBABNLIM MHONCECMBOM), mo 0. n. npoussodnas D*f cywecmeyem 8 Q.
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Bospmem npoussosbHyio TOuky xe&Q. Ilyers S, (x) —map

pagdyca o>0 c LEHTPOM B TOYKE X, a O;= Min |x—y|, ps =
yE0Q,
= min |x—y|. Ecm x=Q\Qy» 10 Sp,2®)&Q,. Ecmm xe=

yE8Q;
= Q. Q1 T0 Sy, (x) ©Q,. Ecan xe x Q1N Qy ¥ p=min (p;, Ps)s
TO Sp/Q (X)@Ql H Sp/2 (X)gQg.

Bce Touku obsnactd Q paso6beM Ha OBa Kjaacca: B NEPBHIH KJaacc
OTHeceM BCe TOYUKH H3 @\ Q. U Te ToukH H3 Q; Qs AJI5 KOTO-
pHIX Py << gy P=P;; BO BTOPOH — Bce OCTa/lhHBIE, T, €. BCe TOUKH H3
Q:.\Q; ¥ Te ToukH U3 Q; Qs LIS KOTOPBIX P == Py, O=0ps.

Takum o6pa3oM, Mbl NOJYYHJH MNOKpeiTHe o6jgacTH @ mapamu
Sp/2 (x); ecaMm x— U3 mepBoro KJjacca, TO P=p;, €CJH X — H3 BTO-
poro KJacca, TO p=0,,

ITycts Q' — npousBoibHAs CTPOro BHYTpPeHHAsA noxo6Jactb o6Ja-
et Q, Q' =Q. U3 nokputust Q' mapamu S; e (x) BbIENUM KOHey-
HOe MoAmoKpbiTHe, YacTh [mMApOB 3TOr0 MNOANOKPHITHA, HMEIOUHX
LEHTPhl B TOYKaX MepBOro Kjaacca, o0pasyioT OTKPHITOE MHOXKECTBO
Q] € Q,, ocranbHBIe — OTKPHITOE MHOXKeCTBO Q3 & Q,. TakuM o6pasom,
L5 o6acti Q' HafieHH JBa OTKPBLITHIX MHOXKecTBa Q7 M Q;, o6.1apaio-
IUX C/elyOUMH cBoiicTBaMH: a) Qi, i=1, 2, ecTb cyMMa KOHeu- .
HOTO YHCJAa MmapoB, 6) Q' npuHHamjgexxut obsactd Qi UQ; U Qf & Qy,
Q: =Q,. Tak xak B Q; H Q, cymectsyer 0. 1. D%, To no Teopeme 1
cyumecTsyoT TakHe nocrosiHHble C (Qg), C(Qz), o (Q1) H Ay (Qs), uto
a5 h<ho=min (ko (Q1): o (@) 1D%Faly, (= C @1): 1Dl (g =<
<= C(Q3), rme [,— cpenusasa GyHKuMS gis $yHKUMH [ B obmactH Q.
Tlosromy

1D 18, @0 <ID% . 1)+ 1Dl 05 < C1 (@D + C3 Q) =C: (@)
05 Beex h<<hy

CnejfoBaresnbHo, 1o TeopeMe 1 ¢yHKIHMs f HUMeeT 0. I. o-rO mopsifKa
B , KoHeuHO, B Q; M (Q, COBNAjAIOILYI0 Def. Teopema poka-
3aHa.

4. Cpsisp 0600uIEHHBIX MPOH3BOAHHIX € KOHEYHO-PA3HOCTHBHIMH
otHoweHHsMH. [lycts ¢yukuus f(x) GuHHTHA B Q H NMPHUHAIJIEKHT
L, (Q). Tlpopomkum ee HysieM BHE Q M pacCMOTPHM npH h # O pasHocT-
HO€ OTHOLIeHHEe

6fj (X) =f(x1’, seey Xk 1, xk‘*";; Xpady ooesy xn)“’f(x), (8)

k=1, ..., n. flcHo, uro npH Beex h # 0 8%4f (x) =L, (Q). Ecit pyHK-
s g(x) & Ly (Q) (M npogomkeHa HyneM BHe Q), TO L/isi JOCTATOYHO
MaJplX [0 MOAYJIO0 A (MEHBIIMX DPacCTOSIHMA MeXHy rpaHHLel obsa-
ctH Q M rpanuuelt o6nacth Q', BHe KoTopol f=0) uMeer Mecro
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(dopMyJia «HHTETPHPOBAHHA IO YACTAM»
(5 &)=
= % S (F (X1 ovs Xne1s X Ry Xpiry ooy Xa) —f (x) & (x) dx=
Q

F VPO @ s oty o=y aay v xa) — 2 (1) dx=

= (f’ 6Iihg)L2(Q). (9)

Teopema 3. Ilyemo ¢unumnan 8 Q ¢ynxyus f(x) npunadae-
acum Ly (Q).
a) Ecau cywecmsyem o. n. f,, npu uexomopom k=1, ..., n, mo

npu 6cex OOCMAamouro mabix no modymo h 0 H 6ﬁfHL, @ é,”f

O

kaLa(Q)u
184 —F, =0 o A0, (10)

6) Ecau cywecmsyem maxas nocmoaxwas C>0, 4mo npu ecex
docmamouro massix no modyaio h 7% 0 ” Gﬁf[[ Lo <=C, mo e Q cyuje-

cmeyem 0. n. fy, Qynryuu f, umeem mecmo Hepasencmso H fx kHL' @ =

<< C u coomnouterue (10).
HokasatenbcTBO npepnoxenus a). Ilycrs cHauana

dynkums fe CL(Q). He yMaJsisi OGLIHOCTH, MOXHO CuHTaTb, YTO
xn-l-h

k=n. Torpa G"f—i ACAR LY dE,, TIe, KaK obby f=

=n, 12 87f =— o, dEw TIe, BIUHO, X’ == (Xy, ...
X

v..y Xp—1). CiegoBarenbHO (NMyCTh LIS OmpeneseHHOCTH A > 0),

| x,+h ] t,+h
- 2
Ianf l2< S af\é“gngn) dE, <% S laf(gg;sn) dEnr -
OTKyZa
-+ + 0 1,+h
l af(x £.) |2
Vimeops,<f Vo | 258 2

*n

—_ K of (x', xp) |2
- 0x,

dx,.

-Co

Huterpupys nocsaefHee HEPaBEHCTBO MO x' & R,_;, NOTYUHM
(K PRERS TP S (11)
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anee,
xn—{-h
1 of (', &n) af (x)
87F (1) — Fx(x S s g, —
* xn—{-h
b of (', En) _ OF (*', x4)
=5 | (M- TG ).
Iostomy
-+ .
(8 () —F, ()P dr,<
—_—0 n
e of 2
of (x', Ep) _ OF (¥, x4) _
<7 {an | [TR2- 10 @ =

h +oo
— | (Lt ey,

0 —co

Hurerpupys 310 HepaBeHCTBO MO x' & R,;, NMOJy4HM

0x, 0x,

h
” 6,’:f_ fxn"is(Q) <_’11_ S dn§ <6f (x', xn+7|) - af (x', xn) >2 dx. (12)
0

Hepagsencra (11) u (12), ycraHOB/eHHble NOKAa 1JA (PYHKLHH

f = C'(Q), cnpaBeqyuBbl B 11 GUHHTHBIX GyHKUME U3 L, (Q), HMelo-
WHxX 0. M. fy B Q. UToGbl B 3TOM YGeIUTHCHA, NOCTATOYHO amIpPOK-
CHMHpPOBaTh (PYHKUHIO f(x) ee ycpenHeHHOH (yHKUHell ¢ JOCTATOYHO
MajghiM pagMycoM YCpegHeHHS p, BOCIOJIb30BaThSA JUIS MOC/eqHelt
HepaBeHcrBaMH (11) ¥ (12) (ycpemHenHas ¢yHKuUHs OyneT (HHHTHON
B Q) U mepefiTH B HHUX K mpegeny npH p—-0.

Takum o6pasoM, NepBoe HepaBeHCTBO M. a), coBnajpaiouee c (11),
J0Ka3aHo,

Jlns pokasaresbcTBa cooTHowleHHs (10) BocmosbayeMcs TeopeMoit
O HenpepbiBHOCTH B cpenHeM (KBagpaTHYHOM) (YHKUMH H3 L, (Q)
(Teopema 4 n. 2 § 2), U3 KOTOpOil BbITEKaeT, UTO IS Jo6oro >0
Haiigercsi Takoe uHcao 6=2~0(g), uro ecau |n|<<|h|<<§, TO

{ (At 91t gy g,

0x, 0%,

[Nosromy H3 (12)
ToabKO |h|<<8. Tlpensokenne a) nokasaHo.

"n“L.».(Q) < ¢&?, ecH
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JdokasarteabcTBo npegnoxenusa 6). B cury teopemn 3
n. 8 § 3 r. 11 mHOXecTBO {6fj} npH Manbix |A| c1a6o KOMIAKTHO
B L, (Q). IlosroMy H3 Hero MoXHO BHGpaTh c/a1afo CXomfLLyoCs
K HeKoTopoil QyHKUMH o & L, (Q) mocienoBareabuocts 8% f, p=1,

2,..5 hy,—>0npu p — oo, Ipu atom umum)gc. Hanee, B cuny (9)

G'f,pf, .o=—(f» Gk_hpg)L,(Q) npu moGoi dyukuun g (x) =C1(Q).
pH p-—»coO JeBasi 4acTb paBeHCTBA CTPeMHTCA K (®, £), a npasas
Ha OCHOBaHHU TeopeMbl JleGera—K —(f, gx,). Ilosromy cymecTByer
0. . fy, H f,,=0. TeopeMa n0Ka3ana.

B nanbhefimeM HaM MOHafOGHTCH TaKXe CJELyIOLiee NpeioxKe-
HlHe,

ITycte Q — onHocBsisHas o6sacTh mpocTpaHcTBa R,, coxpepkaas
HaYyaJO KOOPIMHAT H CUMMETPHUHAsi OTHOCHUTEJBHO MJIOCKOCTH X,=10
(r. e. pma moGolt ToukM x=(x', x,), NpHHajTexamel (Q, Touka
(x', — x,) TOXKE MpHHaAIEXHUT Q), U mycTh § > 0 — CTO/Mb MaJoe YHCIIO,
YTO MHOXeCTBO (s ecThb o6.acTh. BBenem o6o3HaueHHS:

Q' =QN{x>0}, C"=QN{x» <0}, Qo)*=QsN {x>0}.

Teopemad. ITycmo pynxyus f (x) = L, (Q*) uf (x) =06Q+*\(Qs)*.
a) Ecau e Q* cywecmeyem o, n. f., npu wexomopom k<<n, mo

npu ecex 0ocmamouHo Maaslx no modyaro h# 0
[ le.on <UFxileacon
” ij—ka U’-s (Q+)—+0 npu h—0, (10"

6) Ecau cywecmsyem maxas nocmoanuas C >0, umo npu ecex
docmamouto mamix no modywo h#Q H ka”L on=C, k<n, mo
8 Q* cywecmsyem o. n. fy  npudem ”ka'L, on=C u umeem mecmo
coomnowerue (10'),

OnpenenimM B o6aactH Q ¢yHKuHi0 F(x) clepyomumM o6Gpasom:
F(x)=f(x) B Q*+ u F(x)=f(x', —x,) B Q. OueBugno, uto F =
&€L,(Q u F(x)=0 Bue Q, Ipu srom |8iF|] o = 2) 8 I on»
k<<n, 0<<|h|<<b.

IHokaszaTeabcTBO yTBepxkaeHusa a). Ilycts ¢ynkuus f
HMeeT 0, II. ka B Q*. Ilpexxge Bcero mokaxkeM, UTO Toraa GyHKUHSA
F umeer o. m. ka B Q. [lefictButenbHo, BosbMeM NPOH3BOJIBHYIO

¢yukuHio g(x) =C'(Q) u npu npoussosbHOM 6>0 OyHKLHIO

s (x,) & C! (— o0, +0), ueTHyI0O, {g (— X,)="Cs (Xs), YHOBJIETBOPSIO-
ILYI0 NPH BCeX X, HepaBeHCTBY | Qg (x,)|==1, pasHyro 1 opu x,=6
H 0 npH 0<<x,<<8/2.
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W3 papencrsa

§ F (x) gs, (£) L (xs) dx =

= { F (0, (08 (5 § 52) €, () To (7) dx =
g+ A
0%y,

R Sf() (& () [g (' 20+ (x's — x2) d¥
U ompejeneHust o. N. ¢yHKuMH [ B o6nacTH Q* uMeeM (DyHKUHA

Lo (%) (€ (x5 %n) +g (s — X)) & CH(QY))
éF (%) g, (1) Lo (xa) dx=

_§+ Fr, (2) T (%) (€ (¢ %a) + 8 (', — xa)) dx =
= QSf (x', 25) Lo (%a) g (x) dx — er Fr, (s — %a) To (xa) g (x) dx

ITepexonsi B 3TOM paBeHCTBE HAa OCHOBaHHH TeopeMbl JleGera K mpe-
neny npu 60, nomyunM, 4TO ¢yHKUHMS, paBHas fy, (x) B QF
" f,,k(x’, —Xa) B Q, sBastercst 0. m. Fy, B Q dyHKuuu F, npH sToM
HMeeT MeCTO PaBeHCTBO |Fi, I @ = 2” ka IL. -

B cuny reopemst 3 | 63F |, o) <[Fx, |1, q). TosmoMy | }F [}, o1y =

=7 |8 F Lo <7 [Fultaa =|Frplra@y. Tax xax | 8F —

1
—Fu Lo =70 —Fx @ ¥ mockombky |8iF—Fy | o0
npu h—0, 10 | 8 —fs, [, 0n—>0 npu h—0. YTBepxreHue a)

JOKAa3aHo. ‘
IokasaTeabcTBO yTBepxaenusa 6). Ilyctb npu Bcex
JOCTATOYHO MaJblX 1Mo MoayJio A £ 0 ” 8%f uL on=<C, k<<n. Torza

AJIS1 BCeX TakuX b |6;F HL @ =2 C* CornacHo Teopeme 3 B Q cyuue-
crByer 0. 1. Fy M| Fy ”L (@ =2 C?. 3uauut, B * CyluecTByer o. 1.
Frgy | Fry “L,(Q+)<C H Humeer Mecto cootHomeHnHe (10'). Teopema
JOKasaHa.

§ 4. Mpocrpancrea H*(Q)

1. Jluneiinoe mpoctpancteo Hf (Q). T'uanbepToso mpocTpaHcTBO

H* (Q). MHOxecTBO (PyHKIMI H3 Ly 1oc (Q), HMeIOWUX BCe OGOOIIEH-
HbIE [IPOU3BOJHBIE O MOPSiIKa &, k== |, BKMOUNTENLHO (U3 Lo, 1oc (Q)),

GyzeM 0GO3HauaTh uepes Hi (Q). O6osnaunm uepes H* (Q) noxmHo-
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xecTBO H% _(Q), 31eMEHTH KOTOPOrO BMecTe CO BCEMH OGOGIICHHBIMH
NPOU3BOIHBIMH [0 MNOpsiAKa £ BKJIOUHTENbHO mnpHHamnexat L, (Q).
Hox H%: (Q) n H*(Q) npu k=0 Gynem nounmars L, Q) ¥ L, (Q)

cooTBeTcTBeHHO: Hioe (Q) = Lo, 10c (Q), H® (Q)=L: (Q).
SicHo, uro H% (Q) u H*(Q)— nuHeliHble npocTpaHcTBa. ITokaxkeM,

loc
yr0 H* (Q) — rubGepToBO MPOCTPAHCTBO CO CKAJISPHBIM MpOH3Bese-
HHEM .

¢ Qur = > \D*fD%g dx. (1)
la|<kQ .

s npoBepKH 5TOro yTBePKAEHHUS JOCTATOYHO YCTAHOBUTH IOJI-
Hoty H*(Q) B NOpOXIEHHOH 3THM CKaJISiPHBIM IPOHM3BeJeHHeM HOpMe

It @=) X [IDFPdx. @
la|<kQ
IMycts fm, m=1, 2, ..., — npousBosbHas QyHIaMeHTaJdbHasA IO

HOpMe (2) mocJenoBaTe/IbHOCTh 3JIeMeHTOB M3 H* (Q):
||fs_fm||;1k(Q) = > SlD“fs‘—D“f,,,]zdx—+O nmpu m, §—00.

la 1<k Q
Torpa gasa goboro a, |a|<<k, npu m, s — o0 ‘
{|D%— D% [* dx — 0, : 3)
Q

H B yacTHOCTH (npH a=0),
élfs—fmlde-*O- 4

B cuny noaHoTel L, (Q) u3 (4) BbITeKaeT CylieCcTBOBaHHe (YyHKLHH
feL;(@Q), kK Kotopoil (B L,(Q)) CXORZHTCA MNOCJAENOBATELHOCTD [,

m=1, 2, ..., a U3 (3) cymecTsoBaHHe NpH JIOGOM a, | o |=< &, PpyHK-
uuH f* <= L, (Q), ¥ Kotopoii (B L, (Q)) CXOOUTCA NOC/ICLOBATENLHOCTD
D%, m=1, 2, ...

Tak kak Kakjad QyHKuMs f,(x¥) HMeeT BCe mNpHHALIEXKallHe
L, (Q) ofo6lueHHbe NPOU3BOHBIE A0 A-TO NMOPAJKA BKJIOUHTENBHO, TO
IpH JoGoM a, |a|=Ik,

(fms D), 0= (— 1)1®1 (D% m, @)Ly

IJ151 oGO (pyHKUHH g = C* (Q). Tlepexogs B 5TOM paBeHCTBe K mpe-
Jeny npH m-—»oo (M3 CH/ABLHOM CXORMMOCTH cJjenyeT csiabasi CXOmH-

MOCTb), IOJIYYHM, YTO (YHKUHA f* ecThb a-s1 0. nm. ¢yHKUHUH. f. Takum
o6pasom, f & H* Q) 4 |fm—fly# g — 0 mpu m—>oo. YTBepxnenue

JIOK43aHo.
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3ameuanue HMuorga ynoGHO paccMaTpHBaThb MHOXKECTBO BCex
BEH[eCTBEHHO3HAUHBIX ¢YyHKUMA u3 H*(Q), 2=0, 1, ... (H°Q) =
= L, (Q)). D10 MHOXeCTBO, KOHEUHO, fABJISIETCH (BELIECTBEHHHIM) ['HJlb-
6epTOBLIM INPOCTPAHCTBOM CO CKaJsAPHbIM mpousBegeHueM (1). Bynem
Has3blBaThb €ro BeleCTBEHHHIM NpocTpaHcTBoM H*(Q) M coXpaHHM 3a
HHM TO Xe OGO3HaueHHe,

OTMeTHM HeKoTOpwle cBOficTBa mpocTpaHcTs H* (Q).

1. Ecin obnacte Q' <Q u fe= H*(Q), 1o f = H*(Q').

. 2. Ecu fe H Q) u a(x) =C*(Q), To pynkuus of e H*(Q).
ITpu srom smo6as o6obuieHHas npousBogHas D% (af), | @ |<< &, BoiuHc-
Jsercss mo OGbYHBIM NpaBHjaM aH(depeHUHpPOBaHHA NPOU3BEJEHHUS,
B wactHoCTH, (af),i=axif+afxi, i=1,...,n

3. Ecin f = H*(Q), a fr(x) —cpennss ¢pyHKUHA s QyHKUHH f,
To past moGoit nogobaacti Q', Q" €Q, (fu~flk o, —0 npu h—0.
Ecan  ¢ynkuMs f ponosHHTebHO (MHHTHA B @, TO npH A—0

llfh'—fllﬂk(Q)_+0'

4, Ecau ¢unutHas B Q ¢yHkuus f = H*(Q), To dyHKuus, pas-
Hasg [ B Q ¥ Hymo BHe Q, npHHagIexuT H* (Q') npu moGoii o6.1actu
Q' Q' >Q.

Ceofictea | —4 npaAMO csenyloT ‘H3 Onpeje/eHHs HpOCTpaHCTB
H%*(Q) u cBolicTB 00O0CLICHHBIX TPOH3BOLHBIX.

5. Ilycrb npeobGpasoBande y=y(x) (Yi=yi(*, ..., x,,);
i=1, ..., n) B3aHUMHO OJHO3Ha4HO OTOGpa)kaeT o6jacTb @
Ha o6sacTb Q, U nycTb X=x(y) (x;=x; (Y1» ...+ Yn)» i=1, ..., n) —

COOTBETCTBYIOLlee OGpaTHOe npeoGpasoBanue. Ilpexnonoxum, 4T0 npH
HekotopoM £ =1 y; (x) = C*(Q), x: (y) =C*(RQ), i=1, ..., n. Torza
s Toro utobsl GyHkuua F (x)=f(y (x)), rne f(y) — byHkuus, sagaH-
Has B Q, mpHHaj/Iexana npocrpaHcTBy H* (Q), Heo6XoaMMO M jpocTa-
TOUHO, YTOOh (yHKUMA f(y) nNpuUHamIeKana mnpocTpaHcTBy H* (Q).
IpousBoaHbie GyHKUMH F (X) BBLIUHC/IAIOTCA 1O OORYHBEIM IpaBHJaM
IHdxpepeHUHPOBAHHS CJIOXKHOH (yHKUMH. Hanmpumep, IS nepBbIX
NPOU3BOJHEIX HMEIT MeCTO (hopMYy.JIhbl

% dyy(x)

Fo =Y 0,0 () 22, i=1, ..., n. )

=1

Kpome Toro, cymectsyioT TakHe noctosHHple C; H C,, 3aBHCsLuHe
or dymkwuit y(x), i=1, ..., n, uto a) |Fluk o <Cilflyr g,
0) llf“ﬂk(g)écg”F“H’z(Q)'

O6paTHoe npeoGpasoBaHHe x==x (Yy) YLOBJETBOPAET TeM XKe yCJOo-
BUSIM, YTO M IpeoGpasoBaHHe y =y (X), NI03TOMY MOXXHO OrPaHHUHTb-
csl I0Ka3aTeJLCTBOM JOCTATOUHOCTH M HepaBeHCTBa a).

Ilyerb k=1 un f(y) = H'(Q). U3 3ameuanus kK Teopeme 8 n. 8
§ 1 rn. 1l BurTekaer, uro ¢yHkuuA F(x) U ¢QyHKUMH F;(x) =
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Z f_,,j axi i=1, ..., n npuaagnexat L, (Q). Ecau f, (y) —
ycpem{em{aﬂ pynkuuss gas f(y), To yukuus F(h, x)=f,(y (x))

— oF (h, x Y .
npunamiexur CL(Q), npwiem —z == ¥ f, (4(1) 5, =
i=1

=1, ..., n

Ilycts nmopoGnacts Q'&Q, a Q' —ee ofpas, Torma Q' & Q.
Mockonbky |fa—flea@) =0 H |fuy, —fy,la@y—0, i=1, ..., n,
np u h—->0, TO B CHJIYy 3aMeYaHHs K Teopeme 8n 8 §1 ra Il
\F ). @0 u|Fy (hy ¥) = Fi (X)L, =0, i=1,..., 1,
an h-—>0 ,ZLJIH Jo60i Q’@Q. 210 03HaqaeT, YTO B paBeHCTBax
(Fhy %)y g, (N =—Fx(h, %), g0 i=1, ..., n, Tae

g — NpOU3BOJIbHASA q)yHKuHﬂ H3 C1(Q) (Q' BuiGepem Tak, qToﬁm g=0

B Q\Q’), MoxHO mepefitu K mnpemeay npu h—0: (F, g =
= —(F;, g)1,(@). TlostoMy ¢yHkumus F umeeT Bce nepBhie 0606meH-
Hble NpOM3BOAHBIe U3 L,(Q), T. e. mpuHagnexuT H!'(Q); mpu stom
HMEIOT MECTO paBeHCTBA (), a CJjejoBaTesbHO, U HEpaBeHCTBO a) MpH
k=1.

ITycte Temeppr k=2. Mb yxe pokasamau, uto F(x)= H'(Q) u
umetor MecTo ¢opmyasl (5). IlpaBble uacTH B paBeHcTBax (D), Kak
(GyHKUMH Y, B CHIy cBoiicTBa 2 npunajnexat H1(Q2). Torma u ¢yHk-
uun Fy, (x) npunagnexar H* (Q). Cnenosatensno, F & H*(Q) u cmpa-
BeJJIMBO HepaBeHCTBO a) Npu 2=2. PaccMarpHBas TpeTbU MPOH3BOLHLIE
KaK INpOH3BOLHbIe OT BTOPHIX H T. A., NOJydYaeM CIpaBeJHBOCTh
YTBEepXKICHHs 1 Jo6oro k.

Crepyoliee cBojicTBO OyaeT HCMOAL30BaHO B I, 2,

6. Ecau o6nacTe Q ecThb NPAMOYTOJbHBIH NapaJuienenunes, TO
-B npoctpaHctee H*(Q) mHoxkectBo C*®(Q) (M, Tem caMpiM, C*(Q))
AABJISIETCA BCIOAY IJIOTHBIM MHOXECTBOM.

D10 npemsoKeHHe JOCTAaTOYHO YCTAHOBHTH IJs1 NapaJuiesenHunena
Oo={|x|<ai, i=1,...,n},riea=(ay, ..., an), >0,i=1,..., n

Bospbmem npousBosbHylo ¢yHkupio fe H*(I1,) u npoussosbHOE
¢>0. KakoBo 6bl HH 6blI0 @, 0 << |a| <<k, dyukuus D% < L, (I1,),
M03TOMY COrJIacHO Teopeme 2 m. 2 § 2 cyliecTByer Takas (yHKLHS
e () & C(IL,), uto |D*f —qulr, y <e.

Paccvmorpum B napamnenenunege l,o={|x | <ao, i=1, ..., n},
rae 0> 1, I, &y, dyukumo Fo(x)=f(x/0). B cuay caoiicrsa 4
Fo = H* (T ) u, TeM cambiM, F, & H*(I1,). Tak kak

|D*Fo (%) = 9 (%) 1, () <
o< ”D"Fo (%) — e (x/0) “1-2.(11“0) _HI Po. (X) — P (x/0) Hl-g (My)
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4 coryacHo Teopeme 8 m. 8 § 1 ra. 11
|D*F g (x) — 9o, (x/0) 1y

’ Ly (T,4) ﬂ( 'a|>Daf (x/0)
1D (310) = 0 (10) b 1) < 0 (1= 77) 1DF by + e,

TO
[D*Fq (x) = 9o, () i, [, <

<02 (1= g 1D by g,y + 02+ 19 (9) — 0 (5/0) 1y m,).

a)

LD (x/0) — s (x/0) +

L!O)

Ly (1L

[Mosromy misa awo6oro a, 0<<|a|<k,
D% (x) — D*Fo (£) ey @) <|D*f = @alLy @,)+1DFo—tale, m,y<
<e(l 4072402 (1 =) D, 1+ 9 () — @a(¥0) iy n,.

Pynkuns ¢q (¥) & C (1), snaunr, |@q (x) — @ (4/0) |1, @,y — O npu
o— 1, Tlostomy Hailigercss Takoe 0=0,>1, uTO 14 BCeX «,
0<|a|<k, |D% (x) =D, (x) |, m,)<: 3e. CneposarenbHo,

1= Foljge iy, <Ce.

Bosbmem Tenépb cpenHioo GyHKUHMIO (Fo,)x (x) s GyHKuuM Fg, (x) e
& H* (l4,). I3 cBOlicTBa 3 BHITEKaeT, UTO || (Fo,)p — Fo, |5x )™ 0 npu

h—0. 3HauuT, MOXKHO HaiiTi Takoe h="Hh,, ut0 | (Fo,)n, — Fo, [l @, )
Oynkuus (Fo)n, (x) &= C(I1,) u
“ (FUo)ho “Hk (n )< ” FUo Fﬁo "Hk (n )+ ”F% f”Hk (n ) (C+ 1)

YTBepiKIeHHe NOKa3aHo,

2. O npopomxenun dyuxuuit, [Iycts pyskuus f(x) sagana B 06-
nacti Q u o6aactb Q' comepxutr Q. Pynkuuio F (x), 3agaHHy0 B Q'
U coBnajawiyio ¢ f(x) B Q, 6yneM HasuBaTh npodoasiceruesm 8 Q'
¢yukuuu f (x). Ilpexxne Bcero samerum, 4To 1Jd JOGOH QYHKLUH [ (x)
CYLLECTBYET MPOJIO/KEHHE, Hanpuwmep, F (x) MOXKHO IOJIOKHTL PaBHOH
Hyqo B Q'\Q. B cayuae, koraa f (x) € L, (Q), TakuM npojomKeneMm
Mbl yXKe TIOJIb30BaJHCh. Opnako ecH f(x) ABasercd raagkoil QyHk-
umeii B Q, Hanpumep, fe H*(Q) (umu feC*(Q)) npu HeKoTOpoM
k=1, To U npogomKkeHHe ee F (X) eCTeCTBEHHO Pa3bICKHBATh B KJjac-
cax (pyHKUMI, CTOab XKe raagkux B Q': M3 H*(Q') (mam us C*(Q")).
[TokaxxeM, UTO0 NpH ONpeneJEeHHBIX YCJIOBHAX HA rpaHuuy o6sactd Q
TakHe INpOJOJ/KEHHS CYILecTBYIOT.



§4 MPOCTPAHCTBA Hk(Q) 127

ITycts cHauasa o6aactb Q' ectb Ky6 K, ¢ pe6pom 2a>0, K, =
={ly;|<a,i=1, ..., n} (He3aBHCHM e NePeMeHHbIE MBI GyIeM 3/1eCh
0003HauaTh Yepe3 Yy, ..., Yp), a 06aacTb @ ecTh mnapaJJe/enunes
Ki=KsN{y.>>0}. Ilpomomkenne Z (y) HeKoTopoii QGyHKUHH z (y)

e C* (K;) onpenenuM B K=K, {¥, <<0} caepyiomum oGpasoM:

k41
Zy= ZlAiZ 'y — Unli)s (6) .
i=
rae Y =1y «oes Yn-1)»a Ay, ...y Apyy — pelIeHHe JIHHEHHOM ‘areGpau-
YecKOll CHCTeMBbl YpaBHEHHH
’ k41
> (— iy A=1, s=0, ..., k. (7

i=1

3ameruM, uto ecaH y & K3, 10 ToukM (y', — y,/i) B (6) npu BCex
i=1, ..., k+1 nexar B Kj. Onpenenurenp cucremsl (7) (onpeneu-
Tesb BaHgepMOHZa) OTJMYEH OT HYJfA, MO3TOMy CcHcTeMa (7) HMeer
€MHCTBEHHOE pelleHHe A,, veey Apy

Jas mo6oro y°=(y", 0) eKaﬂ {y,,=0} byHK1HIO Z (y) NONOXKHM
pasHo#l lim z(y). TaKPIM o6pasoM, GyHKIMA Z (y) ompejeieHa Ha

;E;%

BceM K,. Tak xak z(y) =C*(Kj), 10 B cuay (6) Z(y) =C*(K;).
ITokaxem cnauaaa, uto Z (y) & C (K,).

ITepexogss B (6) k npemeny mpH y—4°, ye=K;, B cuay (7)
TOJTy YHM

k41 k-1
lim Z(y)= D, A lim z(y)= D} AZ (") =Z (3").
- i1 v i=1
. veK; . yEK,
310 osnauaer, uto Z (y) =C (K,).
Jnst moGoro LeJIOYHC/JEHHOrO BEKTOpa &= (2, ..., %), |a| <k,
corjiacio (6) npu y = K, umeem
k1
D*Z ()= 3 A;(— 1/i)*n D% (y', — y,fi). 8).

i=1

Iepexons K mpepeny npu y—y°, y <= K, B paBencrsax (8) npu
BCEBO3MOXHBIX @, /ISl KOTODHIX |&|=1, moayyum, uro
lim D*Z (y)= lim D%Z (y).

gy gy
VEK, yeKS

Torpza B Toukax muockocTH K,(){y,=0} cymwecTsyior Bce nepshie
Npou3BOAHbe (PYHKIMH Z (y), U OHH COBNAJAIOT C COOTBETCTBYIOLIAMH
npejenbHbIMH 3HaueHuAMH, CrenoBaTenbho, Z (y) L1 (K,). [Topropss
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3TH paccyxieHusi, B cuay (7) nomyuum, uro Z(y) =C'(K,) npu
BcexX [<Ck.
M3 pasencrsa (8) cnaepyeT, uTo npu JoGoM a, |a|=<k, a4
Beex y =K,
k1 k-1

ID*Z(y Z A} Z D%2(y’", — yali) IP=

kA1
=C, Z | D%z (y'v _yn/i) |2~
{=1

Hurerpipys 310 HepaBeHCTBO mo y & K, MOJyuHuM

k41
§1D*Zpdy<Co 3, § [D*2(y's —yali) IPdy=
Kg t=1gg
k41
=Cy D} ¢ { | D*2 (y) Pdy<<C' § | D*2(y) |2 dy.
=1 Kinty,<an) K&

IMockonwky Z (y)=2(y) npu y = K%, 10

,§ |D*Z (y) [Pdy=§ |D*Z(y) Pdy+ § |D*Z(y) Pdy <
a K Kg
<C" § 1D% (y) P dy.
Ky

CymMHpysl 3TH HEpAaBEHCTBA II0 BCEM o, |o|<<k, MOJy4HM Hepa-
BEHCTBO

”Z”Hk (K, )<Cluznﬂk (KZ), (9)

B KoTopoM mocrofiHHass C; >0 He 3aBHCHT OT QyHKLUHH Z(Y).
Takum o6pasoM, nocTpoeHo mnponosukenue Z (y) = C*(K,) dbynk-
uuu 2z (y) us C*(K}) ¥ njs Hero HMMeeT MecTo HepaseHCTBO (9).
Tlycte Tenepp dyukmua z(y) e H*(K}). B cuay cBoiictBa 6 u3
NpeabIAYIIEro INYHKTA CYIUECTBYET MOCJENOBATENbHOCTD 2, (y), § =
=1, 2,..., dyukuuii us C*(K{), cxopswasics K QGynkuun z(y)
B Hopme H* (K3): |zs— ZHHk( )—>O npu s— co. O6O3HAUUM UYepes

Zs(y) npomomkenHe OGyHKUMH 2,(y) B K,, mO/yueHHOE ONHCAHHBIM
TOMBKO UTO cnocoboM, Zs(y) =C*(K,). B cuiy (9) umeem Hnepa-
BeHcTBO |Z;—Z “Hk(Ka)<Cl “zs—z,,“Hk (k%) TOKasbiBalolee, UTO

noc/efoBaTenbHoCTy  GyHKUMi Zg, s=1, 2, ..., dyngaMentasbua
B HOpMe H*(K,). Jro O3Hauaer, 4TO cymeCTByeT byHKIHA Z (y) =

& H*(K,), kK xoropoii B HopMe H*(K,) 3Ta mnoc;jei0BaTeLHOCTh
cxoautea. Tlockoabky Z (y)=z2(y) ana y e K, 1o Qynkuusa Z (y)
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ABJsieTcs npojomkendeM B K, ¢yukuuu z(y). Pynkuus Z (y), oue-
BHJHO, YJIOBJIETBOpseT HepaBeHCTBY (9).

Hrak, pokasana cJiaepyomas _

Jemma 1. Jaa aoboii ¢pynsyuu z(y) = H* (K3) (C* (K3)) cyuse-
cmsyem npo0oAJCErUe Z(y)EHk (Ka) (C*(Ky)). IHpu smom umeem
mecmo Hepaserncmao (9).

OrMeTHM, UYTO TaK Kak zum oyukwit Z;(y), s=1, 2, ..., uMelor
MecTo paBeHcTBa (6) M 23—z B H*(K{), a Zs—Z B H*(K3), To
3TO PaBEHCTBO CNPABELJIHBO H 1A ¢yHKUHE Z (y). _

Jlemma 2. Hyemo ¢ynsyus f(x) = H* Q) (uu C*(Q)) u 0Osn
amoboi mouku E e 0Q cywecmsyem pynxyus Fy(x), onpedesennasn
8 wape S,E)={|x—E|<<r} Hexomopoeo paduyca r=r (§)>0,
makas, 4mo Fe(x)=f(x) 022 x=QNS,E) u Fg¢(x)=H*(S,(E)
(C* (S, () (pyuryuto Fy(x) 6ydem nasvieamo npodorxeruem GYHK-
yuu f(x) 8 wap S, (). Iycms, xpome moeo, umeem mecmo Hepa-
8EHCMBO

|Fe “Hk (S, ®) <G| Fllere Q) (10)

¢ nocrmosrroll C,, He 3asucawied om Gyuxyuu f(x).
Toz0a npu aobom p >0 cyujecmsyem npodossxcenue F (x) 8 obaacme
Qp *) pynxyuu f (x), ob6aadarowee ceoticmsamu: F (x) & H* (QP) (C* (QP)),
F (x)=0 ene Q°/2, cywecmsyem maras nocmoanras C3>>0, sasucs-
was aus om obaacmu Q u wucsa P, 4mo

|F ”Hk D) <G, ”f“Hk @ (11)

ITo ycnoBHIO JieMMBl Jifl JIOGOi TOUKM & &Q cymecTByer wap
S,(€), r=r (), B KOTOpOM omnpejeneHa HJH cama GyHKIuA f(x) &
& H% (S, (£)) (C* (S, (E))), ecnu £ & Q, WM ee NPOROKEHHE H3 TOTO XKe
Knaacca, CuutaeM, uto 7 (£) <<p. CoBokynHocTh wapoB S, (E) mpu
BCEBO3MOXKHBIX EEQ nokpuiBaer MHOXecTBo Q. CuenoBaTesbHO (Ha-
NOMHHM, YTO 06JacTh  OrpaHuyeHa), H3 3TOr0 MOKPHITHA MOXHO
BBIIETHTh KOHEYHOE MOMMOKPHTHE Sy (X1), ..., Sy (xV), toe r; =
= r(x*). )

[yctb dyHKuHs 6; (x) eC?(R,), b (x)=18 S;;3(x') u 6;(x)=0
BHe wapa S,z (x'), i=1, ..., N. O6osnauum uepes o; (x) byHKLHIO

1—6;(x), i=1, ..., N, ¥ nocTpouM ¢yHKuUH
1 (%) =01 (x), 2 (x) =01 (x) 63 (x), ...,
Yi(¥)=01(x) ... 01 (%) 9, (x), I<<N.
ScHo, uto ¥, () & C» (R,,)
=08 U S,]/a (12)
i<i

*) QP — o6benunenne 1o BeeM x° < Q mapos { | x— x| << p}.
B B. I1. Muxaiaos ‘
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i (x)=0 BHE S, ;pp (). (13)
Kpome Toro,
P @)+ oo i ()= (1 =03 (1)) + 01 (x) (1 —0a(x)) + ... +

F0(x) v G () (1= 0 (1) = 1 — 01 (x) ... 0, (v),
T03TOMY

MO+ (0 =1 (14)
oA X e U S (¥) u, B uacTHOCTH, 11 X & S,y3 (¥).
2
Onpez{eJmM ¢yukuuu f; (x), i=1,..., N, n1a Bcex x =R, cre-

LyloWHM 06pasoM: B S, (x') odyukuus f; (x) coBrnazaeT HiH ¢ f(x)
HJIH C ee mpojosnkeHHeM F.i(x) B S, (x)), BHe S, (x) pyHkuusa f; (x)
paBHa [ (x), ecau er, H HYJIO, ecJH X Q.

B cuay (13) u cBoiicTB 2 M 4 H3 npenpiAyIEro NyHKTa ¢pyHKLHA
7 () fi (x) = H* Q%) (C* Q). UOSTOMY pyHKIHA

X)= Z fi (x) i (%) (15)
i=1
npuHagnexur H* (QP) (C* (Q®)).
IlycTb x — npousBoMbHAs TOUKa M3 Q, M NyCTb S, 3 (x!) — MepBbiit
Iap BLIGPAHHOTO KOHEYHOro MOKPBITHS, COJAEPXKAIMil 3Ty TOUKY,
Tak kak j1a Bcex 1—1 , N fi( x)=f(x) uuz (12) v, (x)f (x)=0

npu i>1, To F(x)= Z v (x = f(x) B cuay (14). 3to o3nauvaer,

uto (yHKUUA F (x) u3 (15) ABJseTcs npojpomkeHHeM GyHKUMHU f(x),
PasenctBo F (x)==0 BHe Q¢BmTekaer u3 (13) u (15), nockosbky
ri<<p, i=1,..., N. Hepaencreo (11) nemennenno caenyet us (10)
H (15). Jlemma pokasaHa. .
Teopema 1 (o npogomkenuu). [Tycmos Q u Q' — oepanudentvie
ofaacmu, QCQ' u 0Q=C*k. Tozda Oan awoboi Pynxyuu f(x) <
e H*(Q) (C*(Q)) cyu;ecmeyem ¢unumnuoe 8 Q' npodosserue F (x) =
e H* Q') (C*(Q")). Hpu smon

1F Lye @y <ClF it o0 (16)

e0e nocmosannana C >0 sasucum auwv om Q u Q. ,

BospmeM npoussosibHyI0 TOUKy § & 0Q. B Hekoropoil ee okpecr-
HocTH Uy ypaBHeHHe Q) MOXXHO NpPEICTaBHTh (NE€PEHyMepoBaB, €CJIH
HY2KHO, II€DEMEHHBIE) B BHIE X, =@ (X1 .o., Xp-1) C (YyHKLHe(
@ (X1y .os Xp1) =C*(D), rne (n—1)-mepnas o6nacts D — npoekuus
0QN U, na mnaockoctb x,=0. Cuuraem, uro B o6nactu QMU
. x,,>(p 3aMeHa nepeMeHHBIX

yi—x,—&, (= 1; ey B— 1, yn=xn_'q)(x1’ LERR xn—1> (17>
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B3aUMHO OJHO3HAYHO OToSpaxkaerT Uy Ha HEKOTOPYIO OKPECTHOCTb £
Hayaja KOODIMHAT B MEPEMEHHBIX Y1, ..., Yn. Ilycts K, —Ky6
{ly|<<a, i=1, ..., n}, npunagaexamii objactu 2, a 06JacThb
Ug—ero npooﬁpaa npu mnpeodpasoBanud (17). O6pasom o6JacTH
QN Ut torma Gyner napaJiesentnes K;=K.N{y,>>0}, a 3agannas
B QN Ut dyukuua f(x) nepeitner B ¢GyHKLIHMIO 2 (y)=f(y14+E1 -.-
eves Y1 FEaay Unt+9 (11481 ...y Yn-1+Eno1)), NPHHALIEKAMYIO B
cuiy cBoiictBa 5 mpenminymero nyukra H* (K3) (C* (K3)).

CorsacHo siemme 1 cyuiectByeT npopomkenue Z (y) GyHKUMH 2 (Y)
B Ky6 K,. 910 mpomo/nkeHue mopoxpaeT B cuay o6parHoro kK (17)
npeo6pasoBaHHsA

=y+8& i=1,..., n—l, %=y F+O(W+E» ...s Yna+E)

npogomkenne Fy (x) dynkuun f(x) u3 QOU; B Ut u, Tem Gouee,
B wap S, () Hekoroporo paguyca r=r () >0 c HeHTpPOM B TOuke E,
copepxamuiics B Uz, Ilpu stoM (cM. cBoficTBo 5 m. 1) HMelor MecTo
HepaBeHCTBA

1 Fe Ly (S, <§))<“F§ “Hk <C3 | Z 1y K,y
Iz qu (k3) = <G, Hfuﬂk (Ug nQ) =C, Hﬂlﬂk @’

B KOTOpHIX NocrosinHele Cg W C, 3aBHCAT JIMLIb OT GyHKLUHH @ (X;, ...
vy Xp1) M3 (17) M ee NMpPOU3BOAHBIX JO NOPAAKA K BKJIOUHTENBHO.
M3 a1ux HepaBeHCTB M HepaBeHcTBAa (9) BhiTeKaer HepaBeHcTBo (10).
YTBepKaeHHEe TeOpeMbl CJefyeT Tenepb M3 JeMMbi 2, eClH B3fTb P
MEHBIIHM PacCTOSHHA MeXIy rpaHullamu dQ u dQ’ o6macreit Q u Q'.

Sameuanue TlocTpoeHHOE MNpPH JOKA3aTENbCTBE TEOpeMbi 1
npojo/keHue F (x) B o6aacts Q' npuHagexameir H* (Q) pyuxuuu f (x)
ynosneTBopaer He TOJbKO HepaBeHCTBY (16), HO M HepaBeHcTBaM

”F”HS (Q)\C“f”H «Q

npu BCex s<<k.

o cux mop M npono.nx(anﬂ (yHKIMIO H3 06/1aCTH B 6oJI€e LIHPO-
Kylo o6aacte. B pasbHeiiimem HaM noTpeGyercsl ryagkoe npojosKeHUe
GYHKIMH € rpaHHLbL.

Ilycrb na rpanuue 0Q o6aactu Q 3agaHa HemnpepeiBHasg (yHK-
nus fy( x). HenpepuiBuyio B Q ¢yuxumio F (x) 6yneM HaswBaTh npo-
dossceren 8 Q pyukmun f (x), ecmu 1 x €0Q F (x) =f (x). Cupa-
BeIJIUBO CJENyIOIiee yTBEPKICHHE.

Teopema 2. Ecau epanuya 0Q < C* npu Hexkomopom k=1, mo
0aa _aobod pynryuu f(x) = C*(0Q) cyujecmsyem ¢ynxyua F (x) us
C*(Q), ssrmowasca npodorxenuem 6 Q ynkyuu [ (x). pu smom
UMeem MECmo HepaseHcmso

\F “(;k(@) < C|flcx (9Q)

8 xomopom nocmosnnas C >0 ne sagucum om [,
B
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Tak kax 6Q = C*, To s mo6oil TOUKH & = GQ CYyIEeCTBYET TaKoe
yHeao p=p(E)>0, uTo Kycok rpanHusl 9QN S, () (S, (§)—1wap
pamuyca p C LEHTPOM B TOUKe £) ONHO3HAYHO MPOEKTHPYETCA B He-
KOTOpYI0 06s1acTh Dy KaKoH-HUOY b KOODAHHATHOH MJIOCKOCTH — MYCTh
IVIOCKOCTH X, =0 (3a cueT H3MEHEHHA HyMepalUuH NepPeMEHHHIX 3TOro
BCEra MOIKHO 1106HTbCﬂ) H ypaBHEHHE IOBEPXHOCTH 0QN Sy (§) umeer
BUL X, =@ (x'), ¥’ =Dy, rae ¢ (x') & C*(Dy).

BbléepeM TaKoe JoCTaTO4YHO MaJjioe uucyo r=r () > 0, uto (n — 1)-
MepHBIH [ap {!x —t'|<r}&D;. Torna GyHKUUS rn NepeMEHHBIX
Fy(x)=f(x's, @(x')) (ne 3aBucswas oT x,) onpejeseHa Ha 3aMKHY-
toM mape S, (E), NMpHHALIEKHT Ck (S, (%)) u Ha QN S, () coBnanaer
c f. Tlpu stom I!Fg“ck(sr(g)) << C(8)|flc* g)» rme mocrosinnas C(§)
HE 3aBHCHT OT [,

MuoxectBo wapoB S,/3(E) Npu Bcex &< 0Q NOKpLBAeT rpaHHIy
0Q. BrniGepeM H3 3TOr0 MHOXKECTBA KOHEUHOE MOKPHITHE T'PaHHLKL
Sr3(xY), ooy Seyp (XN, Toe ri=1(X).

Omnpenenum zaa joGoro (=1, ..., N ¢pyHxuuo f; (x) caegymowmum
o6pasoM: B wape S, (x) mojoxuM ee paBHOH Fi(x), a Bue S, (x/)
paBHOH HyJ/O, ecaH x & 0Q, u paBHoit f(x), ecu x & 0Q. Torna
npu Bcex i=1, ..., N obyuxkuuu f; (x)y: (x), rae y; (x) —pynKuus,
IIOCTPOEHHAsl B Mpollecce JOKA3aTeNIbCTBa JIEMMH 2, NPHHAILIEXKHUT
C* (R,) H, TeM caMbiM, C*(Q). 3nauut, u QyHKUHA

ZYt () fi (x

i=1

TOXe npuHagjaexur C* (Q).

BosbMmeM npOHM3BOJIBHYIO TOUKY X € 3@ M NPEAIIOJIOKHM, UTO mep-
BbIM IUapOM H3 BHIGPAHHOrO KOHEUHOro MOKDHITHA TPAHHIUB, COLep-
XKallliM 3Ty TOuYKYy, sBJfAercd wwap S, A3 (x"). TlockoabKy z1s BCeX

i=1,..., N fi (x)=Ff (x), To u3 coornowenuii (12) u (14) ritekaer,

yro F(x Zv, =f(x). Takum o6pasom, oyukuus F (x)
=1 .

spasercs npopomkenneM us C* (Q) dynkuuu f (x). Tpe6yeMas oueHka

SIB/ACTCA CJCICTBHEM COOTBETCTBYIOUHX HEPaBeHCTB A1 $yHKIHUIT

Fi(x). Teopema pokasaHa.

3. Muotrocts C*(Q) B H*(Q). Mpocrpancrsa H*(@Q). Ilyctb
rpaHuna 0Q obsacTH Q npHHanjexHuT Kmaaccy C*, _

Teopema 3. Mnoscecrngo pynxyud C*(Q) (u, mem boaee, C*(Q))
aeA8emes 6ci00y naomubim 8 npocmpancmee H* (Q).

BosnMeM Kakyio-HHOYAbL o6JacTh @', a1 KoTopoil o6JacTh Q
fiBJsieTcs cTporo BHYTpeHHel, Q& Q. Ilycts f (x) — mpou3Bo/ibHAS
¢yukuusa us H*(Q). B cuay Teopembl | npepbiyliero myHkra cy-
LIECTBYeT npono/xkeHHe F (x) ¢yHkuuu f(x) u3 Q B Q', npHHane-
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xawee H%(Q’). CornacHo cBoiicTBY 3 (M3 m. 1) HMeeT MecTo COOT-
HOLIEHHE

VEn—Fligh gy =1Fn—Flyr o =0 1 h—0,

rae Fp(x)—cpemuaa oyukuusa aaa F(x). Tak kak F,(x) = C°(Q),
TO TeopeMa jpoKasaHa.

MuoxkectBo C*(Q) ectb JuHeitHoe wmHorooGpasue B H* (Q). M3
TeopeMbl 3 BHITEKaeT, uTO ecqaHu rpaHHna obsactH 0@ = C*, To 3aMhbi-
KaHHe MHoxecTBa C*(Q) B Hopme mpoctpaHcTea H*(Q) cosmagaer

c H*(Q).

[Mycrs S — HeKoTopast (n— 1)-MepHas moBepxXHOCTh, COAEpKalasica

B Q. ITogMHOXKeECTBO ck (Q) oyukuuit us C*(Q), obpamaromuxcs
B HYJb B HepecedeHHH ¢  HeKoTopoil (cBoell pas Kaxpoit ¢pyHKIHH)
OKPECTHOCTH MOBEPXHOCTH S, TOXe fBJISAETCA JHHEHHBLIM MHOroo6pa-

aueM B H*(Q). 3aMbiKaHHe Cé (Q) B HOopMe H*(Q) sBasiercs non—
IpocTpaHcTBOM INpocTpaHctBa HH*(Q). OGosHauuMm ero uepes HE @.

B cayuae, Koria S =0Q, noxmpoCcTpaHCTBO H% (Q) Gynem o6o-
3HauaTh uepes H* (Q) (Hopmoit B H* (Q) ABnsieTcs HOpMa IpPOCTpaH-
ctBa H*(Q)). M3 Teopemul 6 n. 3 § 2 caenyer, uto npu k=0 nog-
IpOCTPaHCTBO H*(Q)=H°(Q) cosnagaer c npocrpaHcTsoM HO(Q) =
=L, (Q). B n. | cnenyiomero naparpaga Gyzer nokasato, uto an
k=1 H* (Q) He coBnagaer ¢ H*(Q).

Ecan Q" — Hekoropas o6i1acTh, cofepikaas 06/1acTb Q, Qc:Q )
TO JoGasg pyHKuMA f(x) U3 C* (Q), mpono/mkennas Hysnem B Q' \ Q,
npunaniexutr C*(Q'). TlosToMy H3 ompeneneHus npoctparictea H
caenyer, uyTo npojo/nkeHHas HyjeM B Q'\Q dyHKuus f(x) u3 Hk(Q)

npuHagnexut H*(Q').
4. ‘CenapaGeanHocTb npocTpaicTBa H* (Q). bynem C'-II/ITaTb, 4yTO

rpanHia 0Q o6nacTH @ NpHHALIEKHT Kjiaccy C*.
Teopewma 4. IIpocmparcmeo H* (Q) cenapabeavHo.

Paccmotpum cuauana xy6 K={|x;|<m, i=1, ..., n}. Cuernas
cucreMa QyHKUMA (2m)—*/%etm®) . e m=(my, ..., M,), m=
=0,+1, =2, ...,i=1,..., n,(m x)=mx,+...--m,x,, ABjaserca

OpToHOpMHpOBaHHON cHcTeMoit B L,(K). JloGoit dynkuuu f(x)= L, (K)
MOXHO cOmnocTaBUTL psin Pyphre AR

[ee)

1 meei(m.x) = 1 Z 2 fmei (m’x)’ (18)

n/2 n/2
(2.7[) (2:‘[) s=0s<|m!<<s+1

i(m, x)
e frm (f (), (;n)"ﬂ )L (K)

a|mpP=mi--...+mn

— KostpuunenTht Pypre ¢GyHKUHH [ (x),



134 OYHKUUOHAJIBHEIE TPOCTPAHCTBA [TJ1. 111

IMycre GynKuus f(x) C (K). Tpexne BCero sameTHM, 4TO AJIsl
BCEX m HMEET MeCTO HepaBeHCTBO

| fm | <€ 22) 2|z () = Co- (19)
onoxum m' = (my, ..., Mp1), X =X ..oy Xna)y K'={{x|<m,
i=1, ..., n—1 cR,,;. Ecan m,=~0, 10

1 {(m -
fm=W§f(x)e‘( N dx=

14

= (ml)n/iz S elm’, x) dy’ (S f (x,, xn) eix"m” dxn> =
K

—
=1 (LY (LA im0
(2n)n/2( im,,) IS 6x2 ertm 2 dx

@) Flor &y

npu Jo60oM HaTypaJbHOM p, OTKYZA |fn|<< CAG
n

BaTeJibHO, B cHay (19)

H, creno-

P n/2 R
|f IQUfUCp(,@? (‘2;—;) . Cp
" (I+[mq )P (I4+1mq ()P
ApHu JIIO0OM HATyPaJbHOM p.

Hap;w;y C 3THM HEpPaBEHCTBOM, KOHEYHO, HMEKOT MECTO H Hepa-
BeHCTBa

Cp . _
If’n|<(l+lmi‘)p' l—l, ---,n l,
4 3HAYUT, H HEPaABEHCTBa
1 . Cp
Ifml p mln {(I‘H e |)p} = (1+H}ax s l)p. (20)

Tak xak maxlm |>V_]m|, To M3 (20) BLITEKAIOT CIIpaBenIH-

BBIC ITpH BCEX m " Jjawdoro HaTypaJabHOro p HEpaBeHCTBA
c: o

[ fm] < 1" p<(l+lml)p. (21)
I 4 —==|m|
Vn
Bossmem p=n-+2. Uncao ciraraeMbix B cymMMe Z [met(m. 2),

s<Kiml<s+41
paBHOE uHCJy TOY€K m C LEJABIMH KOOpHMHAaTaMH B LIapoOBOM CJIO€
s<<|m|<s+1, He nNpEBOCXOAMT uHCIA TaKHX TOYeK B KyGe
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c pebpoM 2(s+1), T. e. He npeBocxOguT (2 (s 1))~ .Hosmmy
Cny22® (14-8)7 _ Cp.920

[met (™ ® (TFsyr2  — (-fs2"

s<Kim|<s+1

< Y =
s m|<s+1

dto osHayaeT, uro psa (18) pasHoMepHo B K cxopures.
Ilonaras p =n- 3, noayuum, uto OpH joboMm r, 1 <r<n,

Cg-gszn (1 +S)n+1 . Cnﬁ-sz'(l
(4% (I gsp -

im,f et (™ ©
s<<mi<s+1

=<

CrenoBaTenbHO, paBHOMepHO B K oxogutcs psf, NOJyYeHHLIR
u3 pana (18) mouneHHbIM pudxpepeHHMpOBaRHEM N0 X,, r=1, ..., A,
AunasoruuHO JOKasbBaeTcsl, YTO psAbl, NOJydeHHEle H3 psAga (18)
NOY/IEHHbIM ero [-KpaTHeiM, [=2, 3, ..., nndxpepeHuupoBaHueM, cxo-
IsiTcsl paBHoMepHO B K

OGo3naunM cymmy psaza (18) uepes g (x):

1 ) i{m,
g(x)=Wmem€ %),

Mur fokasamu, uto g (x) & C»(K). 3uauut, u ¢yHknusa @ (x) =
=g x)—[ (x) = C>(K). llokaxem, uto @ (x)=0 B K

[4

(2m)"/? )Lz(K)

{ ¢ (x)eitm» dx=0.
K

i(m, x)

Tak xak (g (x), =fm TO NpH BCEX m

®HUKCHPYEM MPOU3BONBLHO m' = (my, ..., Mp-;) U MEPENHIUEM 3TO
paBEHCTBO B BHJE

1
{ e""n"n[g P (X', x,) €, x) dx’] dx, =0.
i K’

[TockosibKy GeckoHeuHo audxpepeHIUpYeMasi MO Xy, |X,| << 7, QyHK-
MU  Qm (X5) = S(p(x’, Xp) e ¥) dx’ oproreHajbHa B CKaJjsipHOM

K _

MpoU3BENeHUH Ly (—mn, n) ¢yHuusm e™»"» npu seex m,=0, =1,
#+92, ..., To npu moboM m’' @u (x,) =0 WA BCeX X,, |X,|<m.
Beenem oGosHaueHHsi: m"=(my, ..., Mp-g)y X" = (X1 ..., Xp-3),
K"=K'{Xs-1=0}. Hana moGoro ¢ukcupoBanHoro m”, moGoro x,,
| X, | << m, u BCeX m,=0, Z£l, ..., uMeeM

X

0= @', xp) &t 2) dx’' =
Kl
n -
= S e"n1"n-1dx, S Q (X" Xp_q, Xp) €W ™) dx”,
-7l K"
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3uauwur,

S @ (") Xn-gs Xp) €W F) dx" =0
R

NPH MOGBIX Xno1s Xpy | Xp-p|=<<%, |X,|<<7 ¥ Bcex m”. [Iponosxas
3TOT Mpolece, MoJayunM paseHerBo @ (x)=0 B K.

Takum o6pasoM, jpoKas3aHo, uTo Jo6Gad ¢yHKIUA [ (x) & C°(K)
pasnaraerca B pax (18), cxopamuiica BMeCTe C NpPOU3BOJHBIMH
JI060r0 Mopsiika paBHOMEepHO B K. OUEBHAHO, YTO 3TO YTBEpKICHHE
crpaseqyiuBo M i moboro xy6a K,={| x| <<a, i=1, ..., n}.

" Tlepeiinem Temepb K J[0Ka3aTenbCTBY TeOpeMbl. BosbMeM uncsio
a>>0 crosp GosbmwHM, yToGhl 061acTh Q & K,. CorsacHo Teopeme 1
A. 2 mobyio ¢byukumio | (x) & H*(Q) MOXHO NMpPORO/IKHTH (HHUTHORH
B--K, ¢yHkuuelt F (x) = H*(K,). U3 cBoficrea 3 mn. | Bhitekaer,
yTo JM06YI0 Takylo pyHKuuIo F (X) MOXKHO anmpoKCHMHPOBATh B HOPMe
H* (K,) cpennumu ¢yHKUHsAME Fp (x), SIBISIOWIHAMHCH GECKOHEYHO
IHddepeHIpyeMbIME H MPH JOCTATOYHO ManbiX i QUHHTHBIMH B K,.

Kak Mol pokasand, kaxpas ¢ynkuua F,(x) (nmpH pocraTtouHo
MaJblX h) MoXer ObiTh DaBHOMEPHO B K, BMeCT€ CO BCEMH MpPOU3-
BOIHBLIMH (a TeM caMbIM, H B Hopme H* (K,;)) npHO/IMKEHA 4aCTHYHLIMH
cymmamH ee psama QPypne. CnemorarenbHo, mmobas ¢yHkuus Fj (x)
MOXeT GbiTh anmpoKCHMHpoBaHa B HopMe H* (Q) MMHEHHBIMH KOMOH-
i Z im0 )

HalHsIMH CHCTEMBl e @ ¢ Ko3pdHIHEeHTaMU, ACHCTBHUTENbLHBIE H
MHHMBIE YacTH KOTODBIX — palMOHa/IbHble YHcma. TakuM o6pasom,
MOCTPOEHO CUETHOE MHOXKECTBO, BCIOAY IMJIOTHOoe B H* (Q).

§ 5. Csofictea dynkuuit us H'(Q) u H'(Q)

1. Caep dyuknuit. Ilycrp Q —obnacte B R,, a S —HekoTOpas
raagkasa (n — 1)-MepHasi moBepXHOCThb, Jexawas B (. Ecau B Q
3ajaHa ompejeneHHass B Kaxnoft Touke ¢yHkuMs f(x) (T. e. ecan
paBeHCTBO (YHKIH{I MOHHMAeTCs KaK PaBEHCTBO MX 3HAYEHHH B Kax-
I0# TOuke), TO Mbl MOXKEM PaccMAaTpPHUBaThL 3HAaueHHE 3TOH QYHKIHH
Ha S —onpeneneHHyio B Kaxuofi Touke S GYHKIHIO f | s, 3HAUEHHsI
KOTOpOil 1J1s1 Bcex x & S coBmajaloT co 3HaueHHaAMH f (x). Ecau mul
paccMaTpuBaeM B Q ¢GyHKNMIO, 3ajaHHyl0 0. B. (T. €. (YHKIHH
paBHHI, €CJIM OHH COBMNANAIOT MOYTH BCIONY), TO 3HAueHHe [ Ha ¢HK-
CHPOBAHHOH MOBEPXHOCTH S Omnpenensercsi HEOJHO3HAYHO: MOCKOJBKY
mes S =0, To (pyHKIHsI MOXKeT UMeTb Ha S NPOH3BOJILHOE 3HaueHHE.
OnHako, B ONpENeNEHHOM CMBbICJE, MOXKHO TOBOPHTb O 3HAa4yeHHSIX
Ha (n— 1)-MepHBIX MOBEDXHOCTAX H MOUTH BCIOAY ONpEHAE/IEHHOM
GYHKIHH.

[lyers s mpocToThl MoBepXHOCTh S =S (x,) fABJIAETCA nepece-
yeHHeM 06JacTH @ C MIOCKOCTBIO x,==const. Torna B cuny Teopemui
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Oy6unn *) AN MOYTH BCEX X, CYLIECTBYET ONpENENCHHOe MOYTH
BClony Ha S 3HaueHHe flies(x)) QyHKuuH f Ha S(x,) (paBeHcTBO
¢byHkuuit 1 — 1 nepeMeHHOro, eCrecTBEHHO, MOHHMAETCs KaK paBeH-
CTBO HX 3HAuYeHUH nouTH BCIOAY B CMbicae (7 — 1)-MepHOH Mephl).
[Ipn sTOoM, OueBHIHO, 3HaucHHe Ha S (x,) HempepuiBHOH B Q GyHKIHH
NpH MOUTH BCeX X, ABJSAETCA HenpepuBHOR ¢yHKuMell Ha S (x,),
a sHaueHue Ha S(x,) ¢yHKuuH u3 L, (Q) mpH mouyTH BCeX x, MNpH-
Hagaexur L, (S (x,)).

[Tpy usyueHuH pemeHu#i auddepeHNHaNbHBIX YpaBHEHHH 4acCTO
3aJlaloTCsl  yC/IOBHS, KOTOPHIM pELIEHHE IOJ/IKHO YIOBJETBOPATb Ha
HeKOTOpOH (PHKCHPOBAHHOH (n — 1)-MepHOH NOBEPXHOCTH, HaNMpPHMED
Ha 0Q (rpanuuHble ycnoBus). llosTomy HaM moHajoGuTCs OGOGLIEHHE
MNOHATHS 3HaueHHA Ha (n— 1)-MepHON NOBEpXHOCTH S MOUYTH BCIOLY
onpeneneHHol GYHKIHUH — noHATHe caefa ¢yHKuuu Ha S. dasa onpe-
IeneHHON M. B. (QYHKUHMH, YIOBJETBOPsiOLIEHl HEKOTOPHIM YCJIOBHAM
IVIaAKOCTH, 3TO MNOHSITHE MOXKHO BBECTH OJHO3HAyHo. B uyacTHoCTH,
OHO JIETKO BBOJHTCS Jyifi HENPEpHBHOK B ( QyHKIMH.

Caedom [ s dynxyuu f us C(Q) Ha (n — 1)-meproti nosepxrocmu S
GyleM HasblBaTh 3HAaueHHe Ha 3TOH MOBEPXHOCTH ONpPENE/IEHHOH
B KaXIOH TOUKe, HenmpepbiBHOH B (Q (QyHKIMH, MOYTH BCIOAY COBma-
naoweit ¢ f (1. e. nog caegoM Ha S HempephiBHOH (YHKUHH Ml
MOHMMaeM ee 3HaueHHe, OJHO3HAYHO pAaCMpOCTpaHEHHOE IO Hempe-
puiBHOcTH Ha S). IIpu 3toM, Kak OGHIYHO, PABEHCTBO 3aJaHHLIX Ha
S ¢(yHKuMI [OHHMaeTcs Kak pAaBEHCTBO IIOYTH BCIOAY B CMEICHE
(n — 1)-MepHoOlt MepHI.

[Tonstue ciaena ¢yHRuMH Ha S MOXHO BecTH M A QYHKIHI
H3 HEKOTODBIX MPOCTPAHCTB C MHTErpaNbHHIMH HOPMaMH, B YacTHOCTH,
s GyHKIHMH U3 mpocrpaHeTB H*(Q) npu k=1, Tak kak Bce H* (Q)
npu k=1 Bx/oueHs B H!(Q), TO 3TO MOHATHE JOCTATOYHO BBECTH
s ¢yHkuui us H!(Q).

[Tycts S —nosepxHocTh kaacca C!' (cM. ra. 1, BBeneHue), jexa-
was B Q, a S; —ee npocToil KYCOK, ONHO3HAYHO MPOEKTHPYIOWHiiCs
Ha HeKoropylo obactb D nuockoctd {x,=0} u uMelowuit ypaBHeHHe

Xa= (), TIe X' =(X1, ..., Xa1), @ (x') =CH(D).
O61acTh Q OPPaHHYEHa, OSTOMY MOMHO CUHTATh, YTO OHA PAcCIio-
noxeHa B KyGe {0 <x;<<a, {=1, ..., n} npu HekoropoM a>>0.
[pennonoxum cHayana, uto ¢yHkuusa f(x) npunamiexur C'(Q), u

noJIoXXuM ee paBHOl Hymo BHe Q. CorsacHo ¢opmyse Hpiorona —
Jleii6HHLA

@(x)
FO) s =f (', @)= S Qi‘a&—‘“dz
1]

*) A Toumee, B cuay nemmm 4 n. 11 § 1 ra. (I,
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[ToaToMy Ha OCHOBAHHH HepaBeHCTBAa ByHsSKOBCKOro
d§"<a g Of (', En)

1F s, < ()% dig: S .
] b "

YwMHoXas 310 HepaBeHCTBO Ha V I+ ¢} +...-+ @}, _| U HHTerpHpys
no D, moayyuM HepaBeHCTBO

Vilaso= 1§ If
M S1

¢ nocrosinHoll C >0, He 3aBucsmell or QyHKIHH f.

ITocKo/bKYy MOBEPXHOCTH S MOXHO MOKPHITH KOHEUHBIM YHC/AOM
MPOCTHIX KYCKOB — KYCKOB THHA S; (MOXET OHTb, NPOEKTHPYIOLHXCS
'Ha JpYrue KOOpPAHHATHEIE MJOCKOCTH), TO, CYMMHPYS COOTBETCTBYIO-
‘mue HepaBeHcTBa (1), MOly4yUM HepaBeHCTBO

1 lL.cs) < Clf Jurcor @)

rie nocrossHHas C>>0 He 3aBUCHT OT (GYHKUMH f.

HepaseHcTBO (2) UMeeT MecTo W AJs JoGoit ¢pyHKuuH f(x) = CH(Q).
Ins toro yro6bl 310 JOKa3arh, NOCTATOYHO BOCHOJNb30BATHCH TEOpe-
moit 1, m 2, § 4 o npojomkeHHH (npexnesarasi, KOHEUHO, 4TO
0Q = C') u HepaBeHcTBOM (2) Aas ¢uHHTHOH PyHKUMH u3 Cl.

[Tycrs Tenmepb f e H'(Q). U3 reopemsl 3 m. 3 § 4 caenyer, uro
CyIWIECTBYET IMOC/TefoBaTe/bHOCTh f,(x) p=1, 2, ..., dyHKUHil U3
C'(Q), cxomswascs B Hopme H'(Q) k f. Hna (pyHKuHH fo—fq He-
paBeHCTBO (2) HMeeT BHJ

o —foler <Clfp—Ffolr@- )

Tak xak |f,—f¢lur@—0 mpu p, g—co, 10 U |fp—FfolL.(5y—>0
npH p, g—co. DT0 03HAYAeT, YTO IMOCAENOBATENBHOCTb CJIEIOB f, s
¢ynkuuit f, Ha S sBjaserca ¢yHnamenTampHOH B L, (S). B cuiy
NOJHOTH L, (8) cywectByer ¢yukuus fs(x) & Ly (S), K KoTOpoil cxc-
JUTCA [10CTEROBATEILHOETh CJEN0B f,|s MpH p — oo. Ilepexons B (3)
K Tpeneny OpH p—» 00, MOAYYUM

1fe—TIsleas) < €|fg—Tln1(0- (4)

[Tokaxem, yro ¢yHKUUA fg(X) He 3aBHCHT OT BhIfOpa HOCJEIOBA-
TeNILHOCTH [y (x), k=1, 2, ..., annpokcumupyioweit B Hopme H!(Q)
¢yukumio f (x). HeficTBHTeNbHO, mycTs fy (x), k=1, 2, ..., —apyras
noc/enoBarensHocTs GyHRuui us C! (Q), aas KOTopoﬁ ]]f f,, I, @ =
— 0 nmpu k—o0, a fs(x)—npegen B HOpMe L, (S) nocnenoBatenb-
HOCTH ﬁls, k=1, 2, ... Torna

zdg,;.

PP dS1 < C*|[Pri@ (1)

Ifs —Fsleas) <<Wfs — o leaes) + 1o = Fola o H e = Fsleam < -
< C(f —fsl @ +1fs = Folir @ +1Fo —fslur @)
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B cuny HepaseHcTB (3) M (4). Tak kak npu ¢— oo mpaBas 4acTb
NOC/IEJHEr0 HEpaBEHCTBA CTPEMHTCA K HYJIO, To fs=fs.

DyHRIHIO s (x) (KaK aneMeHT Ly (S)) OvieM HasbBaThb cAedom yHK-
yuu }/ (x) = H'(Q) Ha noeepxnocmu S M 0603HAYaTb CHMBOJIOM f|s
(I7 Isl.(s) Oynem oGosHauath uepes |f |, ().

Takum ofpasoM, MOHATHe ciefa QYHKIUH onpeleneHo Ais JioGoro
syemeHTa f U3 H'(Q).

ITokaxkeM, 4TO 3TO MOHATHE NEHCTBUTENBHO BJSETCA OGOOIIEH HEM
TMOHATHA 3HAYeHHs (QYHKIMH Ha (n— 1)-MepHO# nosepxHocTH. [1ycTs,
I npocrothl, S =S (x,) —nepeceueHre o6GaacTH { C DJIOCKOCTHIO
x,=const, a ¢yukmua feH! éQ). Bo3sbmeM mocseoBaTenbHOCTD
fm(x), m=1, 2, ..., dynkunit u3 C1(Q), cXoxsutytocs X f B HOPMe mpo-
crpancta H'(Q). Tlo onpeneneruio, cuenoMm fis (x ) TPH KAKIOM X,
apjasiercss npegen B Ly (S(x,)) nocnenoBaTeqsHOCTH QYHKUHH [, Is (x,).

Taxk Kak moc/neoBaTe/NbHOCTD fn,, m=1, 2, ..., cxomurcsa B L4 (Q)

K f, TO no sameyaHuto K Teopeme ! n. 1§ 2 U3 Hee MoXKHO BHGpaTh

[OTIOC/IEI0BATENbHOCTD [ o k=1, ..., cxopaumyocs K f NOYTH Bclody

B Q. To ecTp A1 MOYTH BeeX X, HOEIEROBATENLHOCTD [ kls(x ) k=
n

=1, 2, ..., cxonuTes K 3HaueHHI0 QyHKIMH f Ha S (x,) MouTH Bciony
B cMmbicne (n— 1)-mepHoit Mepsl. CnepoBaTesibHO, 151 ITOYTH BCEX X,
cren M 3HaveHHe QyHKuMH f ma S(x,) coBmajaror.

Taxkum o6pasoM, Mbl pacrnosaraeM MOHSATHAMH clefa Ha S QyHK-
HHil, HenpepbiBHbIX B Q, M QyHKUHi, npuHagnexaumx H'(Q). IIpo-
BepHM, 4TO ecnH (yHKuMs f npunaniexur 1 C(Q) 1 H'(Q), 10 ee
cien, kKak ciael ¢yHkuud u3 C(Q) (0603Haunm ero uepes f|§), H ee
cnell, Kak caen ¢yHruMH H3 H!(Q) (o6o3HauHM ero uepes f|5), cos-
najawoT. JleficTBuTeIbLHO, B CHJY TeopeMbl | n. 2 mpensuayliero napa-
rpadpa QyHKUHIO f MOXHO MPONOMKHTE B ofaacTe Q', Q€& Q’, Tak,
yTo ee mnpojo/kenne F Oyler npuHagaexats H C(Q) u H'(Q).
Paccmorpum cpennne ¢yHKIHH Fj (x) pna yskuun F. Tlockonbky
F,—F npu h—0 u B Hopme mpocrpaHerBa C (Q) (em. m. 1 § 1) u
B HopMe mnpocTpaHctBa H!'(Q) (cM. m. 1 § 4, ceoiicrBo 3), To npH
h—0 Fu(x)|s—f|s B HopMe npoctpaHerBa C(S) u Fy (%) |s—f] §

B HOpMe mnpocrpaHcTa L, (S). CieposarensHo, f|s=fs.

Cnen fls dyHKRUHH f(x)el?s‘ (Q) (onpemeneHHe 3TOrO MPOCTpaH-
crBa cM. B . 3 § 4) paBefl Hy/MIO, MOCKOJIbKY (YHKUHMA [ls ecTb
npenen B HOpMe L, (S) GyHKIMHA, paBHHX HYTIO HAa S (caenoB Ha S

dyukmuit u3 C¢ (Q)). B wactHoctH, enen flag dyrkuny f (x) & H(Q)
paBen Hymo. Orciona, MEXAy MPOYHM, BblTeKaeT yTBEpPXKAEHHe 1, 3

npeznplnymero naparpaga o TOM, 4YBO H* (Q) %% H* (Q) npu k=1: npu-

Hajexaias mo6omy H* (Q), k=1, ¢ynkuus, papHas 1, HenpepsiHa
B Q, nosToMy ee esen Ha 0Q paBeH 1; CJEIOBATE/NBHO, 3Ta QyHKIHUA

He MPHHAJJEKHUT H* (@) HM npn KakoM k=1.
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Cnen fls dyukmun f e H'(Q) ymos/ieTsopsieT HepaBeHCTBY (2).
a5 nokasaTenbcTBa 3TONO JOCTaTOYHO B HepasencTBe (2), HamNHCcaH-
HoM anis pyHRIMA fp (x) (fy (x) = C (Q), Ifp—flar@—0 npu p—
- 00), NepelTH K Npemeay MpH p— co.

Jlo cux nop MBl mpeanosaraju, uro rpaHHna 0Q e C'. OpHako
ecid S&(Q, To ANA onpefesieHHda ciaefa GyHKIMH Ha S H JOKasa-
TeNbLCTBA HEpaBeHCTBa (2) 3TO TpeGoBaHHMe H3jaumHe. [leficTBUTENbHO,
B 9TOM CJyuyae Haiinercs Takas obaacte Q €Q, uro 0Q =C' u
SeQ.

Takum o6pa3oM, HaMH JOKasaHa

Teopema 1. Iycme (n—1)-meprasa nosepxwocme S xaacca Ct
uru npunadrencum Q, Q &Q, uau émecmo smozo S = @ u donoa-
Humeaoro 0Q & C*. Toz2da aobas pynxyus f(x) = H (Q) umeem caed
fls Ha amoli nosepxwocmu, npunadiexcauwuii L, (S), u umeem mecmo
nepasercmso (2).

[Tycts ¢yukuua f(x) = H*(Q), 2> 1. Iockonbky mobasi 0606-
lweHHasi npoussoaHas D%f, mopapka |a| <<k, npunHagiexur H'(Q),
TO cornacHo Teopeme 1 Ha Jo6oit (n— 1)-MepHOHt noBepxHOCTH S
Kjaacca C! cyuwecTByer cjel 3Toit npoussopHodt D*f s, mpuHapmexa-
mui Ly (S). IIpn 3TOM HMEIOT MecTO HepaBeHCTBA

1Dl ) << Clf o+ gy <ClFlyt g (5)

¢ nocrosinHoit C >0, He 3aBHCsiielt OT QYHKIMH f.

2. dopmysa yHTerpuposaHus no uactam. Ilyctb dyHKUHMHE f(x) u
g (x) npunagnexar H'(Q) n 0Q & C*. Toraa pns mogoro i=1, ..., n
crnpasefuBa (opMyJia MHTErPHPOBAHHA MO YaCTIM

Sfxlgdx= ngnidS_ngxidx’ (6)
Q W Q

rie n;=cos(n, x;) —KOCHHYC yIJjia MeX]y BHEIIHeH HOpManabio 7
K [OBEpXHOCTH OR M 0OCblO x;, a GYHKIMH f H g, CTOsIIHE MOJ 3HA-
KOM HHTerpana no dQ, —caens ¢yHkuuit f u g Ha 0Q. Takum o6pa-
30M, C TOYKH 3peHHs PHMEHHMOCTH (opMyanl (6) dyHKIMHE U3 H! (Q)
BeNyT Cebs Tak ke, Kak ¢yHruun uz C!(Q).

Jna nokasarenbcTBa paBeHcTBa (6) Bo3bMeM (Teopema 3 m. 3 § 4)
TMOC/IENOBATENbHOCTH f, (X) M gp(x), p=1, 2, ..., GyHkuuit us C*(Q),
cxopsawnecss B HopMme M1 (Q) k ¢ymkmuam f(x) u g(x) coorBercr-
BeHHO. [lnsa ¢vHKIMA f, H g, paBeHCTBO (6) CrpaBeNIHBO:

Sfpx,.gq dx = S foGqtu dS — S fpg""i dx.
Q aQ Q

[lepexonss B HeM K Mmpefely IpPH p—»co H §—> o0 (HANOMHHM, YTO
1o —Fle, 1000, 1go —&lt, 9y —0), noayumm pasencrao (6).

M3 (6) nemenneHHO CjepyeT, 4To eciH g & H'(Q) H KOMIIOHEHTH
fi(x), i=1, ..., n, Bexropa f (x), f (x)=(f/, (x), ..., fa(x)), npunan-
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Jexar H!(Q), To UMeer MecTo paBEHCTBO

fgdividx= 1§ g(f-n) dS—f- Vg dxr. @)
Q aQ Q

3. CpoiicTBa ciefios dynkunit w3 H'(Q). Kpurepuit npuHainex-
HocTH noanpoctpancTBy ' (Q). Ilycrs I'y— nocraTouno massiif (T. €.
CojepKallHiica B IIape JOCTATOYHO MAajoro pajuyca r,) NpocToi
KyCOK HeKoTopoil sexawelf B ( noBepxHOocTH Kjacca C!, H myCTb
Ty omHosnauHo mNpOEKTHpyeTCs B HEKOTOPYIO o6nacTs D KoOpAHHAT-
HOlt myockoctH {x,=0}, npuuem x,= ¢ (¥), ¥ & D, — ypasuenue T,
¢ (x) = C* (D).

OGosnauum uepes I's mosepxrocTs {¥' & D, x,= ¢ (x')+ 68}, a ue-
pes Qs—obnacte {¥ =D, ¢ (x)<x,<¢(x)+8} npu 8>0 uan
o6nacte {¥ =D, @(xX)+6<x,<<¢(x)} npu 8§ <0. Ormerum, uro0
npH JOCTaTouHO ManoM |6| (M JOCTAaTOUHO MajioM r,) MO KpaitHei
Mepe ofgHa H3 obnacredl Qs HAH Q |, conepxurcs B Q.

[Mycrs x & Qs = Q, Toraa ais moboit pyskuuu f e C'(Q) umeem

Qo)+ 8 o (v |
[ oW+~ o= | L5,
(x)
OTKyJa ¢
PE)+6 O (' .
F oW+~ e r=ls | [ L&z Py
@ (x)

YMHOXKas 3TO HEpaBEHCTBO Ha V1 -l—q);’il +...+ (p,%n , ¥ HHTErpHpysl o
o6nactd D, nonyuaeMm

If (%) = f () | 00y < C V8T | 111 2)s ®)

rae X°=(, o)l X¥=xx) =, e(*)+8)=Ts, a C2=
=max V1+ei +. ..+t

xeDb

OueBnpHO, 4TO HapsAny C HepaBeHCTBOM (8) HMeET MeCTO M Hepa-
BEHCTBO

1F (%) = F () I, gy < C VI8 T{ F e () ©)

[pubnuxkas ¢yukuuo fe H'(Q) oynkuuamun kKaacca C!(Q),
B CHJIy ompejeneHHs cnepa ¢pysHkuuu u3 H1(Q) nmonayuaem, uTo Hepa-
BeHcTBa (8) M (9) cmpaBennuBbl s Bcex QyHKuuit H3 H!(Q).

STH HepaBeHCTBAa BbIPAXKAIOT OMpPEJEJEHHYI0 HENpPepblBHOCTb CJIe-
108 Ha nosepxHocTAX I's dyHkumii u3 H'(Q) B 3aBHCHMOCTH OT CHBH-
rOB 3THX MOBEPXHOCTEH.
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1
Ecan cnen Ha I'y ¢ynkuuu f paBeH Hyqo, flp, =0, 10 H3 (9)
BeITeKaer, uro mpH Jobeix p H 8, 0 <8 =< p=<py, rae P, TakKoBoO,
uTo Qp, < Q (1A ONMPENEEHHOCTH CUHTAEM, UTO Po > (), HMEET MeCTO
HEPaBEHCTBO
IFIE, gy < C*8|f 1 (25) << C%0 |f e (2
Hurterpupys s1o HepaBeHcTBO mo 8 & (0, p), B CcHJaIy a6COMOTHOM
HeNpepslBHOCTH HHTErpaja nosydyaem

1fle, e y=0(p) nmpu p—0. (10)

Takum o6pasoM, Mbl jokasanH, 4yto ecad fe< H'(Q), flr, =0 u
Q, = Q (B vactrHOCTH, I'y MOXKET GBITb KYCKOM paHHIKLI 0Q), TO cnpa-
BeIIHBO cooTHoitenHe (10).

Jdemma 1. Myeme fe= HY(Q) u ee caed wa epanuye flag=0.
Toz0a

IFl. gy =0 (8) npu §—0. (11)

Tak kak rpaHuna 0Q e C', to nas moGoil TOuKH y & 0Q Haii-
netcsi Takoil wap S, (y) pamuyca 2r, r=r (y) >0, ¢ LEHTPOM B 37O}
TOuKe, 4YTO KyCOK rpauHupl 0Q (1S, (y) OXHO3HAYHO MPOEKTHPYeETCs
Ha HekoTopylo (n — 1)-MepHylo ob6nactb D,, (y), nexalLyio B OfHOH H3
KOODJMHATHBIX MJIOCKOCTEH, CKaxeM, B MIocKocTH {x,=0}. [Ipu srom
ypaBHeHHe Kycka 0Q 1 Sz, (y) uMeeT BUA X, = @ (X)), X =D, (y), ¢ (¥) =
& C' (D2 (9)). O6osnaunm uepes I'y=T, (y) nosepxnocts dQ N S, (),
a yepes I's=Ts(y) 1 Qs= Qs (y) — nocTpoennsie no I'y oMHCaHHBIM
BbIllle CMOCOGOM «MapasjiebHyi0» NMOBEPXHOCTb H COOTBETCTBYIOLLYIO
o6sactb. Bei6epeM 8,=0,(y) cTonp MambiM no aGCOJMIOTHOH BejH-
yuHe, yTo obnacte g, = Qs, (¥) = Q N Sa (¥).

[Mockonbky paccrosHHe Mexny 0Q\Si (y) H Qs (y) nonoxku-
TeNbHO H paccrosinHe Mexay 0QN Sy (y) u Ts(y), rae § = (0, )
npu §,>90 u 6= (8p, 0) mpn 8,<<0, oueBupHo, Gosbwe |8 |
¢ HekoTopoHl mocrossHHOH y=1v(y), 0<Cy<<C1l, TO MOXHO BwIGpaTh
TaKoe Yo=7o(4¥), 0<<yp<<1, YTO mpH Bcex TaKUX & HMeeT MecTo
HEepPaBEHCTBO

inf jx—&i>7v0'8. (12)
xE0Q
§el“6
Boi6epem H3 mokpbiTHA 0Q wapamH S, (y), y< dQ, KoHeuHoe
nokpeitHe S, (xY), ..., S,y (xV). Torma cymecTByer Takoe uHC/O
6;>0, 8;<< min |§(x™)}{, urO
l=m=<N

N
Q\Qs, = Ul Qg (o) (k™). (13)
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Kpome Ttoro, B cuny (12) mas Becex 6§, 0<<8 <8y, u m=1,..., N,
(Q\Q'V;ﬁ) n Qﬁn (xm) (xm) (= Qﬁ.sign 8o (xm) (xm)' (14)
rae = _min 1y, (x™).
l=m=<N

V3 BK/IIOYCHH (13) u (14) Beitekaer, uto jpna qaw6oit f e H (Q)
umeror Mecto npu 0 <6 << 8§, HepaBeHcTBa

N
Hf Hsz (Q\Qwﬁ) = mél “ f “21,2 ((Q\Q'\hﬁ) N 960 (xm) (xm)) =
N

< 2 Ik

m=1 (2. sign 6, (xm) ™).

Tak xak flop=0, TO H3 nocienHero HepaBeHCTBA W COOTHOHIEHHUS
(10) Berrekaer (11). Jlemma nokasana.
Teopema 2. [Jan moeo umobst (YHKYUA U3 NPOCMPAHCMBA

H* (Q) npunadaexcara nodnpocmpancmsy H (Q), neobxodumo u docma-
mouno, wmobst ee caed Ha epanuye obaacmu Gbin pasen Hywo.

IMockonbKy HEOGXOAUMOCTb OYEBHIHA, TO OCTAHOBHUMCS TOJIBKO
Ha JoKasaTe/lbcTBe joctatouHocTH. Ilyere ¢yHknus fe HY(Q), u
nyctb flag=0. BospMeM mnpoussosbHOe £>0. B cuay nemmbr 1 u
teopeMbl 9 n. 10 § 1 ra. Il 06 aGcomoTHOl HenmpephIBHOCTH HHTe-
rpaja cyulecTByer cTosib Majoe § =4 (g), uto

1F e, @nag) <88, jif s (ongp <&

Tak kak mia ¢yHkuuu fe H'(Q) (Teopema 3 m. 3 mpexpiaymiero
naparpada; HanoMHuM, uro 0Q &C') cylecTByeT NOC/AeIOBATENb-
HOCTb fo(x), p=1, 2, ..., OyHkumii u3 C'(Q), cxopswascs K f
B Hopme H'(Q) (u, Tem Gonee, B Hopme H! (Q\Qs)), TO MOKHO HaiiTH
takoe uucio N =N (8)=N (8 (g)), uro

0= Tl @ <
1w, (o) < 268, (15)

U x s oo < 26
BosbmeM ¢yHKIHIO

Lx)= § oss(x—y|) dy,
Qs/2

rae @, (| x—y|) —HeKoTopoe sxpo ycpesHeHus. M3 cofictB sppa
ycpemlHeHHs BbiTekaer, 4T0 f5(x) &C®(R,), Ls(x)=1 nnn x & Qsero
H, TeM Gonee, 1ia x Qs, Ls(x) =0 BHE Qs T. €. Ls(x) = C=(Q).
Kpome Toro, pns Bcex xR, 0=<<fs(x)<<1, | V{s|<<C/8 c nocro-
AauHol C >0, He s3aBucsweh or 6.
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B cuny (15) umeeM

I —FnEsle @ =!Fv — FCs s (ongg) =<
< (Ifx (1 =o)L, o)+ Vin 1 (1 —Co) -+ [ [ || VEs L, onag)) '/ <<
< (Ifnli, @\ep 211 Vin 1L, @nag) 21 /v 1 V8o | I, onag)? <

< (8e - Iinlt, @nay) <o (8+8CY2 =Cie.

QyHKIUHH [y (8 (ey) (X) S (¥) MpHHALIENRKAT ct (@) u

Nfa s en ) Co ey ) —F () |11 @ <<If — v s ey I @+
F 1w ey — v 6 enBocey [ @ < (14 Cy) e

CnepoBarenbHo, GyHKUUA [ (x) =i (Q). Teopema mokasaHa.
4, O KOMNAKTHOCTH MHOMecTB B L, (Q)
Teopema 3. Oepanuuennce 8 H(Q) muoscecmeo Komnaxmwo

¢ L, (Q).

Tlycts muoxectso o/ orpamnnueno B H'(Q), 1. e. st Beex f & oM
Ifllers @ < C. (16)

IpennonoxuM cHauana, uto o —H* (Q). IMponomkuM Bce (yHK-
uun u3 o wuynem BHe Q. B paccmatpuBaemoM ciyuae MO.TyuEHHBIE

NPOJO/MAKEHUA NMPUHAIEKAT m (Q) mpu mo6oit obnactH Q > Q.
Ecan fp(x) —cpemnsasa ¢yHknua s dyHkuHa f(x) e, 10
ClipaBe//IHBO HepaBeHcTBO (6) m. 3 § 2:

Ih—flho<4 \ @(Ifc+ta—fwPra a7

lz{<h Q

Hnsa dyrkmuu f(x) = C(Q), Tome MpOjoMKEHHOH HysaeM BHe Q,
npH JMOGOM BEKTODE 2z HMeeT MeCTO paBeHCTBO f(x+2)—f(x) =

1 1
- §£f_(fdtﬂ2d¢= \ (VF (x+12) - 2) dt. Bauun,
0

1
If (x+2)—f (x) k2<l212§lvf(x+tz) 2 dt
H, T¢EM CaMbIM,

Slf(X+Z —f ) Pdx<[2P|f i 0- (18)

Hepasenctso (18) cmpaBepineo H jis mo6oi GyHkuuu [ & ofl,
B U€M MOXKHO yOeIHTbCS C MOMOHIbIO OGBIYHOrO MpPEAEALHOrO IMepe-
x07a.
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W3 (17) u (18) caepyer, uto

2 ta A .
Il <Colflin@gr | de<Citt,
|z!<h

rae nocrosHHas C, HH or A, HU OT [ B cuny (16) He 3aBHCHT.
Ecnn Ttemepp mnokasath, uTo npu moGoM ¢HKCHpoBaHHOM A >0
MHOXecTBO o#,, cocTosilee M3 cpegHHX (yHKIMA 5 (x) BCEX QYHK-
wmit f(x) =¥, komnaktHo B C(Q) (4, Tem Gosee, B L, (Q)), TO
yTBEPKAEHHE TEOPEMbl OYIAET BHITEKATb M3 CJEACTBHA H3 TEOPEMbl 2
n. 7§ 3ra IL ,
CorsiacHO CBOMCTBY T) fapa ycpeiHeHHsi (cM. TJ. I, BBeneHue)

) 1= 17001 < C 1 Ly o <= G i i@ < comst
) _

H
-%’—;f‘i— <hc,‘}+lglf(x)]dx\<\_const, i=1,..., n
Q

¢ He saBHcsamed or [ B cuay (16) nocrosnHof. ITpHMeHeHHE TeopeMbl
Apuena nokasbiBaeT KoMnakTHOCTh B C (Q) MHoxecTBa {fy (x)} =, *).
Mycts Teneps oM — H'(Q). OGosmauum uepes o/’ muoxecTBO
byuxkuuit F(x) u3 H'(Q'), nosyueHHsIX B pe3yJibTaTe MNPOLOIKEHHA
cornacHo Teopeme 1 m. 2 § 4 dynkumit f(x) us o/ B HekoTopyio
o6nacte @, Q& Q. Tockonbky | F |41 gy < const|f|u @ ¢ nocrosu-
r o
HOH, He 3aBucsmed or f, To MHOxectBo @  orparuueno B H'(Q).
[To TonbKO YTO NOKa3aHHOMY, OHO KOMMAakTHO B L, (Q). 3Haumr,
mHoxectBo @ kommaktHO B L, (Q). Teopema noKasaHa.

*) IMycrs MHOMecTBO M HenpepbiBHGLIX B ( QYHKUMI DaBHOMEPHO OTpaHHMNEHO
# DaBHOCTCHEHHO HENpPepHBHO: HgHC ) << const a1 Beex g = M u pna Joboro

e > 0 cymecrsyer takoe §=4=8 () > 0, uTo mpH MPOU3BOMBHBIX X', X" U3 () TaKuXx,
uto | x'—x" | <8, |g(x")—g (x")| <& ana Bcex g =M (B HaweM cayuae M= M p,
a paBHOCTEMEHHAs HENPEPHIBHOCTb of/; BHITGKAeT H3 PaBHOMEPHOH OrpaHHYEHHOCTH
npousoanbix). ITokaxkem, uro mHoxecTBo M komnakrHo B C(Q).

Iyers {gr} — nponsBosbras GeckoHeYHas MOCAEAOBATENbHOCTb PYHKUHH H3 M.
HOna Kaxporo HarypaibHOTO /m BO3bBMEM B () TakOe KOHEYHOe MHOXKECTBO TOUEK
{x;"}, g=1, ..., p(m), yto a1 moGoll x = () cyulecTByeT ToYKA 3TOr0 MHOXKe-
CTBa, OTCTOAIIAS OT TOYKH X Ha paccTofHHH, MeHbiueM ueM § (27™). Beigenum u3

MoCJIeIoBaTebHOCTH  {gp} MOAMOCE]OBATENLHOCTD {g), 1, CXOAAULYIOCH B Kampol
TouKe MHOXCCTBA {X}}; Toraa |g,, — &, lc @ <3:-21mpu k;, I, =N, Us {g,}]
BBIJICJIHM TONNOC/IE/I0BATCIBHOCT {g) |, CXONAULYIOCH B KaxXgOH TouKe MHOXKECTBa
{x;} H T. A.. TakuMm o6pasoM, mpH JoGOM m HMeeM [0CJEN0BATeIbHOCTD {gkm},
of6J1afaoly0  CBOHCTBOM: Hgkm_glm ”C(6)<3'2_m NpH Ry, lm;Nm_.Oqummo,
4TO JHaroHaJibHasi MOCJAEROBaTEIbHOCTD {gmm} ¢ynpamentadaoia B C(Q).
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5. O KOMNAKTHOCTH MHOXeCTBa cleaoB GyHKuuii uz H'(Q).

Teopema 4. Ecau mnoocecmso dynryud oepanuserno ¢ H' (Q),
mo mHoxcecmeo ux caedoe na (n— 1)-meproi nosepxrocmu I Q
Kaacca C* komnakmmuo 8 Lo ().

Ilycrs — orpaHuueHHoe MHOxecTBo B H'(Q), a o — MHOxe-

ctBo caefio Ha I' ynxumit us /. OGosnauum uepes o’ orpanuueH-
Hoe B ! (Q) MHOMecTBO, cocTosllee U3 NpofomkeHuil B Q' = Q dpyHK-
muit u3 o (teopema 1 m. 2 § 4, 0Q = CY).

[Tycre 'y — Kycok nosepxHocTH I', 0OAHO3HAYHO MPOEKTHDYIOWIMHCH
B obnactb D nuockoctH {x,=0},u x,=¢ (), ¥ =D,— ypaBHeHue
Ty, 9 (x)=C*(D). Cymecrsyer Takoe 8>0, uro o6nactb Qg5 =
={¥ D, o) <x,<¢(¥)-+28} npuramexur Q.

s mo6olt  ¢yHkumn f(x) =C'(Q) u /0GbIX TOYeK x=
= (¥, xn) €T n (¥, ys) & Qys umeenm

FOs on) =1 () = s"f‘g‘gfﬂ’ .

U3 storo paBeHCTBa BbITEKaeT
x, +26
FOP<2/f(x, )44 | |2L&E

2
7%, | o

n

[TpouHTerpHpyeM mocnenHee HepaBeHCTBO NO y, & (8, 28):
26 xn+26

SIF) P2 1fix, gu) Py, 480 § | 2LSEd g,
6 i, Sn

a 3ateM TMOJNyYeHHOe HEPAaBeHCTBO no x mo nosepxHocTd [y (T. e,
2 2 3¢
YMHOXKHM €ro Ha Vl + o+ A+, W MpOKHTEr pHpyeM 1o Dy:

8§ |f|2dS<const<2§'|f|2dx—|-462(§'|Vf|2dx),

Ty

Tak kaxk moBepxHoctb I' MOXeT GhITb pa3bHTa Ha KOHEUHOE UHCIIO
KyckoB tunma T’y B /s KaXja0ro Takoro Kycka CIpaBejIHBO TOJBKO
YTO YCTaHOBJIEHHOE HEepaBCiCTBO, TO, CYMMHpPYSi 3TH HepaBeHCTBa,
HOJyYHM

2 C; 4 2
IFIE. @ < G 1L @) + C28] f i s

rae nocrosHHple C] U C3 He 3aBHCAT HH OT f, HH OT 8. OGLIUHBIM
crocoGoM y6exknaeMcs, YTO 3TO HEPABEHCTBO CIIPABEIJIHBO HE TOJBbKO
g mo6oit ¢ynkiuu f e C!(Q), Ho u ans /moGoit dyHkuuH u3 H! (Q').

B cuay 3aMeyanus K Teopeme 0 mpOAO/IKEHHH GYHKIHH (CM. 1. 2 § 4)
U3 TOCJ/IeIHeTO HepaBeHCTBA HMeeM CripaBelyIMBo: 1711 modoi f = H' (Q)
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HEpPaBEHCTBO
Crpspe 2
It o < 5 1F @+ CeB U f I, @ (19)

[To TeopeMe 3 (mpeaplylllero nyHKTa) MHOMectBo o/ KoMmakTHO
B L, (Q). Ilostomy M3 .mmoGo#i GeCKOHEUHO# MOC/ef0BaTebHOCTH 3Ji€-
MEHTOB MHOXECTBa MOXHO BblieHTh QyHAaMeHTanbHYI0 B Ly (Q)
TNOATIOC/IeIOBATeNbHOCTD f,, p=1, 2, ...: M0 MoGomy &> 0 Hafinercs
Takoe N, uro nas Bcex p=N u ¢=N |f, —fq|L,@ <<e. Ho rtoraa
noc/ef0BaTe/IbHOCTD  ClIeloB fyls, p=1, 2, ..., dyHnameHTanbHa
B L, (S), nockosabky misi p, ¢==N u3 HepaseHcrBa (19), HanucaH-
Horo masa f,—f, ¥ HepaBeHcTBa (16) mmeeM

“fp_fq“iz(Q) é%g+026l\fp_fq‘lif1(Q)és(cl+4CZC2)=038,

eciu B3aTh § =e. Teopema noKasaHa.

6. JxBuBaJeHTHbe HOpMHPOBKM npoctpancts H'(Q) u H'(Q).
[Tycrb B obnactd Q, 0Q & C?!, 3ajaHa BellleCTBeHHAas HempepbIBHasA
B Q cuMMerpuyeckasd Matpuua P (x)=(py(x)), i, j=1, ..., n. d10
O3HayaeT, YTO BellleCTBeHHO3HauHble QYHKIHH py; (x) = C(Q) U py; =
= pu, i j=1, ..., n. TlycTh, KpOMe TOro, B @ 3ajaHa BelleCTBEH-
Has ¢yHKUHS ¢ (x) = C(Q), a Ha 0Q BelllecTBeHHas OGYHKUHUA 7 (x)
e C(0Q).

Onpenenum Ha H? (Q) spmuToBy GHIHHefiHYI0 Gopmy (mm. 4 § 2 ra. 1)

Wi @)= Y pufngsdr+\afgde+ | rigds  (20)
Qi j=1 Q 0Q

(B mocnenHeM HHTerpaje, KOHeuHo, f={fla, =g |sq).
- Teopema 5. Ecau mampuya P (x) — nosoacumenvHo onpedener-

Has, m. e. 048 06020 KomnaexcHo2o eekmopa §= (&, ..., &) u 041
scex x=Q

n n
D Py EE=y X (&P @1

{,i=1 i=1
¢ nocmosannoi >0, ¢pyuxyuu q (x)=0 na Q, r (x) =0 na 0Q u~uau
g(x)==0, uar(x)s£=0, mo busunetinas opma (20) onpedesrsem Ha
H*(Q) ckaanproe npoussederue, sKBUBAAEHIMHOE CKAAAPHOMY N POUIBEOCHIIO

s &= ;(Vf Vg +fg) dx. (22)

CornacHo onpefeneHuio (¢M. 1. 4 § 2 ra. II) nna pokasarenbcrBa Teo-
peMbl HaM cJelyeT YCTaHOBHTb CYIIeCTBOBaHHE [BYX TaKHX IOCTO-
sHHBIX C; >0 u Cy; >0, uT0 HepaBeHCIBa

WG Hh=Gllnw flre<CGW({, /) (23)
uMeloT Mecto Aas Beex [ H'(Q).
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[Tpexxne Bcero 3aMeTHM, UTO MO YCJAOBHSIM TeOpeMbl Kaioe H3
Tpex cjaraeMbix B BeipaxeHud st W (f, f) (8 (20) g=f) Heorpu-
1LaTeNbHO.

Tak kak

n

tsz i Pulsfydx <AV 3 [1a]|ly]dr<

i, j=1 Qi j=1

éAn§)| Vf 2 dx < An|f | @

rae A= max |pylc )

(Szt;’lflzdxéz‘hﬂf

rae A1=|q|; ) ¥ cornacHo HepaseHcTBy (2) H3 1. 1

dSQ rf2dS < As|flt.00 < C*As|fll @

1@< A1 [f i @

rae A,=|r|c@g, TO NepBoe Hu3 HepaBeHCTB (23) HMeeT MecTo
¢ nocrosiuHon Ci= An-+ A+ A,C2

JlokaxkeM cnpaBeIHBOCTb BTOpOro HepaseHctBa B (23). Ilpexno-
JIOXKHM, HalpOTHB, YTO HYXKHOH nocrosiHHo# Cj He cyilectByeT. Torna
a5 mo6oro Lenoro m ==1 Haiiferca takas QyHkuHA [, (x) = H' (Q),
YT | fm|tr2 @ =MW (fn» [m)s MM, UTO TO Ke caMOe, HaiiieTca HYHKUHUA
gn () € H* Q) (gn={u/|fn 1 @), Ans KoTOpO#

lgm @ =1 (24)
H

W (8my Gm)=

] ,
={ > pygnegny;dx+qlgnitdc + { rign2dS<lm.
Qi =1 Q aQ

M3 »Toro HepaBeHCTBA BBITEKAeT, UYTO KaXKJOe H3 TPeX CJ/1araeMhiX
B W (gn &n) MeHbllle 1/m, U MO3TOMY (BOCIO/Ib3YeMCsl HEPABEHCTBOM
(21)) uMeroT MeCTO HepaBeHCTBA

1 1 1
§Ing|2dx<,,,—Y, §q|gm|2dx<g, aSerg’"‘zde (25)

B cuny (24) nocnemoBarenbHOCTb g,, m=1, 2, ..., orpaHqueHa
B H'(Q), nosromy (reopema 3 m. 4) U3 Hee MOXKHO BeIGpaTh Moamo-
C/IeI0BaTeNbHOCTh, QYHAAMEHTaNbHY0 B L, (Q). He ymanssa o6uiHoctH,
6ygeM CuMTarTh, YTO caMma NOC/efOBaTelbHOCTb gn, m=1, 2, ...,

dynnameHTatsHa B Ly (Q)s T. €. |gm— gplL, @ —0 npu m, p—co.
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Tak Kak B cua1y NepBOro H3 HepaBeHCTB (25)

I gm—gplt @ =| &mn— gp 2. @+ V (€m— &) |}, @<
é”gm_gp“iz (Q)+2|| 'ngl i I!Vgplﬂia(Q)<

. 2 2
<|gm—gplt. @+t o

T0 |gm—&plH1@—>0 npH m, p—co, T. €. NOCKENOBATENLHOCTb
gm m=1, 2, ..., dyHnamentanbHa ¥ B H'(Q). Ilosromy 3ra nocre-
JIOBaTeJIbHOCTb cxogurcsi B HopMe H'(Q) K HEKOTOPOMY 3/7€MeHTY
g= H'(Q). Tlepexoxs Kk mnpemeny npu m-»co B paBeHCTBe (24)
H HepaBeHcTBax (25), MOJYYHM COOTHOLICHHSI:

a) iglaro=1
| Vg *dx=0,

6) §
Q
B) {glgfdx=0,
Q
r) { rigrds=o.
0Q

M3 paBeHctB 6) M a) BoiTekaeT, yro g=const=1/}/|Q| B Q
ugloo=1//]Q| va 0Q. Ho 310 mporuBopeuut, ecaum g (x)==0,
paBeHCTBY B) HJH, ecaH r (x) =0, paseHcTBy r). Teopema nokasaHa.

[lyere P (x)=p (x) E, rne E —enuHuuHasd Matpuua. M3 reope-
Mbl 5 BHITEKaeT

CnepcrBue. buauneinas gopma

W, g)= S(prVngqu)derS (x)fg dS,

ede p(x)=C@Q), g)=C(Q), r(x)=C(0Q), p(x)=const>0,
g(x)=0 6 Q, r(x)=0 na 0Q u um q(x)==0 8 Q, usu r(x)=£0
Ha 0Q, onpedeasem 6 H(Q) craraproe npoussedenue, IKBUBANCHIMHOE.
cKaaapromy npousgedenuro (22).

Teopema 6. Ecau mampuya P (x) — nososcumensro onpedener-
Haa u pynkyua q(x) =0 8 Q, mo spmumosa buisunetinas opma

Wi, g)= S”Z pijfxigx dx"l"squdx
Qif=

aadaem cxkansproe npouseedenue 8 H(Q), axsusarenmmoe CKAAAPHOMY
npoussederuro (22).

Tak xak H'(Q) = H!(Q), T0 U3 TeopeMsl 5 BTeKaeT, uro B H! @
MOXKHO BBECTH CKAJfipHOE NMPOH3BeNeHHe, SKBHBAJEHTHOE CKaIsApHOMY
NpOU3BeieHHI0 (22), ¢ MOMOILbI0 OHIHHeHOH dopmbl (20) npH 7 (x) =1

Ha 0Q M g(x)=0 B Q. Ho a1 f(x) 1 g(x), npuHagJeRAMUX
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H'(Q), 3HaueHus GuiuHeliHnix opm W u W, coBnagaior. Teopema
Jl0Ka3aHa.

[ycers P (x) =p(x) E. VI3 TeopeMbl 6 BbiTekaer

CnencrBue. Buauneinan popma

W o= é(prVé +4fg) dx,

2de p(x)=C@Q), q(x)=C@Q), px)=const>0, g(x)=0 s Q,
onpedeasem 8 H* (Q) ckarspHoe npoussederue, IKBUBANEHMHNOE CKAAAD-
Homy npoussederuio (22).

B wacmunocmu, sxgusasenmuoim  (22) crkaaapHuim  npoussedenuem
ABASEMCA CKAASPHOE npousgederue

(' &) =} /72 d.
Q

U3 nocsienHero yrBepxIeHHS HeMeIJIEHHO BLITEKAET CNpaBelIHBOE
Aajsl moGoi PyHKIHH [ = H(Q) Hepasercriso Cmekaosa

1 1E.. @ < const (Sz | VF [ dx

§ 6. CeoiictBa bynkuuit us H*(Q)

B stom mnaparpage Oyner H3yyarbCsi B3aHMOOTHOLIEHHE IPOCT-
pancts H*(Q) u C'(Q). Byne'r TNOKa3aHO, 4TO ec/d (YHKUMSA NpH-
HapsexuT mpocrpaHcrsy H* (Q) IIPH JOCTATOYHO GOJIBLLIOM K, TO OHa
npUHALIEKUT H mpocTpaHcTBY Cf(Q) (T. €. ee MOXHO TaK H3MEHHTb.
Ha MHOXECTBE Mepbl HY/Jb, 4TO OHa GYIeT HempepbiBHA BMeECTE CO
BCEMH TIPOM3BOAHBIMH 10 mopsinka [ B Q).

Ilns nonyueHHs 3T0r0 pesy/bTaTa HaM noTpefyeTcs mpeicTaBjie-
HHe JOCTATOMHO raafkoii B o6jact Q GyHKuMH uepe3 HHTerpas mo Q
OT HEKOTOpOoH KOMGUHAUUH ee MPOH3BOJHBIX,

1. MpencraBieHue GyHKUUH € NOMOIIbI0O HHTErpaJioB.

Teopema 1. Ilyemo pynxkyua f(x)=C*(Q) u pasmepHocme
npocmparncmsea n=2. Toeda 04 woboi moyxku x Q umeem mecmo
pasercmeo

f(x)=§U(x—§)Af(§)d§+S(f(§)w%:§l TOU (x—9)dSs, ()
aQ )
ede

e a/lﬂ n> 2’
{[ (ﬂ (n—2)o, [x "2 Uu | x (n-2 @)
l M ora n=2,
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a 6,=2n"YT (n/2) — naoujade nosepxrocmu (n — 1)-meproli eduruy-
Hoti copepol *).
®yuxuus U (x —§) (oHa Ha3biBaeTcsi QyHIAMEHTANbHBIM peeHHeM
Aas oneparopa Jlamjaca) kak QyHKUHS OT & mpH & 7~ X YIOBJIETBO-
2

pser paeeHcTBY AgU (£ —x) =<gg—12 +... —I—ag> UE—x)=0, B uem

HeTPYAHO YOEIMThCA HENoCPelCTBeHHBIM H(pepEeHLH POBAHHEM.

3aduKcHpyeM IIPOM3BOJIbHYI0 TOYKYy x €Q M BO3bMEM CTOJb
Manoe € >0, uro map {{E—x|<<e} Q. B o6nactu Qe =Q\\ {{x —
—¢&|<<e} mna ¢ynxuun U (E— x) (paccmarpuBaeMoll Kak (QyHKUHS
nepeMeHHOro §) M IpoH3BO/MbHON GyHKumH f (§) = C?(Q) uMeer MecTo
dopmyna I'puna (cM. n. 2 § 1)

{8 @Ue-9d= (VE—0TLR—7 % ED)asi+

e aQ
S ( t-nLE_roPEas,.

Tak kaxk Ha chepe |[E—x|=e ‘_3%: "'aTT;a—-’x‘r T

raemoe mpaBoii yactd B (3) HMeer (mpu n>>2) BHI

0 BTOpOe cna-

! af(E) _
T (n—2 gnent _.; . ds sts en—llg—xlzef(g)d&é"'
=W +5mm | (©-F)as -
|8 —x1=¢
! Of(&) =
~ o ,g*§,=e_"”7 dSe=f(0+0(), (4

IOCKOJIbKY ILTOMAAL cfeprl |§-—-x|=8 paBHa 0,e"1, a 1 |E—x|=
—¢ f®)—f()=0) nl f§’|<const

®Oyuxuua U (E—x) uHTerpupyeMa mo Q, mno3TOMY npenen NpH
e—0 JeBoii dactu paBenctBa (3) paBeH uHTerpany no Q or QyHk-

wuu U (§—x) Af (§). Ilepexons x npeneny npu £—0 B paBeHcTBe (3),
¢ momowbto (4) monayunm paBenctBo (1) mpu a>2. Haa n=2

*) [penacraeaenue (1) umeer Mecto HbB oiHOMepHOM c.nyqae (Q=(a, b))

Jlerko npoBepsieMOMy TOXAECTBY f (x) = S"‘ B ®) &y (F@)+/ (o) —

a

—_ -2— (la—x) ' (@)+(b—x) [’ (b)) MoxHO npupars Bug (1), ecau BBecTH dyHKuLHIO

U(x—E,)——|x E|. Onnako paBencrBoM (1) apu n=1 MH noab3oBaThCs He
GyaeMm.
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LOKAa3aTeqbCTBO OCTAeTCA NPEKHUM, TOJBKO BTOpPOE cjaaraeMoe npaBsoii
yactd (3), B oTiiHune oT (4), paBHo f (x) 4 O (e ine). Teopema noxazaHna.

2. HenpepuiBHOCTL H HenpepbiBHas guddepenunpyemocTs QyHk-
umit u3 H*(Q). lns npoussoabHoit pyHkuun fe C?(Q) B Teopeme 1
NpefpIAYILIETO MyHKTa MOJYUeHO MpefcTaBjieHHe 3TOH (YHKHUMH uepe3
HHTErpaj mo Q OT ee BTOPHIX NPOH3BOZHHIX. Ecnu ¢yHkuua Gosee
rnagkas, feC*(Q), k>2, 10 Hapsny ¢ (1) aas Hee MMEIOT MeCTo
H NpeACTaBNeHUs yepe3 NMPOU3BOAHHE A-ro nopsiaka. [as monyuyeHus
STHX NpefACcTaBJeHHH HaM noTpefyercs cheiywolnee OpOCTOe YTBep-
KeHue,

Jlemma 1. [lyems n=3. Toeda npu robom (BeuiecmeerHom) N

pynryun

(_ lxps _ _
42 w+n npu p =2 pFE—n
u, (x)={ (Injx\)/[(n—=2) npu p=-—2,
__Injx] npu p=—n
[x "2 (n—2) B

018 scex x & Ry, x # 0, yoossemsopsem ypasreruro Au, =|x "

B cnpaBenMBOCTH J1eMMBI JIETKO YOEAHTBbCH HENOCPENCTBEHHLIM
TI0JCYETOM.

Mycrs oyukuus [feC?*(Q). B cuny ¢opmyast (1) aaa xe<Q
HMeeM

Fx)={U (x—¥) Af (¢) dt.

B uacrHoctH, npu n=2'Q
FO)=g \ AF @) In)x—8| dt, (5)
npu n=3
f<x>=—4in§ e, ©)
npu n>3
100 =—5=355, OS p et @

[lycrb n=4, a d¢ynkuua f(x)=C*(Q). C nomoupio paBeHCTBa

‘T:W:?Agln]x—g] (meMMa 1) HHTErpHPOBAHHEM MO YaCTAM

nonyuum Hu3 (7)

) = g5 \AF-AyInjx—glde= - { VOF @) Vi ln|x—gldz. (8)
Q Q
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Ecin n=5, 10 u3 (7) u paseHcrBa |x—§[3=— 2& Ix ]
(nemma 1) s dynxuuu f(x) < C?*(Q) noayuum mpexcrapneHue

1 1 1 1
f(x)=2—_3(,—508 of @)Aemd§=—m§ V(Y @) Vg 4
| ©)
u 1. A Hycrs f(x) =C* (@), p=2. Torra H3 CHpaBeLIUBLIX PH
n> 4p— 3 paseHCTB

1 7, p-1
FE T

1
Ea3cax

1
[x—EpPT [x—gfs

—

’ -1
= Cip-lAg

BBLITEKAIOMHUX H3 JeMMbl 1, B cuiy (7) MMeeM

” AP -
FO)=Cips \ porebsds mpn n=dp—2  (104.5)
Q

" AP
FO)=Cips \ oot de npu n=dp—1,  (104-)
Q

rae C; u C/ —HekoTopble aGCOMIOTHbIE IOCTOSIHHBIE. Tak Kak IpH
n>4p—l p=2,

1 g l‘
[x— Ql"‘” C“,Aé’( | x— El” 2) [x—EWPi— Cipnd (I x—§|2”")’
10 paa f & C*1(Q), p=2, us (7) nMeem
1
=Cip S (|x—g|2—p:§> dg npu n=4p (10,
Q
H .
" 1 .

f(x)=ca,,+1§ V@) Ve () A mpn n=4p+1, (104u),

rpe C;, C{ — aGCoOMOTHBIE TTOCTOAHHRIE,
1

— l: |x—s§ls+‘ npu s=1, 10 uz (6), (8),
(9), (104p-2)—(104p41) TMOTyuaem HepaBeHCTBA

APf (§
|f<x>t<c4p_2§|—',,:g%—2,-‘—2d§ s n=4p—2, p>1, (o)

[Tockonbky l Ve K

¥ —g 12771

10| <Coprs { o Bhde pan n=dp—1, p=1 (1)
) |
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ans Beex fe= C?* (Q) u HepaseHCTBA

lf(x)|<c4p§%dg wma n=4p, p=>1, (114p)
|f(x)|<c4,,+l§%‘_"—’;‘ﬁ—’,,ldg pis n=4p+1, p=1, (L)

ana Beex f e C¥*+1(Q), C,— a6CcoMOTHbIE NOCTOSHHbIE.
C nomouipio HepaBeHcrBa ByHskosckoro u3 (5) noayuum

10 1< g (§1arr )" (§iimlx—t )" <Clfbncen n=2,
Q Q
13 (ip-o) 5 4o \1/2 dt 1/2
If(x)|<C4H<§IA"fI dg) (QS l—:—|—> <

gc"f“[-ﬂp(qp n=4p'—2> 2»

H, aHamoruyHo, H3 (114p-4) — (114p41)

F@)<Clflpp g  n=4p—1=3,
‘f(x) l <C”f”Hzpﬂ " n=4p>4,
F O <Clflypr1 g0 n=4p+1=5,

rae nocrosinHasg C 3aBHCHT OT 7 U oGjactd Q.
Takum o6pa3oM, HepaBeHCTBO

Il @ =<ClFl (12)
H

n
[7] o
)
HMeeT Mecto s Beex [ & C [?]-I_ @), n=1, c ne saBucameit or f
nocrosiHHol. CripaBeIHBOCTh 3TOrO HEpaBeHCTBA HpH n=1 HeMej-
JeHHO CJefyeT H3 MpeiCTaBJIeHHS
b
fe) = \ signe—p)-1 @ de

a

mobolt pynkuuH f(x) g ([a, ).

Ecn  dynxuus feél+l+[7] (@ npu mexoropom (>0, TO
HapfAny c HepaBenctBoM (12) oHa ypoBJeTBopsier H HepaBeHCTBY

1Flet @y < Cullf IIH, 4[] o (13)

B KoTOpOM nocrosinHas C; >0 He 3aBHcuT oOT [,
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HeficTBUTeNbHO, AJf JIO6Or0 BeKropa o= (04 ..., &) C LEJIbIMH
HEOTPHIATENbHBIMH KOOpAHHATaMH, |o|<C!, B cuay (12) umeeM

1D% | ¢ @ =<CI|D*| n
c@ 't [?] ()
<Cjfl

=<

=

<C 1 .
HI-HGH_[%](Q)< ”f"H”’”’[ﬂ @

CyMMHpPYSl 3TH HepaBeHCTBA IO BCeM o, | a|=</, mojyuuM HepaBeH-
creo (13).

ITycrb Temepn fe[:11+l+[7] @), afn(x),m=1,2,...,—1nocue-
ROBaTEIbHOCTb (YHKUMA H3 C'l+l+[7J (@), cxoxmfiascs B HOpMe
g+l g xr B ciay (13)

Ufm—Fslet @) << Clim—Fslt ! & @—0

npH m, S—-co, T. €. NOCNeNOBaTeJbHOCTb fn, m=1, 2, ..., OKa3bl-
BaeTcsl ¢yHnamentanbuoil B HopMe C'(Q). Dro o3HayaeT, uro mpe-
fenbHas ¢ynkuusa f npunagaexut C'(Q). Ilepexonss B HepaBeHCTBe

Ifmlot gy < Clfml 1+1+[—”_] K Ipepeny INpH m—-00, IMOJYYHM
H 2l
, i1+ 5]
crpaBeJIMBOCTb Hepasenctsa (13) aisa motoft f & H 21(Q).

[Mycty ¢pynxuus f < Hi:c_l-l- [7] (Q). Bosbmem JmioGylo nogo6acts
Q' Q u nocrpouM dyukuuo §(x) = C* (Q), paBuywo 1 B Q. Pyuk-
uua f-¢ Eﬁl+l+[7j (Q), mosTOMy OHA NpHHAIJIEKHT C* Q) u, 3ua-
uut, ¢ynxuus f npunaggexur C'(Q'). B cuay npoussosbHOCTH Q'
¢ynkuust [ npunagiexuT C'(Q). Takum o6paszoM, [IOKA3aHO CJeLyIo-

liee YTBepKeHHe.
n

Teopema 2. Jlwbasa ynkyus u3 npocmparcmsa Hllo-t : +[_2>] @

npunadiexcum npocmpancmey C'(Q), m. e. H:;H_[?] Q) < C' Q).

Ilycts  tenepnb fEHH_H_[?]

145 .
cC [2 ] Torza B cuiy TeopeMbl O NPOJO/IKEHHMH pjis (J1106GOH)
o142
o6nactd Q', Q'>Q, cywecTByer npuHagnexauas H +[2](Q’)
¢ynkuus F, copmajpamomasi ¢ f B Q, mpuuem |F| [ <
A1+ [5] )
» Tae nocrosHHas C’ He 3aBHCHT 0T [,

(Q). Tlpemmonoxkum, uto 0Q <

<C'[f]

n

PA P
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®ynkuua F & C’ (Q') v 1717 Hee UMeeT MeCTO HepPaBEHCTBO IF | @)=
< C"|F|] 271 (HepaseHnctBo (13) nas Gynxuuu F B o6nactu Q').
e

CnenoBarenbio, fe C'(Q) ¥ chpaBeimHBO HEPABEHCTBO

.

n
g T [T] @
TakuMm 06pa3oM, J0Ka3aHO cJelyolee yTBepK eHHe.

t+1+[-’2’—]’mon+1+[~’2’—]

]3]

Iflet @) <C'C"IIf]

Teopema 3. EcaudQ C Q) = C Q).
[Tpu amom 0an awbold pynkyuu fe= H (Q) umeem mecmo
nepagencmso (13), 6 xomopom nocmosnnas C>0 wne sasucum om f.

7. Mpocrpanctea C° u €255, [lpoctpancrea H'-0 y H5 s
pocTp

o cux mop Mbl paccMarpHBaIH (pyHKIHMOHAJbHBIE ITPOCTPAHCTBA
(C*, H*, k=0, 1, ...), cocrosimive u3 GyHKUuH, nuddepeHnHaIbHbIE
CBOHCTBA KOTODHIX OIMHAKOBHI IO OTHOIIEHHIO KO BCEM HE3aBHCHMBIM
TNepeMeHHBIM: NIPOCTPAHCTBO 1%, HalpHMep, COCTOMT M3 Beex (yHKUHI,
npHHannexamMx Ly, Bce 0GOOIIEHHbIe MPOU3BONHEIE KOTOPHIX A0 K-I'0
nopsiixa BKJIOUHTENbHO NMpHHajiexar L,. B Teopuu nudepenumans-
HbIX ypaBHeHH{l HCMOJb3YIOTCA Takxe MHOxKecTBa GyHKuHi, nudde-
peHIHaNbHEIE CBOHCTBA KOTOPBIX 110 pa3HbIM II€DEMEHHBIM pa3JIHy-
Hbl. B uacTHOCTH, B mOCBAILEHHO!H NapaGosHYecKHM YPAaBHEHHSIM Ie-
croff rsnaBe GYAYT MCIOJNb30BAHBl BBOAUMBIE HHXKE IIPOCTPAHCTBA
(dyHKIH.

[Tycrs D —orpanvuennast o6nacTb NpoCcTpaHcTBa R, (x = (xy, ...
vy Xg)—TouKa R,), a Q={xe=D, 0<{<<T}— uMIMHAD BHICOTHI
T >0 B npocrpancTBe R =R, X {— oo <<t <<oo}.

1. Bauaxosbl mpoctpanctBa C™° (Q;) u C*%(Q,). O6o3nauum
yepe3 C- 0 (Q,), T UeJOe YHCJO r == 1, MHOKECTBO BCEX HempephiB-
HeIX B Q, ¢yHkuuit f(x, f), y KOTOPBIX CYWIECTBYIOT HeNpepbiBHbIE

o,y +an
B {, mpoussonHbie “— af

oxt ... Ox,"
Qrs oevy Oy O‘l+_~-- +O‘nér-

Yepes C*5(Q;), Tae uenoe yucao s= 1, 0603HaYUM MHOKECTBO
BCeX HemnpephiBHBIX B Q, ¢yHkuHi f(x, ), y KOTOPHIX CYLIECTBYIOT

a4 ... +o
1

,,-I-Bf
B

TpH Beex (LesbiX H HEOTPHUATENbHBIX)

HEIpepLIBHLIE B Q IIPpOHU3BOJHBIE IIpH BceX (UeBIX
T

o [
1t ... dxyndt

H HEOTPHUATIBHBIX) Oy ...y Cpuy By 0+ ... -0, 2B < 2s.

- Tog C~°(Q,) npu r=0 u mog C*>*(Q,) npu s=0 Gynem moHu-
Matb npoctpanctso C% (@) =C (Q,).
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. SlcHo, uro MHOxkecTBO C™°(Q,), r=0, sBAseTCA GaHAXOBBIM
IpPOCTPAHCTBOM C HOPMOH

aa1+ ‘er +anf

o b

Merogy= X maxlTg—s

a+ ... +anér 61

a MHOXecTBO C% 5 (Q;), $ =0, — 6aHAXOBBIM MPOCTPAHCTBOM C HOpMO#i

aa1+ +an+[5f

o a, B
axll ... Ox, 70t

.

"fHCES. s (Qr) = Z nlax
a+ ... ta,tep < U

2. T'uabbGepToBbl mpocTpaneTBa H™°(Q,) u H?S 5 (Q,). O6o3nauum
yepes H™°(Q,), rae memoe uucao r==1, MHOXKECTBO BceX MpHHAJ-
aexamux L, (Q;) dynxuuit f(x, £), y KOTOpHIX -CYWIECTBYIOT H IIpH-

aa1+ +°°nf
Hapnexar L, (Q,) oGo6uieHHble MPOM3BOAHHE —j —— TpH BCex
axll .. Ox, "
(HeJBIX W HEOTPHUATENbHBIX) O, ..., &, &+ ... +a,<<r. Hepes

H?*5(Q,), rhe umesoe 4HcJO §$==1, 0603HAUHM MHOXKECTBO BCeX INpH-

Hagnexawux Ly (Q;) dyskumit f(x, ), y KOTOpHIX CYIIECTBYIOT H
gt ... +a,,+l3f

npunagiexar L, (Q) o6o6LieHHEIe NPOU3BOAHBIE —a—— F e
0xy ... 0xn not
BceXx (L€MbIX M HEOTPHLATEJNBbHBIX) O, ..., %, P TaKHX, YTO

oy 4 o o 2B =< 2s.

Moz H™°(Q,) npu r=0 u mon H*5(Q,) npu s=0 Gynem moHH-
Matb npocTpanctBo H® °(Q,)=L, (Q,).

OTMeTHM cHayana ClefyiolHe, HeMeLJIeHHO BhITEKAIOIHE U3 Ofpe-
penenufl cBoficTBa MHOxecTB H™0(Q;) u H?55(Q;).

1. Muoxectso H"°(Q,), r=0, sABnsierca ruab6EpTOBHIM MPO-
CTPAHCTBOM CO CKaNfIPHBIM MPOU3BEJEHHEM

+ ... +a o+ ... +a
o™ nf g1 ng
¢t Duroey=Y X - dx dt
POIHN Q) ax‘fl axf:" ax(:l axg" -

QT(Z1+ +aﬂ<r

a MHOXxecTBO H25:5(Q;), s==0, sBasierca ruUNbLGEPTOBBLIM IIPOCTPAH-
CTBOM CO CKa/IIPHHIM NIPOH3BejeHHEM

(f’ g)H‘ZS, s (QT) =

Fat - +a,,+ﬁf gttt

= . o o B : .
QT Qﬁ_f_al_l_ L. +Gn<25 axll ces ax,,”at .axll iee 6x,,”6t

2. Ipu mobux r u s, 0<<r << 25, H*5 (Q,) < H*°(Q,) = H"*(Q,).

1
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3. Ecmn f(x, ) =H"°@Q,), 10 mpu oyt ...4o,=r <r

aa1+ +anf
r-rs, 0
P eH (@)-
X" ... 0%y

4. Ecu f(x, ) = H*5(Q,), T0 npu o+ ... +a,4 2 <25,
o +o, +8

1t n f = H? (5-5*), s-8’ (QT)

L ... axnal

[Tokaxem Tenepb, uto ¢yHKUuH H3 npocrpancTs H"°(Q,) wu
H®*s5(Q,) npu AocTaTouHofi rJagkocTH rpaHuubl 0D o6mactu D
MOXHO C COXPaHEHHEM [VIaIKOCTH MpOJOJKaTh B G6oJiee IIHPOKHE
(uem Q,) o6nacTH. A MMEHHO, YCTaHOBHM CIIPaBeJJIHBOCTb CJeNyiO-
IIero yTBEpXKIEHHUS.

5. Iycte D' —npousBosbHas o6iactb U3 R, Takas, uto D & D',
a * u ' —mpou3BoJbHBIE YHCJA, YIOBJAETBOPSAIOUIME HepaBeHCTBaM
1° <0, 1> T. O6o3nauuM uepes Qfo, n UUMHHID {¥ = D', £ < t < 1.
Ecmu 0D C", r=1, 10 pns moboit ¢pyukuuu f e H™°(Q,) cyiue-
crByer ¢uHHTHOE B Qfo,#n npopjomkenue F e H"®(Qf, ), TPH 3TOM
HMeeT MecTO HepaBeHCTBO

rae s’ <<s, QyHKuuA

[E Lm0 @fy, ) < CUFlareo o0 h

B KOTOPOM IIOJIOX HTeJbHAsl mocrosineassi C He 3aBHCHT OT QYHKUHH f.
Ecmu 0D = C*, s=1, to nas moboit pynkuuu f e H 5 (Q;) cyiue-
crByer ¢uHHTHOE B Qfo,n mpono/kenue F = H?: 5 (Qfo, n), TPH 3TOM
HMeeT MeCTO HepaBeHCTBO

| Fgas, s (@0, ) = ClFlpres. s @) (2)

B KOTODOM IOJIOXKHT&/IbHAA MOCTOAHHAA C He 3aBHCHT OT f.

Hlckomoe nponomkenue F ¢pynxuuu f uz H™ 0 (Q,) uiau u3 H2 5 (Q,)
CTPOMTCHl B [Ba 3Tala: CHayajJa HAXOJHTCA npoposkeHHe Fy QyHK-
uHMH f yepe3 GOKOBYIO NOBEPXHOCTb LHJIHHAPA Q. B GoJiee IIMPOKHH
uunuegp Q;={x=D’, 0 <<{<<T} Toit xe BricoTnl T, a 3areM QyHK-
uusa F, npopomkaerca yepes BepxHee {x & D’, {=T} H yepes HUX-
Hee {x = D', {=0} ocnoBanus uuauugpa Q;.

Has noctpoerus ¢yHKuuH F; BocnoJb3yeMcsl ToH ke cxemof,
YTO H npH npopo/kenud B D' ¢ynxuuu u3z H* (D) (em. m. 2 § 4).
Ilpu sTOM BOCHmONB3yeMCHi MOCTpPOEHHBIM B 1. 2 § 4 npoposKeHHeM
GyHKUHA H3 NPAMOYTOJNBHOrO NapaJesellunesa.

O6o3nauum uepes I, ., a>0, npAMOyroJbHbIfl napaJiesenumnes
{lxi<<a, i=1,..., n, 0<t<<T}, a uepes I} , u Il ,— npsmo-
yroJbHple mapastenenunentt {|x;j<<a, i=1,..., n—1, 0<x,<a,
I<i<T}u {xi<<a, i=1,...,n—1, —a<<x,<<0, 0<<I<T}
cootsercTenHo. Ilycrh dyuxuus z (x, f) < C* (11 ;) npu HexoTopom
k2= 1, Ilpogomxkenue Z (x, t) dpynxuuu 2 (x, t) B napanieaenunes Il,,
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onpeneasieTcss B napaliesenunene II; , caenyiomum o6pasom:
k41

EA,z(x,——., t), 3)

i=1

rae x' = (X1, ...y Xn1)y @ Ay, ..., Apyy — pellleHHe JHHelHOH anre6GpaH-

YeCKOH CHCTEMbI
1\s
> A,-(—T) —1, s=0,1,...,k

Tlpu nokasatejncTBe JeMMbl | I. 2 § 4 GbIIO YCTaHOBJEHO, YTO

Z(x’ t)ECk(‘ﬁa,T)’ H HpH J“O6bIX a’l’ ceey Oy ﬁ, a1>0’ cony 520,
o+ ...t +Pp<k
a“l"' '+“n+BZ gt ..+,

ox™ ... B HL2 (1z,.)’

L2 (Mg, 1) H
rae nocrosiuHasi C >0 He 3aBucHT oT 2. IlosTomMy n/s JmoGoro r =< &
” A “H", 0 (Ha, ) = C ” 4 ”Hr, 0 (nz, T)’ (4)

a,’ a, B
Oxll ves Ox, 01

H nasa moGoro s, 2s=<k,
u Z ]]H‘ZS, S(Ha,T) = C " 4 "HQS, s (Hj;’ T)’ (5)

e TMOJOXKHTeJbHasi nocrosHHas C _He 3aBHCHT OT Z.

Tak kak B npoctpanctse ™ °(IIf ;) u B npocrpanctee H2 ¢ (I1§ )
muoxecrso C(TI;,), a Tem cambiM, u muoxectso C*(IT}.) mpu
JMOGOM B ==r UMu k==2S COOTBETCTBEHHO SBJISAETCS BCIOAY NJIOTHHIM
(370 yTBepKieHHe JOKa3blBaeTCsl Tak XKe, KaK aHAJOTHYHOe yTBep-
KneHue naia mnpocrpaHctea H* (D), cMm. cBoficteo 6 m. 1 § 4), T
B CHJIy MOJHOTH STHX MPOCTPAHCTB 3 CKA3aHHOTO BLITEKAeT, UTO U
A1 moGolt npuHamnexawedt H”O(II7 ) uan H?* s (11} ) dyskuuu 2
cyuiectByeT npogomkenve Z B Il, ,, npunapnexamee A0 (11, ,) wiu
coorBercrBeHHo H*$5(Il,,,), npuuem ¢yHkuua Z B Il , 3apaercs
dopmysofi (3) U HMeeT MeCTO HepaBeHCTBO (4) /M HepaBeHCTBO (5)
COOTBeTCTBEHHO. JlOCMOBHO MOBTOPSS jajiee PacCyKAeHHS, NPUMEHeH-
Hble IIPH JlOKa3aTe/bCTBe Teopemsl | (m. 2 § 4), modyuum ¢yHKuuio
Fi(x, t), aBasomyiocss npopo/KenueM GyHkuuH f (x, ) B uumusgp Q;,
npuyeM eciu fe H°(Q,), 10 F;=H"°(Q;) H HMeeT MeCro Hepa-
BEHCTBO

T lro gy < Cal  lyro

a ect f e H¥5(Q,), T0 Fy & H%:5(Q;) u uMeeT MeCTO HEPaBEHCTBO
“ Fl “HQS, s (QT,) g C2 Hf "H?S, s (QT)
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(mosoxuTebHBIE NOCTOSIHHBIE C; H C, B 9THX HEPABEHCTBAX He 3aBH-
car ot f). Kpome toro, pyuxknusa F;=0 B Q\Qy, rze Q, ={x = D",
0<t<<T}, a D" — HexoTopasi o6JaacTe NPOCTPaHCTBa R, Takas, 4TO
DeD" eD".

Tenepb NMOCTPOHM HYXKHOE HaM NpoAo/KeHHe F dyHxuuH f B uu-
JUHAP Q o, .

B cnyuae, korga f = H-°(Q,), B KauectBe GyHKuMH F BO3bMeM
dyHKuHIO0, paBHyl0 F; B Q; U HYyMO B Qp n\Q;. OueBHgHO, ¢YHK-
uus F npunapiaexur H™°(Qp,n) U siBAsieTcs: QUHUTHON B Qfp, n; MPH
ITOM HMeeT MecTo HepaBeHCTBO (1).

Ecnu ¢ynkuusa f< H25(Q,), To ee nmpogo/ikeHue F B UHJIHHAD
Qfo, n ompenenuM paBeHCTBoOM F = (f) Fy (x, 1), rae {(¢) = C®(— oo,

1 0

+o0), L)=1 pnat= (0, T), {(¢)=0 gnsn t>2%—i H 145 t<—é~,

s+ 1
a ¢yHkuus F,(x, ) paBHa F,(x,{) B Q;, paBHa 2A’F1(x, %)

i=1
s+ 1

B{x& D", " <<t{<0} u paBna ZA Fl( T—-t——_i—T'—tTZ——T>B{xED',
i=1 ’
T<t<<t}, rpe Ai, ..., Agyy — pellleHHe JHHeiHOH anreGpanueckoil
s+1 '

CHCTeMbl YPaBHEHHH Z A} ( ) =1,p=0,...,s5aA], ..., Ass1—
=1
s-Lf-l T :
peilleHHe CHCTeMB ZA”( = T)> p=0, ..., s. OueBHpHO, UTO

=1
byukuua F e H* s (Qf, n) GUHUTHA B Qf, 1 M HMEET MECTO 'HepaBeH-
cTBO (2).

W3 cBoiictBa 5 Ha ocHoBaHuH JemMbl 1 1. 2 § 3 HemenseHHO
MOlyuaeM CNPAaBELHBOCTL CIEAYIOUEro yTBepXK eHH (COOTBeTCTB} 10-
lee yTBepXKiaeHHe AJst nmpocTpaHctBa H* cm. n. 3 § 4

6. Ecau rpanuna 0D C’, r=1, To MHOXeCTBO C°° (@;) Bciony
maotHo B H"%(Q;). Ecau GDEC“, s=1, to MmHOXecTBO C*(Q;)
BCIOZy IVIOTHO B 2% ¢ (Q;).

7. Mycers f(x, )= HL°(Q,), a S—npunagnexamas D (n—1)-
MepHasi TOBEpPXHOCTb Kjacca C!; B 4YacTHOCTH, S MOXeT COBmajaTh
¢ rpanuueii 0D obaactu D.

OGosnauum uepes I's ; UMIHHIPHUYECKYIO INIOBEPXHOCTh {x & S,
0<<t<<T}, GoxoBywo mnoBepxHocTs Typ ,={x=0dD, 0<<t<T}
uuauHApa Q, GyneM Takxe oGo3HauaTb uepes I';.

Coraacio cBoifictBy 6 (0D = C') cymectByeT Takas InocjefoBa-
TeNbHOCTb fp, k=1, 2, ..., dyukuuii usz C'(Q;), uto ’!lm Ife —

- 00

— [ |11,00n =0. Tlockonbky dynkuuu fg (x, t), k=1, ..., Kax dyux-
uuH ot x, npu yoboM ¢ [0, T] npunagnexar C'(D), 1o mpu
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moGoM ¢ &[0, T] uMel0oT MecTo HepaBeHCTBa
Ife—Fslias) <C¥fe—fsltnwy kR s=1,2,..., (6)

B KOTOPHIX TOJIOKHTENbHAS NOCTOSSHHAA C 3aBHCHT TOJBLKO OT 06Jjactu D
H NMoBepXHOCTH S (cM. HepaBeHcTBO (3) m. 1 § 5). Hurerpupys (6)
no ¢t (0, T), nonyyuM HepaBeHCTBa

”fk_szLz(I‘s, T)<Cka—fs”H(,o(QT), k, S= l, 2,

Tak kax mnocnepoBaTenvHOCTh fp R=1, 2, ..., QpyHIaMeHTa/bHA
B H' 9(Q;), TO U3 nocjJeqHHX HEpPaBeHCTB BHITEKaeT, YTO NOC/IENOBa-
TeJBHOCTb 3HAYEHHH [y |, ners 7, B=1, 2, ..., 3THX ¢yHKUH Ha

I's r aBnserca ynpamentanvHoll B L, (I's, r). CrnemoBaTensHO, cylie-
ctByeT ¢yukuHus frg . Ly (I's, r), kK xoropoit B Ly (I's, r) cxomures
HOCJIeﬂ,OBaTeJIbHOCTb’fk!(x, ners r, B=1, ..., npuueM, Kak JerKo
NpPOBEpPHTh, MOBTOPSS cooTBeTéTByromne paccyxngenus n. 1 § 5,
¢yHKUUS frg ; HE 3aBHCHT OT BbHIGOPA amNPOKCHMUDPYIOLEH (QyHKuHIO
f mocaenoBaTesqbHOCTH fg, k=1, 2, ...,

QyHKUMIO frg ; €CTeCTBEHHO Ha3BaTb caedom pynkyuu f (43
H“%(Qr)) Ha uuauHapHueckodi moBepxHocTH I's r M o0Go3Hauarhb
uepes f g, 7. ~

Kak u B n. 1 § 5, Ges Tpyna y6exkpaemcs, uTO

1 lesqrs, 7)< Clf e oer)

(3mech ||f o, T)=”f[ps’ r |t2(rs, 1)), TAe moctosHas C>0 He 3aBH-
cut or f. '

3ameTuM, uto ecau o — npousBoJIbHOE OrpaHHUEHHOE MHOXKECTBO
byukuui u3 HY 0(Q,), TO MHOXeCTBO o’ cnenoB sTHX QyHKUMI Ha
I's, 7 B cuay nocnegHero HepaBeHCTBA fIBJIAETCS OrPAHHUYEHHBIM
B Ly(Ts, r), HO, B oriHuHe OT cJayyas mnpocTpaHcrBa H!(Q;), He
AIBJISICTCA KOMITAKTHbBIM.

BBeneHHoe monsATHE CJefa MO3BOJAET pacHpocTpaHUTb HA (YHK-
uun 3 H'°(Q;) ¢opmysy HMHTErPHPOBaHHS IO 4acTsM. A HMeHHO,
IS MoGHX ABYX ¢ymxkumit f u g u3 H'?(Q;) umeer MecTo dopmysa
HHTErpHpoBaHus mo uactsiM (fopmysaa Ocrporpanckoro)

{ frgdxdt = §fgn: dS dt— § fg. dxdt,
Qr Dr Qr

rie n;—i-1 KOOPAMHATA A-MePHOro (eIHHHYHOrOo) BEKTOpa BHellHeiH
HopMaJu K nosepxHoctd 0D, i=1,2,..., n, a ¢yHkunu f u g,
cTosliMe TIIOj 3HAKOM HMHTerpaja mno GokoBoll mnoBepxHocTH I'y
uuauHapa Qr,—cnenyl Ha I'y dynxuuit f U g. JlokasarennCTBO 3ToH
¢opmyJIsl Jerko mosmyyHTh (cp. ¢ m. 2 § 5) c MOMOIW(bIO anmpoKCHMa-
uun B H' 0 (Q,) bynxkuuit f u g dyuxuusmu us C! (Qy).

6 B, Il. Muxaiiaos
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Ecmn f=H9(Q), r=1, 1o mobas npousBogHas 3Toi ¢yHK-
LOHH 11O Xy, ..., X, TOPSKA, MEHBILEro YeM 7, HMeeT cJiel Ha GOKO-
Bolf moBepxHocTH I'y nuiuuapa Q,. Ecau fe H?s5(Q;), s=1, 0
cJefoM Ha GokoBoH moeepxHocTd I'; uuauHzapa Q obJaajaer mobas

aa1+... +ocn+ ﬂf
npu oy +...+a,+2p < 2s.

NPOU3BOfHAS —————F
ox%1 ... oxn otP

§ 8. Ipumepnl onepaTopoB B ¢yHKHHOHAILHBIX
NpOCTpaHCTBaX

1. UnrerpanbHpte omepaTopni. HuTterpaibnoe ypasHeHue ®pes-
rorema, Ilycte Q — HekoTopasi orpaHHueHHass 06JacTb 71-MEPHOTO
npoctpacTBa R,. PaccmoTpum Ha Q XQ H3MepHMYI0 GYHKIHIO
K (x, y). Ilycts dynxuusa f (y) TakoBa, uto gad 1. B. x=Q K (x, y) X
Xf(y)= L, (Q) (nanpumep, f=0). Kaxnmoii Taxoii f(y) mnocraBum
B COOTBETCTBHE (hYHKIIHIO

g(x)=§21<(x, o) () dy. (1)

310 oTOGpa)KeHHe MOXKHO paccMaTpUBATh KakK omeparop (OYeBHAHO,
qunedinsit) u3 Ly (Q) B L (Q), u3 Ly (Q) B L (Q), u3 C(Q) B C(Q)
u T. 1. Pynxuua K (x, y) HasbiBaeTcss #0pom 5TOro oneparopa.
KoHeuHo, TOoT omepatop MoxerT GBITb ONpeneJeH He Ha BCeM IpO-
CTpaHCTBe, Hampumep, ajas oneparopa u3 C(Q) B C(Q) o6nacrbio
onpesieNieHHst SIBJSIETCS] MHOXKECTBO Bcex TakuX ¢yHkuuil usz C(Q),

s KoTopeiXx g (x) = C(Q). OnHako Jerko BHAETh, YTO €CHH SALPO

K (x, ¥y =C(QxQ), To sror onepatop onperesen Bciony (B L, (Q),
B Ly (Q), B C(Q)) u orpanuuesn.

Mbl 6yneM paccMarpuBath ompeneseHHslii ¢popmydoit (1) onepatop
c supom K(x, ) =Ko(x, 9)|x—y|™ e Ko(x g =C(@QxQ),
a 0= a<<n, kak onepartop u3 C (Q) B C (Q) u Kax onepatop u3 L, (Q)
B L,(Q); npu 31OoM B 060X cayyasx GyneM ero oGosHauaTh yepe3 K:

g=KF. (2)

OnepaTop K wHasbiBaeTcsl unmezpasbHuim onepamopom Dpedeorvma.
- Cornacuo pesyavratram n. 12 § 1 ra. I nas moboit dynxunu f <

eC(Q) dynxuua g=C(Q). Dro osnavaer, uro omepatop K u3

C(Q) B C(Q) 3anan Ha Bcem C(Q).

Tax Kak ¢QyHKuuu S;K(x, Y)ldy u S[K(x, Y)ldx HenmpepsIBHbI
Q Q
B Q, TO OHM OrpaHHYeHH, T. €.

A=max{ma§SiK(x, Y) | dx, max{ K (x, y)ldy}<<>o. (3)
vEeQ g xeQ 9



§ 8 MPUMEPH OIEPATOPOB 163

[TockoabKy /15t MOGOH TOUKH x & Q

x) |<[[f[[c(5)§ K (x, 9) | dy < Al @),

10 |glc (o) <A Iflc (). Suaunur, oneparop K u3 C(Q) B C(Q) orpa-
HHueH H | K|<<
Mycts f(x) €Ly (Q). Tak xak dynkumn |f(y) 2{|K (x, y)|dx
Q

H S!K(x, y) | dx npunannexar L,(Q) (mocaeauss — paxe C(Q)), To

Q
no chaencTsuio M3 TeopeMbl Py6unu dynkuun K (x, y)|f(y)|? u
K (x, y) npunanaexar L;(QxQ). 3uauur, mpocTpancTsy L, (QXQ)
npuHanexur u ynkuua K (x, y)f (y), mockoasky | K (x, y)f ()| <<

<'K(x2' 9| + K% yéw(y) P. Torna cornacHo TeopeMe @yG6uHH
dynkuun g (x)={K(x, »)f @) dy, {|K(x, 9)|dy v (IK(x pIx
Q

Q Q
X|f (y) |*dy npusagnexar L, (Q). Has n. B. x &Q uMeeM HepaBeH-
CTBO

lg(x)? S!va !dyStK(x,y)!lf(y)l2dy<
SIKx, )11 () 12 dy,

H3 KOTOpOro cjenyer, 4To g(x) L, (Q). VnTerpupys s10 HepaBeH-
CTBO MO Q M MOJb3ysiCh TeopeMoll ®@yGUHH, NMOJYYHM

Ilglli,<o><A§2dx§le(x, DIIf @R dy=
= AS1F @) P [§1K (%, 9) !dx) dy < A%|f 2. -
14

\Q

Takum o6pasom, omepaTop K H3 L,(Q) B L,(Q) 3anan Ha BceM
L, (Q), orpanuuen u | K| <<A.

Jdemma 1. Onepamop K, deticmeyouuii us L, (Q) 8 Ly (Q), snosne
nenpepoiger. Onepamop K, Odedicmsyrouui uz C(Q) ¢ C(Q), enoane
HenpepoigeH.

1. Paccmorpum cHavaja oneparop K, pefictByromuii u3 L, (Q)
B L, (Q). Onpenenennas npu moGom N >0 paBeHCTBOM

(*, 9) npu |x—y|=N",

Ku(x o) = {Ko(x, YyN* mpu |x—y|<N-

dyukuua Ky (x, y) TpUHALJIEKHT C(QxQ). Tlockombky najs
6+ ’ :
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HpOI/ISBOJIbHOﬁ TOYKH X EQ HMEET MECTO HEpPaBEHCTBO

§ 1K (x, 9) —Kn (x, 9) | dy =

1
= Ko 5, )| (=gra— V") dy <
QN{lx—yI<N-1)
d d
<B rE=8 | jfh=
|x—y|<N-1 [ <N—1
N dp Bo
= Bo, § pailn = (n_a)r;vrra,

rae B=|K|:@xg), O»— N70WAaLL NOBEPXHOCTH (n— l)-MepHOil ean-
HUYHOH cdepbl, TO MO moéomy ¢>0 MOXHO yKasaTb Takoe N, uTO

magS]K X 4y —Ky(x, y ]dy<2

xEQ Q
[Mockombky Ky (x, y) =C (Q xQ), To CYILECTBYET TaKOH MHOI'OYJEH
P(x, y), uto |P(x, Yy —Kn(x, y |<2,Q,1um BCex (x, y) =QxQ.
10 03HAyYaeT, yTO
ma5§li<(x, 9= P (x, 9| dy<max { | K(x, 9) = Kn(x 9)| dy +

xeQ xeQ 0

+ max S [Kn (x, y) —P (x, y)|dy<.g_+%=8. @)

x&EQ Q
AHaJIOTHYHO yCTaHaBJIHBaeTCAd HEPaBEHCTBO
max {| K (x, y) — P (r, y) | dx <e. )
yeQ Q

MHorounen P (x, y) u dynkumo G(x, y)=K(x, Yy —P(x, y) =
— Kotx, y)—ii’(xyiya)lx =51 Momno paccMaTpHBaTh Kak fiipa HHTer-
pasbHEIX ollepaTopoB THINa (2), oGo3HauuM 5TH oneparophl yuepe3 P u G
CoOTBETCTBEHHO. [IpH 9TOM HMeeT MeCTO PaBeHCTBO
K=P+aG,
H B cuny (4) u (4") ouenka

IGl<e.

Hrak, onepatop K mnpencraBieH B BHjpe CyMMel oneparopa G co
CKOJIb yTOJHO MaJsIofi HOPMO¥M H KOHEYHOMepPHOro omneparopa P (3ToT
onepaTtop nepeBofuT L, (Q) BO MHOMKECTBO MHOTOQUJEHOB CTeleHH, He
" mpeBocxonsiueil cremeHH MHoroudeHa P (x, y)). Ilostomy Ha ocHoBa-
HHH Teopembl 4 n. 9 § 3 ra. II K BnosHe HenpepuiBeH,
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2. PaccMorpuM Temepn omneparop K, neficrByromuii u3 C (Q)
B C(Q). Ilockonsky K orpanuuen, 1o Jwo6oe orpanuuenHoe B C (Q)
MHO2KECTBO OH IIEPEBOJZUT B HEKOTOPOE OrpaHHYEHHOE MHOXKECTBO
oM . B cuny pesyavsraroB n. 12 § 1 ra. Il gaa moGoro e > 0 naii-

jercsi Takoe 6 >0, uro S]K(x’, Y)— K, y)|dy<<e, xaK TOJBKO
Q
|x"—x"| << 6. Tlosromy ans |x' —x"| <6
lg(x)—g() <K\ 9)—K&s )l If 0 dy<elfle @)
Q

TakuM o6pasoM, mHOxectBo o/’ wenpepbiBHEIX B Q (dbyHKui
paBHOMEPHO OrpaHHYeHO M paBHOCTeNeHHO HempepriBHO. CJenoBa-
TeNbHO, N0 TeopeMe Apuesna OHO KOMIAkKTHO. JleMMa jpoKasaHa.

YpaBHenHe ¢ =uK@-f, rae p — KOMIJeKCHuH napamerp, a K —
HHTerpa/bHell oneparop PpearosbMa, T. e. ypaBHEHHe

¢ (x) =p{ K (x, 9) 9 &) dy+F (»), (5)
Q

Ha3bIBACTCH UHMEZPAibHbIM YpasHeRuem Dpedzorvma (BTOPOro popa).

Bynem paccmarpuBarh ypaBHeHue (5) B L, (Q) (f & L, (Q) u pelue-
HUe ¢ GyneM HckaTb B L, (Q)). .

B cuny nemmbt 1 pas ypaBHenus (5) cnpaBensiuBbl TEOPEMBI
®pegroasMa (mn. 3—7 § 4 ra. II). B uyacTHOCTH, ecln p He ABJIS-
ercsl XapakTepHCTHYECKUM YHCJOM omeparopa K (a TakMX dHces He
Goslee UeEM CUETHOE MHOMKECTBO), TO CYIECTBYET OrpaHHUEHHHIH orle-
parop (/ —uK)™!, T. e. ypaBHeHHe (5) HMeeT efUHCTBEHHOE pelleHHE
¢ L, (Q) npu moGoMm cBoGofHOM useHe f & L, (Q).

Ecau saapo K (x, y) o6aamaer ceoiicteoM K (x, y)=K (y, x), To
oneparop K Hu3 Ly (Q) B L, (Q) ABIACTCA cAMOCONPANCEHHbIM.

HelictBUTe/IbHO, HAa OCHOBAHHH TeopeMbl PyGHHH aafl MOGHIX ¢

u Y u3z L, (Q)

(Ko, "I’)La(Q)
= {{K(x, 9 o) dyv(x) dr= (o) (§K<x, 9P &) dx) dy =
QQ Q Q

=0 (y)(s K@ 0% dx) dy= (9, KL, 0.
Q Q

Ilostomy pJas omeparopa K cnpaBefJiMBhl Pe3yJ/bTaThl, NOKa3aH-
Hole B § 5 ra. Il gna cayyas o6uiero BroJiHe HeNpPEePHBHOIO CaMo-
conpsixKeHHOro onepatopa. B yacTHocru, Bce COGCTBeHHBIE 3HAYEHHs
H XapaKTepHCTHYeCKHe YHC/a omeparopa K BElECTBEHHHl, H B Npo-
cTpaHCTBe L3 (Q) cyuiecTByeT OpPTOHOPMHPOBAHHHIH Gasuc, COCTOALHUI
H3 COOCTBEHHBIX (YHKUHH 3TOro omeparopa (C/I€ACTBHE 2 U3 TEOPEMbI 2
n. 2§5nmL II)
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2. Muddepenunancubie onepaTopel. [1ycTh B n-MepHo# o6sacTu Q
AJA KaMoro LeJOYHCJEHHOro BeKTopa a= (0, ..., &,), =0,
i=1,...,n, |&|<k, rge k=1, 3ajaHa H3MepuMas OrpaHH4YeHHas
byHKUHA a4 (x). Jlunelinbiii omepatop u3 L, (Q) B Ly (Q), craBsuuil
B COOTBeTCTBHE (QYHKUHH [ QYHKIHIO

ZHW= 3 as(x) D% (x), (6)
la|<k
HazblBaeTCs AuHelinoim Ougdpepenyuarsnsim onepamopom (U3 L, (Q)
B L, (Q)). ByneM cuuraTh, uTOo omeparop £ HMeer NOPSAAOK K, T. €.
XoTss Obl OgMH H3 KOSQ(ULIHEHTOB a,(x) NIpH |o|=Fk OT/IHYEH OT
HyJsl (MHOXeCTBO, Ha KOTOPOM aq (x) 7= 0, He fIBIAeTCs MHOMXECTBOM
Mepbl HYJb).

Omneparop £, KOHeuHO, He omnpefeneH Ha BceM L, (Q). OnHako
MHOXKecTBO (yHKuUuil f, AN KOTOPBIX BhIpaxKeHHe (6) HMeeT CMBIC
(D% — oGo6uiennas npousBogHas), conepxur H* (Q). Tlosromy H* (Q)
MOXHO B3ATb B KauecTBe 06J1acm OnpejesieHHsl 3TOTO oneparopa.

Ecaun Bce QyHKUMH ag(x ]a]<k HenpepuiBHEI B (, TO ¢op-
MyJIoH (6) 3apaercs H JmHengm oneparop u3z C(Q) B C(Q) (uHei-
Helfl fudepepenunancupiii omeparop uz C(Q) B C(Q)). B xauecrse
06J1acTH ONpejieJieHHst omepatopa £ B 3TOM CJy4Yae MOXKHO B3fIThb
C* Q).

YacTHeiM ciyuaeM onepatopa £ H3 L, (Q) B L, (Q) (M3 C(Q)
B C(Q)) sBasiercs omneparop D%, |@|=4k, craBAumiil B COOTBETCTBHE
bynkuuu f uz H*(Q) (3 C*(Q)) ee o0GoGieHHYI0 (KJacCHYECKYIO)
npousBognyo. Onepatop D* u3 L,(Q) B L,(Q) He orpaHuuew,
TIOCKOJIbKY IOCIEN0BATENbHOCTb [ (x) =& (1T H50) =1, 2,

dynxunit w3 H*(Q), orpanuvennyio B Ly Q) (Ifnle. @ =V[Q|s m=
=1, 2, ..)), OH HepeBOAHT B MNOCNEOBATEJLHOCTb Gp (x) = (im)!*' x
xe ™t et ) m— 1,2, ..., neorpannyentyio B Ly (Q) (|gn . =
—m1“1V1Q|—>oo npH M — 00).

AHaJlorHyHO MOXKHO JOKasaTh, uTo M oneparop £, k=1, u3
Ly(Q) B Ly(Q) He orpaHHuen H uTo omepaTopnl D* u £ u3z C(Q)
B C(Q) Takke He OrpaHHYEHH.

Ecau onmepatop &£ paccMarpuBaTh Kak omepartop u3 H* (Q) B Ly(Q)
wid u3 C*(Q) B C(Q), To OH sABisieTc OrpaHHYEHHHIM, IMOCKOJIBKY
aasi moboro fe H:(Q) (C* (Q))

1F I, << comst | Fllye g (1T lc (@) << comst|Flcrez).

3AJAYH K TJIABE 1III

1. UWlap S={x] <1} GanaxoBa npoctpancrBa GyAeM Ha3HBATL CIMPO2Q GHINYK-
AbiM, €CJH AN JIOOBIX TOYEK X H Y, X 7 Yy, €IHHHYHOMN ccpepbx nxnﬁ[iyﬂ_l
W Mo6oro a < (0, 1) Touka ozx+(l~—oa)yES e faxt+(l—a)yl<1

sIBsiercs M epMHMUHbIA wap B npocrpaHctBax C (W), Li (Q), L, (Q) CTpOro
BLINYKJIBIM?
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2. Mycts x—Touka efunuuHod cheprt B C(Q) (Ly (Q)). Haiitn MHoxecTBO
BCEX TOuEK y CAMHWYHON cepbl, I/ KOTOPHIX Bce TOYKH*OTpe3Ka ox--(l—a)y,
0 <o <1, npunapiexar stoit cpepe, -

3. Muoxecto C*(Q) ecth suneiinoe MHOrooGpasue B C* (Q), OGosnauum ue-
pes Ck(Q) 3aMElKaHHe 5TOrO MHOXecTBa NO HOpMe max 2 | Do ()]s

—_ reQ  laisk
C*(Q)= C*#(Q). U3s kakux ¢yukuuii cocrour C*(Q)?

4. [TokasaTb, 4T0 ecan 0Q eC* 10 C*® (Q) Bciony IIOTHO B Ck(Q).

[lycts B —GaHnaxoBO NPOCTPaHCTBO, a H —ero NoANpOCTPaHCTBA.
ToBopsit, uro B ects upaMas cymMa off u ot B=oM @ e#", ecin moboh
3MeMeHT f 3 B ofHO3HAYHO NPeACTaBAsieTCs B BHAE CYMMRE fi+4fy, Tae f; o,
a f, = e#”. Ecan runbbeptoBo npocTpaHcTBo H = @et u 1 eof°, 10

(1 ©f°) HasbiBaeTcsi OPTOrOHaJIbHLIM JOTMOJHEHHEM K of” (COOTBETCTBEHHO
x ofl) B H.

5, IIpencrapuath mnpoctpanictBo Ck([a, 4]) B BHAe npamoill CyMMH NoOgnpo-
crpanctsa C* ([a, b]) u HekoTOporo moAmpocTpaHcTha ef”, HafiTn pasMepHocTs of”.

6. MuoxecrBo ¢yHKUnA Hu3 L, (Q), paBHex Hymo (nm. B.) B ob6aacth Q’,
Q"' < Q, ectb moampocTpaHcTBO npocTpaHcTBa L, (Q). Hafith ero oproronambHoe
JAONOJIHEHHe. '

7. PaccMoTpHM Ha IJIOCKOCTH x=(x;, X)=(rcos@, rsin@), 0 <<¢ << 2m,
oynknuo f (x)=r%. Ilpn kakux o o¢yskuusa fe H'(Q), rae o6aacte Q ecTh
a) kpyr {r <1}, 6) {r<<1, @=£0}? ~

8. [TycTb NOCAAOBATENLHOCTD [ry (x), m=1, 2, ..., byHKkunit us C* (Q) cnabo
B Ly (Q) cxoautcs k HekoTopofi ¢(pyRKumu f, a mnociaegopaTedbHocTs Df, m =
=1,2, ..., npu HekoropoM a=(®y, ..., %), |®|=R, orpaHnHueHa B L, (Q).
[Tokasatb, 4To (yHKUMs [ HMeeT 0GOCUIEHHYIO MPOH3BORHYI0 DCf. _

9. [TycTs noOCAEAOBATENBHOCTL f, (x), m=1, 2, .,., ¢yHkuuii us C!(Q)

cnabo cxoputes B L, (Q), a nocienoBaTesbHOCTH 67’7, i=l, ...,n,m=12 ..,
(2
orpaHuuenst B L, (Q). [Mokasath, uto nocaexnoBaresbHoCsb f,, m=1, 2, ... cxo-

autea B Ly (Q) cuabHo. [IpHBecTH NpHMep MOCJAeOBaTeNLHOCTH, YAOBJIETBOPSIOLIEH
chopMyTHPOBaHHLIM YCJOBHAM H HEKOMNAaKTHOH B H1 (Q).

lO._HoxasaTb, YTO €CJIH HOCJAeNOBAaTeNbHOCTL [, (x), m=1, 2, ..., dyHxunii
u3 Ck (Q), k=1, cnabo cxonutcst B Ly (Q) K GyHKUMH [ ¥ TIPH BCEX 0= (Qly, ..., Oty),
la|=k, |D%m|L, @ =<<const, m=1,2, ..., To a) ge H*®(Q), 6) nocaenosa-
TeJAbHOCTb [p, m=1, 2, ..., cxXoaurcs k f cuibHO B H*1(Q). _

11, Jlokasarb, 4To aas moGoi ¢ynkuun f(x) us H:(K) (s C*(K)), rae
K — n-mepuntit Ky0, cywecTsyer (GHHHTHOE NpofoJikeHHe F (x) B Gojiee MHPOKYIO
obnacts Q, Q> K, npuHagnexamee H#*(Q) (Ck(Q)). [Ipu 3TOM HMeeT MecCTO
HepaBEHCTBO ||F||Hk (Q)é C”f”Hk(K)’ nocrossHHags C >0 B KOTOpOM He 2aBu-
CHT OT f.

12, Tlyerh x®—TouKa o6aacTh Q n-MepHoro npocrpaHcrBa R, n> 1, [loka-
3aTh, YTO 3aMblKaHHe JHHEHHOTO MHOrooGpasus HempepeBHO xuDbepeHuUpyeMbix
B Q ¢yunxumil, ofpamanoWMXCcA-B HyAb B HEKOTODOH OKDECTHOCTH (CBOGH Aas
KaxaoH (yHKuHMH) Touku 19, coBmajaer ¢ H1(Q).

13. [okasars, uro muoxecTBo Hl(a, b) Bcex byukumii f us Hl(a, b), ans
KotopuiX f (a)=f (b), ectb noanmpocrpascTBo mpocrpaHcrBa f1(a, b). [lokasats,
YTO HMeWT MecTo BK/moueHus H!(a, b) C H!(a, b) = H'(a, b). Halitu oproro-
HanabHele gononHeHus Hl(a, b) B Hl(a, b) u Hi(a, b) B H' (@, b) u mocrpouts
OpPTOHOPMHpPOBaHHEle Ga3HChl Npocrpancts H! (a, b), H! (a, b) u H! (a, b).

[lycts pynxunsa f < L. (K), rae K—xky6 {|x;| <a, i=1, ..., n}. CornacHo
Teopeme QPyGHHH AJS NOYTH BCeX x,=% = (— @, a) onpeaeneda GyHKuus f (x', £),
npuHanaexamas Ly(K’'), rae K' —(n— 1)-Mepnniii Ky6 {|x; | <<aq, i=1, ..., n—1}.
37y ¢yHKUMIO HasoBeM 3HaveHHeM tbyHkuuM [ Ha cevernn K[)[x,=E}. Anano-
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THYHO, nas mourH BceX x'=E' =K' onpepenena ¢ynkuns f(t', x,), npunanie-
Kawas L, (—a, a). Oty yHKuuio GyneM Ha3uBaTb 3HaueHHeM (YHKUMH f Ha ce-
14

yenun K[){x' =%}
Has ¢yukuun f = H! (K) npu Beex x, =t [— a, a] cywectByer cnenf|xn”

us Ly (K'). :

14, Mokasatb, uro ecan ¢yHKuus f = H1(K), 10 ana n. B. £’ = K’ ee 3na-
genne f (&', x,) Ha cevennn K[){x'=t'} npuHagaexur npocrpancrsy H! (— a, a),
AN 1.B.E = (—a, a)eecnen |y : H ee 3HayeHue f (x’, £) Ha cevennn K ) {x, =E}

npuHagaexar H! (K').

15. Mokasatb, 4TO MHOXecTBO cJjenoB Bcex ¢yHkuuii us H! (Q) Ha (n—1)-
MepHO# nopepxHocTH S C Q He coBnagaer ¢ L, (S).

16. JlokasaTb cJenyioUIHe yTBEPKAEHUS:

a) ecmn ¢yukuus f < H(Q), to pyukuua |f| toxe npunaaaexar H (Q),

6) ecan GyHKURH f, ..., f5 NpuHagnexar H!(Q), To dynkuun max (fl, e fa)
H min (fy, ..., fy) ToXe npuHagnexar H(Q).

17. ByneM rosoputh, 4ro GYHKUHA [ (x) NpHRagiexur Kjaaccy C*(Q) npu
HekoropoM @, 0 <o << 1, ecam ans moGoii crporo BHyTpeuHeid nopoGaactu (',
Q' &Q, cyumecrByer rakas nocrosgHas C=C (Q’), uto aaa Bcex Touek x' H X"
u3 Q' umeer mecto HepaBeHCTBO [f(x')—f(x")|<<C|x'—«"|* Ecau npn Heko-
Topoii nocrosiHHO# C 9T0 HepPaBeHCTBO HMeeT MeCTO AJs BceX x' H x” u3 Q, to
GyneM roBopuTb, 4To (GyHKUHA f(x) NpHHagmexur kjaaccy C%(Q)

n

= 1 .
JIlokasatb, 4TO eciu [ = Hlog (Q) (Q—n-mepHas obaactb), T0 [ = C*(Q)

n
, : I L
npu moboM o << [n/2]--1—n/2, a ecan PyHkuua fe H[2] Q@ mnm fe
n

L I — |41 .
e HL? Q noQecCt? , T0 f = C%(Q) npu moboM a << [n/2]+1—n/2,

n
- k hid
18. lokasate, uTo J10Goe OrpaHHyeHHoe MHOXKeCTBO B H 2 @ Q—

n
E+1+15 ~
n-MepHas obaacte, 0Q = C ) KoMmnaktHo B Ck (Q), _
19. Tlycrs  dynkumn k (%), a(x), p(x) npunapaexar C(Q), o (x) =C(0Q)
k(x)>0, a(x) =0, p(x)=0 8 Q, o(x) =0 na 0Q. Iloka3arb, UTO 3ajaHHLIe Ha
H1(Q) 6uauneiinas opma

W.(f, @)=\ (£ Vf Vg +afg) dx+(§ of dx) (S pédx)
Q Q Q
npu a--p =0 u GuanueiiHas gopma
W.(, &)=\ (£ Vi Vg+afg) d"+(aSQ ode) <g ogds),_

Q 9Q

ecmn wian @¢=0 nwan 63£0, saparor B H1 (Q) ckalnsipRbie NPOHM3BENEHHS, SKBHBA-
JIHTHEI® CKaJSAPDHOMY NPOH3BENEHHIO -

mmm@=yw@+@u.

20. Mycrs Qynruusa k (x) = C2 ([0, v‘l]) H k(x) >0 npa x>0, O6o3naunm
uepe3s Hp (0, 1) nononnenne mHoxectBa Bcex ¢yHkuuit us C! ([0, 1]), o6pamaio- -
IWHXCA B Hynb NpH x=1 0o HOpMe, MOPOMAEHHON CKaMAPHBLIM NPOH3BENEHHEM

1
Sk (*) ' (v) g’ (x) dx. dokasarb, 4to Hz (0, 1) = L; (0, 1) torga u Toapko Torxa,

D
xoraa lim k(x)-x72>0,

x—40
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21. Tlokasath, 4T0 B NMPOCTPaHCTBE He (Q) ckanspHeie npoussenenus (f, g)' =
=§ Z D“iD“gdx a(f,g)= S 2 DOfD%g dx 5KBHBAJEHTHbI.

el < Qla
22, HyCTb fel, (O, 1) JInHengm CbYHKHHOHa.H lf @=(, w), (@) Orpaum-
sen B H% (0, 1) npn moGom k>0 CornacHo teopeme Pucca cymectsyer Tako#
(enmHCTBeHHEH) saement F e H# (0, 1), uro npu Beex ue HE(O, 1) i (w) =

= (F, u)ﬁk(o " Halith F u nokasarb, 4o FEHk(O 1) NH2k 0, 1), (B Ka-
quTBe CKaJfPHOTO NpPOM3BENECHHSI B3AThH a) cxampuoe npouseesenue (f, g) =

= S fieig'® dx, 6) ckansipHoe npoussesenue (f, g)= S g 4 fg) dx, toe ¥ =
dk f)
T odxk
Jonoauntenbuan Jmreparypa k raase Il
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TeMatuueckoll ¢usHKe, I/I:-m JITY, 1950.



Fnasa lV
ANJHNTHYECKHE YPABHEHUSA

§ 1. OGoGuenHble peuieHHs KpaeBbIX 3ajaY
3apaun Ha CoGCTBeHHblE 3HAYEHHS

1. Knaccuueckne u ofoGiieHHbe pemieHHst KpaeBurx 3ajau. Ilycte
B n-MepHOH oGJjacTH Q 3ajaHO IIHNTHUECKOE ypaBHEHHe

Lu==div (k(x) Vu) —a (x)u=f(x), (1)

KO3(HIIHEHTEl KOTOPOrO BeLECTBEHHO3HAUHHL H YAOBJETBOPSIOT YC/IO-
BHAM

a)eC@, kE)eC@Q), k@x)=k>0 ma seex xeQ.

@®yHKIHA 4 (x) U CBOGOAHEI useH f(x) ypaBHeHHs, BOOOILe roBoOps,
MOT'YT ObITb KOMILJIEKCHO3HAYHBIMH.
Oyuxuusa u(x) w3 C?(Q)NC (Q) naswmBaercs pewleHuem (kaaccu-
decKuMm peuleruem) nepsol Kpaesod 3adawu WM 3adawu Hupuxase pas -
ypaBHenus (1), ecniu B Q oHa ynoBserBopsieT ypaBHeHuto (1), a ua
rpaHuue 0Q — yCJIOBHIO
Ulog=(x) (@)
¢ 3ajaHHOH (yHKUHeH ¢ (x).
dynruua u (x) & C?(Q)NC'(Q) naswiBaeTcs peiwseHuem (kaaccude-
CKuM peuleruem) mpemeoeti Kpaesod gadayu Ansi ypaBHeHHs (1), eciu
B Q oHa ynoBjeTBOpSeT ypaBHeHHIO (1), a HA rpaHHI? 0Q YCJIOBHIO

(Gitotu)l, —ow 3)

npH 3aganHofi GyHKuUME o (x) H3 C(0Q) u 3anaHHOH @ (x). Mbl Gynem
CuHTaTh, yTO O (x)==0.

Ecnan ¢ynkuusa o (x) B (3) TOXKAECTBEHHO DaBHA HYJIO, TO TPEThS
KpaeBas 3ajauya HasblBaeTcd 6mopoll Kpaesol 3adauwed UMM 3adauell
Heiimana.

B cnyuae n=1 ypasuenne (1) ectb oGbiKHOBeHHOe Iudepen-
. LIHAJIbHOE ypaBHEHHE

Lu=k@x) u') —al)u=f(x). (1)

OGnactb Q B 3T0M cayuyae INpejCTaB/sieT cOGOH HEKOTOpPhIH HHTEp-
Bal1 (&, P), a rpaHHuHble yCJOBHSl NepBOH H TpeThell KpaeBblX 3a1ay
HMEIOT COOTBETCTBEHHO BH]

u ]x»a =Qp U ]x—ﬂ = (21)
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(— ' +00)|ymg =00 (4’ +o01u) lx-g =@y, (31

rae Qg @1, 69=0, 0y =0 — HEKOTOpbI€ 3aJaHHLIEC MOCTOSHHHIE,
[TycTb GyHKUHMSA u(x) ABASETCS KNACCHYECKHM pellleHHeM B 06J1acTH Q
nepBoii KpaeBoH sapaud (1), (2) YmuoxkuM TOXKAecTso (1) Ha mpo-
HM3BOJILHYIO (DYHKIHIO v (X) & (,1( ) ¥ IPOHHTErpHPyeM 1O 06JaacTH Q
nosy4yeHHoe papBeHcTBo, C momoibio dopmyas OcTporpaackoro mo-
JIYYHM
{ (& Vu Vo +auv) de = —( fodx 4)
Q Q

(BO3HHKAIOMMA NPH 3TOM HHTErpa’ NO TrpaHHUe O0Q paBeH HyJIO
B CHJy (QHHHMTHOCTH (YHKIUHH ).

Ecid DONMONHHTENBHO NPEANOJIOKHThL, YTO YacTHhiE NMPOH3BOAHHLIE
pewenns us €L, (Q), i=1,..., n, 1. e, uro u(x) € H'(Q),af (x) &
& L, (Q), To HHTEr paJIbHOE TOXKIAECTBO (4) GyAeT HMEThH MECTO HE TOJLKO
a5 Beex yHKuHE o (x) = C1(Q), HO M aaa Beex v = H'(Q). Has
TOr0 YTOOH B 3TOM yOENHTbCH, BO3bMEM IIPOM3BOJBbHYIO (QYHKLHIO U
us H'(Q) u HEKOTOPYIO I10C/IeN0BATEILHOCTE  Ug (X x), k=1, 2, ...,
dyuxmmit w3 C'(Q), cxoxsmyiocs B Hopme H'(Q) K (yHKUMH v.
Jnsa xaxnoi GyHKUHH v (x) HMeer Mecto paBeHcTBO (4). Ilepexops
B 3TOM DPaBEHCTBE K Npejesny NpH k- co, yCTAHOBHM CIPaBENTHBOCTh
paBeHcTBa (4) M i QyHKUHH v.

TakuMm o6pasom, ecan fe& Lo (Q), To KIaccHUecKOe pelIeHHE U
3agaun (1), (2), npuHagIexaiiee npocrpaHcTsy H 1(Q), ynossnersopser
HHTErpanbHOMY TOXKIecTBY (4) npH Bcex ve H(Q).

BeegmeM ciaenylomee onpepeneHHe.

Oyuruus u = H'(Q) naspiBaetcs 0600uiernbim pewieruem 3adaqu (1),
(2) nmpu f =L, (Q), ecnn oHa ynoBneTBOpsieT TOXKAeCTBY (4) 1ns Bcex

ve H'(Q) ¥ rpaHHuHOMy ycaoBHIO (2). B rpaHMuHOM ycsi0BHH (2)
paBeHCTBO NMOHHMaeTcl KaK paBeHCTBO 3JEMEHTOB H3 L, (0Q), u | —
caen QyHKIHH u.

3aMeTHM, YTO TaK OmpeleeHHOE MNOHSATHe OGOGIIEHHOTO pellleHHS
He ABJfeTcA B NOJHOH Mepe OO6OOLIEHHEM COOTBETCTBYIOLLErO KJjac-
CHYECKOTO MOHSITHS, TaK KaK I TOro YTOGhI KJacCHYECKoe pele-
HHE u(x) OblIO OGOOIIEHHBIM, Ha HEro CJeAyeT HAaJNOXKHTh AONOJHH-
TeJbHble YCJIOBHS «HHTErpajJbHOTO» XapaKTepa, a HMEHHO, NpennoJo-
®UTh, uTo u < H'(Q) 1 Lu< L, (Q), rae £ —onepatop B (1).

AHanorHyHO MOKHO BBECTH NMOHATHE 0GOGIEHHOTO pelleHHS TPeThel
(Bropoit) kpaeBoii 3ajaun njs ypasHenus (1). Ilycts dyuxuus u (x)
AIBJISIETCS KJIaCCHYECKHM pellleHHeM TpeTbell KpaeBo#t 3agaud (1), (3).
[pexnonoxum, yto npaBas uacTh f(x) B ypaBHenuu (1) mpuHanse-
XKHT Ly (Q) M QyHKIHA ¢ (X¥) B TpaHHYHOM YCJOBHH (3) NPHHALICKHUT

Ly (0Q). ¥YMHOXHMM TOXAECTBO (1) Ha nNpPOH3BOMBHYIO DYHKUHIO U (X)
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u3 H'(Q) ¥ NpOHHTErpHpPyeM NOJyYeHHOE DPaBeHCTBO NO 00JacTH Q.
C nomomsio ¢gopmysisl OCTPorpaackoro MOMYYHM HHTErpasbHOE TOXK-

IeCTBO
S (A Vu V34 auv)dx+ S kouv dS =
Q 9Q

e

fode+ § koo ds, )
Q aQ

KOTOpPOMY KJlacCHYeCKOoe pelleHHe u (X) yHOBJETBOpSeT NpH BceX
v(x) = H Q).

BBezeM onpenesenue.

dyHkua u < H'(Q) Ha3biBaeTca 0600ueHHbIM petueruem mpembpedl
(6mopoii, eciu o (x)=0) «kpaesoii sadauu 0is ypasuenus (1) npw
fel:Q), 9= L;(0Q), ectu n1a Hee BHINOMHSAETCH TOXAECTBO (5)
npu Bcex ve HY(Q).

Tlpu onpenesenHH OGOOIIEHHBIX pelIeHHH (QYHKUHH v B TOXKJECT-
Bax (4) ¥ (5) MBI npexmosaraJH KOMIUIEKCHO3HauHBMH. OnHako HX
PaBHBIM OGDA30M MOXKHO CUMTATh H BElleCTBeHHO3HAYHbIMH. JleficTBH-
TeJIbHO, ecnH GYHKUHA 4 u3 H'(Q) ynoBJjeTBopseT, HanmpHMep, IpH

BCEX KOMIIEKCHO3HauyHeiX v M3 H!(Q) ToxnectBy (4), TO oHa, oue-
BHJHO, YIOBJIETBOPSieT 3TOMy TOXKIECTBY H INPH BCEX BellleCTBEHHO-

sHauHbIX v M3 H'(Q). O6patHo, nycTs OyHKums u M3 H1(Q) ynos-

JIETBOPSIET TOXIECTBY (4) MpH BCEX BEINECTBEHHO3HAUHHIX v u3 H1(Q).
Torga aTo TOXKAECTBO CHpaBENJHBO M IS JIOGOH KOMIJIEKCHO3HAYHOH
v=Rev-ilmv n3 A'(Q), mocKOJLKYy OHO CNpAaBEIJHBO IS NpPH-
Hajexamux H'(Q) ¢yukuuit Rev u Imo.

OTmeruM, UYTO C OGOGLICHHBIMH peLIeHHMSMH KpaeBulX 3ajay aJd
ypaBHeHHs (1) MBI aKTHUECKH YK€ BCTPEYaJHChb (B IByMEpPHOM CJy-
yae), xoraa 3aHMMasHch B 1.1 §3 ra. I BbIBOIOM yc/OBHH paBHO-
BeCHs1 MeMOpaHbl: MHTerpajbHbie TOXKaecTBa (4) H (5), yuacTByromme
B ONpenesieHHH OBOGIIEHHBIX pelleHH, COBNAfaloT ¢ ToXxaecTBaMH (4)
() n.1§3rn L

Onpenenenusa OGOGIIEHHBIX PEIIEHHH KpaeBulX 3ajay AJs ypaBHe-
uug (1) orHocATcA, KOHEUHO, H K OJHOMEPHOMY cayyar. PyHKUHA u
u3 mnpocrpaHctBa H!(e, §), ynoBjerBOpsIOmas T'DaHHYHBIM YCJIO-
BHAM (2;) (13 Teopemsl 3 n. 2 § 6 1. 111 BhiTeKaer, uro u < C ([a, §])),
sABfeTcs OOOOLIeHHHM pelleHHEM NEepBOH KpaeBOH 3ajauyH JJ/d ypas-

nenns (1), ecin npu moSol v < H(e, B) HMEET MECTO PaBEHCTBO
B B

Y (ka0 +auv) de=—{ fo d. (+)
(e

o

®ynxkuus u U3 H'(e, f) ecTb 0GoGuIEHHOE peleHHe TpeTbheH (BTO-
po#t) xpaeBoH 3amauu aas ypaBHenus (l,), ecau mnpH J0Go#
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ve H (o, B) BHINONHSAETCS PaBEHCTBO

B
\ (ku'0" 4 auv) dx -k (B) o1 (B) 7 (B) + (@) 0ot (@) T (1) =

o
B

= —{fo de4-k (B) 910 (B) + & (@) 900 (@). (51)

[¢3

Hacroamu#t nmaparpad nocpsileH H3yyeHHIO OGOOIIEHHBIX DPelleHUH
KpaeBblX 3amay. [lockoibKy oGoOlleHHbe pellleHHst SABJSAIOTCH 3Jle-
MEHTaMH THJb6GepToBa npocTpaHcTBa H!(Q), To Mbl npH aTom GyaeMm
IMHPOKO I0/Ib30BAThCS COOTBETCTBYIONMMH OGIIHMH pe3yJbTaTaMH
BTOpPOH TJIaBHI.

UccrenoBanne KiaccHYecKHX pelleHHH KpaeBHIX 3aiauy — 3ajaya
3HAayHTEJNbHO GoJiee CJI0XKHAd, H €€ €CTeCTBEHHO pasGHTh Ha JBe
Gosiee MpOCTHIE 3ajayH: CHayajga MOCTPOHThL OGOOIEHHOE pelleHHe,
a 3aTeM, YCTaHOBHB (IIpH OnNpene/eHHbIX NPEANOJIOKEHHSAX) ero riaaj-
KOCTh, 110Ka3aTh, YTO OHO SIBJSIETCA KJAcCHYecKHM perieHueM. [loka-
3aTeJILCTBO  TVIAJKOCTH OCOOLIEHHBIX pELIeHHH Oyger NPOBeJeHO
B cjepyioleM naparpade.

2, CyumlecTBOBaHHe H €JHHCTBEHHOCTh 0000uleHHOro pelleHHs
B mpocrefimieM ciayyae. VayueHHe BONPOCOB CYIIECTBOBAHHA H €IHH-
CTBEHHOCTH OGOOIIEHHBIX pelleHHH KpaeBhIX 3ajay yAOGHO Hayarb €O
clyyasi, KOTAAa TPaHHYHbIE YCJOBHS OAHODPOAHBI (T. €. QYHKUHA @
paBHa Hymo). Cor/lacHO ompene/eHHIO 0GOOIIEHHOe PereHHe KpaeBoH

sagaun (1), (2) npu ¢=0 ecrb QpyHKUHA u H3 m (Q), ymoBaerso-
psifomiasi npH BceX v & H'(Q) HHTerpasbHOMY TOXIecTBY (4):

{ (kVuVo -+t auv) de=— fodx.

Q Q
OGo6lIeHHOe pellleHHe TpeTheH (BTOpOH) KpaeBoi 3anaum (1), (3) npu
¢=0- ectb QyHKIHMA u < H'(Q), ynopJerBopsiomas NpH BCeX v &
& H'(Q) uHTErpabHOMY TOXLECTBY

{ (&VuVo+auv) de+ § kouo dS=—F fo dx. (6)
2 30 2

[lycts a(x)=0 B Q. Torga corjaacHo c/eICTBHIO H3 TeopeMbl 6
Q
n. 6 § 5 ra, Il B npoctpanctee H!(Q) MOXHO BBECTH 3KBHBAJEHT-

HO€ OOBLIYHOMY ((u, v)=S(Vqu7+uz?) dx) CKAJISIpHOE NPOH3BENECHHE
: Q ,

(©y O)fiqy= § (kVuV7 4 aud) dx. )

B cBA3H ¢ 3THM TOXAECTBY (4) MOXKHO NPHAATH BHI

(u’ v)]—'{n(Q) = (i’ U)L, Q- - (8)
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[Ipu ¢ukcupoBanHoM f u3 L, (Q) (f, v)r,() ABASETCH JHHEHAHBHIM
¢dyHKUHOHA/MOM, 3anaHHBIM Ha H!' (Q), v = H1(Q). Tak kak

() Ve l<Ifl@lvi.o < Clflu@lolg g

Te NOoJIOXKHTeAbHAs nocrosHHag C He 3aBHCHT OT f M v, TO 3TOT
¢yHKUHOHAN orpaHuHyeH H ero HopMa He mpeBocxomHT C|flL,q)-

CorsacHo Teopeme Pucca (reopema 1 m. 2 § 3 ra. 1I) 8 H'(Q)
Halinercss QyHKUMA Fy, paa KotopoHt (f, )i, =(F1, v)p, o 1PH
Becex ve H'(Q). Takasd (yHKUMS eJMHCTBEHHA H YAQBJIETBOpSAET
nepaBeHcTBY | Fy g, (Q)<C[lf“1_,(q,. CrenoparenvHo, B H!(Q) cyme-
CTByeT efHHCTBeHHas OyHKUHSA u=F;, yaOBJeTBOpSIOmas TOXKIe-
crtBy (8).

Takum oGpasom, p0KasaHa

Teopema 1. Ecau a(x)=0 8 Q, mo 0an moboi fe Ly (Q)
cywecmeyem eOuncmeerHoe obobwjernoe pewerue u 3adayu (1), (2)
(npu @ =0). Ipu smom ‘
lu “1'311(()) = C“f“laz(Q)’ )

20e noaoxcumenvran nocmoaxras C He 3asucum om f.

Ecin a(x)=0 B Q u XoTa 6bl OnHa M3 QyHKUHMH a(x) HIH o (X)
He paBHA HyJIO TOMXKIECTBEHHO, TO COTVIACHO CJIEICTBHIO H3 TEOPeMbl 5
n. 6 § 5 ra III B H'(Q) MOXKHO BBeCTH 3KBHBAJIEHTHOE OGbIYHOMY
CKaJsIPHOE TPOH3BEICHHE

(U, v)ur@y=" (kVuVo+-auv) dx+- § kouv dS. (10)
Q Q
B cBs3u ¢ 3THM TOXK7AecTBO (6) MOXKHO mepemucarTh B BHIE
@, @ =—{ v, (11)

Tak xak npu ¢ukcupoBanuoM f & L, (Q) nuueitnbiét no v & H'(Q)
¢ynkunonan (f, v),q orpanuue: |(f, v),@ | <|flL.@ v, @<
<C|fl,@|v|n@» rae nocrosunas C>0 He 3aBHCHT OT [ H v,
10 1mo Teopeme Pucca B H!(Q) cymecrByer dyHKuuA F,, 114 KoTo-
poit (f, v)r,=—(Fa, v)H:1( npH JI0GOH v & H!'(Q), npuuem 3Ta
dyHKIHA equHCTBEHHA H | Fy |51 << C ) f I, (@)- CenoBatensHo, B H! (Q)
CyILEeCTBYeT €IUHCTBeHHAs QYHKUHS u = F,, yAOBJETBOPSIOUIAS TOX-
nectBy (11).

Takum ofpasom, g0KaszaHa

Teopema 2. Ecau a(x)=0 8 Q u xoma 6ot o0na u3z pynkyull
a(x) uau o(x) He pasHa HYmo moxcOecmsenHo, mo 0 aoboi [ e
& L, (Q) cywecmeyem eduncmsernoe 0600ujenHoe peuieHue u 3adadu
(1), 3) (npu ©=0). Hpu smom

lal @ < Clf la i@ (12)
2de noaoscumensran nocmosnnas C He sagucum om f.
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3ameuyanue. Ecan ¢pyHKuus f BellecTBeHHO3HAYHA, TO peIICHHS
paccMOTpeHHbIX B TeopeMaXx | M 2 IpDaHHUYHBIX 3a7ay TOXKE BEIECT-
BeHHO3HayHHl. JleAcTBuTENbHO, NYCcTh 4 = Re u -4-i Im u — o6o6umenHoe
pelleHHe KaKOH-TH60 H3 3THX KpaeBblX 3anay. B cuny BeurectBeH-
HOCTH KO3P(HLHEHTOB ypaBHeHH H ¢(yHKuMH [ OyHKuMsS Reu, Kak
aTo caenyeT H3 (4) (unu (6)), Toxke ecTh OGOGIIEHHOE pELICHHE 3TOH
ke 3anaud (GyHKUMH v B (4) M (6) MOXKHO CUHTATH BEIECTBEHHO-
3HayHbIMH). [losTOMy H3 EIHHCTBEHHOCTH peUIEHHSI CJELYEeT, YTO
u=Reu.

3. CoOcrBenHble ¢(yHKuMH H coOCTBeHHbIe 3HauenHd. He paBHas
TOXKIECTBEHHO HyJ/O0 (YHKUMS u (X) HasbiBaeTcs coOCMBeHHOL ¢hyHK-
yueil nepeoil xpaesoii 3adaqu 0an onepamopa £ =div (k (x) V) —a (x),
ecJH CYIECTBYeT TaKoe YHCIO A, yTo GyHKUHA u (X) sABJsercsa KJjac-
CHUECKHM pelleHHeM cJenylolleii 3ajauu:

Lu=h, x<Q, (13)
t [ag=0. (14)

Uncsno A HasbiBaeTcsl COOCMBEHHOIM 3HadeHuem (COOTBETCTBYIOMIHM
co6erBenHofl GYHKUMH 4 (X)),

OueBHIHO, KaXI0H COGCTBEHHOH (DYHKLHH OTBeYaeT eqHHCTBEHHOe
cogcTBeHHOe  3HaueHHe, OGpaTHOe COOTBETCTBHE  HEOJHO3HAYHO.
B uacTHOCTH, ec/H u (x)— coOcTBeHHass (YHKLHA, TO H (yHKuHA
cu (x) npH JMOGOH NOCTOAHHOR ¢~ (0 TakXke ABJAAETCH COGCTBEHHOH
¢$yHKuHel, OTBeyalolleli TOMy e COGCTBEHHOMY 3HaueHHIO. B cBasH
C 3THM MOXHO PacCMaTPHBaTb COOGCTBEHHble (YHKIHH, HODMHDOBaH-
Hble, HanpHMep, ycIoBHeM |u |, = 1.

[Tycts A — coGCTBEHHOE 3HaAueHHe, a U (XZ-—COGCTBeHHaH dyHKIHA
nepBoi Kpaeoil 3ajau, H mycTb u (x) & H'(Q). YmHoxas (13) na
npoU3BOJIbHYI0 U & H'(Q) M HHTEerpHpys noJyyeHHOE PaBEHCTBO IO
o6JacTH Q, MOJAYYHM HHTErpajbHOe TOMKIECTBO

§ (kVuV0 - auv) dx = — 1§ uo dx, (15)
Q Q

KOTOpPOMY QYHKIHS & YIOBJIETBOPSIET HPH BCEX ve H(Q).

. v
He paBHas Hymo ¢yHKuHa u < H!(Q) HaswBaeTcs obobuieHHol
cobcmeennoll  ynkyueli nepeoil Kpaesoii sadawu 0as onepamopa XL,

EC/IM CYIIECTBYET TaKOe YHCJIO A, uTO GyHKIMS u NpH BeeX ves H1(Q)
VIOBJIETBOPSIET HHTErpalbHOMY TOXAecTBY (15); uHc/0 A Hasmpaercs
COBCMBeHHbIM 3HA4eHUEeM (COOTBETCTBYIOIIMM 060GLIeHHOR cOOCTBeHHO
$yHKUMH 4).

Bynem cuurath, uto |4, =1.

He paBHaA TOXAECTBEHHO HyJHO (QYHKIHS u (X) HaswBaercs Cob-
cmeennoll yrkyuell mpemoedi (8mopoti) kpaesoti 3ad0auu 0As onepamopa
L =div (k (x) V)—a(x), ecnn cyuiecTByeT Takoe YHCIO A (cobemeen-
Hoe 38HaueHue, OTBeHalomlee u(x)), 4T0 (YHKUHA u(X) sBAgeTCA
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KJIaCCHUECKHM peIlleHHeM CJenyIomel 3ajayuH:
Lu=hu, xe=Q,
ou

(53 40 (x) u>’ 20="0.

Jlerko BHzeTb, YTO COOCTBEHHAS (PYyHKIHA TpeThel (BTOPOH) Kpa-
eBoft 3amaud npu BceXx v & H!'(Q) ymom/erBopsieT HHTErpalbHOMY
TOXKIECTBY

{ (&VuVo+auo) de+ § kouo dS=—A§ uv dx. (16)
Q Q Q

He paBHas Hymo ¢ynxuus u = H!'(Q) HasbiBaerca obobujenrod
cobemeernoll  ynrkyueld mpempeti (emopoli) kpaegoli 3adayu 0an one-
pamopa £, eclH CyIIECTBYeT TaKOe UHCIO A (cobcmserHoe 3radeHue,
oTBeyarollee ), YTO QyHKUHUA # npH Bcex v & H!(Q) ynos/erBopser
HHTerpajJbHOMy TOXKAECTBY (16).

ByneM cuntath, 4To |1, =1.

B nanbhefimleM B 3TOM naparpade Mbl OYAeM paccMaTpHBaTh
TOJBKO OGOGILIEHHBIE COGCTBEHHbIE (YHKIHH H COOTBETCTBYIOLIHE HM
co6crBeHHbe 3HaueHHsa. Ham Gyner yno6HO paccMaTpHBaTh TOXe-
crBa (15) u (16), onpenensionye oGoGIEeHHbE COGCTBEHHbIE (YHKLHH,
KaK paBEHCTBA CKaJAPHBIX NPOM3BEIEHHH B npocTpaHcTBe L, (Q) H

B IIPOCTPAHCTBAX H'(Q) nm H! (Q) coorBeTCTBEHHO.
[Tycte m=mina(x) (3necb MBI He mpexnosaraem, 4to a (x)==0).
x=Q

Torza QyHKIHA
dx)=ax)—m+1=1 B Q.

CJ
[TosToMy cKaJsipHOE NPOM3BeNEHHE (9KBHBAJEHTHOE OObIYHOMY) B H1(Q)
MOXXKHO 321aTh PaBEHCTBOM

(U V)3 =" (kVuVO 4 auo) dx, (17)
Q
a B H'(Q)— paBeHCTBOM
(4, O)pi = (kVuVO+Guv) dx - § kous dS. (18)
o} 3Q
ToxpectBa (15) u (16) nocie 3TOro MOXKHO NepenHcaTb B BHIE
(W Oy =(—A—m+1) (& V)L.@ (19)
H
) V@@= (—r—m+1) (@, v),©@- (20)

Tpexne Beero yCTaHOBHM CIPABEMBOCTh C/ICAYIOMHX YTBEPKICHHI.
JJemma 1. Cywecmsyem aunednoui oepanusernoul onepamop A

us L, Q) s HI(Q) ¢ obaacmero onpedesenus L, (Q), 0as komopozo
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npu ecex v e H'(Q) umeem mecmo pasercmso
(u’ U)Lz(Q) =(Alt, U)]:’I,(Q), (21)

Onepamop A umeem obpammneii onepamop A-1, _Onepamop A,
ecau ezo paccmampugams xak onepamop uz H*(Q) 6 H' (Q), ssasemcs
CAMOCONPANCEHHOIM, NONONCUMENLHOIM U BNOAHE HENPEPOLIBHLIM.

JNemma 1'. Cywecmeyem auneiinbiii ozpanuvennoili onepamop A’
u3 Ly (Q) 8 H*(Q) ¢ obaacmero onpederenus Ly (Q), 028 romopoeo npu
ecex v e HY(Q) umeem mecmo pasencmeo

(4, V), =(A'u, V)H1(Q. (21')

Onepamop A’ umeem ob6pammnuiii onepamop A'-t. Onepamop A’,
ecau e2o0 paccmampusams Kax onepamop uz H' (Q) ¢ H' (Q), ssanemcs
CAMOCONPANCERHBIM, NOAONCUMENOHOIM U BNOAHE HEnpepoiBroim ).

Hokaxem Jemmy 1. JloKasaTeqbCcTBO JieMMbl 1’ NMPOBOXHTCA aHa-
JAOTHYHO, : :

HOasa moGolt (PpukcHpOBaHHOH) (YHKUMH u & L, (Q) JHHEHHbIHA

no v, v = H'(Q), ‘pyHkuHonan ! (v) = (4, v)L, @ OTrPaHHYEH, TakK Kak
@)= V)@ |<|tl @t <Clul.@lvlyqg.

[TosroMy corsacHo Teopeme Pucca cyumiecTByer efuHCTBEHHas (yHK-
wis U= HY(Q), “ U ”Fl‘(Q) = ””lgc “u“L .(Q) TaKas, uto [ (v) = v, v)ﬁx 7))

114 Beex v e H'(Q). Aro osnauaer, uTo Ha L, (Q) 3anaH onepatop A
(oyeBupHO, JMHeHHbIH): Au=U, ana Koroporo suinoJuserca (21).

Tak kak |Aulg, o <ClulL, @, 1o oneparop 4 us L, (Q) B H'(©Q)

orpaHuued. Ecau npu HeKoTOpoM u M3 L, (Q) Au=0, 10 B cuiy 21n
(4, V)i, =0 n1d Becex v H'(Q), T. e. u=0. dro o3uayaer, 41O
cylecTByer omepatop A~ .

Wz (21) Bwurekaer, uro omeparop A us H'(Q) B H'(Q) saB-

JfeTCs caMOCONpsKeHHbIM: (AU, V)g, o = (4, V)@ = (v, U)L,@ =

= (Av, U)f = (#s AV)g, o, U3 (21) BrTekaer TaKxke, uTo onepa-
Top A mNOJOXKUTE/EH,
[Tokaxem, uro onepatop A us H'(Q) B H'(Q) fABIdeTcs BmoJHE

HenpepuiBHEIM. Bo3bMeM npousBo/bHOe orpanHueHHoe B H1(Q) Mmo-
xkectBo QyHKumH. B cuay teopemst 3 m. 4 § 5 ra. 111 310 MHOXKE-
CTBO KOMNAaKTHO B L, (Q). 3HauuT, H3 JIOGOrO €ro GecKOHEYHOro
IIOJIMHOXKECTBA MOXKHO BHIOpaTh ()yHAaMeHTaJbHYIO B L, (Q) mocreno-

BaTeNbHOCTb Uy, S=1, 2, ... Tak xaK oneparop A u3z L,(Q) B m (9]

o
*) Bup onepatopoB A u A’, KoHeuHO, 3aBHCHT OT cnocoGos 3axanus B H1(Q),
coorBercrBeHHo B H1(Q), ckanspHeIX mpousBegeHHA. Mbl moJib3yeMcs cKaJlsipHBIMA
npoussegenusmu (17) u (18).
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OrpaHuyeH M, CJAEAOBATC/JIbHO, HENPEpPHIBEH, TO MOC/AEAOBATENBHOCTh

Aug, s=1, 2, ..., dyugamenransia 8 H'(Q). Jlemma pokasaHa.
Cornacuo Jemme 1 ToxknectBo (19) MoXHO 3anMcaTh B BHiE oIle-

PaToOpHOro ypaBHeHHsI B mpocTpaHcTBe H1(Q):
—(Adm=1)Au=u, uweH Q). (22)

CoryacHo JemMe 1’ toxaectBo (20) MOXKHO 3amucaTh B BHAE One-
paTopHOro ypaBHeHHS B npoctpaHcre H!(Q):

—Afm—1)Au=u, usH@Q). (229

TakuM oGpasoM, YHCJIO A sABJAAETCA COGCTBEHHBIM 3HaueHHEM nep-
BOH (COOTBETCTBEHHO TpeTheil) KpaeBo# 3ajaun AJd omepartopa £,
a 4 — COOTBETCTBYIOLIEH eMy OGOOLICHHOH COGCTBeHHOH (yHKIHeH
TOTJa M TOJbKO TOTAa, Korga — (A m— 1) ecTh XapakTepUCTHYECKOE
YHCJIO CaMOCONIPSKEHHOrO BIOJIHE HempephlBHOrO omeparopa A H3.
ﬁl(Q) B H'(Q) (A" w3 H'(Q) B H'(Q)), a u— cOOTBETCTBYOUIHH
eMy COGCTBEHHBIH 3JIeMeHT.

ITostomy H3 pesysabratoB § 5 ra. Il cienyer, uto cymectByer
He GoJiee yeM CUETHOE MHOXKECTBO COOGCTBEHHBIX 3HAUYEeHHH NEPBOH
(Tpetbeil) KpaeBOH 3ajauH; 3TO MHOXKECTBO HE HMEET KOHEYHBIX Ipe-
IeJbHBIX TOYEK; BCe COOCTBEHHble 3HAUEHHS BEIIECTBEHHBI;, KaKAOMY
COGCTBEHHOMY 3HAYEHHIO OTBeuaeT KOHEYHOe YUC/IO (KpPaTHOCTh COO-

CTBEHHOTO 3HaueHHS) B3aHMHO opToroHadbHeXx B H'(Q) (B H'(Q))
co6cTBEHHbIX DYHKIMHA; cOGCTBeHHble (DYHKLHH, OTBeYalOllHe pa3/Hy-
L]
HbIM COGCTBEHHBIM 3HaueHHHM, OpTOroHajabHel B H'(Q) (8 H! (Q)).
OrMeTHM, 4YTO A/ KaXAOrO COOCTBEHHOrO 3HAyYeHHS A nepBOH
(TpeTbe) KpaeBoH 3amauH MOXHO BbIGpaTh POBHO K, rae k— xpat-

HOCTb A, NeHCTBHTENBHBIX NONApHO OpTOroHadbHuX B H(Q) (B H1(Q))
co6erBenHbiX GyHKiuA. [Tycth u = Re u i Im u — co6erBeHHan dyHk-
UMs, oTBevawilad coGcTBeHHOMY 3HaueHHio A. B cuiy BemecrtBen-
HOCTH A u Koadduuuenros £(x) ¥ a(x) dyukuun Reu u Imu, kax
sro BHaHo H3 (15) uam (16) (dyukuuum v B (15) mam (16) moxkHo
CYHTATh BEILECTBEHHBLIMH), TOXKE ABJAIOTCA COGCTBEHHBIMH (yHKIIHSIMH,
orpeyatoniMMH TOMy 2Ke A. IIpH 3TOM HeTpyaHO BHAETb, YTO MAaKCH-
MaJIbHOE YHCJO TMOMApPHO OPTOTOHAJBHHIX BELIECTBEHHHIX COGCTBEHHBIX
¢yukuuit paBHO k.
[Myets
Ay Agy ooy Agy an (23)

— MOC/IE0BATeNbHOCTb, COfepPKamad Bce COOCTBCHHHIE 3HauYeHHS
nepoll (Tperbefl) KpaeBolt 3ajaud AJ/19 omeparopa £, npHYEM Kax-
Joe coGCTBEHHOE 3HaueHHEe [OBTOPSieTCS CTOJIBKO pa3, KakoBa €ro
kpatHoctb. [lycrs

ul’ u2) LN ] u.s’ . " (24)
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- CHCTeMa B3aHMHO OPTOrOHaIbHHIX B H!(Q) (B H!(Q)) 060GieHHbIX
co6eTBeHHBIX GYHKUHMA (| u; (L, @ = 1); Kaxnas ug COOTBETCTBYET COG-
CTBEHHOMY 3HAUEHHIO Ay

— (As+m—1) Aug = u, s=1, ..., (25)
I/ TepBOH KpaeBOH 3ajauyH H
—(AsF+m—1)A'us==u,, s=1, ..., (25)

I TpeTbel KpaeBOH 3ajayd.

Ymuoxas (25) ((25')) ckanspio 8 H'(Q) (8 H'(Q)) Ha u,, mouy-
yum B cHay (21) ((21°)) paseHcrBa

Vtts g = — (As+m—1) s E.@=—Rs+m—1), (26)
| uslpn@y =— (As4+-m—1) | usli, @ =— (As +m—1), (26")

KOTOpble (CKA/MfAPHBIE npousBefeHns B H1(Q) m B H*(Q) onpeneneHsr
dopmynamu (17) u (18)) MoxHO nepenHcaTh B BHIe

Sklvuslzdx'l'g (@+2s) |usPdx=0 @7
Q Q

JIJI TepBOH KpaeBOH 33ajauH H
{ &1 Vus2ded-§ @A) ug 2 det § ko |ug? dS =0. 2T
Q Q 2Q

JJid TpeThell KpaeBoH 3anauH.
U3 pasencrsa (27) BhiTekaer, uro /8 Bcex s=1, 2, ..,

As << —m=-—min a(x). (28)
x&Q
N3 paBenctBa (27’) BeiTekaer, yro aMd Beex s=1, 2, ...

)\,s<——m=—‘mina(X), (28’)
xeQ
-MIPpUYEM 11 BCEX S= I, ... uMeer MecTO CTpOroe HepaBeHCTBO, €CJIH

UM a(x)==const, man o (x)=£0. Ecau xe o(x)=0 (Bropas kpa-
eBas 3ajaua) U a (x)==const, a(x)==m, 10 cpegd COOGCTBEHHbIX 3Ha-
uyeHHH BTOpOH KpaeBOH 3ajauyH ecTb 3HaueHHe, paBHOe — mi, C cobeT-

BeHHOl dyHKumeii, pasnoit const=1/)/[Q]|. dro cobcTBenHOE 3HAUE-
HHe HMeer KpaTHocThb 1, Tak Kak B cHay (27') Bce coGCTBeHHble

(YHKIHH, eMy OTBEYAIOIHHe, YAOBJETBOPSIOT PABEHCTBY Sk | Vu 2 dx =

. Q
=0, T. e. ABJAIOTCHA IOCTOSHHLIMH.

Hs (26) ((26°)) BbiTekaeT, uTo cHcTEMA

uy ug I~
V‘m? Yoy Vm’ LN ] (24)
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oproHopmupoBana 8 H'(Q) (8 H!'(Q)). B cHa1y caenctBuA 1 u3
Teopemnt 2 n, 2 § 5 ra1, 11 ona saBasercd OPTOHOPMHPOBaHHbBIM Ga3HCOM

B H'(@Q) (8 H'(Q)). U Tak Kak _NIPOCTPAHCTBO H'(Q) (H'(Q)) Gec-

KOHEUHOMepHO, TO MHOXectBO (24), a smaumt, W (23) GecKOHEUHO.
[TosTroMy As—>—o00 mpH §—>co.

Ymuoxum (25) ((257)) ckansapHo B m Q) (8 H1(Q)) na uj;, j#s.
C nmnomomproo (21) ((21')) nomyuum paBeHCTBO — (Ag-}-m—1)X
X (45, Uj)L,@=0, T. e. cHcreMa (24) opTOHOpMHpOBaHa B L, (Q)

TlockonbKy JIMHefHOE MHOrooGpasue, HarsiHyToe Ha cucremy (24)

(n, Tem cambIM, Ha cHcTeMy (24)), Bciogy NJIOTHO B H! Q) (8 H1(Q)),
TO OHO Bciofy MJOTHO H B L,(Q). CnenoBatenbHo, cucrema (24)

IBJISIETC OPTOHOPMHPOBAaHHBIM GasucoM B Ly (Q), T. e. /oGo# 3.e-
MeHT f & L, (Q) pasnaraerca B cxondmuiica B L, (Q) panx Pypre

f_ Z fsus’ fs 18 uS)Lz Q> (29)

s=1

H HMEET MECTO paBeHCTBO HapceBaJIﬁ—CTeKJIOBa
[o.0)
1l =2 s
s=1

[Tycrs dyukuua f e H! Q) (H'(Q)). Ona pasnaraercs B cxoff-

mudies B A1 @ (@ H'(Q) pan Pypbe no OpTOHOPMHPOBaHHOMY
6asucy (29)

_ i Us Us
= sgl <f’ VT—m—As )1"1' @ V1—m—2s (30)
AJA clydas nepBolt Kpaesodt sapaun (f e H'(Q))
= s s ’
EPAGE = s

s=1

AJs cayyas Tperbefi Kpaepol 3ajnaud (f & H'(Q)). Ilpu sToM Hmeror
Mmecto papeHctBa [lapcepans — CreksoBa

21 Kf’ 1—/1—+—_7%‘> 1@ ‘2 =7l @

H COOTBETCTBECHHO

2[F =l -
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Pax (30) ((30")), komeuno, cxomutcAd K f u B Hopme L, (Q).
CpaBuuBasgs ero c¢ psagom (29), mnoayuum f; = (f, UL, =
Us

= (f, —)n Y2 D fs'-—- f, ——Ls—__) X
Vll—m—hs fro@ Viem—2g VIi—m—ks /11 @
[Toaromy

K ———
Vi=m—hk )

Ik (Q)=s§1 Kf, 1—/1—+——7~s>ﬁ'«2) = g (=m=helfs"=

1

=(1—m 11t @= 2 Aslfsl?
s=1

(llfll’H'(m (1—m)|f L. @ — Z As | s )

OTKyna B cuay (28)
; [AsI[fsP<— ;7”3”3[2'*'2[’”[ Z (fs?<<

<“f” x(Q)+ @lm|4-|m—1]) [If[IL:(Q)
H COOTBETCTBEHHO (B cH.y (28'))

o]

DM <@+ @Im|+Im—=1)|fi @-

s=1

CienoBaTe/ibHO, HMEET MECTO HEPaBEHCTBO

35 A <Cl @
rae  Ag S=1’., 2, ...,—coGCTBeHHble 3HAuUeHHS IepBOH KpaeBoH
3anaud, a f < H'(Q), ¥ HepaBeHCTBO

ShlfE<Clf o @
re A, s=1, 2, ...,—co6cTBeHHble 3HAUeHHs TpeThell Kpaepoi

3anaud, a [ & H'(Q). Ilocroannas C B (31) u (32) He 3aBucHuT ot f.
Takum o6pasoM, JoKa3aHa

Teopema 3. Cobcmeennoie 3HaweHus Ay, Ay, ... nepeoti uau
mpemeeil (6mopoil) Kpaesoii sadauu 0as onepamopa £ = div (k (x) V) —
— a(x) eewjecmaennor U Ag—>—00 npu S— oo, Cobcmeennbie 3Have-
Hus nepeoil u mpembeﬁ npu 60 Kpaesvix 3a0a4, a makdxice 6mopoti
(0==0) kpaesoii sadawu npu a(x)=Econst dan ecex s=1, 2, ...
yaosaremsop arom uepaeencmey As <<—mina(x). Cobcmeennbie sHaeRUR

reQ
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émopotl Kpaegodl 3a0adu npu nocmoaHKOU pynkyuu a(x) =m yoos-
Aemeopsuom HepaseHcmey As<<—m, s=1, 2, ..., npuuem cyuwecmeyem
O0HOKpamHoe CcoGCmeerHoe gHauenue, pagHoe —m, C 0000UeRHO
cobcmeennoli pynkyued 1/V Q| . O6obuennste cobemeentoe PynKyuL
paccmampusaemblx  Kpaesolx 3a0a4 Uy (x), U, (x), ... o6pasyom opmo-
Hopmuposannsiti 6asuc 6 Ly (Q), m. e. mobas ynxyus f = L, (Q) pas- -
araeaemen 6 pad Pypee (29), cxodsyuiics 8 L, (Q). Han ¢pyuryuu
feH" Q) pso (29) no obobujennbim colcmeenHoim pYRKYUAM nepeoil

Kpaeeoli 3adauu cxodumcs 6 H! (Q) u umeem mecmo nepagericmeo (31).
s gynxyuu fe=HY(Q) pad (29) no oboGujennoim cobemeeHHbIM
pynryuam mpemeoeii (6mopotf) kpaegod zadawu cxodumes e H!(Q)
u umeem mecmo Hepasercmeo (32).

4, BapuauHoHHble CBOHCTBA COGCTBEHHBIX 3HA4eHHH H COGCTBEH-
tbix GyHkumi. [locko/bKy onpeze/enHslit paencrsoM (21) oneparop A
u3s H'(Q) B H'(Q) BrosHE HempepHIBHbI CaMOCONpSKEHHBIH H NOJIO-
KHTe/IbHBIA (JlemMa 1), To Ha ocHoBaHMH Teopembl 1 m. 1 § 5 ra. II
€ro mepBoe, OUEBHIHO, MOJIOXKHTEJIbHOE, XapaKTEPHCTHUECKOE YHCJIO

l-‘l‘l = lnf m— — inf “ f “ie-ll ©

2
feH‘(Q)( b D @ feH©Q 171, @

(nopma 3J1eMeHTa [ B H'(Q) cornacoBaHa co CKaJIIpHbIM MpPOH3Bee-
nuem (17)). Tlpu stoM dyHKuHOHAN ”f“Hx @ /|fli,«@ npHHEMaer
3HAUYEHHE Wy NPH f==uy, THE 4, — NepPBbIH COGCTBEHHBIH 3JEMEHT ome-
paropa A. Ilostomy nepBoe coOGCTBEHHOE 3HAUEHHe NepBoi KpaeBoH
3ajayH aJs oneparopa &£

. g(klvflz-l-alflz) dx
=—md-1— inf Q- __ inf 33
h + et M@ e §;I f P dx 49

M TOYHasl HIDKHAA I'paHb (QYHKIHOHA/A

S(leflz-l-alflz)dx/Slflzdx
Q Q

Ha mpocTpanctse H1!(Q) nocTuraercsa Ha nepBoH coOCTBEHHOH (yHK-

HHH 4.
W3 pesyabraroB n. 1 § 5 ra. Il sbitekaer, yro (k--1)-e Xapax-

- "f“i[: (Q)
TEPHCTHUECKO® YHCJO [hyyy ONEpatopa A paBHO inf T o
fe (Q) Ly (Q)
( ul)Hi (Q)

i=1,

Tak kak.coryacuo (21) (fy ui)g o = e (Fy Au) g, (Q)—p, (f, L)L, oy
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i=1,2 ..., TO
. I
Wpyy = inf "‘_—“ U l”]:l @,
fel-')"l (Q) “f Lo (Q)

()L, @ =0
k

=1, ..,

[Tostomy (k-}-1)-¢ coGcTBEeHHOE 3HAueHHe IEPBOH KpaeBoH 3agaud
1719 oneparopa %

2
Mu=—m-+1—  inf M”Qi”—‘?e
feH Q) “fﬂl-:(Q)
(4L, @ =2
i=1, ..,k
VR IVEe+alFiz)de
=— inf ¢ . (34)
feH1 (@ V1712 ax
( 'l‘;z){.g @ :0 Q

Tounasa HmkHAA rpaHb (yHKIHOHAJA
6 VF e alf ) as 117 x
Q Q

Ha MOAMpOCTpaHCTBe mpocTpanctBa H!(Q), cocrosmem H3 BeeX dyHK-
uMH, OPTOroHA/bHBIX B CKANAPHOM NPOH3BeneHHH L, (Q) coGcTBEHHBIM
GhyHKUHAM U, ..., U; 3TOR KpaeBOH 3ajauH, AOCTHraeTcsd Ha coGCer-
BEHHOH (QYHKUHH Ugy.

CoBepleHHO aHAJIOTHYHO, AJS TpeTheH (BTOpoH) KpaeBoH 3amauu
IJs onepatopa £

Mm=—mt1— inf U@ _
tem@ 1T, @

(1VietalfRydet § ko|fPdS
9Q

=— inf 9 ’ 33’
fe H' (@ gmwx (33
, i@
Mp=—mtl= o o
¢ 2L, (@=0
=1, ..,k
Zﬁ?(klvflz-kalflz)dxﬁ-éﬂ ko |f[2dS
=— inf : 9 . (34)

fEH1 (@ - Vlfrax
¢ 4L (@)= §2

s eees
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Tounaa HHKHAA rpaHb (yHKUHOHAJA
g(kl Viptali® a!x+a§2 ko |f [2dS
{12 ax
o

Ha H'(Q) pgocturaeTcs Ha nepBofi coGCTBEHHOH (QyHKUMH u;. TouHad
HHXHAA TpaHb 3TOro ¢yHKIHOHA/Ma Ha NOANPOCTPAHCTBE NMpOCTpaH-
crBa H!'(Q), cocrofllleM H3 BCEX 3JEMEHTOB, OPTOroHAaNbHHIX B CKa-
JAPHOM TIPOM3BENECHHH L, (Q) coO6cTBEHHBIM GYHKUMAM Uy, ..., Uy
COOTBETCTBYIOLIEH KpaeBoH 3anauM, pocTHraerca Ha (k- 1)-B coG-
CTBEHHOH OYHKIHH Upy1.

®opmyast (33) H (33") MOXKHO OOBEIHHHTb B OfHY:

g(klvf12+alfl")dx+ { ka|f2ds
A= — inf %

fe6 §|f12dx ’ (33)

npHYeM A, ecTb NepBoe cOGCTBEHHOE 3HaUeHHe TpeTbeH (BTOPOH INpH
o=0) KpaesoH 3ajaud aJs omeparopa &£, ecqu G=H'(Q), u M
ecTh nepBoe coGCrBEHHOE 3HAueHHe nepBoH KpaeBOH 3ajauH, ec/H
G=H'(Q) (s ciyuae, korza f &H'(Q), muterpan (ko |f2dS=0).
Q
AHanorHuHO MOXKHO OOBEIHMHHTH H dopMmyJnl (34) u (34'):

zg(klvn2+a|f12>dx+m§ ko | f[2dS
glflzdx

)"k-}-l = — inf

. (34

fed
(4L, ="
i=1, k

Hcnonnzosanne dopmya (34), (34") u (34”) nHorna GuiBaer 3atTpyi-
HeHo TeM, uT0 (k- 1)-e¢ coGCTBeHHOE 3HAUEHHE Ay C HX MOMOLIBIO
BbIUHC/ISETCA HA OCHOBE 3HAHHMA NpEAbAYyUIHX COGCTBEHHBIX (byHKuHH
Uy, ..., Uy Huxe Oymer nodyueHa dopMysa anas Agyy, cBOGOZHAf OT
5TOr0 HEIOCTATKA.

Bo3bmeM mnpoH3BoJabHO £ GyHKUHEA @y, ..., @, H3 L,(Q) u obo-
3HauMM yepes R (¢, ..., ¢,) MOANPOCTPAHCTBO mpocTpancTBa H! (Q),
cocrosimiee H3 GYHKUHH f, OPTOrOHa/bHBIX B CKaJspPHOM NpOH3Bexe-

HUH L,y (Q) dyHKuMAM @, ..., @p (f, @), =0, 3=1, ..., k.
[Mycts

inf "f"}[:(Q)

d(©g, ooy Pp)=—m-+1~— ,
((Pl (Pk) + fER((ph r ) "f“iz @
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a dpyq ~— TOUHAS HHXKHSAS TPaHb YHCJIOBOTO MHOXKeCTBA {d (P1s ... » Pr)}
B3ATad MO BCEBO3MOXKHBIM CHCTEMAM @y, ..., ¢ GYHKIHHA H3 L, (Q):
dppy= Inf  d(®g, ..., Pp).

((Pu ‘eey ‘Pk)
9 ,EL, (@

S==1, ,4a,

TTokaxeMm, UYTO dp.q ==Apyq, TA€ Apiq — (24 1)-coGeTBEHHOE 3HAuUe-
HHe 1epBOA KpaeBoHM 3ajauH p/1d omepatopa &£

Tak Kak d(4y, ..., Up)=DMApy (dopMysa (34)), 10 dpyy < Apyy.
Ycranosum ofpaTHoe HepaBeHCTBO, JlJifi 3TOro JOCTaTOYHO NpPH Mpo-
H3BOJILHOM (DHKCHPOBAHHOM BBIOODE CHCTEMBI @y, ..., @p NOCTPOHTH
Takylo ¢yHKuuio f H3 R (9, ..., @), A1 KoTopoH |flL, =1 H

“fll}[l(Q)g_}"k_H _m+ L,

®yukuHio f 6yneM pasbiCKHBATL B BHIE

Bl

f= Z fssy fs=(f, 4s)L.(@-

s=1

Toraa ycnoBust f &R (91 ..y @) U |flL, @ =1 npumyT Buz

Bl
(r P @= 2 fs sy O, @ =0, p=1,..., k (35)
s=1

k41
IF = D Ifsi?=1. (36)

s=1

[Mockoabky JHHeHHas cHcreMa (35) oTHocHTesnbHO BekTopa (fy, ...
.+ fr41) €CTb OfHOpORHAA CHCTeMa k ypaBHeHHH ¢ k-1 HeH3BecT-
HbIMH, TO OHa Bcerjga HMEeT HeTpHBHajbHOe pelenne. HopMmuposou-
Hoe yc/oBHe (36) mpH 3TOM Bceraa MOXKHO YAOBJETBOPHTb. Tak Kak
B cuny (26) u (36)

k1

k41
"f[l%[l(Q): 21 lfslzllus"??[:(Q) = Zl lfsiz (_)\rs—m+1)<

k1
= 2 Ifs2(—Mgpn—m-+1)=—lpyy—m+1

s=1

(HanOMHHM, YTO A=A, ==...== Apyy), TO OYHKUHA [ HCKOMad,
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Hrak, (k- 1)-cofcTBeHHOe 3HAueHHe MEPBOH KpaeBoM 3ajauH A/
onepartopa £ 3anaercs QopMyJIoH

, , | Flr o) \
A= inf —m+1—  inf I—-I$$Q—’
(Pgs 005 B) rem@ i@
PsE Ly (Q) (: @)L, (=0
s=1, .., (=1, ..,k
=—m+4+1— sup it Mo _

(rpl, cevs (Pk) fEl'i’(Q) “f“i’ @
(pSEL (Q) (f' ‘Pt)l-z (Q)—

veay veas

é(klvflz-l-alf!z)dx

=— sup inf : (37
(91 %) FeAYQ é]ledx
%EL (Q) ¢ w,)L (Q)—

seey PRI EY

BbIpaXKalOLIe TaK Ha3blBaeMOE MUNUMAKCHOE Cc60Ucme0 cOOCTBEHHBIX
3HAYeHHH.

TouHo TaK ke ycTaHaBaHBaeTcs Qopmyna aas (k--1)-ro co6eTseH-
HOTO 3HAYEHHs TpeTbell (H BTOpOH) KpaeBo# 3ajaul AJs onepatopa £

Mp=—m41— sup_ inf ”f—”ﬁ'i‘?—’=
@p - 0p) . feH1@ ML
wsel- (Q) (o )L (=0

s=1, i=1, ..,

Zﬁ?(k!Vfl”-I-alfP) dx+6$Qko|f12dS

=— sup f inf TR . @),
e HY(Q) X
($,leL (qé>)(f )L @) =0 g

®opMyasl (37) H (37’) MOXKHO OGBEIMHHTDL B ONHY:
é(klvflz-kalfl")dx-k'ﬂ ko |fl2dS
9Q
émzdx ’

App=— sup inf (37"

(@p «r Op) fed :
w,leL (Q) (- %) @=0

=1,

npuyeM Ay —ecTb (k- 1)-e cobcTBeHHOE 3HaueHHe MEpBOM KPaeBoi
3ajaul s oneparopa div (k(x) V) —a(x), eciu G =H'(Q), U Apyy —
(k- 1)-e coGerBeHHOE 3HaueHHe TpeThel (BTopoil npH ¢ ==0) Kpaepoi
3ajauH, ecqd G=H!'(Q).

MHHHMAaKCHOE CBOHCTBO COGCTBEHHBIX 3HAUEHHH naeT BO3MOXKHOCTh
CpaBHHBATbh COOCTBEHHbLIE 3Haqeﬂuﬂ pa3JIHquIX KpaeBnlX 3ajau.

Teopema 4. 1. Mycmo My M u M — ke cobemeennvie anaue-
.Hus nepeoii, emopoidl u mpemoed (npu wuexomopom o ==0) Kpaesvix
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saday dan onepamopa £ =div (b (x) V) —a (x). Tozda M<<M'<<M'
npu scex k=1, 2,..,

2. Mycme M —k-e cobcmeerHOe 3HaueHue nepeoil, 8mopoti uau
mpemoeil (npu Hexomopom ©=¢c" =0) kpaesvix 3a0a4 0 onepa-
mopa L'=div (k' (x)V)—a’' (x), a M —k-e cobcmeerHoe 3HaueHue
COOMBEeMCMBEHHO nepeoll, emopoll uau mpembvell (RPpU  HEKOMOPOM
0=0"=0) xpaesvix 3a0au 013 onepamopa L"=div (k" (x) V) —a" (x).
Ecau k' < k', a' <<a" ¢ Q u 8 cayuae mpemeoeii Kpaesoil 3adauu o' << a”
Ha 0Q, mo M=)\, Oas ecex k=1, 2, ...

3. IHycme Q — nexkomopan nodobaacme obaacmu @, Q' < Q,
a by Q) u Ay (Q')— k-e colcmeernbie 3HaueHus nepeoil Kpaesodi 3adauu
0aa onepamopa £ = div (k(x) V)—a(x) 6 Q u coomsemcmeernto ¢ Q’,
Tozda Ay (Q)==A, Q') npu ecex k=1, 2, ...

HoxasateanctBo. l. Ilycts > 1. Tak Kak 3nauenue QyHkK-
nHOHana, crodiero mnox sHakoMm inf B (37") mas cayuad Tperbeil
KpaeBoit 3ajaud (0==0), He MeHbIle, YeM €ro 3HaueHHe IJIfl BTOPOW
KpaeBoit 3ajauu (0 =0), a MHOXecTBO G B OGOMX C/yyasX OLHO H TO

111 11
xe— H'(Q), TO crmpaBenqMBO HEpaBEHCTBO Ar <<Ay . HepaBencreo

M< A rakxe BhiTeKaer u3 (37"), mockosbKy MHOXKecTBO G, mo
KoTopoMy Gepercal inf, nas cayyas TpeTbeH KpaeBoil 3ajaud wHpe

mHOxectBa G 1,151 TepBoit Kpaesol sagaun: H!(Q) > H'(Q).

YrtBepxkaenue 1 mpu k=1 caegyer us (34").

2. Yreepxienue 2 Burekaer u3 (37") (mpu k> 1) u (34") (npu
k=1), nockojbky s3HaueHue (yHKIHOHaMa, CTOAMIETO IOJ 3HAKOM
inf, B ciyuae omepatopa .<£” He MeHbLIe COOTBETCTBYIOWIETO 3HAUEHHS
B cyyae omepatopa <Z’. ]

3. TlockoabKy MHOXecTBO H1(Q) comepKHT B ce6e MHOXECTBO

H (Q dyukuuin u3 H'(Q), obpamaiomuxca B HYJb Ha Q\ Q’, TO
npu k> 1

M@ =— sup inf T(H=
(P 0 9py)  FEANQ
P ELy Q) (- 9)L,(9)=0
s=1, ... k=1 s=1,..,k—1
=— sup inf T{=
(Pr %% 1) j=Fro)
; ¢, EL,Q) 4, =0
, st § Q7]
=—  sup inf T()=n(@Q),
(Pr 19y Fefr@)
0 €L, Q) ( 95)L, (@) ="0
s=1, ... k—1 s=1, .., k1
rae :
é(kl ViPr+alflR)dx

élflzdx

T{f)=
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'

Eenu k=1, 10

MQ=— inf T{=— inf T{H=nQ).
tem @ fed @ :

Teopema poKaszana.
5. AcCHMNTOTHYECKOe moBejleHHe cOOGCTBEHHBIX 3HA4YEHHH NepRo#
KpaeBoH 3amauu. PaccMOTpHM cHAuasa cOGCTBEHHHIC 3HAYCHHsS MEpBOi

KpaeBoit 3ajayM JaasA oneparopa Jlanmaca A (omeparopa £ =
=div(kV)—a mpu k=1, a=0) B kKybe K;={0<x;<<!, i=
=1, ..., n} ¢ pe6pom [ >0. O6obuieHnas co6cTBeHHasaA GYHKIHs
u (x) mepeoit KpaeBo#t 3anauu jng onepatopa A B K, oTBeuaiouas

COGCTBEHHOMY 3HAUEHMIO A, Ompejessiercss Kak (yHKIusS u3 H! (K)),
yJOBJIeTBOpsAioLias NpH Bcex v M3 H1(K;) ToxzmecTBy

{ vuvode=—2 § uodx.
K, K,

72
Jlerko  mpoBeputh,  uTO  QYHKUHA  Umy, .., m (%) =<%)nl X

n
x]] sinm;ix' npu mobblx neaslx my>0,.,.,m,>0 spasgerca co6-
CTBieHlHOﬁ dyHKuuel paccMaTpHBaeMOl KpaeBOl 3ajauH; COOTBETCTBYIO-
11ee cCOGCTBEHHOE 3HaUYeHHE PaBHO — yli: (mi+...4 mz). Cucrema byHkuuit
Umy, .., m, (X) TIPH BCEX weaHX m;>0, {=1, ..., n, OPTOHOpPMHDO-
BaHa B L, (K;). TlockonbKy mio6as ¢yHkuus us L, (K;), oproroHanp-
Hasl BCeM HUm,...m, DPABHA HYIO (3TO YTBEpXKIEHHe NOKa3bIBaEeTCA
TaK Xe, Kak B n. 4 § 4 ra. [II pokaswpiBasoch COOTBETCTBYIOLLEe
yTBepXKIeHHEe 1Jf cHcTeMbl yHKIHI Um, ..., m, = €XP {i (myxy +...
vt mux,)} B KYGE {|x;|<<m, i=1, ..., n}), T0 3Ta CHCTeMa fiB-
JIieTCsl OpPTOHOpMHpOBaHHBIM 0asucom B L, (K,) H, clepoBaTe/bHO,
CONIEPXKUT Bce COGCTBeHHble (PYHKIMM NEpBOil KpaeBod 3ajaud A
oneparopa A B K. .

TakuM o6pasoM, MeXAy MHOXKECTBOM BCEX COGCTBEHHBIX (yHKIMIt

paccmarpuBaeMoll 3ajaud M MHOXECTBOM BceX TOYeK (my, ..., my,)
C LEJNOYHCJACHHHIMH IOJNOXHTEIbHHIMH KOOPAHHATAMH H, T€M CaMbIM,
MHOXKECTBOM BCeX KyGOB K”’r —m = mi—l<x;<<my, i=1, ..., n}

HMeeTCsl B3aMMHO OJHO3HAYHOe COOTBeTcTBHe. [IpH 3TOM cOOTBeTCTBYIO-
wee (QYHKUMH Up, ..., m, (¥) COGCTBEHHOE 3HAUEHHe PABHO KBaipary
paccTostHUA OT TOYKH (M, ..., M,) AO Hayaja KOODAUHAT, YMHOXeEH-
HoMy Ha — m%/{% Takum 06pasoM, KpaTHOCTb COGCTBEHHOTO 3Haue-
HHA A paBHa YHCJIy TOYEK C LEJOYHMCIEHHBIMH KOOpIMHATaMH, Jexa-

—_— 2
mux Ha cepe paguyca }/—Al/m, B uacTHOCTH, 4HCIO —% n—
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neppoe COOGCTBEHHOE 3HaueHHe; OHO OXHOKPATHO. Emy oTBeyaer cob-

2\n2 .
cTBeHHasl (YHKUIMSA u;, ..., (x)=(1—>n st—%‘l...sm . Cnenywomee

COGCTBEHHOE 3HAYEHHE PABHO — (n—|-3) OHO n-Kparnoe. Emy coor-
2\n/2
BETCTBYIOT ~ COOCTBEHHEIE (pyﬂxmm U1, .00, 1,2 1, s 1 (x)=<7> X
i—1

O 5 - L TIX 2nx, [ . TX
xsin 221, | sin B gin 224 gjp T gjp T
{ { { l {
OGosnauum 4yepes N (p) uucio coGCTBeHHBIX 3HaYeHHH (C yueToM
KpaTHOCTH), HE NPEBOCXOASAMIUX N0 aGCOMIOTHOM BeJMYHHE HEKOTOPOro

p>0, N (o) paBHO uHcay TOYeK (my, ..., M,) C LUEJbIMH NOJOXH-
12

TeJbHBIMH KOOpDAHHATaMHM, A/ KOTOPHIX mi‘—l—...-{—mﬁ,gﬁp HJIH, YTO

TO ke camoe, paBHO oGeMmy Tena M, ., COCTABJEHHONO H3 BCEX

i=1, ..., n

Ky60B Kml""’mn’ I71s1  KOTOpBIX mf—l—...—l—m§<$p. Tak Kak
Ly — .
MVEt/nCSVBL/n={|x|<—VP x=0i=1, ..., n} TO N(p)<

ﬂ
<|Syzunl = 2"n ~a 0"/2. TIockosIbKY, ¢ IpYroil CTOpOHHI, NPH p>n
o, ([LVp —
Mys)n> SVpl/n___Vn,TOJIJIﬂp> N(p)/2,,n< = Vn .
[Tepenymepyem coGCTBeHHHE 3HadeHHs, KaK OGbIYHO, B MOpSgKe
HeBospacTaHusi: O0>A = A;==... (Kaxigoe COGCTBeHHOe 3HAYyeHHE
B 3TOH MOCJENOBATENbHOCTH BCTpeyaercsl CTOJNbKO pas, KaKoBa €ro
KpaTHocTh). Bo3bMeM Npou3BoNbHOE COGCTBEHHOE 3HaAuYeHHe Ag; NMpen-
MOJIOJKHM, YTO €ro KpaTHOCTb paBHA p;, ps==1, U myctb A
voor Ay ey Ay r MDH HEKOTOPBIX LEJBIX pe=0, ps=0, ps+
-+ ps 4+ 1=p,, —Bce coGCTBEHHbIE 3HAYeHHs, PaBHbIE Ag.
Uucno ps paBHO 06beMy Tena, COCTABJIEHHOIO U3 KyGOB K”’r vy,

Fy een

s—pg

BepIIHHBl (My, ..., mM,) KOTOpHIX Je€XaT Ha chepe panuyca %l)»s]l/?

C LEHTPOM B Hauaje KoopauHaT. [TocKOJBKY 3To Tesno copepiutcs
Gu[[ L s \2 [ —\n/2

BSlhsllﬂl/n\S|k5|1/2l/n-—1/2’ TOpséﬂTn[(R“‘SD - R'M_Vn) ]

B qacmocm, yUHTBIBafl, YTO Ag—>—0O INPH S— 00, OTCIORA

nosyyaem slirg -—Tﬂ =0.

U3 onpeuenemm dbyukuuu N (p) cnezlye'r, uTo s-|- ps=N(As)).
[osromy 2 (”;‘ s Vﬁ)"/2<s—|-ps” <. on (”i“ ') . A Tak Kak
0 =< ps << ps, TO cylwecTByeT Npejesa OTHOIWEHUS s/ As|*/2, u OH paBeH
2‘1—’; In2g—=n2.  CrenoBaTeNbHO (HAMOMHHM, 4TO ...<< Ay << A <C0),

Hafinytca TakMe mnoctofnHbe Co H C;, 0<<Cy<<(C;, uTO mNpH
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BCeX S——‘l, 2, e
__:1 2/n < ), <__:° 2/n
ls = Mg == IS . (38)

Tak Kak COGCTBeHHbIe 3HAUEHMs He 3aBUCAT OT BHIGOPA CHCTEMbI
KOOpIMHAT, TO HepaBeHcTBa (38) AN COGCTBEHHBIX 3HAUEHHI NMEpBOH
KpaeBoHf 3ajgauu 1A omepartopa Jlansiaca MMeEIOT MeCTO H B ciydae,
korga Ky6 K, 3ameHeH moGbIM Ky6oM ¢ pe6pom [. Jlerko BuIeTb,
YTO COGCTBEHHBlEe 3HaUeHUs NEpBOH KpaeBolt 3ajgauu B KyGe c pe6-
pom [ nas onepatopa ReA — a,, rae ky >0 u a, — NOCTOSIHHbIE, PABHbI

2
-—koi;—2 (mi-+...4+mzs)—ay, e my, ..., M, — leJble NOJOXKHUTENbHbIE
uyycaa. [lostomy HepaBeHcTBa (38) € HEKOTOPBIMH NOCTOSHHBIMH C,
H C, (3aBHCAIIUMH OT k,) CIpaBejuBH W JJSl HUX HOpPH BCEX §,
HaYHHAs C HEKOTOPOTO S, (3aBHUCALIErO OT By H Q).

PaccmoTpum Tenepb ofiuil cayvafi,

Teopema 5. Ilyemo As, s=1, 2, ..., —cobcmsennsie 3nauerus
nepeotl Kpaesot 3adauu 0as onepamopa £ =div (k(x)V)—a(x) & ob-
aacmu Q. Cywecmsyrom maxue nocmosannse Co u Cy, 0<<Cy<<Cy, u
HOMeD S, 4MO OAfL 60€X S =Sy UMEIOM MECMO HEPaseHCmea

— Ci8¥n << hg << — Cys%m. (39)

Iycrs A u As— coGCTBeHHble 3HAUEHHS NMEPBOH KpaeBol sajaun

8 Q a oneparopos £ =div(kV)—a=kA—a u L =FkA—a coor-
BETCTBEHHO, Trje k= max k(x), k=mink(x), a ;ma>_( a (xj, a=

. xeQ xeQ ’ xsqQ
=mina(x). Torna B cuay yTBepxueHus 2 Teopembl 4 ajas s=1,

xEQ
2,... HMEIOT MECTO HEepPaBEHCTBA Ag << As << A

O6o3nauum yepe3 K’ u K” takue KyGbl, yto K' = Q<= K”, a yepes
A u A — coGcTBeHHbIE 3HAYEHMsI NMEPBOil KpaeBOHl 3ajaud A/s onepa-
topa £ 8 K’ u oneparopa &£ B K" coorBeTcTBenHO. Cornacuo yraep-
JKueHuo 3 Teopembl 4 naf BeeX S M<<A; u M =M\, YTBepxieHHe
TeopeMbl Telepb BHITEKAET W3 TOro, 4To, HAYMHAS C HEKOTOPOro § =
=sp, A A M A crpaBeuBbl HepaBeHcTBa (39).

6. Pa3peuiMMoCTh KpaeBhIX 3aja¥ B Clydyae ONHOPOAHBIX TPaHHY-
HbIX ychoBui. B m. 2 u3yyajcsi BONpoC O CyLIeCTBOBAHHH M €IUHCT-
BEHHOCTH OBOOIIEHHBIX pellleHuil NepBofl M TpeThed (BTOpOi) KpaeBmIX
3ajauy ana ypaeueHusi (1) B mpenmonoxeHuu, 4to a(x)=0 B Q.
PaccmorpuM Temepb OOWMH ciyyait.

[Myctb m=mina(x). Ilepenumem Toxpectsa (4) u (6) rak:

xeQ
U, Vgt m—1) V.@=—0F Y@ 4')

(U, V@ +(m=1)w V)@=~ v w, (6")
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rfe ckaispHble npouspenenus B H'(Q) u B H!(Q) onpexeneHsi ¢ mo-
Mouibio paBeHcTB (17) u (18). B cuay memmsr 1 m. 3 Toxpecreo (4')
5KBHBAJIEHTHO ONEPaTOPHOMY YpaBHEHUIO

u+(m—1)Au=— Af (40)

B npoctpaHcTBe H!(Q), & ToxzaecTBO (6') B cuay Jemmbl 1’ — omnepa-
TOPHOMY YpaBHEHHIO

utm—1)Au=—A'f (40"

B mpocrpaHcTe H'(Q) (HaI'ION{HI/IM, uro Af e ' (Q), A'fe H'(Q))-
Onepatop A Kaxk onepatop u3 H!(Q) B H*(Q) (A" us H*(Q) B H*(Q))
BrOJIHe HenpepuiBeH. [lostomy p/1s1 uccaenoBaHus ypaBHeHus (40)
((40)) MoxHO BoOCHOMBL30BaThCA TeopeMaMH Ppearosbma (TeopeMbl
1—4 nn. 3—7 § 4 ra. II).

1) Ecru uucno —m-1 He sBAseTca XapaKTepHCTHIECCKHM HHC-
JoM omepartopa A (A’), TO B CcHay nepBoit Teopembl Ppeprosbma
ypaBueHue (40) ((40")) oxHo3HauHO paspemuMo npu moGoit f e L, (Q).
Ilpu 3ToM uMeeT mMecTo HepaBeHCTBO |uls, o, << Ci IAf||H1(Q)§C||f||L, @
()@ < C|f |, @) ¢ mocrosiHHo#t C >0, He 3aBucsimed ot f. Ilo-
CKOJILKY —.m -+ 1 AB/IfieTcsl XapaKTepUCTHUECKUM YMCJIOM oneparopa A
(A’) Torma M TONLKO TOrAa, KOrja HyJb SBJAETCH COGCTBEHHBIM
3HaueHHWeM INepBOil (TpeThell) KpaeBoil 3ajmauu A/s oneparopa £, TO
HaMM YCTaHOBJIEHO cjefyiollee yTBepXKIeHHe.

Teopema 6. [lpu woboil [ us Ly (Q) cyujecmayem edOurcmeerHoe
0606uerHoe peuterue u (x) kaxcdoil us kpaegolx 3adau(1), (2) u (1), (3) npu
00HOPOOHbIX eparutbix ycaosusax (¢ = 0), ecau Hyab He seasemes cobem-
BEHHbIM 3HAa4eRUem coomeemcmeyrowel Kpaesoldl 3adadu 0aa onepa-
mopa L. IIpu smom umeem Mmecmo HepaseHcmeo

le)lers @ << ChF s @)

8 Komopom nocmoartas C>>0 we 3asucum om f.

2) Ecin —m-1 ecTb XapakTepHcTHUECKOe 4uCaO oneparopa A
(A") (rorma, KoHeuHo, m == 1), T0 BocnoJbL3yeMcsl TpeThbeil TeopeMmoi
®penronsMa. Jaa paspemmumoctd ypaBHeHus (40) ((40')) B atom ciay-
yae HeOOXOAMMO H JOCTaTOYHO, - UTOOBI BBINOJHANUCE pPaBeHCTBA
(Af, up)gi gy =0 ((A'f, up)rr @ =0) 17151 Bcex coGCTBEHHBIX YHKUMU U
onepatopa A (A’), oTBeualOWUX XapaKTePUCTHYECKOMY YHCTYy — m + 1.
Tlpu 3TOM CylleCTBYeT €QMHCTBCHHOE pelleHHe u ypaBHeHusa (40)
((40")), oproronanbHoe B H*(Q) (B H'(Q)) BceM GYHKUHAM U,, H L14
HEro HMeeT MecTo HepaBeHCTBO |u g, (o < Clfl @ (¢lm@<
< C|f..«) ¢ mocrosnnoit C>0, He 3aBucsiweit or f. JlioGoe xpy-
roe peueHue ypaBHeHus (40) ((40’)) mpencraBasiercs B BHUJE CYMMBL
pelleHHs & ¥ HEKOTOpOH JHHeHHOH KoMOHHAUUH (PYHKIHH Up.
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W3 onpenenenust oneparopo A u A’ ((21) u coorBercTBEHHO
(21')) BriTekaer, uro oproroHansHoctTs dyHKuui Af (A'f) w u, B H* (Q)
(2 H'(Q)) 3xBUBaJICHTHA OPTOrOHANBHOCTH B Ly (Q) GyHKUMH [ H u,.
Kpome Toro, oproronanvHocts B H* (Q) (B H!(Q)) peweHus u ypas-
HeHHs (40) ((40')) co6cTBeHHO! (yHKIMH U4, SKBHBa/NeHTHa MX OpTO-
TOHA/MBHOCTH B L, (Q), mockosabKy B cuay (21) ((217))

(u, up)l-?x(Q) = (1 —m) (Au’ up)[-}x(Q) - (Af’ up)ll}x(Q)=
= (1 —m) (Au, up)[-‘}x(Q)= (1 —m) (u, up)Lz(Q)
(@, up)us@=(1—m) U, up)L, @)

Takum o6pasoM, HaMH [0Ka3aHa cjenyrollas

Teopema 7. Ecau Hysv ssasemcs cOOCMBEHHOIM BHA4YEHUEM nep-
8ol uau mpemoeid (8mopot) kpaeeoil 3adauu 0as onepamopa £, mo
0as cywjecmeosanus 0006uwennoeo peutenusn 3adasu (1), (2) uau (1),
(3) npu oOHopoOHbIX epanuunex ycaosusax (¢ = 0) Heobxodumo u docma-
mouro, wmobbe ewnoarsaauce ycaosus: (f, up)L,y=0 04a écex 0606-
WjeRHbIX cobCmeennbx  yrryul u, coomsemcmsyrowed 3adauu, omee-
yarowux  cobcmeenHomy BHauenun, pasHomy Hymo. Cyuwecmeyem
eduncmeernoe peutenue u 3aday (1), (2) u (1), (3) (npu ¢=0), opmo-
20HANbHOe 8CeM amum cobcmeeHrom Pyrkyuam: (U, Up)L, @ =0. Imo
peuierue yoosremBopaem HepaseHcmey

le)ar @< Clfi.@

¢ nocmoannoii C>0, He sasucaujeii om f. Jwboe Opyeoe peuieHue
npedcmagaiemes 8 8ude CYMmpL MOS0 PEULCHUS U U HeKomopol AuHedl-
Hotl KomOunayuu ynxyui u,.

Us Teopembl 3 C/efyeT, UTO Hyab ABIAETCS COGCTBEHHLIM 3HAue-
HHEM BTOpOH KpaeBoit 3a11atm (0=0) n1s oneparopa £ NpH a== =0;

[ostomMy 13 Teopemsl 7 B YaCTHOCTH, BhITEKaeT
Teopema 8. [Jua moco umober cyujecmeosaro obobujerHoe peuie-
Hue sadauu

div (k(x) Vu)=f, 2 =0

Heobxo0umo u docmamoyHo, 4mobe:
S fdx=0.
Q
B 3mom npednoroamenuu cyuiecmsyem eOuHCmeeHHoe 0600ujeHHoe peuie-
Hue u, YO08AemEopsIoulee YCAOBUIO Su dx=0, u 0aa Heeo umeem mecmo
Q

HepaseHcmeo
la)a @< C|fl. @
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¢ nocmoanroil C>0, ne sasucawed om gynxyuu f. Jloboe Opyeoe
000buennoe pewenue i amoui 3ada4u npedcmagasemcs 6 gude i =u -+ ¢,
20e ¢, — HEeKOmopas NOCMOSAHHAA.

Gameuanue. Ecimn dynxuus f BelllecTReHHO3HAUHA, TO U pellle-
HHfl, O KOTODHIX MAET peub B Teopeme 6, BelECTBEHHO3HAYHH. 3TO
YTBEPXKEHHE [0Ka3blBaeTcsl TAK JKe, KaK COOTBETCTByMOLIee YTBEpK-
JICHHE B 3aME€4aHHH, CLIeJaHHOM B KoHIle I1. 2. PelleHusl, 0 KOTOpHIX HAET
peub B TeopeMax 7 U 8, TakKe MOXKHO CUHTaTh BellleCTBEHHO3HAUHBLIMH,
ec/H, KOHEUHO, BCE COOTBETCTByIOLIHE COGCTBEHHhe (GYHKIMH GpaTb
BelIeCTBEHHO3HAYHBIMH H OrPaHUYUTLCA UX JHUHEHHBIMH KOMGUHAIMSIMH
C BelleCTBEHHBIMH Ko3dduIueHTamu.

7. Nepsas kpaeBas 3agaya Aas o61ero AMIHNTHIECKOTO YPABHEHHS.
Pe3y/bTaThl NpeAbfyIHX NYHKTOB 6€3 TpyJa paclpocTpaHSIoTCS U
Ha GoJee oflue 3JIMNTHYECKHE ypaBHeHHA. B kauecTBe npumepa
pPaccMOTPHM CJENYIOUYIO KpaeByio 3ajauy:

n

Lu= Z (@ (%) Ugs)x; + 2_‘,] aG(X)uy,+ax)u=Ffx), x=Q, (41)

i, i=1
ulag=0, (42)

rie BellecTBeHHbie Koabduuuents a;; (x) = C'(Q), a;(x) =C*(Q),
ax)eC@), i j=1, ..., n; Marpuly |a;; (x)| cuuTaeM cumMmerpuye-
CKOI ¥ MOJIOKHUTE/IBHO ONpeLeeHHON (3JIHNTHYHOCTE ypaBHeHHus (41)),
T. €. YIOBJETBOPAIOLIEH ¢ HEKOTOPOH NOCTOSIHHOH y >0 npH moGoMm

BellleCTBEHHOM BeKTope (§1,..., &,) U JI060i TOUKe x & () HEPABEHCTBY

n

Z ai (0) &&= Z g. (43)

L =1 =1

Knaccuueckoe pemenne u (x) 3amaun (41), (42) onpepensercs
O6bIuHBIM O6pasoM: 3To ¢yHKmuA uz C*(Q)NC (Q), ynoraersopsio-
was (41) u (42). C nomowso ¢opmysel OcTporpanckoro 6e3 Tpypa
y6exnaemcst, 4T0 ecu f & L, (Q), TO KJaccHuecKoe pellleHHe 3ajiavu

(41), (42), npuHagnexailee g Q) npu Beex ve A1 (Q) ynomaerso-
psieT MHTErpaJibHOMY TOXKIECTBY

S > a,,-u,;l.bx,,dx-l-

Qif=1
—[—Su[z a,z‘)x,-i—(Z al-x,—a>z‘;]dx=—5fz‘)dx. (44)
¢ Lz (=1 Q

@Oyukuua u u3 H!(Q) HasbiBaeTcsl 0GOGIIEHHRIM pellieHHeM 3ajauu

(41), (42), ecn oHa Ipu BCeX v = H1(Q) yIOBJETBOPSAET HHTErpadb-
HoMmy ToxpecTBy (44), nupu sroM cunraem, uto [ L, (Q).

7 B. I, Muxafnos
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Corsiacio Teopeme 6 m. 6 § 5 ra. 11l B H'(Q) MOXHO BBeCTH
5KBUBAJIEHTHOE OGLIYHOMY CKaJ/sipHOE NPOU3BeleHHe

n
(u’ v)jﬁp Q) =§2 ; Z] aiiuxiaxf dx.
» =

B cBSI3u € 3THM TOXKIECTBO (44) MOXHO NepenucaTb B BHJE

(4s v);,‘(Q,+(u, iaivxﬁ(é aixifa> v) =—( Y@ (45)

i= L: (@

Jdemma 2. 1. [aa woboix wnenpepoisroix 8 Q pynryuii aq(x),
ay (X), ..., G (x) cyujecmsyem maxoil aunelinbul 02ParuU4eRHbL onepa-
mop A us Ly (Q) ¢ H*(Q), onpederennoiii Ha scem L, (Q), umo npu
geex v = HYQ) umeem mecmo pagercmeo

n
<u, > a;vxi-i—aov) = (At, V) oy
i=1 Ly (Q)
2. Onepamop A, ecau eeo paccmampuseams xax onepamop u3 H' (Q)
8 HY(Q), snoane HenpepoiseH. .
Tak kak npu ¢uKcHpoBaHHOM 4 € L, (Q) 3amanunit Ha H'(Q)

(v = H'(Q)) nuueitnbiit dynkuuonan [ (v) = <u, Za,vxi-i-aov)
i=1 Ly (Q

n
OrpaHHyeH: |1 (v) | én uﬂl-z(Q) Z 43Uy, +aew =<C nuNL, (Q)H U"p}x Q)
i=1 L: (Q
rge nocrosHHasd C >0 3aBHUCHT JIHWb OT | a; ITC@, i=0,1,...,n,710

cornacHo Teopeme Pucca cyuectByer epuncTBeHHas oyHKuusa U e
e F'(Q), ans kotopoii L (v) = (U, v)g g NpH Beex v & H1(Q), npuuem
||U||;1‘(Q)=||l||<C||u||L2(Q)4 10 osnauaer, uTo Ha L, (Q) 3anan ome-
parop A (oueBUAHO, JUHeHHEIT), nepeBoxsHi L, (Q) B H'(Q): Au=U.
Sror omeparop orpanuueH, |A|<<C, u npu Mmobux u<L,(Q) u
v < H' (Q) umeer mecTo paBeHCTBO

n
<u, > v+ aw = (A4, V) gy (o
i=1 _Ln(Q)

IMokaxkem, uro onmeparop A, ec/H ero paccMaTpHBAThb Kak olepa-

Top u3 H1(Q) B H!(Q), BnoMHe HenpephiBeH. BosbMeM NpoH3Bo/IbHOE

orpaHuueHHoe MHoxecTBo B [1(Q). CorsiacHo Teopeme 3 m. 4 §5
ra. III aro mMHOXecTBO KoMmakTHO B L, (Q). Torga us mwo6oii 6ecko-
HEYHOlH MOC/IEeNOBaTeNbHOCTH €r0 3JEeMEHTOB MOXHO BBIIETHTH ¢yHIa-
MEHTaNbHYI0 B L, (Q) mogmocnenoBatensHocts. [Tockonbky onepatop A
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u3 L, (Q) B H'(Q) orpaHuyeH (4, TeM CaMmbIM, HEMNPEPHIBEH), TO 3Ty
TNOANOC/IEOBATEIbHOCTL OH NEPEBOAUT B (GyHAAMEHTAIbHYIO MOCJEN0-

BaTeJbHOCTD B H1 (Q). CaenoBatennHo, onepatop A u3 A @ B AH! @
BIIOJIHE HENpepbiBeH. JleMma JOKasaHa.

Hocxom:xy sananneit Ha H'!(Q) (ve A1(Q)) auueiinbi byHK-
uuonan (f, v),, (@ orpannven: |(f, ), (Q)|<C|lf||L’(Q) l|v||H1(Q), TO MO
Teopeme Pucca cyuiecTByer €JMHCTBEHHBI 5/IeMEHT F EH‘(Q), it
Kotoporo npu Beex veH'(Q) (f, V), =Fr V)i TpHIEM

”F W == C"fnL Q°

n
IMostoMy ¢ NOMOWIBIO JEMMH 2 <nonaraeM aGy= Y ayy —a\ IHTe-

i=1

rpajibHOe TOXKIECTBO (44), onpernesioee 0GOCIEHHOE peilleH e, MOXKHO
nepenucaTb B BHjE ONEPAaTOPHOrO PaBEHCTBA B IIPOCTPAHCTBE H Q-

u+Au=F, uEHl(Q). (46)

Jlemma 3. Ecau % 2 a1, —a==0 6 Q, mo 00xopodHoe ypasHe-

i=1
Hue (46) umeem auwy Hyaesoe peuwlerue.
[Mycrs u — pemenne ypaBHeHus u -+ Au =0. YMHOXas cKaaspHO

B fII(Q) 3TO PaBeHCTBO Ha 4, MOJYUHM ||u||”,g,1(Q)+(Au, U) g (Q)=0.
Otkyna csenyer, 4To llulﬁg,,(q)-l—Re(Au u)g,=0.

_ 1 ,
Tak kak Rea;u,; =7(a,-|u;2)xi—?ju{2 H Ulag=0, TO

Re (Au, u)ﬁ,(Q)=ReS<Z a,u,ﬁu+<§_‘| a,xl—a>lulz>dx—-

i=1 i=1
. n
=S< f(ailulz)xi‘l"(% Ealxi"‘a)luP)dx:
g\

i=1

llM:

n

=§<%2a,xi-—a>lulzdx>0.

i==1

Hostomy |u <0, T. €. u=0.
W3 nemmbl 3 u nepBoit Teopembl PpenrosbMa BhITEKAET
"

Teopema 9. Ecau -;—2 sy, — a =06 Q, mo o6obujenroe pewte-

(=1
Hue 3a0a4u (41), (42) npu moboi pynkyuu | Ly Q) cyuecmeyem u
e0UHCMBERHO,

7=
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8. OGoOmeHHbIE pElIEHHs] KpaeBbiX 3aja4¥ ¢ HEOAHOPOAHBIMH TI'pa-
HHYHBIMH ycaoBHAMH. PaccMoTpuM cHauana 3agauy (1), (2). Hanow-
HHM, 4TO OOOGLUIEHHBLIM DeIIeHHEM 3TOH 3aj]ayH HasbBaeTcs yAOBJETBO-
pAmoowas HHTErpaJbHOMY ToOXxaecTBY (4) dynkuMs u uz H'(Q), cren
KOTOpo#l Ha rpanuie O0Q paBeH rpaHHYHOH (PYHKIHU .

Uz onpegenennsi OGOGIIEHHOIO pelleHHS BLITEKAET €CTECTBEHHOE
yclioBHe Ha rpanuuHyro ¢yHKuuio ¢. HyxHO TpeGoBaTh, uTOGHI ee
MOXHO OblJIO HpPOJO/UKHTHL B o6sactTh @ yHKuMel M3 mpoCTpaHCTBa
H'(Q). B ganbneiimiem Ml Beerga GyaeM NpPeAnoJararb, 4To 3T0 ycJo-
BHE BbINOJIHEHO. B npoTHBHOM cayuae o6o6LleHHOe pelilenHe 3agaun (1),
(2) He MoxeT cyulectBoBaTh. K3 Teopembl 0 cilepax ¢yHKIHMH H3
H'(Q) BbiTekaer, uTO @ JO/MKHA NMPUHAL/IEKATH NPOCTPAHCTBY L, (0Q).
Ho sToro HegocratouHo j/isi Toro, urofbl ee MOXHO OblIO MPOAOJ-
x)uTh B Q ¢dyHkuuneir n3 H!(Q); Gomee Toro, AJsl 3TOrO0 HEJOCTATOUHO
JaXe ee HeNpepulBHOCTH. B KOHLle MyHKTa MbI elile BepHeMCH K 3TOMY
BOMPOCY M B CJIyuyae OKPYKHOCTH INOJYYHM HeoGXOZHMOe H JOCTa-
TOYHOE YCJOBHE BO3MOXKHOCTH TaKOroO NPOJOJIKEHHS.

OrmeruMm, uTo ecan ¢ & C1(3Q), To Takoe NpoJO/KEHHE CyLie-
crByeT. M3 rteopembr 2 n. 2 § 4 ra. III BmiTekaer cyluecTBoBaHHe
dyukuua @ (x) u3 C'(Q) u, Tem Gonee, us H'(Q), aas KoTopoi
D50 = ¢, npuuem uMeeT Mecto HepapeHCTBO | Dy < Ci]¢]c: (g
¢ nocrosiHHoit C;>> 0, He 3aBHcAWENR OT ¢.

Wrak, nycrs cywecrsyer ¢ynkuua @ e H!'(Q), 418 KOTOpOi
D |sg = ¢. C momowpio 3ameHbl & — @ =@ 3anaua HaAXOXKJEHHS 0606-
LIEHHOTO pelleHHA # CBOAMTCA K 3ajaue HAXOXK/IEHHA (YHKIHH

w e H'(Q), yaoBaeTBopAOWei NPy Beex v e H! (Q) uHTerpanbHOMYy
TOXJIECTBY

{ (kY00 + awd) dx = — § (kY DVT 4 a®d + f0) dx. 4)
Q Q

3ametum, uto ecnun ® = H? (Q) (na14 sroro npu 0Q e C? focraTtouso,
yto6bl @ = C? (0Q)), To ToxkzecTBo (4') MOXKHO NepenHcaTs B BHAE

{ (kV0Vo 4+ awd) dx=—§ o dx,
Q Q

rae f=f—div (kV®)+ a®, 1. e. 3agaua cBemeHa K 3ajaue, Hccle-
noBaHHOH B . 2 U 4
OrpannunMcs, Kak H B 1. 2, cilydaeMm, Korga a(x)=0 B Q.

Beoasi B H! (Q) ckaasproe npousBenenue no gopmyae (7), nepenuiem
(4') B BHZE

@, V)g1q="1(0)

Q)

rae | (v)=—\(kVOV0 4 a®? +fo) dx — nnnefinbiii  QyHKnHOHAM,
Q .
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saganupit Ha H'(Q)(ve=H'(Q)). [MockombKy
1) | <|fl.@ V], @+ max & (x) || VO ||, @ | VO | L. +

x&Q :

+ mag a(x)-|® "L,(Q) I UHL,(Q) <G (" f "L,(Q) + “(D uyn(Q)) |v £11(Q)s
e .

rie nocrosHHad C, >0 3aBUCHT JHIIb OT KO3(phULUHEHTOB %k U a,
10 dyukuuonan ! orpaunuet H ||| << Cy (|f L, -+ | D | 11(q))- TTosroMy
coraacHo Teopeme Pucca B H'(Q) cylnecTByeT eIMHCTBeHHAR (yHK-
A W, yAOBJeTBOpsoWAs TOX/ecTBY (4'), NpHueMm \lw]}ﬁl(q)=[ll[l<
< Cy (|flL.@) +1 D@1 (). Torna dyukuus u=w -+ O apasercs 0606-
lleHHbIM pemenHeMm 3apaud (1), (2). Ilpu sTOM HMeeT MecTO Hepa-
BEHCTBO .

l4 i@ < Cs (If o @ 4+ P |11 @)

¢ nocrosuuoit Cg > 0, He 3aBucseir or f 1 @, a clenoBare/bHO, H
HEpaBEHCTBO

@ <C ([f @+ inf [ ®]uo) (47)
D H(Q)
Dlog=0

B KOTOPOM IIOCTOSIHHAsl He 3aBHCHT OT [ u ¢. Eciu rpannunas ¢yHK-
uua ¢ & C'(0Q), TO U3 3THX HEPABEHCTB BbITEKAaeT HEPABEHCTBO

luli@ <C (I o+ @ e o) (47")

[MokaxkeMm, uTO HalijeHHOE pellleHHe eIHHCTBEHHO. [leficTBHTEBLHO,
€C/IH CYLIECTBYeT Apyroe oOOCLIEHHOe pelleHHe u4’, TO PasHOCTb i =

= u—u’ asasercsa dyHkuueir u3 H'(Q), ynossersopsioileii B cuny (4)
npH Beex v & H1 () HHTerpanbHOMY TOXJIECTBY S (kViVD + aiv) dx = 0.
Q

nOCKOJIbe JieBas 4acTb 3TOro paBeHCTBA €CTh CKa/afipHOE IIpOHU3Be-

aeHue B H!(Q) ¢bynkumit & u v, 10 d=0.

Takum o6pa3oM, IOKazaHO cJepyiollee yTBepXKIEHHe.

Teopema 10. Ecau a(x)=0 & Q, a ¢ynryusa ¢ sagasemcs zpa-
HudHom 3HaueHuem Hexomopot Gynkyuu uz H'(Q), mo cywecmeyem
eGuHcmgerHoe 0b0buernHoe peuterue u 3adaqu (1), (2). Imo peuienue
ydosaemgopsiem HepaseHcmey (47), a mem camoim npu ¢ < CH(dQ)
u Hepasercmay (47').

3ameuanne. Kak HerpyzHo npoBepuTb, MHOxKecTBo o/ 3anan-
HblX Ha 0Q ¢yHKOHA @, SABJAAOWHXCA CJIeIAMH HEKOTOPHIX (yHK-
uuit @ us H'(Q), ecTb GaHaxoBO MpPOCTPAHCTBO ¢ HOPMOH |@l. =

= inf |®|u1(@. B cBaA3M c 3THM HepaBeHCTBO (47) MOXKHO INepe-
DEH Q)
Dlgg=e

nucarb B BHJIE
[l @ < C (f Iy @+ [ 9 lone)-
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Paccmorpum 3agauy (1), (3). HanomuuM, uto dynknua u u3z H (Q)
HasblBaercs OGOGLIEHHBIM pellleHHeM STOH 3anauH, ec/ii OHa yJOBJET-
BOpSieT HHTErpajdbHOMYy TOX7ecTBY (5) npu Bcex v = H'(Q). ['pannu-
Has QYHKUHUA ¢ B 3TOM CJyuade Npeanosaraercs npurajgiexaued L, (0Q).

Teopema 1l. Ecau alx)=06Q u uam a(x)=£=0 6 Q, uau
o (x)=£=0 ra 3Q, mo 0aa mobbix f = Ly (Q) u ¢ = L, (0Q) cywecmsyem
eduncmeerHoe 00600ujennoe pewerue u sadawu (1), (3). Ipu smom
UMeem MECmO HepageHcmso

ulri@ < C (@ 1 9. 00) (48)

g komopom nocmosaxnas C >0 wne sasucum om | u .

Beegem B H!(Q) sKkBHUBa/JeHTHOE OOLIYHOMY CKaJjspHOoe MpOH3Be-
nenue no dopmyJe (10). Torpa uHTErpaNbHOE TOXKAECTBO (D) MOXKHO
nepenucarb B BHIE ’

(4, V) =1(v),
rie

[(v)= vadx-l—gk(pvdS
9Q

— nuHeHHbI QyHKIHOHAM, 3anaHHbl HA H!(Q) (v = H' (Q)).
Tak kak coryacuo teopeme 1 n. 1 § 5 ra. III

@) | <|flL.@|? |.@+max & (x) - ||, 00 ] vL.00) <
*=Q

< C(fle. @+l 0) v @

¢ mocrosiHHo#t C >0, He 3aBucsweil or f, ¢ u v, TO ($hyHKLHOHA
I(v) orpanuuen u |I|<<C( “f“Lz(Q)—l"“(P“LE(OQ) [To Teopeme Pucca
CYLIECTBYeT eqMHCTBeHHas (yHKUHA u u3 H!'(Q), ynoBiaerBopsiowas
romgectsy (5), npmiem | [ @) = | 1 << C (IF lcsc@) 1@ | ). Teopewa
JOKa3aHa.

[lycts Tenepn B 3ajauve (1), (3) a(x)=0 B Q u o(x) =0 Hna 0Q.
BBezem B H'(Q) sKkBHBajeHTHOE OGHIUHOMY CKa/IfipHOE IPOH3BeleHHE

(4, V)= (kVuVo 4 uv) dx. (49)
Q

Torga uHTerpa/ibHOe TOXASCTBO (5), onpenensiomee 06o6LIEHHOe peile-
HHME BTOPOH KpaeBoii 3anaud jaia oneparopa div (kV), MoXHO nepe-
nHcaTh B BHIE , .

(u, V)rr@— (4 V)L, @=1(2), (50)
rae

Lwy=—\fodx+ | kep dS (51)
Q oQ
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— JuHelHpfl ¢yHKUHOHAM, 3azanubii Ha H'(Q) (v = H'(Q)). Tak
Kak corJacHo Teopeme | nm. 1 § 5 ra. III '

H ) | <|/le.@?L.@ +max & (x) | @ .00 | 0 . 00y <

x&Q
<C' (fle. @+ 9L 00) |2 @

¢ nocrosHHoit C' >0, He 3aBucsuel or f, @ M U, TO GbyHKIHOHAN
I(v) orpanmuen ¥ |I|<<C' (|f L. +] ®l.co0). Tlo Teopeme Pucca
B H'(Q) cyuectByeT enuucrBenHas ¢yukuus F', 118 KOTopoil Ipu
Bcex v & H!(Q) uMeeT MeCTO paBeHCTBO

L) =(F', v)ni Q) (52)
npHYeM
IF 1@ <C' (| @+ 19 JL.00)- (53)

B cuny smemmer 1 n. 3 (ckansipHoe npousBeieHHe B H!(Q) cunraem
3ajaHHbIM 1O dopmyse (49)) cylecTByer TaKoil orpaHHYeHHbIH onepa-
Top A’ u3 L,(Q) B H(Q) c obaacTeio onpeneneHus L, (Q), uto npu
Bcex v = H' (Q)

(4, V)9 =(A"U, V)rr(Q) (54)

Ilpu sTom omeparop A’, eciu ero paccMaTrpHBaTh Kak ONeparop H3
H(Q) B H'(Q), siBJsieTCA CaMOCONPSAXKEHHLIM H BIIOJIHE HENPEePHIBHBIM.

C nomomibio (52) u (54) ToxkjaecTBo (50) MOXKHO 3aMeHHTb 3SKBH-
BaJeHTHLIM €My OIlepaTopHbIM ypaBHeHHeM B npoctpaHcTBe H1(Q):

u—Au=F. (55)

Tak KaK 115 QyHKIMH u; (x) = const = —1_—:I npu awboit v H (Q)

HMEET MECTO PaBeHCTBO (Uy, U)i,q = (U1, V)i (CKanApHoe mpoM3-
Benenne B f1'(Q) onpeneneno dopmysoit (49)), To B cuny (54)
(A’ uy, V)= (U1, ), = (&1 V)H1(@). DTO O3HAuaer, yTO uHcIO |

!
ViQl
BeTcTByMomas cobcrBennas (yHkuus. [lockosbky Jo6as co6CTBeHHAsA
¢yHKUHSA u; oneparopa A’, oTBeyawoas XapaKTepUCTHUECKOMY uHeay 1,
YIOBJIETBOPSIET DABEHCTBY (Ui, uj)mq) = (A'u1, Ui)ms@y= (41, 4{)Ls(@)»
TO I/15 Hee HMeeM

€CTh XapaKTepHCTHYECKOe YHCIO oneparopa A’, a u;= — €OOT-

Veivu 2de=0.
, Q
CnenoBarenbHo, 4y =const, T. e. uHcao 1 ecTh OgHOKparHOE Xapak-
TEpPUCTHUECKOEe YHCJIO onepaTtopa A’.
CornacHo Tperbeil Teopeme Ppexrosbma /s pa3pellMMOCTH ypaB-
HeHHs (55) HeoGXOAMMO M JOCTaTOYHO, uTOOBl (yHKuMs F’ 6blia

oprorosa/ipHoll B H'(Q) ®yHKIMH u‘=‘V'lTﬂ: F VI_Q—I>H =0
, Q)
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M3 (52) u (51) BbiTeKaeT, 4TO 3TO YCJOBHE SKBHBAJEHTHO YCJOBHIO
~{fdx+ { koaS=0. (56)
Q Q '

[1pu BbIMIOJIHEHHH 3TOro ycJoBuA ypaBHeHue (55) HMeer enuH-
CTBEHHOE pellleHNe i, oproroHasnbHoe B ! (Q) nocrosinHeiM. OHO SBJIS-
eTcs 06O0LIeHHEIM pellleHHeM HceJenyeMofl KpaeBoil 3anaud. [Ipu stom
B cuay (53) uMeer MecTo HepaBeHCTBO (48) c mocrosiuol C, He 3aBu-
csauwei or / u ¢. Bce ocrajbHble pelleHHs OTJIHYAIOTCS OT PYHKIHH U
TMOCTOSIHHBIMU cj1araeMbIMH. Tlockodbky aisa ¢yHKIuH u3 H'(Q) ycio-
BHE OPTOTOHA/bHOCTH IIOCTOSIHHLIM B CKaJ/IAPHOM Ipou3sBeneHHHu (49)
5KBHBAJIEHTHO YCJOBHIO OPTOrOHA/JBLHOCTH IIOCTOSIHHBLIM B CKaJIsiPHOM
npousBeneHun L, (@), TO HaMH YCTaHOBJEHO CJAefyIollee YTBEPXKAeHHe

Teopewma 12. [iaa cywecmsosanus 0600uennozo pewienus sada4u

div (k (x) Vu) =1, 5 »

nasoce pasencmeo (56). Ilpu amom obobujenHoe pewerue u, 0pmozo-
Haavroe 8 ckaraprom npoussedenuu Ly (Q) nocmosnreim, eduncmsento
u 0as Hezo umeem mecmo nepaseHcmso (48). Bce ocmaionoie 0606uen-
Hole pelienus 3a0auu OMAUM@IOMCA OM (QYHKYUL U HQ NOCHOAHHbLC.

3ameuanue, Ecau QyHKIHH f U @ BellleCTBEHHO3HAYHbIE, TO H
pellleHusl, O KOTOPbIX HueT peub B Teopemax 10—12, Toxe Bele-
CTBEHHO3HAYHbIE.

Ilpu uccaenoBannn MNepBoil KpaeBo 3anaun ans ypaBHeHus (1)
C HEOJHOPOAHBLIM IDAHHUYHBIM YCJIOBHEM BO3HHKJA CAeAylolasl 3ajaua:
HafiTn ycaoBus Ha QyHKuM @ u3 L, (0Q), MNPy KOTOPBIX CyLIECTBYET
ee Tpojo/pKeHHe B 06sacTh @, npunamiexaimee H'(Q). Kak 6bl10
[I0Ka3aHO, JOCTATOYHBIM JJ/I5l STOrO YCJOBHEM SBJAAETCS INPHHALIEK-
Hoctb mpocrpanctBy C'(dQ). Cefiuac B ciyuae, korna Q ecrb Kpyr,
Mbl YCTAHOBHM HEOGXOJMMOe H JOCTaTOUHOe YC/AOBHE.

IMycrs obaacts @ (n=2) ectb Kpyr {{x|=p <<}, x=(x1, Xxp) =
= (pcos8, psinB). Paccmorpum Ha okpyxkHoctH dQ = {p =1} Belne-
CTBEHHYIO (PYHKIHIO ¢ H3 (BEllleCTBEHHOrO)  IpocTpaHcTBa L, (0Q),
¢ (8) = L, (0, 2n). Pasnoxenne ¢ynkuun ¢ (8) B cxogswmuiicsa B HOpMe
L; (0, 2n) pag Pypbe nMeeT BHA

= @ Heobxo0umo u Gocmamo4Ho, 4mobol 8vLnoA-

(P(G):%g + Z (@, cOS k8 -+ by, sin kB),
k=1

e
2n

ay= = g Q@) coskids, k=0, 1, ...,

n

\ @B)sinkdds, k=1,2, ...,
0

-—ee Koadduuuentsr Pyprue,

by,=
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CornacHo paBencrBy IlapceBansi — CrekioBa
‘(:': N a 2 1 3
T4+ X @+ =50l m <oo. (57)
k=1

HMeer MmecTo ciepyoulee yTBEpPXKAEHHE.

Teopema 13. [iaa moeco umobor ¢ynryusa ¢ (6) us Ly (0, 2n)
bbina caedom Ha okpyxcrocmu {'x'= 1} Hexomopou ynkyuu us
H'(|x{ << 1), neobxodumo u Oocmamouro, 4mobst cxo0uica pao

k‘?‘l k(@ + b}). (58)

B cuny (57) nocnenoBaTenbHOCTH ap U by, k=1, 2, ..., orpannu-
[o0]
uensl. TMostomy oyHKUuA Y| (ap— iby) 2%, The 2z=1X;-}ixy, aHaAIH-

k=1
THYHa B Kpyre{|z| << 1}. 3Hauur, QpyHKUUA

w(x)=w(p, =F+Re ¥ (a—iby) (x;+ixe)t=
k=1

=%+ Y o* (@coskb+b,sinks) (59)
k=1

npuHagaexur C® ({x!<< 1), npuueM pazx B (59) u pansl, NoJayuyaio-
LMecs U3 HEro NouwJIeHHbIM AH(depeHIpoBaHHeM, CXOAATCA aBGCOJOTHO
M paBHOMepHO B Kpyre {|x|<Cr} mpu JoboMm r << 1.

[lpn nokasarenbcTBe TeopeMbl 13 Ham n0Tpe6yeTc;1 clenyroulee
YTBEPKI€HHE.

Jlemma 4. [aa moeo umobot onpede/zeuuaﬂ padom (59) ¢ymryus
w (x) npunadaexcasa npocmpancmsy H' (|x|<C1), Heobxo0umo u
docmamouro, umobvl cxoduscs pad (58).

O6o3HauuM uepe3 W, (x) 4acTHuHylO0 CymMMmy psna (59):

m
Wy (X)= % + Z o® (a cos k84 by, sin k8).

k=1

Tak Kak Bce QyHKIMH CHCTeMbl pFcos k8, p*sinkl, k=0, 1,...,
nmonapHo OproroHalpHel B L, (|x|<<l) u |p*coskBfPL,oxi<t =
=| p* sin kﬂ]]i,(lx[<1)=—2(7n_l_—l), k=1,2, ..., 10 115 M0GBIX P H g,

q>=> Py

q

|y — @p | 151< =4 Z
k=p+

a-m

k
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[Mostomy u3 cXogumocTu psna (57) BblTeKaer CXOqUMOCTb B L, (| x| << 1)

NOC/IeOBATENBLHOCTH Wy (), m=1, 2, ... . CregoBarensHo, QyHKIHSA

we L, (|x|<<1), u pan (59) cxonurca K Helt B L, (|x|<<1).
Ilyctb cxoaurca psn (58). Torma (npu ¢ > p)

I

W, — Wy [l x1< 1) =i S [(w, — w,)?*+ | v (0, — @) P dx =
xi<li
1 2 |
= S pdp S [(wq —w,)® + (Wgp — Wpo)* -+ & (g0 — wpe)2] di=

0 0

h‘nc

g 2
) "’;+1 +n 2 k(ai+b}) -0

k=p+1 k=p+1

npu p, g—»co. To ecTb NOCAENOBATEABHOCTb Wn, m=1, 2, ...,
cxogures B H'(| x| << 1). CnepoBarenbho, w e H! (| x| < 1).

[Mycts Temepr we HY (x| <<1). Tak kak pas .moboro r <<l
nocJ/1e10BaTeILHOCTL HOPM

| @m s 01<r =

_artfa el

(°+2 re Z+1k+2yf2k 2k(ak+bk)) m=1, 2, ...,
k=1 ke 1

MOHOTOHHO He YOblBasi, CTPeMHTCS NpH m—» o0 K |W i ¢xj<r),» TO

npu BceX r <<l M Bcex m HMeeT MecTO HepPaBeHCTBO

m

\! p I 1
D k(@400 ™ < [l g <n < g [0l gri<n <
k=1

1
< clwlhgs<.

CrenoBaTebHO, YacTHUHBIE CYyMME psfa (58) orpaHHueHbI:

m
l 2
2k(ai+bz)<~,—,llwllmax|<n, m=1, 2, ...,

kel

T. e. pang (58) cxoaurcsa. Jlemma jpokasaHa.

[Nepefinem K pokasarenncrBy Teopemnl 13. [ocrarouHocTb Hemep-
JIEHHO BBITEKaeT M3 JieMMbl 4, NMOCKOJIbKY B CJyyae CXOQHMOCTH psia
(58) ¢ynkuns w u3 (59) npunamaexur H!(jx|<<1) u ee cuen Ha
OKDYXHOCTH {|x|=1} paBeH .

Hokaxem Heo6xogumocTh. [lycTh cyuwecrByer ¢yHKnua @O =
e H' (x| << 1), ans koropolt @ | (:x, =1y =¢. Torna B cuay teopemnt 10
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cyuecTByer obofuleHHOe pemeHne H3 H!' (| x|<C1) mepBoit KpaeBoi
3ajaud paa ypaBHenus (1) c¢ rpanuuHofl ¢yHkuMenr ¢. [lycts u —
oGO0lleHHOe pellleHHe NepBOH KpaeBOi 3ajaud jgaa ypaBHeHHa (1)
npu k=1, a=f=0, ynoBrerBopsiOlIee YCIOBHIO U | (jxj=1} =.
B n. 2 caepymwouero naparpadpa Oyger MokasaHo, 4TO (yHKUMS U
npuHagaexxur C®(lx|<<1) u ypoeaerBopsier B Kpyre {jx|<<l}
‘'ypaBHennio Au=0. Bocnosabdyemcsi 3THM pe3yJ/bTaTOM H DPa3JOXHM
¢yukuno u(x)=u(p, 6) npu ¢ukcupopannoM p < (0, 1) B paBHO-
MepHO U abCo/IIOTHO cxonsluuiica psag Pypre no 6:

=)

u(o, =22+ 3 (U, (0) cos k84 Vi (p) sin k8),

k=1

rae
2n )
Us(@) == \ u(p, O)coskdds, k=0, 1, ...,
lz‘i
Vi) =~ S u(p, 8)sinkdds, k=1,2, ...
0
Oyukuun U, (p) (u Ve(p)), k=0, 1, ..., GeckoHeuHo pudde-

peniupyeMul npH 0 <<p << 1 ¥ orpanunuensl npu p — -+ 0. [lockoabky
ues H'(Jx|<<1), To B cuay TeopeMbl O cJegaXx GyHKuui u3
H'(x|<<1) p1a Bcex k=0, 1, ... uveem

2§L (u(p, 8)— @ (8)) cosk8db—0 (? (u(p, 8)—o () sinkede»O\
0
’ npu p—>/l —0.

dro osnauaer, uto Bce ¢yHKuUH Ug(p) (V. (p)) HempepelBHbI cleBa
B Touke p=1u U,(1)=a, (V. (1)=by), k=0, 1, ...

"Tak kak g1a pe (0, 1) Au=upp—|-ipup—|-pl2uee=0, TO JAS
TaKHX P
| 2n I 2n

Uk (p) =+ § Ugo (P, 8) cOs kb db= 7 § Uy cos kO do —

b

%Sueecoskede———uwr U k=0, 1, .

b

dro osHauaer, 4TO A5 Jwobeix k=0, I, ... ¢yskuusa U, (p) ynos-

JgerBopser npu O0<<p<<l o6bKHOBeHHOMY paupdepeHnHaILHOMY
2
ypaBHeHH:0 (Jitnepa) y' -+ —:; y — ‘%y = (). NockoJabKy o6llee pelleHHe
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3TOro ypaBHeHHs HMeer Buay Bp*+Cp-% npu 220 u B+Clnp
npu k=0, rge B u C— npousBojbHbe MNOCTOAHHBIE, TO U (p) =
=au*, k=0, 1, ... Ananoruuno nokaseiBaeTcsi, uto V,(p) =
=bkpk, k=l, 2,

Takum obpasoM, QyHkuHSA u, NpuHagiexaumas H! (jx!|<<l1), cos-
nagaer ¢ Qynknuell w u3 (59). A torga B cuiay Jemmbl 4 cxoauTcs
pax (58). Teopema nokasaHa.

HcnosmbayeM 3Ty Teopemy a/1s1 NOCTPOEHHS HelpepbiBHOH Ha
oKkpyxkHOCTH {p=1{ ¢yHkuuu ¢ (0), KOTOpPYIO HENb3A NPONONKHTD
B Kpyr {lx!{<C1} bynknueit uz H'(jx << 1). Iycers

[ee)

k36
o 6)= Y G

k=1

Tak kKak 3TOT pPsif CXOANTCA paBHOMEPHO, TO GYHKIHA ¢ =
e C(jxj=1). CornacHo Teopeme 13 OHa BMecTe C 3THM HE MOXET
6ot caenoM GyHxkUHM M3 H!(|x|<C1), nockoibky psan (58) nas

ol s

Hee | OH HMeeT BI/IILE k3—(—151;)g) pacxonuTCs.
E=I

9. BapunauuonHbIi MeTOj peweHusi Kpaeeblx 3agad. [lycts H' —
NPOHU3BOJBLHOE MOANPOCTPAHCTBO BeilleCTBEHHOro npocrpancrea H!(Q),
B uyacTHOCTH, H’ Mmoxer copnanarb co Bcem H!'(Q). Byaem cunurats,
yro B H' 3amaHo cKa/JApHOe NMpPOH3BeneHHe, 3KBHBAJEHTHOE OGLIYHOMY
CKaJIIPHOMY TpoH3BeneHuio B H!(Q).

BospMem HeKOTOpyIO BelleCTBeHHYIO (yHKIHIO f< L, (Q) H pac-
cMOTpHM Ha H’ ¢yHKuHOHan

E@=|vli+2( Ve, vEH. (60)
Tak xak |(f, U, @ <[l @] @ <Clflu @l
BeeX v &
E(v)=|v|

|#» TO Agd

i —21(fs V)@=l —2C|0)a |, @ =
=(v]a — C|flL. @)? —C?Ifli, @ = —C?| i, -

Dro o03Hayaer, YTO MHOXECTBO 3HaueHuii (yHKuHoHala £ Ha H’
orpaHuueHo cHU3y. OGosnauuM uepes d =d (H') TOUHy© HHXKHIOW
rpaub ¢yHKuHOHata E Ha H':

d=inf E(v).

ve H’

$yukuus u M3 H' HasbiBaetcs GyHKUMeH, peaiusyroujed MuHu-
mym pyHkunoHana E Ha H’, ecau

E(u)=d. (61)

Kak ¥ uyHcIO d, GyHKUHMS u, KOHEYHO, 3aBHCHT OT Bbi6Oopa moj-
npoctpaHcTBa H'.
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[lo ompeneseHHI0 TOUHOH HMXKHEH I'paHH, CYLIECTBYET IIOCJA€40Ba-

TEeJbHOCTb Uy, m=1, 2, ..., dyHKuMA U3 H’, 1jas KOTopoi
lim E (v,) =d. (62)
m-—0

Jlio6as Takas NOCJENOBAaTeNbHOCTh HA3bIBaeTC MOC/ENOBATe/b-
HOCTbIO, MuUHumusupyioweti dynkuuonan E na H'.

Jlemma 5. [ua moboeo nodnpocmpancmea H' npocmpancmsa
HY(Q) (8 wacmrnocmu, H’' moocem cosnadame ¢ H (Q)) cywecmeyem
eQuHcmeenHas gynkyua u us H', pearusyowjas Munumym @yrHkyuo-
Hana E na H'. Jlobas nocaedosameabHOCmb, MURUMUSUDYOWAS
pynryuonar E na H', cxodumca x amoid ¢yuxyuu 8 nopme H'(Q).

Iycrs v,, m=1, 2, ... ,—nNpoH3BOJbHAS MHHHMH3HpYIOMAS
¢yukuyonan E Ha H' nocrepoBartenbHocTb 3jaeMeHToB M3 H'. Torma
no JwoGomy &>0 MOXKHO yKa3aTb Takoe uyHcilo N =N (g), uto aJas
Bcex m= N

<E (vm)éd—{-s. (63)
Um Xt Ug|?
Tak Kak UﬂQ—i \H, = T” Um |t + s || Us |l = 2 (Vms Us)ur, TO
[ Um—VU0
”_m___s_ +” m—Ys H’=5(uvm|3f,
W3 nociepnero paseHcTBa ¢ nomombio (60) mosyuaem
U — Us |P l Um0 |P
)_&2__5 =g gy —| 2l =

— 5 (E (o) +E (0)) — E (22F%),

Ho E(v—”‘%)éd. a QyHKUMH U, U U pH m, S=N ynoBJjerso-

pstor HepaBeHctBaM (63); 3HauuT, mpH Bcex m, s=N uMeeT MecTO
HepaBeHCTBO
Um—Us |

- T d+etdte)—d=e,

H3 KOTOpOTO B CHJYy NPOH3BOJbHOCTH &> ( cienyeT ¢yHmameHTalb-
HocTh B H'(Q) B3sTO# nocienoBatenbHOCTH. Clle0BaTeIbHO, CYIIECT-
Byer ¢yHKUMs 4 u3 H', K KOTOpOH 3Ta MOC/I€NO0BaTeJbHOCTh CXO-
autcs B HopMe H'(Q). Ho Torga Hvs|Hr—>||u|,Hr u (f, v, @~
~(f, w)L, @ TpH s—»oo, U 3Hauut, E (v5) > E (u). PaBenctso (61)
c/efiyeT Tenepb M3 COOTHOLueHHs (62).

ITokaxkeM egMHCTBEHHOCTh (GYHKUMH u, peau3yiomell MHHHMYM
Ha H' ¢ynkuuonana E. IycTh cymecTByioT nBe TakHe QyHKUMH 4,
H u,. Torpa mocsenoBaTebHOCTb Uy, Uy Uy, Uy, ... SABJSETCH MOCJe-
JIOBaTeJIbHOCTbIO, MHHUMH3HpyIOmel ¢yHKuuonan E nHa H', U He
sBJIfieTcs cxopdmelica B H', u4TO MPOTHBOPEYUT TOJBKO YTO AOKa3aH-
HOMY yTBepxieHHio. JleMMma.joKasaHa.

0<
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Hanoxum Ttenepb Memod Pumya NOCTPOEGHHS MHHHUMH3HUpYIOLIEH
dyHKIHOHAn E nocsepoBatesbHOCTH. Bo3bMeM B H' NpoH3BOMbHYIO
JUHEHHO He3aBHCHMYIO cCHCTeMy (pYHKUMH @, k=1, 2, ... , JuHe#-
Hasi o6oJlouka Kotopoi Bciopy njotHa B H'. B cayuae, ecmu H' =
= H!'(Q), B KauecTBe TaKOH CHCTeMbl MOXKHO B3fiTh, HalpHMep, MHO-
KECTBO BCEX OJHOUNEHOB X*=X|' ...x.%, TA€ O — NPOU3BOJbHBIH

n-MepHbIl BEKTOP C IENOYHCIEHHBIMH HEOTPHLATEIbHBIMH KOOpAH-
HaramH.

OGosHauuM uepes R, HaTAHyTOE Ha @, ..., @, k-MEpHOE NOANPO-
cTpaHcTBO npoctpanctBa H < H'(Q) M HafineM 3JieMeHT, peanu-
3YIOIHH MHHHMYM yHKIHOHata E Ha R, (corsiacHO JieMme 5 TaKo#
ssemeHT cymectByer). Tak Kak /060l a/1eMeHT H3 R, npejcTaBJsercs
B BHJIE C;P; -} ... -;-CpPp TPH HEKOTOPHIX BEIECTBEHHBIX [OCTOSHHBIX
¢;, TO 3Ta 3ajaya SKBUBAJIEHTHA HaXOXIECHHIO MHHHMyMa IO ¢, ...
v+ yCp (PYHKIUH

Flew ooov c)=E 191+ ...+chs) =
k k
> e (@i, opar+2 D) e lfy 9L, -

{, i=1 i=1
Bekrop (¢;, ..., Cr), Ha KoTOpOM (DYHKIHMS F nOCTHraeT MHHUMyMa,
o . OF ,
SIBJSIETCA PellleHHeM CHCTEMB! JIMHEHHbX ypaBHeHuH — =0, i=1, ...
. 1
ee., B, T. e. cHCTEMBI

k
> (@6 9puei+(Fr 9. =0, i=1, ..., k (64)
=1

Onpenenutenb cucrembl (64), HaspiBaemuil onpepeautesnem ['pamma
CHCTeMB Qq, ..., Qp, OTJIHUEH OT HYJsA. JleHCTBHTENbHO, €c/in Obl OH
6Ll paBeH HyJIIO, TO U3 JHHEHHOH 3aBHCHMOCTH €ro CTPOK c/1e10BaJlo
Gbl CyIECTBOBAHHE TAKHUX NMOCTOSHHBIX &1, ...\ Ep | &1 |+ ... || # 0,
uto &1 (P @)+ . -. +Ee (Pr» @)nr =0 npu Beex j=1, ..., k. A 310
o3Haya/Jo Obl, 4TO (GyHKUHA E;¢, -} ... -} &P, opTOoroHalbHa BCeM
GYHKUHAM @1y ...y Qps T. € E1P1+ ... +Expr =0, yT0 NpoTHBOpEUUT
JIUHEHHON HEe3aBHCHMOCTH CHCTEMBl @y, ..., Qp.

Hrak, nuneiinas cucrema (64) Bcerja HMmeeT efHHCTBeHHOe pelie-
nye cf, ..., ck. Torna dyHkuus

Uk=0'f(P1+---+0§(Pk (65)

u3s R, peamusyer MHHUMyM OyHKIHOHana E Ha R,. IlocaenoBaresns
HocTh (YHKUHA Up R=1, 2, ..., HasbiBaeTca n0CAe008AMENbHOCTBIO
Pumya nns dyHkuyuoHana E mo cHcteme §q,@y, ...

Jlemma 6. llocaedosamesvrmocms Pumya v, k=1, 2, ..., pyHk-
yuonara E no npoussorvroll AuretHo Hezagucumoli cucmeme GyHkyul
O k=1, 2, ..., ¢ 6c00y naomnoti 8 H' aunelinoii 06osouxod asrsemca
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nocaed08ameAsHoOCmbI0, Munumusupyroueld gynkyuonar E na H'. TTocae-
dosamenvHocme Uy, k=1, 2, ..., cxodumes 8 wopme H' (Q) k yrkyuu
u, peasusyoueds munumym E na H'.

IMockomky Ric Ry <...cR,<...c H, 10

Ewm)=E@W)=...=E(v))=...==d. (66)
Tak Kak JHHeH{Has 060JouKa CHCTeMHl ¢, k=1, 2, ..., Bciogy nJo-
tHa B H', 10 no mo6omy €>0 Hafiavrca TakHe uMcaa k =k (€) u
ci(€)s ...y Ch(B), UTO |t —ulur <&, THE Ug=C] (8) Py +...-Ck (E) Qs

npunagnexur R,. M3 (60) Toraa BhiTeKaer, uTo

E (ug)=|uelhr +2(fs the)r,@=|te—u-tuls +
+2(f, ug—utu), Q=EW)+EUs—u)+2 U, —u, u)gr <

<d+|E(We—u) | +2|ue—tlu |t <<d -+ e —u |3+
+2C| fley @l e — tlr +2] e — t |l | u
<d+&+2C|fl, @e+2u

npu Hekoropoii nocrosHHoit C;>0. Tak kak muHuMyM E Ha R,
jgocTHraercss Ha QYHKIHH 0, TO IS BceX ==k B cuidy (66) d=<
< E (v;)<<E (v;)<<d--Cie. D10 u o3Hauaer, uto E (v;)—>d npu
s — 00, CXOAMMOCTb NOC/I€N0BAaTe/IbHOCTH U, =1, 2, ..., K QyHKIHU
u caenyer u3 Jemmsl 5, Jlemma nokasaHa.

YcTaHOBUM Tenepb BaXKHOE CBOHCTBO (yHKUHMH 4, peanusytomieil
MUHHMyM ¢yHKuHoHana E na H'. BosbMem .06yt ¢yHKuuo v & H'
H TNPOH3BOJbLHOE BellecTBeHHoe yHcJ/o {. PyHKUMA w;= u - fv NpHHa-
aiexur H', mostomy MHorouleH (no f) P (f)=E (w)=E (u)+
2 (1, O+ (s V), @) + 20l =d ana Beex t & (— o0, + 00).
Kpome toro, P (0)=E (u) =d. 3nauur,

P =2( Du+ G Vo) =0.

H <=
lne<<d-+Cie

Hrak, mwobas peaausyomas MHHHMyM ¢yHKUMOHada E Ha H'
¢yukuus u u3 H' npu Bcex v & H' ynoBreTBopsieT TOXKAECTBY

(u, V) -+, V), @=0. (67)

o cux mnop Ham ObL10 6e3pas3HyHO, KaKUM o6pa3oM B MOAMpO-
crpaHctBe H’' onpepesieHo CKaJisipHOE NMPOU3BeAeHHE, KBHUBAJEHTHOE
OObIYHOMY CKaJsIsipHOMY NpousBepeHHio B H! (Q).

Mycte H' = H'(Q). Bosbmem dyukuuio k(x) & C(Q), k (x) =ky =
= const >0, ¢yukuuo a(x)=C(Q), a(x)=0 B Q, U GYyHKUHIO
g(x)=C(©0Q), 6(x)=0 Ha 0Q, ¥ NpeanoNoKUuM, 4To HIH a(x)==0
B Q, uu o (x)3£0 nHa Q. CkansipHoe mpousseaeHue B H'(Q) ompe-
genum paseHctBoM (10):

(s V) @ = (RVuVo + auv) dx + § kouv dS.
Q Q
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ToxpectBo (67) Torga coBmagaer ¢ TOXIAECTBOM (6):

{ (&VuVo + auv) dx+ § kouvdS=— {fv dx,
Q aQ Q .

OnpeeIonHM 06006IIeHHOe peleHHe TpeTbel HJIM BTOPOH (eCiH 0 =
=0) KpaeBoii 3ajaud A ypaBHEHHS (1) (npu ogHOpOAHOM I paHUY-
HOM YCJIOBHH).

Ecmu H' = HI(Q), a CKaJfpHOE NpOH3BEe/eHHe B m (Q) ompene-
JeHo opmy.ioit (7):

s 0) gy = ‘ (kVuVo -+ auv) dx
Q

(k(x), a(x) npunampiexar C(Q), k(x)=k,>0, a(x) =0), T0 TOX-
necTtBO (67) coBnanaeT ¢ TOXJECTBOM (4), onpeessIomuM 060GIeHHOe
peleHHe nepBoii KpaeBoll 3afiaud Aas ypaBHeHHus (1) (npu opHOpOA-
HOM I'paHH4YHOM YCJOBHH).

Takum o6pa3zoMm, noKasaHa ciejyomas

Teopema 14. Cywecmsyemn eduncmeennan ¢ynxyus u us H (Q),
pearusyroujan munumym gynxyuonara E wa H' (Q). Ecau cxkaaspHoe
npoussedenue 8 H' (Q) onpedesero pasencmsom (10), mo ama pynkyus
aeasemcs 00600ueHnbm pewienuesm mpemeetl ual émopor (npu o == ()
kpaegoti 3adauu 0 ypaswenun (1) (npu 00HOPOOHOM epaHutHOM .
Yycao8uL).

Cywecmsyem eQuHcmeeHHAs GYHKYUL U u3 m (Q), peasusyouwan
MURUMYM pynkyuornasa E Ha m (Q). Ecau craaaproe npoussedertie

6 H1 (Q) 3adaemcs opmyaoi (7) mo ama Qynryus aeisemcs 0606uieH-
HoM petdenuesm nepeoli kpaesoli sadauu 0aa ypasuerus (1).

Teopema 14 paer ppyrofi, He3aBHUCHMBIH OT MeToja, NpHMEHSB-
werocs B TeopeMax | W 2, BapHalMOHHBIH cNocoG JOKa3aTelbLCTBA
TEOpeM CYIIECTBOBaHHS H €JMHCTBEHHOCTH OGOGIUEHHBIX pellleHHii pac-
CMOTpPEHHBIX B M. 2 KpaeBblX 3ajau, H YyKasblBaeT Ha BapHallHOHHHIH
CMbIC/T OGOGLIEHHBIX pelleHUH,

Ecau mnoanmpocrpanctBo H' cosnagaer ¢ H'(Q) (c ﬁl(Q)) H

B HX(Q) (ﬁl (Q)) BBeneHO 3KBHBAJEHTHOE OGLIYHOMY CKaJIsipHOE Mpo-
usBsenenve no ¢gopmydae (10) ((7)), To nocaenoBaresnbHOCTs PuTla o,

k=1, 2, ..., ¢yukuuonana E Ha H'(Q) (HY(Q)) B cuny memmu 6
u Teopembl 14 cxomutcs B H!'(Q) k 06GOGIEHHOMY peLUeHHIO TpeThbeil
(nepBoii) kpaeBoil 3afaun Ajst ypaBHeHus (1), To ecTs nocaenosaresn-
dHocts PuTia MOXHO paccMaTpuBaTh Kak IOCJIEIOBATeNbHOCTb, I1PH-
O6/IMXKaMY0 0GOOIIeHHOe pellleHHe KpaeBOH 3ajaud IJs ypaBHe-
ausa (1).

Takum obpa3om, AOKa3aHa
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Teopema 15. [locaedosamenrsnocme Pumya ¢ynxyuonara E,

3a0annozo Ha H' (Q) uiu na HY(Q) (ckaraproe npoussedenue 3adaemes
gopmyranu (10) uau (7)), nocmpoeHHas no RPOU3BOAGHOL AUHELHO
Hesasucumol cucmeme GyHKkyull, AuHelnas 0060404Ka Komopoli 6clo0y

naomna 6 H'(Q) uau HY(Q) coomsemcmsenno, cxodumcs ¢ H'(Q)
K 0000uienHoOMYy pewieruro coomsemcmayowell Kpaesoti sadayu (mpemoets
uau nepeoti) oan ypasnenusn (1).

§2. TI'mapkocTo o6GoGmeHHbIX peireHHH. KiaccHyeckHe pelieHHs

B npeapiaymem naparpade Mbl 3aHHMaJHCh H3yueHHeM pa3 pellu-
MOCTH OCHOBHBIX KpaeBbIX 3aiayu JJs 3JUIMNTHYECKHX YPaBHEHHH
BTOpOro nopajka. IlepeiineM Teneps K HCCI€NOBAHHIO INIaJJKOCTH pellie-
HUH 3THX 3ajau.

Bynem npexguo/arare, 4To faHHBIE paccMaTPHBaeMbIX 3aj1aU BEMIECT-
BEHHO3HauHB!, Torpa, Kak orMeyajock B § 1, oGOGuIeHHbIE P ellEHHS
3THX 3ajjay TOXKe BellleCTBeHHO3HauHbl. [lo3TOMy Bclony aajee Mbl, He
oroBapuBasi 3T0ro ocofo, OyjeM NOHHMAaTh NOJ PeIUeHHAMH BeIecT-
BeHHO3HauHble (yHKIMH — 3/1EMEHTH! BellleCTBEHHRIX npocrpancts C* (Q)
wm H*@Q), k=0,1, 2, ...

[lpy wHccnemoBaHMM TVIaAKOCTH OOGOGINEHHBIX pellueHHH Ileseco-
06pasHO BbIAENHTb ONHOMEPHHIH CJyuail, NOCKOJbKY pe3yJ/bTaThl,
KOTOpble B 3TOM cJayuae GyAyT MOJyueHbl, BOOGIIE roBOpf, Hecmpa-
BeJHBbl A1 n>1. HcciepoBanne B. opHOMEpHOM cJyuae, KpoMme
TOTO, 3HAUHTENbHO npoile, B yactHocTH, npH n = 1 06o6iieHHbIE pelne-.
HHSI KpaeBblX 3ajau (OHM TNpHHajgIexaT npoctpaHcTBy H! (2, B))
SIBJISIIOTCS HAa OCHOBaHMH TeopeMmbl 3 m. 2 § 6 rua. [I] HenpephBHBIMH
dyHkuusamM Ha [o, B]. B oxHoMepHOM cilydae mpocTo pelaercss H
BONpPOC O mpofo/ixkeHUH GyHKUWH, 3anaHHOll Ha rpaHule, B o6JacTb
byukuueit us H!(a, B): ecin @ |,q =y, D 'yg=¢;, TO B KauecTBe
TaKOTO TNpPOJO/DKEHHS MOXHO B3fTb JHHeHHYIO ¢yHKIHID O =
_ X0 —9) _ ap1—Bg

p—a p—a

1. Tnapkoctp ©0GOOIIEHHBIX pelleHHH B OLHOMEPHOM cJyyae.
HanomuuM, 4to KpaeBwie 3ajaud JJd ypaBHEHHS

Lu=(ku') —au=f, xe(a B), ()

B KJaCCHYeCKOH MOCTAHOBKE COCTOST B HAaXOXJAEHHM peIleHHS U (x)

3TOr0 ypaBHEHHS, YIOBJETBOPSAIOUIEro CJAEAYIOMHUM YCJIOBHAM: B CIy-
yae nepBoii KpaeBofl 3anauu u(x) = C*(a, P)NC ([a, B]) u

Ulk=a =0 HUlx=3=01, 2)

B clyuae Tperbell (BTOpOi) KpaeBoi 3ajmaud u(x) = C%(a, B)N

NC ([, B u
(— Uy +0olt) lt=a =Pos  (Ux+011) |x=p = P1. (3)
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3nech k(x) = C ([a, B]), a(x) =C ([o, B)), f (x) —3ananuble PyHKIHH,
k(x)=ky>0; oy, 01, @y, ¢y — 3anaHHBIE MOCTOSTHHBLIE,

O6o6uenHoe pewenne 3sagauu (1), (2) (f =L, (a, f)) ectb dyHk-
uua u (x) u3 Hl(a, B), ynosJjerBopsiomas HHTErpajJbHOMY TOXKAECTBY

p B
{ (ku'v’ +auv)de=— {fodx - 4)

IpH Bcex ve Mt (a, f) ¥ rpaHUYHBIM yCJIOBHAM (2).
O6o6imenHoe peienne 3apauu (1), (3) (f= Ly (e, B)) ectb dyHK-
uus u(x) us H'(a, B), ynosjerBopsiowas HHTErpajbHOMY TOXKAECTBY

B
{ (fu'v’ +auv) dx 4k (B) o1 (B) v (B) -+ £ (@) Ot (o) v (o) =
* B
=—{jode+ k@) o0 B)+E (@0 (@) ()

npu Bcex v e Hi(a, P).
CnpaBenMBO Clefyloillee BCTIOMOraTe/lbHOE YTBEPKAEHHUE.
Jdemma 1. Ecau f=C([a, B]), mo ¢dynkyus u(x) us H' (a, ﬁ)
yOosaemsopsiowan unmezpasbHomy moocdecmgy (4) npu scex ve

e H' (o, B), npunadsescum npocmparcmey C*([a, B]) u ssasemcs
6 unmepease (o, p) pewenuem ypasrenus (1).
Tak kak oynkuusa u(x) =C ([e, B)) (H'(a, B) = C([a, B]), T

f+ane C(la B]) u S(f (8)+a(®) u (&) d5 = C' ([ B]). Pacemorpum

DYHKLIHIO U (X) = Sk o S (f (&) +a (E) u (E)) d&. B cuny yc/iosHit Ha k(x)

GyHKUHA U, (x)EC2 ([oc, B]) 4, kpome Toro, oHa siBAsieTcs Ha (a, P)
peiieHneM aHdpepeHIHATBHOTO YpaBHeHHS (kuy)' =f (x) +a(x) u(x).

CrenoBatesbHo, NpH OGO ve H (a, B) GbyHKIHA U, (X) yaoBJer-
BopﬂeT paBeHCTBY

B B
{ (kug’ +auv) dx = —\fo dx;

3HAauMT, NpuHHajIexamas H'(x, f) dyHKUMA u;=u —u, ynoBJeTBO-
pSeT MHTErpajbHOMY TOXIECTBY

8 o

VRujv' dx=0, veH' (a0 B),

(¢
H3 KOTOPOro BbiTeKaeT, 4TO (PyHKUHMA ku; uMeeT Ha (a, B) o6obiieH-
HYIO TMPOM3BOAHYIO, paBHyl0 HyJio. CrenoBarenbHo, kuj=const, T. e.
uy & C* ([, B]). Tlostomy u dynkuus u(x) = C*([a, §]).
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B B
Tak Kak s Beex v e H! (o, B) (ku'v’ de=—F (ku')v dx, 10

13 (¢
u3 (4) BoiTeKaer, uto HenpepsiBHas Ha [o, ] dynkuua (ku') —
— a(x) u (x) —f (x) oproroHa/bHa (B CKaJIspHOM NpOU3BeAEHHH L, (e, P))
moGoit ¢yuxkuun us H!(a, p). Iostomy ¢yHkuus u(x) siBasercs
B (&, B) pewenuem ypaBuenus (1). Jlemma joKa3sana.

Oo6obimenHoe perende u (x) moGoi M3 KpaeBuIX 3ajad, nepBok,
BTOpOH HJIM TpeTbelil, NPHHAAJIEXKHT H! (o, B) ¥ AJ151 HEro UMeeT MeCTO
toxaecTso (4) npu Bcex v H(a, B). Tlostomy B cuay Jemumbl 1
u(x) =C*(le, B]) 1 u(x) asaserca B (o, B) pemweHHem ypaBHeHHus (1).

Takum o6pasoM, Mbl mokasanu, uto npu f & C ([e, p]) o6oGineH-
Hble PellIeHHs] paccMaTpHBaeMblX KpaeBHIX 3ajad HMeOT Ha OTpe3Ke
[e, B] HenpepbiBHBIE POH3BOAHLIE O BTOPOrO MOPAAKA BKJIOUUTENbHO
H ynoBJerBopAOT ypaBHeHuto (1), Ilpu stom oueBHpHO, uTO B Cly-
yae [epBod KpaeBoH 3ajaud (yHKUMS # (X) yJNOBJETBOPSET TpaHHY-
HbIM ycJoBHsM (2). B ciyuae Tperbell (BTOpOH) KpaeBoH 3ajauu AJs
Jo6olt pyHKIMH v (x) & H' (a, B)

B ] .
Veu'v' de=—((ku') vdx+k(B) u' B)v(B)—k () u' (D)o ().

3HauuT, B CHIy TOXzaecTBa (D)
k(B) (u" (B)+ o1t (B) — @1)v(B) + k(e) (— u' (@) + oot (@) — o) v (@) =0

npH mobeix v (f) U v(x) (HamOMHUM, 4TO NpPH JIOGHIX v () H v (B)
cymecTsyer ¢ynkuua v(x) u3 H!(eo, P), nNpHHHMaiomas NPH X =0
H x=f 3HaueHusa v(a) H v (P)). [Tlostomy byHKUMA u(X) yROBJETBO-
psieT rpaHUYHBIM -YCJAOBHAM (3).

Hrak, nokasana

. Teopema 1. Ecau ¢ynryus [ (x) = C ([, B]), mo obobujernoie

pewerus nepeoil, emopod -u mpemeoeli Kpaegolx 3a0ay 0Af YPABHEHUA
(1) npurnadaexcam C*([o, B]) u ssasomes kaaccuseckumu peuieHuamu
coomsememsyowux 3aday.

IMycte  us (x) — oGoGiueHHas coGCTBeHHass (PyHKIMA, HampuMep,
TpeTbell (BTOpOi) KpaeBoii 3ajaud Jsis omeparopa <. DTO O3Hayaer,
uTo U (x) = H'(a, p) u, TeM cambiM, 4 (x) =C ([, B]), U aas Hee
npu Jo6oit v & H!(a, f) BeINOJHSAETCS PaBEHCTBO

B
{ (ko' + augv) dx +k (B ) o1t (B) v (B) -+ & (@) Oots (@) v (@) =
[¢2 . B
=— A\ uv dx,

rae Ag —co6erBennoe 3HaueHue. CorJacHo Teopeme 1 GyHKUHSA u (x)
npunapiexur C%([o, B]) ¥ sABAfercd  KJAcCHYECKHM  pelleHHe:
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YpaBHEeHHS
Lu=(ku') —au="hu, x&(a,p), (6)

yIOBJETBOPSIOMUM OJHOPOAHBIM T'PAHHYHLIM YCJOBHAM (3), T. €. U (x)
eCcTh KJaccHuecKas coGCTBeHHasi (DyHKLHUS TpeTbel (BTOpOi) Kpaepoii
3ajaul AJs onepatopa L.

AHanoryuHo mnoxasbiBaercs, 4TO 0GOGiIEeHHas cOOGCTBeHHasl (yHK-
uMs U4s(x) mnepBoii Kpaepoli 3anauu npuHamaexur C2([e, f]) wu
ABJAeTcsa KJaccHueckol coGeTBeHHOR (yHKUMeH 3ToH 3ajauu.

JlokaxeM, uTO cOGCTBeHHBIE 3HaUYeHHUs JOGOH U3 paccMaTpHBaeMBIX
KpaeBbIX 3ajau oOpHOKpartHbl. [IycTh cyimecTByeT coGCTBEHHOe 3Haue-
HHe A;, Hampumep, TpeTbell KpaeBoH 3ajaud, KOTOPOMY OTBEYAIOT JBE
JIMHEHO He3aBHCHMble coGCTBeHHble GyHKUuH 4V u ul®), »

Kak wusBectHO, ofilee peiieHHe ypaBHeHust (6) HMeer BHJ
Cwu'V+Cou'®, rpe C; u C,—npou3BoJbHbIE TOCTOSHHHE. 3TO
O3HauaeT, 4To JIoGoe pelueHHe ypaBHeHHsl (6) LOJKHO yNOBJIETBOPSATH
rpaHUYHOMY YCJIOBHIO 4’ (@) — g () =0, mocKoabky o6e GyHKUHH
'V u u'® ynoBNETBOPSAIOT 3TOMY TPAHUYHOMY YCJIOBHIO. A BMecre
C TeM CYHIeCTBYeT pelueHHe YypaBHeHHs (6), He yJOBJeETBOpSAOIee
3TOMy YCJOBHIO, HampHMmep, pellleHHe C Haya/JbHbIMH YCJIOBHSAMH
u(a)=0, ' (a})=1.

Takum o6pasoM, ycraHOBJ/EHa

Teopema 2, 0606ujernnvie cobcmeentbie Gynryuu nepeoti, 6mopoti
u mpemoedl Kpaesoix 3a0au 041 onepamopa L npuradaexcam C? ([a, B])
U SABASIOMCA  KAQCCUMECKUMU COOCIMBEHHOIMU (DYHKYUAMIL COOMBEMCn-
sylouux Kpaesolx 3adad, Bee cobcmeenHbie 3HaueHUs OOHOKPAIMHOL.

2. BHyTpeHHsIA raagkocTs 0600mMeHHbIX peieHui. [lepeiinem tenepn
K MCCAENOBaHHIO TIVIafKOCTH OGOGIIEHHBLIX pelleHHH KpaeBblX 3ajau
B caydae n>>1, Jlas Toro 4to0bl TeXHHUECKHe HeTalH He Mella/u
BLISICHEHHIO CYIecTBa jeja, OrPaHHYUMCH PacCMOTPEHHEM YaCTHOTro
cayyasi ypaBHeHus (1) npenpiayiero naparpada — H3y4uM TVIafKOCTh
0GOGIIeHHbIX pellleHHHt KpaeBblx 3ajad AJds  ypaBHeHHs [lyaccoHa
(=1, a=0) )

Au=f. (7)

HanomuuM, uto 0606ieHHbIM pellieHHeM MepBOi KpaeBol 3ajauM jJs
ypaBHeHus (7) saBaserca GyHKuUMA u (x) u3 H'(Q), yrosiersopsiomas
HHTErpajbHOMY TOXKIECTBY

SVu~Vvdx=—§fvdx 8
Q Q

npH Bcex ve Q) u TPaHHYHOMY YCJIOBHIO U ]ap =@ (DyHKUHUSA
feL;(Q), a dyukuus ¢ sBiasercd clefoM HeKOTOpoH ¢yHKRuuu O
us H! (Q), T. e. cymectByeT Takas pyHxuusa @ € H! (Q), uto D 150 = 9).

OG6o6ieHHBIM pellleBHeM TpeThell (BTORO#) KpaeBOo# 3ajaud aJs
ypaBHeHus (7) saABaserca ¢yHKuMs u(x) us H'(Q), a1a Koropoii
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BbINOJIHEHO HHTET PaNbHOE TOXKAECTBO

{ VuVode+ §ouvdS=—{fode+ § qudS 9
Q 99 Q aQ

npu Bcex ve H'(Q) (pyuruns f < L, (Q), a ¢ = L, (0Q)).

M3 pesyabrartoB npeabiayillero naparpada BbITeKaeT, uTo 060G6-
IEeHHoe pelieHHe u (x) MepBOil KpaeBoH 3ajaud CymEeCTBYeT, efHHCT-
BEHHO H YJIOBJIETBOPSAET HEPABEHCTBY

||M|H!(0)<C<||/‘IIL. @ + nf Ilq)llﬁl(o)) (10)

e H?
®|0Q=(p

¢ nocrosiHHo#i C, He 3aBHcsmell or f U ¢.
OG6oGinennoe pewenne u (x) Tpetbell KpaeBol 3amauu npu ¢ =0,
00, ToXe CyLIeCTBYET, €MHHCTBEHHO U YJOBJIETBOPSET HEPABEHCTBY

fulwi@ < C (I . _-*-HCPIIL,(aQ)) , (11)

¢ nocrosHHol C, He 3aBucsed oT f u .

B cnyuae BTopo#t Kpaeso# 3ajaun (0 =0) 6yaeM npepnoJararhb
BHITONHEHHLIM yciioBHe ee paspemmmoctd: —{fdx+4 {@dS=0,

Q aQ
Torpa B Kiacce ¢yHKIMEH, OPTOrOHANbHBIX B CKaJIsIDHOM NpPOH3Bele-
HHU L, () MOCTOSIHHBIM, CYINECTBYET €JHHCTBEHHOe O0GOGIIeHHOe pelle-
HHe u (x) BTOpPOM KpaeBOH 3ajaud M /Il HEro HMMEeT MeCTO HepaBeH-
ctBo (11). Tak kak Bce ppyrHe OGOGLIEHHblE pPelIEHUS OTJIHYAIOTCH
OT (YHKIHH ¢ (X) MOCTOSHHBIMH CJIaraeMbIMH, TO NPH H3y4€HHH TIJIaj-
KOCTH OGOOLIEHHbIX pelleHHH BTOPOM KpaeBOH 3ajgaud MOXKHO Orpa-
HHUHTbCS HCCJenoBaHHeM QYHKUHH U (X).
3

Jlemma 2. Hyems f = L (Q)N Hioe @), k=0, 1, 2, ..., a ¢pynk-

yus ue H' (Q) u ydosaemsopsem unmezpasbromy moscdecmsy (8) npu
Prl k o

scex ve H'(Q). Toeda ue Higk? (Q) u das moboii napst nodobac-
meii Q" u Q" obaacmu Q makux, umo Q' &Q"&Q, umeem mecmo
HepaseHcmeo ‘

bulyrea gy < C (IF k@ 144 @n) (12)

¢ noaoxcumensroli nocmosnnoti C=C (k, Q', Q").

JlokasarteabcTBo. Ilycre Q' u Q" — npousBoJbHbIE 10A06/1a-
ctH obGaacth Q Takde, uto Q' &Q'&Q. OGosHauum uepes 6 >0
paccrosinie Mexay rpaHHlaMH 0Q' u 0Q" » paccMOTpHM (YHKIHIO
£ (x), obIanaromyo claenyouHuMi cBoiictBamu: § (x) & C” (R,), {(x) =
=1 B Q5 (4, Tem campiM, B Q’), {(x)=0 BHe Qjs.

[oacraBum B ToXA€CTBO (8) B KauecTBe GYHKUHH U (x) PyHKIHIO
£(x) vo (x), Tne v, (x) —npousBoabHas ynkuusa w3 H'(Q"), mponos-
skenHas HyJem BHe Q" (oueBumHO, {(x)vo(x) = H'(Q)). Tak kak
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Vu Vu = Vu V (Svg) = Vu (VE- vy -+ § Vo) = Vu - V- vy 4+ V (L) Vo, —
— u V{ Vu,, 10 TOXKIecTBO (8) mpHHHMAaeT BHJ

{ VU Vudx = { Fuodx+ § u Vg Vo, dx, (130)
i @ Q"
rae GyHKIHA
U (x) =8 (x) u(x) (14)

npunagiexur H1(Q"), obpauiaercs B Hy/Jb BHe Qg3 M COBNAjaer
c u(x) B Q5, a pyHKuHUA
F(x)=—f—Vu-Vg (15)

npuHagaexuT L, (Q") u obpaiaercss B HyJ/b BHe Q3s/3.
OtmeruM, UYTO Ha caMoM fese HHrterpuposanue B (13y) nmpomusBo-
 AMTCS N0 06JacTH  Qas3. ITostomMy 3TO paBeHCTBO HMEET MECTO He
TOJNBKO 1af JIo6oH v H'(Q"), Ho u maa moboi v, e H! (Q4/2)
(NpOH3BOMBHO NPOJO/IKEHHOH BHE Qf, Kak ajeMeHT L, (Q")).
Bo3bMmeM NpOH3BOJIBHYIO BYHKIHIO Uy (¥), NpHHagqexauyo H! (Q")
H NPOJOJDKEHHYI0 HyseM BHe Q". ns mo6oro i=1, 2, ..., n u npo-
u3BosbHoro h, O<<|h|<<§/2, KOHEUHO-PA3HOCTHOE OTHOILUEHHE
; U (X ey Xy, Xi—hy Xy, oo, Xp)—01(X)
6;_ hvl (x) — 1] 1—19 ) 141y 1) n

AB/serTcs  (PyHK-

nuelt w3 H'(Qs2) N Lo (Q7). Tonoxum B (13,) v, =8 4v; (x) npH HeKo-
Topom i=1,2,..., n u uekoropom h, 0<<|h|<<§/2. C nomouibio
(bopMyJIBl «<HHTETPHPOBaHHA MO yacTam» (popmyaa (9) n. 4 § 3 ra. III)
NOJyYHM PaBeHCTBO

{ voiUVv dx=— § F&' ,v1dx+ 8 (uVy) Vordx. (16)

Q”‘ Qz6/3 @

IokaxkeMm cHayasla yTBepxjneHHe Jemmbl npu k=0. Mz (1))

HeMeJJIEHHO BBbITEKaeT OLEeHKa

[Fle.on<<C' @ Q") (IFlc.en+ e @n )-

[ostomy u3 (165 ¢ nomompo Teopemsr 3 1. 4 § 3 ra. III noay-
yaeM HepaBeHCTBa ‘

, QS” V8,0V, dx | < (| FlLa@n +Cl @) || Vou | I, o <<
<C@Q, Q) (Il ule @) ] Vorilk,om.

Monarasi v, =8,U (cuntaeM ¢yukuuio U Npojo/keHHOH HyJeM BHe
1
Q), NOJyYHM, 4TO

11 V82U ||y < C Qs Q") (I f Ia e 4] ¢ e @)
it ¢t BCex i=1,2...,n 0<|h|<<§/2.
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CornacHo Teopeme 3 m. 4 § 3 ra. Il u3 3toro HepaBeHCTBa
Bureaer, ur0o U H*(Q") u  |Uluon=<<C Q' Q) (|flL.@»+
+ | ¢ |1 @m). Tak kak B obnacty Q' U=u, o u = H*(Q’), 1 uMeer
mecto HepaBeHCcTBO (12) npu k=0. ITockoabky Q' — npousBo/ibHas

CTPOro BHYTpeHHAs nopo6aacTb obactu Q, To u & Hix (Q).
Ilycth Tenepnb fEH{'éj" Q. Ipennonoskum, uyto GyHKUHUA U (X)

obJlafjaer CJAeNYIOUHMH CBOHCTBAMH: U eH{Zj’ 2(Q), JJ1 JIOGOH naphl
nogobnacteit Q, u Q, o6acth Q Takux, uT0 Q; EQy & Q, UMeer
MecTo HepaBencTBO (12) mpu k=m:

ltlymee g << C (ms Qy, Qg) (I Flym gy +1% 111 q) (127)

H 1A Jo6ux e, |a|<<m, i=1,2, ..., nu 0<<|h|<<8/2 cnpa-
BEIJHBO PaBEHCTBO

{ V8. (D*U) Vo dx =
er
=— { D*F8L,vmuidx+ § 8, (D% (uV) Vopuidx,  (16,)
Q58/3 ¢

rie Upy — NpousBosbHass ¢yHkuus us H'(Q"). OtmeruM, uTo npu
m=0 yKasaHHble CBOHCTBA YK€ YCTaHOBJEHBI,

Tak kKak B cusy crenaHHeix npegnosoxeHudi u3 (14) u (15) cue-
ayer, uro DU & H*(Q"), a D*Fe<=H'(Q"), TO Ha OCHOBaHHH
teopemn 3 0. 4 § 3 ra. III B (16,) MOXHO mepefiTH K npeneny npu
h—0. B pesyibrate paa gawobex o, la|=m, i=1, 2, ..., n
NOJIyYHM PABEHCTBO

S VD“UxinmH dx = — S D*F (vm+1)xi dx 4 S D« (uVC)xi Vo dx,
Q" 056/3 Q"

U3 Koroporo chenyer (¢pyHkuuss D*F paBHa Hy/mo BHe Qss3), UTO
npH BceX Upmy & H'(Q")

§ VDU, Vopi dx = § D9F, sy dx+ § D* (uV0)x, Vo dx. (13741)
¢ ¢ o

Dro paBeHcTBO coBnajaer ¢ (13y), eciu B HeM 3aMEHHTb D"Uxi Ha
U, D“in Ha F, D*(uV{),, Ha uV{ 1 vpyy HA U, Ilpu .aTom DaUx,E.
- & H'(Q"), obpauiaercss B HYJb BHe Q35,3 M COBNajaer ¢ D%u, B Q3,
a D*F; & L, (Q") u obpamaercst B HyJb BHe Q34/3. TaK KaK HHTer-
pupoBatue B (13,.1) Ha caMOM jie/ie IPOH3BOJHMTCS MO 06JacTH Qzsy3,

TO B 3TO PaBEHCTBO MOXHO MNOACTABHTb Upmyy (X) =080 plmys (X), j =
=1,2,..., n, 0<<|h|<<§/2, rne v,,s — NPOH3BOIbHAA DPYHKLHA 13
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H'(Q"). B pesyabTare mosyuum
S VG]I.I (DaUx'.> VUmie dx =
o
— { D*Fe 8 iomiadx+ § 84 (D% (uV0)x,) Vomizdr.  (16441)
o o

Hcnosib3ys HepaBeHCTBO ( 12,,,) (B HeM MOJIOKUM Q= Q3s/3, a Qg =
=Q"), us (15) umeem

L F e gry < C, (1 lymisgn 4 1 lymoz g5.) <
< C, (IFlgms gn+ 11l o).

IMoxcraBasis Tenepp B (16,44) Umss =6}, (D“Uxi>, CHOBa2 B CHJY
TeopeMel 3 m. 4 § 3 ra. III nonyuum, uro ue& HPF3(Q) u nas
u (x) cnpaBensiuBo HepaBeHcTBO (12) npu k=m 4+ 1. Jlemma jokasana.

V3 sneMMbl 2 BhITeKaeT cjenylollee YTBepXKIeHHe.

CnenctBue. ITyeme f = Ly, (Q), a ¢ynxyus u = H (Q) u ydos-
Aemgopsiem  unmezpassHomy moooecmgy (8) npu scex ve H! (Q).
Tozda ¢ynryua u(x) (n. 8.) 8 Q yoossemsopsem ypasuerurw (7).

Hawm HyXHO joKa3aTh, 4YTO cymMMma OOOOLIEHHBIX BTOPBIX [POH3-
BOJIHBIX ”x1x1+' "+””an (MBI TOBKO YTO MOKa3a/jH, YTO 3TH Mpo-

M3BOJIHblE CYIIECTBYIOT) NOuYTH Bciogy B Q paBHa ¢yHkuuu f. Iox-
CTaBHM B KayecTBe (pyHKIHH U (x) B (8) npOU3BOJBHYIO (PYHKLIHIO H3
H1(Q"), Q' &Q, npogomkennyio HyeM Bae Q'. Tak kak u = H2(Q'),
TO Ha ocHoBaHHH Gopmyasl OcTporpajackoro S (Au—f)vdx=0, or-

Q
kyna Au—f=0 (n. B) B Q', a 3Hauut, ¥ (1. B.) B Q.

Tak kak 06oGlLieHHbIEe pellieHHs u {X) IepBOH, BTOPOH H TpeThbei
KpaeBblX 3anay [/1f ypaBHeHHs (7) YAOBJETBOPSIOT yCJIOBHAM JIEMMB! 2
u HepaBeHcTBaM (10) uau (11) (pewenue u (x) Bropoit KpaeBol 3ajauu
npegnonaraeTcsi OPTOroHaJbHEM B L, (Q) MOCTOAHHEBIM), TO H3 JEMMBbI 2
u teopemel 2 m. 2 § 6 ra. III BeiTekaeT crenyiolllee yTBepKieHHe,

Teopema 3. Ecau fE L, (Q)()H{i,c (Q), 20e k=0, mo obobujex-
Hote pewienuss u(x) nepeoti, smopoti u mpemseil Kpaeselx 3ada4 0as
ypasrerus (7) npuradaencam H:E2(Q) u (n. 6.) 6 Q ydosremsopsrom
ypasrenuo (7). [Haa moboix nodobracmeti Q' u Q" obaacmu Q, Q' &
e Q' = Q, cyujecmsyem maxas noaoxcumessran nocmosruas C, 3aeu-
cawan om Q', Q" u k, umo

[y <C ( [ LI )
\ Dlap=0
8 cayuae nepsoti Kpaegoti 3adaqu u

|z ”Hk+2(Q’)'< C( ”f“Hk(Q”) + IIfIIL,(Q) +le “L, (aQ))
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8 cayqae smopoil u mpemeoeil Kpaesbix sadad (6 cayuae smopoli Kpaesotl

3adauu cuumaen, wmo §u dx =0).
4

Ecau k;[%]— 1, .mo u(x) ec

feLQNC”@Q, mo u(xe Q).

M3 Teopembl 3 cuaepyer, uTO r/1ajKoCTh OGOOIIEHHBIX peleHHH
KpaeBblX 3ajay anas ypaBHeHHA (7) BHYrpH 06JacTH ) HE 3aBHCHT
HH OT THNIA TPAaHHYHHIX YCJOBHH, HHM OT IJIaJKOCTH TPaHHIpl, HH OT
TJIaJKOCTH TPaHHYHOH (YHKUMH. BHyTpeHHAS TIJajKOCTb 3aBHCHT
JHIIb OT TJAajKOCTH NpaBoH 4YacTd f(x) ypaBHeHHA. [losyueHHBIH
pe3yJbTaT fBJAETCS MNpereabHO TOYHBIM: T'JIaJKOCTh PEIleHHsl Bbllle
IJ1aJKOCTH NpPaBOH YacTH Ha BeIHYHHY NOpsgKa ypaBHEHHA.

3ameuanue. B ogHomepHOM cilyuae 6bI1O, B YaCTHOCTH, JOKa-
3aHO, YTO eCJIM lipaBasf yacTb ypaBHEeHHs (7) HempepeiBHa, TO 0G06-
I[€HHbIE peIlleHHS HMEIOT HeNpephiBHbIE [POH3BOAHBIE 1O BTOPOrO
NopsAfKa BKJIOYUHTeNbHO. AHAa/JOTHYHOE yTBEp:KIEHHEe B MHOTOMEPHOM
cayyae He cnpaseniuBo. J[lanee (B n. 3 cJjenyouero naparpada)
OyzieT npuBeieH INpHMep TakoH HenpepniBHOH B  byHKuuu f(x),
4TO OOOOIIEHHOE pellleHHe NEepBOH KpaeBOH 3ajaym AJ/s ypaBHEHHs
Ilyaccona (7) He npunamiexur C2(Q) (KOHeYHO, OHO NpPHHALJMEXKHT
Hioe Q)

3. I'naakocTh 0000WIEHHBIX pelleHHi KpaeBhX 3ajay. B npepbiny-
IleM NYHKTe Oblja yCTaHOBJEHa BHYTPEHHAA TIJaJKOCTb OOOOLIEHHBIX

© © k
peiienuii, T. €. NPHHAMEXHOCTb pelwieHui npoctpanctsam H% (Q)

uwin C'(Q) npu HeKotopnix k u [. 3mech Mbl GyjgeM ,H3yyaThb TJaj-
KOCTb OGOOIIEHHBIX peLIeHHH KpaeBblX 3ajau Bo Bcefl o6GJactH Q,
T. €. NpPHHAJJMEXHOCTb pelleHHH npoctpaHctBam H* (Q) umu C' (Q).
EcTecTBeHHO, YTO IJIafIKOCTb pElIEHHS BIVIOTh JO TPAHHMILBIY 3aBHCHT
OT rJaJKOCTH TPaHHIBl H IJIaAKOCTH FPaHHYHBIX (YHKIHIH.

Bynem mnpeanosarare, uro TpaHuna 0Q & C*** npu HeKOTOpPOM
k=0.

PaccmoTpHm cHayasa ciydadt OfHOPOAHBIX TPAaHHYHBIX YCJOBHH.
O6o6L1eHHbe pelleHHs] NepBOH HJH BTOPOH KpaeBbiX 3ajau *) ¢ ojHO-
POAHBIMH FPaHHYHBLIMH yCJIOBHAMH (DYyHKIHS ¢ — NpaBasl 4acTh B rpa-
HHYHBIX YCJOBHSIX — paBHa HYJIO) A ypaBHeHHS (7) —3TO (YHKIHH

H3 NPOCTPaHCTB Ht (Q) nu H'(Q), yuoBaeTBoOpSIOLHE HHTETPATBHOMY

ToxkaectBy (8) npu Bcex v u3 H'(Q) win H'(Q) cooTBeTcCTBEHHO
(B cayuae BTOpOH KpaeBoi 3anaud ¢(yHKUMH [ H 4 nDpexnosaraem
OPTOTOHA/JbHBIMH B CKaJspPHOM MNpOU3BeNeHHH Lg(Q) MOCTOSIHHBEIM).

= [7[ Q). B uacmnocmu, ecau

*) Jlan mpoCTOTH MBI OFpaHHYHBAEMCH PacCMOTPEHHEM pelleHH#l NepBoil W BTo-
poil KpaeBnix 3ajai. McchegoBanue ryIaKOCTH 0GOOLIEHHBIX pelueHHli TpeTbei
KpaeBof 3afayM NPH HEKOTOPHIX TpeGOBaHusiX Ha GyHKUHIO O (x) (u3 (9)) Moxer
6LiTh NPOBEJCHO TeM XKe METOLOM.
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Teopema 4. Ecau f=H*(Q), a 0Q < C** npu Hexomopom
k=0, mo o606ujennbie pewlernus u (x) nepeoll u smopoti Kpaesoix 3ada4
C OOHOPOOHbIMU ZPAHUYHBIMU Ycaosuamu 04as ypasnenus [Myaccona (7)
npurnadaexcam H#(Q) u ydossemsopsiom (8 cayuae emopoil Kpaesoti
3adaqu cuumaem, 4mo S u dx =0) Hepasercmsy

Q

N sz g << Clf e g (17)

¢ nocmosannoil C >0, ne 3asucaweil om f¥*).

IMycte x°— npoHsBosbHas Toyka rpaHuisl Q. BriGepem cucremy
KOOpAHHAT TaK, YTOOH TOuKa x° OblJa HayaJoM KOOpAHHAT, & HOp-
MaJb K rpaHune B 3TOH TOuKe umena HanpaBjeHue ocH Ox,. Bosb-
MeM CTO/Ib MaJoe YHC/Oo 7 =7 (x°), uTo Kycok rpaHuuel 0Q ) (|x| <<
< 4r) aABasercss CBSISHBIM MHOXECTBOM, OJHO3HAYHO IIPOEKTHPYIO-
UMcs Bodi ocH Ox, Ha HekoTopylo o6macte D miockoctH X, =90,
ypaBHeHHe NoBepXHOCTH 0Q ) (|x| << 4r) Hmeer BUJ

X, =P (x), X' =Xy ...y Xp) €D,

rie P (x') — dyuknus 13 C*+2 (D), ¥ (0) =0, Y, (O =.c.=%:,(0) =
= 0, npHyeM BbINOJHEHb! HEPABEHCTBA

l¢xil<§l;. i=1,...,n—1, x eD. (18)

Torpa obmacte Q=QN(/x|<<3r) u, Tem campiM, €e noj06aaCTb
Q' =QN(|x|<<r) npoekTHpywoTcs Broab ocu Ox, B D.

O6o3HaunM yepes I' oburyio yacTb rpaHHr obaacreil Q U Q, I' =
=0dQN(|x|<<3r), a yepes I'y— ocTaabHyl0 4acTb TrpaHHUB! 06Ja-
cti Q. MHoxectBo ¢(yHKuuit H3 H!(Q), cren koropwix Ha I' pasen
HyJI0, 06o3Hauum uyepe3 Ht (Q).

[Mycte pyukuusa {(x) €C®(R,), {(x)=1 ma |x|<r, Ln=0
st (x| >2r, Torza npu npoHsBOJbLHOH (YHKIHH Uy (x) H3 HE (RQ)
(u3 H'(RQ)) dyukuHs v (x), paBHasg B Q (I)yHKU,I/II:I £(x) vo(x) U Hymo
B OCTaJbHBIX TOYKax obJjactH Q, npunamnexur H'(Q) (H'(Q)). Ilox-
cTaBafif 9Ty GyHKUMIO U(x) B (8), Kak M B NpeipiaylleM IyHKTe,
NOJIYYHM PaBEHCTBO

§ YUVy dx={ Fvodx+ § uViVu,dx, (19)
Q Q Q

rne B cjayyae INepBOH KpaeBOH 3ajauyH vy~ NPOM3BOJLHAf (yHKUHSA
u3 Hf (Q), B ciyuae BTOpPoll KpaeBOH 3amauH Uy — NPOH3BOJbHAS

*) Muis dyukumn u (x), ABJSIOWEHCS OGOGLIEHHLIM peliieHHeM 1DeTbell Kpaesoi
38ja4n JJis ypaBHeHHs (7) C OXHOPOAHHIM TPAHHUHHBIM YCJIOBHEM, HMEET MeCTO CJje-
Lyioliee . yTeepxacHue: ecau . fe HR(Q), 0Q = Ck*2 u o (x) = CHY1(3Q) (0 =0)
npu Hexomopom k=0, mo u(x)=H*12(Q) u swnoansemcs wepagercmso (17).
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¢yukuusa us H!'(Q), a ¢yHkuuu F(x) H U(x) onpeneNnsioTc paBeH-
ctBamu (14) u (15) C TOJILKO YTO BBeIEHHOH ¢yHKuHeh [ (x). Oue-
BugHo, uto U (x) = H1(Q), F (x) = L, (V).
Ilpeo6pasoBanne
y=x;, i=1,...,n=1, yo=x,—P() (20)

B3aHMHO OJIHO3HAYHO C €IMHHYHBIM AAKOGHAHOM OTOGpakaer ofsactH
1 Q' Ha HeKOTOpbie 06J1aCTH & H o',

Ty

)

Puc. 1.

O6pasel nosepxuocreit I' u I'y 0603HauuM uyepes y u Yy, COOTBET-
CTBeHHO. 3ajiaHHbie B o6sactH Q ¢dyukuuu U (x), u (x), ... B pe3yJb-
rare npeoGpasoBanus (20) mnepefigyr B ¢yukuuu U (y), u(y), ...
(coxpaHuM 32 HHMH NIpeXXHHe OGO3HAueHHsl), 3ajaHHble B O6JaCTH O,
Ipu stom U (y)=u(y) B o’ u npu HekoTopom § >0 ¢yukuuu U (y)
u F (y) paBHH Hy/MI0 B TOuKax MHOXKECTBd ® \ s, TAe ms— I0K0G-
JacTb 00J1aCTH (), COCTOSIIIlasi H3 BCEX TOYEK, KOTOpHIE OTCTOAT OT Y,
Ha paccTOsiHHH, GoJibleM §.

Iockonbky npu x QR (yE o) Uy,,=U,, = Uy by, n1a i=1, ...
w,n—1ulU, =U,, 10

n—~1 n—1

2
V.UV, 0= VyU Vyvo— Z (invoyn+Uynv°yi) wxi+Uynv°yn Z ‘P"iv
i=1 i=1
H no3ToMy paBeHcTBO (19) B HOBBHIX NepEMEHHBIX HMEET BHJ,

§) V,UV,0,dy =0§) Foody+§ X AyUy0,dy +

@ i, j=1

S Z Bijgy]uvoy,dyv (210)

m:,]zl

rpe Ain=Ani=iPxi npH I:=l, ey ﬂ—l, Ann=—Z ‘pii’ A1j=0

AJIn  BceX ocTambHBIX & M, By=0;—Ay 8;=0 npu i#j,
8y=1, i=1, ..., n. OueBugHo, uTO UEC"“(@), B, = C"“(m)
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npH Bcex { H j; Kpome Toro, B cuay (18)
. 1 ..
1Ay)i<sg, G i=12 ..., n g0, (22)

Tak kak ¢yukuuH U(y) u F(y) paBHbl Hy/JqI0 B (o\(:),m, TO
paBeHcTBO (21,) HMEET MeCTO He TOJIbKO AJs JIOGOH Ug(y) H3 HY ()
i u3 H'(v), HO H aas moGolt v, (y) H3 Hv(m,g,g) (I pOH3BOJILHO
NPONO/IXKEHHOH BHE 0)6/2 KaK ¢yHKuua us L, (o)) HJIH COOTBETCTBEHHO
us H(ws/;) (IPOM3BOMBLHO NPOJOJIKEHHOH BHE G2 KAK (yHKIHS
u3 L, (w)).

BosbMeM J106yi0 GyHKIHIO Uy (y), NPHHAAMEXKALLYIO ﬁ{, (0) (H(0))
H NPOJOMIKEHHYIO HYJeM BHE ®, H NOJOXHM B (21,) vo=06" hty npH
HeKoTopuX [<<n u 0<<|h|<<§/2 (byHKUMA Uy (y), OYEBHIHO, MpH-
nagnexur HY (0,2) 1 L2 (@), u cootBerctBenno H!{ws/2) M Ly ().
Pagencteo (21,) npHMeT BHJ

{ v, (6hU) V0, dy = — § F8L 4o, dy +
@ 0]

+ S Z 51!1 (Aiini) Uiy, d!/+s, Z 52 (Biigyiu) U1y, dy (239
, onT=1 :

ol =1 i,

(3aM€THM, UYTO HHTErPHPOBAaHHE B 3TOM PaBEHCTBE NPOU3BOAUTCS HE

no Bced 06/1aCTH ®, a MO €e Noao6JacTH Wsse; MOTOMY BCe MNOJBIH-
TerpajbHbie BhIpaxkeHHs: B (23() onpeneseHs).
W3 teopemst 4 n. 4 § 3 ra. II1 BeiTekaer, uro

§ FoL v, dy | <[Fle. @]t e, @ <IF @] Vou | e @- (240)

[lpexkne YeM OLEHHTb BTOPOH HHTeTpasn B INpaBoH uacTH (23),
paso6beM €ro Ha jBa cJaraeMblX

S Z 6 (Aij yi)vly,d!/ S Z (Aii)itsithivly,-d!/‘l'
@ @

l]= ;]:

_I_S Z 8 (Aij) invlyf dy. (250)

l]=

Ilpu 3TOM MBI BOCIO/IB30BAJIHCH CIPaBeNIHBLIM J1Js1 IPOH3BOJILHLIX
¢byHKIHE f U g paBeHCTBOM

84 (fg) = ghdif + foha,
rae gL () =8W1, «++» Y-v» Y1 F+N Yiia vvvr Yn)
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IlepBoe cnaraemoe oueHHMm, Hcnoab3ys (22),

=453 180 (3 1o )=

o \i=1

< S V n(? (804, )I/Q-V n (2 v@,)w dy<

{=1 j=1

\ 2 (A 84U 01y, dy | <

o 7 j=1

\5" V85U |

,Lz @[l Vou e, @- (260)

Bropoe cnaraemoe B (25,) OlleHHM BMeCTe C TPETbHM HHTETPasioM
M3 mnpaBoi uactu paseHctBa (23,). ITockoabky ¢ynkuuu A;; u Bj;
HenpepuIBHO jAH(bbepEeHIHpYeMb! B &, TO
S (SZAij) invlyj dy—+- S Z 8h (B,]Qy ) Uy; dy | <<
0] ol j=1

<Cilula @[ Vo e, @ <Cilulm @1 Vo i@ (270)

rge nocrosHHas C; He 3aBHCHT OT U H Uy.
Wz (23¢) B cuay (24,) — (27,) umeem

{ v (8,0) Vo, dy | <
®

EM=

i,

< <|l Flo, @ -I-% 119840 e, @)+ Cy ¢ s (Q)) I'Voull,@-  (280)

I
[Tonaras B 3TOM HepaBeHCTBe Uy = §,{/, C NOMOLILIO BHITEKAMOLIErO
u3 (15) HepaBeHCTBa

[F @) e, @ =IF ) e, @ << Cs (|f |, @ + %o @) (29)

(nocrosiHHass C, 3aBHCHT JHIIb OT (YHKUMH {, T. €. JHIIb OT

o6aactu Q) u HepaBeHcTBa (10), mam HepapenctBa (l1), B KOTOpHIX

¢=0 (rorga B (10) inf| ®|u: (@ =0), noayunm oueHky
V80 e <Clfla@s =1, ..., n—1,

U3 KOTOpPOH B CBOW ouepens caenyer (reopema 4 n. 4 § 3 ra. III),
yTO BCe OGOOLIEHHbIE BTOPbIE NPOU3BOAHBIE pyHKIHH U/, Kpome NmpoHus-
BojHo# Uy, , NpuHapneXaT L,(w) M [ HHX HMEeT MecTo Hepa-

BEHCTBO ” iny] ”L o= <<C|flz,@. 3HauuT, O/ COOTBETCTBYIOUIHX MpPO-
H3BOJAHHIX (DYHKIMH « (J) HMeeM HepaBeHCTBa

‘L, [((0}] = C ”f”Lz Q)

HOaa oueHKu Uy,y, B o’ BOCNOJIb3yeMcsl CAENCTBHEM H3 JIEMMBI 2,
COrJIacHO KOTopoMy n. B. B ), a Tem cambiM, H I. B, B Q" Au=f.

|y,
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B HoBBIX NepeMEHHBIX 3TO PABEHCTBO BLITVIAIHUT TakK:

n—1 n--1 n-1

Ayu(y)—2 Z Uy W+ Uy, Z ‘l’ii—uy,, Z Vx, =1 (4),
i=1 i=1 i=1
OTKyJa 1/f1 BCeX y &

n—1

<l + Z wit) uynyn=
i=1

n—1 n—1 n—1

=f(y)+2 igl ”y,y,,‘ljxg— 'Zl uyiyi—l_uyn ’:Zl ‘pxi"‘i' (30)

Tak kak P & C*?*(D) npu k=0, 10 1, &L, (©) u
| 40nsn L. @y =< cOBSEIF L., (-

TakuM o6pasoM, MBI YCTaHOBHJIH, UYTO AJs JoGoH 10uku x° = dQ
HalifyTcs TakHe NOJOXHTeJabHble ducaa 7=r (x*) u C=C(x%, uto
ux)=eH*(QN(x—x*| <7 (x°)) 1 UMeeT MeCTO HepaBeHCTBO

Nl onqx—se 1< r o << C (x9) If . 0-

W3 nokpoitua rpaHuns dQ mHoxkecTBamu dQ () (1 x — x| << r (x9))
IpH  BCEBO3MOXKHBIX x® & 0Q BbibepeM KOHeUHOe MOAMOKPHITHE
QN(x—x<r(x)), i=1, 2, ..., N. Toraa cyluiecTByer Takoe

N

ancno 8,30, w0 Q\Qa = J @N (x— x| <r (+).

(=1

CrenoBarensuo, (x) & H* (Q\\Qs) | %120\ 0s) <Cillfl.@»
rae C;— HexkoTOpasi NoOJIOXKHTEAbHasA NoctosiHHass. Ho mo Teopeme 3
u(x) = H Qoy2) B u]ne(0p,2) <CalflLa@- Tlosmomy ue H?(Q)

I 4 lm2 ) <<C|flz, @ rne mnocrosiumas C>0 He 3aBHCHT OT f.
TaKPIM o6pasom, TeopemMa 4 npu k=0 poxasaHa.

Ilycts k—moGoe HarypaibHOe umcyio. B chiry TeOpeMbI 0 BHYT-
peHHeH TJIafKOCTH OGOGIIEHHBIX pellieHHil (TeopeMa 3) J0CTATOYHO,
Kak u npu k=0, ycTaHOBHTb, 4TO 1/ JMOGOH TPAHHYHOH TOUKH x°
cyllecTByloT Takne uyucaa r=r (x>0 u C=C(x >0, uro
u(x)eH*2 QN (x—x°{<<r)) 1 UMeeT MeCTO HepaBeHCTBO

”u“HkJ’z(QﬂU —x0 <) < C|f |y @

(Touky x° MOXHO CYUHTAaThb HauajloM KOOpiHHAT, a ochb Ox, — Hanpas-
JIEHHOH NO HopmaJsu K 0Q B 3T10ii Touke). [sa sToro B cHJy rjan-
KOCTH INpeoOpasoBaHus (20) (rJ1aIKOCTH TPaHHLpBI) JOCTATOYHO IOKAa-
3aTh, uT0 4 (y) = H*?(@') u |uyere oy <<C|flyt gy

Mbl  yxe j0KasanmH, uto u(y) EH“‘ ("), A< C|fl, @
H, KpoMe TOro, HMeeT MecTo paBeHCTBO (23;). IloBTOopsisa cxemy,
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HCIIOJIb30BAHHYIO NIPH 0KA3aTe/bCTBE JEeMMBl 2 IPelbIYLIero NyHKTa,
NnoKaxem, uto ;I Jodoro m=1, 2, ..., k u(y) e H™? (0,
lu]ymez o, <C|flym, u HMEET MECTO paBEHCTBO

@
§V (8iD"V) Yoy dy =
®
=— (D FS_topady +§ 3 8.(D*A5Uy,) (0nin)y, dy +
o wi, =1
+ S Z 6lh (DaBiiCyju) (Um+1)yi d!/’ (2315)
oI, [=]

cnpaBenuBoe 1S BCeX o= (0%, ..., Opy, 0), |a|<<m, [=1,
o, n—1, 0<Ih| <§/2, vy = Hy(w) B ciayuae nmepBod KpaeBoi
3ajauyd H Upy & H'(0) B ciayuae Bropoi KpaeBol 3anauu. [loka-
eM 3TO YTBep:KieHHe npu m= 1.

[Nepefinem B paBenctBe (23,) K npeneny npu A—>0 u IPOHHTEr-
pUpyeM IO 4YacTiM NepBOe cJaraeMoe HpPaBOH YacTH - NOJyUEHHOro
paBeHcTBa. B pesysibraTe NOJYyYHM PaBEHCTBO

S VU, Vo dy = S Fyo, dy"}"g Z (Aiini)yz U1y, dY +
oL,

® o i, i=1
n

+§ X (Bubu)s v dys (21D

ol j=1

crnpaBel/IMBOe IIPH BceX U; H3 ﬁ{,(w) B CJyuae InepBoH KpaeBoH
3ajaud H H3 H!(®) B ciyuae BTOPOH KpaeBO#l 3ajauH.

Toxpectso (21y) ans Uyl omHyaeTcss ot toxpectsa (21y) ans U
Julb TeM, uto ¢yukuuu F, A;U,, B,jﬁyju B HeM 3aMeHeHbl COOTBeT-
cTBeHHO GyHKUMAMH Fy), (A;Uy,)y, (Bilytt)y, @ GyHKUHS v, 3aMe-
HeHa Ha GYHKIHIO Uy C TeMH € CBOHCTBAMH.

IMonaras B (21) v, (1) =8",05(y), s<<n, 0<<|h|<<8/2, rue
v, () — npousBosbHAs GyHKuMA u3 HY (@) (13 H!(w)), npojo/KeH-
Hasl HyJleM BHe @, TOJYYHM aHaJoruyHoe (23,) paBeHCTBO

S v (SZUyl) Vo, dy = — S Fy,(‘i_ivz dy +S Z 8% ((A"’in)yl) (Uz)y, dy +

@ 0] i, f=1

+ jz_]l 8 ((Bisbu )y, Y0y dy. - (23)

i

Kak n B mpesgbiiyuiem c/yuae, OLGHHM HHTErpasbl, CTosiHe
B NnpaBoi uactu (23,). AHanoruuHo (24,), uMeeM (TaK Kak u = H?(Q)
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a feH" @), k=1, 10 B cuny (15) F=H'(Q), ¥ NOCKOALKY
ye C++* (D), 1o F(y) = H' (o))

l | Fu8-ho dy l <[Fufle, @11 V0 1, 0 (24)
(1)

Ananoruuno (25,), paso6beM BTOPOH HHrerpas B NpaBOH YacTH
(23,) Ha nBa ciaraeMbix

S 6 ((Ai]in)yl U2)yj dy S Z i'l')?t GZiny, (Uz)y,' dy +
(O] W 1 1=
+§

i
Hcnonbsysa (22), oleHuM InepBoe cjaraemoe H3 (251)

i, j=1

X 1804 Uy, + 8 (A Uy ) (0, dy. (251)

i, 1

n

S Z (A i])it Gzinyl (02)y/ dy

@f, =1

= %”l VG;’UW ”’Lz @l Voo I L ). (261

Tak Kak ¢yHkuun Ay u By npunagnexar C*' (@), k=1, To
CyMMa BTOPOro cJiaraeMoro B (25;) M TpeTbero HHTerpasa B IPaBOi
yacT (23;) oueHHBaercs cienyomuM o6pasom:

g[ 3 8(A) Uy, 8 (Aiiyzin)] oy A4+
oli /=1

+ § Z— 84 ((Bisbyjua)ay) V2u; dy I<C0HS”{”“H¢(Q)|UVUzHle(co)- (27y)

ol ]

Hs (23;) c nomombio (24,) — (27,) moJsryuaeM HepaBeHCTBO

{ V85U, Vo, dy l <

©

< (“Fy, I s (@) + % 11 V8.0, i, (o) -+ const sy e (Q)) V0, @,
=1, ..., n--1,8=1, ..., n—1.

ITonaras B 3TOM HepaBeHCTBE U, (y)=62Uyl (y), c nomoIBIO BhITE-
Kaome#i 13 (15) oueHku

[ F i @) << C (1 s @ 1 = @)
H yXe JoKasaHHOH npu k=10 ouenku (17) mosyuum, uto

11 v8.U,, |, @ < const s @
syl=1, ..., n—1, 0<<|h|<Cb/2.
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3HauuT, B @' CYIIECTBYIOT OGOGIIEHHHE NPOH3BOLHEIE Uy yp P =
=1,2,...,n, s,I=1, ..., n—1, npunaanexamue L, (0") u y10B-
MeTBOPSIONIKE HEPABEHCTBY Uy y 4, | < const | f 11 )

Ins OUEeHKH OCTaJbHBIX TPeTbHX IPOH3BOJHEIX Uy g P =
=1, 2, ..., n, Bocnosbsyemcsi paBeHcTBoM (30). duddeperuupys
ero cHayala o Y, NpH p<<#n, NOJYYHM, UTO NIPH BceX TAaKHX p
Uy g0, S Lo (®') u uro ”uypynyn |2, @) < C|flH: @ Hanee, nudde-
peruupyst (30) 10 Yy, NOJTYUHM, UTO Uy 4y & Ly (0) H ||ty y y |1, 01 <

<C|f|a -
Takum oGpasoM, Mbl AoKasaa, 4to u(y) € H3 (o), |4 |ns ()<<
<C|fla v mpu Beex [, s=1, ..., n—1, 0<|h| <02 H =

e H), (0) (v, = H'(w)) uMeeT Mecto paseHcTBO (23,). IToBTOpsas 3ToT
npouecc m pas (m=<k), noayuum, uro u & H™?2(o'), [u|ymee ., <

<C|f|ym o, u uMeer MecTo paBeHcTBO (23,). Teopema nokasaHa.

YCTaHOBHM Tenepb, B KaKOM CMBIC/Ie paccMarpHBaeMble 0GOGLIEH-
Hble pelleHHs YJOBJIETBOPSIOT TPaHHYHBLIM YCJIOBHAM. B caydae mep-
BOM KpaeBo#l 3ajaun cpasy us onpegenenus (4 & H!(Q)) BbiteKaer,
YTO pellleHHe HMeeT paBHBIH HyJo clenl Ha 0Q: ulpe=0.

IlokaskeM, uyTo B ciayyae BTOpOH KpaeBO#l 3ajaiyM pelleHHe YJOB-
JIETBOPSIET I'PAHHYHOMY YCJIOBHIO B CJEAYIOLIeM CMbicIe: Vi jap-n =0,
TJe n— BeKTOp BHeluHeH HopMamu K 0Q, |ni=1, a Vu iao— BeKTOp
C KOMIIOHEHTaMH Uy, |aQ, i=1, ..., n, GBA0OMHEMHACS cjiefaMu Ha 0Q
yHKUHA Uy, U3 H' Q).

HefictBuTenbHO, TaK Kak u < H*(Q), TO ¢ moMOwpio (opMyJIbl
Ocrporpaackoro us (8) noJsyuaeM cnpapejsuBoe npu JoGoi v < H (Q)
PaBeHCTBO

{ (Vu-nyodS={(Au—f)vdx
aQ Q

(3mecb Vu-n=Vulpg-n). Tak Kak Au={f n. B. B Q, TO

{ (Vu-n)vdS=0,
Q

OTKyJa W BbITeKaeT HyXHOe PaBEHCTBO, NOCKOJBKY B CHJIy TEOpeMbl 2
n. 2 § 4 ra. 111 MHoxkecTBO cJenoB vlap pyHkuuH 3 H'(Q) Bcrony
wiotHo B L, (0Q).

ou
Beipaxenue Vulag-n nanee GyneM o6o3HayaTh uepes - |aQ' Orme-
0
M, uTo eciu 4 & C1(Q)NH?(Q), T0 byHKuUA é—leoo KaK 3/eMeHT
. . Ou
L, (0Q) coBnajaeT ¢ HOpPMaJbHOH NpPOH3BOLHOH 3n GyHKLHH & Ha Tpa-

du
gune 0Q. OGosHaueHHe = eCTeCTBEHHO U B TOM CMBICJIE, YTO

on |9Q
8 B. I, Maxafaos
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cymecTByeT Takas ¢yHkuus 13 H!(Q), ciex Kotopoii Ha 0Q coBna-
u *
JdeT C an 90 .
Taxkum obpasom, ecau 0Q & C?, mo o606ujerroe peuierue 8mopoii **)
Kpaesoti 3a0a4u YO08AEMBOPAEM EPAHULHOMY YCAOBUIO

Ou
3 oo =0.

M3 teopem 4 u 3 u reopem 2 u 3 n. 2 §6 ro1. 111, B yacTHocTH,
BHITEKAeT .
[2)+: 41
Teopema 5. IlTycms f = HL? Q). EcaudQe=Ct 2 , Mo 0606-
tyerHoe peuienue nepeoil xpaesod 3adauu 04as ypasHenus (7) ¢ 00HO-
POOHBIM 2PAHUYHBIM YCAOBUEM SBASLMCA KAQCCUMECKUM peuleruem dmot

n
sadauu. Ecau 0Qe=C -QJH, mo obobwienroe pewer ue 8mopoti kpae-
soii sadauu 0an ypasuenus (7T) ¢ OOHOPOOHBIM 2PAHUYHBIM YCA0BUEM
ABAREMCA KAACCUHECKUM PeuleHuem amoil 3adauu,

Paccmorpum Temeps Bonpoc O TIVIaAKOCTH OGOGIIEHHEIX pPelleHHH
BO BCeil 06GJIacTH B CJydae, KOrja rpaHHYHble yCJOBHSI He SIBJISIOTCH
opHOpoaHbIMH. OCTaHOBHMCS Ha IepBOM KpaeBoi 3ajaue.

[ycre dyHkuus u (x) apasercss oGOGIIEHHBIM pelleHHeM IepBOi
KpaeBoH 3ajaud, T. €. NpHHamIeXuT H'(Q), ynoB/IeTBOpSeT NpH
BceX v H!(Q) MHTerpajbHOMY TOXZecTBy (8) H rpaHHUHOMY YCJO-
BHIO Ulag=. -

IMpennosnoxuM, uto NpH HekotopoM k=0 fe H* (Q), 0Q = C*?,
a rpaHnyHasl QyHKLHA ¢ SABJAAETCA CJIeJOM Ha 0Q HeKoTOpoH ¢yHK-
uun @ us H*2(Q) (ana Toro uytobbl (GyHKUMA ¢ OblIa CIeOM Ha 0Q
¢yHKUHE H3 H*2(Q), B cuay Teopemnl 2 1. 2 § 4 ra1. III pocratouHo,
yToGbl ¢ npuHapiexansa C#2(0Q)). [lokaxem, uro Torpa u € H k2 Q).

Paccmorpum dyHrumo z=u—®. flcro, uro z& H'(Q) u ynos-
JIETBOPSAET NpH BceX v & H!(Q) uHTErpajbHOMY TOXIECTBY

{veVode=— { VOVodx —{fodx
Q Q Q

*) Takyio QYHKIUMIO AOCTATOMHO TNOCTPOoMTE B Q\ (s npm Hekotopom § >0,
Tak kak Q = C2, 1o ans /uoGoH Toukn x e Q\ Qs Npu jocTaTouHo MasioM § >0
CymecTBYeT ejlHHCTBeHHasl Touka y=y (x) € 0Q, | y—x|<<§, Takas, 4TO BeKTOp
y— x HalpaBJeH N0 HopMadu n (y) K rpaHuue 0Q B Todke y, PyHKIuA Vu ()X
X n (y (x)) npudagnexut H (Q\Qs) 1 ee cien Ha 0Q Vi (x) - n (¥ (¢)) |go =V |99 X

_Ou
Xn (x) " on IOQ'
**) B cayuae TpeThell KpaeBoi 3ajjayn OGOGLIEHHOE pELICHHE YAOBJETBOPSAET

IpaHHYHOMY YCJIOBHIO <g§ -+ ou) 2 =0,
\!
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UM, uTo B cuuy ¢opmysel OCTpOrpaickoro To e caMoe, HHTerpaib-
HOMY TOXJECTBY
SVszdx=—Sflvdx,
: @ Q
rze fy=f—A®. TlockoabKy ¢yukuun f; = H*(Q), To B cuay Teo-
pembl 4 z = H**?(Q). IlosTomMy oGoGlieHHOe pelleHHe U =2z-O =
e H#?(Q). YTBepxjeHHe JOKa3aHO.

4. TaankocTe 0606iweHHbIX COGCTBEHHBIX yHKuHM, [TycTs u (x) —
0600IeHHas co6CTBeHHast (PyHKLUMA DepBOH, BTOPOH WM TPeTbel
KpaeBbIX 3ajay Aais onepatopa Jlamsaca, a A — COOTBETCTBYyIOLIEE
cOGCTBEHHOe 3HaueHwe. Torga ana Jmo6oit v = H' (Q) uMeeT Mecto
paBeHCTBO

{vavode=—A{uvdx,
Q Q
coBnajatomee ¢ papeHcTBoM (8) npu f = du, Tak Kak Au e H'(Q)
H, TeM Goaee, Au & L, (Q), To u3 Teopemut 3 caenyer, 4to u  Hi, (Q)
H II. B. B Q BHINOJHSETCS PaBeHCTBO
Au = Au. : 31

Takum o6pasoM, ¢yHKLUMA Au, crosmas B npasofl yacTd (28), npu-
HaptexuT His (Q)N L, (Q). [NosTomy, npuMeHss eme pas teopemy 3,
NoJTy4uM, 4To 4 € H{xc (Q) U T. 1.

CrieoBarenbho, u & Hhe (Q) npu moGom k. Ha ochHoBauuu Teo-
pembt 2 . 2 § 6 rar. Il u (x) =C=(Q).

Hrak, ycraHoBseHa

Teopema 6. O606ueHnble cobemeennvie QynKyuu hepeod, 8mo-
poti u mpemeeil Kpaesoix 3adauw O onepamopa Jlanaaca GecKoHeuro
Oughpepenyupyemor 8 Q u yoosremsopawm ypasreruo (31).

I'magkocTh 06oGIIeHHBIX COGCTBEHHBIX (DYHKUHN BO Bcell obmacTu
ONpesesAeTcsl TJIafKOCTblO T'PAHHIIBI.

Teopema 7. Ecau 0Q =C* npu Hexomopom k=2, mo aobas
0600UeHHAan COGCMBEHHAR (PYHKYUA U (X) nepeol uau 8Mopol Kpaeeot
3a0auu 0as onepamopa Jlanaaca npurnadaescum H* (Q) u yoosremso-
paem coomeemcmsyrouemy eparudromy ycaosuro (ulay =0 8 cayuae
nepeoii Kpaesoid 3adauu u Ou/onlag=0 8 cayuae smopod Kpaesoii sa-
Oauu). O606wenHbie cobcmsentbie PYHKYUL nepeoti Kpaesoll 3ada4u

npu k= [;J -1 u emopod kpaesoi 3adauu npu k = [‘;‘ ] -+ 2 ssagiomesn

KAQCCUMECKUMY COOCMBEHHIIMU PyHKyuamu *).

*) B cayuae TpeThell KpaeBOH 3ajadum HMeeT MeCTO C/eAyiollee YTBEPKASHHE,
Ecau 0Q & Ck u o (x) & C*71(0Q) npu Hexomopom k=2, mo mobas cobcmscnnasn
ynsyus u (x) mpemoed kpaceok 3adawu 0as onepamopa Jlanaaca npunadasxcum

ou n
H* (Q). Mpu smom <Bﬁ+0u 0020. Kpome moeo, ecau k = [5]-}-2, mo oGobwern.
Hble cobemscnnbie ynkyuu mpemved Kpaeeold 3a0adu ABARIOMCA KAQCCUMECKUMU 06~
CMBEeHHBIMU (DYHKYUAMU,

8
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Tak kak 0Qe=C* n us H'(Q) = L, (Q), T0 B cuiy Teopemb 4
ue H? Q). Eciu 0Q = C?, 10 10 Teopeme 4 u = H3(Q). ITpu 0Q = C*
u3 BKJJoueHHs u  H?(Q) crepgyer, uto u s H4(Q) u T. 1. Takum
oGpasoM, mnoJyuuM, uto ecyu 0Q & C*, to u = H* Q).

Kpome Toro, oGofiieHHble COGCTBEHHBle (YHKLHH B CHJY TeO-
pemel 6 nmpunagnexar C® (Q) u ynpoBJerBopsloT ypaBHeHHio (31).

Ecin kz[%]-]—l, To corsiacHo Teopeme 3 n. 2 §6 ra. Il v =

-3 @ =C@), a npn k>[§]+2 ueC(Q). Crenosa-
TeJbHO, B cuJy pesynasratoB I, 1 § 5 ra. 111 co6eTBenHas hpyHkuus u
nepBOil KpaeBoil 3ajauH IpH kz[%]-]—l YIOBJIETBOpSIET B KJacCH-
YECKOM CMBIC/IE TPAaHHYHOMY YCJOBHIO 4 |pp=0, a co6cTBeHHAs QyHK-

mus 4 BTOPOH KpaeBoH 3ajaud IIpH k>[§]+2 yIOBJIETBOPSAIET

ou
B KJIACCHUECKOM CMEIC/IE TPAaHHYHOMY YCJOBHIO ﬁloc):O‘ Teopema

OKa3aHa.
5. O paznoxeHHsX B pAAbl 110 coGCTBeHHBbIM GyHKuMaM. IlycTs
Uy, Uy, ...— CHCTEMA BceX OGOOIIEHHBIX COGCTBEHHBIX GQYHKUHH Iep-

BO# (BTOpOH) KpaeBoH 3ajauu A/ oneparopa Jlamnaca, a Ay, Ag,...—
COOTBETCTBYIOIAsl CHCTeMa COOCTBeHHbIX 3HaueHuil. Kak Obl1o noka-
3aHo (reopema 3 n. 3 § 1), cucrema u;, s=1, 2, ..., 9Basercs opro-
HOPMHPOBaHHBIM GasHCOM IIpPOCTpaHCTBA L, (Q). D10 03Hauaer, uto
NPOH3BOJIbHYIO YHKIHIO [e L,(Q) MOXHO INPeACTaBHTb B BHJE
cxopsuerocss B Ly (Q) pana Pypee

f= Z fmumv fm=(fv um)Lz’ (91 (32)

m=1

0 JI0GO¥ M3 3THX CHCTEM.

Iyerb oyukuus fe H*(Q) npu Hekotopom k=1. Ee psgm
dypbe 1m0 cOGCTBEHHBIM (YHKLHAM IIepBOi M BTOPOH KpaeBbIX 3ajad,
KOHEuHo, cxoafitcs K Hell B L, (Q). Onnako B HopMe H*(Q) u na
B Hopmax H* (Q), 0 <<k’ <<k, 3t psimbl, BooOlle roBOps, HE CXO-
-parca. Hanpumep, psix ®ypbe no cHcTeMe cOGCTBEHHBIX (GYHKLHIH
nepBoil KpaeBo#l 3ajnaun QyHKuMH fo(x), paBHOK 1 B Q, He Moxer
cxonuThesi B HopMe H*(Q) Hu npu KakoM k=1. [leiictBuTebHO,
ec/M Gbl 3TOT psifi cxopuiacs B HopMe H1(Q), To oH cxomuacs 6wl He-
NPeMeHHO K fo (X), a 3TOro GHITh He MOXKeT, IOCKOJIBKY CyMMa CXO-
aamerocs B H'(Q) pana ¢ snemeHTamu u3 H1(Q) pomxHa npuHanie-
xath H!(Q). "

HOas toro uro6el psn Pypre dyukumu f uz H*(Q) cxopuics
K Helt B H*(Q), HyxHO norpeGoBaTb, 4TOOB (QYHKUHS [ yIOBJIETBO-
psJia HEKOTOPBIM TPAHHYHBIM YCJOBHSIM.
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3ameTuM, uTO A CXOJAMMOCTH B HopMme IpoctpanctBa H' (Q)
psina ®ypee (32) dynkuun f no cucreMe coGCTBEHHBIX QyHKIHH mep-
BOH KpaeBOH 3ajayu /s oneparopa JlamJjaca pocratouHo (Teopema 3
n. 3 mpepelpymero naparpaga), a Kak TOJBKO 4TO NOKAa3aHo, W He-

06X07HMO, UTOOH [ = H1 Q).

OG6o3HauuM uepes H',% (Q) npu k=1 nognpocTPaHCTBO NPOCTPaH-
ctBa H%(Q), cocrosimee u3 Bcex GYHKUMHA f, A1 KOTOPBIX

flag=0, ..., A[’:‘A’]']flw:o.

llon Hj(Q) OyaeMm NOHHMATh NPOCTPAHCTBO L, (Q). 3amernm, uro
B cuay Teopembl 2 m. 3 §5 ra. III Hy (Q)=H'(Q).

UYepes H% (Q) npu k=2 0603Ha4YUM NOANPOCTPAHCTBO NPOCTPAH-
crBa H*(Q), cocrosiiee 3 Bcex (yHKUHE f, A7 KOTOPBIX

LA
I =0 e Zalel=Y| 0.

IMog H%(Q) OGymeM noHumath npocTpaHctBO L, (Q), a mnop
Hy Q) —H' Q).

Jlemma 3. [Tyeme 0Q = C* npu nexomopom k= 1. Cywecmsyem
maxas nocmosannas C>0, umo 0daa wmobod (yunkyuu [ us H@ Q)

uau moboti pynryuu f us H (Q), opmoeoHaAbHOL ROCMOAHHOIM 8 CKA~
AAPHOM npouseederuu L, (Q), umeem Mmecmo HepaseHcniso

Ls (Q) (33)

Flp o <C1A7F

ecau k—4emmoe, 1 HepageHcmeo
k—1

0715 @ éC“ ATf "Hl Q> (33")

ecau k — Hewemmoe.,

Paccmorpum chauana cayuaii uetHoro k, k=2p. Jlemmy Gygem
IOKaspiBaTh HHAYKLHEH N0 p. YcraHoBHM oueHKy (33) npu p=1.
[ycts f=Hy Q) (H(Q)). O603naunm uepes F ¢yukuuto Af. Torga
f(x) n. B. B Q ynoBaersopsier ypaBHeHHo [lyaccona

Af =F. (34)
I{(pome TOr0, B CuJly omnpepesenusi npoctpanctBa Hy (Q) (Hi (Q))

Hlag=0 (COOTBe’I‘CTBeHHO n 00:0).
' Ymuoxas (34) na npousBobHy0 ves H1(Q) u mpuMeHsis dop-
myay OcTporpaickoro, NOJy4HM, 4YTO i fBJIsieTCsl OGOGILEHHBIM pe-
IleHHeM nepBoil (BTOPOH) KpaeBOH 3apaun nas ypaBHeHusi (34). Ilo-
3TOMy cChpaBefHBOCTb HepaBeHcTBa (33) npu k=2 BhiTeKaeT H3 Teo-
pemul 4,
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MpennonoxumM, uto HepaBeHcTBO (33) yCraHOB/AEHO npu k= 2p,
u nycrs feHFT?@Q) (H%?(Q). Tockonsky B 31OM cayuae
dyukuus F=Af npunagaexur Hy Q) (HX(Q)), o
| F 20 gy << C1lAPF |1y @y = C1 | AP 1, (o)

Ho f(x) sBasieTcs 0GOOLIEHHBIM pellieHHeM IepBOi (BTOpO#) KpaeBoH
3ajayu AJs ypaBHeHus (34), mostoMy B CHJy TeopeMmn 4

[Flgzet2 gy << Coll F g2 ) < CIAPTf |, ().

[Tycts Tenepb k— nHeuerHoe. Ilpu k=1 HepaBencrso (33') Tpu-
BuasbHO. [TycTe OHO ycTaHOBleHo i k=2p—1, p=1. [lokaxem
ero ans k=2p+ 1. lyers f e HY T 1(Q) (HE*'(Q)). Torza F (x) =
=AfeHY~'(Q) (H2~'(Q). Mo Teopeme 4 u mo mnpenooxe-
HHIO HHAYKIHH HMeeM

| Fllzs2oa @= C, ”F”H“"I(Q)< ClAs-tF ez @~ Cll A @

JlemMa poKa3saHa.
Tenepb Mbl B COCTOSIHHH JOKa3aTb CJeAyIOllee yTBepXKjeHue,
Teopema 8. [yeme epanuya 0QeC*, k=1. Hua moeo
amobor ynxyus f passracaracy 8 pad Pypve (32) no cucmeme cob-
cmeernoix Pynxyull nepsoi (emopot) xpaesod 3adauu das onepamopa
Jlanaaca, cxodauuiica 6 wopme npocmparcmsa H* (Q), Heobxodumo u

Jdocmamouro, umober [ npunadiexcasa 11’5 Q) (HY% Q). Ecau fe=

e Hy(Q) (H%(Q), mo cxodumea pad 3, fi|As|* u cyryecmayem ma-
s==1

Kaa He 3asucawian om f noaoscumesvHas nocmosnuas C, amo

3l < Clfl o, S

JokaszateabcTBO. M3 paBencrsa (31) u Teopembl 7 BuTe-
Kaer, uTo ecu dQ & C*, 10 060CiIeHHble COGCTBEHHBE PYHKIHH Nep-
BOH (BTOpO#1) KpaeBoH 3ajayM A/ oneparopa JlanJjaca npuHaigexar
H% Q) (H%(Q)). Tostomy, ecin psin ®ypre dynkuun [ = H*(Q)
no CcoGCTBeHHBIM (yHKIMAM MepBOH (BTOPOH) KpaeBOH 3ajayH CXO-
autest B Hopme H*(Q), To fe HY(Q) (H% (Q)). HeobxommmocTs so-
KaszaHa.

[TycTe Tenepb fEH% Q) (H%, (Q)). YcraHOBHM CIIpaBeITHBOCTD
HepaseHcTBa (35). [Ipeano/ioXkum cHauasla, 4TO k— ueTHoe, k= 2p,
p=1. O603HaunM uyepe3 ys; KodpbuuuedT Pypoe QyHkuuu APf: p, =
= (A?}, 1u5)1, - C nomoupio dopMynsl [puHa HMeeM

vs = (AP}, ug)L, @ = (A* Y, Augr, @ =As (MY, ug), @ =...
o= uL =M, s=1, 2, ...
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[oe)

T[lockombky dynkuus A?fe L, (Q), 0 D) vi=|A*f|i, @, mno3TOMY

s=1

© k 2
DVHEAL =||A2f”L, (@» H TEM CcaMbiM, OYEBHJHO, HMEET MEeCTO He-
s=1

paBenctso (35). Ecmu k=2p-+1, To dynkuus A*f = H(Q) (H! (Q)).
[TostoMy Ha ocHoBaHuH TeopeMbl 3 m. 3 § 1 HMeeT MecTo HepaBeHCTBO

D) V3 Ag| <<C| A%f[liss (), M3 KOTOPOTO BbITeKaeT HepaBeHCTBO (35).
s=1

OGosHauuMm uepe3 S, (x) yacTuunyio cymmy psiaa (32). OueBuaHo,
uyTo npu Beex m=1, 2, ... S,=H% Q) (Hi¥Q))-
ITpu k=2p B cuny (33) u (35) (nyctb m>i=1)

”Sm - Si "Zk @ <C " A» (Sm - Si) HaL, @~
2 M,

s=i+1

12 m m
=C 3 MWf=C 3 M0
L; (Q) s=i+1 s=i4+1

=C

npu m, [ — oo, D10 o3Hauaer, uyto psn (32) cxomures K f B H%(Q).
Ecin k=2p+1, To J[0Ka3aTeJbCTBO TPOBOAHTCS aHAJIOTHYHO

¢ HcnoJb3oBaHueM HepaBeHcTBa (33'). Teopema JoOKasaHa.
Teopema 9. [lycmey epanuya 0Q obracmu Q npunadsexcum C*

npu HeKomopom k;[%]-{-l. Toeda mobas dynxyus f us H(Q)

(H% Q) passazaemes 6 psd Pypve (32) no cobemsennvin PyHKYUAM
nepeoil (emopoii) Kpaesoi 3adawu 0an onepamopa Jlanaaca, ¢xo0s-
. n
wuiica 8 npocmpancmee Ck—[7 ).
M3 Tteopemer 3 m. 2 §6 ra. III caeayer, uyro mnpocrpamcTBy

r= {211

C [2] (Q) npuHagmexut Kak ¢yHKuus f(x), TaKk ¥ BCe COGCTBEH-

Hble QYHKIMH Ug(X), a BMECTe C HHMH H BCe YaCTHYHBIE CyMMBI Sy, (X)

psna(32). [Ipu 5ToM HMeeT MecTo HepaBeHCTBO ||Sp, — S;j . [n] RS
¢ 1217 @

< C|[Sm— Si|y* o B KOTOPOM TNOCTOsiHHAA C He 3aBHCHT OT m H i.

B cuny teopembl 8 |Sm— S|k o —0 mpu m, i— oo, mnostomy

||S,,,-—S,\|Ck_[§J_1(Q)—>O npu m, {— oo. 3Hauut, paAx (32) cxo-

n
IHTCA B c* [2] I(Q). Teopema pmokasana.

6. OGo6menuss, Meron, ¢ moMOIILIO KoToporo B nm. 2 u 3 Gelia
HCCJefoBaHa [JIaAKOCThb OGOGLIEHHBIX pelleHHH KpaeBbIX 3ajay AjA
ypaBHeHusi ITyaccoHa, moxer GbiTh IPHMEHeH M INPH H3y4eHHH IJaj-
KOCTH OGOOILIEHHBIX DellleHHH KpaeBBIX 3ajad j/1s GoJiee OCIHX ypaB-
Henuit. Ilycte, Hanpumep, u (x)-—06OCIIeHHOE pelleHHe INepPBOM
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KpaeBoi 3ajauu
Lu=div (k(x) Vu) —a(x) u=f, xeqQ,
’ Ulag=0
fel.@Q, kxeslC@), ax)esC@Q), k(x)=k>0).

B k(x) eC"' (@), aeC’Q) n fx)eLQ N Hh (@
npu Hekotopom p==0, To u(x)eHﬁ,iQ(Q). B wuacrtHocTH, Ji06af
o6obuieHHas co6cTBeHHas (YHKUMA NepBOi KpaeBOi 3ajaud AJs One-

paropa £ npuHaggexut Hit? (Q).

Ecuu onoHuTensHo rpannna 0Q = C° 2 ufe H? (Q), o u (x) =
= Ht? (@), u, B yacTHOCTH, Ji06as 0GoGUleHHasA cOGCTBEHHAA PyHK-
1M NepBoll KpaeBoll 3ajauH 4,14 onepatopa &£ npuHainexur H” +2 (9F

CoBeplleHHO aHaJIOTHYHBIE Pe3yJ/bTaThl HMEIT MECTO H IS 0606-
IIeHHBIX pelleHHi BTOPOH M TpeTheH KpaeBHX 3aJau AJIfA ypaBHEHHS
(36) u cooTBercTByIOUMX COGCTBEHHBIX (yHKuHH onepaTopa L.

(36)

§ 3. Kuaaccuueckue peiienus ypasHenuit Jlanaaca M Myaccona

1. Tapmonuyeckue dyHkuuu. [lorenyuanm. BeinecTBeHHas (yHK-
uusA u (X) Ha3blBaeTcsl 2apmoHuieckol B o6jacTd Q (WM B HEKOTOPOM
OTKpPBITOM MHOXeCTBe) HpocTpaHcTBa R,, ec/lH OHa JABaXKAbl Hempe-
pbIBHO aH{depeHLHpyeMa B Q H B KaxJoH Touke X () yI0BIETBO-
psier ypaBHeHHi0 Jlamjaca

Au=0. (1)

Jlerko naTe W Apyroe, sKBHBaJIeHTHOe, ompejlejieHHe rapMOHHY-
HOCTH (PYHKIMH B TepMHHaX mpocTpaHcTB H* (Kak OGbIYHO, QYHKIHH
GyAyT CYMTaThCA PaBHBIMH, €CIH OHHM COBMAJalOT IOYTH BCIORY).

Dynkuusa u (x), NpHHALIEXKalIasn Hse (Q), rme Q—Hekoropas
o6nactb npocTpaHcTBa R, Ha3plBaeTcsl FapMOHHUYeCKoH B @, ecsu
OHA YJOBJIETBOPSIET HHTErpajbHOMY TOXJAECTBY

§ Vuvodx=0 2
Q

npu BceX (PHHHTHHX B Q (T. €. paBHBIX Hymo NI. B. B Q\Q' aas
nexotopoii Q' & Q) dbyHkuuAX v & H' (Q).

Ecnmu ¢yukuus u (x) us C?(Q) rapmoHnyHa B o6jacTu Q, TO OHa,
OYEeBH/HO, MPHHAIENHT NPOCTPAHCTBY Hioe (Q). YMHOXHM (1) Ha mpO-
H3BOJIbHYIO QHHHTHYIO B Q ¢yHKUMIO v & H'(Q) U NpoHHTErpHpyeM
noJyyeHHoe paBeHcTBO 1o o6jactH . C momormbio gopmyasr Ocrpo-
TPajCKOro MOJYYHM, 4TO (DYHKIHA u yIOBJIETBOPSIET HHTErPajbHOMY
TOXKJAECTBY (2).

TTycre Tenmepp GyHKIHA u H,'oc (Q) u ynoBJeTBOpSET HHTErpaJb-
HOMy TOXAECTBY (2) npH BceX GHHHTHHIX B Q QYHKLHMAX v, MpHHAJ-
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Jexamux H' (Q). BosbMeM npou3BOJMbHYIO CTPOrO BHYTPEHHIOO MOJ-
o6nacte Q' obnactu Q. Tak Kak ¢yHKuus u & H'(Q') u ynoBJjerBo-

pseT TOXJIecTBY SYqu dx=0 npu Bcex veH! (@), TO coraacHo

Q

JemMe 2 1. 2 mpeawmayuiero naparpada u teopeme 2 m. 2 © 6 ra. 111
¢ynkuus u = C* (Q). Kpome toro, dyHkuua u ynosjerBopsieT B ¢
ypaBHeHH1o0 (1) (cM. cieicTBHe U3 JeMMBI 2 npeablnyiero naparpada).
B cuny npousBosabHOcTH Q gyrkyus u (x) npuradasexmcum C*(Q) u
yJOBJIETBOpSieT ypaBHeHHIO (1) B Q, T. €, sABJsAETCS TapMOHHYECKOH.

Ecau rapMoHnyeckas B Q GYHKIHA 4 ABaXKABI HENPEPHIBHO AU(-
¢epenunpyema B @, 10, HHTErpUPYs paBeHcTBO (1) M0 Q M NOMB3ysCH
¢opmyJoit OcTporpaackoro, NoJy4uM DPaBEHCTBO

0= (Aude= div (V) de= { %as, @3)
Q Q Q

KOTOpPBIM OyjieM B JasibHeHIlleM HEOJHOKPATHO NOJIb30BaThCH.
Tlycts §— nmpousBosibHass Touka u3 R,, a r=|x—§|. Tak Kak

TO 3aBHCA-

© n
1Js1 GyHKIMH f, 3aBHCAIIEH TOJAbKO OT 7, Af =f,.+
masi TOJbKO OT r TapMOHHWYecKas (pyHKIMS U yJOBJETBOPsieT OGbIKHO-

n—1
BeHHOMY Ju(dpepeHIMaIbHOMY YPaBHEHHIO u,,+—u,_0. O6uiee

o
pellleHHe 3TOr0 ypaBHEHHs Ha IojJyocH r >0 umeer BHJ =it
npu n>2 u Cylnr-+c, npu n=2, TAe ¢y H C¢; — IPOU3BOJNBHBLIE
nocTosinHble. [To3TOMy BCe (yHKUMH, TapMOHHYECKHE BO BCEM MpoO-
CTpPAaHCTBE, KpOMe TOYKH x =§, W 3aBHCALIHE JHIIL OT |x —§ |, umeloT

BUJ l—;—cg—l-,;;—2+cl apu n>2u cylnjx —E| 4, npu n =2 (¢y u ¢; — mpo-
H3BOJIbHBIE OCTOSIHHBIE).
[apmonnueckas B R,\ {x =E} (byHKunﬂ

1
T (n—2)o, [x—E 7T’

2,

n

V

Ux—8= 4

1
-2—T;ln|x-—-§|, n=2,

rge o, — /oAb MOBEPXHOCTH €IHHHYHON cdepbl, HaspBaeTcsa (yH-
damenmanroHuim peulenuem ypaBHeHus Jlansaca. Sra QyHKuuMsi urpaer
BaXKHYIO POJIb NIPH H3y4eHHH pelueHuil ypaBHeHuil Jlansiaca u Ilyac-
COHa.

Jlna mo6oH H3MepHMOH orpaHHYeHHOH B 06J1acTH Q GyHKUHH Dy (§)
IpHU BCeX X onpefesieHa GYHKUUSA

o (x) = <S2 Ux—8)po(®) gt (5)

HasbiBaeMasi 00BEeMHbIM NOMERYUANOM € NAOMHOCMbBIO Pq.
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s moObix HHTerpHpyeMbix Ha dQ ¢yHKHuit p; (E) U P, (£) mpu
BCeX x & R,\0Q onpenenens QyHKIHH

Uy (x) =0SQU (x —&) p1 (§) S, (6)

ty (x>=§ o @ asy, @)
Q

Ha3bIBaEMBIE NOMEHYUANAMU NPOCMO20 U OBOLH020 CA0e8 C NAOMHOCAMU
P1 U Pz COOTBETCTBEHHO.

C norennuanamu (5), (6) u (7) Mbl yKe BcTpeyadu.b. Bm. 1 § 6
ra. III (Teopema 1) ObI0 noKas3aHo, uTo JiobGas GyHKUHS u (x) U3
C?(Q) MOXeT ObITb MpPEACTAaBJEHa B BHAE CYMMbl TpeX CJlaraeMbix:
06bEMHOr0O MOTEHIHaMa C IVIOTHOCThIO Au, MOTeHI(Ha/la MPOCTOro C/I0s

ou o
C IJIOTHOCTBIO — = W MOTEHUHANa ABOHHOIO CJIOSi C IJIOTHOCTBIO i1

ww=\Ua—gau@ dE—dS U -5 %2 dsy+
¢ Q

+OSQ‘E3-",;:§—’ €)dSz. (8

Ecan ¢ynkuus u = C?(Q) u sBasiercs rapMOHHuecKoii B Q, TO
u3 (8) BbITeKaer, uTo AJA J060ro x Q '

u@=\ (F5Ru @ - %20 —p)as. )
9Q

Jlemma 1. IMomenyuanrer npocmoeo u 080LiHO20 CA0CE ABASIOMCA
eapmoruveckumu pynxyuanu 6 R,\0Q.

[Tyctb x°— NPOH3BOJILHASA TOUKA H3 R,\0Q, u nyctp § >0— pac-
CTOsIHHe OT 3T0#i TOUKH 10 JQ. IloabiHTerpajbHble (YHKLHH B (1{2 n
(7) Ana Bcex x, Jexamux B mape {|x—x°|<<6/2}, kKak QyHKuHH
nepeMeHHoro &, e 0Q, npuHagiexar L, (0Q) u npu n. B. £ us 9Q
KaK (QyHKIHH NepeMeHHOro x npuHagjaexar C (| x — x°| << 6/2). Kpome
Toro, 1Js BceXx Ee=0Q u x u3 mapa {|x—x®| <<6/2} wumeioT Mecto
ouenkn |[D3U (x—8)|<C, D;“i‘l%?llgc, rae o= (G, ..., Oy)
NPOHU3BOJILHO, a MocTosinHast C > 0 3aBHCHT To/bKO OT § u a. TlosTomy

DLV -8 @) |<Clo: ®),
o;aU(x E)Pz |<C|92 &l

X

Toraa no Teopeme 7 m. 7 § 1 ra. I QyHKUHE 4, (x) u U, (x) Gecko-
HeuHo audpepenHnupyeMb B mape {|x —x°|<<6/2} u

Deuy (x) = aSQ p1(€) D3V (x — &) dS¢
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U (x—
Doy (1) = \ p (0 D 5= s,
Q .

npu Jwo6oM a. B yactHocTH,

Au, =0§Q 01 B)AU (x—E) dSg =0

By (9= { pa (8 57 AU (x— 8) S, =0,

Q

nockoaeky AU (x —E)=0 mpu x £ E.

Jlemma 2. Ecau py(E) = C*(Q), mo obvemnvii nomernyuan ug (x)
npunadsexmcum C*(Q) N C (Q) u 042 ecex x =Q ydossemsopsem ypas-
neruro ITyaccona Aug= py.

M3 u3mMepuMOCTH M OrpaHHYeHHOCTH B Q (YHKLHH p, BHITEKaeT

(om. m, 12 § 1 ra. II), uro 4,=C'(Q) u

6 aU —_— OU' —_ .
b%?=g g;’ E)pO(E)d§=_§—‘%“‘§)‘po(§)d§, i=1...., n.
) .

Ecin po(E) =C*(Q), To Ha ocHoBanuu ¢opmysas Ocrporpaackoro

o~ SU(x—§>%d§—§ U (x—8) po (8) s (8) S,
Q Q

P

rae n,; () =cos (n, &) — HenpepbiBHAs Ha 0Q QyHKIHA.

[TepBoe ciaraemoe NmpaBoOil 4aCTH 3TOrO PaBEHCTBA €CTb OGBLEMHBIH

o ~ )
HOTEHIMAJ C HenpephiBHOH B @ MJOTHOCTHIO a—%" 3naudr, 310 CJaa-
L

raemoe npuHagnexutr C!(Q). Bropoe cjaraemoe ecTb MNOTEHIH A
NPOCTOro CJ0Sl C HENmpepeiBHOH Ha GQ IVIOTHOCTBIO Pyl M COrJIacHO

aemme 1 npunapnexur C (Q). [lostomy pynkuusa uy < C* (Q) NC* Q).
BosbMeM 1pou3Bo/ibHy0 GuHHTHYI0O B Q ¢yHKum0 P u3 C?(Q). Tak

= -
Kak 1])'60 = & ao_o’ TO u3 (8) AnA Bcex x EQ HMeeM

1P(x)=§2U(x—§)A1P (§) dE. (10)

[Tpumensis kK ¢yHKUMAM ¢ H u, ¢opMyiy I'puHa u uHcnoabsys
nocJefoBatebHo TeopeMy Py6unn (reopema 10 nm. 11 § 1 ra. II)
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u paseHcTBO (10), mosyuum

Slp X)Aug\x) dx
Q

={ Ay x) dx=

Q

§A (S (x— §>p0(§>d§)dx=

Spo (S (x — &) A (x) >d§=swg>po(§>d§.

Q

Takum o6pa3oM, npH Jio6olt ¢unuTHOA B Q pynKuuu P u3 C?(Q)
HMeeT MECTO PaBEeHCTBO

gll? (x) (Aug (x) — po (1)) dx =0,

OTKyJa ¥ BhITeKaeT, 4To Au,=p, B Q. JlemmMa 2 noka3zaHa,

2, OcHoBHble CBOCTBA rapMoHHYecKHX GyHKINMIE. ¥ CTAHOBHM Teneps
HEeKOTOopble BaXKHHI€ CBOHCTBa TapMOHHYECKHX GYHKIHH.

Teopema 1 (nepBasi TeopeMa o cpefiHeM). [Tycme u(x)— eapmo-
rudeckan @ obaacmu Q yrrkyus, a x —npoussosbras mouxa u3s Q.
Toeda npu mobom r, 0<<r<<d, ede d— paccmosnue mouku x 00
eparuypt 0Q, umeem Mecmo paseHcmeo

e | e®dSy (1

[x—E[=r

ux)=

[Tockoneky ¢yHKuus u (§) = C?(|E—x|=<r), To K 5TOM yHKUHH
B obiactu {|E— x|<<r} MoxHO npuMeHutb ¢opmyay (9). B cuay
9TOH ¢GopMyJBl A48 n>2 (m18 n=2 paccyxjeHHe aHaJOTHYHOe)

u(x)=

s 1
— 1 0u (&) “u@® _[B—x"? ¢ _
- S (n—2)6,r"% dn dSg— S (n—2) o, ong dSg =

f§—x{=r . . (lag—xl r

= =g S = ds +G P u (§) dS,

[§—x|=r [E—x|=r

. OCKOMBbKY Ha chepe {|E—x|=r}
s 1 1
|§—x|"2 __ _1E—x|"2 (n—2) _ _n—2
Ong T o E—x] T [x=gpiT T Lt

dopmysa (11) Tenepb BeiTekaeT u3 dopMmyJnl (3).

Teopema 2 (BTopas Teopema O cpenHeM). [Tycms u (x) — eapmo-
Huseckasn 8 obaacmu Q yHkyus, a x— npoussosbras mouka u3 Q.
Toeda npu mobom r, 0<<r<<d, efe d— paccmosanue mouxu x 00
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epanuyst 0Q, umeem Mecmo pPageHCMEo

w=5s | w@® (12)

1E—xi<r

CorsmacHo Teopeme 1 gas mo6oro p, 0<<p<<d, HMeeT MeCTo
pPaBeHCTBO

o u()= | u@dSy

[E—xi=p

Hnterpupys 310 paBeHcTBO no p oT O 10 7, nosyunm pasenctso (12).

Teopembl 1 U 2 Ha3bIBAalOTCA TEOPEMaMH O CPEIHEM, MOCKOJBKY
B mpaBhix yacTAX paBeHcTB (11) u (12) cToAT cpenHue 3HaueHHs
¢yHkuun u no cpepe {|E—x|=r} u nomapy {|E—x|<<r} coorser-

o,rit
CTBEHHO (o,,r"*l——nnomanb cepsl, ':l — o6seM 1mapa).

Kak 6blyi0 1OKa3aHO, rapMOHHYecKasi B o6mactH Q ¢yHKuusa Gec-
KoHeuHO aHddepenunpyema B Q. [Ipn uaydyeHuH rapMoHHYECKHX QyHK-
nuf yacTo GhIBaeT MOJIESHOH cJlejyiolias

Jlemma 3. Mycmo ynxyua u(x) eapmonuuna 6 Q u ozpanudena:
lu(x)| <M. Toeda mobas npoussodnas D% (x) nopadka ja|=k
k=1, 2, ..., 8 mouxe x =Q yoossemeopsem HepaseHCmsYy

Do ()| < M () k2, (13)

20e § — paccmosnue om mouku x 0o epanuyst 0Q.
JloKa3aTe/bCTBO JIeMMBI OyeM NMPOBOAMTL HHAYKLHEH To X,
[Mycts cHavana k=1. Tlokaxem, uytO !uxi|<Mn/6 IS BceXx

=1, ..., n. Tak Kak QyHKuHA u,, rapMOHHYecKass B Q, TO B CHay
TeopeMbl 2 g Jo6oro 8’ << 8

n n
Uy; (X) = P U, dg = W S u (E) cosoy ng,
1§—x|<8 [§—x[=0

‘e o; — yroa Mexay BektopoM §—x u ocbio OF;. Ilostomy

i ()| <gm | 14@)dSi< Mltm 0™t = Mnse',

[g—it | =0

[Tepexonss B 3TOM HepaBeHCTBe K npejedy npu 8’ —§, moayuum
TpeGyeMoe HepPaBeHCTBO.
[lpenmosoxkuM Tenepb, yTo JiemMMma foKa3aHa fAJs BCceX HPOH3BOj-
HHX D%u, rae |a|<<k—1, k=2, [lokaxeM HepaBeHCTBO (13).
Bo3bmem gaBa mapa {|§—x|<<8'} u {|E—x|<<8'/k} c uenTpom B
Touke x (6’ —JoGoe nNOJMOXKHTeNbHOE yHCsO, MeHblee §). [To npen-
TNOJIOKEHHIO HHAYKUHMH 118 Ji06o# Toukn & M3 mapa {|E—x|<<6'/k}
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u Jjwogoro f, |f|=Fk—1, UMeeT MeCTO HepaBeHCTBO

i nB n k-1 1 1 k-1 -
\Dgu(§)|<M(m) (b — 1) 1—-M<6,> kAL,

Takum o6pasom, anas Jqwogoro P, |p|=k—1, rapmonuueckas
¢yukuust DPu (E) orpannuena B mape {|§—x|<<8'/k} noctostumnoit
M (n/8")-1 k%1, Toraa ansi mepBbIX MPOH3BONHBIX 3TOH (YHKIHH MO
y¥e J0Ka3aHHOMYy HMeeM '

Db u @)l <M (5) () = m (g ) o i=1n.

To ects ans JoGoro o, || =4k, umeeM |D%u|<< M (n/8')* k*. Tlepe-
XONfl B TOM HepaBeHCTBe K npeneny npu 8’ — §, mosyuum HepaBeH-
ctBo (13). Jlemma pokasaHa.

PaccMOTpUM HeKOTOphbiE NMPHJOKEHHS JeMMBI 3.

Teopema 3. 1z 1100020 6eCKOHEUHO20 MHOICECTBA 2aP MOHUYECKUX
8 Q pynxyuii, oepanusennvix 8 Q 00HOU NOCMOAKRHOL, MONCHO B6LOpamb
nocaedosamenbHocms, Cx00AUYIOCA PASHOMEPHO KA M0G0 cIpogo 6HYyMm-
perneti nodobaacmi obaacmu Q.

[ycts M — HekOTOpOe GECKOHEYHOe MHOXKECTBO rapMOHHYECKHX
B ob6mactd Q ¢yHxkuuit u (x), orpaHHyeHHBIX B Q B COBOKYIHOCTH:
|u(x)|< M. Bo3bMeM NpPOH3BOJIBHYIO MOC/EI0BATEILHOCTh O6JacTeit
Qs Qp ..., oOMajalomyio  CcAefyOMUMH CBOHCTBAMH: Q; < Q<

0.

CQ3C...; Qi@Q, l=17 27 ceey U Q1=Q'

=1

Muoxectso MM cocrour u3 ¢yukuui, npuHaggexamux C(Q,) u
OrpaHHYeHHBIX Ha (); B COBOKyNHOCTH. B cuiay jemMsl 3 cyliecTByer
Takas noctosiHHaa C >0, 3aBucAuias JHmb OT o6aactH @, 4TO A/
Bcex ¢yukimi u U3 M |Vu|< C npu x = Q,. Tlostomy MHOKeCTBO
I paBHocTeneHHo HenpepniBHO B ;. [To Teopeme Apuena us M
MOKHO BBIIEJNHTB IOC/IENOBATENbHOCTb Uq1, Uyg, ..., PABHOMEPHO CXO-
asamyocsa B Qp. Tak kak 3Ta 1oc/efoBaTeNbHOCTL PaBHOMEPHO orpa-
HHYEHAa W B CHJy JIeMMB 3 PaBHOCTENEHHO HenpepbiBHA B Q,, TO H3
Hee MOXKHO BbIIE/IHTD IOAMNOC/IEI0BATEIHOCTD Uy, Uggs ..., PABHOMEPHO
cxopsuuyiocsi B Q,. M Tak nanee. OueBHAHO, JHATOHAJBHAS MOC/ELO-
BaTeJbHOCTDb Uyy, Ugg, ... SBJSIETCA HCKOMOH. Teopema pokasaua.

Teopema 4. [Tycme nocaedosamessHOCMb 2APMORUHECKUX 8 00Aacmu
Q dyuryuid uy (x), uy(x), ... cxodumea Kk QyHKYUY U (X) PABHOMEPHO
8 060l cmpoeo erymperHell no omuouwienuo K Q nodobracmu. Toeda
pyrkyua u(x) eapmonuveckas 8 Q u 0aa 400020 = (Cty, ..., Oy)
nocaedosameavrocme D*uy, D*u,, ... cxodumes k gyrxyuu D*u pasro-
MepHo 8 a060l cmpoeo erymperteld nodobracmu obaacmu Q.

[Tycte Q' — npousBosbHAs CTPOTO BHYTPeHHAs moao6aacTb 06-
aactd Q. Toraa ¢yskuus u (x) = C (Q'). Bosbmem Takyio o6aacts Q”,
ut0 Q' € Q" € Q. SlcHo, uTo Kaxkaas GyHKIUA Uy, (x) orpaHuyeHa B Q”.
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B cuny nemmbl 3 pas soGoro o cyuecTByer Takas nocrosineas C > 0,
saBHcAmlasg Jmb oT @', Q" u |a|, yTo npu Bcex m, s=1, 2, ...
HMeIOT MeCTO HePaBeHCTBa

|D* (s — us) ”c @)= Cllum—us ”C (6"5'

Tak KaK |um—us|. 57 —0 npu m, s—oo, T0 Bce noc/enoBaTeNb-

Hoctd D%, m=1, 2, ..., aBasoTcs (yH1aMeHTaJbHBIMH B HOpMeE
npoctpaicTBa C (Q'). Dro osHauaer, yTo GyHKUHA u(x) = C~(Q')
u npH m06oM & |D%uy— D% | g1y —0 npH m—oco.

[Tepexons B paBenctBe Au,=0, x =Q’, K npegeny npu m — oo,
noayyuM, yTo Au=0 B Q’, T. e. yHKuUHUA u (X) rapmMoHHuecKas B Q’,
a teM cambiM, H B Q. Teopema pokasana.

Teopema b. Dyuxyus, eapmonuueckas 6 obaacmu Q, s8asemca
anaaumuueckol 6 Q. i

[ycte ¢yHkuMA u(x) rapmoHudYeckass B ofjactH Q. Bosbmem
- MPOH3BOJBHYIO TOUKY x° M3 Q M oGo3HauuMm yepe3 § >0 paccrosnHe
OT 3TOH TOUKH [0 rPaHullb Q, a depe3 Say; (x°) — map {fx — x| << 6/4}.
®ynxuua u (x) = C (Qsp), mosTOMy OHa orpaHHYeHa B Qg NYCTh
M= max lu(x)]|.

xeéa/g _

Tak kak paccrosinde OT JOGOH TOUKM mapa Ssy (x°) 10 rpaHHUIb
0Qs/y HE MeHbUIE YeM 8/4, TO B cHay JeMMBl 3 1asl oGOH TOYKH x

u3 Sey (x%) u moboro a=(o, ..., &;) UMeeM HepaBeHCTBO
|D*u| << M (4n/8) %! { e |I®!,
pet1/2 1

[Tockoasky lim (bopmyna CTupsuHra), TO CyIleCTByeT

koo KLeE  V2n
takas mocrosnHasi C >0, 4To pJs BceX HATypaJbHHX kB kF << Cetk!
U, TeM caMbiM, || %l << Ce'®! (jai)!.
o |)!
[Tonarass B Toxzaectse (x;+ ... +x,)t= Z Qa—[l)~x"°, cnpasejJiu-
fot =k
BOM IIPH JIOGOM HaTypaslbHOM R, X; = ... =X, = |, NOJy4HM PaBEHCTBO

nk= Z (e )!/el, n3 koroporo BbiTeKaeT HepaBeHCTBO (| a|)l/a! <<
loj=k '
< nlel, Tlosatomy npH Bcex x & Ssy (x%) u Beex o

| D%u| << CM (4n%/6) *' al. (14)
U3 uepapencrsa (14) npexne Bcero BmTeKaer, uro pspg Tedjopa
byHKUHH 4 (x) :
ED“u(xo) (x_xO)a

ol
¢4

a6COMIOTHO CXOQHTCA B mape S ={|x——x°|<%}, M03TOMYy CyMMa
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pAna sBJAsETCS aHAJIUTHYECKOMH q)ynxunen B S. JlokaxeM, YTO 3TOT
psan B mape S’={|x x°i<8n3} cxopurca K ¢yHrumu u(x). s

3TOro IOCTATOYHO MOKAa3aTh, YTO OCTATOMHHIH UJIEH q)opmynbx Tetiopa
dYHKUMH

Doy (x0)

o (e

k=0 |o|=k )
D%y (x0 46 (x— x0))
ol (

x — x9)%,

|la|=N

rie |0|<<1, crpemurcss K Hymo npH N —co B Kaxjaoll Touke S’.
[Tockoabky mpu x & S’ Touka x®-+0 (x —x%) TOXKe comepxHTcs B S’
H, TeM cambiM, B mape Sg/y (x°), To u3 (14) BhiTekaer, uTO /151 BCEX
x us §’

Ry < Y cm(

2, N
4ne> <6>< CM_,y_CM
|| =N

8 8nse @en N gN -
TTostomy Ry (x) =0 mpu N — co.

B cu1y npoH3BoJabHOCTH TOUKH x*<=Q &yHKnus u (x) aHamu-
tnyHa B Q. Teopema pokasaHa. B

B nByMepHOM cayuae Hapsify ¢ TeopeMoH 5, ycraHaBiHBaiollel
aHAJUTHYHOCTb FAPMOHHYEeCKOH (YHKIHH KaK OYHKUHMHM JBYX mepe-
MEHHBIX X;, Xy, HMEET MeCTO H 6oJee IVy6OKHH pe3yJbTaT, CBA3H-
BAIOIIMH rapMOHHUECKHE OYHKIMM C aHAJHTHYECKUMH (QYHKIHAMH
OJLHOrO KOMIIEKCHOTO MePEMEHHOr0 z2=xy+} ix,. Iln1a mpOCTOTH orpa-
HUYHMMCS CJay4yaeM OJHOCBSI3HOH 06JacTH.

Teopema 6. [aa moeco umober ynxyus u (xy, Xs) bbisa eapmo-
Hudeckoti 8 00HoceA3HOL obaacmu Q, Heobxo0umo u docmamo4ro, ymobet
cywjecmeosasa maxkas anasumudeckan 6 Q pyuxyua f(2), 2 =x;+ ixy,
amo u(x1, xs) =Ref (2).

HoctatrouHocTh. Ilycrs f(2) anamuruyHa B obaacti Q. Torga
byHkuMH u (x5, X;) =Ref (x1+ix:) U v(xy, ;) =Imf(x;+ix;) B Q
6eckoneyno puddepeHnupyeMsl U yaoBAeTBOpsieT yc/aoBuiM Komm—
Pumana

Uy =Uyyy Ugy=—7Uy (15)

0
IubdepeHuupys mneppoe M3 paBeHCTB (15) mo x;, BTOpOE —TO X,
M CKJajbiBasi MOJNyUYeHHBE COOTHOIIEHHs, moayuuM Au=0, T. e,
1 — rapMoHHYecKas QyHKIHS.

Heo6xopgumocts. [lycte dyHkuus u rapmoHHyeckas B Q.
PaccmorpumM yHKIIHIO

v (x) = S - uxg dxl + uxl dX2,
L (x9, x)
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rae x° = (x?, x9) — HexoTOpas GPUKCHPOBAHHASA TOUKA H3 Q, X = (X1, X3),
a L (x° x)—npousBosibHas copsMasieMasi KpHBasi, COeNHHsOAs
TOYKH x* M x M Jexawas B Q (M3 OfHOCBSI3HOCTH oGaacTH B CHJIY
dopmyasr I'pHHa clenyer, YTO QYHKLIHSA U HE 3aBHCHT OT KOHTypa L),
®yuknua v (x) = C1(Q) v ynosaersopsier ycaosusam (15). Caegosa-
TeJNbHO, QYHKIHA f=u - (v aHajuTHYHA 1O Xx;+ix, B Q. Teopema
JOKa3aHa.

3ameuaHnue |. AHajauTHueckas byHKuus f(2) mo rapmoHHue-
ckoll QyHKIHH U (X1, X;) ONpefeasieTcs ¢ TOYHOCTBIO 1O NMPOU3BOJABHOMH
YHCTO MHHMOH nocTOsiHHOH. [leficTBUTeNbHO, MyCTb fy(2) =u-iv, H
f2(2) = u + iv, — nBe anamuTHYECKHE B Q DYHKIHH, 1J15 KOTOPHX Re f; =
= Refy=u. Torpa aHagutuyHa B Q yHKUMA [, —f,=iv, THe
(BemecTBeHHas) QyHKUUA v =v; — U,. B cuay ycnosuit Komn—Pumana
Uy, = Uy =0, T. & Uy=0;-+¢, TO€ ¢—NPOU3BOJbHAS BEIIECTBEHHAS
nocrosinnas. Tlostomy f; (2) =f; (2) +ic. YTBepxkneHHe n0KasaHo.

3amMevuaHue 2. YTBepKueHHe, aHAJOTHUHOE TeopeMe 6, HMeeT
MeCTO M B C/lyyae NPOM3BOJNBHOH o6/aacTdH Q. B stoM cayyae ananu-
THYeCKas 00 x;-ixs B Q OYHKIHs f, HOCTpOEHHAsl MO rapMOHHYECKOH
B Q dyuKuuM u, mMoxeT GbiTb MHOrosHauno#i. Hampumep, rapmonu-
yeckoll B Koablle {1 << |x|<C2} dynkuuu In|x| orBeyaer MHOro3HauHas
aHaJUTHYeCKas B 5TOM KoJblle QyHKUHA Lnz =1In|x |47 Arg(x; + ix;))
(z=x1+ixs). ,

CaegcrBue. [lycme arasumuueckas 6 o0rocesA3Hol obaracmu Q
pyuxyus 2" =F () =F1(x1, x3) +iFs(x1, X3}, 2=x1+ixs, 63aUMHO
00R03Ha4HO omobpasaem amy 004acmb HA HEKOMOPY 0OHOCEI3HYIO
o6aacme Q' komnaexcrol naockocmu 2’ =xy+ixy. Ecau ¢ynxyus
u' (x') eapmonuueckan ¢ Q', mo ¢ynxyus u(x)=u’(Fi(x), F;(x))
eapmorueckas 8 Q.

HeticBuTesbH0, nycTb f’(2') —ananutudeckass B Q' ¢ yHkuus,
nas koropoit u’ (x'y=Ref’ (2’). Tak kak oynxuus f(z)=f (F (z))
aHaquTHyHa B Q, TO OyHKIMA u (x)=u' (Fy(x), F; (x))=Ref (') =
= Ref (z) rapmonnyna B Q.

Cnenyrolllee BaxKHOE CBOHCTBO TapMOHHMYeCKHX (YHKIHH, BHTEKa-
[olllee M3 TeopeMbl O CPefHEM, Ha3hiBaeTcsi MPHHIUIOM MAKCHMyMa.

Teopema 7 (npuHiMn makcumywma). [Tycms eapmonudeckan 6 Q
pynryus u(x) Henpepoigna 6 Q. Tozda usu u(x)=const 6 Q, uau

min u (x) <<u (x) <<max u (x) (16)
*E0Q xsdQ

drn ecex x =Q.

[Tycte M = max u (x), [TokaxeM, uro eciu B o6nacti Q cyuect-

xsQ

ByeT TOYKA, B KOTOPOH HapymiaeTcsi NpaBoe M3 HepaBeHCTB (16),
10 ¢yHKuuA u (x)=const=M B Q. eHicTBUTE/NBHO, MyCTb TaKas
Toyka cymecrByeT. Torga B Q ecTb Touka x°, B KoTopo#t u= M.
Bo3bMeM NpPOM3BOJBHYIO TOUKY y H3 Q M NOKaxeM, 4T0 U (y) =M.
CoeqMHHM TOYKY Y C TOYKOH x° KOHEYHO3ReHHOM JomaHoH L (Ges
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caMonepecedenuit), neankoM Jexamedt B Q. Ilyerb d > 0 — paccros-
m{e mexkay L u 0Q. I'IOKpoeM KPHUBYI0 L KOHEUHbIM YHC/IOM LIAPOB
{|x x| <d/2}, I, ..., N, UeHTpH KOTOpHX X' &
E LASi-, i=1, ..., N. [Tpu sToM Touka x° ecTb LEHTp luapa
S¢s a Touka yESN
B cuny BTOpod Teopembl O cpelmeM (Teopema 2)

n
& @y ) dx,
|x~—x0|<d/2

u(x%) =

§ (u(x)—u (x) de=0.

So

TTockosbKy nogpiHTEr paibHas GyHKIHA U (X) — 1 (x°) HemoJMOKHTENbHA,
To u(x)=u(x)=M B S, M, B yactHOCTH, u (x!)= M. IloBropsas
I8 TOYKH x! M mapa S; Te ke pacCyXAeHHs, YTO M IJfA TOUKH x°
U mapa S,, NOKaxeM 4T0 4 (x)=M B S; H, B YaCTHOCTH, u (x2) = M.
U tak panee. B wurore modyuuM, uto u(x)=M B Sy Hu, B dyacr-
HOCTH, u (y)=M.

Takum ofpasoM, n0KasaHo, 4YTo MM « (x)=const B Q wiu pgas
BCeX x M3 Q Hmeer macro mpasoe H3 HepaBeHCTB B (16). Ilpumensia
3TO yTBepKIeHHe K QYHKIHH — u (x), NMOJYYMM, YTO HJIH u (x) = const
B Q, WaM 1Jf BceX x M3 Q HMMeeT MecTo JeBoe M3 HepaBeHCTB (16).
Teopema nokasana.

Canencrsue. Hz meopemor 7 HemedaeHHO evimexaem, 4mo 04a
at0601i 2apmoruneckoli 6 Q pynkyuu u (x), Henpepoigroti 6 Q, umeem
MECIO  HEPABEHCMBO

L o) <l #lcea- (17)

Teopema 8. Mycme gynryuu u,(x), k=1, 2, ..., npunade-
scam C (Q) u ssasomes eapmorudeckumu 6 Q. Ecau nocaedosamens.
Hocmoe uyleg, k=1, 2, ..., cxodumeca pastomepro Ha 0Q, mo nocie-
dosamenvrocme Uy, k=1, 2, ..., cxo0umca pasromepro ¢ Q K Hexo-
Mopoti 2apMoHu4ecKol 6 Q pynkyuu.

IleficrBuTebHO, B cHAY dopmyan (17) past mo6eX s U m

| s —tmlc gy <|ts— tmlcoo-

Tak Kak mnociedoBaTeNbHOCTb Uy lags R=1, 2, ..., paBHOMepHO Ha
0Q cxomurcsl, TO |Us—Um|ciop =0 0pPH m, s$—00; HOSTOMY
lus—timlcg)—0 npu m, s—oo. Hs nomnors npocrpancrea C (Q)
BHITEKAET, YTO CYIIEeCTByeT HenmpepeiBHasw GYHKUMA u (x), K KOTopoﬁ
paBHOMEpPHO B @ CXOIHMTCH MOC/IEIOBATEJbHOCTb Uy (¥), k=1, ...
[apmonnunocTh GyHKIMH 4 (x) B Q clexyer U3 TeopeMu 4. Teopema
10Ka3aHa.
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3. O knaccHuecKnX peluneHusx 3agaud Aupuxae nas ypasHenus Ilyac-
cona, HanomuuM, uto QyHKIMS « (x) HasbBaeTcA KJacCHUeCKHM pe-
weHHeM 3afauu upuxse (mepBoft Kpaepoli 3ajauM) Ijf ypaBHEHHS

TTyaccona
Au=f, x&Q, (18)
U log = ¢, (19)

ectn u(x)C*(Q)NC(Q) u ynosaetopsieT coorHomenusim (18) u
(19).

[Tpexkne BCero OKaMeM €IHHCTBEHHOCTh pelieHHS,

Teopema 9. 3adaua Jlupuxse dan ypasuenus Iyaccona He moxcem
umemp 601ee 00HO20 KAACCUHECKO20 PeLierUs.

IMycte 4, (x) U uy(x)—nBa pewenuss 3agaun (18), (19). Torma
byHRUHA U (x)= Uy (x) — Uy (x) ABJAfAETCA rapMOHMYecKoH B @, Hempe-
peiBHOH B Q ¥ ofpamaercs B Hyab Ha 0Q. [losToMy M3 HepaBeHCTBa
(17) Boirekaer, uro u=0 B Q, T. e. u;=u, Teopema JokasaHa.

CywecTBoBaHHe KJacCHUeCKOro pemenust 3agaun  (18), (19) B

5+ e nldl g gl
npeanonoxkenun, yrodQ = Cl21 " | f= H'2 Q) o=CL2] " (0Q),
ycTaHOBJMEHO B H. 3 mpepmaywiero maparpada. Ha camom pese Tam
JOKa3aHo G6oJiee CHJBHOE YTBePXKIEHHe: NPH CHEJIaHHBIX HPeNHoJo-

KEHHUX OTHOCHTENbHO 0Q, f U ¢ o6olueHHoe pelienne ¥ 3agaud (18),
n

(19) mpHHALIEKUT MPOCTPAHCTBY Hl[(?c] +3(Q)n H[f]‘*‘l (Q). Orciona
B CHJIYy TeOpeM BJIOXKEHHS cielyeT, uto 4 (x) = C2(Q)NC(Q), 1. e.
AB/IsieTcA KJaccHYeCKHM pelllendeM. Ho npuHamiexnocTs $yHKIHH
AIpOCTPaHCTBaM HLE]_H(Q) " H[7]+I(Q) yC/IOBHS 3HAYMTEJIbHO

GoJee CHJbHHE, YeM NPHHaLIeXHOCTh mpocrpaHcrBam C2(Q) u C (Q)
cooTBeTCTBeHHO. [l03TOMY ecTeCTBEHHO OXHJAThb, YTO KJ/ACCHUECKOE
pelieHHe CyllecTByeT npH Gosee c/1aGbiX orpaHHueHHAX Ha 0Q, fu ¢.

Teopema 10. Ecau Q =C?, f=C'(Q), 9 = C (3Q), mo 3adaua
(18), (19) umeem raaccuueckoe pewierue.

[Tpexkne Bcero ycTaHOBHM CHPaBelIHBOCTb TeopeMbl 10 1/s cayuas
ofHoponHoro ypasHeHus (18), T. e. nas sagaym (1), (19).

Jdemma 4. Ecaw 0Q=C? a 9= C(0Q), mo 3sadaya (1), (19)

umeem Kaaccuqeckoe petlierue.
n

Iycts cHavana 0Q & C[f] 1 Tak kak g = C (6Q), To cymecrsy-

n

241
€T MOC/IeN0BaTeNbHOCTD @p, k=1, 2, ..., dyukuui us CL2 + (0Q),
paBHOMEPHO cxopsinasca Ha 0Qk dyHKIuH ¢. ([leficTBUTENBHO, HEMpe-
poiBHOE Hpono/KeHHe ¢yHKuuH ¢ B @ MoxHO npuOau3uth B C (Q)

dynkuuamu u3 C°(Q), a HX 3HaueHMs Ha rpaHHLe NPHHALIEKAT
n

5+ "
C[2 (0Q).) Ho mna moboit ¢, cymecTByeT rapMoHHYecKas B
OYHKLIHUA U (X), ABAAIOWALCA KJACCHUYECKHM pellieHHeM 3ajgaud (1),
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(19) c sroit rpannuHoit ¢yHKIMed. B cuay Teopemsl 8 nocsenosa-
TeJNBHOCTb U (x), k=1, 2, ..., paBHomepno B Q cxoxurca. Ilpu
-3TOM NpefesibHasi QYHKUHA u (X) sABJAAETCA rapMOHHMYeCKOH B Q, Henpe-
pbBHOX B ( M ynoBjaeTBOpSieT rpanHuyHoMy ycjaoBHio (19), T. e.
ABJSIETCH KJacCHYeCKMM peureHMeMm 3agaud (1), (19).

[Tycrs Teneps 0Q & C2. O6o3nauumM uepe3 @ HempepbIBHOE HPOLOJI-
KeHue B Q rpanuuyHol ¢yHKuMH ¢, u nyctb M =max | @ (x)|. Bo-

rxeQ

3bMEM IOCJeNoBaTe/bHOCTb obaacrelt Q;, i=1, 2, ..., ofnajawomyio

[ee)
CIENYIOMHUMH cBolicTBaMH: Q, & Q;,, aad Beex i=1, 2, ...; U Q=
i=1

n

2141
=Q; Q= C[2] + , =1, 2,.., CorsiacHo [0Ka3aHHOMY HpH JOG0M
i=1, 2, ... B o6nacTu Q; cyulecTByeT KJacCHYeCKOe pelleHHe U; (X)
sagauu (1), (19), ymoBaeTBOpsiOlee IPaHHUHOMY YCIOBHIO U;[aq, =

= @ |aq,. Tlpu srom npu Beex i=1, 2, ...

max |v; (x) | << M.
1eqQ;

O603nauuM uyepes ; (x) 3anannyio B Q GyHKUHIO, PaBHYIO U; (X)
B @ n mymo sue @, i=1, 2, ... B cuay Teopemn 3 noc/enoBa-
TeJNbHOCTh (YHKIMH Uy (x), Uz (X), ..., TAPMOHHUECKHX B (5, copep-
KHUT MOANOCAEN0BATENbHOCTD Uy, Uyg, ... , PABHOMEPHO CXOLALLYIOCA
B Q,. [TocaenoBatenbHOCTb Uy, Uqg, ... COCTOMT U3 GyHKIHE, TapMo-
HUYEeCKHX B Q; (eC/IM M3 Hee BHIGPOCHTb, BO3MOXKHO, CONEPMKaALLYIOCA
B Hell QyHKUMIO U, (x)). [losToMy mo TeopemMe 3 M3 Hee MOXHO Bbi6-
paTb HOANOC/AeN0BATENbHOCTD Usy, Ugsy ... » PABHOMEDHO CXOLSIILYIOCH
B Q,. U Tak nagee.

Bo3bMeM QHMaroHaJbHYIO  HOCJAEI0OBAaTeNbHOCTb Ui, Ugss ...
++v s Upp, ... COOTBETCTBYIOULYIO MOANOC/IEL0BATENBHOCTD MOC/IENOBATENb"

HoctH ofnactelt Qn, m=1, 2, ..., Gyxem o0GO3HayaTh yepe3 (i
i=1,2,...: dyukuus u; pasHa v, B Q; M paBHa Hymo BHe Q.
OueBHIHO, MOC/IENOBATENBHOCTD Up,, p=1, 2, ..., cXOfuTcsa B Q H

3Ta CXOQHMOCTb SIBASIETCA paBHOMEPHOR Ha Jw60M ;. Caegosa-
TeJIbHO, COIVIacHO TeopeMe 4 mnpenenbHas GYHKIMS & (X) rapMoHu-
yeckas B Q. Kpome Toro, |u(x)|<<M nasa Bcex x = Q.

[TokaxeM, 4to u(x) HenpepbiBHAa B () M YIOBJIETBOPSET I'paHHY-
HoMy ycaoBHIO (19), T. e. DoKaxkeM, 4TO u (x) — KJaccHuecKoe pelne-
uue 3agauu (1), (19).

BosbmeM npousBoJibHYI0 Touky x°<= dQ. Tak kak dQ = (C?, To
cylecTByeT TakKas Touka x' & Q u Takoe r >0, urTo Kacamwmuiics
rpaHuns 0Q B Touke x° map {|x—x'|{<Cr} He comepXUT TOUeK
obnacth Q, a cbepa {|x—x'|=r} uMeer Jumb OgHy TOUKy x?,
o6y ¢ 4Q. PuxcupyeM Jjo6oe £>0. B cuay HempepbiBHOCTH
B Touke x° dymkuun @ (x) cyuectByer Takoe 6=0(e)>0, uro
|D(x)—D(x°)[<<e nna Bcex ToueK M3 wiapa {|x —x°|<<6}, nexa-
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wux B Q. Tak Kak rapMmonnueckas mpH x s=x! (yHKUHA

1 1
w (x) = x—Ae

(o717 onpeleseHHOCTH Mbi paccMaTpHBaeM cayya#ft n>2; B ciyyae
n=2w(x)=-—Ilnr-+4In{x—x'|) Heorpuuarensia mnpu scex x =Q u
obpamaercss B Hy/Jb TOIbKO B €IMHCTBEHHOH Touke x° u3z @, To
MoxHO Halitu Takoe C=C (8) >0, uro naa Beex x = Q GynyT cnpa-
BelVIHBbl HEPaBEHCTBA

D) —e—Cw(x) <D (x) <D (x%-+e+Cw(x).
OyHKIMH Uy, (x) + Cw (x) ¥ Uy, (x) — Cw (x) rapmoHHYecKHE B Qp,
HenpepbBHbie B Qpp U (Up, +C0)aq = (®+ Cw),aQ >DO(% —emn
(Upp — Cw)iaQ op =(d— Cw)]an < (B x% +e. HoaTOMy COrJIacHO NPHH-

LAY MakCHMyMa B o6nacti Qpp upp( )+ Cw(x) >D(x)—e u
Upp () —Cw (x) < D (x?) +-¢, T. €.

D) —e—Cw(x) <uy, (¥)<<O® () +e+Cw(x)
L1 Beex x & Q,,. CnenoBarenbHo, s Jo6oro x & Q
D) —e—Cwx)<<u(x)<<D@x%+e+Cw(x).

U3 sTHX HepaBeHCTB, NOCKOAbKY @ (x) —0 mpu x— x° B cBOlO Oue-
pelb BHITEKAIOT HEPaBEHCTBA

O (1) —e<< lim u (x) << Tim 4 (x) < @ (x%) + &,

P x> x0

OTKyIa B CHJYy TpPOH3BOJIHOCTH &> 0 cJjenyer, 4YTo u (x) Hempe-
poiBHa B X° B u (x') =® (x°) = ¢ (x°). Jlemma poka3sana.

Hokaxem Temepb Teopemy 10. Paccmorpum ¢yHKumiO
U (x) =S Ux—y)f(y)dy, saAsasiiomyiocs 00bEMHBIM MOTEHIIHAJIOM

Q
¢ miotHoctbio f. B cuny Jaemmu 2 u,(x) =C?*(Q)NC(Q) ¥ siBas-
erca pemenueM B Q ypapHenus (18). CorsacHo semme 4 cyliecTByer
KJaccHyecKoe pelllende v (x) 3agaun Av=0 B Q, v]ag= ¢ — U |ao-
Torga QyHKOHA 4 =u,-+ v ABAAETCA KJACCHUECKHM pelleHHeM 3ajauH
(18), (19). Teopema nokasaHa.
C nomompio TeopeMbl 10 ycTaHOBHM ciefyiolllee BaXKHOE CBOHCTBO
rapMoHHueckux GyHKUHH.
Teopema 11 (reopema 06 ycrpaHeHHH ocoGeHHocTH). [Tycmp
pyrryua u(x) eapmoruuna & obaacmu Q\ {x°}, 2de x®— nexomopas
mourka obaacmu Q. Ecau npu x—x° u(x)=o0 (U (x—x9)), ede U —

pyndamenmaronoe pewenie ypasHerus Jlanaaca, mo cywectmsyem

lim u(x)=A, u ¢ynxyusa u(x), OoonpedeicHras 6 mouxe x° sHaue-
X—>x°.
Huem A, eapmonuuna 8 Q.
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IokasateabcTBo. Bo3pMem map Sg(x%)={x—x* <R},
Jexauui crporo BHyTpH Q. OGo3HauMM yepez v (X) KuaccHYecKoe
peueHue 3ajayM JlMpuxJe AJs ypaBHeHHs Jlansmaca B mape Sg(x°),
YIOBJIETBOPSIIOLlee TPAHHYHOMY YCJAOBHIO U losy (x0) = U |05, v0). PyHK-
s 4 (x) — v (x) =w(x) rapmonnyHa B Sp(x°)\ {x*} H ©lssp (xn=0.
Ilnsl [OKa3are/bCTBA TeOpEMBbl JOCTAaTOYHO MNOKAas3aTh, YTO B KaxJIOH
TouKe MHOXKecTBa Sp(x%)\ {x°} dyHkmua w=0: B 3TOM cayuae
dyHkuus u(x) npn Bcex x & Sgp(x%)\ {x°} coBnagaer c¢ dyHkrumel
v(x) u, caenoBaTeqbHO, GYHKUMA K (x), AOONpeJeseHHAds B TOUKe x°
yucaioM A =wv (x%), coBmajgaeT C TrapMOHHYecKol dQyHKuueH v (x)
BO BceM mape Sy (x9).

PaccmotpuM npH nMpoH3BOJABHOM &> (0 1Be bYHKIUH

&
2 () =T Tw )

(mycTb, L5 ONpPEeNeNeHHOCTH, pa3MepHOCTb MpPOCTPAHCTBA 1> 2;
ecau n=2, To GyHKIHMH z+ (x) =¢eln ,TZR?ol_i w (x)). PyHKUHH 24 (X)

rapMoruunsl B Sg (**)\{x°} u z4 (x)lasyum=€/R"?>0. Tak kak
1

0 YCJIOBHIO u(x)=o<—l—x—;—xo—|nq) nlpH X—=>x% T0 24 (X)||jx—x0|=p =

= p:_zi—.W||x—x0|=p=‘pTe_'§'+o o) CaepoBaresibHO, HpH JOCTa-

TOYHO MaihX P >0 2+ (X)||x—x|=p >0. Cornacuo npuHUUNY MaK-

cHMyMa 24 (x) >0 1/ Bcex X M3 mapoBoro cjos p<<|x—x% <R,

[Tycts x— mobasi Touka U3 Sg (x%)\ {x°}. TIpu mocrarouno mamoM p

OHa NMPHHAVIEKHT apOBOMY cJIoK p << |x — x| << R. CnepoBarensHo,
g

ze (1) >0, 1. e.lw(xl)i<m_—;, OTKyZa B CHJy HPOH3BOJIb-
HoctH e> 0 w (x1)=0. Teopema nokasana.

B TeopeMe 10 N0Ka3aHO CyIeCTBOBAaHHE KJACCHUECKOTO peileHHs
sagaun  dupuxae (18), (19) mpu mobex feC'(Q), ¢< C(3Q),
0Q = C?, Boshukaer BOHpOC: HE JOCTATOYHO JIH [JIS1 Pa3peliHMOCTH
5TOH 3ajaud NpPeANoJaraTh JIMIIb BHIMOJNHEHHs yciaoBHs [ e C (Q)?
Yeaosue fe C(Q), AeHCTBHTENbHO, 3aBHILICHHOE: MOXHO [I0KAa3arTh,
YTo LISl PA3peliMMOCTH 3aJayH JOCTaTOUHO MPEeANOJIOKHTb, YTO (hyHK-
mus f ynosnersopsier B @ ycioBuio ['énbaepa HEKOTOPOrO MOJIOMKH-
tenbHOro nopsika *). OnHAKO 3aMEHHTb 3TO YCJIOBHE YyCJIOBHEM
f= C (@), xak mokasbiBaeT CJeNylOHi npUMep, He/b3sl.

PacemotpuM B mape Q={ x| <<R} pamuyca R<<1 ypaBHenue
Tlyaccona

. _ xi—xd nt+2 1
Au= 2\xp (<— h/2 + 2(— 1n|XI)3’2>’ (20)

*) OyHkuus f(x) HasbiBaercsi yjoBJjeTBopsiomeii B Q ycaosuio I'énbaepa
nopsaka o >0, ecau cyumecTByerT Takas nocrosiuHas M, uto pusi JoGHIX TOUeK
X ux" u3 Q |f(x)—fX)|sM|x—x"|*
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dyHKUHA B NpaBOH YacTH KOTOPOro (IOONPele/NHM ee HyJeM B Hauaje
KOOpIHHAT) HenpepbiBHa B Q. PyHKUHA

u(x)=(x]—x3) (— In|x )12 @21

nputagiaexut C (Q)NC* (@\ {0}) (touka {0} — Hauano KoopauHaT)
H, KakK JIerko NpoBepHTb, ynoBiaeTBopsAeT B Q\ {0} ypasHenuio (20)
H TPAHHYHOMY YCJOBHIO

Uljxj=r=V —1InR (x} —x3) | x1=&- (22)

Onnako yHKuMA u (x) He MOXKeT GHITb KJACCHYECKHM pelleHHeM
sanauun (20), (22): nmocKoJbKY

im uy,, = 1im< (— 1n|x|)1/2+ x]’(xl B

|x|—0 x>0 — In|x)V/?
2x3 xl—x? x} (x3—x3) >_ o
i - - — )
P (—InjxDV2 2{xP(—Injxh?  4|xt(—1In|x)??

1o u (x) & C*(Q).

[Tokaxem, uto 3amaua (20), (22) BooOwie He HMeET KJ/acCHYECKOro
pelueHHs.

TIpenmnosoxuM, HANpoOTHB, YTO KJaccHueckOe pellleHHe U (x) 3ToH
3anayu cymectByeT. Torna dyHkuua w (x)=u (x) — v (x) rapMOHHYHA
u orpannyeHa B Q\ {0}. Ilo TeopeMe 06 ycTpaHeHMH OCOGEHHOCTH
dyHKIMIO W (x) MOXHO TaK JOONpEeleNHTb B Hayaje KOOPIMHAT, YTO
OHa CTaHeT rapMoOHHYeckoil B Q H, TeM caMbiM, GyJeT MpHHaLIeXaThb
C?(Q). TlosTomy, B uacTHOCTH, cCywecTByeT (KOHEUHHIE) mpenesn

lim w;,,,- CyllecTBOBaHHE KOHEYHOTO Hpelesa 11m v,,l,,1 BBHITEKaeT
x| -0
H3 NpPHHALJEXKHOCTH (DYHKIHH U (X) HpOCTpaHCTBy Cz(Q). TTostomy

LOJDKEH CYLIECTBOBATb KOHEUHbIH mpeles lim uy, = lim wyy +
. tx| =0 [x]=0
-+ lim vy,,,. 9T0 NPOTHBOpEeUHE IOKA3bIBAaeT YTBEPIKIEHHE,
jx|—0

Mbl yXe HEOZHOKPAaTHO MNOJb3OBaIHCh (opMyJsoil (8), Hawoueh
NpeJCTaBleHHe NPOU3BOMbHON ¢yHKUMH u (x) u3 C?(Q) uepes 3Ha-

u
YeHHA B Q €e omneparopa Jlanjaca u 3HaueHus u H In Ha TrpaHHIEe

0Q. Ina nanpHefmlero HaM MOHaZOOMTCA eme ofHa dopMyJa Takoro
poxna. '

[Ipexxne Bcero 3aMeTHM, 4YTO JJIfl NPOM3BOJIbHOH QyHKIMH u (x)
u3 C?(Q) u mo6oil Toukn y & Q UMEeT MecTO paBEHCTBO

0=§U(y—§)Au(§)d§+

+ ([0 PLD %0y _ylas, @3
Q

rae U (y— &) — dynnamentanbHoe peutenne ypaBHeHusl Jlamsaca.
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i noKas3are/bCcTBa 3TOTO PaBeHCTBA JOCTATOYHO BOCHOJB30-
BaTbca ¢opmysol I'puna, npuMenenHol K dyHkuusam u (&) u U (y —§)
B o6sactu Q:

<S)[u(E)AgU(y—E)-- Y—8)Au@)dE=

= \[r@ FER—vp—p 4] as,,
0Q

H TapMOHHYHOCTBIO MO £ B Q dyHxmuu U (y—B).

BosbMeM Tenepb JoGbie TOUKH x =Q, y & Q U NPOU3BOMLHYIO
HenpepeiBHyI0 BHe Q dynkuuio d(y). Ymuoxkas (23) na d (y) ¥ Bbiy-
Tasi NOYJEHHO MOJyYeHHOe PaBEHCTBO M3 paBeHcTBa (8), MOJyyHM,
yto g /060 ¢ynkuuu u u3 C?(Q) uMeeT MecTo npencTaBieHHe

u()=§[Ux—9—d@ U (y—y] Au (§) di+
Q
+ S [al:?rgg) dypU@y—-8—-Ux-8) +
Q

+4@ g W e—D—d@UG—9]ds; (@9

‘npu Beex x =Q, y& Q u npousBosbHOM HempepbiBHOH BHE Q GyHK-
uuu d (y).

MoxHO moKasaTh, YTO NpPH BeCbMa UIMPOKHUX MPENHONOKEHHAX
OTHOCHTeJIbHO 06JacTH @ CYIIeCTBYeT TakOe OTOOpaxKeHHe y= y (x),
cTaBslllee B COOTBETCTBHE KaXIOH Touke x=Q Touky ye&£Q, u
Takas QyHKuus d(y(x)), 4To nasa Bcex x & Q

dyNUyx)—-§H-Ux-5=0, E=d. (25)

dopmysa (24) Torna pacT mpencraejeHHe B  MPOM3BOJIBHOH (yHK-
muu u (x) us C?(Q) uepes ee 3HaueHHe Ha rpaHHIle H 3HAUEHHE OMe-
paropa Jlannaca ot stoil ¢yHKUMH B Q. Mbl orpaHHuHMcs caydaem,
Korga Q ecTh Iap; B 3TOM cayyae GYHKUHH y(x) H d(y (x)) nerko
HaXONfITCA B SIBHOM BHJE.

Hrak, nycts Q={|E|<<R}, H mycTb, 418 OnpeneseHHOCTH, pas-
MepHOCTb npoctpaHcTBa n> 2. Torga ycioBHe (25) umeer BHA

1 o dy®) _
e T Tim—gpr 0 BI=R
HJIH, €CJM 0603HauHTb dl/"—2 uepes b, BuJ

I by () 3
= - Trw—g  SI=R (26)

Oro6paxenne y ==y (x) GyaeM HcCKaTb B BHJe
y=ax)x 27
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c HeusBecTHOH mnoka ¢yukuueil a(x). ToxnectBo (26) Gymer BuIIOJ-
HEHO, eC/H GYHKIHH a(x) ¥ b (y (x)) CBA3AHEI COOTHOILLEHHEM

ly () —EP=b"(y(x)Ix—EF  [E]=R,
HJIH COOTHOILEHHEM
@ @x) = (g x 2+ (1 =02y (x)R*= _
=20 E@x-0rEy®) I[E=R
K a(x)=>0b(y(x)) = ’572 . Torpa BHINOJHSA-
LJI5 000 x & Q Touka

y=y(x)=a (x)x=|7R2|2—x (28)

Haxoautcs BHe Q, Tak kKak npu |x|<<R |y|=R%¥|x|>R.
Iasa cheprt {|E| =R} HOpMasb n§—§/|§|—§/R, TIO3TOMY

l7] 1
?r'z{(rx—gr”) (Vs s ™) = Temg k= m) =
_ =D G—5 Y _ (=2 H—RY 29)
Rxx o Rlx—ip

h

TMonoxum b (y (x)) =
eTcsl TOXAecTBO (26)

= s

AHaJIOTMUHO BLIYHCJSIETCS -E (1/] y (x) — & |*2). TlosToMy C mOMOLIBIO
(26) pas |E|=R umeem

_g_( L b)) )=
Ong \Tx—E"2 [y @—E "3

_(_fi _pr W@ H—R_ |xF—R
Rix—gin [(x, H—R 2 (y (¥)) ]— RIx—EF (n—=2).

Takum o6pa3soM, ecid u (x) & C? (| x | < R), T0 1451 MOGOK TOUKH X,
| x| <<R, UMeeT MecTO paBEHCTBO

uy= § Prlx, Hu®dSi— § Gr(x, Au(®)ds, (30)

{§f=R {81 <R
rpe
2 2
Pett, & =R e @
a N
1 1 . (R/|x |)r2
Ov O =5, (g — w99

CoBepIlieHHO aHaJIOTHYHO yCTaHaBJAHBaeTcs npencrasinende (30) u
B nBymepHOM cayuae, n=2. Ilpn sroMm ¢yHKuus Pg(x, £) umeer
Bua (31), a N

R2
W ot :
Gr(x, §) =gz In —promgr— (32)
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®yukuns Pg(x, E), onpenenennas npu [E|=R, |x|<<R ¢opmy-
joii (31), HasmBaercs sadpom [Tyaccona nepBoil KpaeBoH 3anauu
(3anaun [dupuxse) aas onepatopa Jlanjaca B wape { x| <<R}.

®yukuns Gy (x, E), onpenenenHas npH |E!<<R, !x|<<R ¢op-
MyJoit (32) B caydae n>2 u Qopmysoi (32') B cayuae n =2, Hasbl-
BaeTcs Qyuryued I'puna mepBod KpaeBoH 3anaud (3agmaun upuxie)
AJs oneparopa Jlamaca B mape {| x| <<R}.

Jlemma 5, dyuxyus Gg(x, §), onpedesennas e obaacmu {x #§,
x #ERY|E?} npocmpancmsa R,, dopmyaod (32) daa n>2 u ¢op-
nysoit (32) daa n=2, Henpepeisrna 6 smot obaacmu u obaradaem
credyroujumu ceolicmeamu:

a) Gp(x, &) =0 npu |x|=R,

6) Gz (x, £)=Gr & %),

B) Gg(x, &) eapmonuuna no x u no g,

r) npu |x|<<R, [E|<<R 0<<Gr(x, Y < 1/(0,|x—E|*2) Oan
n>2 u 0=<<Gg(x, g)éﬁln_‘u—Ry o0aa n=2,

CpoiicTBo a) pyHKUHH Gg (X, E) BHITEKaeT HemocpeAcTBEHHO H3 (32)
(nm wm3 (32') nmpu n=2).

Ias moGeix x H § cripaBenMBo paBeHCTBO |R%E —x [E|221x 2 =
= |R% —E|x?|?|E|2. V3 Hero HeMeN/NEHHO BHITEKAET, UTO YC/IOBHE
& =xR?/| x |* sKBUBaJIEHTHO YCJOBHIO X =ER?/ E |2, moatoMy eciu Touka
(x, &) (u3 Ry,) mpHHane:XUT 00/1acTH onpenenenus ¢yHkuuu Gg (x, &),
TO U TOuKa (§, x) NPHHANJEKHT ITOH oégacm. Kpowme Toro,Rna 3TOTO
PaBEHCTBA BHITEKAEeT PaBeHCTBO E TR A F—E — TEI R EF—x]"
a cJjegoBaTeNbHO, M paBeHCTBO Ug (¥, §)=Ggr (§, x). CsoilictBo G)
JIOKa3aHO.

s (32) (mmm u3 (32) npn n=2) BbiTeKaer, 4To GYHKIUHA
Gg (x, E) rapmonumdHa no §. B cuay cummerpun ¢yHkumu Gg (x, &)
(cBoficTBO 6)) OHa rapMmoHHuHa M no x. CBOHCTBO B) JOKasaHo.

IlpaBoe HepaBeHCTBO CBOHCTBA T) IIpH n>2 BhTekaer H3 (32),
Jasi nokasaTenncTBa NMPaBOrO HEPaBEHCTBA CBOHCTBA T) mpH n=2
3aMeTHM, ut0 npH |x|<<R, [EI<<R |x||E—R%/|x*|=|E|x|—
—sz/|x||<2R|2§||x|—|—R2<,2R2.I'IoaT0My npH [x|<<R, |[E§|<<R 0<<

= In

H, TEM CaMBIM,

FTTE= R A
1, R 1 2R 1, R
Gr (> ) =gz M=y — G =y <= M =gy

Hokaxem Teneph JeBhie HepaBeHCTBA M3 r), I[lycTh cHauaJsa
x=10. Blcmly c;soﬁcma 6) Gi (0, E)=Gg (&, 0), mostoMy Gg (0, &) =
=5(W—RM)>0 B cayuae n>2 H Gg (0, g)=2—n1nl-§‘i,>o
npH n=2,

BosbMeM Teneph mpoH3BOJIBHYIO TOUKY X%, 0<<|x°| << R, W wap
{{lE—x%| <<e} pasuyca e, O<<e<<R—|x°|, Jmexamui B Inape
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{{&€| <R}. Corzacuo ceoiictBaM a) 4 6) Gg (x°, &) =0 m1a |E|=R.
Ha cdepe {|E—x°|=e} npu nocraTOYHO MajioM &
1 R/ x0 yn—2
Gg (%, &) = L XD(R2/|] *0 llz)_g [z =
- 1 /1 1
=0, (ﬁ T R—[2E

)>0 npu n>2
H
1 1 1 |
Gg (%, §)=2~nln?+2—nln
1 1
=g (Ing+In@®@—12))>0 npn n=2.

S IERe ]

[TosToMy B CHJ/y NpHHLMIIA MaKCHMyMa rapMoHHYeckas o § ¢yHKuus
Gg(x%, E)>0 B obnactu {|E|<<R}\ {|JE—x°|<<e}. Tlockombky
uygcao €>0 MoxKeT GhTh B3ATO IPOH3BOJILHO MaJbiM, TO H3 3TOrO
HepaBeHCTBa BbITEKaeT JeBoe M3 HepaBeHCTB B T). JlemMMa joka-
3aHa.

WHrerpanbHoe npexpcrapnenne (30) nojyueHO B NPEAIOJNOKEHHH,
yro ¢yHkmuA u(x) &C?*(x|<<R). Jlemma 5 mno3BOJIAET NOJYYHThL
3TO NpEIACTaBJACHHE IIPH MEHbLIHX TPeGOBaHHAX Ha (QYHKUHIO u.

Jlemma 6. Iyeme ¢ynxyus u(x) =C(x!<R)NC%*( x| <<R)

u pynkyua Au(x) oepanuuena 6 wape {|x|<<R}. Toeda 0aa aoboi
mouku x, | x| <R, cnpasedauso pasewcmso (30).

[Tycts x°— npousBonbHas Touka wapa {|x|<<R}, H nycTb py u
p — TaKue 4Hcaa, 4To | X0 <<py<<p <<R. Tak kak u (x) =C*(|x|<p),
To B cuny (30) nma Becex x, |x|<<p, H, B YacTHOCTH, JJf X=X,

HMEEM
u@)= § Py, Hu®dS;— § Gy« B Au®) dt. (33)

i§l=p [§i<p
Cnenaem B uHTerpaje mo cpepe {|&|=p} u3 (33) 3ameHy nepemen-
HHIX §=%p:
n—1
§ o uwas=(5" § el Bu(Fas,
=0 in'=

Tak kak ¢yHkuua (p/R)* 1P, (x°, mp/R)u(np/R) mo nepemeHHBIM
M ..., Mp O HENpEpHIBHA HA MHOXKECTBE {|N|=R, py<<p<<R} u
npu p—R (p/R)"* Py (x° mp/RY u (Mp/R) — P (x°, m)u (1), To

lim S Py &) u ) dSy= S Pr(x Bu®dS,. (34)
RS I8I=R

PaccmorpuM Tenephb BTopoe ciiaraeMoe npaoi actH (33). O6osHayum
uepes G, (x°, &) oyHkuuwo, pasuylo G, (x°, &) npu |E|<<p H Hym;o
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a7 |[E|==p. Toraa

| G 9Au@dt= § G(x BAu@Eds
EI<p IEI<R
OuepnaHo, uto G, (*°, &) — Gg (x°, E) npu p— R 1151 Beex & 5 X9,
|§{<<R. Kpome Toro, Ha OCHOBaHHH CBOHCTBA T) M3 JeMMbi 5 dyHK-
uua G, (x°, &) Au(§) Maxopupyercss He 3aBHCALIEH OT P HHTErpHpy-
emoii B mape {|&|<<R} dyHKuueii:

~ M
le(xo, E)Au(g)fgml,,—_z npu n>2
H
x M 2R
| |G, Au@®) | <z Inpz—gy mpu n=2,
rae M= slu<pR|Au (x)|. TlosroMy Ha ocHoBaHHM TeopeMhbi JleGera
lx] < ]
lim § G(x% HAu@®dei= § Gr(x HAu@)dE (35
PR El<p 1BI<R

I[Nepexons k npemeay B (33) npu p—R, c nomomsio (34) u (35)
nonyyuM papeHctBO (30) aast sobod ToukH M3 wapa {|x|<<R}.
Jlemma Hokasana.

M3 nemmbl 6 caemyer, 4To KJaccHYecKoe peweHHe 3ajauu Jlu-
puxJe

Au=f, | x| <R,

3
Ulxi=r} =9 (36)

npH HenpepuiBHOH Ha cdepe {| x| =R} GyHKUHH @ M OrpaHHYeHHOH
HenpepuBHOH B wape {|x|<CR} ¢yHkuuu f npexcrasasiercst (ecaw
OHO CYLIeCTBYeT) B BHJE

u)= § Prx,§)9®)dSi— § Gr(x, Of @) 5.  (37)

§i=R [EI<R

3aMeTHM, uTO 3TH YCJAOBHSl (KaK IIOKAs3HiBaeT INPHBEIEHHBIH Bbimie
npHMep) He TapaHTHPYIOT CYMECTBOBAHHA KJaCCHYECKOrO peIleHHS,

B cuny teopembt 10 #as cymiecTBOBaHHS KJAacCHYECKOTO PEIEHHS
3agaud (36) nocratouHo morpeGoBath, uTOGH f(Xx) &C!((x|<R).
TakuM 06pasom, H3 Teopembl 10 M JemMbl 6 BhHITEKaeT clelylomiee
yTBEpKACHHE,

Teopema 12. Ecau f(x) eCl(|x|<R) u 9(x) =C(|x|=R),
mo Kaaccudeckoe pewenue 3a0adu [upuxae (36) cywecmsyem u npeo-
cmasasemecs 6 gude (37).

3ameuanue. [lyeTs Q — onHOCBA3HAS 06/1aCTh IJIOCKOCTH (X7, Xs),
i nycte 2'=F(2), 2=X(+ixy, 2’ =x;-ix;— aHanuTHueckass B Q
¥ HenpephiBHO JuddepeHuHpyemas (o xj, Xz) B Q ¢yHkuHs, ocy-
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LWIECTBJAIWLAA B3aHMHO OJHO3HauHoe OToOpaxkeHwe o6jgacTH Q Ha
kpyr {|2"| <R} pamnyca R (R=|F (2)|l:<00)-
O6o03HauuM uepe3 u (2) =u (x;, X5) KJAACCHUECKOE peIleHHE 3ajauH
Hupuxne
Au=0, 2eQ,
Ulzeag =9 (2)

rae @ (2) =C (0Q), a uepe3 u’ (2')=u' (x], x3) — KJIaCCHUECKOE pelie-
HHe 3ajauH [lupuxie

(38)

Au' =0, |2"| <R,
u 1z 1=ry =V ('),

rae Y () =@ (F1 (') (F1(F(2))=2 z2&Q).
CorjyacHo teopeme 12

!yt 1 — ! 4 4
u @) =gg S EErb @) dy .
144

W3 TeopeMbl EIMHCTBEHHOCTH KJACCHYECKOrO pelieHUs 3ajauf
Iupuxsae (teopema 9) M cieicTBHA H3 TeOpeMbl 6 BHITEKaer, UTO
u(z)=u(F4(2")=u'(2'). Tlosromy pemenue 3agaun (38) umeer BUJ

u<z>=2,+RSQ%L—F,%|F'@)W@>M§|=

]
_ L CFQPR=IF@PRIF®]
-2TiS [FO—F@P 7F(C)|(P(€)|d€|'

aQ

4, TapmoHnueckre (YHKUMH B HeorpaHHYeHHbIX oGaacTsax. Ilycrte
Q — HeorpaHHYeHHas 00J1aCTb MPOCTpPaHCTBA R,, W IyCcTh €€ HOIOoJ-
HenHe R, \ @ comepKHT Xots Obl OfHY BHYTPEHHIOIO TOUKY; OMECTHM
B 3Ty TOYKY Hauyaj0 KOODAMHAT.

PaccMoTpHM B3aHMHO OJHO3HAUHO OTOOpa:KeHHE

’ X .

X =|—XF (39)
o6aactd R,\ {0} Ha ce6s. Sro orobpaxkeHHe Ha3kiBaeTcs npeobpaso-
sanuem uHgepcuu (OTHOCHTEJbHO cepnl {|x|=1}), HM Mul yxke noJb-
soBaJHch B Inpeppinymiem mnyHkte. Ilpu oroGpaxxenun (39) chepa
{|x|=1} nepexomut B ce6sa, obaactb {0<<|x|<<1} orobpaxaercs
B obJacte {|x|>1} u, HaoGopor, obaactb {/x|>1}—B obaacTb
{0<<| x| <<1}. Ouesunso, uro orobpaxenue, obpaTHoe K (39), uMeer
BHJ

T. €, TOXe fBJIsSETCA NpeoGpa3oBaHHEM HHBEPCHH.

/
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B pesyanrare npeo6pa3oBaHHs HHBEPCHH 06/1acTb @ MEPeXOmMT
B HEKOTOPYIO OrpaHHueHHyo o6sactb Q'. OTMeTHM, YTO Hauaslo Koop-
IMHAT sBJAsieTcsl TPaHHYHOH TOoukoH o6aactH Q. B cayuae, KOraa
0Q He orpaHHueHa, Hayajo KOOPAHHAT SIBJAETCS TPAHHUHOH TOUKOH
1 MHoxectBa Q'. Ecam xe 0Q orpaHuueHa, T. €. eciaH Q — BHEIIHOCTb
HEKOTOPOT'O OrPaHMUYEHHOrO MHOKECTBA, TO HAYaJoO KOOPAMHAT — H30-
JHpOBaHHafl TPaHHYHAasA TOYKa o6JacTH Q' M, TeM caMbiM, BHYTPEHHSs
TouKa MHOxkecTBa Q’.

[Tycte B obaacth Q 3ajana ¢ynkuua u (x). Pyskuus u' (x'),
omnpeneneHHas B o6saacTH Q' paBeHCTBOM

r 7 1 ’
1=l ). w0

HasbiBaeTcsl ‘npeobpasosariuem Keavsuna GynkuMu u.
W3 ¢opmya (39) u (40) BuiTekaer, uToO

vt e (5. @

T. e. Ipeo6pasoBaHHe, obpatHoe K (40), Toxe fB/aserca mpeoGpaso-
paHueM KesbBHHA.

Jlemma 7. Ecau opynryus u(x) eapmotuura 8 obaacmu Q, mo
pyukyus u' (x') eapmonudna 6 obaacmu Q'

[Tycts Qi — npoH3BoJIbHAsA CTPOro BHYTPEHHAsA Nojao6aacTb 06Ja-
cTH (’, a o6aacTb @ —ee npoobpas NpH Mpeo6pa3oBaHHH HHBEPCHH,
Torga o6aacTe @ ABJAAETCA OrpPaHHYEHHOH CTPOrO BHYTpEHHeH moj-
o6aacTeio o6aacTH Q. Tak kak QyHKUMA u TapMOHHYHA B Q; H mpH-
Hagaexur C?(Q,), To cormacHo q)opmy.ne (9) ana Bcex x u3 Q

E 1 ‘
w0 =\ [t 0 5 ()] ase
Q1
1 ou u
rae €)= o545, a,ﬁg) 20, V(§)=—(n—_-(2§)23—’001——ﬂenpepbmﬂme Ha
0Q, GyHKUHH (/18 ONpPENENEHHOCTH, Mbl pacCMaTPHBAaeM Cay4al n > 2;
B cayuae n=2 Bce paccyKIeHH s COBEpUIEHHO aHaJsiornuHb). [losromy
B cuay (40) naa Beex x' Q)

u’(x’)=8[ - p () S
aQ,-[x’inz

7

X
xRS

+V(§)£ xl —\|dS:. (42
t | %7 jr2 4 !2_3

W3 yTBepKieHHA B) JIEMMbI 5 NMPEJBIAYErO MYHKTA BHITEKAeT,
x' 2=

uto GyHKUIHA |x’ 2" T §} , @ CJefoBaTeJbHO, H (yHKLHA

9 | x" |2-n x

Ony, fx"|

a—gr'”) rapMOHMYHBL 10 X' NPH W#g. Takum
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o6pa3soM, NojbiHTerpajdbHasf GyHkuHA B (42) M Jobas ee mpoH3BoOj-
Has No X' HempepLiBHbI MO COBOKYIHOCTH NEpPeMeHHBX £, x’ M rap-

'
MOHMYUHEI T0 x' mpH E=0Q; u X' &=Q’ (yc.nosue ITX’PGEOQI 9KBH-

BaJIEHTHO YCJIOBHIO x' & 6Qf>.

CnepoBaresabHo, ajsa 060l ToukH x! & Q paBeHCTBO (42) MOXKHO
au¢depeHunpoBaTh N0 x' NOA 3HAKOM HHTerpaJja JoGoe YHCIo pa3s
i npH 3tom Au’'=0. B cuny npoussonbHocTH (@ JeMMa JOKa-
3aHa. '

Takum ofpa3oM, HccienoBaHHE FapMOHMYECKHX GyHKUMHA B Heor-
paHHUYeHHOH OGJIaCTH, AONOJHEHHE KOTOPOH HMEeT BHYTPEHHHE TOUKH,
C MOMOIIBIO JIeMMbl 7 CBEIEHO K HCCJ/IeOBAaHHIO FapMOHHYECKHX (YyHK-
WA B OrpaHMUYEHHOH 06JAaCTH,

[Tyctb, monoanenne R,\ Q obsactd Q u3 R, orpaHuueHo. 3ajgaH-
Hasi B oGJacTH  rapMonMYecKas ¢yHKUHA 4 (X) Ha3pIBaeTCA pesyasp-
Ko Ha Geckoewtocmu, €CAM IHPH |x|—oc0 u(x)=o0(l) B cayuae
n>2u u(x)=o(ln|x|) B cayuae n=2,

[lyctb nomoJiHeHHe oGJacTH () MMeeT BHYyTPeHHHE TOUKH (H CPemH
HHX, KaK M Bbllle, HauaJo KoopauHaT). B pe3ysbrare mpeoGpa3oBa-
HHA uHBepcHH (39) o6macTb Q mepefeT B orpaHHYeHHylo o6Jactb Q',
MMEIOIYI0 H30JIHPOBAaHHYIO TPAHHUHYIO TOYKY — HayajJo KOOPIAHHAT,
Ecau 3apanHas B Q rapmoHuueckas (QyHKUMA pery/aspHa Ha Gecko-
neyHocTH, To B culy (40) npeoGpasoBanue KeawBuHa u’ (x') 31Ok
¢yukuun npH x'—0 ecTb o(|x'[*") npu n>2 u o(In|x"|) npu
n=2, 1. e. npu x' >0 u' (x")=o0 (U (x')), rone U — dynnameHTanbHoe
pewenHe ypaBHenHs Jlansaca. Torga no TeopeMe 06 yCTpaHeHHH
ocoGeHHOCTH cymectByeT lim #’ (x')=A u ¢dynkuus u’ (x’), poompe-

x'—0

JeJeHHas B Hayajle KOOpJAMHAT 3HaueHHeM A (COXpaHHM 3a Helo
npexxsHee oOo3HaueHHe u’ (x')), fABJAETCA TapMOHHYECKOH B 06JacTH
Q,=Q" U{0}.

Takum oGpasom, [OKasaHO CJaelylollee yTBEpKIEHHE.

Jdemma 8. ITycme ¢pynxyua u (X) eapMoHU4HA 8 HeoepaHudeHHOU
obaacmu Q, OonoaxeHue KOMOPOU O02PAHUMEHO U UMeem BHYMpeHHUe
mouku, u pecysapra Ha Gecxoneynocmu. Toeda ee npeobpasosarue
Keaveuna eapmonuuto 8 Q.

Coraacho teopeme 5 Gynkuusa u’ (x) anaautiusa no x” 8 Q' U {0}.
[TosroMy, B 4acCTHOCTH, CyIECTBYET Takoe YHCJIO Ry, 4TO GyHKIHSA
u' (x') pasnaraercs B mape {|x'|<<R,} B aGco/IOTHO (M paBHOMEpHO)
cxoAfMica (BMECTe cO BCeMHM NpOM3BOAHBIMH) psx Tedsopa

ur (xl) — E Aax'“,
[

rae Aa=$D“u’ (0), Ag=A. Ho torma B cuay (39) u (41) nas
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BceX X, |x|> 1/Ry,
xll
X) = Z A a :t_m , (43)

o

npHYeM psj, CTOAWMH B IPaBOH YaCTH 3TOTO PaBEHCTBA, CXOAHTCA
npH |x|>1/R, aGco/MOTHO H PaBHOMEDHO BMECTE CO BCEMH CBOHMH
[IPOH3BOAHBLIMH,

OGosnaunm uepe3 T (x) q)yﬂxumo u(x)—l—x'lq,%, T, €, IpH |x|>

>1/R, T Z Ag maH_" ——5 55+ JaK KakK TIpH JI060M o =
lal =1 iA
= (0, +0ey Oy) D“u=D°" = +D*T'(x) u tak Kak |D®T|<C
QWJF(‘I"’TI:T, rae Co, — HeKoTopasi NOJIOKHTEe/NbHAsA NOCTOSIHHAs, TO
X
118 BeeX X, |x|>1/R,,
A C
Ogr __ DO 0 [+]
D% —D =T [STepleT (44)

B uactHOCTH,

A const
|40 = e | =73
Ay 2—n)x const (45)
—_ 9 - - -
IV” I T

YTBep:KaAEHHA O MOBeJICHHH IPH GOJIBIIMX 3HAueHHAX |x| rapmo-
HHYeCKOH B OGaacTH Q H peryaspHOH Ha GecKOHeUHOCTH GYHKLHH
u (X), TONIBKO YTO YCTAHOBJIEHHbIE B Cjyuae, KOrja JONOJHeHHe oGJja-
CTH () OrpaHHYEHO M HMeeT BHYTPeHHHE TOUYKH, CIIpaBeLJHBBHI BCErja,
KOTJa JOmoJHeHHe o6JacTH () OrpaHMueHo (B YacTHOCTH, Q MoxeT
COBMaJaTb CO BCEM IIPOCTPaHCTBOM R,). JeHCTBHTENbHO, MOCKOJBKY
Hac HHTepecyloT 3HaueHHs (YHKUMHM u (X) JHIIb IIPH [OCTaTOYHO
6OJIbIIMX 3HAYEHHAX |X|, TO €e MOXKHO CUHTaTh 3aJaHHOH TOJBKO Ha
o6nactd Q;={|x|> Ry}, ABas0OWweHACa NPH AOCTaTOYHO GOJbILOM R
nofgoGaacTeio ofaacty Q. A ofuiacte Qp sB/AsETCS JOMOJHEHHEM MHO-
xKecTBa { |x|<<R;}, Hauamo KOOpAMHAT J/If KOTOpOro fjfercs
BHYTPEHHEH TOYKOH.

Takum o6pasoM, nOKasaHa caejytoumias

Teopewma 13. Ilycme donoanenue obaacmu Q oeparnuuero. Toeda
0aa woboll pezyaaprol Ha GeckoHewHocmu eapmoHuueckold 8 Q dyuk-
yuu u(x) cywecmeyem maxasa nocmoannas R >0, umo 0an ecex x,
[x| >R, pynxyus u(x) pasaacaemcs 8 aOCOAOMHO U PABHOMEPHO
cxodaujuticss emecme co 6cemu npoussodHeimu pad (43) u umerom mecmo
Hepasencmea (44).

M3 teopembl 13, B 4acTHOCTH, BbITEKAaeT, UTO eCJaH OYHKUHSA
u (x) rapmMoHHueckas B H-MepHOH, n>> 2, obaactd @, AeafAwwelicA
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BHELIHOCTbIO OrPaHHYEHHOTO MHOXKECTBA, YOBIBAaeT Ha GECKOHEUHOCTH,
TO OHa yGbiBaeT He cjabee, ueM (pyHIaMeHTalbHOe pellieHHEe ypaBHe-
Hus Jlansaca, ¥ IpH 3TOM CyUlecTBYeT npenes GyHKUHH & (x)|x|?-2
npu |x|—oco. B caydae n=2 rapmonuueckas B Q ¢yHKuMsA u(x),
pactymas cjaabee, ueM ¢yHIaMeHTalbHOe DelleHHe, HA caMoM Jefe
OrpaHHYeHa, M CyLIeCTBYeT ee Ipefes IpH |x|—- oo.
3ameuanue. Ecan momosHeHHe o6gacTH Q He orpaHHYeHO, TO
I TapMOHHYeCKOH B Q GyHKUMH u (x), YIOBJAETBOPAIOWEH YCIOBHIO:

u(x)=o(l) mpu [x|— oo, xeQ, ma n>2
HJIH
u(x)=o(lnjx|) npu |x|— o0, xeQ, mia n=2,

yTBEPXKIEHHA TeopeMbl 13, BooOuEe rosopsi, Mecta He umetor, Hampu-
Mep, B caydae n=2 yHKUMA arg (x; - ix;), rapMOHHUECKas M orpa-
HHYeHHasi B o6nactH R,\ {x,=0, x; =0}, npegesa mnpu |x|—> oo
He HMEeT. -

[Tycts ¢yHKUMA u(X) rapMOHMYHA BO BCeM IIPOCTpaHCTBe R,
Bynem roBopHTh, 4YTO 4 (x) mosyorpaHHYeHa, eCjH OHa OrpaHHYeHa
CHH3y HJIH CBEpXY, T. €. €CJH AJfl BCeX X & R, C HEKOTOPO# MOCTOSIH-
HOH M BbINOJHAETCA HEepaBeHCTBO u(x)=M wuIM HepaBeHCTBO
U (x) << M COOTBETCTBEHHO.

Teopewma 14. l'apmonuueckas 6 R, noayoepanuvennas ¢ynkyus
nocmosHKa.

Tak kak ¢yHKUMA — 4 (X) AJS1 OTPaHHYEHHOH cBepXy (YHKIHH
u (x) orpaHHYeHa CHH3y, TO IIPH JOKa3areJbCTBe TeOpeMbl JOCTATOUHO
paccMOTpeTh ToJIbKO cayya#h u (x)=M B R,. B 3toM cayuae rap-
MoHHueckad B R, ¢yHkuua v(x)=u(x)—M =0 B R,. Teopema
OyleT noKasaHa, ec/M Mbli yCTaHOBHM, 4TO U (x) == const.

Bosbmem npousBosbHylo TouKy x* & R, u map {|x|<<R} pamuyca
R>|x%|. Tak kak sagaua JlupuxJje ais ypaBHeHHs Jlamnaca B mape
{| x| <<R} c rpanuuHoi QyHKUHMEH U |{|,;=R) HMEET eJMHCTBEHHOE KJIac-
cHYecKoe peileHHe, TO AJs Bcex x, x| <R,

vx)= § Pr(x, Bov ) dSs
iEl=R

rae Pgr(x, §)—sagpo Ilyaccona sapaun J[lupuxje pnasi ypaBHeHus
Jlannaca B wape {|x|<<R} (dpopmyaa (31)). B uacraoct, npu x =x°
HMeeM

o@)= | Pete, po@as="5E ( 8nas,
I§1=R 1§[=R

Mockonbky pis |E|=R

R—1x <|x*—E|<R+Ix,
9 B. I, Muxaiios

.
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TO (HamoOMHHM, 4TO GyHKuUHA v (E) ==0)

1 _ (RR—|x°R)Rn"2
W—TlEIS_RU(g) A8y ——ggrapr — <=v) <
I
< GRET v (§) dSg-
1Ei=R

[/

(R —|x0 ) Rn~2
R—TA])"

HJH B CHJY TepBOH TeopeMbl O CpeIHeM
RE2(RE—| £ %)
(R+4x0])

n-2 2 2
v(0)<v(x) < R (R‘flxo'l’)‘f,“ v (0).

[Tepexons B 3TOM HepaBEHCTBE K mpeaeny IpH R —»00, NOJYYHM
v(x®)=v(0). Tak kak TouKa x° npou3BoO/bHas, To v (x)= const.
Teopema pokasaHa.

Cnegctsue. Ecau eapmonuseckas 6 Ry yurxyus u(x) npu
acex x =R, ydosaemsopsem wnepasencmsy |u (x)|<<C(1+1x|)t, eoe
C — Hekomopas NOCMOAHHAA, a4 k— yeaoe HEOMPUUAMEAbHOE YUCAO,
mo U (X) — MHO2O4NCH CMeNneHl He 6ollie 4em R.

[Ipu k=0 3710 yTBepXKueHHe coaepxutcA B Teopeme 14. Ilyctb
k> 0. BosbmeM npoussosbHoe yncsao R >1. B cuny aemmbl 3 m. 2
I JIOG0TO a=(0y, ..., &), |Ql=0kF,

max |D°‘u|<kk(ﬁn)k max |u(x)|<<
XI<R lx] <2R

< Ckt (%)’e (14 2R)* < Ck* (%)k (3R)t = C (3kn)*.

M3 storo HepaBeHCTBa BLITEKaeT, YTO IpH JioGoM o, |a|=£k, rap-
MoHaueckass B R, ¢yHkuua D%u orpanHueHa B R,. CorsacHo Teo-
peme 14 ¢yHkumu D%u, ja|=k, noctosiHHb B R,. CienoBaTenbHo,
U (x) — MHOTOUJIEH CTENEHH He Bhillle yeM k. YTBEpHKIeHHe JOKa3aHo.

Brime MBI ycTaHOBHJM HEKOTOPbI€ CBOHCTBA TapMOHHYECKHX (yHK-
IMH B HeorpaHMueHHHX oGaacTsax. B uacTHoctH, GBO MOKasaHo,
YTO HCCJEOBaHHE rapMOHHYECKOH (YHKUHH B HEOTpaHHUYEHHOH ofna-
CTH (JIONOJIHEHHE KOTOPOH COAEPKHT BHYTPEHHHE TOUKH) MOMKET GbiThb
CBe€HO C IOMOlLIbI0 INpeoGpa3oBaHHs KenbBHHA K HCCIEIOBAHHIO
rapMoHHueckoii GyHKIMH B OrpanHuyeHHOH o6jacTH.

PaccmorpuM Tenepp Kpaesble 3ajaud s ypaBHeHua Jlamuaca
B HeorpaHnuyeHHbX oGmactax. [lpexkne Bcero samerum, uto B ciyuae
HeorpaHHYeHHOH 006Js1acTH OObIYHBIX YCJIOBHH Ha pelueHHe (Hajarae-
MBIX B CJyyae OrpaHHYEHHOH 06/acTH) HEJOCTATOMHO A/ €NHHCTBEH-
HocTH. Hanpumep, Bce ¢yukuns clnr, c(r*—r%) cosks,
c(r®*—r*)sinkd, k=1, 2, ..., rie ¢— npou3BOJbHAA [OCTOSIHHAS,
X1=rcos 8, xy =rsinb, rapMoHHuHb B o6nacty {r > 1} < R;, Hempe-
PHIBHLI B €e 3aMblKaHHH H ofpamaroTcs B HyJb Ha rpaHuue {r =1}.
[TosTromy B onpene/feHHe pelueHHs €CTECTBEHHO BKJIOYHMTDL JIOIOJHH-
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TeJbHOE YCJIOBHE, XapaKTepH3ylollee IOBEACHHE PEIICHHA Ha 6ecKo-
HEUHOCTH.

. N
Mycrs o6nacts Q=R,\ |J Q» rze @, i=1, ..., N,—orpanu-
i=1
yeHHBIE 06/IaCTH C HemepeceKaloHMHCA TpaHHLAMH.
Pynkuua u(x) u3 C?(Q) Ha3biBaeTcA (KJACCHUECKHM) peuleHuem
sadauu Jupuxie 04a ypasuenus Jlanaaca 8 obracmu Q:

Au=0, xEQr
Ulog =1,

ecJM OHa rapMOHHYHa B (), HempeprniBHAa B (), yaOBJeTBOpfieT rpa-
HHYHOMY YycJ0BHIO B (46) M perysaspHa Ha GECKOHEUHOCTH.

®yHkuHA u(x) u3 C*(Q) HasbiBaeTcs (KJACCHUECKHM) peulexuem
mpemeetl kpaesotl 3a0aqu 048 ypasHenus Jlanaaca 6 Q:

Au=0, xeQ,
(%%‘I‘U(x) u)laqchr

(46)

(47)

eC/qH OHa rapMOHHYHA B Q, HenpepuiBHO auddepeHuupyeMma B Q,
YIOBJIETBOpSAET IPAHMYHOMY yC/I0BHIO B (47) M peryJ/sapHa Ha GecKo-
HEYHOCTH.

[Ipy 0=0 Tperba KpaeBas 3ajaua HasulBaeTcs 8mopoi Kpaesotl
3a0auedl M 3adauell Helimana.

O6Go3HauuM 4epe3 Q' orpaHHYeHHYIO 06JacTb, sABJALUIYIecA o6pa-
30M o6JacTH @ npu npeoGpa3oBaHHH HHBEPCHH (Ha4yaJO KOOpAHHAT —
BHYTPEHHAA TOYKA JONOJHEHHS Q).

[pennonoxkum, uto u (x) — pewenne 3agau (46). Torga u3 JemMmbl 8
caepyer, uto GyHKuua u’ (x') —npeoGpazoBanHe KesnbBHHA QYHKIMH
U (x) (moompenesieHHasi IO HENPEPLIBHOCTH B Hauaje KOOpAMHAT) —
ABAseTca rapmoHudyeckoit o¢yHkuue#i B Qp=Q’{{0}. Kpome Toro,
oueBHMHO, u’ (fc’) SC@Q) 1 ' ¥)|pgor=9 ) rne ¢ (x')=
= |—x—,|ln—_,; 0] (|—xx;?> 310 03Hauaer, 4To 4’ (x’) €CTb KJACCHYECKOE pelle-
HHe 3ajgauu JupuxJae jis ypaBHeHus Jlamjaca B (orpaHH4YeHHON)
o6aacti Qp ¢ rpaHuuHOH ¢GyHKuMeH ¢’ (x').

O6parHo, ecan u’ (x’) —KJaaccHueckoe pelueHHe 3agauu dupuxae
1719 ypaBHeHus Jlansaca B o6aactu Qj ¢ rpaHH4HOA yHKuHed ¢’ (x'),
To yHKIMA u (x) — ee npeobpa3zoBanne KenbBHHA —rapMoHHuHa B Q,
HenpepbiBHa B Q, YAOBJETBOpPSIET TPAHHYHOMY YCJOBHIO Ulgg= @ H,
OYEBHIHO, peryJspHa Ha GeCKOHEUHOCTH, T. €. U (X)— KJacCHYecKoe
pelueHue 3ajaun (46).

[loaToMy H3 TeOpeM CyLIECTBOBAaHHA H eJMHCTBEHHOCTH KJaccHYe-
CKoro perueHHe 2agaud lupuxJje B orpaHHueHHo# 06JacTH (TeopeMbr 9
.1 10) BhiTekaer

O+
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Teopema 15. [Ipu woboii Henpepeisroli eparuytol pyHrkyuu ¢
cyujecmsyem eQUHCMBERHoe Kaaccuveckoe peuterue 3adavu [upuxaie (46).

HccnenoBanne Tpetbell KpaeBoli 3ajaud B HeorpaHHUYeHHOH oGJja-
ctH Q c¢ noMomibio TnpeoGpazoBaHus KeanBHHA TakiKe CBOJMTCA
K HCCJEIOBAHHIO TPeThell KpaeBoil 3ajaud B orpaHHueHHOl o6iacTH Q.
MbI OCTaHOBHMCS TOJIBKO Ha JIOKA3aTeIbCTBE TEOPEMbI €HHCTBEHHOCTH.

Teopema 16. Tpemea xpaesaa 3adawa 042 ypasHenus Jlanaaca
8 obsacmu Q npu o(x)=0, o(x)=£0, ne momem umeme 6Goaree
00H020 peulerus.

Bmopaa xpaesas sadaua 0an ypasuenusn Jlanaaca 8 obaacmu Q
8 cayyae n>>2 He MOxcem umemo 60aee 00HO20 pewleHus, a 8 caywae
n=2 pewenue (ecau OHO cyujecmsyem) onpedeAssemca ¢ MOYHOCHIbIO
00 NOCMOARKHOE0 CAGRALMOR0.

[Tycte TpeThs (BTOpas) KpaeBas 3ajgaua MMEeT 1Ba PELIECHHA U, (X)
H uUy(x). Torma o¢yHkuMa u (x)=u,(x)—u,(x) rapMmoHHuHa B Q,
HenpepeiBHO jpuxpepeHuupyemMa B (Q, yHOBJIETBOpSiET TPAHHUHOMY
Y CJIOBHIO (a—,‘i +ou aQ=0 H peryJaspHa Ha OecKOHeYHOCTH. Bo3abmem
ypcao R >0 c1oJb 60blHM, 4TOGH 06iacThb { | x { >R} conep:kanach
B Q, ¥ Bocrosib3yeMcs B o6s1actd Qg =Q N {|x | << R} dopmyaoit I'puna

0=OS uAudx=——S | V| 2dx—|—S % udS+
R QR aQ

+ %ud8=—§iVu}2dx—Scu2dS—|— \ Suds.
R

1x|=R aQ |=R

B pesyJbTaTe MMeeM paBeHCTBO

OS Vu 2 dx + S outdS = S (48)
R

-dQ =R
I
{Ix|=R} O( Rr~1 )

)

) npu n=2. HoaTomy

B cuaty Teopembl 13 u| ¢xj=ry= (

ou 1
()
mpH n>2 H5o “xl_m O(—R2

S a—nu dS=O('Rnl_

S

2) npy n>2

|x|=R
S %ud8=0(%) opH n=2.
|x[=R

[Tepexons B paseHcTBe (48) K mpeneny npH R —» 0o, MOJTy4HM
{ |Vupdx+ § ourdS=o.
Q aQ
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HOCKOJIbe 0=0, 10 310 paBCHCTBO 3KBHBAJICHTHO NByM paBCHCTBaM

{IVuppdr=0 u §outdS=o0. (49)
Q aQ

U3 nepsoro pasenctsa B (49) BbiTeKkaeT, 4T0 u = c,=const B Q.
Ecan n>2, To B cuay peryasipHocTH OQyHKIHH u (x) Ha GecKoHeu-
HOCTH Cp=0, T. €. uy=uy B Q. v

Ecin n=2 u o(x)=0, 0(x)5£0 (TperbA KpaeBas 3ajgaua), TO
paBeHCTBO ¢o= (0 BbITEKAET H3 BTOPOro COOTHomEHHA B (49).

Ecau xe n=2 uo(x)=0 (sropas Kpaesas 3ajgaya), To QyHKIHS
1 (X)=c, IIpH IIPOH3BOJIbHOH ITOCTOTHHOH Co €CTh PErysipHas BQ rapMoHH-
yecKkas (pyHKLHA, yIOBJeTBOPAIOMAA OZHOPOLHOMY I'DaHHYHOMY YCJIO-

ou
BHIO a—n'aQ—O. Teopema poka3saHa,

3AJJAYM K TJABE 1V

1. IlokasaTe, 4T0 pyHKUMSA « (x), NpHHajIEKaULas Ly10c(Q) 1 ynoBretsopsio-
mwas npu BCeX v & c® (Q) Toxpectsy guAv dx=0, rapmonuyna B Q.

2. HafiTu nomonHeHue MHOXecTBa GYHKUMH H3 L, (Q), rapMoHHuecKux B Q,
no HopMe npocrpanctBa Ly (Q). L
3. Mycrs ¢ynkmua u e Hioe (QNC(Q) u 0Q & €. Mokasams, uro ecau

2
Aues L, (Q), o ueHg (Q).
OTMeTHM, 4TO M3 pe3y/bTaTa 3ajadd 3 BHITEKAeT, 4T0 KJAaCCHYeCKOe pelleHue
sapaun Hupuxne jnas ypasmenus Ilyaccona Au=f, u |3o="0 c npunagnexamek

L, (Q) npaBoil yacTbio f ABNACTCS OGOGIUIEHHEIM PelIeHHeM H JaXKe DelleHHeM MOYTH
Bciony. CJIeOBaTe/IbHO, KJacCHYeCKHe COGCTBeHHble (YHKUMH MepBofl KpaeBoil
3ajauM jnd oneparopa Jlannaca ABAAOTCA 0606IEHHHIMH COGCTBEHHBIMH (Y HKIU MU,

4. Mlycte 0Q & C?. Ha muoxectse Bcex QyHKUME 4 (x) us C? @Q@nE @), ana
Kotopblx Au (x) = I4(Q), BBereHO CKalApHOe NPOM3BejeHHe jAu- AT dx. Hafitu

Q
nonoJIHeHHe 3TOro MHOXeCTBa M0 HOpMe, ﬂOpO)K}leHHOﬁ 3THM CKaJfipHbBIM MPOH3-

BeJleHUEM.
5. Mycts rpannna 0Q ofnact Q npuHamlexut Ck. JlokasaTh cllefyouse

yTBepKAeHHUS. ~
a) B runn6epTBOM mpocTpaHcTBe H’_% (Q) MOXHO BBeCTH 3KBHBAaJICHTHbIE OOBI4-
HOMY CKa/lfipHHe TPOH3BeleHHs

) (A%, Ak/2g)L2 @ npH  k "eTHOM,
1) k- =
¢ g)Hfb @ (A(k— ”/2]‘, A(k—l)ﬂg)ﬁ1 @ "pH k' HeueTHOM

o0
(fv g);.’% (Q)= 2 ngS ’A'S |kv
s=1

rae fs=(f, “s)L,(Q)’ au u A —s-a cobcTBeHHas (YHKUMA H COOTBEICTBYiOllee
efl co6cTBeHHOe 3HadeHHe 3agauu [dupHxne ans onepaTopa Jlannaca B Q.
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6) B runnGeproBoM IpocTpaHCTBe Hf,,,,(Q)_ MOXHO BBeCTH SKBHBaJeHTHLIE
O6bIYHOMY CKaJIfipHBle TNPOH3BeleHHS

th @yt 0= (8%, &%), @ +(h &)1, (@ pH  k HeTHBIX,
' S H e (Q) (A(k—l)/2f, A(k-l)/zg)H“ (Q)+(f’ g)L“Q) TpH k HeweTHIX,

o0
(r Qs = X 1s8s (I hs (1),
s==]

tre fo=(f, 45),qp 2 45 Ag—s-n cofcTeeHHast (YHKLHA H COOTBETCTBYolilee
efl co6cTBeHHOe 3HadeHHe 3ajaun Helimana and omeparopa Jlamnaca B Q.

6. Mycrs ¢dyskmua u(x) = C(Q), u nycth a1 Mo6oil TOUKH X & ( cylme-
cTByeT Takoe 4ucio r=r (x) >0, uro map S, (x)={1E—x| <r}cQu u(x)=
=57i=i 4 (%) dSg. llokasath, yTo dynKUHA « (X) TapMOHHYHA B Q.

TSt

7. Myctb dyukuus u (x) & CL(Q), # nycTb And mo6oi chepul S, nexkaueit B Q,
ou
on

8. INoka3atb, yto MepBoe COGCTBEHHOe 3HaYeHHe NepBOA KpaeBoH sajaun [
oneparopa Jlamnaca B ofnactH Q, dQ & C?, ofjHOKpaTHO M YTO COOTBETCTBYOlast
eMy cob6ctBeHHas (yHKLMS He ofpautaeTcsi B o6jaacTh Q B HyJb,

9. IlokasaTb, 4T0 GYHKUHA u (¥), NPHHaAneXKamas C? (Q) u yaoB/IeTBOpSAIOmW as B
o6.nacti Q ypaBHeHHio I'efioMrossna Au - Au =0, rpe A — NocTofHHaA, aHANHTHYHA B Q.

3aMeTHM, 4TO H3 pe3yabTaTa 3agauu 9 BeITeKaeT, 4To cobcrBeHHble (YHKIHH
MoGoH KpaeBoll sajmaun xas omeparopa Jlamnaca B Q aHanHTHYHbI B Q.

10. Nyers A (Q) H Ap(Qo)—k-e coBcTBeHHBle 3HaueHHsi NepBOd KpaeBoil
3ajauu Aas onepatopa Jlannaca B obmactax Q u Qy, Q) € Q. IokasaTs, uTo
Ar (Q) << Ap (Qp) mpH Beex k~=1, 2, ...

11. O6oanauum uepes L, (0Q) (0Q—rpaHuua n-mepHofi ob6nactH Q) moxupo-
CTpPaHCTBO INpocTpaHcTBa L, (0Q), cocrosiee M3 BceX (yHKIHHA, OPTOrOHAaNbHBIX
(B CKanfpHOM NPOH3BEACHUH L, (0Q)) nocrosiHubM. g MoGolt pyHKIHH P (x) =

e L, (0Q) cymecTtByeT enMHCTBeHHOe 0606uieHHOe peuleHHe « (x) 3agaun Hefimana
ana ypasHenus Jlannaca B Q ¢ rpanuuHoit ¢ymkumeill ¢, cnex Koroporo Ha AQ
“Iao=‘PEL2 (0Q). Takum ofpasom, Ha L,(dQ) 3agaH onepatop A, craBauHii
Kaxjaod ¢GyHKuuM P Zz (0Q) dyHKuHIO @ = Z,(@Q): Ap=g¢.

MokasaTb clleAyioliHe yTBepKIAeHHS.

a) CoGcrBennble 3HaveHust Ap, k=1, 2, ..., oneparopa A TNOJOXUTENbHH,
co6ctBeHHble QYHKUHM €5, Aep=MApep, k=1, ..., 06pa3yloT OPTOHOPMHDPOBAHHEIH

6asuc npocrpaHcrBa Ly (0Q).
6) Cymecrsyer ofofuieHHoe pelieHHe up (x) 3agayn Jlupuxie Ans ypaBHeHHS

Jlannaca B Q ¢ rpanuunodi dyuxkmueii V Ay ep, k=1, 2, ... Cucrema up (x), k=
=1, 2, ..., o6pa3yeT OpPTOHOPMHPOBaHHLI} 6a3MC B IPOCTPAHCTBE CO CKajsipPHBIM

npousBefeHHeM \ yu y¥ dx, cocrusiuieM H3 BCeX TapMOHHYeCKHX B Q dyHKuui us

dS=0 T[lokasath, uTo yHKUHSA « (x) TapMOHHUHA B Q

H1(Q), cnen kortopuix Ha 0Q npuHapnexur Ly (9Q).

)
B) [ia moboli pymkunn Y& L,0Q) pan Y Ve VFpup(x), rae bo=
k=1
= (¥, €4)L, (30, CXOMMTCA B H1 (Q) u npencrasaser co6oii 0606lIeHHOe pelIeHHe 3a-
naun HeiiMana ana ypaBHenus Jlannaca B Q ¢ rpauuyHoili dyrxuuei .
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r) Mycte oyukuusa @ < L, (3Q). [ag Toro 4to6ul cylecTBoBaJo 0606leHHOe
pewenne u (x) 3agayn [iMpuxne ans ypaeHeHus Jlamnaca B Q ¢ rpaHHYHOR QyHK-
)

2
uHell ¢, Heo6XOIHUMO H JOCTAaTO4YHO, UTOGH CXORHACH DX 2 Iq;'k !
k

k=1

y TRE @p =

oo
1
= (s ek),_2 30y IMpu sTom u(x)=-|a—Ql-g edS+ Z Prlp (x).
3 E=1

n) Hailitn co6ctBenHbie 3HaueHHs H coOcTBeHHbe QYHKIHH onepatopa A B cay-
yae, Korga obnacte Q ects kpyr {|x|<C1} (aByMepHmoui ciyuaii), u mokasarts,
Y70 YCJIOBHE II. T) HacTosilleHl 3ajayd CcOBNAnaeT B 3TOM Cayuyae ¢ YCJIOBHEM Teo-
pemul 13 m. 8 § 1.

12. Ina Toro uro6n ¢yukuus f (@), 3agaHHas Ha rpanuue {r =1} eaHHHYHOrO
kpyra {r <1} mnnockocTH x,=rcos@, Xy=r sin ¢ M npuHaanexawas L, (0, 2m),
6bl1a TPAaHHUYHLIM 3HayeHHEM HeKOTopo;'«'I beH2KlJ,HH 3 H! (r <<1), Heo6xogumo H

A T

JOCTATOYHO, YTOGH CXOXHJCA WUHTErpas S %f— g T+t —F(p)2de.
- 0 0
Mpunagnexamasn C*(Q)N C (Q) dyHkuua u (x), ya0BJeTBOPSAIONIaA YPaBHEHHIO

Au=f xeq, o)
H TpaHHYHHIM YCJIOBHAM '
ou
“loe=0% oy aQ=0’ @

HasplBaeTCsl KJIaCCHYECKHUM pelleHHeM 3axaqu JIHpuxne aas .ypaBHeHHﬂ Aly=f
B o6nacti Q. [Mpunagnexamas C4(Q)NC?(Q) dyHkuua u (x), ynoBaeTBopsiomas
ypaBueHH1O (1) M TpaHUYHEIM YCJIOBUAM .

Ulog=0 Aulpy=0, 3)

Ha3blBaeTCsl KJNaCCHUeCKHM pellleHHeM 3ajauH Pukbe Aas ypaBHeHus Alu=f B 06-
nactd Q.

Mycrs ¢yrkuua fe L,(Q). PyHKLUMIO ¢, NpHHAIEXAWYIO MNPOCTP aHCTBY
H? (Q) 1 yn0BNeTBOPAIOLLYI0 HHTETPaNLHOMY TOXKAECTBY

§Auddde=fodx o
Q Q

npu BeeX v & H? (Q), HasoBeM 060OLIeHHBIM PelLeHHeM, 3aza'th HOupuxne (1), (2).
®ynkumo «, npuHapnexamyio Hy (Q) M yAOBNeTBOPAIOUIYIO HHTerpadbHOMY TO-
XkjaecTBY (4) npH Bcex v eH:"(b (Q), HazoBem OGOGLIEHHBIM peLleHHEM 3ajadH
Pukse (1), (3).

13. Ilyers 0Q e C2. [Jukasathk cllefyioliine yTBepKIEHHS,

a) IMpunagnexamue C* (Q) knaccHyeckue peweHus u (x) sagad (1), (2) u (1),
(3) aBaAOTCH 0GOGLIEHHHIMH pelleHHsMH STHX 3ajad.

6) O6oSweHnple pewenus 3afau (1), (2) u (1), (3) cywmecrsyloT npu BCeX
[ = L;(Q) 1 enuHCTBEHHH.

Mycts Q—wap paguyca R: @Q={| x| <R}. OGosnauum yepes S; noaycpepy
{lx|=R}N (x>0}, a uepes S, nomycdepy {|x|= R}( {x;<<0}. ®ynxuus
u (x), mpuHajaexamas npocrpatctsy €2 (Q) NCL(QUS)) N C (Q), yaosaeTBopsiowas
ypasHenuwo Ilyaccona

Au =f. x e Q. ' (5)
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M TPaHHYHOMY YCIOBHIO
ou
on |s

HasbIBaeTcsl KJacCHiecKMM pewleHueM 3axauu (5), (6).

O6osnaunM uepes H! (Q) noampocTpaHcTBo npocrpaHcTBa HE (Q), cocTosuee
u3 Beex GyHKuMi u & H1(Q), een koTopsix Ha S, paseH Hymo. Ilyers f & Ly (Q).
OGo6leHnsIM pellenneM 3agau (5), (6) HasoseM dyunkumo u & A1 (Q, yaoBaet-
BOPAILYI0 MHTEPaNbHOMY TOXAECTBY

‘§Vu \%7 dx=—§fz‘1 dx
d

u IS, = Ov (6)

’

=0
1

Ip® BCeX v e A1 (Q).

14. Nokasatb, uTo npH Mmoboll f e L, (Q) obobilenHoe pewieHHe 3axayu (5),
(6) cyluecTByeT M eIMHCTBEHHO.

Ilycre Q—orpanudeHtas asyMepHas o6nactb c rpanuueii 0Q  C3, u mycTsb
l(x)—s3anaHHBlil Ha OQ JBaxAH HenpepniBHO  aupdepeHuUUpyeMblil  BeKTOp,

L (x)| =1, cocrapasiomuil yron e (x), | & (x) ]| <<m/2, ¢ BekTOpOM (BHewHefi) HOp-

Malu K 0Q (o (x)==(n/.\l)). dyukuus  «(x), npumagnexamas C! (Q)NC2(Q),
YAOBJIETBOPSIIOLasl yPaBHEHUIO

Au—u=f, xeQ, A )

H TpaHHU4YHOMY yCJIOBHIO
aul _o 8
al aQ— ] ( )

Ha3plBaeTCH KJacCHYeCKHM pelleHHeM 3ajay ¢ HakJoHHo#i mpousBopHoil (7), (8).

OGosuauuM yepe3 A (x) npuHamnexaulyio C2(Q) dyHkuuio, sHauyeHHe KOTOPOil
nHa rpauune 0Q ectv tga (x). [lyers f e L, (Q). O6obiieHHbIM pellleHHeM 3afayH
(7), (8) HasoBeM ¢yHkuHIO « < H'(Q), yAOBJETBOPSIOULYI0O HHTErPalbHOMY TOX-
IecCTBY

§ (Vu VT - u?) dx""é A (uxzﬁn - unﬁxz) dx +
+S(Ax,ux’—A u )5dx=—Sf5dx
Q

X2 Xy
npu Beex v & H1(Q).
15, MTokasaTo ciepyioliHe yTBepKACHHS,
a) Knaccuyeckoe pewenne 3anauu (7), (8) sABasieTcs OGOGILIEHHHIM pelleHHeM.
6) Ecau o (x) =const, To npu moboik fe L, (Q) cyllecTByeT eauHCTBeHHOE
o6oflileHHOe pellleHue 3aaay (7), (8); 9TO pelleHue He 3aBHCHT OT cllocofa mpo-
nomxenus (A (x)) B Q dyukuuu tga (x).

HononxuTeNbnas auTepatypa k raase IV
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HU. H. Bekya, HoBele MeTonbl pelleHHS 3/MJMNTHYECKMX vpaBHeHHil, ['oc-
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ub-tra Xi1 (1943), 105—174.
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F'masa V
TUNEPBOJIMYECKHE YPABHEHNSA

B sro#i raase Mbl Gyzem H3yuaTb 3ajayy Komu H cMemaHHbie
3aj1ayd IJja rHnepOoJHYECKOro ypaBHEHHA BHAA

wy—div (B (x) Vu(x, 8))Fax)u(x, O)=f(x, ?).

3zech (x, f)= Xy, ..., X,, {)—Touka (n- 1)-MepHOro mnpocrpaHcTBa
Ry xR, tER,, Vo (x, t)=(§7”, g) n div (@ (6 9), ..
ow ow ! "
veer Wy (x, t))=a‘—+...+—}—”; npH stom nox Av(x, f) 6ynem mo-
1 n ’

ggu +... 4 6-2% Iaunble 3agay 6yxeM cuHTaTh
X} 0x2

BellleCTBEHHO3HAYHBIMH (GYHKIHAMH U 6y IeM pacCMATPHBATb TOJMBKO Be-
LIeCTBEHHO3HAUHble pellleHHs STHX 3aay. B cBA3H ¢ 3THM B Ja/bHelIeM
nox H*u C*, k=0, 1,..., Mbl 6yzeM NOHHMaTb COOTBETCTBYIOLIHE Be-

llecTBEHHblE MPOCTPAHCTBA.

HHMaTh div Vo (x, f)=

§ 1. CpoficTBa peweHHii BOJHOBOr0 ypaBHeHus. 3agaua Kown
LA BOJIHOBOTO ypaBHEHHS -

1. CeoficTBa peliennfi BOMHOBOro ypashenus. PaccmoTpuM mpo-
crefiiiee runepGosHYecKoe YpaBHEHHe BTOPOro MOpsJKa — BOJIHOBOE
ypaBHeHHe

n
Oulx, )=uy—Au=uy— Z Upie; =T (x, £). (1)

i=1
ITpexne Bcero HaliieM HEKOTOpbie CIelHa/bHble pElIeHHs OfHO-
POIHOTO BOJIHOBOTO YypaBHeHHs ([Ju = 0), 3aBHCsALIHe TOJbKO OT ¢/| x|.
®ynkuua v (x, f)=w ({/|x|), apasomwasncas npu |x|=~=0 pelenneM
OHOPOZHOro BOJ/IHOBOrO YpaBHEHHS, YIOBJIeTBOpseT OObIKHOBEHHOMY

IH(pdepeHIHaIbHOMY ypaBHEHHIO

d?w dw
@— )z +B—nzL=0.

Ofliee pemieHHe 3TOr0  ypaBHEHHS B KakIOM H3 HHTepBaJoB
(— oo, —1), (—1, 41), (+1, + o) sagaerca ¢opmy.oii
n—3

018122— 112 dz+tc,,
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TJie 1 H C; — NIPOH3BOJIbHbe NMOCTOsIHHBIe. OTCIOfa, B 4aCTHOCTH, MOJY-
yaeM, yT0 npH 0<|x|<<—¢, (2 =1{/|x|<<—1) dyHKunsa v(x, f)
HMeeT BHJ

f—|x]

vix, )=c ln t—_'-_—l—x—ll+cg B cayyae n=1,
v(x, ty=¢ In—l—tilfl%_—‘—ﬁ\——l—c2 npH n=2,
v (x, t)=01;7’c—1+c2 npi - n=3

H T I

Byzem o6osHauath yepe3 Ky, sy, p KOHyC {[x—x'|<<t —t, 10<
<t<<t’} c¢ BepuHHOH B TouKe (x’, ') «BHICOTB [ —{° uepe3
Iy, #r,@—ero GOKOBYI0O MNOBepXHOCTb {|x—x'|=t —t, P <i<t'},

4
@t

Puc, 2.

-

ABJSAIOIYIOCS XapakTepHcTHKOH (cm. § 2 ra.  I) ana BosHOBoro
ypaBHeHHs, uepe3 D,. p » —ocHOBaHHe KoHyca {|x—x'|<<t —19,
=1 u uepe3 S, s, p— IpaHHLY OCHOBaHI/’H—CQ)epy {lx—=x"| =
=1 =0, =10} ‘

ITycts (x1, 1) — HekoTOpas TOYKA H3 Ryyp, K — KOHYC Ky, 45, 0,80 <11,
aD =Dy, p, p —0CHOBaHHe 3TOTO KOHYyca (cM. pHc. 2). Ilokaxkem, uro
ecnn QyHKUMA u (X, £) nocratoyHo rsagkas B KD, 1o ee 3sHage-
HHe B NIPOH3BOJIBHOH Touke (x, f) KoHyca K ompegensiercs gepes [Ju
B KOHyce Ky ¢ H U H U, Ha OCHOBaHHH 3TOro KoHyca D /, p.

PaccMoTpuM cHayana caydaii TpeX NPOCTPaHCTBEHHBIX NepeMeH-
HplX, n=3. DByzem cunutath, uyro u(x, ) =C*(K)NC*(KUD)mn
OueC((KUD). Iycts (g, t)— npoH3BoibHadA Touka u3 K, a e —
MPOH3BOJIbHOE IIOJIOXKHTEJIbHOE 4HCJIO, MeHbtuee T — (0, 0 <<e <<t — {0,



268 TFMNEPBOJIMYECKHUE YPABHEHHSA [rJ1. v

OGosnaynm uepes K, sexamyio B K obnactb {e<<|x—E|<<tT—1,

t°<t<r—e} I'pannuny obnactH K, paso6beM Ha TpH wacTH: L=

{]x El=1—fP<t<t—¢},De={e<<|x—E|<<T—0, [=10,
={lx—§|=¢, O<t<<t—8}.

B03bMeM crienyaJibHOE, 3aBHCALLEe TOJAbKO OT
OJHOPOAHOr0 BOJIHOBOTO YypaBHEHHS

v(x— f—T) ==+ 1. ()

[TockonbKy OyHkuMH u(x, {) ¥ v(x—§E, [—7) npHHaAJIeKaT

C*(Ke), 10 B K,

l—i-—:% pelueHHe

vOu—ulv=— Z (10 — U0;)x, + (0 — Uvy),

{=1

Huterpupys 310 paBeHCTBO Mo K, H yuuThBaf, 4to B K, (Ju=0,
Ha OCHOBaHHH (OpMYJIbl OCTpOI‘paL[CKOI‘O H0J1yYHM

{ vOudxdt= { [ Z (ux,v uvy) 1+ (v — uv,) n4] dsS =

K TUDUv L i=1
=Ir,+Ip,+1y, ()

rae n= (1, Ny Ng, Ny) — eIHHHYHLIA BEeKTOp BHellHe#l HOpMasH K 0K,
a 1[‘8, Ip,, lva-—HHTeI‘paJIbI no I'e, Dg, ve.

Paccmotpum uuTerpan no I W3 (2) BuTekaer, 4to vlp, =0.
KpoMme Toro, Tak Kak

-2

1

(t—T)‘E xlsy v‘=Ix—§|’ (4)
— & B om—& g\ L [x=%
a HopMasib Ha T n—V2<|; §1|' |x_:| Tl 1)—— §<1:—-t’ 1),
TO
\ | (e=fx=B_ 1 \_,
; (Vxt) = Urlta |, V2( e ) =0
CnenoBarejibHO, ‘
3 3
Ir,= S[u<2 Uy, — v,n4>+v(u,n4— > ux,.n,)] dS=0. (5)
TE i=1 =1
Tak kak Ha D, HopManb n= (0, 0, 0, —1I), T0 B cuay (2) u (4)
. u(x, 19 %) T—10 — " ‘
b=\ g et \ () ww ma.

e<lx—El<T—1° <[s—El<T—2t0
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[lockonbky ¢yHkuMH u(x, ) u u,(x, {°) HenpepbBHH (1 &
e CH(K UD)), cymectByer npesien uuterpana /p, npu €0 u

lim /5, =
£e—0
u(x, £9) T—100
B g g & S (——,x_§| —1>ut(x, ©dx.  (6)
| x=El<T—1" r=t[<T—1

Ha noBepxHOCTH y. HOpMaJb n_<| x‘gf, 0> <§8_x 0). [Toatomy,
/yunThiBas (4), MOMyYHM

T—¢ T—8

ou dv
ly=—\ @t { Fovas.+ Sdt \ Suds.=
) ° |x—E|=¢ 0 |x—E|=¢
T ou i
— S ( T+1)dt § 53de+8 — u dS,.
10 N [x=—E|==¢ fad |x=—E[=¢

Tak xak npH |x—§|=¢, {0<<{<CT—& HMEIOT MECTO HepaBeHCTBa

gu <M ulu(x, {)—u(E, t)|=<Me, rire M —HeKoTopas NOCTOSH-
Has (M=  max |Vul), T0
jx=—8 | K< T=1?
Pt
ou
an ds,
lx—§l=¢
H
{ u@x, dS.— §
lx—§l=e Ix=—E|=¢
< | lu@ ty—u, 8))dS, <4neM.
lx—8|=¢

[MosTomy cymecTByeT mpejes HHTErpaJja 1y npu e—0 u
lim7, _4n§(t—r)u(§ {) dt. (7
e—0

ITepexogs B (3) k mpeneny npu &€—0, B cuay (5), (6) u (7)
noJlyynM, 4To AJs J060d TodkH (§, T) H3 K

n S (t=7)uE 0 di=
o
-  § e (FEm-nue oot

x—gi<T—1 Ix—E[<T—1

e | (1) oues hex

4 x—tl<t—1



270 . TMNEPBOJIMYECKUE YPABHEHUS [TJ. vV

Mpoauddepenupyem 3T0 paBEHCTBO IO T

‘Su(é. e L

|x—E|=t—1°

1 u; (x, 19 1 J Cu(x, §)
+ Tx—T"xﬂ_S‘” | e

It <T—1
OTKyJa .
0 1
u(§,t)=a—t(ml S u(x.t")de>+
x—t| ST —p

1
L 1 Ou (x, 9
‘o ) wmas+gla {0 &,

ix—t|=1—1° I |x—E|=T—1
Hockonbxy )
T T—f°
Qu(x, 8 _ S Du (x, T—A) _
Sdt | Se&Das,— § da Qe M gs, =
ixetf=1—1 (Bl =2
_ Ou(x, t—|x—E|)
- Tx—¢] dx,
jx—t[<T—10

TO AJs1 JI060H TOUKH (x, f) KOHyca Ky n, HMEET MECTO C/IeAylollas
popmyasa Kupxeopa:

0 1
u(x, t)=57<3n—(t—-_10—) glst t u g, to)dS;‘)-[—
|x—E|=t—1f°
1
t e, g;S tut(g, %) dS. +
|x—§|=t—t°
1 Ou, t—ix—E)
tm S & (®)
I x—E|<fmto
Tak kak
: u(t, 10 dSy = - S u(x+n( —0), 9dS
I (—D) . E= , -
|x—E[=t—10 e
T0
9/ 1 , .
das | e ‘°)d35)=47z | uletn—m,mas,+
Ix=fj=t—1 %
t—10
T & S (Vu (x4t —0), 19, n)dSy=

ml=

= 7411;_(11_70)’2 S [u@E )4 E—x)-VuE 19]4dS:.

lx—§|=1—1
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[Mostomy dopmyay Kupxroda MoxHO mepenucaTb B BHAe

it )=grgmpr § [0& O+HE—D-Vu P1dS;+

|#—E|=t—10
1
twiewm S ue (€, 1) dSe +
|x—§|=t—10
+ 5 04 i—ls=tD (g
T

[x—E]
' l—gf<t—m

@opmy.ibt (8) u (9) nmokasbiBaloT, YTO 3HayeHHe QYHKUHH 4 B Ipo-
H3BOJIbHOH TOYKe (X, {) M3 K BbipaxkaeTcs 4epe3 [Ju B Ky, ¢, »0 H U
H Uy B Dy 4 . 3aMeTHM, uTO 3HayeHHe QYHKUHH 4 B TouKe (X, f) =K
onpejensierca (npH n=23) 3HayeHHAMH OQYHKUMH [Ju He Ha BCeM
KOHyce Ky, ¢ p, @ JIHIIb Ha €ro GOKOBOH MOBEPXHOCTH @'y ¢ s H 3Ha-

ueHHSIMH QYHKUMH u, u; 0 Vu He Ha BceM OCHOBaHHH Dy, ¢, 1, @ JIHLIb
Ha ero rpanuue—cdepe S, s ». B yacTHOCTH, €CqH jJ/18 HEKOTOPOH
ToukH (x, ) =K Qu=0Ha Iy, p U u=u=|Vu|=0 Ha S, ¢, s,
TO B 3ToH Touke u (x, £)=0.

M3 nokaszaHHOro HeMmeiJeHHO BbITEKaeT CIpaBelJIHBOCTb NPH N=3
caenyiomell TeopeMbl, yTBepKjalouleil, 4to pelleHHe u ypaBHeHHs (1)
B KOHyce Ky, 11,10 =K 0aHO3HAaYHO ompenesnsieTcs 3HAaYEHHAMH U H Uy
Ha OCHOBaHHH Dy, p p=D 3Toro Komyca.

Teopema 1. Hyemo yuryuu uy (x, ) u uy (x, t) npunadaexcam
CK)NCYKUD), Ouwy=0u 6 K u uy(x, ) p=us(x, ©p,

aul (x, to) i auz (xv to) —
o = e D To2da uy=u, 6 K.

HeiictBuTenbHO, GYHKUHA u=u; —u, npuHagaexur C%(K)(
NCYKUD), Ou=0 8 K u npu x&D u(x, £®)=u,(x, £°)=0.
N3 (9) Borrekaer, uto u{x, =0 B K, T. e. u)(x, §y=u,(x, {)
B K. Teopema pokasaHna.

CooTBeTcTBYyIOLIEe IIPEACTaBJeHHe, a TakiKe N0Ka3aTe/bCTBO TEO-
peMbl 1 B clyyae NPOH3BOJIBHOTO YHCJa NPOCTPAHCTBEHHBIX NEPEMEH-
HBbIX MOXeT GHITb NOJIyYeHO TeM Ke MetofoM. Ecau ¢yHKuua u (x, {) =
e C¥(K)NCY(KUD), ¢pyukuns [Ju u Bce ee NMPOH3BOAHBIE IO IIPO-

CTPaHCTBEHHbHIM MEPEMEHHBIM [0 MOpAAKa M= max ([%]—1, 0) \

n
HenpepwiBunl B KD, u{x, )= CL21(D) u u;(x, * =C? (D), 10
3HaueHHe u(x, {) B npou3BobHOH Touke (X, {) =K BHpaxaercs
yepe3 QYHKUHIO [(Ju (M ee NMPOH3BORHbIE IO MPOCTPAHCTBEHHBIM Iepe-
MEHHBIM 10 nopsAaka m) B Ky ; » H QYHKUHH &4 H 4, (H HX IIPOH3-

n _
BOJHbIE [0 MOPSLKOB [—5] H m cooTBeTcTBeHHO) B D, ¢ 1. Hanpumep,

ana n>3 NpeACTaB/eHHE TM0Jy4yaeTcss TOYHO TakK ke, Kak H JAJid
n=3, [IpH 3TOM B KayeCTBE CIEUHAJBHOIO pPelUIEeHHA OZHOPOJHOro
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BOJIHOBOTO ypaBHeHHA v(x—E, f{—T) 1pH T—:E% <<—1 HyxHO
‘ z 7 n—3 :
Basath ¢ynkumo § ((2—1)"% di, 2= I{CE%—I

-1

OrmeTHM, uTO B cayyae 4YeTHHX 7, N ==2, 3HauyeHHe PYHKUHH
u B Touke (x, f) onpenensiercs 3HayeHHAMH QYHKUHH [Ju (4 ee mpo-
H3BOJHLIX 1O TIPOCTPAHCTBEHHBLIM TI€PEMEHHBIM) Ha BCeM KOHYyce
Ky, (10 ¥ 3HaYeHHSIMH GYHKUHH 4 H 4; (4 HX NPOH3BOAHBIX MO MNPO-
CTPaHCTBEHHBLIM [epeMeHHbIM) Ha BCEM OCHOBaHHH D, . p». B caydae
JKe€ HEYeTHOr0 4YHCJa IIPOCTPAHCTBEHHBIX NEPEMEHHBIX A>3, Kak
H B cJayyae n=2J3, 3HaueHHe QYHKUHH 4 B TOuKe (x, [) ompege/sercs
3HaYeHHAMH (PyHKUMH [(J4 H ee NPOHU3BOAHBIX MO MEOCTPAHCTBEHHBIM
NEPEMEHHLIM TOJbKO Ha GOKOBOH MoBepXHOCTH Iy s » KOHyca H 3Ha-
YEeHHAMH YHKUMH u, 4, H MX NPOH3BOAHHX IO NPOCTPaHCTBEHHHIM
nepeMeHHBIM TOJIbKO Ha rpaHHue Sy, ¢, » OCHOBAHHSA.

B caywae pgByX W OgHOro NpPOCTPAHCTBEHHBIX NEPEMEHHBIX COOT-
BETCTBYIOIIHE TMPEACTaB/CHHA, a BMECTe C HHMH H J0Ka3aTeJbCTBa
TeopeMb! | npollie no/y4aroTcs HenocpeacTBeHHO U3 GopMybl (9)(uH (8)).

Ilycts dyukuua u(x, f), x=(x1, X,), 3agaHa B KoHyce K =
= Ky, 1, 0, X1=(x{, x3), 1 npuHagaexur C*(K)NCY(KUD), D =
=Dy pn,p H Ot =ty — Uyyx, — Usyx, e C(KUD). ®yukuuio u(x, f)
MOXKHO paccMaTpHBaTh KaK He 3aBHCALLYIO OT X3 (QYHKIHIO deTbipex
NEPEMEHHbIX X1, X, X3, £, 3ajaHHYK B YeThipeXMEpHOM KOHyce
Kx},xé, x, i, 009 TIE X3 TPOH3BOJILHO; INpH 3TOM U (X;, X, )&
= C2 (K‘x}, x%, xé, ft, to) n Cl (Kxi, xé, x;li, i, to U Dx}' x12’ x;l}, t, IO) H Uy —
T Uywy T Uy vy — Upgng & Cc (Kx%, wnto U Dxi, vy to)- B CHIy q)OPMyJTbI (9)
I/15 BCEX ToYeK (xy, Xy, f), NpuHajgiexamux K, HMeeM

1
u(xl, Xg, t)=m S [u (§11 §27 tO)_l_
- (%1 — B2+ (22 —Bo)? F (% —§5)2 = (f —10)?

+ (& —x1) g, E1 Eoo 10) (e — X ) g, (Bay &y 191 dSe+

1
+ dn(t—1) S g (Ers & 1) ng-{—
(o1 —81)2 -+ (2 —&2)2 - (x5 —E3)2 = (¢ —19)2
t—to
1 & f—
ta ) de \ e b 120 g,

0 ) B 4 (Bt =p?
Tak kak

g ¢ &) dSy =
(o1 — E0) 2 (X — 52)2 - (x5 —E;3)2=p?
9 N Y. N
P Vo—m_tr—e.—tp' 0

(%1 —&)% -+ (xa—E,)2 < p?
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TO
1 u@E, ) +E—x)-vu g, )
u(x, )y =s——p " (E
(=10 [x_§|S<t_to V@—mr=x—¢ o
! u §, 0 dg -
+ il 4
5N, Vet

t—to
1 —
+az a0 ]7@;@7’—;%@, )
0 lx—El<p |
rie E=(E, &) x=1(x1, x,), a Touka (x, {)—moBasi TOYyKa KOHYyca
xt, 0. OTa (opMysa JaeT HCKOMOe TmipeicTaBjieHHe (GYHKUHH
B caydae n=2.
3ameThM, 4TO AJ/1a JIOGOH TOuKH (x, {) KoHyca K

1 S u, O)+E—x) -Vu, 19 dE =
2m ({— 19) ViE—op—[x—t

lx—gl<t—to
_0<l S u(k, ©0dt )
=52 — |
0 T gl VPP = Tx—EF

ITosTomy paBencTBo (11) MoxkHO mepemucaTb B BHAE

L \ u(, 9dg
u(x, t
0 <2n lx—§><t--to V{I—Op—]x—EP > +
: uy (§, 19 dg
+ 5 ,
o lx—§|S<z_to ViE—tp—|x—E +
{—t0

: Du(gv t—-p)
" § lx—§S!<pr—|x"§|

dopmyna (12) HasbiBaeTca gopmyaoii [Tyaccona. AHalornyHo B cay-
yae n=1 cooTBeTcTBYIOllee MpeacTaBJleHHe JErKo IoJay4yaeTcs H3
dopmyant (11) (unu (12)). Ecmm u(x, ) =C*(K)NCH(KUD), rae

=Ky, pn, 0 (TpeyronbHuk {{ —f1<<x—xl<<—1t411, £ <<i<<t)),
a D=Dy n p (unrepBan (x'4-£0—f, x14-1—1£), 0 DJu=uy—
—uy,e=C(KYD), 10 3HaueHHs GYHKUHH 4 B NPOH3BOJILHOH TOYKe
(x, t) = K BuipaxatoTca caegytoueli gopmyaoli Jarambepa:

x—1f0 -t
— i B, —10 17
ue H=tEmER PR g g | e o
x—t--10

x+ti—T
dt S Ou@ 9)ds, (1, h=Kp oo (13)

x—i47v

+3

- TN
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2. 3apaua Koym AJIl BOJIHOBOrO ypaBHeHHsi. DymeM pias Kpat-
KOCTH MHOXKeCTBa' ToueK {x & R,, t>1°, {x&R,, =1}, {x=R,,
P<t<}, {x=R,, t=1% o6osHadatb uepes {{>1}, {{=1},
{f0<<t=< 1}, {{=1{° coorBercTBenHO, a mpoctpaHctBa C* ({{> 1}),
C* ({t =1%)) uepes C*(t>1% u C*(t =19).

dyukuns u (x, f), npunagiexkamas C%(f>0)(C*({=0), nasnu-
BaeTCs pewlenuem (riaccudeckum peuleruem) sadauu Kowu dan eon-
H08020 ypasHenus 6 noaynpocmparcmee {t>>0}, ecam mnpH Bcex
x& Ry, t>0 oHO yjOB/IeTBOpSET ypaBHEHHIO

Ou=f, (14)
a npu t =0 — HaYa/IbHbIM yCJIOBHAM

u i’=0=(P (X),

15
ut'jt=0="~p(x)1 ( )
rae ¢, Y H f—3aganuble (QyHKIHH.

B cuny Teopembr 1 mpegbinyllero mNyHKTa peweHHe u(x, £)
sagayd (14), (15) opHo3HauHO ompexensercs B JIOGOM KOHyce
Ko n0 (\'e=R,, 1>0) H, TeM CcaMblM, BO BCEM IOJYIIPOCTPAHCTBE
{t >0} uepes 3zaganubie GOyHKuMH f, ¢ u Pp. Takum o6pasoM, HMeeT
MeCTO cJjefyiollee yTBEPXKIEHHE.

Teopema 2. 3adaua Kowu (14), (15) ne momem umems Gonree
00H020 peuienus. _

IlepefineM K BONpOCY O CyHIECTBOBAaHHH pelleHHs 3agayu Koumw.

ITyctb pewenne u (x, ) 3anaun (14), (15) cymectsyer. M3 pesyab-
TaTOB NpeIbIYLIEro NyHKTa BbiTeKaer, uto ecan fe=C (t=0), To
pelleHHe MpeACTaB]AETCA B C/ayyae TpeX INPOCTPAHCTBEHHBIX Iepe-
MmeHHbIX (n=3) ¢dopmynoii Kupxroda

w =g (m | e@dS)+m | v@as+
=t

lx—§i=t lx—El

] xERsy t>01 (16)

B cJyyae [BYX HPOCTPAHCTBEHHHX IepeMeHHBIX (n=2)— dopmyoi
ITyaccoHa

ux, ) = %(2‘3{ VE—x—tF) ' 2n VE[*x—LF
v le—Ei<t s

1 g @ (E) dE > 1 g ¥ () dE +

L=k |<t

1 . — '
Pa e § JBCDE L Cpiso )

§ et b T ER
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a B CJ1yyae OJHOTO MPOCTPAHCTBEHHOro mepemenHoro (n=1)—dopmy-
Joii JlanamGepa
x4t .
u(x, t)=ﬂ’¢i‘2ﬂ’£‘_—_‘)+% S ¥ (8) dE+
x—1
1 X

+_;.Sd-; § fE vdE, xeRy, t>0. (18)
0 £—T

B cBA3M C 3THM [0Ka3aTe/bCTBO CYIIECTBOBAaHHS PeIUCHHS 3a1ayd
(14), (15) cBoguTCA K HAaXOXKJAEHHIO YCJIOBHil, NIPH KOTOPLIX YHKIHS
u(x, t), 3anaHHas COOTBETCTBYIOUIHM IpeACTaBJEeHHeM, SBJSAETCH
pelleHHeM 3TOH 3ajauH.

PaccmotpuM cHauana ciayuali TpeX NPOCTPAHCTBEHHBIX NepeMeH-
HbIX (n=3). CnpaBensHBO CJepyiouee yTBepKaeHHE.

Ecau 9= C3(Ry), Y= C%(Ry), a ¢ynryua [ u éce ee npoussod-
Hble MO Xp, X, X3 00 6MOP020 HOPAOKA BKMOYUMEALHO HEnpepbiHbl
6 {t=0}, mo c¢ynkyua u, sadannas ¢opmyaoti Kupxeopa (16),
aeasemen  pewenuem 3adauu Kowu (14), (15); npu smom Oara aobod
mouku (X, T) < {t =0} umeem mecmo repasercmso

“u”C(I_(X’ T, O)<||(P”C(5X‘ T, 0)+T\“ V(P’“C(BX’ T, 0)+ .
+T"¢”C(5x' T,O)+723”f“0(kx T.O)' (lg)

3ameuanue. U3 ¢opmyast (19) BeiTekaer, yto ecaH QyHKLHA |
orpainuena B {0 <<!<<T}, ¢yHKuUHA  orpaHHucHa B Ry, a ¢yHK-
LIHA ¢ OrpaHHyeHa B Ry BMecTe CO BCEMH INEpPBbIMH IIPOH3BOJHBLIMH,
TO pewenne u 3anaud (14), (15) orpannueno B {0 <<t<<T} u

sup ful<<supi¢+Tsup Vo +Tsup'y +3 sup Ifl.
{0<t< T} R, . R, R, {0<t< T}

Ipexkne Bcero H3yunm ¢yHKIHIO

g (3, £ )= 4 § g ©)dS;, rteRs t>0, 10, (20)
| X~ E | =1

rie g(x, 1)C(1=0). B cayuae, Korga GyHKUHS g HE 3aBHCHT
OT napamerpa T, g(x, T)=g(x), GyHKUHIO ug (¥, ¢, T) Gynem o6o3Ha-
yath yepes ug(x, f).

Jlemma 1. Ecau ¢ynkyus g(x, T) u 6ce ee npoussodHvie no
X1, X3, X3 00 nopsadka k exmouumensvno, k=0, 1, ..., npunadrexcam
C(r=0), mo pynrkyua ug, (x, ¢, T) U 6ce ee NPOUBBOOHbIE NO Xy, Xg,
X3, ¢ 0o nopsadka k BKAMO4UUMEAbHO HeNnpepbisHo. HA MHOXCecmse
[x&R; t=0, 1=0}. /lpu k=2 dynxyus ug (x, {, T) 042 206020
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t=0 yoosremeopsem 6 {t>0} ypaguenuro [Cu,=0 u ycrosusm
Ugli=0o="0, Atlylt—0=0, tuglt—0o=g (x, T).
IlepBoe yTBep:KaeHHe JieMMbl BLITEKAeT H3 PAaBEHCTBA

!
Uy (1, £, T =4 S g (x-Fin, T) dSy, 1)
mi=1
W3 (21) cnenyer takxke, 4O uglt—9=0. Tak Kak npu k=2
t
g (x, 1) = 1 S Ag (x -, 7) dSy, (22)
mi=1

10 Augle—o=0.
Huddepennupys (21) mo ¢, nomyunm

dug 1 !
o im S glx+m, 1)dSn+4; S (Vg (x+ M, ©), 1) dSy, (23)

=1 Inf=1
OTKyna

du 1
uglo=lingfi =2 | g(c 9aSi=g(x, 0.
mi=1

TlockoibKy

& | Cgttm vomas,—

Ini=1
L oglx+im, v) o _ |1 gE 1) _
T 4n S ony dS“—‘ﬁi on 45 =
mj=1 x—E|=1
_ ! ' _(x L T)
= I S Ag (&, T dE = ———,
lx—El <!
rne 1(x, t, )= § Ag(E 71)dE To (23) MOXHO NpeNCTaBHTS
lx=gI<t )
B BHje
dug 1 I
o= 7% T
oTKyna
Pug 1 1 Jug 1 al 1
w = F%t Ty Tma T wmE

Ug 1 fug I 1 al i 1 a1/
=—ﬁ+7<7+m>+mw—m=ma7=
1 {
N S Ag (& ) dSy= - S Ag(x+tm, ©dS,.  (24)
jx=—8|=1

In4|=]

M3 (24) u (22) caegyer, uto u,,=Au,. JleMMa pokasana.
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Tak kak Bropoe cjaraeMoe B npaBoi uacTH (16) ecTb uy(x, f),
T0 B cHily JemMsl 1 (p < C?(Ry)) ono mnpunapaexur C%(f=0),
AIBJISIETCS PelIeHHeM OJHOPOJHOIO BOJIHOBOrO yPaBHEHHS H YJOBJET-
BOpSeT HayaJbHbIM YCJIOBHSM

6u¢
uq, ]1_0—0 01 —‘lp.

a
IlepBoe caaraemoe B mpaBoit uactu (16) ectb —-. Tak Kak ¢

du,
e C*(R;), To dyHKIHA -a—teC2 ((=0), ABasercs peleHHEM OJHO-

POAHQI'O BOJIHOBOI'O YypaBHEHHSA
a a
D (37”¢)=67 D uq;=0
H YJAOBJETBOPAET HayaJbHbIM YCJIOBH IM
d fou
o 3
=0 ot ot fen

Tperbe caaraemoe mnpasofi uactd (16) oGosnauum uepes F (x, f)
H TpeobpasyeM cJaefyomHUM 06pasoM;

F(x, t)=ﬁ i ,(E» t—|x—§ |) d§=

Oug

a1 = Auq} ‘t,.o =0.

lx—E|

1 d
=w)% § F& t—p) dSe=
x=%l=0p

=§(mtlft) S f &, T)ng)dT=§G(x, t, 7) dr,
1] 0

jx—kl=t—1

rae G(x, ¢, ©)=us(x, t —7, 7). B cuay aemmnl 1 ¢pynknusa G(x, ¢, 1)
H BCe ee NPOH3BOAHbIE 1O X;, Xa, Xg, { A0 BTOPOrO NMOPAAKA BKJIOUH-
Te/NbHO HENpepbiBHbI HA MHOXecTBe {x ERy, {==0, 0<<T<<{} H 1pH
Jo6om T=0
Gtt—AG=0 IpH t}’t,
Glix=0, Glie=f(x, 7).
¢
Torna ¢yukmua F(x, t)=SG(x, t, t)dt HempephiBHA B {{==0}
0

BMECTE C MepBOi INPOH3BOAHON MO { M BCEMH NPOHM3BOAHBIMH IO X,
X3, X3 JIO BTOPOrO MOpSiAKAa BKJIOYHTENbHO. A TaK Kak

¢ ¢
Fi=Gleu+\Ge(x, t, 1) dv =G (x, 1, 7) dr,
0 . 0
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10 F == C?({=0). Kpome Toro,

AF (x, 1) =§AG (xy &, T) dt

0

' p
Ftt=Gt|t-t+SGtt (x, ¢, 1) dT=f-|—SAG(x, ¢, 1) dr.

0 0

CrepoBarenbHo, ¢ynkuus F(x, ) ynoBjetBopsier ypaBHeHuio [JF =f
H OJHOPOJHBIM HAUaJbHbIM YCJOBHAM F | o=0, F;{e=0.
Takum o6pasom, A0KasaHo, 4uTo 3ananHas dopmyJoit (16) dyHk-

oud

Oug (x, ?) ] .
win )= 2 g, )+ §u,(x, t—1, 1) d

sBJsieTcs pemeHHeM 3apaun (14), (15).

Ilokaxkem Ttemepb HepasenctBO (19). Ilycts (X, T) — npousBosib-
Hasg Touka noaynpocrpancrtBa {¢>0}. B cuay (20) mas mo6oi
TOYKH (x, {) 3 KOHyca Kx, .0 H Jo6oro t>0

lugbe, )| <t max [g@E ©)i<T max |g( 7)) (25)

CrenoBareJsbHO,

C y<<T  max max |¢ §)|=
& NEKx 1,0 1x-El=t
=T max_1e1=TI%le@, ;g (26

fx

11’”C(RX,T,O

H

¥
o o={t—v max |fE k<
c(Kx,1,0) o Ik —Ej=f 1

T

<oy r.0 V T=DE=F 1 lo®y g @D

0

4§u, (xy t—7, t)dr
0

Aﬂaﬁomqno B cHay (23)

dug

X }C(Rx,r,o) <I?le@y ¢ o) TTN0llcEy o). @8

f

Hepasenctso (19) HemenseHHO BhiTeKaer H3 (26) — (28).
OrmeTHM, uTO yCJOBHA HA QYHKUMH @, Y H [, NIIPH KOTOpHIX ™
IOKa3aHO CYIIeCTBOBAHHE pelleHHs1 3aaaud KowH, B onpejesieHHOM
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CMBICJIE OCJIaGHTh HeJb3sl. CllepylolHii IpHMEp NOKasbiBaeT, 4TO YCJO-
BHe TNPHHAAJIEXKHOCTH QYHKUHH ¢ npocTpaHcTBy C2(R;) HEROCTaTOYHO
IJ5l CYHIeCTBOBAaHHs peiieHHs 3anaud (14), (15).

IMycts ¢yukuusi ¢ npuHagiexHT C2(Rg) H 3aBHCHT TOJbKO OT
Ixl, 9(x)=a(|x]). U nycts cymecTsyer peuweHne u (x, {) 3apaun
(14), (15) c sroii dyukumueii @ (x) u ¢ynkunsmu P=0 u f=0.
Torpa B cuay (16)

u(x,t)=-§<4im § au&})dsg)-
|x—§|=¢

Mycrs |x|#0. Tak kak ana Bcex Touek & cdepnl {|x—E|=¢}
MMEET MecTO paBeHCTBO |E%|=|x|®+¢24-2|x|{fcosh, rae 6—yroxa
MeXy BeKTopamH x H §—ux, TO

§ a(]t]) dSy=
|x—gl=t

J

27
=p S dp § a(V EFTxEF 2 x]fcosB)sinbdo—
0

+1 I+ ix
‘ 2
=ontt { a(VEFFERZ M dh=2 | pa o) dp.
) 1t="1x]]
TTostomy
1+ xi
a[ 1
u(x,t)=b7(2|x| S pa(p)dp)=
|t—{x|

g (I @l ix) =@ =x)) o ([t —x}]) =
t

= gr @+ IxD) —a (1t —1x11) +5 @@+ x)+a(lt—|x]]).

Orciona B CHJy HenpepuIBHOCTH pellenHs u (0, &) ={ta' (£) 4 a(f).
A rtak kak ¢ynkuna u (0, ) =C:((>0), To dynkuua a(|x|)
JoJpkHa npHHaagexars C3(|x|>> (), uTo, KOHeUHO, He BbITEKAeT H3
NpHHALJIEeKHOCTH GYHKIHH @ mpocTpaHcTBy C2(Rg).

IMycre Temepp n=2. Ilokaxem, uto ecau @ (x;, x;) =C3(R,),
P (x, x) EC*(Ry), a pynryua [ (x1, x5, &) Henpepvigra 6 {t =0}
emecme CO 6CeMu NPOU3BOOHBIMI 1O NEPeMEHHbIM Xy U X, 00 8mopoeo
nopaoKka BKAMUMeNsHo, mo Qynkyud u (xy, x,, i), 3adaxnasn dopmy-
a0l Iyaccona (17), ssasemen pewenuem 3adaqn (14), (15). Ilpu amom
028 moboii mourku (X, T) noaynpocmpancmea {t >0} umeem mecmo
nepasescmeo (19).
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Coraacuo opmyJe (10) npu J06oM xg
1
4 (1 % t)=§,—<;;;, \ eew ng>+

Sy (%17 %y %) ,

1 1 dt

tm | vewdSHz\T { feni-vas,
Sy (xpr %y Xg) O Sp(xp %y %)

(17’)
rae S, (x1, x5, x3) —cdepa pagmyca p ¢ HEHTPOM B TOUKE (X3, Xg, Xg):
(1 —E1)2+ (0p —E2)2+ (vg — E3)>=p2%. Kak ToJBKO UYTO J0KasaHo,
crosimlas B NpaBOH 4acTH paBeHcTBA (17') ¢yHKUHA sBJsercs peue-
HHEM 30aYH: Uy — Uy, — Usyx, — Uryx, =[ (X1, X2y £) B {{ >0}, Ut ]seg =
= @ (X, X2), Us|tmo=" (X1, X2) M JJI7 Hee BHIMOJHFAETCH HEPABEHCTBO
(19). A Tak Kak OYHKUHS 4 He 3aBHCHT OT Xg, TO OHAa SIBJSETCS
peiieHneM 3anaud (14), (15) npu n=2,

Ilpn n=1 HemocpencTBeHHO mNpoBepseTcs, 4TO pynkyusa u (x, i),
3adannan gopmyroii Jarambepa (18), ssarsemcea pewenuem 3a0aqu (14),
(15), ecaw o = C?*(Ry), Y= C(Ry), a ¢ynryua f(x, t) u ee nepsas
npousgoonas no x xenpepoisto: 8 {¢==0}. IIpu smom 08 6écex mouex
(X, T) noaynaockocmu {¢ >0} umeem mecmo HepasgeHcmso

lele(zy, 7,00 <19l (Bx, 7,0 F T1¥le(5y 7,0+ T;”f”C (Rx.1.0)

(Kx, r.0o—tpeyromvuuk  {{4-X —T<x<T+X—t, 0<t<T},
a Dy r,0={X—T<x<<X+T, t=0} —ero ocuoBanne).
B cayuae Gosee Tpex INPOCTPAHCTBEHHLIX IepeMeHHLIX (1> 3)

n
=42
TaK Xe, KaK IpH n=23, yCTaHaBJ/IHBaerTcs, uTo ecan @ = CL21 "~ (R,),

P EC[%]+

n
H3BOAHLIMH TI0 X1, ..., X, A0 TOpSAAKa [7] -1 BK/IOYUMTENILHO Ha

MHOXecTBe {f==0}, TO 3a1aHHas COOTBETCTBYIOLWHM IIPEICTABJEHHEM
¢byHKIHA u sBJAAETCA pemienneM 3ajnaun (14), (15).

Teopema 3. Ecau @ (x) = C™3(R,), ¢ (x) = C™2(R,) u ¢ynk-
yus f(x, t) HenpepoleHA 6mecme CO C8OUMU NPOUBBOOHbIMI NO X1, ...
cees Xp 00 nopadka m-+2 exaouumessno 6 {t=0}, 2de m=
= max <[%] -1, 0) , Mo cywyecmeyem peuterue u (x, ) aadaqu (14), (15).
Ilpu smom das mobod mouku (X, T) noaynpocmpancmea {t >0}
UMeen MecImo Hepasencreo

1
(Rn), a GyHKUHSA [ HenpepbiBHa BMeCTe CO CBOHMH IIpO-

n u “C (T<X, T, 0) = C( n ¢ “cmﬂ (D X, T, 0) + W HC”‘ ('BX, T, 0) +
+ Z ” Daf”C(T(X'T'o))

laism

¢ Hexomopol 3asucaujelt moavko om T nocmosunoti C,
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Kak yxe orMeuanoch B mpefbiiylieM NyHKTe, H3 ¢opMyJsl Ilyac-
COHA B CJyYae n=2 W H3 COOTBETCTBYIOIUIEro NPEACTABJEHHA B CJy-
yde JIOGOrO YETHOrO £ 2 BHITEKAeT, YTO 3HAYEHHE pellleHHs 331auH
Koun (14), (15) B Touke (x, {), £ >0, 3aBHCHT OT 3HauyeHHH ¢yHK-
uHH [ (a B clyyae n>>2 H OT 3HauyeHHH ee HPOH3BOAHBIX MO MpPO-

CTPaHCTBeHHBIM IlepeMeHHbIM) BO BCeM KoHyce K. ;o H OT 3HauYeHHH
HayaJdbHEIX (GYHKOMA ¢ B P (M OT 3HaueHHH HMX MPOM3BOAHHIX) Ha

BceM OCHOBaHHH D, ; , 3TOro KoHyca. B ciyuae m106oro HeueTHOro
n>==3 (TakXe KaK H B cJydae n=3) 3HaueHHe pellleHHS B TOUKe
(x, ¢) 3aBHCHT OT 3HayeHuil ¢yHKHMH f, a B cayyae n >3 H OT 3Ha-
yeHHH ee NPOM3BOAHLIX 10 TIPOCTPAHCTBEHHLIM IepeMeHHBIM TOJBKO
Ha GoKOBOH moBepXHocTH Iy ;o KoHyca K, (o H OT 3HaueHHH
HauaJbHbHIX QYHKUHA @ H Y H HX NPOH3BOJHLIX TOJbLKO Ha I'paHHLE
OCHOBaHHA KoHyca —cdepe S, i, o.

B cBA3H ¢ 3THM KoHyc K, , o B CJaydyae UeTHOrO YHCJA NpOCTpPaH-
CTBEHHBIX IIepEMEHHbIX n==2 H KOHHYeCKyl0 moBepxHocTb Iy
B CJyuae HEeYEeTHOro 7 == 3 HasbIBAIOT 00.aCMbl0 308UCUMOCHIL PELIEHH ST
sanaun Koum (14), (15) B Touke (x, f) om npasoti wacmu ypasHeHus.
Ananornuno, map D 4 o, NexkauHi Ha HaYaJbHOMH IIJIOCKOCTH, B CJIydae
YeTHOTO n =2 M rpanuily mapa —coepy S, ;o B Clyiae HeuyeTHOro
n==3 HasnBaT obaacmero 3asucumocmy pelleHHs 3aaaud  Kouwmw
B TOuKe (X, {) om HauaroHoix OanHbLX.

B cayuae n=1 n3 popmy.n Hanambepa (18) BuiTekaer, uto peuleHue
3anaun Kown B Touke (x, {) 3aBHCHT TOJIbKO OT 3HaueHHH (yHKUHH f
B TpeyrojbHHKe K, ; o, OT 3HaueHHi{l HauajbHOH GYHKIHH ¢ Ha OCHO-
BAHHH 3TOTO TpPeyroMbHHKa D, ;o H OT 3HaueHH#i (QYyHKUHH @ Ha
rpaHHile OCHOBaHHfl —B Toukax (x+4£, 0) u (x —¢, 0).

IlpennosoKuM, 4TO npH HekoTopoM R >0 HauasbHble QyHKIHH @
Hp PaBHbI HYJIIO AJ14 | X | = R, a pyHKuHsA f paBHa Hyio 114 | x | +{ =R.
Torpa pemenne u 3agaun KowM paBHO HyJqI0 AIs BCeX (x, ) &
e{/x{=R+t, t=0}, nockosubky KoHyc K, o IpPH TaKux (x, f)
He HMeeT OOLIMX TOY4eK ¢ MHoxecTBoM {|x|-+¢<<R, ¢{>0}, a ero
ocHoBaHHe Dy, , He HMeeT OGIHX ToueK ¢ wapoM {|x|<<R, {=0}.
(910 yTBepkKJeHHe OCTaeTcsl CIpaBejJIHBbIM, AaXe eclH [ paBHA HYJO
TOJIbKO TIpH | x| =R +-{.)

B cayuae yeTHOro uHc/ia INPOCTPAHCTBEHHLIX IIepeMEHHHIX MHO-
KecTBO {| x| =R+, t =0} apasercs, BooGlLe roBOpPsi, MAKCHMAJIbHO
BO3MOXKHBIM MHOXecTBoM, Ha KotopoMm u=0. Hanpumep, nmpu n=2,
eciH B3ATh (QYHKIHIO VP NMOMOKHTEJbHOH B Kpyre {j x| <<R}, a ¢yHk-
UMH @ H [ paBHHIMH Hyma0, To H3 Qopmysn [lyaccona Beirekaer, uto
u(x, >0 npu Bcex (x, f) e{jx|<<R+¢, t>0}.

B ciyuae HeueTHOro uHcaa n == 3 NpPOCTPAHCTBEHHBIX IE€peMeHHbIX
¢byHKuMA u (x, ) ofpamaerci B HyJb He TOJbKO H@ MHOMKECTBe
{ix]=R+1t, t=0}, Ho H Ha MHOXecTBe {|x|<<{—R, {=R}, no-
CKOJIbKY NpH (X, {)E{|x!<<t{—R, ¢t =R} KOHHYeCKasi NOBEPXHOCTk
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Ty 0 He HMeeT OOGLIHX TOYEK ¢ MHOXKecTBOM {,x|-+{¢<<R, t>0},
a TrpaHHla OCHOBaHHA S, ;, He HMeeT OOUIHX TOYeK C IIApOM
{l x| <R, {=0}. MuoxectBo G={|x|=R +¢ t=0} U {|xI<<f{—R,
{ =R} saBasercs, BooGlie TrOBOPs, MAKCHMaJbHLIM MHOXECTBOM, Ha
koropom u=0. Hanpumep, npu n=3, ecnin ¢yHkuua P (x) >0 npn
|x|<<R, a ¢yHKUHMH @ H [ paBHbl HymO, TO H3 ¢opmyabsl Kupxro-
da BbiTekaer, uro u(x, #)>0 Ha JonoJHHTeqbHOH K ( o6aacTH
{{ixi—f <R, t>0}.

Ecan croGoaublit useH f (x, {) B ypaBHeHHH (14) 3a7aH He BO BceM
nosaynpoctpanctee {¢ >0}, a jqumb B nojoce {0 <<¢<<T}=II; npu
Hekotopom 7 >0, 1O paccmMarpHBaloT 3afauyy Koum pis ypaBHe-
HHs (14) B moJoce II;.

Ipunapnexamasn C* (0 <<t <<T) N C* (0<<{<<T) dyHnkuua u (x, ¢)
HasbiBaeTcs pewernuem 3adaqu Kowwu (14), (15) e noaoce 11, ecnn pas
Bcex ToueK (x, &) Il ona ypoBnerBopsier ypaBHenHwo (14), a mpu
t=0 HavaabHbiM ycjoBHam (15). IIna 3agaun Kown B nodoce,
KOHEYHO, HMeIOT MeCTO TeopeMbl CYHUIECTBOBAHHS H eHHCTBEHHOCTH,
aHAJOTHYHbIE COOTBETCTBYIOIMIMM TeOpeMaM A1 3aAayH Ko B mosy-
npocrpaHcTBe, 3ajaua Koun B mosioce Il He Moxker HMerh GoJiee
OJIHOTrO pelleliHsl H, HampHMep, B clyyae n=3, AJA CYIIECTBOBAHHA
peuwrenns 3agaun Kown B mosoce Il pocratouno, utobel @ & C?(Ry),
Y = C%(Ry), a pynkuns f 6biia HempepsiBHOH B {0 << {<< T} BMecTe
CO BCEMH IIPOH3BOJHLIMH IO TIEPEMEHHLIM X;, Xs, Xs AO BTOPOTrO
MOpAJKA BKJIOYHTEJIbHO; NPH 3TOM pelleHHe 3ajauH INpefCTaBJseTcs
B II; dopmynoii Kupxroda.

Hapany c sagaveit Komm B noaynpoctpancree {f>>0} MoxHO
paccMarpHBath 3ajauy Komn u B nosynpocrpaHcTBax {f>> %} uiH
{t << ¢°} mpn moGom £°. IlpuHagiexamas npocTpaHcTBy C2(f>{%)
N C' (=1 ¢ynkuus u (x, f) HasbiBaeTc pewteruem 3ada4u Kowu
8 noaynpocmpatcmee {t = ¢°} 0aa 80406020 ypasHerus, ecau B {¢ > %}
OHa Y/OBJIETBODPSIeT ypaBHeHHI0 [Ju=f, a npH {=1{" — HayaJbHLIM
YCJIOBHAM U |f—p =, U;|i—p==". AHAJOTHYHO OIpefesseTcsa pelle-
HHe 3afaud Kouwm B nosmynpocrpaunctse {f <C{°. 3apaua KowH B nosy-
npocTpaHcTBe {f > {°} cBoguTca K 3anaye KouH B IOJynpoCTPaHCTBe
{¢t>0} c momompio 3ameHsl ¢ Ha ¢ —{°. 3anaua Kowmm B nouaympo-
cTpaHcTBe {f <<%} cBogutcs k 3amave Kowmm B mosynpocTpaHCTBe
{t>0} c nomompio 3amenbl ¢ Ha {®—¢{ C noMompbiO 3ameHbl ! Ha
t/a (@ — noJIOKHTe/IbHAs MOCTOSHHAA) K 3ajave Kouwn (14), (15) cBo-
n{ncn 3ajaya Komwm B noaynpocrpanctee {f{>>0} ans ypaBHeHHs
—aTu,,—Au=f.

IMycts D — HekoTOpasi n-MepHas o6sactb miaockoctH {{=0}, a Je-
Jaias B NoJynpocTpaHcTBe {£ >0} o6nacTb  COCTOHT H3 TOuek (X, f),
SIBJAIOMMXCSA BepIIHHAMH KOHYCOB K ; o, OCHOBaHHS KOTOPHIX (IApbI.
D, ;o) npuHaggexar D, Ecnn, B uacTHOCTH, D ecTb map {j x —x% | << R},
TO 06J1aCTh Q f3.1121C1 KOHYCOM K, R, 0; €CsIH D — Ky6 {| x; — xi |<<a,
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=1,..., n}, To Q—nHpaMHia, OCHOBaHHEM KOTOPOH SIBJASIETCS STOT
Ky0, a BepUIHHA pacmoJioXeHa B Touke (x% a); ecay D —Bcsl mio-
ckocTh {{ =0}, T0o Q —mosaynpocTpancTso {{ > 0}.

INpunagrexamas C2(Q) N C*(Q U D) ¢ynkuus u (x, {) Ha3siBaeTcs
peweruem 3adaqu Kowiw ¢ Q 041 804H08020 YpasHeHuA, eCJIH OHA
yAoBJjeTBopsier B Q ypaBHeHHo [Ju=f H npu {=0, x =D, — Haua-
JIbHBIM YCJOBHAM Ult_g=@, U;_o=").

M3 Teopemsl 1 mpeabiaymiero nyHKTa HeMeIeHHO BLITEKAeT Teopema
€JMHCTBEHHOCTH peuleHHst 3ajaun Kown B Q: 3agaua Koum B Q He
MOXeT HMeTb Gosiee OJHOI'O pelleHHS.

HerpynHo BHaeTh, uTO B paccMaTpHBAaeMOM CJjyyae CIIpaBefJ/IHBA
H TeopeMa CyLIeCTBOBaHHsA — Teopema 3. Hanpumep, npn n=23 peue-
e 3anaun Koum B Q cymectByer, ecH ¢ < C3*(D), ¢ =C? (D),
a ¢yHkuMa [ HenpephiBHA B Q |J D BMeCcTe C NPOH3BOJAHLIMH -IIO
IIPOCTPAHCTBEHHLIM NEPEMEHHBIM O BTOPOTO MOpSJKA BKJIOUHTEJNLHO.
Ilpn stom pewenne u(x, ) 3anaerca ¢opmyaoii Kupxroda (16).

3ameruM, uto peutenHe 3agaun Kowwn (14), (15) B mosnynpocrpah-
ctBe {{>0} B o6aacTH Q coBmajaer ¢ peueHHeM 3afaud Koun B Q
A9 ypaBHeHHS (14) ¢ Haya/nbHBLIMH (PYHKIHMAMH ¢ H v, paccMarpH-
BaeMbIMH TOJILKO Ha D.

§ 2. Cmewansbie 3afa4n

1. ExnncrBensocts pemwesnsi. ITycts D — HeKoTOpasi orpaHHYeHHas
06/1aCTb 7-MEPHOrO IPOCTPAHCTBA R, (X = (X1,...,X,) —TOYKa 3TOrO
npocrpaHctBa). B (n-- 1)-MepHOM mpocTpaHcTBe Ry =R, X { — oo <<
<t <C-+4oo} paccMOTpHM orpanHueHHbli LHJIHHIAP Qr={xE D, 0<
<<t << T} Beicothl T > 0. OGo3Haunm uepe3 I'; GOKOBYIO NMOBEPXHOCTD
{redD, 0<t<<T} umanugpa Q;, a uepes D,—ceuenne {x =D,
=1t} »5TOro UMJHHAPA TIUIOCKOCTbIO {=1T; B YaCTHOCTH, BepXHee
OCHOBaHHe UHJHHApa Q; ectb D,={re= D, {=T}, a HHXHee ero
ocHoBaune — Dy={x =D, t=0}.

B unaunape Q, npu HekotopoM 7 >0 paccMOTpHM rurnepGosinye-
CKOe ypaBHeHHe

Lu=u,—div(k(x)Vu)+a(x)u=Ff(x, ¥, 1))
rae k(x) = C(D), a(x) =C(D), k(x)=ky=const >0.
dynkuMa u(x, ¢), npHHagnexamas mnpoctpaHctBy C2(Qp) N

N C*(Qr U Iy U D), yroeaetsopsitomas B Qp ypasuenmo (1), Ha D,
HavYaJIbHBIM YCJIOBHSIM
Ulo= 2

U lino="1p, (3)
M Ha I'; OIHOMY H3 TDaHHUHBIX YCJIOBHI

uII"r=X
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HJIH
(—g—l’? + Gu) lI"r =%

rfle 0 — HekoTopasi HenpepbiBHas Ha I'y dyHKuMs, HasbiBaeTcs (Kaac-
CUMECKUM) pelleruem nepeoti uau COOTBETCTBEHHO mpembell cCMeUQHHOL
3a0auu Oaa ypasnenus (1).

Ecin 0=0 na I';, TO Tperbsa cMellaHHas 3a/aya HasbIBaeTCs
emopoil cmewannotl 3adauell.

Tak kak cayuyalt HeOZHOPOXHBIX I'PaHHMYHBLIX YCJIOBHil Jierko CBO-
JUTCS K CJIyyaio OJHOPOJHLIX I'PAaHHYHBIX YCJOBHH, TO B JajbHeMlleM
Mbl GyleM paccMaTpHBATh OAHOPOAHbIE I'PaHHYHblE YC/AOBHS

u lI"r =0 (4)

(o) o >

Bynem cuutath, uto Ko3ddHiUHEHT a(x) B ypaBHeHHH (1) HeoTpH-
nateseH B Qr, a GyHKIHA G B 'DAHHYHOM YCJOBHH (D) 3aBHCHT JIHILb
OT X, 6 =0 (x), H HeoTpHuaTeJbHa Ha I';.

Ilyctb GyHKUHA u (x, f) sABJAseTcA pellleHHeM ONHOH H3 3ajay
(1) —4) nan (1), (2), (3), (5), npHyemM npapasi yactb f(x, {) ypaBHe-
uHsa (1) npuHagnexut L, (Q;). BosbmeM npoussosstoe 6, 0 <0 << 7.
Ymuoxum (1) Ha ¢yHkuHIO v (x, f), npuHamiexamyw C!'(Q, g H
Y IOBJIETBOP AIIOLIYIO YCJIOBHIO

v IDT _5=O’ : (6)

H TPOHHTErpHPYeM MOJyYeHHOe PaBeHCTBO MO HHUJHHIAPY Q.. Tak
KaK Uyv == (40); — w0y, a vdiv (RVu) =div (kvVu) — kVuVu, To, yuu-
ThiBasi HauaJdbHOe ycjoBHe (3) H ycioBHe (6) ¢ moMmowibI0 GopMYyJIbl
Ocrporpaackoro, noJyuyHMm

{ fodedt=§ ((u0)—div (koVu)) dx dt +

Qrs r_s
+ S (RVuVo 4 auv — uw;) dx dt =
Qs
= S w0 dx — Su,vdx—— S k S—Z—vdS dt +
Drs Do Trs
+ S (kVuVo 4 auv —uw,) dx dt = — Slpv dx — S kv %% dsS dt 4-
Qr_p Do Tr s
+ S (#VuVo 4 auv — uv,) dx dt. (N
Qs

Ecnn u (x, t) ecTb pemienne Tperbel (HJIH BTOPOH) CMelaHHOH 3ajauH,
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10 B ciiy (5) M3 IOC/enHero paBeHCTBa BbITEKaeT, 4TO 4 (X, {) yuoB-
JIETBOpsIeT HHTErpajJbHOMY TOXKAECTBY :

S (AVuVu+ auv — wwy) dx dt + S kouv dS df =
Qs Trs
= { fvdedt+ (podx
. Qs Dy
npu Beex v (x, f) u3 C'(Qr.s), AJ5 KOTOPHIX BHIUIOJNHEHO ycaoBHe (6),
a cJiefoBaTe/IbHO, H MpH BeeX v (x, £) H3 H (Qr-p), YIOBJETBOPSIOMHX
ycJoBHIO (6). ‘

Ecnn ¢yHKIHA u(x, ) ABJAsAeTCA DellleHHeM nepBoH cMellaHHOH
3ajaui, TO MPEeNOJOKHM JONOJHHTENbLHO, UTO U (X, f) yHOBJIETBOpSieT
YCJIOBHIO

v ]FT-b =0, (8)

Torga u3 (7) nomyuuM, uTo & (x, f) yIOBJIETBOPSIET HHTErpajbHOMY
TOXKJAECTBY

{ (&vuvo+auw —up)dedt= (pode + § fodedt
Qr_s Dy Qr-b

npa Bcex v & H'(Qr-s), 19 KOTOPHIX BHINOJHEHbI ycJa0BHA (6) H (8).

C noOMOIIbIO TIOJYUYEHHBLIX TOXKIECTB BBeleM ITOHATHS OGOOLIEHHBIX
pemenHii paccMaTpHBAaeMBIX CMellaHHBIX 3ajad. Byjpem mpepnoJarars,
uro f(x, t) €L, (Qr), a ¥ (x) €L (D).

[Ipuuagnexamas npocrpanctsy H!(Q;) dysHKuMA u HasbiBaetcs
0606uennom  peweruem 8 Qp nepeot cmewannoli 3adauu (1) — (4),
ec/IH OHa YJIOBJETBOPAeT HayaJbHOMY YCJOBHIO (2), IpaHHYHOMY
ycJOoBHIO (4) H TOXKAECTBY

{ (&VuVo+auv — up)de dt = (Yo dx + § fo dx dt 9)

Dy Qr

QT
npu Bcex ve& H'(Q;), 11 KOTOPBIX BBHINOJHEHbI YCJOBHA (4) H
yCJIOBHE

vip, =0. , (10)

Ilpunapsiexxamas mnpocrpanctBy H1(Q;) ¢yuxkuusi u HasbiBaercs
0600weHHoim  peteruem 6 Qp mpemoeid (smopoii npu o=0) cmewan-
noti 3adaqu (1), (2), (3), (5), ecanm oHa yjaOBJETBOPSieT HAauaJbHOMY
YCJOBHIO (2) H TOXKAECTBY
S (AVuVu + auv — u,v)dx df + S kouv dS dt =
QT TT .

= {ode+ (fodedt (11)
D, o
npu Bcex v & H'(Qp), 148 KOTOpHIX BbiloJIHeHO ycaoBHe (10),
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3ameTHM, UYTO, KaK H KJacCHuecKHe pelieHHusi, oGoGIueHHbie pe-
IIeHHA 06JIafaloT CJeNyIOWHM CBOHCTBOM. Ecau u — obobujenroe peule-
nue sadaqu (1) —(4) wau 3a20aqu (1), (2), (3), (B) 6 yuaundpe Qr,
mo OHO ssasemcs 0GOOWEHHBIM peuienuem coomsememsyroweli sadadu
u 8 yuaundpe Qr- npu mobom T' <T.

HefictBuTenbHO, ecn (yHKIHA © sABJfeTCA OGOOLIEHHBLIM pelie-
HHeM B (; ONHOH H3 paccMaTpHBaeMbIX 3ajad, TO 14 Jwo6oro T << T
ue H(Qr/), B ciydae nepBofi cMellaHHON 3ajaud 4 iry, =0, H 4
Hee TIpH BceX. v, NpHHagIexkamux H!'(Q;) H yIOBJETBOPSIOLHX
ycaosuio vip =0, a B cllyyae mepBofi CMeIaHHOM 3ajaul ele H
ycaoBHIO v, =0, HMeeT MecTO COOTBETCTBYIOLeE HHTErpalbHOE TOXK-
JIeCTBO,

HerpynHo HemocpencTBeHHO MpPOBEPHTh, UYTO ecdH GYHKIHA U
npusapaexut H'(Qr/), vipy, =0 1 v=0 B Q:\Qr/, 10 v H' Q)
HU IDT =0; a ecJ/iH, JONOJIHHTEJLHO, U ipy, =0, TO H v]pT == (. [Tostomy

$YHKUHA © YIOBAETBOPAET HHTErPajJbHOMY TOXKIECTBY, ¢ MOMOLIbIO
KOTOporo omnpejefseTcs OGOGIIEHHOe pelleHHe COGTBETCTBYIOIIEH cMe-
maHHo#l 3agaun B Q7.

OTMeTHM ellie, YTO MOHSITHE OGOGUIEHHOI'O pPEelleHHS CMeIaHHOH
3ajJauYd BBEJEHO HaMH KakK O6OClieHHe NMOHATHS KJACCHYeCKOro (mpw
fe L, (Q;)) pemenHs, npHYeM [OKa3aHO cJlefylouiee yTBepKIeHHE;
Kaaccuseckoe peuterue 8 Qr xaxcdoi uz sadas (1) —(4) u (1), (2), (3),
(®) ¢ f =L, Q) snsasemca o6obuieHHbim pewerues amot sadaqu 8 Qr_p
npu arobom § <= (0, T).

Hapany ¢ kJaccHueckMM H OGOOILEHHBIM PEUIEHHAMH CMeILaHHBIX
3ajau MOXKHO BBECTH MOHATHE pellleHHs NMOYTH BClopy (pelllesMsd I, B.),
DyHKUHA 4 HasblBaeTcs peuieHuem n. 8. cmeltannold 3adaqu (1) — (4)
uau mpempeti (6mopod ipu ¢ = 0) cmewannoll 3adaqu (1), (2), (3), (5),
ec/H OHA TpHHAAMEXHT H2(Q,), ynoBJerBopseT B Q, (z1A n. B,
(x, £)eQ;)) ypaBuennio (1), ynoB/leTBOpsieT HauyaJbHbIM YCJIOBHIM (2)
H (3) H OfHOMY H3 I'DaHHUHLIX YCJOBHH (4) HJH (5) COOTBETCTBEHHO,

Cpa3y H3 ompejesieHHsl BbiTeKaeT, uyTO €CJH KJACCHUeCKoe pere-
e 3agaud (1) —(4) mam 3agaun (1), (2), (3), (5) npHHAmJIENRHT
npocTpancTBy HZ2(Qr), TO OHO $BJseTCA pelIeHHEM II. B. COOTBeT-
ctBytouied sagaun. Kpome Toro, ecsn pewenue 1. B. 3agaun (1) —(4)
(man  3agmaun (1), (2), (3), (5)) npunagnexur C2(Q;) N C*(Qr U
U Ty U D), TO OHO fBJISIETCS KJIaCCHYECKHM DelleHHeM 3ToH 3ajaum
(byuxunsa u, — div (kVu)-+au —f HempepniBHA H NOUTH BClOAy B Qp
paBHa HyJIO; cJenoBaTelbHO, OHA paBHa HYJIO Bciony B Qr).

Kak 6bJI0 TI0Ka3aHO Bhillle, KJacCHUECKOE pellleHHe NepBOH H/H
TpeTheil ' (BTOpoi) cMmellaHHOH 3ajgaun gns ypaBHeHus (1) B Q, mpu
f = L, (Q;) aBAsIeTCA OGOOLUIEHHBIM pellleHHeM COOTBETCTBYIONIEH 3aJauu
B Q, s npu ymoGom § & (0, T). AHaJlornuHO NOKasbiBaeTcs, UTO pellle-
HHE 0. B, MEpBOH HJH TpeTbed (BTOpOH) CMEINAHHOH 3ajauH AJf
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ypaBueHnd (1) B Q; sBJsercss oGOGLIEHHBIM PelleHHeM COOTBETCTBYIO-
meit 3agaud B Q.

HiMeeT MecTo Takxke cJenyloliee, B OINpejeNeHHOM CMbICJe ofpar-
HOe, yTBEpXKIeHHE.

Jlemma 1. Ecau o6obujenroe pewenue sadaqu (1) — (4) uau 3adaqu
1), 2), 3), (B) npunadsexcum npocmpancmey H*(Qr), mo oro
f8ASeMCA pewieruem n. 8. coomgememeyroueld 3adaqu. Ecau obobujen-
noe peuenue sadaqu (1) — (4) wau sadaqu (1), (2), (3), (5) npunad-
aeaxcum C2 Q) N CHQ, UT, UDO) mo OHO f8aflemcs x/zaccuuecxum
peiteruem coomeemcmeyrowieli 3adayqu.

HoxasnBarh 06a yTBep:KI€HHS JeMMbl GyIeM OIHOBPEMEHHO.

[lycts o6o6lieHHoe pemeHHe 3amaud (1) —(4) uwam 3agaum (1),
2), (3), (5) npunanaexut H2(Qr) (nan C*(@Qr) N C'(Qr U T U Dy)).
Torpa ana joKasaTesqbCTBA yTBEPXKAEHHS JIEMMBI JOCTATOYHO YCTaHO-
BHTb, 4TO B Q, ¢yHKUHA 4 yAOBIeTBOpseT ypaBHeHHio (1), Ha Dy—
HauaJbHOMY YCJOBHIO (3), a B cjyuae TpeTheH (BTOpOH) CMellaHHOH
3aJaud H rpaHHYHoMy ycJjoBHO (D) Ha I'y.,

Bo3sbmeM nponsBosbHyl0 dyukumio v & C! (Q,) u npeobpasyem (9)
I cooTBercTBeHHO (11) ¢ momoribio (bOpMy.an Ocrporpaackoro
CJenyIOIHM 06pa3oM:

§ (—div &Vu+au+uy —f) v dx dif =0.
Qr

Ecmn u € H*@Qy), 1o —div (fVu)tau+tu,—fe= L, Q) a Tak
Kak MHOXkecTBo C!(Q,) Bciogy miotHo B L, (Qr), To dyukuma u yno-
BJIeTBOpsET 0. B. B @, ypaBuenuio (1),

Ectn #=C2(Q;) NC*(Q; YT, UDy), o —div (kVu)+au -+
+ uy—fe= L, (Q') npr npousBoibHOR nopobaacTn Q' & Q; nockoabKy
MHOXecTBo ¢yHKIHH C! ((;) Bciogy MIOTHO B L, (Q'), TO H3 MpPOH3BOJL-
HoctH Q' BoiTekaer, uTo GyHKLMA 4 yIOBJETBOpsieT B Q, ypaBHe-
uuto (1). (Tak kak o¢ynkuua —div (kVu)-+au -+ u, HenmpepbiBHA
B Q;, T0 H ¢GyHKIHMA [ HempepbiBHA B Qg, T. e. QYHKIUHUA 4 yLOBJET-
Bopsier ypaBHennio (1) Bcrony.)

Bo3bMeM mnpou3BosbHYIO GyHKUIHIO U, NpHHaglexauyio C!(Q,.s)
npu HekotopoM § & (0, T) u ynoBaerBopsolyl0 ycaoBusaM (6) u (8).
Ecmn ue H?2(Qr), To u3 (9) uam coorBerctBerHo (11) e momorsio
tdopMyaet OcTporpajgckoro moJyuaeM paBeHCTBO

{ (w—p)vdx=0.

D,

3To ke paBeHCTBO CIpaBeNTHBO M B cayuae, Korja u & C%(Q;) N

NCQ, UT; UD,), Tak kKak B sTom caydae — divAVu-+u, =
=[-aues L1 @Qr) 1 u s C' (Q; o). TockoIbKY o JM060H PYHKUHE g

n3 C!'(D,) (MHOXECTBO Takhx yHKUMEl BCIOLy MMIOTHO B Ly (Do)
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MOXKHO [OCTPOHThb $yHKUHIO v, npuHagIexaiyo C! (Q, s) H yaoBJer-
BOPAIOULYI0 YCJAOBHAM (6), (8) M yc/loBHIO Ulp,=g, To GYyHKUHA U
YIOBJIETBOPAET HauaJbHOMY YCJOBHIO (3).

Bosbmem Temeps psa Jmo6oro § & (0, T) npoH3BO/bHYIO QYHKIIHIO
v & C* (Q;-5), ynoBaersopsomyio ycaosuio (6). Torna us (11) monyunm

S kv(g—z-l- ou)dS dt =0,
Tr_g 7
Ho pns moGo#i HenpepniBHO auddepeniupyemoit 1 ¢duEHTHOR Ha I'y

GyHKIMH g (MHOXECTBO TakHX OYHKUHH BCIOLy INIOTHO B L, (I'7))
MoxHO HaliTH § & (0, T) u dpyHkuuio v & C* (Qr-s), yIOBIETBOPAIOLLYIO

ycioBHo (6) H ycioBHiO vl == g/k. Tlostomy (%%—l— Uu) lr =0,
T

JleMMa pokasaHa.

JlokaxeM Tenepb CJefyIOIlyl0 TeOpeMy eIHHCTBEHHOCTH,

Teopema 1. Kaxdas u3z 3adae (1) —4) u (1), (2), (3), (B) ne
moocem umemsv 60see 00HO20 00OBLYEHHO20 peuierus.

[Myctbs u — o6o6uenHoe pemenne 3agaun (1) — (4) win sagauu (1),
2), (3), () mpu f=0 B Q, ¢@=0, Pp=0 Ha D,. [Tokaxem, uTo
u=0 B Q. ~

Bosbmem npousBosibHOe T (0, T) H paccMOTpHM (YHKIHIO

T
’e , ,

0,) T<t<T,

HenocpeacTseHHO npoBepsiercs, uTo ¢yHKUHsA v UMeeT B Qp oGoflieH-
Hble NPOM3BOJIHbIE

v, = —u, O<t<T$
¢ 0, r1<t<T,

Uy, =

1 t

T
{S”*,-(x' 8) db, o<,

0 s T<<t<T.

CnegoBatensho, o (x, f) = H'(Q,). [Ipu stom v|p,=0, H B cayuae,
Korjga u — oGoOlLeHHOe pellleHHe IePBOH CMelaHHOH 3ajau, v |p, =0,
IMoacraBum ¢yHKIHIO v B ToXHecTBO (9), ecin u fBasercsa 0606-
IeHHbIM pemeHHeM 3agaud (1) — (4), nam B ToxnectBo (11), ecam u
ABaseTcs 06o0IeHHbiM pemenneM 3agaud (1), (2), (3), (5), Torma
B CJyuae mepBOH CMEAHHOR 3a1auH NOJyYHM PaBeHCTBO
T

{ (~vuf Vu db —avo, + u,u) dx dt =0,

O ¢
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4 B cjayvae Tperbell (BTOpOH) 3amayH — paBeHCTBO

{ (kVuSVude-—avv,-{—utu)dxdt-l— § kou(x, ) §u(x, 8)d8dS dt=0
{

Q t r;

(nanoMHHM, uTO B o6jacTH Q vy=—u € H* (Q;) H, C/leqoBaTeNbHO,
v, € L, (Ty)). Tak xax

{ &) Vu (x, t)tSVu (x, 8) do dt dx =

U
={k(x) §Vu(x 1) [SVu(x, 6)d6]dtdx=
D 0 t
Sk(x)§Vu(x, 8) do §Vu(x, {)dt dx =
D 0 0
={ k(x) §Vu(x, 6)d6§Vu(x, t) dt dx —
D 0 0
— §R()§Vu(x, 8)d0{Vu(x, #)didx=
D 0 )
2 T N
gk(x) SVu(x, tydt| dx— § k(x) Vu(x, #) {Vu (x, 6) do dt dx,
Q t
TO

T 2
S k(x) Vu (x, £ S Vi (x, 6 d9df dx= 5 S k(%) dx.
t D

32

T
S Vu(x, 1) dt
0

[TockoJibKy aHaJOrHYHO

T

{ kou(x, t)§u(x, 8)dd dS dt =

4

;T 2 T
= koKSu(x, t) dt) dS — § kou (x, #)§u (x, 6) d8 dS dt,
0 ¢

oD I‘.‘
TO
T ] T 2

Skcu(x, 1) S u(x, O dbdSdt= S ko(S u(x, ) dt) ds.
TT t aD 0
Kpowme Toro,

{ avo, dxdi=— av?dx— { avv dx at.

0, ' Do A

1/,10 B. M. Muxafinos
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(losTomy
§ avv,dxdt—-—%LS av? dx,
T (1]

AHaJOrHUHO HMeeM
S uu, dx dt =—2—§ u? dx.
Q‘l: T

CrefoBare/bHO, €C/IH 4 — pelleHHe IepBOH CMeIaHHOH 3ajauH,

ro
2

dx + S av? dx+ S udx =0,

Do D

Sk(x) SVu(x f)dt

T

a ecJH 4 — pelleHHe TpeTbell (BTOpOH) cMelNaHHOH 3ajaud, TO
T

{e@)|{Vux, t)at

D 0

dx+ § av? dx+ § u dx +
Do

g <§u(x tdt) dS =0,

Tak kak k(x) >0, a(x)=0 B Q; u 0 (x)=0 ua I';, To u3 srux

paBeHCTB BLITEKAET, UYTO S u?dx=0. TlocKoqbKy T— IPOH3BOJNbLHOE
D, .

gyucao U3 uutepBana (0, T), 1o u=0 B Q. Teopema noKa3aHa.

Kak 6buwio mokasano, KJjaccHuecKHe peulenns 3agad (1) —(4) u
(1), (2), (3), (5) saBAsmOTCA M OGOGIIEHHbIMH PEIEHHAMH 3THX 3ajauy
B Q;-s npu yo6om 6 = (0, T). IlosTomy H3 TeopeMbr 1 HemepsieHHO
BbITEKaeT CJelyioliee yTBep:KIEHHE.

CnencrtBue 1. Kawoas us sadas (1)—(4) u (1), (2), (3), (5)
He moocem umems 60Ace 0OHO20 KAQCCUHECKO20 pelleHus.

Tak kak pewenus 1. B. 3agau (1) —(4) u (1)—(3), (5) asasuorcs
1 OGOOILEHHbIMH pellleHHfAIMH 3THX 3aJay, TO H3 TeopeMbl | BhITekaer
TaKxke ‘

Cnencreue 2. Kawdas uz saday (1)—(4) u (1), (2), (3), (B)
He moocem umems Goiee OOHO20 peuieHus n. 6.

2, CymwecTBoBaHHe 0000weHHOro pemenns. [lepefizeM Tenepb
K JI0Ka3aTeJbCTBY CYLIECTBOBaHHA pemeHHi 3anau (1) — (4) u (1), (2),
(3), (5). s storo BocmoJb3yemcss memodom Dypve, KOTOPbIH 3aK-
JIIOYaeTcsi B TOM, UYTO pellleHHe CMelIaHHOH 3ajaud HILETCH B BHJE
pfza no CcOGCTBeHHBIM (YHKIHSAM COOTBETCTBYIOIIEH 3JIIHITHUECKOH
KpaeBOH 3ajauH.

IMycts v (x) — o6o6imeHHas co6cTBeHHAas QYHKIHSA MEPBOH KpaeBoH
3ajaud

div (kVv) — av=hv, xeD,

oo —0 (12)
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HJaH TpeThel (BTOpOH npu o =0) KpaeBoH 3ajauH
div (kVv) —av = v, xeD,
o
(07 + UU) 100 =0

(A — cooTBercTByIOIIEE COGCTBEHHOE 3HaueHHe). IJTO O3HAyaeT, 4TO
B CcJyuae mepBOH KpaeBoil 3ajaun v < H'(D) n njs Bcex n e H'(D)

é(vaVn 4+ awvm) dx—l—?»évndx:(), (14)

(13)

a B caydyae Tperbell (BTOpo#) KpaeBoll sajaun v = H!'(D) u npu
Bcex N e H' (D)

{ (eVoVn+aom) dx+ § koondS 44 {om dx=0. (15)
D oD D

PaccmorpuM opToHOpMHpOBaHHYIO B L, (D) cHcTemMy o4, U, ...,
COCTOSAIYI0 H3 BCeX O6OGILIeHHBbIX COGCTBeHHBIX GYHKUMH 3ajaum (12)
HJIH CcOOTBeTcTBeHHO 3agaun (13); Ay, Ay, ...—IOCJIENOBATENBLHOCTD
COOTBETCTBYIOIUX COGCTBEHHBIX 3HAaUeHHH (IOCJeIO0BaTebHOCTh CO6-
CTBEHHBIX 3HAUeHHH, KaK OGLIYHO, CYMTAeM HeBO3pACTAIOUieH, MpHUYeM
KaXJoe COGCTBeHHOe 3HaueHHe IOBTOPSIETCS B 3T0H MOCJeI0BaTelb-
HOCTH CTOJIKO pa3, KakoBa ero KpatHocTb). Kak 6bio pokasaHo
B §1 ra. IV, cucrema v, ¥, ... fBJASAETCS OPTOHOPMHPOBAHHBLIM
6asucoM B L, (D) u A,—>—oo0 npu k-»oco. B cayuae nepsoi,
Tpetbeil npu 60 Ha 0D u Bropoit mpu a==0 B D KpaeBbiX 3aiau
(HanoMHENM, U4TO k£ (X)=ky>0, a(x)==0 B D u o(x)=0 wa dD)
nepBoe coGCTBeHHOe 3HaueHHe Ay <<0, T. €. 0>M=A,=>... Ecan
a(x)=0 B D, 10 B cayuae BTopoii KpaeBoii 3agaun 0=24;> A =...

[Ipennonoxum, uto HauajbHble QyHKIHH ¢ (x) H P (x) B (2) u (3)
npunannexar L, (D), a dyukuus f(x, f) & L, (Q;). CoriacHo teopeme
Qy6unu f(x, ) =L, (D) ana n. B. L = (0, T). PyHKIHH @ (x) u P (x)
u ¢yHKIHO f(x, {) ana noutn Bcex 3HaueHwd ! & (0, T) pasfoxum
B pagsl Pypbe Mo cHCTeMe U; (x), Uy (X), ... OGOOILEHHBIX COGCTBEH-
HulX GyHKIMA 3anaun (12), ecanm paccmarpuBaercsi sajgaua (1) —(4),
min 3agaun (13), ecim paccmarpuBaercs 3agada (1), (2), (3), (5),

()= D] Pk Ve(x)s P ()= ;‘, v (%), [ (x, t)=k§1 [e (@) v (%), (16)

k=1

rae Q= (P Vp)L,0) Y=, Vp)r,>rs a [ (t)=l§f(x»t) U (x) dx
k=1, 2, ... Tak xaK |f, () 2<< §f2(x, {) dx gv,;dx_ §f2(x 1) dx,

0 f()=Ll: 0, T), k=1, 2,. COI‘JIaCHO paBeHCTBy I'IapceBaJm —
1/,10%
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CrekJ/i0Ba
S oh=lolon X w=lvlo (1)
uaaa n B tes(0, T) |

D ={rx tax
k=1 b
CieoBarelibHO,

f(t)dt = § f2 dxdt. (17
Qr

Ms
(=1

i

k

BosbMeMm cHayana B KauecTBe HadadabHeiX OyHKuME B (2) u (3)
DYHKIHH @40, (X) | PpU, (X) — k-e «rapMoHHKH» M3 psnoB (16), a B Ka-
yecrBe (YHKIHH, CTOAUEH B NpaBoi yacTH ypaBHeHHA (1), —dyHK-
wHio fp(f) v, (x), k== 1. Paccmotpum ¢yHKIHIO

up (x, £)=U, (f) v, (x), (18)
rae
Uk(t>=q>kcosV—Tkt+V‘f_’*_“sinlf—xkur
ta=\h@sinV =Tt —vay (19

V=" F
B cJaydae, Korjga A, =0,
¢

Ul(t)=(P1+1l’1t+Sf1(T) (t—1)dr=
. 0 .

= lim (cpl cos V—It+—2_sinV =k t+
hy—0 V"‘xl

t
+ V_‘_M OS fu@siny — 7y (¢ —1) dr).

®ynkuusa U, (), oueBuaHo, npunapiexur H2(0, T), ynosJerBopsier
npu ¢ =0 HauajbHpiM ycaoBusMm U (0) =@, Ui (0) =1, u maa no. B.
t (0, T) siBasieTcA pelleHHeM ypaBHeHHA

Up—MUs=Fe k=1, 2, ... (20)

[okaxeM, uto ecqn v, (x) H A, — oGo6LIeHHAsA COOCTBEHHAA QYHKILHA
H COOTBETCTBYIOLiee ¢OGCTBeHHOe 3Hauenwe 3ajaud (12) (wam 3a-
naun (13)), To ¢yskuua u,(x, {) ectb 0GoOLIEHHOe pellleHHe NepBOf
(cooTBeTCTBEHHO TpeThel HJ/IH BTOPOil) CMeIlaHHOH 3ajauH IJs ypas-
HeHHsA

Uy — div (% (x) Vu) 4-au = [z (£) vp (%)
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¢ HayaJbHBIMH YCJIOBHAMH
Ulimo=QpUsr (X), Uli_g= Pr¥s (X).

IeiictBurenbro, ¢yHkuua u, (x, ) = H'(Q;), va D, ona ynos-
JIeTBOpSIeT HauaJbHOMY YCJOBHIO (2) M B ciyuae NepBOi CMelIaHHOH
3ajlaud — rpaHnyHomy ycqaosmio (4). ITokaxkeM, uro dyHKuHA 4, (x, f)
B CJyyae MepBOil CMelIaHHOH 3ajayH YAOBJETBOPAET HHTErpPaJbLHOMY
TOXKJECTBY
S (kVuva +au,v ——uk,v,) dx dt =
Qr

=P, { e vdet {fu(f)vp(x)vdxdt (9,)
Da Qr
IS BceX NpHHajpJexamux npocrpaHctsy H(Qr) ¢dyHkuuii v, yjpos-
JetBopsitomix ycaoBuam (4) u (10), a B cayyae BTOpOH H TpeTbeH
CMEINAHHLIX 33134 — TOXIECTBY
{ (*Vu,Vo + auyo — upoy) dx dt + §kou,o dS dt =
2 T,
=%, { e vdx+ ([ v () vdrdt  (11)
Dy Qr
IJs BceX ypoBaerBopsiomux ycsaosuio (10) v w3 H'(Q). Cnpasen-
JuBocts Toxkaects (9;) m (11,), oueBHAHO, KOCTATOUHO YCTAaHOBHTHL
JHumb 118 BceX ¢(yHKUMH 0, HenpepuBHO IudepeHmupyemuix B Q
¥ yroeJjerBopsiomx ycjosuam (4) u (10), coorerctBenno, ycio-
Buio (10).
B cuay (10), (18) u (19)

T N
{ upv, dx dt = gv,, (x) [g Us (t) v,dt] dx =
Qr r
Svk(x [ Pp¥ (X, O)——S Uz (t)vdt]dx=
D 0
=—1, S v (¥) v (x, 0)dx — A, S upudx dt — S fe @) ve (¥)vdx dt.
D Qr Qr

[TostoMy B ciyyae NepBoH CMEIIAHHOM 3ajauM TOXAeCTBO (9;) Bbire-
Kaer u3 (14):

S (V1,0 + au v — Upvy) dx dt =

Qr T

= S U, () dt S (& (x) Vu,Vo 4 avpo 4 Apupv) dx -
) b

o §oe () v (x, O dx+ § fe(t) ve (¥)vdx dt =
D Qr
= §os () v (x, 0)de+ § fr (D v,lx)vdrdt,
D Qr
10 B. 1. Muxadnos
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AHanornyso, B cjayyae TPeTbell (BTOpOHM) CMemAHHOH 3aJayH TOXK-
nectBo (11,) Boirekaer us (195):

S (& (x) Vu,Vu 4 aupo — upvy) dx dt 4 S k(x)oupwdS dt =
Qr T'r

T
={U,(®) dt[ { (£ (x) Vo, Y0+ av,0 + Mvv) dx + § & (x) o040 dS] +
P

0 D D
+r §oe () o(x, O)dx+ § fr () ve(x)vdrdi=
D Qr
=, §op (¥) 0 (x, 0)dx 4 § fu (¢) vk (x) v dx dt.

D Qr

Ecsnu B KauecTBe HayaJsbHbiX GyHKIMH B (2) H (3) B3ATb 4acTHy-
N N

Heie cymMbl psioB H3 (16) D) @uvp(x) B D) W40 (x) TpH  HeKoTO-
k=1 k=1
pom N, a B KauecTBe GyHKUHH f B (1) B3ATb YacTHYHYIO CyMMy ee
N

psara Pypbe Z fr(f) Ve (x), TO OCOGILEHHBLIM pelleHHeM 3ajauyf

W)=@ (1))@, @), ) Syrer dymeuns
N

N
Sy(x )= D) up(x, 1) =kZ, Up (t) v (x).
=1

k=1

B uyacTHocTH, B cJydae NepBOH CMelllaHHOH 3ajadd 3Ta QYHKUHA
yIOBJIETBOPSET TOXKIECTBY

{ (kVSNVv+aSyv— Sywy) dx dt =
Qr N N
={ D be@o(x, 0de+§ X fe@) v (¥)v(x, Hdxdt (21)

D k=1 QOr k=1 f

npn Bcex ve H!'(Qr), yrzoBierBopsiomux ycjoBusam (4) u (10),
a B cJyuae TpeTbed (BTOpPOH) 3ajaud — TOXKAECTBY

{ (kVSNVv+aSyv—Syw,) dxdt+ (koSyvdS df =

Qt Cr

N N
= e o(x, O)det § S fe(dve(x)vdrdt (22)
D k=1 Qr k=1

npu BceX v e H' (Qr), yloBJerBopsiomux ycaoBuio (10).

[TosToMy ecTecTBeHHO OXKHAaTh, YTO NPH OINpele/eHHBIX MpPeano-
JIOXKEHHAX OTHOCHTeJbHO @, ¢ H f pemenne 3anaun (1) — (4) ((1), (2),
(3), (5)) MOxHO mpeincTaBHTL B BHAe psja

ufx, )= ’2_‘,1 Up (8) vp (%), (23)
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rae v, vp, ...— O6OGuUIeHHBle coGcTBeHHble ¢yHKuMH 3amaun  (12)
(cootBerctBenHO (13)).

Teopema 2. lyems [fe=Ls(Qr), YELy(D), a ¢ =H'(D)
8 cayqae nepeoll cmewannoll sadauu (1)— (4) u ¢ = HY (D) 8 cayuae
mpemoell (8mopoii) cmewannoii 3adaqu (1), (2), (3), (). Toeda 0606-
WEHHOe pelienue U coomsemcmeyioweli 3adaw cyujecmeyem U nped-
cmasasemes  cxo0auumca 6 H'(Qp) padom (23). Ilpu smom umeem
MeCmo Hepasercmeo

lulaen < C (@ ]a: o) + 1% |, 0y 4 L. com)> (24)

8 Komopom noaoxcumeavras nocmoannas C He sasucum om @, P U f.
Us ¢opmy.ni (19) BhiTekaer, uto pasa Beex ¢ [0, T
T

|Us (£) | << | Qa4 10p | [ A =124 | Ay =12 ([, (f) |t mpu k>1
’ 0

H

T
lUl(t)lél%l'{-Cllll’ll-l-Cl(S) |f1(2) | dt

(B c1yyae BTOpoH cmemanHoH 3amauM npu a=0 C;=T, B ocTalb-
HeIX cayuasx Cy=1/)/TA]). Tosromy mas Beex (< [0, T
T

2
Uk () <30k -3k 11a 3 10 1§ 1al ) <
0
T
éC(T)((P}HIIJEIMI"-{—IMI"Sf%;dt) npu k>1, (25)
0 .

T
Ui (< C(T) ((p, +oi+§ B dt). (25")
0 .

Tockonbky npH Jobom &, k=1, 2, ..., | %Yt

T

-I—S |z 1dt, To ans Beex [0, T}
0

‘<‘(Pk|“\'kll/2+|"~pkl+

Wl < (1) (cpkm|+|«pk "+ sz dt). (26)

Tax Kak ¢yHKIHA ¢ NPHHALJIEKHT B ClyYae NepBOH CMeIaHHOH 3a-

gaun npocrpaHcTBy H1(D) (B ciyuae Tperbell cMemnaHHOfi 3ajaud —
npocrpactBy H! (D)), 1o u3 Teopemnl 3 m. 3 §1 ra. IV crleqyer,
yro ee pag Pypve (16) no cucreme co6CTBEHHBIX ¢ymc1mﬁ 3ajgauH (12)
(nim 3agaun (13) cooTBeTcTBeHHO) CXOAHTCA K Hell B HOpMe IIpO-
crpaucrBa H' (D). Ilpu sTom cyuiectByer Takas nocrosiuHas C>> 0,

10+
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yto 151 Beex ¢ u3 H'(D) (mn, cootsercrBenHo, u3 H! (D))
Z,l Ok | A | << C1| @ [Hr1 0y (27)
k=

PaccmoTpuMm  yacTHUHYIO  cyMMy Sy (x, )= Z U, (t)vp (x)

psaa (23). Ilpn kaxaom ¢t [0, T} oHa H ee nponsnom{aﬂ no ¢
(8 cuny Teopembl 3 m. 2 § 6 ra. Il ¢yukuun U, (£) u Ur(f), k=
=1, 2,..., venpepsiHnl Ha [0, T']) npunagnexar H* (D;) (win H (D).

TIpn ncc.nenonaﬂnn 3agaun (1)—(4) B MPOCTpaHCTBE H'(D,) yno6ro
BBECTH CKaJIIpHOe IIpOH3BejeHHe

S (EVuVu 4+ auv) dx
D,

[pu uccnepoBanun 3apaun (1), (2), (3), (5) B mpocrpancree H' (D))
BBEIEM CKANspHOE NpPOH3BEIeHHE

{ .Vuvo+-auv)dx+ § kouv dS,

D, D,
ecin win a=z=0 B D, nin 650 Ha 6D, u cKajasipHOe NPOHM3BENeHHe
{ (eVuVo 4 uv) dx,

Dy
ecin a=08BD u 0=0 Ha OD. IlocKoabky B cilyude meppoii H
Tperbell NpH 00 cMemaHHBIX 33444 H B CJydYae BTOPOH CMeliaH-
HO#l 3ajaud npH azE 0 cucTembl OYHKUMH 01/} — Ay, 0o/V — Ay, ...
OpPTOHOPMHPOBaHbl B COOTBETCTBYIOIIMX CKaJSIPHBIX IPOH3BEJEHHSAX,
a B cjyyae BTOPOH cMellaHHOH 3ajayM npH @ ==(0 OpTOHOPMHPOBAaHA

cHcrema byHKuH# 0/} 1 — Ay, v /V 1 =2, ..., TO 12151 BceX | = [0, T
H.mo6eix M U N, l<<M<N, B cmly (25) HMeeM

)

il

” Sy (x, f)—Su(x, t) "211!(Dt)—

1 D)
N N ( ‘ T
ztmmm<cm I CITNER Y )
kel M1 k=M1 0

ecsin ik a==0 B D, win 0=%=0 Ha 0D, u

N .
ISn (x, )= Sm (x, t)||’m(o,)= Z Uf’i(f)(1~7~k)<

_ T
<tHlem) 2 @a+mmwm{ﬁ@,
0

=M+
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ecau a=0 BD u 0=0 na 0D. Takum o6pasoM, BO Bcex cJayyasix

“SN X, SM X, HH‘(DI)<
N

T
<C, )] (¢§(l+l7~kl)+¢3+§f§dt) (28)

k=M1
HnpH Bcex te[O T} AHaJIornlmo, B cuay (26) ansa scex t [0, T

a8 as
I
)
Nzt

g =M+1
T
= Z U t)<Csy D) <¢illk(+wi+§fzdt>. (28")
0

k=M1 k=M1

La(Dy) [

Hapsany ¢ sTHMH HepaBeHCTBaMH HMEIOT TaK XXe MECTO CHpaBej-
nuBble npu BeeX { &[0, T] u mo6bix N =1 HepaBeHcTBa

N
PILACEAD L o)<
N T
<C, Z( 1+ e ) +v24§ fidt), (29)
N k=1 0
YUiyouw| = 2 Uk ¢
k=1

L (D) k=1
<G; >, (qu (| Al 4+ 1)+ i+ ff.dt). 29")
0

ISy (6, Ol oy =

38 |f
ot [Lo(Py)

N
k=1
CkaagpiBasi npounTerpupoBannble no £ & (0, 7) HepaBeHcTBa (28)
1 (28’), nonyynM HepaBeHCTBO

| S (x, £) —Sau (x, #) [t o <

N T
<C, > (¢E(I+Mkl)+w§+5f£dt). (30)
d

EeM+1

(=] (=]
Coraacro (17), (17°) m (27) pamet X, @k (1+[2el), D ¥
k=1 E=1
oo T
) Sf?, dt cxonarcsi. Ilostomy wus (30) BhiTekaer, yTo psax (23) cxo-
k=10
autes B H'(Q;) w, caenosaTenbHo, ero cymma u & H!(Q;). ®ynk-
uus u(x, f), OYEBHIOHO, YIOBJIETBOPSET HaAYyaJbHOMY YCJIOBHIO (2) H
B CJy4ae INepBOH CMellIaHHOH 3ajayd TPaHHYHOMY YCJIOBHIO (4).
[epexons k npeneny npu N-»co B paseHcTBe (21) B cayyae 3a-
naun (1) —(4) uau B paBenctBe (22) B cayyae 3apauu (1), (2), (3),
(5), monyyum, 4YTOo u ypoBjeTBOpsieT ToXKnectBY (9), cooTBeT-
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crBeno (11). Takum o6pasom, # — 0GOOILEHHOe pellleHNHe NEepBOH,
COOTBETCTBEHHO TpeTheH cMellaHHOH 3anayd. CkJajgniBasi [POMHTEr-
pupoBantsie mo { & (0, T) HepaBencTBa (29) u (29°) ¢ nomoweo (17),
(17") wu (27), nonyuaeM HepaBencTBa (24). Teopema nokasana.

3. Meron Tanépkrna. MOXKHO 1aTb H JpYyrie, He3aBHCHMEIE OT I, 2
H He HCIOJb3YIOUHe CBOHCTB COGCTBEHHBIX (PYHKILHI, TOKa3aTesbCTBA
CYIIECTBOBAHHSI OGOGLIEHHBIX pelleHHH CMellaHHBIX 3ajgady. OnHomy
H3 TaKHX METOJOB J0Ka3aTelbCTBAa TeopeM CYLIeCTBOBAHHS — METOLY
Fanépkuna, KOTOPHIA OJHOBPEMEHHO fIBJAETCA H NPHOJHKEHHBIM Me-
TOIOM pellleHHs] CMEIIAHHBIX 3a1ay, NOCBAIIEH HACTOAUMHA MYHKT.
3aMeTnM, uTo, B oTauyHe oT Merona Pypre, Mmeron ['anépkina
n03BOJISIeT HCCMeNOBaTh CMEIlIaHHble 3ajayH B ciyuae, Korjaa Koaddu-
I(HEHTH 3aBHCAT He TOJBKO OT NPOCTPAHCTBEHHHIX NEPEMEHHBIX X, HO
H OoT BpeMeHH f. PacCMOTpHUM, 1/l OIpeleJ]eHHOCTH, IePBYIO CMelaH-

nyio sanauy (1)— (4). Kak u npexze, npennonaraem, uto ¢ & H! (D),

VY& L: (D), f& La(Qr)-

Metop I'anépkuHa COCTOHT B CJERYIOLIEM.

[Tycte vy (x), vp(x), ...—OPOU3BOJLHAS cHCTeMa (YHKIHA & H3
C? (D), YAOB/IETBOPSIOIIMX TPAHHYHOMY YCJOBHIO Uplogp =0, k=
=1, 2, ..., AuHeliHO He3aBHUcuMas W mosaHasf B H'(D), T.e, auHeH-

HOe MHOroo0pasne, HATSAHYTOE HA 3Ty CHCTeMY, BCIONy IJIOTHO B HY (D).
/s TPOH3BOJBLHOrO LEIOT0 /71 B KOHEYHOMEPHOM NOANPOCTPaHCTBe V
npoctpaHcTBa L, (D), HaTaHyToM Ha GyHKUMH v, k=1, 2, ..., m,
peliaercs 3ajaya, noJyvawuasncsa U3 sagaud (1)—(4) opToroHanbHEIM
NPOEKTHPOBAHHEM HA 5TO NOJNPOCTPAHCTBO, T. €. HIUETCH (yHKIHS
Wm (x, £) (3 H?(Q,)), npuHaanexamas npu KaxgoM ¢ < [0, T] noxn-
IpOCTPAHCTBY V4, uosnemopmomaﬂ yCJIOBHSIM (2) u (3) ¢ Hayanb-

HbIMH yHKIMAMH @™ Z (pkvk x), P Z YUy, (X) — opTo-

TOHAJbHBIMH TIPOEKIH AMH Ha nounpochchmo V (pyHKunﬁ ¢(x) u

VP (X) COOTBETCTBEHHO, H TaKad, YTO NPH M. B, te (0, T') oproronans-
Hble TPoeKIHH Ha V., (B CKajisipHOM npoH3BeneHHH L, (D)) byHkuuft
fx, 8) 1 Wpy—div(kVw,)+ aw, coBnajaior, D10 03Hayaer, YTO
LY TCA TaKHe QYHKWHH 1 (£),. .., ¢ (£) (13 H%(0, T')), ynoBaerBopsiouiye

yeaoBusAM ¢ (0) =@, ck (0) =1y, k=1, ..., m, ut0 QyHKUHSA W, —
—div (kVw,,) + aw,, —f, rae
m (6 )= ) ci (£) g (2), (31)

k=1
aaa 1, B. t (0, T) (ans koropelx f & L, (Dy)) oproronancha B L, (D)
noxnpocTpaHcTey V,, T. e.

{ @y — div (kVwp) + awy) v, dx = { fo, dx (32)
b _ b
g k=1, ..., m.
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Meron Tanépkuna 3ak/ioyaeTcss B TOM, UYTO DPelleHHe X 3ajauH
(1)—(4) annpoxkcumupyeTcsi pelIEHHAMH W,, <CIPOEKTHPOBAHHBIX»
sanay. Jlna ero OGOCHOBaHHS HYXKHO JOKas3aTb, YTO DelLIEHHE Wy,
KaXAOH H3 TaKHX 3ajay cymeCTByeT (1 exMHCTBEHHO) H IIOCJ€10Ba-
TeIBbHOCTb W, m=1, 2, ..., B HeKoTOopoM cMmeicsie (cra6o B H!(Q;))
CXOJIMTCA K U,

PaccmorpuM, a8 1IPOCTOTHI, Caydyail OfHOPOAHBIX HayasbHBIX
yenoBud (=0, p=0). Torna @,=7v,=0, k=1,..., T. e

x(0)=c;(0)=0, k=I1,...,m (33)

PaBeHcTBa (32) ecTh JHHeHHAs OTHOCHTeNLHO QYHKUHH ¢ (f), .
.+» Cm (f) cHuCTeMa OOBIKHOBEHHBIX nH((epeHIHANbHEIX yPaBHEHHH
BTOPOro MOPSAAKA C MOCTOSIHHBIMH KO3(HuIlHeHTaMH

m

3 6 O 0w 06 O) 0 W) =l ), k=1,
(34)
rjae
()= § 16000600 dx €Ly 0,7) (b @) 0, = § (VAT + ah) )
' D

D

Hokaxewm, yTo cucreMa (34) HMeeT eqHHCTBEHHOE NPHHAjJIeKalllee
H?(0, T) (Bce koopauHaThi npuHapiexxkar H2(0, T)) pelieHHe, yxoB-
JeTBOpslollee HayaibHBIM YCJIOBHAM (33).

Tak kak cucrema QyHKUMH 0y, U, ... JHHEHHO HE3aBHCHMA, TO
npu mo6oM m =1 onpenenurens MaTPHIBI C 3JeMEHTAMH (Up, Us)L, (D)
k,s=1, ..., m, oTIM4eH OT HyJs (aHAJOTHYHOEe YTBEPXKJIEHHE IOKa-
3ano B m. 9§ I ra. 1V). IlosToMy sHHefiHyl0 cHCTEMY OGBHIKHOBEHHBIX
nH¢pbepeHIIHaNbHEIX YPaBHEeHHH (34) MOXHO pasperlliHThb OTHOCHTEIbHO
crapiux mnpoussoaHeix. CnepoBatenbHo, 3ajgaya (34), (33) skBuBa-
JIEHTHa 3ajiaue

¢’ (t)=AC(t)—l—F(t), c(0)=0, (35)
rae ¢ () = (c1 (), . C (8)s €1 (8), .. ,Cm(f)) F(f)”‘(Fl() » Fam (1)),
(Fi(8)y ooes Fm(2)) "” (3 @')Lz(D)” @)y oo ifm (D)) m+1(t)=' =
EFgm(t)EO, a
\ ”(551;&5- Lz(D)” ! “ éé;u @T)Hx(o) ”
A== 0

— Martpuua nopsinka 2m (I —eguHuyHas martpuua nopsaka m). Oue-
BUAHO, BekTop F ()= L, (0, T) (F:(t)eL,(0, T), i=1, ..., 2m).

Jns nokasaTenbCTBA YTBEPXKIEHHS JOCTAaTOYHO NOKa3aTb, 4TO
3agava (35) mMeeT eMHCTBEHHOE pellieHHe, NPHHajJEXKalllee NPOCTPaH-
crey H' (0, T). Kak o6biyHO, 3aMeHHM 3ajady (35) SKBHMBAJEHTHOH



300 FUMMEPBOJIMYECKUE YPABHEHUS {ra. v

el ¢UCTeMOH HHTEerpasbHBIX YpaBHEHHH

c(f)= § Ac(v)dr+- § F(t)dt (36)

0 0
¢ npuHagiexamum H'(0, T) u, Tem campiM, HenpepeiBHeIM Ha [0, T
t
- cBOGOIHBIM YJIEHOM SF (t) dt: ecam ¢ (f) ects mpuHagnexamee H! (0, T)

0

pelwreHne 3anauyH (35), To B cuay Teopemsl 3 n. 2 § 6 ri. IH ono
HenpepeiBHO Ha [0, 7] n ynosaerBopsier cucreme (36); ecan ¢ (f) —
HenpepriBHOe Ha [0, T] pewmenue cucremn (36), TO OHO, OYEBHIHO,
npuHanaexur H! (0, T) n saBnserca pemeHuem 3anaut (35). A cymre-
CTBOBaHHe (H eIHHCTBEHHOCTb) pemeHus (HenpepriBHOro Ha [0, T])
CHCTeMbl HHTErpajbHbIX ypaBHeHHH (36) ycTaHaBIHMBaeTcs B Kypce
OGBIKHOBEHHHIX nH(pepeHIHANbHBIX yPAaBHEHHH NPH J0KA3aTeNbCTBE
TeopeMbl CYLIECTBOBAaHHA pemeHus 3anaud Koww ais qHHeAHOH Hop-
MaNbLHOM CHCTeMbl OOBLIKHOBEHHBIX JH(XpepeHUHANbHBIX yDaBHEHHH
"(cM., Hampumep, JI. C. TToHTpsaruH, OGbIKHOBEHHBIE aH(pepeH-
IMajbHEIE ypaBHeHus, crp. 177).

Takum 06pasoM, YCTaHOBJEHO CylLeCTBOBaHHe M €IHHCTBEHHOCTb

npu jio6oMm m=1, 2, ... pyHkuu# wy, (x, {) suna (31), yrosnersopsio-
IHX paBeHCTBaM (32) U HaYaNbHBIM YCJIOBHAM W jf=0= %"Lo:‘)-

Ywvnoxum (32) Ha c (f), npounterpupyem no (0, <), rre T— npo-
u3BoabHOe yuea0 u3 [0, T], ¥ npocymmupyem mo %k ot 1 po m.
B pesysbTaTe nonyuHM paBEHCTBO

{ (@my— div (kVwp) +owy) Wy dx dt = fon dxdt.  (37)

Q %

Tax KaK WpyWn = % (% w?,,,), div (AVwp,) - Wy =div (kw,Vw,) —
i
d

| 4 a /1
—a <§ |Vw,, |2> H QWnWm = 3 <3 aw?,,), TO

{ (@myt — div (V@m) + a@p) Wy dx dt =
r
1 B
- §S (@t - | Vo, |24 ) dx.
D,
3ameyasi, yTo B moxmpocTpaHcTse H? (Q,) mpocrpanctea H! (Q,),
cocTosilleM H3 (yHKUHH, ofpamaiomuxcs B Hyab Ha I'. U Dy, MOXHO
BBECTH SKBHMBANEHTHYIO OOLIYHOH HOPMY

1@ Iz oy = (QST (@i +k | Vo P+ aw?) dxd;>‘/2,
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0]y YHM
T
2§ dv | @y — div (RVwp) + aWn) Wy dX = | Wy [ on*
b e
[TosToMy H3 paseHcTBa (37) HMeeM
T T
| @m 1 0y =2§dr§dt§)f(x, 1) Wy (x, ) dx=
¢ 0
=20 (T—8)](x, YW (x, ) dx dt <2T||f |1, (0n) | Wrnt L, (00 <
Qr
- = 2T||f ||L, Q) ” W ”ﬁn(QT) ,
OTKyna :
|@m s 0n < 2T I, 0n-
Takum o6pasoM, MHOXKecTBO ¢GyHKUHH W,, m==1, 2, ..., orpaHu-

yeno B H'(Q,). Us Teopemwt 3 n. 8 § 3 ra. II caenyer, uto ato
MHOXECTBO CJ1a60 KOMNAKTHO B H! (@,), T. . H3 HEro MOXXHO BHIIEMHTD
NOJINOC/IEI0BaTENLHOCTL (GyneM ee cHOBa 0603HayaTh uepes Wy,), claabo
cxoAuylocs B H'(Q,) x nekoropoit dbynkumn u < H'(Q,).

DyHKIHMSA & eCTb HCKOMOE OGOOIEHHOE PeleH e CMeIaHHOH 3ajiayH.
Jlnsg Toro yroGbl 3TO J0KasaTb, OYEBHIHO, AOCTATOYHO IIPOBEPUTH,

YTO npH OGO ve i (@;) —TaK 0603HAYNM TNOANPOCTPAHCTBO TPO-
crpaictBa H!(Q,), cocrosuiee n3 ¢GyHKIMH, o6pamjalomuxcs B HYJb
Ha D I, —uMeer MecTo HHTerpaabHoe ToxIecTBO (9) (B KOTOPOM
P=0):
{ (&VuVotauo—up) drdt = § fodedt. (38)
Qr Qr

Ins storo B CBOIO OYepenb AOCTATOYHO TOXKHECTBO (38) yCTaHOBHTH

ISl HEKOTOPOro BClOAy MUIOTHOro B H!(Q,) MHOxecTBa dynkumii o,

B xayecrtse BO3bMEM MHOXKECTBO BCEX JHHEHHbIX KOMOGHHAUHiH
bynkuHi v, (x)0(f), rne k=1, 2, ..., a 0(f) — npousBonbHas ¢GyHK-
uus us C1([0, T]), ynosnersopsiomas ycaosuto 0 (7)=0. [lokaxem
CHayana, yTo paBeHcTBO (38) cmpasepnuBo sl JMOGOH (YHKIHH
v(x, t)=1v,(x)0(f), a cnenoBaTe bHO, U 719 J106OH v U3 @, a 3aTeMm

y6enumMcsi, uTo MHOXecTBO @ Bciogy NJIOTHO B m Q,).
HHrerpupysa no (0, T) ymHOXeHHOe Ha 6 () paBeHcTBO (32), nuas
m=k nonyyum

{ [(kVw, Vg + awmts) 8 — 0,0,8") dx dt = { foud dx dt.
Qr Qr

Orciona BbitekaeT (38), Tak Kak NpH m—co w, cl1ado B H'(Q,)
CXOIHTCH K U.
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Mokaxem, uto o# Bciony maoto B H'(Q,). Ias storo jpocTa-
TOYHO YCTAaHOBHTB, YTO JIOGyI0 dyHKIMIO 7 (x, {) u3 C*(Q,), ymos-
JIETBOPAIOILYIO YCJIOBHIO

Nleryor=0 (39)

(MHOXKeCTBO TakHX (pyHKIHH Bclony IJOTHO B H!(Q,)), MOXHO annpok-
CHMHpOBaThL B MeTpPHKe mnpocTpaHcTBa H!'(Q,) ¢yHKuHAMH H3

Hopmy B mpoctpancrse H'(Q,) onpenennM paBeHCTBOM

[Fl5u = (§ (1177 #) et

3ameTHM, uTO MHOXecTBO @ MOXHO paccMaTpHBaTh KAK MHOXe-
CTBO BCeX JHHEHHBX KOMOHHAUMH GyHKUHH Uf (x)6(f), rae 8 (f) —
npousBosbHas ¢yHkuua u3 C! ([0, T]), oGpamaiomascs B HyJb OpH
t=T, a vf, v3,...— OPTOHOPMHPOBAHHBIH 6A3UC NPOCTPAHCTBA H! (D)

(B ckanspHoM mnpoHsBeneHuH (f, g),gn(D)= SVngdx), I0JyY€eHHBIH
D

B pe3yJibTaTe OPTOHOPMHPOBAHHSA CHCTEMBI Uy, Uy, ... METONOM ['paMma—
[Mmupta (em. 0. 5 § 2 ra. II). B

Ilycts m(x, {) —npousBosbHaa ¢yHkuusa H3 C2(Q.), ynoBaeTBO-
pstomas ycaosuio (39). Tak kax aia mogoro ¢ [0, T] dynkuun
n(x, f) B M, (x, {) NpHHApIERKAT H'(D), To HX MOXHO pa3OXHTb
B cXoxsluiuecs B MeTpuke H!(D) psanel Pypbe

' o]

n(x, t) =k§l N (2) Uk (%),
(40)
Nl = 3k 9 o (0,
rape =
() = § Y (x, 1) Vi (x) dx. (41)
[Ipu stom °

e~

S O+ @)= {1+ Ve (x, )P dx, t[0, T] (42)

k=1 D
OGo3Hayum yepes vy (¥, f) yacTHYHyl0 cymmy psna (40):

N
Ny (%, 7) =k§‘ Nk (¢) 0 (%). (43)

Vs (41) u (43) Boirekaer, uto ais Jmodoro N =1 npu Beex (& [0, T]
byukuns v, —ny; & H1(D,). TlosToMy Ha OCHOBaHHH HepaBeHCTBA



§ 9 CMEUIAHHBIE 3AJAUU 308

CreksioBa (n. 6 § 5 ran. 1II)

Il N — Mt ”I‘Z(Dt) <C “ M — Mt “]?11 (Dy)’

rre C >0 — nocTosHHAas, 3aBHCAllad JHlbL oT obaactH D. Caenosa-
TeIbHO, Aast Jw6oro N =1 npu Beex { [0, T}

“ e — Mt "lIz‘z(Dt) +|| N—"Mw ” ;}1 (Dt)é C? || N — Mt ||3311(Dt)+

+lIn—nn ”}h(Dt) =k~%_‘,+ 1 Mk () + C?nz* (£)).
B cuny (42) mast moboro [0, T1 D (mi(t)+Cg*(8) | 0
E=N41

npH N —oco. [losTomy Ha ocHoBaHHH TeopeMbl JleBH (Teopema 3 m. 6
§ 1 ra. H) noayunm, yto nprx N —oco

T
1=l g, =1 (=l ) Fin—uly, , )i

YTBepxKIeHHEe J0Ka3aHO.

3aMeTHM, YTO B CHJy €IHHCTBEHHOCTH OGOOGLIEHHOrO pPelleHHs 4
sagau (1)—(4) (Teopema 1) M3 g0OKa3aHHOro CJefVeT, YTO He TOJBKO
HEXOTOpas MOANOC/IENOBATEeNbHOCTE MOCIENOBATENbHOCTH Wy, M =
=1,2,..., HO H camMa 3Ta [OCJenOBaTeJbHOCTb c/1a6o B H'(Q,)
CXOHTCA K U.

4, TaapkocTs 0000meHHBIX peweHufi. CymecTBOBaHHe pelleHHs
I. B. H KJaccHyeckoro peueHHs. [IpH uccieqoBaHHH ragkocTH 0606-
IIEHHBIX peIlleHHH OTrPaHHYMMCs DACCMOTDeHHeM NEePBOH H BTODOM
(B rpaHnyHOM ycnoBHH (B) 0 =(0) cMelraHHBIX 3afay JJf YacTHOTO
cayyasi ypaBHeHHs (1) —BonHOBoro ypaBHenus (B (1) k=1, a=0),
XOTSA IIPH JOCTaTOYHOH T1aaKOCTH KO3(hPHIHEHTOB YPAaBHEHHA H (QYHK-
IIHH O TeM )Xe MeTOJOM YCTaHaB/IMBAIOTCH aHAJOrMYHbIE De3yJbTaThl
H B ofllleM caydae,

Ilycrb u (x, f) — oGoGlieHHOe pellleHHe NepBOH HJH BTOPOH CMe-
IIAHHBIX 3a1a4 1/ BOJHOBOI'O yDaBHEHHS

uy—du=f(x, ), (44)
Ulo=Q, Uilmo=1 (45)
H HJIH ‘
u lpT =0 (46)
B CJyuyae NepBOH CMEIIAHHOH 3ajayM, HJH
ou
e, = 0 47)

B CJyyae BTOpOH CMEIIAHHOHM 3ajauH.
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B mpeamiaymnx nyHkrax OblI0 NOKas3aHo, yTo 3agaud (44)—(46)
u (44), (45), (47) nmetor (enMHCTBEHHHE) 0GOGIIEHHbIE PEllIeHHS, eCJH
vyeLl, (D), fL,(Q,), a byHKUHS @ NPHHAANEKHT NPOCTPAHCTBY
H'(D) B cnydae nepBofi 3amayn MM npocrpaHctBy (D) B caywae
BTOpoH 3apayd. [IpH stoM (cM. I, 2) KaxKnoe H3 5THX OOOOILIEHHBIX
peweHnii u (x, {) npegcraBaserca cxopswumcs B H! (Q,) pAxoM

= 3 Us(os ), (48)
k=1 -

rae

Us ( = (pp COS V —Apt 4

{

+7ﬁ§fk(

V sm V—— Aut

) sinV——Ak(t—t)dt, k=1,2,... (49

(B ciyyae BTOpOH CMelIaHHOH 3anayd
H
Urt)=o1+ 0+t =0 fL (@) do=
0
=lim ((pl cosV — A "’1 sinV——-_M—l-

%.—’0
L
% r)sml/ At ’l.'d’l')

Qe = (9 V)L, o) Pr=(V, Ve)L.(D)
fe @)= F(x, 1) va (x) dx, k=1,2,..., (50)
Dy
a vy, Usy.eo H Ay, Ay, ... —TIOCAEN0BATENLHOCTH OGOGIIEHHBIX COGCTBEH-

HbiX (YyHKIMA H COOTBETCTBYIOILHX COGCTBEHHH X 3HaYeHHH mnepBoH,
ecqH paccmaTpHBaerca 3ajaua (44)—(46), waM BTopo#, ecaH pac-
cmatpHBaercdl 3anava (44), (45), (47), KpaeBol 3ajayH JJs onepa-
topa Jlaniaca B D (HanmoMHHM, YTO B Clyyae nepBoi KpaeBoH 3agauH
A, <<0 npu Bcex k=1, 2, ..., a B cllyyae BTOPOH KpPaeBOH 3ajmauH
Ae<<O nas k=2, 3, ... u A =0, npuuem v, =const=1/}/{D))
[NpennonoxuM, yto rpanuua 0D obsacth D npHHamIeKHT kJaccy C*
npy HekotopoM s==1. Torma B cuay Teopembl 7 n. 4 § 2 ra. IV
coGCcTBeHHble (QYHKIMH v, (x), k=1, 2, ..., nepBoii U BTOpO#l Kpae-
BbIX 3ajmay JJs onepatopa Jlamjaca npHHaj/exaT BPOCTPAHCTBAM
Hy%(D) n Hi (D) coorBerctBeHHo, T, e. nphHamiexar H°(D) n
yIOBJIETBOPSIIOT Ha D B cjyyae mepBoH KpaeBOH 3ajayM rpaHHYHbIM
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yCJIOBHAM

1]
UkIaD=...=A 2 Uk{aD=0, k=l,2,...,

a B cayyae BTOpOfi KpaeBoH 3amaud npPH S>> | —rpaHHYHBIM YCJIO-
BHSM

dop| _  _ 9 ;]"‘ _ _
-(aTaD—...—azA[ Uk!éD—O, k=1, 2, ...

Hanomunm, uyto Hlye (D)=H"' (D).

TpennosoxuM Takxke, 4TO B c.nyqae nepBoi CMeIIaHHOH 3anayu
(44)—(46) (pEHﬂ( ), Y= Hy ' (D), a f npuHagIeXHT NOANPOCT-
paHCTBY H_,D '(Q,) mpoctpancrea H* ™' (Q,), cocrosimemy npu s> |
u3 Bcex QyHKuMi fe HS1(Q;), a4 KOTophiX

flor= .. =A[?]_ flez=0.

Mpu s=1 A7 Q)= H5Qr) =L Qx).

B cayyae Bropoi#l cMemaHHO# 3agaun (44), (45), (47) Gynem npen-
noJarars, uto ¢ & Hye (D), Y& Hy ' (D), a [ npHHagIexHT mnof-
npoctpanctsy, A% ' (Q;) npocrpancrsa H*~'(Q;), cocrosumemy npw
s> 2 u3 Bcex ¢yHKuMH f e HS1(Q;), niad KOTOpPBIX
s~—1

o) _ 2 AT o

oniry = on

Mpu s=2 H%' Q) =HY Q) =H"Qr), npn s=1 A3 Q) =
= H)r (Qr) = Ls (Qy).

B.sToM nyHKTe GyzeT nOKasaHO, 4TO NpH CHEJIaHHBIX NPEANOJO-
XKeHHAX OGOOLIeHHEIe pelleHHs CMeIaHHBIX 3afay [pUHAJJIeXKaT Mpo-
cTpaHcTBY H*(Q;) ¥ npH JOCTATOYHO OGOJIbIIHX § SBJAIOTCA KJacCH-
YECKHMU DelIeHHIMH,

Teopema 3. Ilycme npu Hexomopom s=1 0D & C* u & cay-
uae nepeoti cmewanrol 3adauu (44)—(46) ¢ = Hy (D), Y= Hy ' (D),
feHs ' (Qr), a 6 cayuae smopodi cmewannot sadauu (44), (45), (47)
p=Hy (D), y=Hy' (D), = Hy' Q). Toeda psad (48) cxodumcs
K 0606werHomy peusenuro u (x, t) 8 HS (D) pasromepro no t [0, T].
Kpome mozo, 0aa aioboeo p=1, ..., s pad, noaryuernvii us psoa (48)
p-Kpamusim nodsenHoim oughgheperyposanuen no t, cxodumes 8 H=? (D)
pasromepro no t [0, T], u 0ra écex t < [0, T) umerom mecmo Hepa-
gercmea

Z ; o (Ur () vz (x)) L“P(D)

) <C (olys ) Fh0 s o) T llHS-1 @)- 6D

=

p=0
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YrtBepxenne teopeMbl o paBHoMepho# mo f & [0, T] cxogHmocTH
B H? (D), p=0, ..., s, pdna, noayuenuoro H3 psna (48) p-kpar-
HHIM TOUYJeHHHM JH(pdepeHUHpPOBaHHEM MO f, O3HayaeT, 4TO OpH

N
ap
moboM ¢ & [0, T') nocaenoBaTeIbHOCTD CJENO0B 2 575 (Ur (8) v, (x))
k=1 D,
Ha D, p-x npousBoaubIX NO ! 4aCTHuHbIX CyMM psma (48) (kaxpas
M3 3THX YaCTHYHBIX CyMM NpHHapjexdT H!(Q;)) cxomurca B HS? (D))
H 3Ta CXONHMOCTb paBHOMepHa mo ! &[0, T], 1. e.

N
Y Uy ()

h=M+1

sup

—0 npu M, N —oco.
0o<I<T

H"P (D))

Torma mocienoBaTeIbHOCTh YaCTHYHBIX CyMM psAna (48) cxomuTes u
B H5(Q;) 1 u3 oueHkH (51) BrITeKaeT HepaBEHCTBO

” u ”Hs ©Qn <C (” P ”HS(D) +|| L ”HS‘I(D) + ”f“[-{s'l (Qr))' (52)

Taxkum 06pasom, cnpaBe;UIPIBE) cllefyloliee yTBEPKIEHHE,

Canepcteue 1. Hyemv npu wnexomopom s=1 DCS u
8 cayuae nepeoil cmeutarnroli 3adauu (44)—(46) = H D) ve H 1 (D),
fe ' Q:), a 8 cayuae 8mopoil cmewantol sadauu (44), (45), (47)
o= Hy (D), = Hy' (D), f & Hir ' (Qy). Toeda 0bobuyernroe pewierue
kascdol u3 amux sadad npunadsexcum H*(Qr) u pad (48) cxodumcs
Kk Hemy 8 HS(Qp). ITpu smom umeem mecmo Hepasercmso (52).

P
HOas moGoro p=0, ..., s—1 dyHkuus a‘z# Hmeer caen Ha D,

apu kaxaom ¢ [0, T| 1 pan, nonyuyeHHBId H3 psAa (48) nowIeHHBM
p-KpaTHbIM pudhepeHIMpOBaHHEM 1O f, CXOAHTCA K Gt_ﬂl’tlo B H*-?(Dy)
t

paBHoMepHo no [0, T). Tak kak u npH p=s mnocienoBaTeb-

© o
HOCTh YaCTHYHEIX CyMM psna 2 a7 Ue(®) v (x))| , cocraBienHoro
k=1 Dy
1 9 (Ugve)

u3 cienoB Ha D, npunapiexamux H'(Q;) dyrkuuit 5+ CXO-
autes B Ly (D) (paBHOMepHO 10 ¢ &[0, T']), TO ee mpexes NpH KaxaoM
t [0, T] MoxHO Ha3BaTb cJexoM Ha D, s-i mpousBomHOH mo f
00001IEHHOrO pemmeHusa U (x, f).

IMpexkne yem nepefiTH K J0Ka3aTeJbCTBY TeOpeMbl 3, JOKaMKeM
clefylolee BCIIOMOraTe/bHOE YTBEPKIEHHE,

Jlemma 2, Ecoau fE H'(Qr), ¢=0, a g Ly (D), mo ¢ynxyus

hey= §F(x, t)g(x) dx

Dy
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npurnadasexum HI (0, T) u umeiom mecmo paseHcmea

drh (¢ oPf (x, ¢
Ti“th'=S_—';(tf’ )g(x)dx, 0<<p=yq.
B

¢

Tak kak aia p=0, 1, ..., ¢ gﬂ':eLz (Qr), TO B CHJIY TeOpeMbI
Oy6uHH 4 1. B. 1= (0, T) pynkuun g (x) —a—faiﬂ,—) HHTEr pHpYyeMbl

no D; n ¢ynkuun

oPf (x, ¢
AP (f) = S—%g’;—lg(x)dx, p=0,1, ..., q
Dy
(A (f) =h(t)), uurerpupyembl mo (0, T). Ilocko.abKy, Kpome TOro,
aPf (x, ¢ 0Pf (x, 1) \? o
(S fa(tf, )g(x)dx> <§(-’;—(;f,—l> dx -| gz, oy
D,
10 AP ()= Ly (0, T), p=0, .. .
Jlna npousBosbHOH (byHKuHH n(x, e C1(Q,)

(2o (c, arat= (=1 (1o 202D ae

QT QT

NOSTOMY MPH NPOH3BOJIBHBIX 1); (t) =Ce ([0, T) u n,(x)=Ce(D) -
HMEET MECTO PaBeHCTBO

T |
Sm(t)(LS—ngfnz(x) dx)dt=(—1>P ""d’}‘p‘t’( o (0 )dt
0 .

Muoxectso C?(D) Bciony miotHo B L, (D), nostoMy mocienHee
PaBEHCTBO HMEET MeCTO H IPH NPOU3BONBHOH 1, & L, (D), u, B yacr-

HOCTH, TNpPU 1y=g. Takum o6pa30M IpH BCeX mn () =C? (o, 1)

T
§n1h(1’)dt=(—l) S Pundt, p=1,...q
0
10 o3Havaer, yto npu p=1, ..., ¢ dyHKuua AP (f) aBasercs

0GOGLIEHHOA NPOM3BOAHOH p-ro nopsnka GyHKuHH A(f), T. e. :;;’ =
=hP) = [,(0, T). Jlemma nokasaua.

I[oxasaTeJIbCTBo TeopeMmb 3. U3 semmMn 2 BhiTekaer,
yro ¢yHKuuH [y (¢), k=1, 2, ..., 3anaunee dopmyaoii (50), npu-
HajJjexar IPOCTPaHCTBY H‘ 1( T) u, Tem caMmbiM (cM. Teopemy 3
n. 2 § 6 ra. III), npu s=2 npocrpancrey C*-2([0, T]). Cnenosa-
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TeabHO, yposaerBopsiomue Ha (0, T) ypaBHenuam Ui —AU,=f,

oyukuun U,, k=1, 2, ..., 3ananHuie QopmyJoi (49), npHHajgexar

npocrpanctsy H*+'(0, T), a 3uauut, u npocrpaucrsy Cs ([0, T]).
Torma B cuay CBor}’lCTB COGCTBEHHBIX (YHKUHMH Up (X) YaCTHYHbIE

CyMMbl Sy (x, &)= Z U (f)ve (x) psama (48) npuHapnexkaT mnpocT-
=1
panctBy H*(Q;) w mnpu Bcex ¢t <[0, T)—mnpocrpauctey Hy (D)
B caydae 3agaud (44) —(46) (umu mpocrpanctey HJe (D) B cayuae
3agauu (44), (45), 47)). 5,
3P

Kpome Toro, npu p=1, ..., s yHkuus 6tP NPHHAJIEKUT TPO-

crpaHctBy H*P*1(Q;) u npu Bcex ([0, T]—mnpocTpaHCTBY
Hy%.(D;) (H (D))). TTosToMy Ha OcHOBaHHH JeMMbl 3 M. 5 § 2 ra1. IV
H OPTOTOHAJNBLHOCTH B L, (D) u H' (D) co6erBeHHbIX GYHKUHE vy (x)
uMeem npu Beex ¢t [0, T), mobbix p=0, ..., s u J066ix M u N,
1 << M <N, HepaBeHCTBa

wSy  0rS, |2 5=p gp 2
—oN _T0M T _ =
U aep ot |H* "(D,)gCl A% 55 (Sv— S|, ChI
N 2
P aru, (¢
—c| Y T L0 =
E=M-+1 L (D)
N
. dPUp\2
=C 2 | Ay ]s—p( dtpk)
k=M1

B cjgyda€ HYE€THOTO S—p H

orS arS,, [2 I e LYY 2
Wf’l_Tﬂ’ﬁHH“"(Doéc’“A I R
N s—p—1
=C; P N
k=M1 M (D)
N
<G Y mk*sp(ﬂﬁgt_';(iy
k=M+1

B caydae HeueTHoro s—p. To ectb npu Beex {<[0, T), mo6bix
p=0, ..., 8 nwmobix M u N, | <M<N,

N
P (S, —S8,) 12 dry 2
“ ( I;tp ) H"P (D,) <G 2 | A Is-p( ; (t)) . (53)

dtp
k=M1
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Ananoruyno, npu Beex te [0, T), mo6bix p=0, ..., S U JIOGBX
N=1
? \ dPUy (1) \?
her oy <C1 Y 1t (2550
k=1

Sy
o

B cjyvae NepBOd cMmelllaHHOH 3anauu (A £ 0) u

oPSy “2 0P (Uyy) |, 0°7(Sy—3Sy) [
Totp [HTP(D) T otp otP l"“" D)<
dpU, \2 1 fe 0P (Sy—S8y) |2
=<2 1 — . 2 N 1) <
< dt ) VD] HH‘ "(Do+ otp HYP (D))

N
dryU; \2 dPU,\?
écz<( dtpl> + 2 | A 5s_p( dtpk)>
k=2
B cjay4yae BTOpPOfl cMewaHHOH 3ajaud (A, ==0). Takum o6pa3om, NpH
Beex t<=[0, T], p=0, ..., s, N=1
2

N
drU, \? dry  \?
s (Dt)sca((——d,;) + Y Il (—t,,’*)).
k=1

CyMMprH rnocjaeAHHe HepaBeHCTBA IO p OT HyJAd 10 S, NOJYUYHM

PSy
o

s

s N
o0rs,, [2 drU_\2 drU . \2
2 n———-—atpN UHS—p(Dz) < Gy 2 [(—dﬂ,l> + 2 | A Is—p< dtpk> ] (54)
p=0 k=1

Bocrnosnib3yeMmcs Tenepb caenytoiiell 1eMMO#, 0Ka3aTeNnbCTBO KOTO-
poii GyneT npuBeNEeHO ZKaJee.

Jlemma 3. Ecau npu nexomopon s=1 0D = Cs u ¢ = Hy (D),
YeHy ' (D), fe Ay ' Q) 8 cayuae nepeoii cmewannoii sadauu
(44) — (46) uru 9= H» (D), Y= H7 ' (D), fe Hr ' (Qr) 8 cayuae
amopod cmeulannoti 3a0ayu (44), (45), (47), mo npu aobom p=<<s

o]
Pﬂa‘z (dp[;fp(t) >2|7»k |- cxodumes pasromepro no t [0, T] u
k=1

dary, \2 2 2 y
( dtpk) [ [P < C (19 s oy I lrs1 ) +IF "HS_I(QTQ’ (%5)

s

k

e0e nocmoannaa C >0 sagucum moasko om Q.

B cuny stofi neMMbl U3 HepaBeHCTB (53) BhITEKaeT, 4TO A/ Kax-
orS
goro p=0, 1, ..., s TnocJeIOBaTeqBHOCTb —aﬂ,—N— p. CXOIHTCSL B
¢

Hs-?(D;) paBHomepHo no { [0, 7], a u3 HepaBencrsa (54) B cuay
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: . Py \2
OYEBHJIHOH OLIEHKH (idtipjl) < const(]]cp]]iz(p, + 2,0 +IF s (Qr)>
BbITeKaeT HepaBeHcTBO (51). Teopema poka3aHa.

U3 caencteuss | npu s=2 BHITEKaeT, YT0 OGOOLIEHHOE pelUeHUE
KaXK/IOf U3 pacCMaTPHBAEMBbIX CMELIAHHHIX 33ja4 NpHHauIexuT H? (Q,),
a CJIe0BaTeJbHO, fBJSAETCA PEILIEHHeM M. B,

OrMeTHM, YTO B YyCJIOBHH TeopeMbl 3 KpoMme TpeGOBaHHil rJaj-
KOCTH 3ajaHHbIX (YHKIHA MpPERnoJaraeTcsi BLIIOJHEHHE YCJOBHI

s—1

2

(P1aD=...=A[ ](P]ao=0y \P]oo=...=A[%]—l1P|aD=0 (56)

H
s

fII‘T="'=A[5]_lfII'T=O (57)

B cJyuae NepBOil CMeIIaHHOH 3ajaud M BBITIOJIHEHHE YCJOBHI

8
ggaw:,_,:%da-]-up,w:o,
s—3
P(?%aor—"':%A{ 2 ]‘PLD:O (58)
H
of o A7)
L Fle, =0 (59

B CJAyyae BTOPOH CMEIIaHHOH 3agayd. 3aMeTHM, 4YTO AJi CNPaBeNJIH-
BOCTH YTBEPXKIEHHS TeOpeMbl 3 HEKOTOpHIE€ YCJOBHA TaKOro poja
HEOG X0 HMBI.

HefictBuTesqbHO, HanpuMep, B cJyyae NMEePBOH CMEILIAHHOH 3agaud
npu $==2 U3 TOro, uT0 ¢ (x)=1u/(x, )|~ NpencTaBJsETCA CXOAA-

wumcs B H* (Do) panom (48), a P (x) =—aﬁ%’—t)— o (4 — peuenue
1. B.) npencrasnaserca cxogamumes B H5-1 (D) pagom Z d_tld,;_(g o

. k=1
X Ug (x), BbITeKaeT BbIMOJMHeHHe yc/aoBHH (56). Tak kak pax (48)
CXOAMTCS K peleHHo m. B. u(x, {) B H5(Q;), a cJieroBartesbHO,
o] [e0]
d2Uy ()
pAnbI 2 Up(t)Av, (x) w 2 —; — Uk (x) cxomsTes K Au v g uy
k=1 k=1
COOTBETCTBEHHO B H52(Q;), T0 f =uy — Au npu s =3 ynoBJaerBopsier
YCJIOBUAM
s—3

flr, =...=A[__§—]f|p,r=0.



§2 CMEIIAHHBIE 3AAUM 311

B cayvae uyetHoro s B TeopeMe 3 MNOTPE6OBAHO JOMOJHHTENBHO

s
1=1
yCJIOBHE A[2] flr, =0. 310 ycioBHe, AEACTBUTE/]bHO, ABAAETCA

JUIHUM. [l npocTOThl MOKa)eM 3TO NpH §=2,

CaenpcrBue 2. IMyemo 0D = C?, a f = H'(Q,), u nycmo & cay-
yae 3a0auu (44) —(46) o= Hy (D), Y = Hy (D), a 6 cayuae 3adauu
(44), (45), (47) 9= H (D), Y= HY (D). Tozda dra p=0, 1, 2
pa0, noayuennoui uz pada (48) p-kpamubim nowsewnoim Oudpdeperyu-
posanuem no t, cxooumca & H2*P(D,) pasromepro no t [0, T] u
cymma u (x, t) paoa (48) asasemcs pewenuem n. 8. 3adauu (44) — (46)
uau coomsememeenno 3adauu (44), (45), (47). Ipu smom 0is ecex
te [0, T] umerom mecmo nepasencmsa (51) npu s=2.

B cuay TeopeMbl 3 3TO yTBepXKIEHHe NOCTAaTOYHO JOKasaTb B CJy-
yae OJHOPOJAHBIX Haya/bHBIX YCJOBHH: @ =0, P =0.

Tak kak npu k> |

Ur () =

4
= {fe@siny =Tt —v)ar =
0

= (o ()~ Fa 0) cos V=T 1) —
t
M‘k' Sf,;(r)cosV?A;(t—'r)dr

0

t
Ui (t) = ka(r>cos1/——w—r>dr=
0

- V__‘kak(o )sin V=T t 4~ e ka('v sin V' — 4y (f—1) dr,
Ui (O =Fe ) +MUs () = ,
— ¢ (0) cos V—Akt+Sf;(r)cos]/_—_lk(t——r)dr,
0

TO

T
AMUR (f) << const (fz O+ (0)+ T (i (r))? df>,
0

| A | (U (£))? << const <f;“$ O+ T\ (fr(v))? d'r>,

O™ ny O ™y

(Ui (1)* < const (fk O+ TS (i (v) dr).

A Tak kak B cHJAy NpHHajIeXHOCTH f npoctpaHctBy H'(Qr) u
ow T [

aeMMbl 2 cxoxstess pagel Y, | (fi (1)*dv u Y] fi (f) pasromepHo no
k=10 k=1
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t [0, T], To u3 HepaBeHnctB (53) u (54) BbITEKaeT CnpaBelJHBOCTD
IOKAa3bIBAEMOT0 YTBEPKIEHHS,
3aMeTuM, 410 ecau f=0, TO H3 COOTHOLIEHHS

du
ot

L0y I Vel ) = i (Y +imwr ) =
=1

= 3 [(bwcos VTRl t— ) ThaT sin VTl ' +

k=1

+ (e sin VA ¢4 02 VT Aa] cos Vil 8)'] =
=k§1 &+ | A | 08) =V [, o) +1| Vo I, (1)

BhITEKaeT, 4To 1A peweHuii npu Beex f{< [0, T] umeer Mecro
paBeHCTBO

V(P52 +ivu e nF)ax=§ @2+ Vo ax,
b . D

¢

KOTOPOE HA3HIBACTCA (3AKOHOM COXDAHEHUS SHepeulls.
n
Teopema 4. Ilyems 0D 6[7]4-3, u nycmo 8 cayuae 3adauu
1y v el repli
 (44) — (46) (pEH-,D2 (D), ¥ EH$2 (D), fEHﬁ2 @), a8
n n
cayuge sadaun (44), (45), (47) cpeHL?]”(D), " EHI;Z_]+2 D),
n
fe F]L}-]Jr2(QT). Toeda psd (48) cxodumes e C*(Q;) u eeo cymma

u(x, t) A8AsemMCA KAQCCUMECKUM pellleruem coomsememsyrowetl 3adauu.
IIpu smom umerom mecmo HepaseHcmsa

Iolerten <C(191 2],y IV [2),, +

n ) =0, 1, 2, 60
+If llH[v] ”(QT)) p (60)

n
=|+3
Hokaszareabctso. Ilockoabky 0D EC[2] , TO 0O6OGIeH-
Hble COOCTBeHHble (QYHKLMH Uy (X), Up(X), ... EPBOA ¥ BTOPOH Kpae-
BbIX 3anay Ajs onepatopa Jlamnaca B D npuHajjexaT NpocTpaHCTBY

n

~] 3(D) H, TEM caMbiM, B cuay Teopembl 3 m. 2 § 6 ra. III
HpOCTpaHCTBy C?(D). TlostoMy uacruunble cyMMu Sy (x, {), N=1,

.., pana (48) npunamiexar C?(Q;).
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Ha ocnoBanun teopemut 3 m. 2 § 6 ra. III u "epaBenctBa (53)
aas Beex t {0, T] u 1 <M <<N umeem

IS5 = Sule sy +| o (Sy—Sw)|

<C(“SN_SM“ [ ]+3
H

o (S’: —Su) llc By =
=Sl 5], +

Py

® t)
+aw v =swl [],,)=

HL2
2 N n
5 +3_ﬂ dek 2
<c Yy ¥ IMI[2] (dtp),
Ok=M-1
OTKyja cJenyer, 4To
2 N n
= 14+3—p [ dPU, \2
| Sny—Sule5,) < Cs max 2 2 Mk|[2] (__’£>
Qr 0T dtp
p=0k=M+1
wuye (31400
CorsacHo seMMe 3 psabl ¢ OGIIHUMH YJeHAMH dtP lhkl

p=0, 1, 2, cxonarcsa paBHoMepHO Ha [0, T], mosTomy psn (48)
cxomuress B C®(Q;). Takum obpasom, u =C?(Q;). Tak kak mpH
p=0, 1, 2 mo teopeme 3 n. 2 § 6 ra. III

el ce s, )_Ogltaér 2 ” g:: "c"“’ (G,)

q
< C. max 2]]3;” ,
0<IST 2 +l+p—0

2 (2))

TO HepaBeHcTBa (60) ABASAIOTCA CAENCTBHSAMH HepaBeHcTB (51), B KoTO-
pBIX s=[—g—]+l+p. Teopema 4 mokasaHa.

JokxazaTeabcTBO JeMMHB 3 ymo6HO pa3GHTb Ha jBa 3ramna:
CHaya/Ja YCTaHOBHTb ee CNpaBeIMBOCTb B cayyae, Koraa [=0,
a 3areM —B cayyae Korga ¢ =14 =0.

Iycrs f=0. U3 dopmysn (49) Torna BhiTeKaer, yTo 1js Bcex
te[0, T u k=1, 2, ... B cayyae nepBoil CMeIIaHHON 3ajauH H
k=2, 3, ... B ciyyae BTOpPOH CMEILAHHOH 3a7auH

Ve ()| < e |+ 5l

M B cJyyae BTOPOH CMEIIAHHOH 3ajaun
V1) <<|@1|+T [Pa].
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Kpome Toro, pas Bcex { [0, T] npu mobuix p=1, 2, ...
G e P e, k=12,

(ecmn A =0, T0o (A)°=1). CnenoBarensHo, npu Beex ¢ [0, T] gas
mobuix k=1 up, 0<<p=<s,

dPUk\2, o 2 s -
(—dtp—k> | Ap (572 << 2(@k | Me* H bR [ A 7).
[TostoMy yTBepKneHHe JIeMMbI 3 (npu f=0) BLITEKA€T H3 CXOAH-

MOCTH YHCJOBLIX PAIO0B Z Ok | Api u Z Pi|Ap|*! U HepaBeHCTB
k=1 k=1

2 0t | M [ < Cl @ 3ys o, k§=_‘,l Vil e P < Cl Y sy,

E=1
B KOTOpbIx mnoctofinHas C >0 He 3aBHCHT OT ¢ H { (Teopema 8,
n. 5 § 2, ra IV).

Jas noka3aTenbCTBa CNPaBeNJIHBOCTH JEMMHL 3 B ciydae, KOrja
¢=1v%=0, Ham norpefyercs] HeCKOJbKO BCIOMOraTeJbHbIX MpeAJI0-
JKEHHH.

Jdemma 4, IIyems dD = C%. Toeda

1) ecau pynuryus f(x, t) npunadsexcum npocmparcmsy HY% (Q),

g=2, mo npu mobon p, p=1, ..., q, Tﬂ{‘ npunadaescum npocm-

pancmey HE P Q) .
2) ecau ynkyus f(x, t) npunadrexmum npocmpancmey HY% (Qr),
g=2, mo npu mobom p, p=1, ..., q, SZ': npUHAdAeKHCUM NPOCMPAK-

emsy HY% " (Qr).
Jns 1oKa3aTeqbcTBA INEPBOTO yTBEPMKIEHHS JIEMMbl, OYEBHJHO,
N0CTaToYHO yCTaHOBHTD, 4TO ecu G = H%(Q;) u G |r, =0, 10 G/ |, =0,

lIJIH J0Kas3aTeJbCTBa BTOPOro yTBEPKAECHHA NOCTAaTOYHO NOKa3aTb,

uyto ecqii G = H3 (Q;) u g—gl =0, 10 (%G,] =0.
T
HokaxeM mepBoe yTBepxneHHe. Tak Kak Glp,—-O TO NpH J11060M
i, 1 <<i<<n, umeem

§ Gemdrdt=—F Gnedxdt=§ Gn,drdt =— § Gy, dx dt,
Qr Or Qr Qr
rae n— npousBosbHas ¢yHKuus u3 C? (Q,), yaoBiaerBopsiomas ycio-
BUAM 1 |p,=1|p,= 0. C apyroii cropoHs!, npu Jmobom {, 1 <<i<<un,
{ Gemdxdt= § Gmn; dS dt — § Gm., dx dt,
Qr Cr Qr
re n; — KOCHHYyC yrja MeXay (BHelwHefi) HopMaabio K I'y u ocbio Ox;.
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Takum o6pasom, aasa JoGbix dyskuuii 1 < C?(T;), ynoBrerso-
PAIOWHX YCJIOBHAM 1) |op, =1 |ap, =0, HMEIOT MECTO PaBEHCTBa

{ GmmdSat=0, i=1,...,n (61}

T'r

TTokpoeM 3aMKHYTYIO TOBEPXHOCTb 'y KOHEUHHIM YHCIOM (OTKPbi-
TbiX (n4-1)-MepHBIX) wapoB Vi, ..., V, TaK, 4ro6bl s Kaxporo

j=1, ..., m HamoCch TaKoe yucaO i=i(j), 1<<i<<n, uro Ha I‘T,,
rae I'ry=Tr NV, dynkuns |n; (x) |> 0. Bosbmem npoussoasHOe [,

l <<j=<<m, u npousBoJbHYylO (yHKUHIO 1) (X, HeC? (T;,), npogmoa-
xeHHyto (Ha I';) nynem BHe I';;. M3 (61) caenyer, uto

§ Gnigpy () (x, £ dS dt=0.

Ty |
[Tocko/bky MHOMECTBO (GYHKUMEA 7, ;) (X) M (x, {) TIPH NPOH3BOJBHEIX
n(x, t) ns C*(T;;) sciony maotHo B Ly (T'yj), 10 Gi|r,, =0. Cnego-
BaTenbHO, Gl =0. Ilepsoe yTBepKneHue noKasaHo.

Anasornuo lIOKa3bIBaeTCH U BTOpoe yTBepKueHue, JleficTBu-

TeJbHO, TaK KaKa l =0, 10 npu moboii ne C*(Q;), Mlp, =
=1p,=0, HMeem

{ AG, mdxdt=— [ AG-n dxdt =

Qr Qr -

= { VG-V dxdt =— § VG,- Vndx dt.
Qr Qr

C npyro#i CTOpOHHI,

§ AG,- 7 dx dt =KS 9t 1 dS dt—QS VG, Vi dx dt,
T T T
oTKYAA
d
\ o Gndsa=0
Cr
s mo6oii e C?(T;). CaenoparessHo, %—%’lr =0. JlemMa poKa-

3aHa.

Jemma 5. Ecau 0D =C? u ¢pynryus f (x, t) npunadaexcum
npocmparcmay Hlj Q) wuau npocmpancmsy Hé% Q) npu Hexo-
mopon q=2, mo npu mobom t<|0, T] u p=1,...,9—1 caed
Pynryuu 5{,; na Dy npunadaexcum HY P~ (D;) uau coomsemcmsento

Hiz2=1(D,).
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Jlas pokasaTenbCTBa JieMMb! 5 B CHAY JeMMbl 4 0CTaTOYHO JOKa-
3aTb cjenyiollee yTBepxpaeHue. Ecau ¢yukuus G(x, {) = H*2(Q;),
To nipu modom ¢ [0, T] Glp, eH'(Dy); ecmn G H*(Q;) u G|, =
=0, To nmpu mobom ¢ < [0, T] GlD, e HY (D).

B cuay reopembl o ciemax (reopema 1, m. 1, § 5, ra. III) npu
ao6om ¢t [0, T G]DteLz(D,) H Gxi{pteLz(D,), i=1, ..., n
BosbMem npousBoabHy0 GyHKUHIO 1, (£) U3 C! ([0, T]) u npousBob-
Hylo GyHKHIO 1, (x) w3 C! (D). Ha ocHoanun ¢opmyas OcTporpan-
CKOro npu JioboM i=1, ..., n

S Gxinlnz dx dt =— S GTlllexi dx dt, (62)
Qr Qr
T. €
T
§m [S (Gs e+ Gz, dx] dt =0,
0 Dl

Tak kak MHoxkectBo C!([0, T']) Bciony mnJiotho B L,y (0, T), a ¢yHk-
s S(Gxinz +GNay)dx B CHIY JeMMbl 2 NPHHALTENHT NPOCTPAH-
b

CTBY 1{]‘ (0, T) u, Tem campiM, sBaseTcsi HenpepuBHOA Ha [0, T, To
MpH TIPOH3BOJIbHOH (YHKIMH 1, (x) =C!(D) ana Beex ¢ <0, T]

§ Geadr=— § Gy dr. (63)

D, D,

CrneposateibHo, npu qobom ¢ < [0, T] Glp, e H'(D,) u ee 0606-
IIEHHOH MpPOU3BOAHON MO x; ABAfAeTcs caejy Ha D, GyHKuUUH G"z (x, ?),

i=1,..., n .
[Iycts Tenepp G H2(Q;) u G|p,=0. Torma paeeHcTa (62)

HMEIOT MeCTO M TNpH JioGol (yHKIHMH 1, (x) u3 C1(D). Tlostomy pas

Jo6oit Mg (x) u3 C'(D) npu Bcex ¢ [0, T] UMEIOT MeCTO W paBeH-
cTBa (63).
[To nokasannomy npu Jobom ¢ < [0, T] Glp ) e H'(D,), nostomy

npu Jmo6oit M, (x) = C! (D) napany c¢ papencrsamu (63) HMEIOT MECTO
W paBeHCTBA

§ Genpdx = § Gngn; dS — { Gy, dx.

DI ODI Dt
Takum 06pasoM, TpPH TPOU3BOJBLHON 1), (x) u3 C! (D)

S Gnen; dS =0, i=1, ..., n
ab,
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M3 3THX paBeHCTB BHITEKAeT (CpP. JOKA3aTeNbCTBO JieMMbl 4), UTO
cren pyHkuuu G(x, ¢)|p, Ha rpanuue 0D, obnactu D pasen HyJo.
Jlemma nokasaHna,

3ameuyanue, M3 gokazaresbCTBa JieMMbl 5 HEMENJIEHHO BbITe-
KaeT ClpaBeiJ/MBOCTb CJefylolllero yTepxKaeHus. Ecim 0D = C?
u f(x, t)eHI(Q;), To npu mobom ¢ [0, T] flp, = HI (D).

Jlemma 6. IIycme vy, s, ...— OPMOHOPMUPOBAHKLLL Gasuc npo-
cmparcmea Ly (D). Toe0a 0an mobod dyuxyuu G(x, {) =Ly Qr)
UMeem Mecmo pageHcmeo

oo T 2
3 1(1 600 Do ar) dt=16k.on
k=10 ’

D,

IMockonbky pas n. B. = (0, T) dynkuua G(x, {) =L, (Dy), 10
JJIA 3THX 3HaueHwil ¢

3 < [ G, ) e ®) dx)2 =|G(x, O I, 0.
k=1 Dt

Vurerpupysa 310 cootHowenue ro (0, T), corjacHo Teopeme JleBH
noJsiyuaeM TpeGyeMoe paBeHCTBO. JleMMa no0KasaHa.

[MepeiineM Tenepb K 1OKa3aTeJbCTBY JeMMbi 3 B CJaydae, KOraa
¢=¢v=0. U3 (49) u (50) umeem

Uy (t) = —— §f(x,t)vk(x)sinl/Mk](t—t)dt, k=1, 2, ...
¢

V1Al
(49")

(8 cayvyae BTOpoii cMmelnaHHoH 3ajaun U, (t)=7|—l_l=)—_|§ (t—1) x
t

X f (%, 1) dx d7).

Mycrs cnauana p=0. Ilockoabky ¢yHKUHH [ H v, NPHHAA/IEKAT
npoctpanctBy Hy ' @) (wmm  A%' Qr), a A"v= Ajv, npu
moboM p=1, ..., [s/2], To ans Bcex {=[0, T] B cayyae ueTHOro
s—1

s—1 =1 __
| 2Up ()= (=12 § [, DA T v, (x)sin VIR, (t—71) dxdr=
e
s=1 sl R -
=(—=1)7 [A (1) v (0)sinV[he] ((—7) dx dn = (1),
7
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rpe

&z(t)<§sin=1/yx',,y(t—r)dt dt( f(x, 1) v,,(x)dx)z\
0

//\

S 2
S(SA 2 fx, t)'vk(x)dx> dt
b

D,

—1
Tak xak A =L, (QT), TO B CHJAYy JeMMbi 6 YHCJIOBOH pan

o T §—
p S (S A 21f(x, vy (x)dX> dt cxomutes H
t

k=1

(=]

o T s—1 9
20 (S A2 f(x, t)w,(x)dx) dt =
k=00 Dt

s—1

QHA 2 f) dx dt < C'[f [ly5-1 g,

o)
CregoBatensHo, pan >, of (f) pasHomepHo Ha [0, T] cxogutcs W
k=1
o)

pI) 0 (O) < TC' | [ys1 gy = C I 351 0n-

B caydae, xorga s—1 HeueTHo,

| Ap |2Ug (8) =

§s—2 s—2
=(—1) 7T [ M2 (AT f(x, 1) 0, (x)sin Y The | (E—1) dxdr=
<
s—2 s5=—2
=(=1)7 S A f(x, t)op(x)d(cos VA | (t—7)) dx =
<

§s—2

s—2
= (— I)T{S AT f(x, t)vg (x) dx —
T |

—cosVThlt § AS—22f(x, 0) vy, (x) dx —
D,

t §—
-—Scos]fm(t—t)[s A_Ezfr (*, T) vy (%) dx]dt=
0 D

T

— o () + o (O) + 0" (1) = (1)
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rje
2

z 2 5-2
las )] =‘ [ A7 f(x fyvs (1) dx

Dy
S—-2 2
a (O <|§ A7 Fie 0o (x|,
Do
la (1) ,2<TS (g A§:21f,(x, £) vs (%) dx)2dt
0 Dt

§—2
Oyukuua A % f = H'(Q;), mnostomy mpu Beex ¢ < [0, T
s—2
A2 f(x,HyeLy,(Dy) u

‘ §—2 2

A2 f(x, t)|L,(P,) < const
CrnenoBatensho, pag ) \;‘:) (%) l2 cxonutcss paBHoMepHo Ha [0, T}
k=1

§s—2
A2 f(x ) n” 1(Qp) << const | f 51 gn»

kgl ‘ ; (t) ’ =C® “f"HS‘l(Q,)

Tak kak ana mo6oit ¢pyukunu G (x, ) = H? (QT) B CHJY aGCOMOTHOM
HenpepuIBHOCTH HHTErpaJgaa
e

Gz, 0y =1 Gl ppry= 2§ DS G (¥, 1) Gy (%, T) dx dv =o(1)
¢ T

npH
|t —t"|—>0, t'<[0, T, ¢<[0, T)
L,(p,) HenpepsieHa Ha [0, T]. CnexosaressHo,

§s—2
T0 GyHKUHA t| A
npH Bcex te[O T]

<1§A 2 flx, f)vk(x)dx) l

2(D 0 <C| 1@

npuueM 1o teopeMe IlMHM DA, CTOSLHI B JIeBOH YaCTH 3TOr0 PaBeH-
CTBA (B CHJY JieMMbl 2 ujeHbl 3TOrOo psina HempepoiBHbi Ha [0, T)

cxoumca paBHomMepHo Ha [0, T]. Orclona an‘exae'r, 4TO pAxn

Z Ia(l’ (t)l CXOHTCS paBHOMepHO Ha [0, T] u

kg 1;(1) ) |2 c "f":f“(of)-
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s—2
Hanee, ¢yuxkuua A ? f, =L, (Q;), mostoMy coriacHo Jemme 6

t”l-n(Qr) <C|f sy

o T s—2 2
2 (S A2 fy(x, t)vk(x)dx)
0 \D,

k=1

(o]
z 2
CrnenoBarensyo, psix ) \a(f) (t)l CXOHTCA paBHOMEPHO Ha OTpesKe
k=1
[0, Tl u

S1a00f el g,

Takum oGpasom, psm- ) gci () cxonutcs paBHOMepHO Ha [0, T'] u ero
k=1
cyMMa

O

Z o i () <C”f”[—[s Q)

YTBepXKaeHHe JeMMsl 3 npH p=0 Q0Ka3aHO.
AnanornuHo oHo nokaspiBaetcA H npu p= 1. Corsacuo (49’), (50)
IpH 4YeTHBIX s— |

v . "
|7~k| K ﬁ—(— 1) T §f(x, 'c)A 2y (x)cosV [ Ax|(E =) dxdr=
t

s—1

=(— 1)T§ A%f(x, 7)- 0 (x)cosV/ [hg ] (£ — %) dx dt = i (2).
¢
Tak kak

T §— 2
pry<T( dt(g ATlf(x, t)vk(x)dx> ,

0 D,

TO PSR Z B2 (¢), Tak e Kak W psx Z @i (), paBHOMEpHO Ha
k=1
[0, T) cxop.mcﬂ H

2 BL () <C |l 1o
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B cayuae HewerHoro s— 1
s—1 '

EIE- L
§— §s—2
=(— 1)?—2|x,,|% A2 f(x, t)vp (x) cos VA ] (E—7) dxdi=
7]
§=—2
—(—1)F <sm1/|x,,|t [ AT fex, 0) o, () dx+
§—2 &
+ § AT ek, T v (x) sin VT g | x,,|(t—r)dxdr>
<
=B () + B (1) =i (0.
Tak kak
§—2 2
ol <(5a7 fex, 00 dx)
T _s___ 2
B0l < §(D T el o () dx) dr,
TO pAABI i (Ef.s) (t)>2 (TaKk Ke KaK H pAAbl i (gcf) (t))z), s=2, 3,
k=1 k=1

~
~

o)
a cJe[0BaTeNbHO, U Pl Z P2 (f) cxonarca paBHoMepHo Ha [0, T} u

o

3 B0 <Cli ey

YT1BepxieHHe neMMsl 3 npu p=1 jp0KasaHo.

IMycts Tenepp p=2. Tak kak ¢yHkuua U, (f) ynosaeTBopsier
nubdepennuansiomy ypasHenuro Ui — AUp=f,, 10 B ciyvae wer-
HOTO p, 2= p<:s,

dPUy 2=ty dr-2
T _7”2U "M fk"”‘ g dtfﬂk+ - dtl’f‘f'

a B C/lyYae HEYeTHOTO p, 2<p<s,

- dPU =3y dr-2
dﬂ’k @t }\' T fk ity dtl"f‘f :

[TosroMy yTBepxkjeHHE JNeMMbi 3 6leeT IOKa3aHO A/s JIOGOro p << s,
ec.rm IIPOBEepHTh, 4YTO JiIsi moboro ¢, O0<<g<<s — 2, psan

—7\, 2 dUk

—q 4
2 M2 "( dt£k> cxonutcs paBHoMepHO Ha [0, T} u nMeer Mecto
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HepaBeHCTBO

a7 (G} <ClF Pt g

18

k

I

B KOTOopoM nocTossHHasd C >0 3aBHCHT TOJNBKO OT Q.
B cuny nemm 2 u 5 B cayvae vetHoro s—g aas Beex ¢t [0, T
HMeeM .

2=9=2 g 5922 o Gaf(x, ¢
hlt GlE=ing 2 (ZLE 0, (g dx=
Dt \
s—qg—2 s—q—
a9 (x, ¢ ~
= = (a7 LDy g a=70.
D,
s —q=—2 -2 f
Tax xak A 2 athH(QT)’ TO npu mobom ¢ < [0, T]
S—g—2 09, ,
e q ﬁqfeLz(D,) H ¢yHKIUA "A 2 —f(3§+' ) Henpe-

poiBHa Ha [0, T']. ITostomy psan Z 71 (£) cxonutca paBnomeprona [0, T) u
‘ k=1

i{ez (t)=
k=1

Ilycts s—g nevernoe. Toraa aas Beex (< [0, T

85—

AT P, 1)

a1 "L 0y =Cl 100

s—q—3 1 §—q—3

s—e=3 L f (x, ¢
(1) T g SA P& D o, (9 dx = Va1 ().
D,
s—qg— 3aqf
Tak kak A ? s & A%5(Q;) (unn % (Q;)), T0 B cuay nemmsi 5

§s—q— 3aqf
npu qogom t<[0, T] A 2 57

s—q—3
gg ’:ﬂ o, )’ HernpepriBHa -Ha [0, T']. ITockoabky npu

o

no6om ¢t [0, T Z @ (A |+1)=|A

e (Dy) (wnu H*(Dy)), npuuem

¢dyHKuHa |A

§ —

—36_% 2
019 || Py

» TO PAR

Z.;i(t)(]kﬂ-[—l) H, TeM OoJsee, pai Z;ﬁ(t)jkk] cxoxaTes
k=1 k=1
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paBHoMepHO Ha [0, T} u

00 " s—q—3 aé'f 2 .
k;l?t? (t)IM!é"A © | ) <CIF e

JlemMa nokasaHa.

Kak yxe otmeuanocs, Ge3 yc/JoBUH HA 3ajaHHble GyHKUHH THIA
(56) u (57) B cayuyae mepBoil cMeiaHHOH 3amauu H (58) u (59) B cay-
yae BTOPOH CMeIUaHHOH 3ajayd TeopeMbi 3 H 4 HecnpaBeiJIHBbL
OnHako ecJH Mbl XOTHM YCTaHOBHTHL TIJIaJKOCTh OGOOLIEHHBIX perue-
HHii, a He CXOAHMOCTb B COOTBETCTBYIOLIEM NpocTpaHCTBe psga Pypoe,
T0 ycaoBua (56), (57) u coorBercTBeHHO (58), (59) MOryT GHITH Cylue-
CTBeHHO ocaa6aeHbi. OcTaHOBHMCA, HanpHMep, Ha CJydYae mNepBOi
CMEIUAHHOH 3a1ayH. .

Teopema 3. Hycmo npu Hexomopom s=1 0D C*, o= H* (D),
Y= H-1(D), f = H*(Qr) u evinoanens caredyoujue Yycaosus coeaa-

COBAHUSL: [ 3] _
Qlap=...= A{s—’;—l-](p—}- 22 A[sgal—i%;Tf, =0 (64)
i=0 1 lop,
u npu s=2
g s, |
Vlp=...= A[?]“‘¢+- Y A[?]‘Hg;j;{. =0 (65)
(=0 1i{ap,

s
(cuumaem, wmo npu s<<0 > a;=0). Toeda obobuierHoe peusenue

i=0
nepeod cmewarnoll 3adauu (44)-—(46) npunadaercum HS (Qr).
ITpu s=1 ycaoBus corsacoBanus (64) u (65) B Teopeme 3’ uMeroT
BH]L
¢ lop =0,
npH s=2 —BHJ
@loo="%lop=0,
a npu s=3—BHA

@lop=Ylop=0, (Ap-+f)lop,=0.

Tak kak f=H*"'(Qr), To B CHIy 3aMeyaHHs K JeMMe 5 ee caef
f |p, npunanaexur H<-2(D,). CnenoBartenbHo, A1 §==3 MpH M0OGOM

i=0, ..., 3—2_—] cyliecTByeT npHHajgnexamuit L, (0D,) cnen
s—3 .
20 g peif

A{ 2 ] %ab,amﬂs,>,4npu J11060Mi=0,..,,[%]—2—c.ne11
- o
l%.]._z_.i QRitIf

A atZiﬂ OD“‘
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HokasateansnctBo. Ilpy s=1 yTBepxaeHHe TeopeMbl OYe-
BuaHo. IIpn s=2 oHo BhiTekaeT H3 caeicTBus 2 Kk Teopeme 3. [loka-
’)KeM ero npH s=3; A s> 3 KOKa3aTeqbCTBO 3HAJOrHYHO.

Bmecte ¢ 3anaueii (44)—(46) paccMOTpHUM 3axauy

vy —Av=f, (66)
Vo=, (67)
: Vtleeo =004 |p,. (68)

YcnoBHA TeopeMbl FapaHTHPYIOT CyILeCTBOBaHHE OGOOLIEHHOro pelie-
HUA v (X, f) 3amaun (66)—(68). B cuay creactBua 2 K Teopeme 3
dyHKUHA v (x, {) npuHaanexxut H?(Q;) M ABAAeTcA pelueHueM II. B.
3agayn (66)—(68). INokaxeM, uTo v=u;.

dynkuua

w (x, t)=(P(x)+§v(x’ T) dr,
1]

OueBHAHO, NpHHamIeXHT H2(Q;), u

t
Vo =V¢ +{ Vo (r, 1) dr,
: 1]
Wy=v0.

B cuay Toro, yTo v fABasAeTcA OOCOOILEHHBIM pellleHHEM 3ajayH
(66)—(68), ¢yHKHHA w yIOBJETBOPAECT HHTErPAJBHOMY TOXKIECTBY

QS (Vw,Vn—wtmt)dxdt=D§<f+Acp)ndx+ {imaxat  (69)
T ) Qr ‘

1715 Beex M & HY(Q;), YIOBJETBOPAIOIHX YCJHOBHAM

Mlp,=0, %ir,=0. (70
[lycts n = C?(Q;) H yAOBIETBOPSET yCJAOBHAM

Nlp:="0Ip,=0, 7M|r,=0. (71)
Toraa ,
{ (V¥ —wym,) dedt =
er

=— [ (VoVn—wmy) dedi— § (VoVn—yn,) dx=
Qr Dy
=—{ (VoVn,—wmy) dedt+ § (Ag-n+yn) dx
Qr Dy

"

{fmdxdi=—§ o dxdt— § fndx.
Qr Qr Dy .
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TNoxcrasnas st paBeHcTBa B (69), mosyunm

\ (VoVn, —wmy) dedt = § ¥y, de+ § o, dedt.
Qr . D, Qr

Tak xak a1 mmo6oit Gynkuuu §(x, #), npuHamtexameii C?(Qr)

H yloBJeTBOpswomell ycjaoBuaMm (70), Haliiercd TaKas NpuHajJexka-

was C?(Q;) u ynoBnerBopsiiomas ycaoBusM (71) ¢yskuusa n(x, f),
T

uro §{=mn, |1 (x, t)=—-—§ §(x, 1) dr|, To pyHKUHA w YyJIOBJETBOPAET
¢

HHTErpajJbHOMY TOXKAECCTBY

§ (Vovi—wg) dedt = § $dx + § fodxdt
Qr Dy Qr

s Beex §(x, £), npunamnexaumix C? (Q;) U yAOB/IETBOPSAIOMIHX YCI0-
BuAM (70), a caeloBaTeqbHO, H A1 BCeX YJOBJETBOPAKILHUX YCJO-
Busim (70) ¢ us H*(Qr). B cuny enuncTBeHHOCTH O00OOILEHHOro pe-
meHus 3agaud (44)—(46) w=u u, TEM caMbM, U =1u,.

Takum obpasoM, u = H?(Qr) u, = H?(Q;). Tak Kak u sABaAeTcA
pelueHHeM 1. B. 3ajauu (44)—(46), To npu n. B. { &[0, T] dyHKUHA
u(x, t) ABaAeTcA pelleHHeM [I. B. NepBOil KpaeBOH 3alayd 1Jid ypas-
Henus Ilyaccona

Au =f1a re Dtv

u|aDt=0,
rie fi=@+uy)|p,. Tak kak B cuaIy caencTBus 2 H3 TeopeMmbl 3

Uy |p,=v¢lp, € H* (D), 10 f; =H'(D,) u cornacio Teopeme 4 m. 3
§2rn IV gna n. B. <0, T] us H*(D,) u

llee]ers () < const | f1]lers () << const [[If [ b,y +[ et |1 p ] <

<:COHStmeHNQn'*Hwﬂﬂwo)%-HA¢-+fﬂHWDn'+”ﬂ”HMQﬂ]‘\
<< const [ f{la2 cor) 1% Jrrs (o) + @ 115 (2]

CrnenoBaresnho, u < H3(Q;). Teopema nokasaHa.

§ 3. OGoGmennoe pewenne 3agaun Koun

Paccmotpum B mogoce IIy={x=R,, 0<<{<<T} npu HeKkoTOpOM
T > 0 runmep6oJiHYecKoe ypaBHeHHe

Uy — div (k (x) Vu) +a (x) u=F, ()
rie k(x) =C'(R,), a(x) =C(R,), inig k(x)=ky >0, sug k(x)=
xe n e n
= k; <<co; OyneM Takxke CYHTaTb, uTo a (x) ==0.

Mpunapnexxamas C? (Iy) NC* Iy Y {{=0}) dyukuusa u(x, f) Ha-
3bIBAETCS KAaccudecKkum peuieruem 3adawu Kowww pna ypaBreHHs (1)
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B nosoce IIy, ecmu B Ily ona ynosserBopsier ypasHenuio (1), a mpH
{=0— HayanpHbIM YCJOBHAM

u't—0= (P(X), (2)
Usleo="1 (x). (3)

OGosHauuM s mnpousBosibHOro R >0 uepes Qr g LHJIHHID
{lx]<<R, 0<<t<<T}, uepes Sr r — ero GOKOBYI0 NOBEPXHOCTb
{|x|=R, 0<<t<<T}, a uepes Dypg, 1[0, T], —MHOXKECTBO
{lx| <R, t=t}; B uactnoctd, D, p—HHxHee, a Dr p —Bepxuee
OCHOBAHHA UHJHHApPA Q7 5.

[yets u(x, t)—maccuqecxoe peiienne 3axaud Kowm (1)—(3)
B nosioce Iy, 5 npu HekotropoMm & >0 ¢ dynkuued f (x, f), npunan-
aexameil Ly (Qr, g) npu qo6om R >0. YMHOoxHuM (1) Ha mpoHsBosib-
Hyo ¢yHkuuio v (x, £), YIOBJETBOPAIILYI0 IPH HEKOTOPOM R, =
= Ry (v) > 0 caexywoleMy yCa0BHIO:

v(x, )€ H' Qryr,)s v (x, =0 B II'\Qr, rys
U‘DT,R0=0’ U‘ST,R(]:O’

(4)
H MpOHHTErpHpyeM IoJyueHHoe paBeHcTBo no mnojoce IIr. C mo-
Motpio dopMyJsl OCTPorpaiackoro mosyyYuMm

| (kVuVo + auv — uoy) drdt =
IIr

= {fodrdt+ [y Wolx, Odx ()

r R,

(B 5TOM paBeHCTBE HHTErpHpOBAaHHEe Ha CaMOM jeJle IPOH3BOJUTCA He
mo Bceft nosmoce Ily u miockocTH {x e R,, {=0}, a jauwp no uH-
JUHAPY Qr, R, U €r0 HHXKHeMY OCHOBaHHIO Dy g, COOTBETCTBEHHO).

Myers f(x, ) =L, Qr,r) a V(x) =L, (x| <<R) npu mobom
R > 0. Benem clenyoiee onpeeneHue.

OyHKUHA 4 HasbiBaercs 0006ujeHHoiM peulenuem 3adauu Kowu
(1)—(3) 6 noaoce Ily, ecnu oHa nmpuHamaexut H'(Qr r) mpu Bcex
R >0, ynoBneTBopsieT HHTErpajibHOMy TOXAecTBY (D) a1d BCex v,
YIOBJIETBOPSAIOMIKX YyC/I0BHIO (4) mpH HeKoTopoM R,=R,(v)>0, u
YIOBJMETBOPsieT Ha4yaJpHOMY YycJaoBHO (2) (1. e. u(x, {) IDo r=0 ()
npu Jobom R > 0).

Hapsany ¢ NOHATHAMH KJacCHYecKoro H 0OOOILEHHOrO pEILeHH i
sagayn Koum (1)—(3) MOKHO BBeCTH MOHATHE pememm n. B. 3TO#
3aJauH.

@OyHKUMA © HA3bIBAETCA peuweHuem n. 8. 8 HT 3adauwu Kowiu
(1)—(3), ecau ona npunaujexut H?(Qr, g) npr Bcex R > 0, ynoBier-
Bopsier ypaBHenHwo (1) an1a n. B. (x, t)e Iy u ynos.nemopser Ha-
YaJibHEIM  yCJoBHAM (2) # (3) (T. e. ulDoR-—tp, Ut\py p=" TIpH

ao6oM R > 0).
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Bsliie GbLIO II0Ka3aHO, 410 KJaccHueckoe pelueHHe B Ilr. s (mpH
npousBossHoM § > 0) 3amauu (1)—(3) ¢ f, npuHapnexamed L, (Qr, R)
npu JMwo6oM R >0, sBaserci OGOGWEHHBIM pelueHdeM B IIy sToi
3anaud. AHAJOrMYHO JOKa3biBaeTCs, 4YTO M pelueHHe . B. 3313yl
(1)=(@3) (8 II;) sBnsercs oGobiieHHbM perueHHeM (B Il7) aToit 3anaun.

Tak ke Kak # B CJyyae CMEIUAHHBIX 33ja4, JeTKO MoKasars (Cp.
c jgemmoit 1, m. 1, § 2), uto ecau ofoGiuenHoe peuente B II7 3anauu
(1)—(3) npunannexxur H®(Qr,g) npu maw6oM R >0, T0 oHO ABJAETCA
pellieHHeM M. B., ‘@ €CJH OHO NMpUHALIeKHT C? (HT)nC1 (IIry{t=0}),
TO fIBJAETCA KJACCHYECKHM pelleHHEM.

IMepefinzeM Temepb K JOKAa3aTeNbCTBY TEOPEM CYILECTBOBAHHA H
€IMHCTBEHHOCTH 0600IleHHoro peiuenHs 3agaud (1)—(3). Has storo
HaM MOHaJoGHTCA cJefylolliee BCIIOMOraTeJpHOE yTBepIKAeHHe.

BoabMem HekoTopoe uucao y=>Vk, (k= sug k (x) << co). Ilyctb
xe

n

{; — Npou3BOJMpHOE uHCJO, GoJbiuee Yem 7, a x°— nmpousBosbHas
Touka H3 R,. O6o3nauuM uepe3 K, . (x%), rae 1< (0, T), sexamuii
B II; yceuennnli kKomyc {|x—x®|<y(4{—?), 0<<ti<<t}, uepes
I;,, - (x°®) — ero GoxoByto noBepxHocTb, Iy, « (x%)={lx—x*|=9 (4, — 1),
0<<t<<t}, a uepes Dg, y¢,—g (x°)— MHOXKecTBO {|x— x| <<y (£, —0),
t=0}, 0<<O<<t (torna Dy, 4, (x°) U Dy y¢,—7 (x°) —ero HuxHee
H BepXHee ocHoBaHHs). Ecan x°— Hauano KOOpAMHAT MPOCTPaHCTBA
R,, 1o KoHyc Ki, (x°)=K4,-(0) GyneM oGosHauaTe uepes K, 1,
a noBepXxHOCTb Iy, ¢ (0) —uepes I’y . B atom ciyuae Dy y¢,—r) (0) =
= D y¢,—v H, B YacTHOCTH, Do, 4, U D7, y¢,—1) — HHXKHEE H BepXHee
OCHOBaHHS KoHyca Ky, r

Jlemma 1. Hycmb npu Hekomopoix t1>T u x* =R, Pynryua
u (X, t) =Nk (Kth T (X )), u IDO, ) =0u

S (& (x) VuVo+auv — uv) dx di =0 (6)
Kth T =9

025 6cex v, Y0084emeOPAOULUX CAEOYrOUEMY YCA0BUIO:
ve ' Ky, r(x"), v=0 6 IL\ K, 1),

leT.v(t;—T)(xo)=0’ vlrt,,T(x°)=0'

Toeda u=0 8 K, 1 (x%).

QOueBHHO, CNPaBeJHBOCTD JieMMbi | NOCTAaTOYHO YCTaHOBHTB NpH
xt=0.

BosbMem npoussodibHOe T e (0, T] u pacecmoTpuM B Ky, T GYHKIHIO

6 (x)

ol f)= §u(x, 2) dz B Ky

S 0 B Kt,,T\Kt“ta
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rae

O(x)={ h— %' mpr ¥ (h—7) <|x|<vh,
T mpu x| <y(h—1)

((t=0(x), |x|<<vt,—ypaBuenue noBepxHocTH Iy <UDr, yt—n)-

Qyukuus v (x, {) npudaniexur A (Ky, 1), vir, . =0, 0oy o (0 0=

= 0 a9 Bcex v & [v, T], # o6oCuleHHbe NMPOH3BOAHHE (QYHKUHH v

HMEIOT BHI

[ 80 .
Vo tS Vu(x, 2)dz+u(x, 8(x))V8 B K, 1, @)
0 B Ktl, T\Ktl,‘h
v { '—'u(x’ t) B Ktl,‘n
=

0 B Ktt, T \Kti, T (8)

Ilpome Bcero B 3TOM MOXHO yGenuThes CJIE/YIOLIHM o6pasoM.
Tak Kax ue HY (K, r), TO CyIWIeCTBYeT MOC/€I0BAaTENbHOCTD g,
s=1, 2, ..., dyukuuit us C*(K,, r), cxonswmasics x u 8B H' (K, 7).
PaccmoTpHM moc/ienoBaTe/bHOCTh NpHHanexamux C (K, r) byHKuui
Uyy Ugy ouss

6 (x)
tn@® § um(x, 2)dz B Ky n,
¢

0 B K 7\ K. o

Um(x, 8)=

rne L,(f) pasHa 1 mpu {<<v(1—1/m), paBHa 0 npu {>r,
0<in()<1, tn() & C'(—oo0, +00), |F2|<Com. Tipu mobom
v &[0 T] Unlry o UDy yg—w =0- TTokaxkem, uto nocnenosatens-

HOCTb Upy, Mm=1, 2y vins CXO}IHTCH B H' (K4, 1) x v. JleficTBuTe/NbHO,
MOCJAEA0BATE/bHOCTL Uy, m=1, 2, ..., OUEBHAHO, CXORHMTCH K ¥
B Ly (K4, 1), NocaepoBaresbHOCTs Vo, m=1, 2, ...,

6 (x)
Vo — En(®) § Vum(x, 2) dz+Lm (8) ttm (x, 8(x)) VOB Ky, 1,
m— t

0 BKt,, T\Kt,,‘ﬂ

cxopuresl B Ly (K4, 1) k Bektop-¢yHkunu Vo, 3apanHoli dopmyioit (7),



§ 3] OBOBUEHHOE PEUIEHHE 3AJAYHM KOUIH 329
(r. e (Um)e;=>Vsp i=1, ..., n, IpH m —CO) H TAK KaK

6 (x)

2
Cim? (S Unm (%, 2) dz> dedt <
Kyt \Ke v (i —1ymy) Mt
<Crr wh (x, 2)dxdz <
Key, e\ Ky, 10 = 1/m)
<2€3T”[ { w—umpdeat+ { uzdxdt]—»O
Ke, 1 Ky, tNKyva—1ym

npu m —co, TO MOCJAEAOBATC/IBHOCTD Uy, Ugsy oo-

6 (x)

"“Cm(t)um(xs H+Tn (D) S Un(x, 2)dz B Ky

vmt = T

0 ’ B Kt., T\Kt,,‘ts

cxonutest B Ly (Ky, ) k QyHKuMH v;, 3apaBaeMoil dopmyJiofi (8).
TMopcrasasisi pyHkuuio v B TOXKAECTBO (6), NMOMYuHM

8 (x)
{ k) Vu(x, &) { Vu(x, 2)dzdxdi+
K, t
+ § k@ ux, 0(x) Vu(x, H)Vodxdi—
L
— {a)vwdrdt+ § wmdxdt=0. (9)

L LA

Tak kak vxph’tUDt‘v(t'_.[):O, TO

S avo,dx dt = — S av? dx <0. (10)

Kth T Do' Y4

Tak kaKk u|p, ,, =0, TO aHaNOrHYHO HMeeM

Suu,dxdt=§ S W (x, 6(x)) dx. (11)

K, t EIR 2N
11 B. I1. Muxaiinos
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~ INockombky
6 (x)
{ k) Vu(x, ) | Vu(x, 2)dzdtde=
¢

Klp T
8 (x) 9 (x)

= § k@ Va@ 6§ Vur, 2)dedtde=

X 1< 0 ¢
. 0 (%) 6 (x)

= { k) { Ve & § Vu(r, 2)dzdtdx—

X< vh 0 0
6 (x) t

— § k@) § Vu@x, {Vu(x, 2)dzdtdx=

1x] < vt 0 0

6 (x)
= § k| Vu(x, Hdt| de—
x| <74
6 (x) 6 (x)

0
— § k@ § Vu@, 2) § Va(r, t)dtdz dx,

1x] <7t 0 -2

2

TO corsacHo (7)
6 (x)

{ k@) Vu@, t) § Vu(x, 2)dedtde=
t

Kll, T
6 (x) 2

Vu (x, §)dt
]

dx =

_ L S k(%)

jx| < vt

2

j—

6 (x)
=5 | k(x)[ § Vu (x, &) di+u(x, 6(x)) V0
ix|<vt 0
6 (x)

—2u(x, 8(x) V0 { Vu(x, f)dt—u(x, e(x))|ve|2]dx>

(-]

= | k@ux, 60(x)V0Vu(x, #)dxdt—
LR '
— 1 S k (x) u? (x, 8 (x))| V8| dx.
[x] <9t

TlosTomy
6 (x)
§ E@)Vu(x, ) § Vu(x, 2)dzdtdxc+

¢

+ S k(x)u(x, 0(x) Vu-Vodx dt =

Ky,

=—y | k@t 0) V6P

[x1 <y b :
=— g S Wl (x, 6(0)dr.  (12)
X <vh
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TloncraBnss coortHoumeHns (10)—(12) B (9), moayuuM HepaBeHCTBO
( —I%— g u®(x, 6(x))dx =<0, H3 KOTOPOrO BHITEKaeT, 4TO
'ﬂ&?tl

S u? (x, ©)dx=0, otkyna B cuay npousBoJsHOcTH T (0, T)
Deyiti-v
nosaydaeM, uto u=0 B K, r. JleMma nokasaHa.

M3 nemmsl 1 HeMenseHHO BBITEKaeT TEOPEMa eJHHCTBEHHOCTH
o6o6iuenHoro pewenus 3apaun Koumm (1)—(3), a cienoBartensHo,
H €JHHCTBEHHOCTb PelleHHs M. B, H KJACCHYECKOro peIUeHHS.

Teopema 1. 3adaua Kowu (1)—(3) ne moocem umemo Goaee
00H020 0000LIEHHO20 peuleHUus, 60aee 00HO020 peuleHus n. 8. u Goaee
O0HO020 KAQCCUYECKO20 PEULEHUR.

Tlyets u; W uy; —OGOGIEHHEIE pEILEHHA (M, B YaCTHOCTH, pelue-
Hua 0. B.) 3apaun (1)—@3) (f= L, Qr, r) Y = L, (| x| <<R) nas Bcex
R >0). Torga HX pasHOCTb Uy — Uy YAOBJIETBOPSET YCJIOBUAM JeMMH |
npu Mmo6eix £, >T u x*=R,. Tlostomy u; =u,.

Ecnu u; u u, — Knaccuueckue pemeHns 3apaud (1)—(3), 1o ux
PasHOCTb u; — Uy ABJISACTCS KJAACCHYECKHUM pelueHHeM 3anaud (1)—(3)
C paBHBIMH HYMO ¢GYHKIHAMH f, @ H Y; NO3TOMY U, — Uy SBIASAETCH
OGOGLICHHBIM pelleHHeM H, C/IeOBaTe/bHO, U = U,. TeopeMa J0Ka3aHa.

Myers e H'(x|<R), &L, (*|<R), f€L@Qr ) s
moboro R >0. Ilpu kaxpom m, m=1, 2, ..., Bo3bMeM GeCKOHEUHO
nupdepenuupyemyto B Iy dyukiuuio L, (x, {), paBHylo 1 B Kgpr, 1
H Hymo B Iy Kgm+1,97, 7» U 0603HAUUM Yepes U, (x, f) 0606-
IEHHOe pelleHHe B IHIHHAPE Qr, g(m+-1y 7y CJACAYIOUICH CMEILAHHOMN

3ajauH:
Umee — div (R (x) Vum) +a ()t =[n (1, 8),

Um |Dy, 8m+1) 79 = Pm (¥)s (13)
Umy¢ ]Do. g(m+4+1) Ty =1pm (X),

Umlst, g(mi1y19=0

e @un(X)=9X)En(x, 0)y Y (X)=VX)Ln(x, 0), [u(x, )=
=[x, 8Cln(x, {). D10 o3Hauaer, uTO QYHKUHA U, [pPHHAL-
nexur  H'(Qr,sm+1)7Ty)s YROBIETBOPSieT HayalbHOMY YCJIOBHIO
Umn ]DO.B(m-I-l) T?=O H npu BceX v H3 HY(Qr, s m+1)Ty)s AIA KOTO-
PHIX U|Dr gmanyry=0 H Vlsy g(my1yry=0» VAOBIETBOPSET HHTe-
rpasbHOMY TOXIECTBY

{ (% (%) Y Vo 4 Qv — tmevy) dx df =
QT, 8(m-+1) Ty

= { fmv dx df +
QT,B(m-I-l) Ty
+ { Ym (K)o (x, 0)dx, m=1,2,... (14
Do, 8(m+1) Ty
11+
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Tak Kak @n & H' (Do, g(m+1)1y) (P EH' (Do, 5 (m+1)1y) H paBHa
Hymo nas 8 (m+1/2) Ty <|x| <8 (m+ 1) T'y), To corsiacHo Teopeme 1
npeabiylero naparpaga oGOGILIEHHbIE DEIIEHHS Uy, CYLIECTBYIOT.

BosbMeM npoH3BosbHYl0 TOuky x° e R,, a1d Kotopoil |x?|=

= (8m+6) Ty, u noactaBuM B ToXaecTBo (14) mpoH3BONBHYIO (BYHK-
IHIO ¥, YIOBJIETBOPSAIOULYIO CJELYIOIEMY YCJIOBHIO:

ve H' (Ker, 1 (x%), v=0 B IIs\Ker, r(x),
vy, =0, 0lryr rom =0

(HeTpynHO MpPOBEPHTHL, 4YTO Takaa GyHKUHA © OPHHALJIEKHUT
H'@Qr,8(m+1y7y) H uTO ee caensl Ha Dr gminyry H ST, 8(mt1)Ty
paBHBl Hy/Mo). B cuny nemmer 1 moayuaem, 4to 4,=0 B K7, 7 (¥°)
IMockombky x® —npousBoibHas ToYKa n-MepHoil cdepel {{x| =
=@8m+4+6)Ty, (=0}, T u4,=0 B UHUIHHIPHUECKOM CJIOE
{Bm+d)Ty<<lx|<@m+T7)Ty, 0<I<T}.

OGo3Hauum uepe3 d,{x, {) QYHKuMIO, PpaBHYIO U, (x, )

B Qr, 3m+¢ v ¥ HyMO B IIx\ Qr, 83m+6) r9» m=1, 2, ... OueBHyHO,
byskuua iy, m=1, 2, ..., anHauneme npoctpauctBy H (Qr, g) H

[Do R= Om (15)
npu Jo6oM R > 0.

BospMeM IpPOH3BOJIBHYI0 (PYHKIIHIO U, YAOBJIETBOPSIOILYIO YCJIO-
BHIO (4) ¢ HeKOTOpoIM Ry=R,(v)>0. Ecan Ry, <<(8m-+7) Ty, T0O
(QYHKIIHIO ¥ MOXKHO NOACTaBHTBH B (14). A Tak Kak Up (X, ) =dp (x, )
B Qr, 8m+7) Ty, TO HMEEM

{ (kVnV0 + 0l — fimvy) dx di =

IIr '
= {favdrdt+ { n () v(x, 0)dx. (16)
Ior Rn
Tlycts R0>(8m—|—7) Ty. Tlockoabky @m=u, B Qr, @m+7) Ty
U idn=0 B II;\Qr en+5 1y (B Qr,8m+7n 19 \Qr. 8m+5) Ty lm =
= U,=0), 10

{ (&Vip- Vo + alinv — dmoy) dx df =
Ior

= S (Vi VUt au,v — unmv,) dx dt,
QT, (8m+5 Ty

Bo3bMeM HEKOTOpYH GeckoHeuHo nH(depeHunpyemyo B [l dyHk-
HHIO (%), paBHYIO 1 B Qr, @m+5 1y # Hymo B IIrN\Qr, gm+7) 1.
MoncraBass  ¢yHkumo vf, B (14), mnoayunm (u,=0 B
Qr, em+n1e \Qr,@m+5 19 fm=0 B Iz \Qr,@m+o1yr 8 $=0
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B {lx|>@m+4)Tvy}

{ BV - VU Qim0 — tmgve) dx dt =
Qr, (8m+5) Ty

= ¥ (kVun V (0ln) +aum (vln) —um (08n),) dx dt =
Qr, 8 (m+1) Ty

=\ favdrdt+ § ¥m (x) v (x, 0)dx.

or Ry

Takum o6pasoM, ¢yHKuUHA &, YyAOBJETBOPSIET HHTErpajbHOMY
tToxaecTBy (16) maa Bcex v, nJf KOTOPHIX IIPH HEKOTOPOM Ry =
= Ry (v) >0 BoinosHeHo ycjoBhe (4). CrepnoBaTesnbHO, QYHKUHUA &,
siBJsierc 06o6LieHHpIM pelieHneM B I1r 3apaun Kowwn (1)—(3) ¢ ¢yHk-
IHSAMH @ = Qpy P ="Pp» f fny m=1, 2, Tockonbky byHKIHA
G — Oy (cuuTaeM, yto m' >>m) sIBAsAETCS oéoémeHHbIM B Il; pewe-
HueM 3anaun Komu (1)—(3) ¢ dyHkuuamMu @ =@ — ¢, =0 npu
2| <8mTY, $=Pm—Pn=0 mpH |x|<8mTY W f=fmw—fu=0
B Ksmr 7, TO B CHIY JIEMMBI 1 Gm —8,=0 B Kgnr, 7. TO €CTB npH
Bcex m' =m fp =1, B Kgmr, 70 2 cneaosaTeano H B Qr, 8m—1) Ty
dro o3Hauaer, YTO NOCJAE0BaTeNbHOCTs GYHKUHH #y, d3, ... CXOQHTCH
n, B. B Il k HekoTopoii ¢yHkuMu u, npuuem s moGoro R >0

cymectByeT Takoe uucaio N=NR) (NR)=1 +[R+;‘V]), uTo

BQrp u=iy=u, npu Bcex m=N. Ha (15) u (16) BbTekaer,
YTO U lj—o=¢ (npH Jo6oM R>0 paa m=N (R) ¢n=0 B Dy, ¢
U @u=1=0mlpy p=UlDy p) H # YyAOBJETBOPAET HHTErpabLHOMY
TOXKAECTBY (D) A/A BCEX v, /5 KOTOPBIX NPH HEKOTOPOM Ry =R, (v) >
> 0 BhIIOJIHEHO ycjoBHe (4),

CnenoBarensHo, # — o6oOleHHOe peineHHe B Il 3apaun  Kouin
(1)—(3). Taxkum oGpa3oM, ycTaHOB/EHa

Teopema 2. Ecau 9ox)=H' (|x|<<R), v(x)=L;(|x|<<R)
u felyQr r) npu mobom R>0, mo cywecmayerm o606ujerHoe
pewetue 6 Il sadauu Kowu (1)—(3).

OrMeTHM, 4YTO NOKa3aHO H cjenymwilee yTBepxaeHue, [as moGoro
R>0 cymectByer Takoe N =N (R), uro 0GOGUIEHHOE pelleHHe
u sapaud (1)—(3) B uuauHape Qr p CoOBmajaeT ¢ peLICHHAMH U,
cMewiaHHEIX 3apa4 (13) npu Bcex m=N

PaccMoTpuM Tenepp uacTHelfl cayuaii ypaBHeHHs (1) — BosiHOBoe
ypaBHeHue (=1, a=0 B (1))

Uy —Au=F. (17)

[lycte npu HekotropomM uetoM s>1 ¢o=Hs((x|<<R), Y=
e H' (x| <R), feH1(Q;r) ans moporo R>0. Torza no
.Teopeme 3 1n. 4 npeapiayulero naparpada OGOCIIEHHOE pelleHHe
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Um (x, f) cMewanHOH 3anaun (13) (npy k=1, a=0) npHHaNJIEKHT
H? (QT.S(m+1)TY)

((Pm =Ln(x, 0)o(x)= H;) (D0.8(m+1)'rv)’
Yo=Ln(x, 0)Y (x) = H.S‘D_I (Do, s(m+1)1v)s
fm = gmf S ﬁ.fb_’ (QT,S(m+1)TY))'

CuepoBatenpHO, 0GoGiueHHOe B II, perueHue u saaaqn Komu (17)
(2), (3) npunanaexur H* (Q, r) npH moéoM R>0.

Takum o6pasoM, nokasaHa ciaepyouas

Teopema 3. Ecau npu Hexomopom yesom s>1 ¢ H¥(lx |[<<R),
Ye 0 (x| <R), f= H*1(Qq,g) 0247 mobo2o R>0, mo 0606uer -
Hoe pewetue 3adauu Kowu (17), (2), (3) npunadsexmcum H® (Qr, g) npu
aro6om R > 0.

Tak KakK npHHajexaiuee npocTpaHcTBy H?(Qr r) npH moGom
R >0 oGo6iuenHoe peieHHe 3agaud KoM siBsercs peilleHHEM II. B,
5TOfl 3ajauH, TO H3 TeopeMsl 3 (NpH §=2) BbITeKaeT cJaepymoliee
yTBEpXKACHHE. '

Teopema 4. Ecau 9= H*(|x|<R), y=H'(|x|<R), f=
e H1(Qr,r) 04a avb6o20 R> 0, mo cywecmayem pewerue n. 8. 8 Il
sadauu Kowu (17), (2), (3).

OTMeTHM, YTO MOPSAAKH TIJIAKOCTH HauaJbpHbIX (yHKUMA H npa-
BOHl 4acTH ypaBHEHHs, rapaHTHpYIOUHE CylecTBOBaHHe OGOGIIEHHOrO
peiieHus 3anaud KowM WM pelieHHS 0. B., HE 3aBHCAT (TeopeMsl 2,4)
OT pasMepHOCTH MPOCTPaHCTBA.

ITycts s=[%]+3. Torna B cuny TeopeMsl 4 1n. 4 npensiny-

wero naparpada OGOGILEHHOE pelleHHe U, (¥, {) cMeluaHHOH 3ajpauu
(13) (npu k=1, a=0) ApasgeTca KaacCHUECKHM pelleHHeM 3Tofi 3a-
naun. CrepoBaTesbHO, 0GoGlleHHOe peleHHe u (x, {) 3apauu (17), (2),
(3) ABAsieTCA KjmaccHuecKHM pewieHHeM 3apaud (17), (2), (3

Takum o6pasoM, nokasaHa

TeoTema 5. Ecau ¢ EH[§]+3(IX1<R), ¢EH[§]+2(1x1<R),

n
feH [2 2 (Qr, r) npu mobom R>0, mo cyuecmsyem Kraccu4eckoe
pewerue 3adaqu Kowu (17), (2), (3).

B kauecTBe ponosHeHHss K TeopeMaM 4 H 5 O cyllleCTBOBaHHH
pelleHHs m. B. M KJaccHueckoro peiueHusi sagau Koww (17), (2), (3)
JIOKaXKeM CJIeRyollee yTBepKIeHHe,

Teopema 6. Iycmoe u— pewenue n. 6. 3adaqu (17), (2), (3)
8 Il uau &nraccuyeckoe pewenue amod sadauu ¢ e Ly (Qr, r) npu
arobom R > 0. Tozda npu robom R >0 u aobom ¢, 0 <<t <<min(R, T),
U Meem Mecmo HepaseHcmeo

EX’.(8) < EX” (0)+ 2} | f 11 (kg 7 (18)
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ede 7
Er)= § (ui+|Vup)dx, (19)
D¢, R—t
Dy poe={lx|<R—7, t=1},
Kp«={x|<R—t O0<t<}, [0, min(R, T)]

BosbMem mnpousBoasHoe T (0, min (R, T)) U npouHTerpupyem
no yceueHHOMYy KOHycy Kp . YMHOXEHHOe Ha u, paBeHcTBo (17)

{ (uu—uduydedi= § fu,dxadt.
KR, t KR, =

CornacHo Qopmysie OcTporpanckoro moJyyuM

§ @i+ |Va®de— § @+ Vo P)de+

D‘I.R—‘[ DO, R

n
+ S (Ui 4+ Vu®) ng—2u, Z uxini] daS=2 S fu,dx dt,
TR,‘C i=1 KR,‘U

rne T'p —GokoBas mnoBepxHOCTb KOHyca Kp 1, I'pr={x|=R—{¢,

1
0<t<,a(ne m ..., ”")=(17§’ Vie—p' " VAR

Top BHewHell HopMmalu K I'p ;. ITockoneky Ha T'g ¢

— BEK-

(i |Vu?) ng—2u, Z Uy =
{=1

1

n
Upxi \2 o U 1 { ugx; 2
<<R—t> 2~———R_tux[+u§[)—-‘§EKR_t—uxt-) =0,

M:

V2 @ ~
TO
Er()<Er(0)+2 § |f|lu|dxdt< Eg(0)+
KR, %
‘+2||f||L.(KR_I)(S (ui+|Vu az)dxdt)‘/“’. (20)
KRt

Tak kak 2|ab|=2'a]/§fl—/%_;l<2w2+g—2, T0 H3 (20) BHITeKaeT,
T
uyto a5 Beex < (0, 1)

5 1
Er() <Er@)+ 20| /Ity kg, g; | (i1 Vu 2 dxdt.
ki
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HuTerpupys 310 HepaBeHcTBo no { & (0, t), NOAydUM

S (u?—HVu |2)dxdt<TER(0)+272"f"%‘2(KR"‘)+
Kp,t

+g \ @Vup) drd,
KRt
OTKY/1a

V(-] VuP) dx dt < 20ER (0) + 49| fIL, (k g, o) <<
KRt

< (2VTEX )+ 20 Flea g, ) (21)

HepaBenctBo (18) BoiTekaer u3 (20) u (21). TeopeMa pokasana,

3AJAYH K FJIABE V

ITyete u (%, £), x=1(x1, %) € R,, —pelueHne (KJaccHyecKoe) 3agaun Ko

e
u”_axf ox3’
)]

Uleo=9, Ugltg=1

¢ GUHUTHBIMH HayaJbHBIMH QYHRUMAME @ H §: ¢=19=0 nmpn | xP=x7+xJ > R2,
1. Tlokasatb, uyto yHRuUHMA u (x, ) aHanuTHYHA B KOHyce {| x| <<f{—R,,
t> Ro}
2. JlokasaTb, YTO CYILECTBYET TaKasl NOJIOXKHTe/bHas NOCTOsIHHasa C, YTO IPH
BteX x& Ry ¥ =0 gna pewenus u (x, f) 3agaun (1) HMeeT MeCTO OUEHKa

C
VEQ+VTi=Tx])’

ITpu stom, ecnmt g =0 u Pp==0, P£0, 10 CywecTBylT TaKHE MOJNOKHTEbHbIE
nocrosikubie Cy U T, uto npH BeeX (=T H | x| <<I—R,

Co
Vi+VTi=TxT1)
3. I'lokasarb, uto aia JoGoro R > 0 cymectByer Takoe T >0, uTo pas1 Bcex
(x, he{|x|<<R, {z= T} pewenne u(x, {) 3agaun (1) npeacrasnsercs B Buge
CyMMBl CXoOAsiierocs psa

lu(x, =<

u(x, )=

o«

u(x, )= 2 %gé)’;

m=10
HafiTH ¢y H Cq.

Jloka3satb, 4TO eC/H 1JIS1 KaKOro-HHGYAbL Kpyra Ky={| x —x0| << ry} (x®— Heko-
ropad TOYKa H3 R,, ry— HEKOTOPOE NOJIOXKHTeIbHOE YHCJO) H BCEX HATYPaJbHBIX [
tlu (x, t) > 0 paBromepHo 1o x = Ky, 10 u=0. -

4. Nyets 9= C2(R,), a $=C!(Ry), M NycTb BCe BTOPHE NPOH3BOIHbIE
GYHKUHH @ H Bce NepBHe NPOH3BoxHbie PYHKUHH P npuHajgnexar kJaaccy C* (R,)
(cM. 3apauy 17 ra. 1I1) npu neKotopom o > 1/2. JJokasaTh, YTO TOrxa Cyuiectsyer
KJaccHueckoe peuenue 3apaun Kouwmn (1),
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K 5. IMyets u(x, 8, x=(x1, %3 ¥3) € R3, — peienne (KJAaccHYeCKoe) 3amavu
oL

0%u 0%u |, 0%u

o Tog T o
: ' @
u lf=o=(P, ullt=0=¢!

¢ QHHATHBIMH HaYaJLHBIMH QYHKUHAMH @ H .
IMoxkasatb, uTo npH BeeX x= Ry u (>0

lu(x O<Cht,

rae C— HekoTOpas MNOJIOXKHTeNbHAs NOCTISIHHASA.

6. ITyctb byHRUHA U (x, £), x == (%1, X3, ¥3) & R3, npuuagnexur C3 (Q\ {x°, £}),
rage Q— nekoropas 06JacTb YeThHIpeXMEpPHOro MNpocTpaHcTBa Ry, a (x0, %) — Heko-
TOpast TOYKa 06JacTH Q, H yaoBJeTBOpsieT B Q\ {x9, {0} BONNOBOMY YypaBHEHHIO (2).
Jogasate, uto u npuHamIexHT C2(Q) (T. e. ece MOXKHO JHOONpEeleNHTb B TOUKE
(x?, £% takuM ofpa3oM, 4ToGbl OHa CTaJa ABaXAbl HeNnpepeiBHO auddepeHuUHpYe-
Mot B Q).

7. Ilycrs ynkuus « (x, f)=uv(x—nt), x=(x, X3, X3), n=_(ny, Ny, Ng) —
NOCTORHHLI BekTOp, NpHHagnexur C3 (R,\\L), rae L — npsMasn, 3agaHHas ypaBHe-
uneM x— nf=0, u ynoBjeTBopsieT BHe L BOJHOBoMY ypaBHeHHiG (2). JoKa3aThb, 4To
ecnn u(x, )=o0(l/r), rne r—paccrosHue or TOYKH (X, £) no npsamoit L, TO
u(x, ) =C2(Ry) (1. e. ee MOXHO JoONpeneNHTs Ha L Tak, YTO OHA CTaHET NBAXK]IH
HenpepulBHO JHudkbepeHUHPYeMOH B R,).

8. Tlyetb u (%, f)—KJaaccHYeckoe HJH 0606weHHoe pelieHne B {f > 0} 3apaun
Kown gas1 BOJHOBOTO ypaBHeHHs

uy=Ausf(x, 1), 3
U= (%), atlio=1¥ (1), )

H NyCTb Up (X, ) —KJaCCHYECKOe HJIH COOTBETCTBEHHO 0GOGLIEHHO PellieHne BTOPOi
CMelIaHHON 3ajauH IS BOJHOBOIO ypaBHeHHs B umausape {| x| <R-+1, > 0},
R>0,
(4R)y=bug+fg,
Qup 0
u = u = == —
R-0= PR 4rtlr0=VRr 3y fxl=R+1

npuueM npH | x| <R @p=0, Pp=1P u npu | x| <R, <R fp=F. Tlokasar,
yto B MoGoM uHMHHApe Qp = {x & Dy, 0 <<t << T}, roe Dy — npousBoibHasg n-mep-
Has 06JacTb, a T — NPOH3BOJILHOE NOJIOXKHTENbHOE YHCJ/IO, Pa3HOCTb u—uR=0
IPH ROCTATOYHO GoJabiioM R. )

9. PeueHHe nepBofi CMelIaHHOH 3ajauH 1/ BOJHOBOIO YDABHEHHS B UHJHHApPE
Qr={xe= Dy, 0<t<<T} MOXHO oONpeieNHTb CJEAYWIWHM OoCpasoM: OYHKuUHS
u{x, t) HaselBaeTCA KJACCHYECKHM pellleHHeM IlepBoff CMeIIAHHOR 3ajauu jnd
BOJIHOBOro ypaBueHHs (3), ecnu oHa nmpuHagiexur C2(Qr)NC! (QrUD)NC QrU
UT7UDo), yrzosnetsopsier B Qr ypaBHeHuio (3), Ha Dy—HayalbHBIM YCJOBHAM
(4) u Ha 'y —rpaHHYHOMY YCJIOBHIO

uflp, =% ®
JIokasaTb eIHHCTBEHHOCTb TAKOrO pelleHHS.

10. JokasaTb CylecTBOBAHHE H €JUHCTBEHHOCTb B UHAHHAPe Qr={x & D,,
0 <t < T} 06oGieHHOro pelleHHs TpeTbell CMeliaHHOH 3ajgaud (cM. 1. 1 § 2) ans
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BOJIHOBOTO YpaBHEHHA
U,I—Au=f(x, t)y

Ulio=0 (x), uslro=P )

(%E H! (Dy), v+ = Ly (Dy), f= Ly (Qr)) B cayuae npou3BoJibHOH HenpepHBHOH Ha
0D, GyHRuHH O (x) (6e3 NpexNosoXKCHHA O e HEOTPHILATENbHOCTH).

11. IMpunagnexkamas npocrpauctsy H! (Qr) dyuruua u (x, f) HasbBaeTcsa
0GOOILeHHBIM pellleHHeM 3ajav

uy=A~Au, (x, ) =Qr,

ou ou
{a—n +a () 52},1,?= 0,
u ’l=-0=(P (x)y L |l=0=1p (x)y

tze 0 (x) =C (Dy), o (x) =0, 9 = H (D), Y = Ly (D), ecau oHa ynopreTBopsieT
HAYaJbHOMY YCJIOBHIO U ls_o=( H HHTETPaJIbHOMY TOXJIECTBY

QS (ugvs—VYuVo) dx dt=S ouv; dS dit + S Yo dx+ g apudS
T I'r Dy D,

npw Beex v u3 C! (Qr), ana xoropux vr e CL(Qr) u v |pmr=0. .
JlokasaTb CVILECTBOBAHHE H eJAMHCTBEHHOCTb OGOGINEHHOO pewleHus 3Tofi
3ajiaud.
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F'masa VI
NAPABOJIHYECKHUE YPABHEHMUA

B sToii rnaBe Mbl GyneM H3yuaTb safauy Kown u cMmeraHnble
3ajaud /1A napa6o/IMyecKoro ypaBHeHHs BHAA

u,— div (k (x) Vu(x, ) +a (D) u(x, ) =f(x, ?)

3upecy (x, {)= (%1, ..., Xp, {)—Touka (n-1)-MepHoro mnpocrpaHcTBa
Russs X =Ry t &Ry Yo (x, )—(5‘11,...,67 ndiv (@ (x5 9), ...

vy Wy (X, 8)) = -awl—l- —|- a ; IpH 3Tom nox Av (x, {) 6yneM noHH-

2
maTs div Vo (x, t)—a—g + ... —|-gz JaHHble 3amay 6yleM CuMTaTh
1 n

BellleCTBEHHO3HAYHBIMH (YHKIMAMH H 6yaeM paccMaTpHBaThb TOJIBKO
BellleCTBEHHO3HAYHblE PeIleHHs1 3THX 3ajay. B CBA3M ¢ 3THM HCMOJIb-
3yeMble B fajbHefimueM QyHKI{HOHA/NbHBIE OpocTpaHcTBa CP9, HP?, |,
6yneM CuMTaTh BelleCTBEHHBIMH *).

§ 1. CeoiictBa penueHHii ypaBHEHHS TeIJONPOBOAHOCTH.
3anaua Kowu aas ypaBHeHHSl TemJIONPOBOTHOCTH

1. CeoficTBa pemeHHuil ypaBHeHHs TemaonpoBogHOcTH. PaccMoTpum
npocrefiliee mapaGoJiHueckoe ypaBHeHHe — ypaBHEHHEe Tel/IONPOBOX-

HOCTH
Lu=u—Au=f(x, ). (1)

[pexxne Bcero moctpoum B moJynpocTpancTBe {{> 0} ={x &R,
>0} HekoTOpble crelHalbHbEe pelleHHs] OZHOPOQHOIO YpaBHEHH S
TenJ0MpOBOJHOCTH

Lu=u,—Au=0. ' (1o)

PaccMoTpuM cHayaja c/lyyait OfHOro NpPOCTPAHCTBEHHOro mepe-
MeHHoro, n= 1. 3aBucamas ToJabpKo oT x%/f byHKuuA U (X, {) =w (x¥/f),
ABasiowasics B {f >0} pelueHHeM ypaBHeHHS u;— U,=0, yHOBJeT-
BopsieT OGLIKHOBEHHOMY AH(bepeHIHaTbHOMY YPaBHEHHIO

420" (2)+ 2+ 2) v’ (2) =

*) Onpenenemm npoctpaers C”Y a HP9 pjaHbl cOOTBETCTBEHHO B N | »
m 2§7ra
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Ofliee pewenue storo ypaBHeHHs Ha noayocH (0, oo) 3apaercs
z

tdopmyoit ¢ S e—Uti—V2dt+tc,, rae ¢ M €y — MPOH3BOJILHBEIE I1O-

0
x2/t

crosiHHble. Torga dyHKIHA clge-‘ﬁ/“ {-Y2df4-¢, saBiaseTcs peiue-

4]
HHeM ypaBHeHHs (1) (mpu n=1) B o6nactax {x>0, {>0} n {x<<O,
t>0}.

[MonoxuM ¢, =0, a ¢, = V— npu x>0 u cl— II/— npu x<<0.
18

[MoyueHHasi pyHKUHSA, KaK HETPYIHO INPOBEPHTH, GECKOHEYHO AHG-

tepeHuHpyeMa B MOJYIIOCKOCTH {X & Ry, ¢>>0} H, cjefoBaTesqbHO,

yAOBJIeTBOpsieT B 3TOH moJymJiockocTH ypaBHeHuto (1g). Torga stomy

ypaBHEHHIO 6yaeT yIOBJIETBOPAThL M J06asi NMPoM3BogHas (MO X HJIH

nmo {) stoit ¢yHKIMH, B HaCTHOCTH, NepBas MpPOM3BOAHAA MO X —
x2

1 _x
¢oyukuusa U (x, t)=me it

[Tyctb temepp n> 1. Ias Toro yToGbl MOCTPOHTH B 3TOM CJyyae
HY)XHble HaM pelueHus ypaBHeHHs (l,), 3aMeTHM, yTo ecu (DYHKUHH
v (x, &), i=1, ..., n, ABasoTca pelueHusAMH ypaBHeHus (l,) npu
n=1 B mnolymiockocTH {x&R;, {>0}, 10 ¢yHKuHa v(x, {) =
= (%1, &) U3 (X, £)...0, (X, f) fABJACTCA pelueHHeM ypaBHeHHA (1,)
B moJynpocTpaHcTBe {x & R,, {>0}. ITosromMy, B yacTHoCTH, pellle-
HHMeM ypaBHeHHs (l,) B mosymnpocrpaHcTBe {{ > 0} saBaserca QyHKUHA

P Clxp

e e W
ve 0= ivz=avar

Orciona caegyer, uto ecau (x°, {°) — mpousBoJ/ibHas TOUKa H3 Ro,s
TO (PYyHKUHMSA

[x—x0 |2
U _— e JU—m)

X—x0 I —)= Y
i ’ ) =evzipr

iBJIseTes  pelueHHeM ypaBHeHus (lo) B noaympocrpaHcTBe {f> {0} =
={x &R, t>1}. Ira ¢yHKUMA HasbIBaeTC (PYHOAMEHMALOHOIM
petueruem YpasHerus menaonposodHocmu (C OCOGEHHOCTHIO B TOUKe
%0, 19).
( OrMeruM cienyiolye CBOHCTBA (DyHAAMEHTANBHOrO penieHHs.
Ecom dyukumio U (x —x0, ¢ —{°) mpogo/nkuTh HyJeM B MOJYIpo-
cTpaHcTBO {f <% = {xeR,,, t < 1%, To mosmyueHHas yHKuuA GyneT
6eckoneuHo audpepeHunpyemoit B R, \ {x°, %,
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Oas Beex X0 =R, {>1°

§U(x—x°, t—tO)dx=n,‘lﬂ§e—|wdg=1, @

n Rﬂ.

Pyukua U (x — x0, ¢ —1%) Kak ¢yHKUMSA mnepeMeHHBIX (x°, £°) =
= (%9, ..., xp, %) sABJdeTca pelleHHeM ypaBHeHHA

n
ou U
56~ Qo =0 (13)

i=1

L, oU (x— 20, ¢ —19) = —

B moJynpocrpaHcTBe {{ <f(}={x&R,, L <{}.

PaccmoTpuM (orpaHHueHHYI0 XapaKTepHCTHKamM ypaBHeHHs (1))
mosocy {0<t<T}={x=R,, 0<i<T}. Kak u B ciyuae ypas-
HeHusi Jlammaca M BOJHOBOTO YpaBHEHHS, MCMOJb3ys NMOCTPOEHHble
crenya/bHble pelieHds (QyHpaMeHTalbHOe pelleHue), yCTAHOBHM Ipef-
CTaB/JIeHHE B 3TOH moJioce MPOH3BOJIbHOM (PYHKUMH « (x, {), mpHHAA-
gexaueft C2 ' (0 <t <T)NC(0<<¢<<T), yuepes pyHKUMH LU = 1, —
—Au u u(x, 0) —3HaueHHe QyHKIMHE u (X, {) HA miaockocTH {{ =0} =
={x&R,, t=0}. Tlpu stom GyazeM mpeamosaraTb, 4YTO (DYHKIHH
u(x, t) u Lu(x, {) orpannyenst B {0 <f{<<T}.

BosbMeM GeckoHeuHO nudpepeHuupyembie B R, GOyHKIHH {y (x) =
=Cn(x|), N=1, 2, ..., ynoBjaeTBopsIOLIHE CJIEIYIOUWIUM YCJOBHAM:
Iv(x)=1 nmpu |x|<<N, In(x)=0mnpu |x|>N4+1 1 |{y(x)|<<Cy
Vin | <<Cy |Aly| << C,, rae mocrosinHas C, He 3aBMCHMT oT N.

[Tycte (E, t)— mpousBoJbHass Touka moJjockl {0 <<t{<<T}. Tak
Kak ¢yukuuu Ly (¥)u(x, &), N=1, 2, ..., n UE—x, v—{) npu-
Hagnexxar C21 (0 <i{<<t), 10 B cuay (1§) ¥ coorHoweHun

L (u (%, 1) Ly (x)) =Lnbu—2Viy - Vu —ully
75 Beex (x, f) = {0<<f<C 1t} UMeeT MecTO paBeHCTBO

UE—x,v—1)Cn (x) Lu(x, ) —2VCy (x) - Vu (x, ) —u(x, ) Aly (x)) =
=UE—x, v—=8L (u(x, ) Tn (1)) —u(x, &) Tn(x) X

X L2 (UE—x v—18)=utnU)+ ) (WlnUs, — (uln)xU)s,
i=1

[Mpounterpupyem ero mo uuauHapy {|x| <N +1, e<t<<t—¢g}
npu HekortopoM & & (0, t/2). C nomowpio ¢opmyas OcTporpaackoro
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MOTYYHM

T—¢

fat § twLux, )-UE—x, t—t)dx=
[ 1X|<<N+41

= | ur—e)lvn(WUE—x ) dx—
Jxi<N+1

- § a9 UGE—x v—e)dr+
fx|<N41

+ §at w(x, 8Dy (0)-UE-—-x, v—1t)dx+
e N<ixI<N+1

+2 § a4 Vu(x, §)-Vin(x) - UGE—x, t—8dx=
€ N<ixi<N+1

= { uxr—elv(UE—x g)de—
I <N+1

- § a9 UE—x t—e)dx—
2| <N41

— \ a { u(x, YAty x) - UE—x, v—8) dx—
& N<ix[<N+l

—2 { at { u(x, HVey (x)- VU (E—x, v—t)dx =

e N<ix|<N+1
=Il.e,N+12,a.N+13,e.N+14,e,N- (3)

[Mepeiinem B paBeHcTBe (3) kK mnpegeny cHauaga npu N — oo
a 3areM npu &->--0.
Tak kak pna Bcex N=1, 2, ... u Bcex (r, e {0<<i<}
| Ev (x) Lu (x, t)lgCo(- sxtjpr} | Lu| (Lu orpannyena B {0 <<{<<T}),
0<t<

10 B culy (2) ana Beex ¢ (0, 1)

§ 1w () Lu(n, - UE—x, 1—0)|dx<Co sup |Lu(x, ).
R {0<<t<T}

CrenoBatesbHO, Ha OCHOBaHHM TeopeMsl JleGera mmeem

n

| lim lim Tdt { v Zux, )-UE—x, 1—t)de=

e>0 N0 lxl<N+1

=.§dt § Lux, - Ug—x, v—dx. (4

b R,
Tak kak pana Becex N=1, 2,... u Bcex (x, {0t}
B {0<!{<T}),

[y (¥)u(x, §)|<Cy-sup |u(x, f)| (u orpanuyeHa
{0<EKT}
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To fisa Beex { < (0, 7)

Vltv@u(x, - UR—x,t—8)|de<Cy sup_ |u(x, )],
{0<<t<T}

Ry

OTKyza

lim { wmux, t—e)UE—x, e)dr=
Ny <n+1 A
=fu 1—e)UE—x, ¢)dx
R

n

)51
lim § w@u@ UE—x t—H)de=

Noo(xl<N+1
= S u(x, e§UE—x, t-—e)dx.

Ry

Ho dyuxumsa u(x, f) HenpepniBHa W orpaHuueHa B {0 <Cf<CT7},
N03TOMY

lim lim [y e n=1lim § u(x, t—e)UE—x, e)dx=
e>0N > 8—>0R

=G )n/2llm S uE+2Ven, t—e)e—nitdy=
-

n

=4l Do\ e =Y 6

n

e+0 N>

lim lim Iy e n= % u(x, 0)U(E—x, 7) dx. 6)
R,

Tak kak p1a Bcex N=1, 2,... n Beex (x, He=s{0<<t<T}
|u(x, ) ALx (x)!\<._C(,(0 sup T}lu(x, {).], 1o gns Beex e (0, T)
<t<

[ lu 0N -UE—x 1—0)]dc<Co sup |ul.

R, {0<t<T}

CrnegoBaTenbHO,

lim lim |l n]<
e=>0N-oc
i—e
<lim lim { af { lu(x, HALy(x) - UE—x, v—1)ldr<
e=+0N-—0 N<|x[<N+1
t—8
<Colim { d¢ lim { lu(x, )| UE—x v—1{)de=0. (7)
e=0 ¢ N—ooN<ixf<N+1
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PaccmotpuM, Hakowel, cjaraeMoe I, .y B (3). Tak kak ans Bcex
(x, He{o<t<<t} mBCex N=1, 2,... |Vin-u|<C, supT lu(x, £)|
(0<¢<T}

To a4d Bcex f < (0, 7)

Vlu@, HVEn () VU E—x t—0]dr<Co § lu(x, H]|V.U]dx<

R, R,
_lx—E2
|x—Ele '+
<C, su u g S—, P
°(o<tgr)| lé 2(r—t) 2V arE—9)
n
Cosup|u| g e C,
= e e N d 1 ,
nn/2VT'—t . lnl Tl VT—t
Rﬂ
rie C,—He 3aBHcamwas or N mocrosHHas. [lostomy
lim lim /¢ n=0. 8)

e—+>0N-oco

M3 coorHowenui (3)—(8) BhiTeKaeT HyXHoe mpejcTaB/eHHe QyHK-
LHH U.

TakuM o6pasoM, CIpaBef/IMBO CJefylollee yTBepikieHHUe.

Ecau pynxyus u (x, t) npunadsescum C2-1(0<t<<T)NC(0<
<t<T), oepanuuena 6 {0<<t<<T} u ¢ynxyus Lu oecpanuuena
8 {0<t<<T}, mo 0aa awbod mouku (x, £) uz {0<<t<T} umeem
MeCmo pasercmeo

wix, )= u® OU(x—¢, t)dt+
Rn

t
+§dv § Lu@, YU (x—¢ 1—7)dE 9)
] Rn
Hcnoab3ysi mpegcraBienne (9), YCTAHOBHM HEKOTOpble CBOfiCTBA
pelieHMil ypaBHeHHs TelJIONPOBOJHOCTH. -

Teopema 1. Ecau ¢pynxyus u(x, t) npurnadrescum C>1(Q) u
Lu=u—Au=0 8 Q, 20e Q— nexomopas o6aacme (n-+ 1)-meproeo
npocmpancmea Ra.y, mo u(x, {) C=®(Q), u npu awobom £ pynryus
cu(x, 9 (kak cyHxkyus nepeMEeHHHNX Xy, ..., X,) GHOAAUMUHHQ
8 QN {t=1%. ‘

IMycre (x°, %) — npousBo/IbHas Touka H3 Q. Bymem cumrarh, urto
>0 (sToro Bcerma MOXHO JOGUTLCSA C MOMOIIBI0 MEpeHoCa Hauaja
KoopauHat). BosbMem Takoe § =0 (x0, %) >0, yro uMIHHAP Qyo, o, 25 =
={lx—x{ <26, |t—| <20} =QN{¢>0}, u nycrs {(x, ¢)—Gec-
KoHeuHo AuddepeHnupyeMas B R, GOYHKUHA, paBHass 1 B Qp, p, 5 =
={lx—x" <<, {{—1°\<<8} u paBHadg HymO BHe Quw,p, 95. TOrga
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¢yHKuMA @ (x, (), paBHasa u(x, §){(x, {) B Qu, p 95 U paBHAs HYJIO
BHE Qo p, 95, mpuHamiexur C>! (0 <t<T)NCO<t<T) upu T >
> (%426, orpanuuena B {0<<¢<< T}, coBnagaer ¢ ¢yHKuue u (x, )
B Qu r s U i(x, 0)=0; xpome Toro, pyukuus £ (it (x, t)) orpaHu-
yeHa B {0<<{<<T} u L (@)=0 npu (x, {)=Qu, 0,6 ¥ 1pH (x, {) =
e{0<{<T}\\Quw,nr 0. B cury (9) a1a Bcex Touek (x, {) € Qx, n,s

HMeeM
t

w(x, )={dr § U(x—¢, t—9) L@, v)dt=
0 Rn .
t°—§ lx—gie
-\ = EC e 0 a
008 ]x°—§l<26(t—1)
lx—§g2
+ dT g(g T) e 4([_-1;)d§
o9 8 . (t—1)"2
ol <lwlg|<26

rge g (&, 1) = (21/ g =L (@ (§, T)).

W3 ororo mpencras/ieHHsi HeMenJeHHO BbITeKaeT, uTo U (x, f) &
& C® (Qy, . ). TakKuM 06pa3oM, MepBOE yTBepKAEHHE TeOpeM:l (TOuKa
(x°, %) — mpousBoJbHAsA TOYKa o6JacTH () JOKasaHo.

[Nokaxkem Temepb, uTo GyHKUHA

pso _lx—gp
= o g a

0—28 ja0—E|<<26 .
0
lx—§l2
g 7 YT _
+§ar w—o &=
=86  S<ix—EI<2

1x=—§i2
= Eeh T aw (0

rge obnacte D= {|x*—E[<<20, L —-20<<t<<O}\ {|E—x°|<ds
— 8 << t< %}, aHaNNTHYHA B HEKOTOPOH OKpecTHOCTH TOukH x°. dasi
3T0r0 paccMoTpuM B (37 4 1)-MepHOM (BellleCTBEHHOM) IPOCTPAHCTBE
Rgpiy mepeMeHHBIX X, Y, & ¥ (x=(01, ooy Xn), Y= (Y1, «-» Yn)s E=
S E) obaacts Dy—{ g ¥ <8/4, [y <54, £ B D]
H 3a;[aHHylo B Hell KOMIJIEKCHO3HAUHYIO (DYHKIHIO

g€ v , 4(10_1) L (xk+iyk“-§k)z

G(x, y, & 1:)=(t° ]
IyPE—1x—§ir . (x—§ 2
=86V A e T,

w—o?
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3amerum, uro npH y =0 ¢yukuua G coBmagaer (n1a |x — x°| << 6/4
(8, ¥) = D) c nogweiHTerpanbHoit ¢yHKuHell B (10).

Pyukuus G u ee npoussoptsle Gy, u Gy, k=1, ..., n, oueBHpHO,
npunagiexar € (D;\ {t=#}) (3zecb {'c— 19 = {xe R,, y=R,,
EER,, tv=1). Paccmorpum ¢yuxuun G, Gx,, Gy, k=1, ..., n,

B momobmacti Di={x—x°|<<b/4, |y|<<b/4, S<T|E—x|<C2f,
— 8 <t <<t} obnactu D,. Tak kak B D] [E—x|=|E— 2+ 2 —x|<
<|E—x0| X —x]|=<<90/4, |E—x|=|E—x|—|x"—x|=36/4 n
ty| << /4, To ana Bcex Touek (X, y, E, T) U3 Dj .
52

IGl=< (0 -c)n/2e SE=T,
lylt—lx—=§i2
Gy =16y | <o EEELL ST
2(10—m)*
52
g__igﬁ__e_suo—r), k=1, ..., n,
21
4 (t0—1)?
roe go= max |[gE vl
& . veD
CrnepoBartenbHo, ¢yHkuud G, ka, Gyk, k=1, 2, ..., n, npuHan-
nexar C(Dy) (G(x, y, & t°)=GCx, (x, ¥, & =Gy, (x, y, & 19 =0,
k=1, ..., n) u, TeM camuM, npunagiexat C (D,).”
Kpome Toro, Tak Kak ¢yHkuMs G aHaJHTHYHA MO KaXAOMy H3
nepeMeHHbX Xyt iyq, ..., X, iy, (npu mobom T <<¢°), To mpH Rax-
aoMm k, k=1, ..., n, oHa yposaersopser B D, ycsaosuio Kowmn —

PumaHa
(Re G)xk=(1m G)!/k’ (Re G)!/k= - (Im G)xk‘

Takum o6pasoM, KOMIMJIEKCHO3HauHasi ¢GyHKUHA
F(x, y)=

n
1 .
—I—n Z (*pt =)

o G , , , d — g(&, T) k=1 d d
; (x, y, & ) d5dv DS(t(‘.—'l:)”/?e Edv

HenpepbIBHO nnqxpepénunpyema B obiactn V={x—x°|<<6/4, |y|<
< 6/4} npoctpaHcTBa R,,, mpHueM 415 Bcex (x, y) =V u npu Jo6om
, k= 1, ceey N,

(ReF)y,=(ImF),,, (ReF),,=—(ImF),,.

Tloatomy mis moGoit Toukn (x, y') us obaactu V ¢yukumsa F (x}, ...
L ] x’:—li Xps xllz+l’ ceey xlll’ yiv ey yk-—l; yk! yé-{-l) vy y;L) IlByX
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(BellleCTBEHHBIX) MepeMeHHEIX X H Y, ABJIAETCS aHAJIHTHUECKO# (yHK-
I[Hell KOMILJIEKCHOTO MepeMeHHOro Xj--iy, B Touke xi--iyi, k=1, ...
..., n. Jlerko mokasarte *), uro Torga o¢yHKuua F (x, y) sBasercs
aHa/IMTHYecKOH GyHKUHeH 7 KOMIIEKCHBIX NepeMeHHBIX X iy, ...
ceey Xpbiy, B ob6nacth V. A TaKk Kak npu |x—x°|<<8 ¢yHKuus
F (x, 0) coBnagaer ¢ uccilenyemoii ¢pyHkuuei « (x, £°), To yTBepxkie-
HHe TeopeMsl JOKAas3aHo.

3aMeyaHHe. YHoBjeTBopAwOWass B HeKOTopo#l ofJjacTH Q mpo-
crpaHcTBa R,;; OZHOPOJHOMY YyPABHEHHIO TEMJIONPOBOLHOCTH (YHK-
uus u (x, ¢) He o6s3aHa ObITb aHAJIMTHYecKOH Mo f.

xit

Hanpumep, oynxkuus u(x, ¢), paBHaa ¢—"2¢ % qmpu |x|>1,
>0 u Hymo npHu |x|>1, {0, yrobnerBopser B {|x!>1, —oco<<
<t<<oo} ypaBHeHHIO (lo), HO He sBJAETCS AaHAJIUTHYECKOH MO ¢
(KOHeuHO, OHa MpPHHamJEXHT C® (| x|>1, — co <<t << 00)).

2. 3apaya KomHu pAas ypaBHeHHSI TemNONPOBOAHOCTH. [IpHHapJe-
xauas npocrpanctBy C> 1 (0 <t <T)NC (0<<¢ < T) dbyHkuus u (x, )
HaswIBaeTCsA pewientem (Kiaccudeckum peweruem) szadayu Kowiw 04s
ypasrenus (1), ecmm B {0 <<f{<<T} OHa ynOBJETBOPSIET ypaBHEHHIO
(1), a opu ¢{=0— HauaJbLHOMY YCJIOBHIO

U= (x), (11)

rae f(x, ) 1 @ (x)—3anaHHele YyHKUHH.

[Mpexxge Bcero goKaxeMm CJELYIOLLYI0 TeOpeMy €JHHCTBEHHOCTH.

Teopema 2. 3adawa Kowwu (1), (11) He moxem umeme Gosee
00Hoe0 oepanuuennozo 6 {0 <<t <<T} Kaaccuueckoeo peuienus.

TIpexnosoxkum, 49to Uy (x, ) ¥ u,(x, !)— ABa OrpaHHYEHHBIX
B {0 <!{<CT} knaccHueckux pewenns 3apaud (1), (11). Torga ¢pyHK-
-IUA U =U; — Uy SIBJsETCS OrpaHuuyeHHeM B {0 <</<< T} pemieHueM
OHOPOAHOrO YpPaBHEHMs TemIonpoBogHOCTH (l,), yaOBJETBOPSIOMIHM
OlHOPOJHOMY HauaJIbHOMY YCJIOBHIO

#}mg =0. (11o)

CrnenoBatenbHo, A4s ¢yHKuuM u B nojoce {0 <<{<<T} cnpaBegnuBo
noJlyueHHCe B NPEIbIAYIIEM NYyHKTe npexncrasiaenue (9), u3 KoToporo
HeMmel/1leHHO BbiTeKaeT, uTo u=0 B {0 <! <<T}. Teopema poKa3aHa.

OGo3naunM uepes M,=M;(T), 0 =0, MHOXKeCTBO BceX 3ajaH-
HoiX B {0 << <<T} QyHKuMH u (x, ), AJs KaXKa0# U3 KOTOPLIX Cyiule-
CTBYIOT TaKHe IOJOXKHTeNbHble MOCTOSIHHbIE A W a (3aBHcsHe OT
3TOH ¢YHKUUHU), YTO

lu(x, )<< Aesl*°, mas Beex (x, e {0<t<T}.

*) Cm., Hanpumep, B. C. Baaaumu pos, Meroas reopun QyHKUHil MHOTHX
KOMILIEKCHBIX nepeMeHHHX, «Hayka», 1964, ctp. 42, unn B. B. lWla6a T, Beege-
HHe B KOMIUIEKCHOH aHanus, «Haykas, 1969, ctp. 273
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SIcHo, uTo MHOKecTBO M, npH J060M ¢ =0 fABJsieTcs JUHEHHBIM
[POCTPaHCTBOM, NpHUeM M, < Mg npu 0 =< 0’; M, ecTb MHOXECTBO
Bcex orpaHuueHHHX B {0<<!<CT} ¢yHKuuit, a M, — MHOXKECTBO
BceX (YHKUMH, AN KaXKnof H3 KOTOPHIX CYINecTBYIOT TaKue IoJo-
XKHTe/IbHbIE NOCTOSIHHEIE A M a, uTo

lu(x, f)]< Aeal* pas Beex (v, H e {0<i<T) (12)

B Teopeme 2 ycraHoBJleHa €TMHCTBEHHOCTb perieHHsl 3agaun Kommu
(1), (11) B MHOXecTBe orpaHHueHHHIX QYyHKuHH M, Ha camom pgere,
€IHHCTBEHHOCTb pellleHUs] HMeeT MeCTo U B M, H, TeM CaMhIM, B JIIO-
6oM M,;, 0=<<0o<<2. A HMeHHO, MMeeT MecTO cjepyoiee, 06oGiia-
Ioliee TeopeMy 2, yTBepKieHHe.

Teopema 2'. 3adawa Kowu (1), (11) ne moxem umemo Gonee
00H020 peuieHus, npuradrexcaueeo M, ™).

Hasi pokasaTenbcTBa TeOpeMbl 2 HaM IOHAZOGHTCS CJenyloiee
BCrioMoraTe/ibHOe yTBEpIKIEHHeE,

Jlemma 1. ITycms npu nexomopom T >0 & noaoce {0 <<t <<T}
Pynryus u (x, t) seasemesn pewenuem 3adawu (1y), (11,) u ydosremso-
paem uepasencmsy (12) ¢ Hexomopeimu nocmosnremu a>0 u A >0,
Toeda u=0 g nosoce {0 <<t<<T,}, ede Ty=min{T, 1/5a}.

Bosbmem mnpousBoJibHOe € >0 H paccmotpuM B {0 <<!<<T,} aBe
$yHKUNH

1 [x]2
=+ —_— (T )
w+(x, =Fu(x, t)+e<t+ TP e )

11 GyHKUNH, oueBHAHO, npHHagnexar C2 1 (0<i<T)) N C(0<i<Ty).
Tak Kak ul.o=0, To a1 Bcex x =R,
Ix2

Wy (x, 0)=eT "% >0, (13)
Tak kak Lu =08 {0<<t<<T,}, To ans1 Bcex Touek (x, {) ={0<<t <Ty}

fx12

£ (wy) =& £ (4) e ({4 (Ty— )= D) = >0, (14)

ITycte (x°, #°) —npousBosbHasA Touka mnosocel {0 <<t << T,}. Boape
MeM cTob Gosbmoe uucjo R >0, uro6wl Touka (x°, #%) npuHapje-
Kana uuanHapy {|x|<<R, 0<<t<<T;} M 4TOOBI GYHKUHHM W+ (X, {)
Ha GokoBo#i moBepXHOcTH {|x|=R, 0<<t{<<T,} srOoro uUMAMHIpA
ObIJTH  [TOJIOXKHTENBHBIMH

wi—(Xy t)hxl:R >0» 0<t<T1 (15)
(mocnegHero BCerga MOXKHO JOOHTbCS, TOCKOJNBKY W+ |xj=R =

*) MoxHo nokasatb (cM. A, H. T u x o 1 oB, Théoremés d’unicité pour I’équ-
ation de la chaleur, Marem. ¢6. 42 (1935), 199—216), uro npu moGoM ¢ > 2
B MHOXecTBe Mg peiuenue 3apauu (1), (11) HeegHHCTBeHHO.
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R R
= = Ul =R +e(t+(T1 —t)—”/2e4(71~‘)> = — AeoR | eT /2% T =

AeaR’+e(5a) e 4 —-}-co npu R— o0).
I[oKameM Telnepb, YTO eC/AH HeKoTopasi ¢GYHKUMS w (X, {) nmpuHax-
aexutr C2! ({{x| <R, O0<t<Ti)NC({Ix|<<R, O0<i<T,})
YAOBJIETBOPSIET YCJAOBHAM

w(x, 0)=0 npu |x|<R, (13"
Lw(x, )>0 B {|x|<R, 0<i<Ty} (14"

H
wllx\=R>0 s 0=<<t<<T,, (15"

TO

w(x, )=0 nana Beex (x, Hs{|lx|<R, 0<t<T,}. (16)
{lx

Tpenmnonoxum, HanpoTHs, uTO B |<<R, 0<<i<T,} cyme-
cTByer Takasi Touka (x’, t'), uro w(x’, {') <0. O6o3HaunM Torzpa
yepe3 (x”, ¢") Touky u3 {|x|=<<R, 0=<<¢{=<{'}, B KoTOpOil QyHKIMUS
wx, t) W, )eC{|x|<<R, 0=<<t<{'})) mocTHraer MHHHMyMA,
T. e,

wx', )= min wx, H<<w(x', t')<O.
{I*I<R, 01Kt}

B cuay (13") u (15) (", ) e {|x| <R, 0<i<{}. Ecmn (x", ") =

e{lx|<R 0<t<t} 1o BE D oy 22, Ny,

.., n, otkyga Lw(x", )<< 0, uro npomBopleqm' (14). Ecau
W, ye{lxl<R, t=t}, 10 LD o p ZEDo g,
i=1, ..., n, orkyna Lw (x", t") <0, uro cHOBa npomBopefmT (14,

TakuMm oGpasom, HepaBeHcTBo (16’) nokasaHo.

Tak kak ¢yHKUMH w+(x, f) B cuay (13) —(15) ynoaeTBopsior
yeaosuam (13°) —(15°), To pna Beex (x, ) = {|x| <R, 0<<I<<Ty}
HMEIOT MeCTO HepaBeHCTBa w4 (x, {) =0, oTkyma w+ (x% =0,
T. €.

[x0 2
l ————te s
, )| <<elft——— A Ti=1 e
| u (2% 29| e(t +(T1—t°)"/2e4 >

B cuay npousosbHocTH €>0 u Touku (x°, £° M3 3TOro HepaBeH-
crBa BbiTeKaeT, uto u (x, {)=0 B {0 <{<<T,}. Jlemma noKasaHa.
Hokaxem Tenepr Teopemy 2. Ilycts 4, (x, #) ¥ us(x, 1) —
nBa pewenus B {0 <<t <<T} sagaun (1), (11), npunamgaexamux M,.
Torga ux pasHocTb u=u;—u, sBaserca B {0<<{<<T} pewmeHnem
sagaun (lo), (1lp) M ynoBrerBopsier ansa BeeX (x, H e {0<<i<T}
HepaBeHCTBY (12) ¢ HekoTopeiMu nHocTOosiHHEIME A >0 H a>0.
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B cuny nemmer 1 u(x, {)=0 B {0<<t{<<T,}, rae Ty=min (T, 5~la)
Eciu Ty=T, 10 yTBepkKiaeHHe TeopeMbl JOKa3aHO.
Iycrs Ty =g << T. To-ma B cHay HENpPePHIBHOCTH GYHKIUMH U (X, {)

B{0<i<T} ult_ 1 =0. Tlosromy ¢yHKuHSA v (X, t)=u(x, t+5ia)
]

ABJIeTCSl B ImoJioce {O<t<T—5ia} pemeHHeM 3anauu (lg), (11p) u”
ynoBjeTBopsieT B 3Toi noJjoce HepapeHcTBY (12). Corsacho jnemme 1

v(x, )=0 B {0<<i<<T,}, rze T2=min{7‘—%, %}, oTKyjna clie-
nyet, uro u(x, {)=0 B {O<t<T2+5ia}. Ecan T2+51—a<T (Torma

T2=515), TO, NOBTOPfASl 3F0 paccyXiaeHHe, MOJYyYHM, 4To 4 (x, £)=0
B {O<t<2-5—la-+T3}, rie T3=min(T—E%, %) H TaK janee.
Uepes KoHeyHoe 4YHCIO MIAroB  mosayuuM, uro u=0 B {0 <<t <<T}.
Teopema nokasaHa.

[TepeiineM Tenmepb K [0Ka3aTeNbCTBY TEOPEMbI CYLLECTBOBAHHS
pemenus 3agaud Komm (1), (11). M3 npexpinymiero myHKTa BEITEKaeT,
4yTo ecJH orpaHuueHHoe B {0 <<{<CT} pemenue sapaun (1), (11)
¢ orpaHmvyeHHoit B {0 <<t <<T} o¢ynkumeir f(x, {) cymecrByer, TO
OHO HMeeT BHI
uir, )= U@x—& Do@®de+{ f Ux—& (=0 v dEdr (17)

R, 0OR,

[TosToMy 10Ka3aTenbCTBO CYIECTBOBAHHS pelLleHHS eCTECTBEHHO CBO-
JIUTCA K HAXOXIEHHIO TaKMX YycJoBHil Ha YHKUMH ¢ H f, IpH KoOTo-
peix ¢yHKUMA u (x, f), 3anaBaemas dopmyno#i (17), aBasercs Kaac-
cHueCKHM pemeHueM 3amaud (1), (11).

OGosHauum uepes B (R,) 1 B (0 <<t <<T) 6aHaXxoBHl NMPOCTpPaHCTBA
HelpepeIBHBIX M OrpaHHYEHHbIX B R, HJH COOTBETCTBEHHO B I[O0JOCE

{0<t<T} ¢yHxuuii ¢ HOpMOH n‘P“B(R,,)=xSEU£ fo() ulflo<t<n =
= s fn 9l '

x, he{0<<t<T}
Teopema 3. Ecau ¢ (x) npunadsexcum B (R,), a ¢ynxyuu

a8 u fx@x 8), i=1, ..., n, npuradasexnam BO0<<ti<<T), mo
cywecmayem  npunadaexcauee B (0 <<t << T) kaaccuueckoe peuienue
u(x, t) sadauu (1), (11) u ono sadaemcs gopmyarod (17); npu smom

lulso<i<n<lolsr,)+TIfleo<t<n. (18)

Teopema 3 HeMmenJ/IeHHO BbITEKaeT H3 CJeNYIOMHX ABYX BCIIOMOra-
TeNBHBIX yTBEPKIEHHI,
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Jlemma 2. Ecau ¢ = B(R,), mo ¢yHrkyus
u(x, )= U(x—E o) de (19)

Rn

asasemes  Kaaccudeckum  peusenuem 3adaqdu Kowu (1p), (11) 6 noay-
npocmpancmee {t>0}; npu amom 0aa ecex x =R, t>0 umerom
MECITIO  HEPABEHCMBA

inf ¢ (x)<<us(x, £)<< sup @ (x). (20)

xER xERn

Jlemma 3. Ecau f u fr, i=1, ..., n, npunadaescam B (0<<t<T),
- mo pynkyua
[

up(x, h=\ar (U =& t—v)fE V& (x H={0<i<T}, (21)
o R,

npunadaencum B(0<<t<<T) u a8asemCcS  KAQCCUHECKUM DEULEHUEM

sadayu Kowu (1), (119) 8 nosoce {0<<t<<T};, npu amom

lealso<i<n<<T|{flso<i<n. (22)

HokaszarteabcTBO JeMMH 2. [ng nokasaTenbcTBa JeMMBl 2
JIOCTATOYHO YCTaHOBHTb C/EAYHOLIMe CBOHCTBAa (QYHKUHH U (X, I):

a)uy, =C» (t>0 1 Lu, =08 {{>0},

6) n/1a QyHKUHH ¢; UMEIOT MecTo HepaBeHcTBa (20),

B) QyHKUMA u; TpHHanjexHuT npocrpaHctBy C (1==0) U ynoBe-
TBOPsieT HauajbHOMY ycaosuio (11).

Bosbmem npousBosibHble yncaa & M Ty, 0<<6 < T,. Tak kaK aas
BceX xR, E=R, te[6, T,] npu mobux o= (A ..., &),
a;=0,i=1,...,n 1 B=0

lx—E|3

Z%; DU (x—E, t)’é(]ag(l FlE—x|)al+2Be 4T

rae ‘Cqp = Cqg (8) — HeKOTOpLIE MOJIOXKHTE/IbHEE NOCTOSIHHBIE, TO (Y HK-
uusa u, (x, ) =C= (0 <t << T,), npuuem

S D%u (v, )= §amD°‘U (x—E, 0)-0 (&) d&.

n

Tak kak B monoce {6 <t<<T,} ¢yuruusa U (x—§, {) ynoBieTBo-
pser (mo (x, f)) ypaBHenuwo (l,), To B 3Toii mojoce ypaBHeHHIO (1)
yAOBJIeTBOpsieT M GyHKUMA u; (x, t). CiegoBaTeqbHO, B CHJY NPOH3-
BoJsibHOCTH uHcesa 6 >0 ¥ Ty> 8§ ¢yHkuua u, (x, ) obnanaer csoii-
CTBOM a).
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[Mockonbky ¢yHkuua U HeoTpHuaTe/lbHa, TO COTJIacHO (2) OpH
BceXx x =R, u >0 uMeem HepaBeHCTBa

a(n )< FUE=E O)(sp 9 @) &= sup ¢ (x),

Rﬂ
u(x, )= (UG-8 t)( inf cp(§))d§= inf @ (x).
R, teR, *ER,
Takum 06pa3oM, YCTaHOBJIEHO CBOHCTBO 6).
ITepeiinem x noKasaTeqbCTBY CBOHCTBa B). Bo3bmeM NMpOH3BOJIbHYIO

Touky x° & R, 4 noKaxem, uto  lim Uy (x, )= (x°). B cuny (2)
: ( H2 (D)
s moOex (x, f) < {t>0} 1 npu mobom 6 >0 nmeem

wx =)= U(x—8 8) (@) — () dt=

Rﬂ
= 1 _ V=8 D@0l dt |
+ | UG-t 0@@-eNE=lotls (23)
[§~x0[>8

Tak Kak ¢yHKUMS ¢ HenpepniBHa B Touke x°, To mo JrobGomy £>0
Haiifercss Takoe §>0 (ero Ml M BO3bMeM B paBeHcTBe (23)), uro
1o (§) — @ (x%) | <&/2, KaKk TombKO |E— x°| <. Tlostomy

hel<y § UVe—toa=gl{vn-t na=en (2
Io—§<8 .
IMycrs |x—x°|<<8/2; torpa mnpu |E—x%|>0 umeem |{x—E|=
=|x—X0F X0 —E|=|x"—E|—|x—x°|>6—08/2=0§/2. TlosTOomy
1~ x—git
e 8¢

e 8¢ 0
G 19@ |+ le )<

RIS

[x0—E[>8
2|9l _& _lx—Ek
1
[x*—%I>6
2olgry — 8 o _lx=8IF _ &
g—(-é—v—,B:(t)n”—e 32’Se 8 dt—=conste 3% <Cg/2, (25)
JT

R,

ecan Toaeko ¢ < (0, §y) mpH gocTatouHo MaioM 8§, Takum o6pasom,
u3 (23) —(25) moayuaem, 4TO AJsi BceX TOueK (x, f) MOJyNpoCTpaH-
crBa {t > 0}, o/ KOTOpHIX | x — x° |2 2 << min (83, 6%/4), |u, (x, £)—
—¢ (x| <e. Jlemma 2 nokasaHa.
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HdokasaTtenbcTBO JeMMu 3. [IpescraBum ¢yHKIHIO Uy (X, §)
(c™. (21)) B BHpe
¢
ng,S e R f(x+26VI-7, 1) dE,  (26)

0

Uy (x, By =—

n
X, c—:-{0<t<T}

Ilansi mokasaTelIbCTBa JIeMMBl JOCTATOYHO MpPOBEPHTDb, UTO

a) Uy (x, H=CO0<<t<<T), uy(x, 0)=0,

6) HMeeT MecTO HepaBeHCTBO (22),

B) Uy(x, )=C» (0<t<T) u Lu,=f B {0<t<T}
Tak Kak ¢ynkuus f(x, ¢) orpamdueHa B {0<<i<T}, TO
ie—'ilf(x—[—Qth—t ) f<e—|5l (fleo<t<r H, caegoBarenbHO
(f uenpepriBHa), yHKUHSA

gx, t, )= n,f,2§ 8 (x+ 2 VTITT, ©)dE

n

HempephBHA H OTDaHHuUEHAa Ha MHOXKecTBe {xe&R,, 0<i<T,
o<t<<t} u g(x, ¢, t)=tf(x' 1), 1g(x ¢, T)l\<-“f“3(0<t<T)- Io-

3ToMy QYHKUHSA Ug (X, £) = Sg(x, t, 1) dv npunagnexut C (0 <<t < T),

0
Uslo=0 ¥ |UslBo<t<n<T|fl|B0<t<n. CBolfictBa a) u 6) noKa-
3aHHl.

ITockoneky ¢yHkuus f(x, ¢) umeer B {0 <<f{<<T} HenpepoIBHHIE
NPOH3BOAHMIE fx (X, 1), i=1,...,n, u|f|4|Vf|<constB {0<{<<T},
To QYHKUHA g (X, {, T) HMeeT HenpephIBHbIE POH3BOLHBIE g (%, 1, 1),
i=1, ..., n, Ha MHOXecTBe {x =R,, 0<<i<<T, 0 <<t=<{}. Cnego-
BaTe/qbHO, (QYHKUHS U, (x, ) uMeeT HenpepbiBHHE Ha {0<<{<<T}
NPOH3BOJHbIE Ugsx, (x, ), i=1, ..., n, nprueM '

t

e (8, ) =i\ o § =137 (e 25V T, ©) de=

0 R,

{
ISV“ { e, (v 26177, ©) e =

22 Y Vi
Rﬂ

=ni,2SV, §e-1%"§if(x+2§w—r, v, i=1, ..., n. (@)

n

Tak kak npu Jmobom j=1, ..., n

e (x4 21 7% | <1812 b o<im
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To ¢ynkunn § e=18%; f(x 28V {—7, 1) dE uMeOT nepBble MPOH3-
n

BOJHBIE 110 BCEM Xy, ..., X,, HENPEPHIBHBIE W OrpaHHYeHHbIE Ha MHO-
xectBe {xER,, 0<<i<T, 0<<v<<t}. M3 (27) Torpa BuiTekaeT,
4To (YHKUHA Uy (X, ) HMMeeT Bce IIPOHU3BOAHBIE 110 Xiy ..., X, 1O
BTOPOTO MOpsiika BKJIOUMTENbHO, HempepbiBHHE B {0=<<{<<T}. Ilpu-
ueMm

1 {
Au2 (x, t) =;l7-2‘ §

‘n

ge i X by e+ 2V T=T D (2B

Ilanee, nisi mpoM3BOJLHBIX Touek (x, f) u (x, {-4-Af), At>0,
npuHaggaexamux {0 <<t <<T},

t--At

ml CHA— () _ L S g(x, 1AL V) dit

!
,t At, s yt’
L\ D L) g A A, (29)
0

B cuay HempephlBHOCTH 1O T GyHKUMH g (X, !--Af, T) Ha oTpeske
[t, t+Af] I,(A)=g(x, t+Al, t406Af), rpe 0=0(x, ¢, A},
0 =< 6= 1. CnegoBaTennHo,

lim I (A)=g(x, t, )=f(x, 0). (30)
At—>40

Tak Kak ¢yHKuMsa [ KMeeT HeNmpephiBHbIE M OrpaHHYEHHBIE
B {0<<¢{<<T} npou3BogHbE IO Xy, ..., X, TO GYHKUHA g (x, ¢, T)
HMeeT HempephiBHYIO B {x ER,, 0 <<t <<T, 0 <<t <!} NpoH3BOAHYIO
no t:

g (x 1, )= nlzw ge—l§l22§tfx (x+2%Vi—r 1)de,

i=1

npuuem | g (x, ¢, ©)|<const/}){—7. Torza

{4 At
g (x tAL 3 g b vl - A~ S lge (x, O, 1) | dl' <
tt-}-At v
\CZ‘;S S o < const/} 't - 1.
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TTostomy (Ha ocHoBaHMM TeopeMnl JleGera)

lim I, (Af)=
Af >+ 0

l 2
=nn/2 V;ir I§e—lsr;g,fx (x4-26VT=7, 1) de. 31)

H3 (28) — (31) crenyer, uto

n

Jim e LG D e A ). (32)

Anasnoruuto JOKasbIBaeTcs, 4YTO

lim Uy (x, LAl —uy (x, §) —
AlS—g At Af——0 At
t4 At

+ lim S g trob D8 b B gy —f(x, 1)+ Aus(x, 7). (32)
Af——0 ¢ t

CrienoBaTelbHO, GYHKUMS U, (X, f) HMeeT HempephiBHYWO B {0 <! << T}
NPOH3BOAHYIO Mo £, paBHyMO f--Au,. Jlemma pokasaHa.

B Teopeme 3 ycTaHOBJIEHO CyilecTBOBaHHe KJ/aCCHUECKOro pelle-
Hus 3anaun” Komu (1), (11) npu /mo6eix orpaHuueHHbX ¢ H3 C(R,)
H moOblXx orpaHHueHHBIX f M3 C(0<<#<<T), A1 KOTOPHIX Hempe-
pbIBHEl H orpaHHueHbl B {0 <<{<CT} Bce NMPOM3BOAHHIE MEPBOrO IO:
psilKa 1O MPOCTPAHCTBEHHBIM IepeMeHHHM. Bo3nHKaeT Bompoc:
He I0CTAaTOYHO JIH /151 paspemuMocTd 3agauu Kown (1), (11) mpenmo-
JIOXHTb OTHOCHTEJNbHO GYHKUHMH f JHIIL e€e HemnpepelBHOCTL M Orpa-
HHYEHHOCTb? YCJOBHE CYIeCTBOBAHHA (OrPaHHYEHHBIX) MPOM3BOAHBIX
10 MNPOCTPAHCTBEHHBIM IepeMeHHBIM Y GYHKUMH [, HeHCTBHTENBLHO,
ABJsETCS 3aBbILEHHHIM: MOXHO J0Kas3aTb, 4TO /ISl pa3pelIMMOCTH
sagaud (1), (11) gocTaTouHO NPeAMOJIOKHTb, 4YTO (HelpepHlBHAS H
orpaHuyeHHas) GyHKUHUA [ (x, {) ynOBJeTBOPSET MO NPOCTPAHCTBEHHBIM
nepeMeHHbIM ycioBHIO [é€nbaepa, T. e. uTo Aas moGoit TOUKH (x, )
u3 {0 <t{<<T} cymecTBylor TakHMe mnocTosiHHele M >0, >0 (3a-
BHCAIME OT 3ToH ToukH), urto |f(x', {)—f(x, ) |<<M|x" —x|* paa
Bcex x' &R,. OnHako, eci ¢yHKUHSA [ TOJbKO HemnpepeiBHa (H orpa-
HHueHa) B {0 <{<<T}, T0 3amaua (1), (11), kKak moKasnBaeT cJe-
IYIOMMA NpUMep, MOXeT He MMeTh (KJacCHUeCKOro) pelleHHS.

Ilycts {={ (| x ) — npousBoJibHasi GecKoHeuHO au(xpepeHUHDPyeMast
B R, o¢yHKuusa, paBHasi | gaa |x|<<1/2 u Hymo aaa |x|>3/4.
PaccmoTpum crenyromyio 3agauy Kown:

Lu=u, — Au=Ff, (x), (33)
Ulio== (%), (34)
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rae

Fol)=— 3R (XD (n1+2) (—In | ¥)="2+ 5 (—In | x )= 3)
+EZEE () (+3) (— In | x ) 2— (= Infx)=172) 4

| x| '

+ i —x3) & (| x]) (— In|x])'2,

Qo (x) =(xi—x3) E( X)) (— lm|x )"/
Dyukuns fo (x) = C(R,) N C* (|x| > 0) paBHa Hymo npu | x |> 3/4
H, TeM caMbiM, orpaHHueHa B R,. HauannHasg ¢yHKRUHA @, (¥) =
eC' (R,)NC>(x|>0) paBHa Hymo mpu |x|>3/4 u, TeM caMbiM,
orpaHuueHa B R,. HemocpeicTBeHHO mnpoBepsieTcsi (Cp. ¢ COOTBET-
CTBYIOILUM IpHMepOM ans ypaBHeHHs Ilyaccona, ra. IV, § 3, m. 3),
YyTO OrpaHHueHHasi QYHKUHA u (x, {)==@,(x) (OHa He 3aBHCHT OT {)
yroBaerBopsier npH |x |> 0 ypaBHenuo (33). Kpome Toro, ¢yHKuus
u (x, t), OueBHAHO, YNOBJETBOPSieT HayaJbHOMY YCJOBHIO (34).
OnHaxo QyHKUMSA U (x, ) == @, (x) He npuHagaexur C*! (0 <<t << T)
HU 1pH KakoM T >0, NOCKOJBKY, HamnpHMep, Jli’m Us,x, (%, )=rc0.
x[=0

CnenoBaTenbHO, 3Ta QYHKLHSA He sIBJSIETCA pelieHHeM 3agaul (33), (34).

HokaxkeM, uto 3agaua (33), (34) BooGine He HMeeT pellleHHS HH
B Kakoii nojoce {0<<{<<T}. IlycTb, HampoTHB, CYIHECTBYeT pelle-
HHe U (x, {) 3agaun (33), (34) B mogoce {0 <<{<CT} mpH HEKOTOPOM
T>0. Torga dynxkunsa w (x, {)y=u (x, t) —v(x, H=qo(x) —v(x, f) =
eC>1({|lx|>0, 0<{<T}) u ynoBleTBOpsieT Ha MHOXKecTBe
{|lxi>0,0<{<<T} onHOpOAHOMY ypaBHEHHIO TEIIONPOBOAHOCTH (1,).
Kpome Toro, Tak Kak @, = C'(R,), w(x, ) =C (T2<<t<T). Ta-
KuM ofpasoM, w(x, HeC>'({0<|x|<], TR2<i<T)N
NC({ixl<l, TI2<<t<T}) u w,—Aw=0 pansa Bcex Touek (x, f)
m {0<|x|<l, T/2<t<T}.

ITokaxkem, uTo Torma ¢yHKUHS w (¥, {) HO/KHA IpHHanndeXaTb
npocrpaietBy C:1({|x|<<1, T/2<<t<<T}), uero OHITL He MOKET,
nockosibky ¢yHKuMa v e C2 ! ({|x| <1, T/2<<t<T}), a dyHkuus
wix, )=ao(x) £C* ' ({{x| <1, T2 <I<T})).

Urak, nyetp w(x, )eC>'({0<|x|<<]l, TR2<t<T}HN
NC{lxl<, TR2<t<THu Lw=0B{0<|x|<I|, T2<<t<T}.
[Mokaxem, uto w (x, ) = C* ' ({|x| <1, T/2<<t<<T}). Hokasartenn-
CTBO 3TOrO YTBEPXKIEHHS B M3BECTHOM CMBIC/I€ IIOBTOPSIET paccyX-
IeHHs, TMpHMeHeHHble B 1. | NpH ycTaHOBJeHHH MNpencTaBjeHHs (9).

Bosemem mnpousBoabHyio Touky (E, 1) M3 {0<|x|<<l, T/2<
<t<T} u mnpousBoneHoe & & (0, t— 7/2). Ha muoxecte {0 <C
<|x|<<l, T/2 <t<<7T} HMeeT MeCTO paBEHCTBO

@, HUE—x, T—10), -+ i (WU, — @y U)s, =

i=1

=UE—x, =) Lwxt)—wx )L UE—x, 1—1)=0.
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[pounterpupyem ero mo {6 <|x|<<1, T2<t<<t—eg}, Tme 6 —

npoussoJibHOe uyKc/lo M3 HHTepBaga (0, |E[). C nomoiibio ¢opmyJsl
Octporpaackoro nosyuum

wx, t—eUE—x, &dr= | w(x, T/2) x

b<lxl<t b<iyi<t
T—¢
XU@E—x t=TR)de— \ dt { (wer pBEoRT=0
T/2 1x =1 x
T~¢&
”@5(:—0(/'@-"’1—0)&1&— dt (w(x, f) X
T/2  |xi=86
OU(E—x, 1—t¢ 3 ¢
x 28 o L _2& Dy, T—t)>d8x=

=1I1, 6+ Is, e+ 15,66  (35)

Iepeiinem B (35) K mpeneny cHauana npu e —0, a 3aTem npu  — 0.
BosbmeMm mnpousBoJbHoe &, 0<<8,<<min(l—|&|, |§|—9). Toraa

wx, 1—e)U(E—x, g)dx=
d<ixi<l
= | wE1—e)UE—x e)de+
jx~E1< b
+ { w(x, v—e)UE—x, €)dx.
{(6<ixI<IN{Ix—81= )

[Mockosibky Ha MHOXKecTBe {8 < | x| << 1} ) {Go<<|x—E |}

fwx, 1—e) U E—x, &)|<<max|w(x, t)|exp<—%%>/(21/&?:)",

10 pu &€ —>0 S wx, 1—e)U(E—x,€e)de—0.
d<ixi<13nfix—§i= 6}

[ToaTomy

lim wkx, 1—e)UE—x, & dx=

e-05<(xi <1

= lim { v 1—eUE—=x e)dx=
€0 x—gi<t,

.1 - .
=},T};W S | wE+2MmVe, t—ele-Wtdy=w(E, 1),
4n1<2f’—;§
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U cJeqoBaTesbHo, ,
limlim — {  w(x, v—g)UE—x e)dr=w(, 7). (36)

0-08=04 13i<1
Jlanee, oueBHAHO,
liml, o= § wx T/2)UE—x, v—T/2)dx, (37)
60 txl<
T
lim Iy, o= Sdt S (w(x, pHG—nT—d _
ad 72 |xf<1 *
— 25Dy g _x, v—1))dS., (38)
H mockobky w C ({lx|<<1, T/2<<t=<<1}), TO
lim lim I3, ¢, 5=0. (39)
§—0e—0

U3 cooTHoweHnit (35)-—(39) BbITEKaer, uTo AJs JM0G0H TOUKH (X, f)
3 {0 <|x|<<l, T/2<<t{<<T} uMeeT MeCTO PaBEHCTBO

wix, h= § wE TRUx—E t—T/2)ds~
1gI<1
¢
oU (x—E, t— owE, T
~{ar | (we 0= e =2 2Ry r—g, 1—)as,,
T/2  1§i=) ‘ .
M3 KOTOPOro HeMeNJeHHO C/enyeT, 4To @ npHHapldexur C® ({| x| <1,
T/2<t<T}) u, tem Gonee, C*' ({{x|<<l, T/2 <t<<T)}. YTaep-
JKJIEHHEe JI0Ka3aHo.

§ 2. CvewaHnHble 3a1a4H

1. Enuncteennoctb pemenus. [Tycte D — orpaHnueHHasi o61acTb A-
MepHoro npocrtpanctsa R, (x==(x1, ..., X,) —TOYKa 3TOr0 HPOCTpPaH-
ctBa). Tak e KakK H B CIyuae CMeILaHHBIX 3a1a4 /15 [ HIepGOTHIeCKHX
ypaBHeHHi, paccMOTpuM B (n-+ 1)-mepHOM npocTpaHcTBe R, =R, X
X {— 00 <#<C+ oo} orpannueHHsllt TUIHHAP Qr={x =D, 0 <<t < T}
BeicoTel 7 >0, # nycTb I'r —GoKOBasi NOBepXHOCTb 3TOr0 UHIHHAPA;
I'r={xedD, 0<i<T},aD;, v=[0, T],—mHOxkeCTBO {*¥ D,
{=r}, B yactHocTH, Dy={x & D, {=0}— HHXHee OCHOBaHHe IIH-
audppa Qr, a Dr={x =D, {=T} —ero BepXxHee OCHOBaHHe.

PaccmoTpuM B uuauaape Qr npH HekotopoM T >0 napaGoauue-
CKOe ypaBHeHHe

Lu=u,—div (k(x) Vu)+-a(x) u==f(x, 1), ()
rae k(x) = C(@Qp), a(x) =C@Qr), k(x)==ko~=const>>0.
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OyHkuua u (x, {), npHHagnexamas npoctpaHcty C*!'(Qr) ()

NCQrUTlrUD,) *), yrosaersopsiomas B Qr ypaBHenuio (1), Ha Dg—
Haya/lbHOMY YCJIOBHIO

u]t=0=(P(x)s (2)
a Ha I'r—rpaHHYHOMY YCJIOBHIO
u ‘Pr =%

HAas3bIBACTCH KAACCUMECKUM peuleHuem nepeoll cmetuannold sadayu 04n
ypasretus (1).
®yukuusa u (x, ), npuHHapdexamas npocTpaHctey C*'(Q7)N

NCQrUTrUD)NC"*(@rUTy), yaoBretsopsiomas B Q7 ypasiie-
Huo (1), Ha Dy — HauaabHOMy ycJoBHIO (2), a Ha I'r— rpaHHyHOMY

YCJIOBHIO

(s

rae o (x) —HenpepoiBHAss HA I'y GyHKUMSA, HA3HIBAGTCA KAGCCUMECKUM
pewieruem mpemoell cmewlannol 3adauu 0aa ypasnenus (1).

Ecan o=0, To TpeTbs cMmelIlaHHasi 3ajaia Ha3bIBACTCS 6Mopoil
CMelannol 3adaqell

Tak Kak ciayuall HEOZHODOXHBIX rDaHHUHBEIX YCJOBHH Jerko cBo-
IHTCA K CJy4al OJHOPOAHBIX TPAHHYHEIX YC/IOBHH, TO B JaJIbHEH-
meM Mul GyneM paccMaTpHBAaTb OJHOpOJHBLIE T'PAHHUYHBIE YCJOBHS

u|pr=0 3)

(g—z +o()u )IPT —=0. @)

Bynem cuntarh, yTo KoadpdHuHEHT a (x) B ypaBHeHHH (l) HeoTpH-
uarened B Qr, a QyHKIHS O (X) B pPaHHYHOM YCJOBHH (4) HeOTpH-
nateabHa Ha TI'r.

Jlemma 1. [Ilycms f(x, t) = L, (Q7), u nycmo u (x, {)— xaaccu-
deckoe pewienue mpemoell (6mopoli) cmewannod 3adaqzu (1), (2), (4)
uau npunadsexcawee C°(QrUT'r) kaaccudeckoe pewenue nepsod cme-
wannoti 3a0awu (1)—(3). Toeda u(x, t) = H-*(Qr) **).

Bosbmem npoussosbHbie T (0, T) v e = (0, ©) U npoHHTerpu-
pyeM yMHOXKeHHOe Ha # paBeHCTBO (1) no uMaMHAPY Qe r={x & D,

e<<t<<1}. Tak Kak B Qr uu,——l— (u?)y, udiv (B Vu)=div (ku Yu) —

*) Onpenenenue mpocrpaers CP 9 cm, B n.l, § 7, ra. 111

**) [pocrpancrea H™ 0 (Qr) seenenst B m.2 § 7 . III. Tam ke paccmor-
PeHbl H CBOHCTBA 3JIEMEHTOB 9TOr0 MPOCTPAHCTBA.
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—k{Va i a 5 3 —div (b Vu)=fu—au? — k| Vu P & Ly (s, o> 10
COTJIaCHO (popmyne OcTporpanckoro Hmeem

—;-Suzdx . Suzdx+ S B|Vu |2 dx df 4 S au? dx dt —
Q., Qg,
T 8 o k BaJdet— dx dt
— S U = Sfu x dt,
& T & T

rae I'y c={x =0D, e<<{< %}, oTKyna B cayuae, Koraa u (x, {) —
pelleHHe NepBOii CMEIAHHOM 3ajauH,

1 Suzdx__;_ Suﬁdx+ Sk]Vu]zdxdt—{— S au® dx dt =
T & e T e T -
— S fu dx dt,

st T

a B cayuae, Koria u (x, f)— pemeHne TpeTbel (BTOPOH) CMEIIAHHOH
3a1auH,

L0 wea—Lt Vwear+ (rpverarat+ \ awrdrdt+
2 2
Dy Dy %, ¢ Q. ¢ '
4 § koutdSdt= § fudxdr.

PBv T st T

[Toaromy

—%.Suzdx—{—ko S]Vulzdxdtél Suzdx-{-
DT QEvT T
u

+ Sk(x)]Vu;zdxdt 1 S 2 dx 4 S]f]]u}dxdté

D

QBvT 8 T

<3 ! S utde+[ul, e, »lfl, @r)-

Dz

[lepefinem B aTom HepaBeHCTBe K npenedy npu £—>0. B pesyasrate
HOJlyYyHM, YTO

é_ S W drx << %Htp]ii, @)+l e, @9 lflL, er) ()
DT
H
ko S Va2 dx dt < 5 [0 o +lule, oyl Flyor)- (©)

L2
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Bosbmem npousBosibHoe fe& (0, T) M NpoHHTErpHpyeM HepaBeH-
ctBo (5) no T (0, {)

-~

(S) DS wde dv <T|Qlt.c00 +2T [ ule, @) If I, @) <

<TI0 +2T i or + 511, oy,

OTKyzaa BhITeKaeT, 4To jJs moboro { < (0, T)
lult, @) <2T|oli. 0 +4T?|f L, @r)=Ci.

- CnepoBatenbHo, U & Ly (Qp) 1

lule,@r<<Co (7
Torpa u3 (6) nmeem

'y c
11Vullt, 0 <z 10l @ + 221z, or)

npu mobom 1. (0, T). CaenoBaresnto, |Vu| &L, (Qr). Jlemma po-
KasaHa,

3ameuanue. M3 uepaBenctB (5) u (7) HeMeNJIeHHO BLITEKAeT,
uTO /ISl KJIAaCCHYeCKOro pelleHHs TpeTweil (BTOPOIl) CMeIIaHHO# 3a-
naud (1), (2), (4) u nna npunagmexamero C'Y(QrUI'7) knaccuue-
CKOrO pelleHHs MepBOi cMemaHHoi 3ajgaud (1)—(3) HMeer MecTo
OlleHKa

Jale,oy<Ci, T (0, T), ®)

rae nocrosinnas C; saBucut 1045K0 O T, [@lr, 0y B [fL, o)
Ilycte u sBAA€TcA KJ/acCHUYeCKHM pellleHHeM TpeTheH (BTODO¥)
cmemmanHoit 3amauu (1), (2), (4) uwan npunaggaexamum C-°(QrUT7)
KJIacCHYeCKHM pellleHHem HepBOH cmemanHoH 3amau (1)—(3), npu-
ueM ¢yHKuHMA f(X, f) = L, (Qr). ¥YmHOXHM (1) Ha npoH3BOJBHYIO
¢yukuuio v (x, ), npunagnexamyio C'(Qr) H yHOBIETBOPAIOULYIO
YCJ/IOBHIO
v]DT‘:O’ (9)

H NPOHHTErpHPyeM IOJyYeHHOe DABEHCTBO MO UMJIHHADPY Qg ¢ THE
T — nNpousposbHoe 4Hcao H3 (0, T), a &-—MNpOH3BOJNLHOE YHCJAO H3
(0, 7). CornacHo cdopmyne OcTporpaickoro MosyuHm

S (— uv,+ b Vu Vo + auv) dx df — Skvg—z s dt + Suvdx=

QB: T T8v T D‘t

= fuvde+ § fodrdt. (10)
e QB:'I: :
12 B, fl. Muxainos
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Ecun u — pemenne nepBoil cMellaHHOH 3amauyH, TO INPeNloNOXKHM JO-
MOJIHUTE/NbHO, YTO

v]PT=O_ (ll)

B stom ciayuae paBeHcTso (10) mpumer Bup

{ (— uv,+k Vu Vo auv) dx dt + S uv dx =

Q. D

T

= fuvde 4 §fodrdt. (10"

DB . QB- T

Ecau u — perenne TpeToheil (BTOpO#) CMELIaHHOH 3a1auH, TO paBeH-
cTBO (6) HmeeT BHA

{ (— v+ Vu Votauv) de di+ § kouvdS di+ Juv dx=
r

QB-T et DT
= {uvdet+ §fodcat. (107
DS Qﬂ‘n‘t
B cuay snemmsl 1 u HY(Qr) u, crepoBarensHo (cM. § 7 ra. III),
ulry € Ly (I'y). Hcnombsys (8) u (9), nepefinem B pasencrsax (107)
u (10") K npeneny npu €0 u v—T. B pesyapTare noayuum cie-
LyIOImHe YTBePXKIeHHS.
Ipunadrencawee C-° (QrUTr) kaaccudeckoe pewenue u(x, t) nep-
60ll cmewsanroll 3ada4i yO008ACMBOPAEM UHMEZPANbHOMY MOodKcdecmay

S (— uv,—l—kVqu—l—auv)dxdz:S gv dr - S fodzdt (12)
Qr D, or

s Beex v u3 C!(Qy), ymosaetopsiomux ycaosusm (9) u (11),
a crenoBartelbHO, H 0af ecex v u3 H' (Qr), ydosaemsopsowux ycao-
suam (9) u (11).

Kaaccuueckoe pewenue u(x, t) mpemoed (smopod npu o=0) cme-
wannoil 3adawu ydoeaemeopAem UKMeZPANbHOMY MOXcOecm8y

S (— uvs4-k Vu Vo 4- auv) dz dt 4- S kouv dS dt =
Qr rr

= gvdz 4§ fvdzat (13)
Dy Qr .

s Beex v us C'(Qr), ynosaerBopsomux ycaoBuio (9), a caenosa-
TebHO, H 048 6cex v u3 HYQr), ydosaremsopaowux ycaosuo (9).

C noMombio NMOJTy4eHHBIX TOXKJECTB BBeeM MNOHATHS OGOGIIEHHEIX
pemeHHii paccMaTpHBaeMEIX CMelIaHHBIX 3anau. Bymem npenmosararts,
uto f(x, 1) €Ly (Q1), a @ (z) E Ly (D).

[MpuHan/iexkamas npocrpaHctsy H' © (Q7) ¢yHKuua u (z, f) HasH-
BaeTcs 0000ujeHrom peuilenuem nepsots cmewsanrod sadauu (1)—(3),
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€c/IH OHa YNOBJIETBOpSieT TPAHHUHOMY YCJOBHIO (3) M ToxaecTBy (12)
aas BceX v (z, ) us H' (Q7), ynosaeTsopsomux ycaosuam (9) u (11).

Ipunagnexxamas npocrpanctBy H' °(Q7) dyHkuus u (x, ¢) Hasbl-
BaeTcsl obobwennbim peweruem mpemoet (6mopod npu 6="0) cmewan-
Hoit 3adayu (1), (2), (4), ecin oHa ynoBJaeTBopsieT ToxiaecTBy (13)
OpH Bcex v (x, {) U3 H1(Q7), yNOBIETBOPAOIUX ycJoBHIO (9).

Hapsany c knaccuueckMM H OGOOILEHHBIM DelleHHSIMH CMeLIaHHBIX
33/1ay MOXKHO BBeCTH MOHATHE DElleHHs 1. B.

QyHkuMA u (r, {) HA3BIBACTCS pPewleHuUeM N. 8. Nepeoti CMeUIaHHOL
sadayu (1) — (3) uau mpemoeii (6mopoli npu 6=0) cMmewanrol 3adaqu
(1), (), (4), ecn oHa npuHanmeKHT npocTpanctBy H? 1 (Qy), yno-
JIETBOpSAET 1/ MOYTH BceX (r, {) & @ ypaBHeHHIO (1), ynoB/JeTBOpsieT
Haua/bHOMY YCJOBHIO (2) H ONHOMY H3 TDaHHYHBIX YCJOBHH (3) HaH
(4) cOOTBeTCTBEHHO.

Beoiite 6bl/10 1OKa3aHO, YTO KJIACCHYECKOE pellleHHe TpeThell (BTO-
poii) cMemanHoi 3anaud (1), (2), (4) u npuHanjexamee CL 0 (QrTp)
K/lacCHYeCKOe pellleHHe NepBOfi cMemaHHoH 3amauu (1)—(3) aABasioTCS
00001IeHHBIMH pellleHHIMH COOTBETCTBYIOIHX CMelIaHHbIX 3a1ay. AHa-
JIOTHYHO [I0Ka3blBaeTcsl, HTO pelleHHe M. B. MepBOH, BTOPOH HJIH
TpeTbell CMellaHHOH 3ajauH sB/seTcs OOOCIUEHHBIM pelleHHEM COOT-
BETCTBYIOIIeH 3anauH. JIerko TakKe yCTAHOBHTb, YTO ec/lH 06o6LieHHOoe
peleHHe nepBoi cMemaHHo# 3anaud (1)-—(3) wuam Tperweir (BTOpO#)
cMelaHHo# 3aaauH (1), (2), (4) npunangnexut H2 1(Q7), To OHO ABIsAETCA
pellleHHeM I, B. 3TOH 3anauH, ec/lH xe 060OlleHHOe pelleHHe B Cly-
vae 3apaun (1)—(3) npunamiexut C2 ' (Q)NC(Q-UT7UD,), a
B cayuae 3apauu (1), (2), (4) npunapiexut C> 1 (Qp)NC (QrUTrU
UDg) N CL °(QrUTy), TO OHO sBISIETCH KJACCHYECKHM peleHHeM (cp.
n. 1 § 2 ra. V, rae npuBeneHsl J0Kas3aTelbCTBA COOTBETCTBYIOMIHX
yTBepPKAEHHH /IS pellleHHii CMeIlaHHbIX 3a1ay AJ5 THIepGOoNHUECKOro
ypaBHeHHA).

OtmeTuM enme, uTo 000OlIeHHOE pellleHHe CMEIMIAHHOH 3ajauyd AJ1s
napaGoJMYecKoro ypaBHEeHHf, TaK JKe KaK H KJAacCHUecKoe pelleHHe
H pemieHue 11, B,, 06JajaeT cJefyIOlHM CBOHCTBOM: eC/JH u (X, I) ecThb
oGoGilleHHOe peleHHe cMelaHHO# 3apaud (1)—(3) uau 3anaum (1),
(2), (4) B wmaungpe Qr, TO OHO fABJAETCH OGOOIIEHHBIM pelleHHeM
COOTBETCTBYIOIIEfl 3a1aud H B UHAHHAPe Q7 npu moboM 7', 0 < T' <
< T. JlokasaTe/JbCTBO 3TOrO YTBepXKJeHHS TOKe COBEepIIEHHO aHaJo-
THYHO J0KAa3aTeJbCTBY COOTBETCTBYIOIIETO YTBEPXKIEHHS JJIS1 pelleHH
CMeIIaHHBIX 3ajay AJIf runepOOJHYECKOro ypaBHeHHS.

YCTaHOBHM Tellepb TeOPeMH eHHCTBEHHOCTH pelleHHiH CMeMaHHBX
3ajau.

Teopema 1. [lepsaa cmewannas 3adava (1)—(3) He moxcem
umemo 6osee 00H020 0000UW|EHHO20 pellleHU .

Tpemos (smopas) cmewannas sadaqa (1), (2), (4) He moxcem umeme
Goaee 00HO20 OGODULEHHOEO Delierus,

12+
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JokasaTenscTBO 3TOH TeOopeMbl NPOBORMTCA IO TOH XKe cXeMme, 4TO
H [I0Ka3aTe/IbCTBO TeOPEMbl ENHHCTBEHHOCTH OOOOIIEHHLIX pelleHuH
CMelIaHHEIX 3aja4 1719 rHnepbo/HyecKoro ypaBHeHHus (Teopema [ m.l
§ 2 ra. V).

Iycte uy(x, ) ¥ uy(x, t) —nBa OGCOOIIEHHBIX pelIEHHS 3anauH
(1)—(3) nam sapgaun (1), (2), (4). Torna ¢pyHKUHA U=Uu; — Uy SABJIS-
ercsi 00OOIIeHHEIM pellleHHeM COOTBeTCTBYIOWIel 3anauM mpH f==0 #
¢=0. Ham HyxHO nokasarb, uto u=0 B Q7.

PaccmoTpum B Q7 dyHKIHIO

T
v (x, l)=S u(x, 8)de.
1
HenocpencTBenHo nposepsiercsi, 4To ¢pyHKIHS v UMeeT B Q7 06OOLIeH-
Hble TPOH3BOJHEIE

Vp=—1U,
s
ve;==\ uy (2, 0)d8, i=1, ..., n
t
Tak kakK, oueBHIHO, QYHKUHH U, Uy H Uy, i=1, ..., n, npuHajne-

T
xat L, (Q7), To v = H'(Q7). Ilpu stoM v |p,. =0, v|r, =S u |py db,
t

H, B YaCTHOCTH, ec/lH u — oOoOllleHHOe pelleHHe IepBOil CMelaHHOH
sanaut, To v|p,==0. IlogcTaBuM ¢yHKUHIO v B ToxaecTBO (12), ecan

u — pemenHe 3anaud (1)—(3), uau B ToXpectso (13), ecan u — pere-
uue 3anaud (1), (2), (4). Torna B cayuae nepBOH CMEINAHHOH 3ajauH
HOJIyYHM PaBEHCTBO

T
{ (u“ (x, )+ kVu (z,0) - § Vu(z, 6)do—av (z, 2) v (, z)) dx dt=0,
Qr t
(14)
a B cJyuvae TpeTbefi (BTOpOil) CMeIaHHOH 3a1auH — pPaBEHCTBO

T
S (uz (z, t)+k (x) Vu (z, 1) - ﬂ Vu (z, 8) de—avv,> drdt4-
Qr ¢ )

T
+ Skou(x,t)§ u(x,0)dodSdi=0. (14
rr ¢

Tak KaK (cM. JOKasaTesabcTBO Teopembl | n. 1 § 2 ra. V)
T T
[ kVuiz 0§Vu(x 0 doded =+ S k S vu (2, 1) dt
Qr ¢ D 0
T 1 T 2
S kou (x, 1) Su (x, 0)d6dS dt="7 g ko (g u (x, z)dl) d§=0
Er ¢ : oD g

Iz
dr =0,
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S avvdx dt = — % S avidz=0,
Qr Dy

To u3 (14) u (14') ymeem
OS u? (z, t)dzx dt =<0,
T

OTKyJa BHITeKaer, YT0 u==0 B Q. Teopema jnokasaHa.

OCKOJ/ILKY pelleHHe M, B. CMmemaHHo# 3anaud (1)—(3) uau cme-
mwaHHo# 3anauH (1), (2), (4) sBAsiercs H 0GOGILEHHBIM pelIeHHEM COOT-
BETCTBYIOWleA 3an1aud, TO M3 Teopembl 1 BhITeKaeT

Caencreue 1. [lepsan cmewannan 3adawa (1) — (3) He mooem
umeme Gojsee 00HO2O peuwleHus n. 8.

Tpemea (smopas) cmewannas 3adaga (1), (2), (4) He mooem
umemb 0O0nee 00HO20 pewieHus n. 8.

M3 teopemnl 1 BbITeKaeT TaKiKe cJeaymouee yTBepXKIeHHE,

Cnencreue 2. Tpemoa (emopas) cmewannas 3adaqa (1), (2),
(4) He moocem umemb 60nee 00HO20 KAQCCUMECKO20 DeUleHUs,

JeficTBuTeNBHO, NYCTb U; H U, — JBA KJACCHYECKHX PelleHHs
sagaun (1), (2), (4). Torna HMx pasHOCTb SAB/AETCH KJACCHYECKHM
peumenneM 3agaun (1), (2), 4) ¢ =0 u f=0& L, (Qr). Cnenona-
TeJNbHO, Uy — Uy ABJAETCA OGOOUIEHHBIM pelleHHeM H B CHJy TeOpeMbl
1 paBHO Hym10. ‘

YCTaHOBHM Tenepb Teopemy efHHCTBEHHOCTH KJIacCHYECKOro pelie-
HHSl NepBOil CMeIaHHOH 3ajauH.

Teopema 2. [lepsaa cmewannas 3sadawa (1) —(3) He moxcem
umems 00see 00HO20 KAQCCUHECKO20 PeEUleHUs.

Ilycte u; M u,—[Ba KJACCHUECKHX pellleHHs B IHJAHHAPE Qr
nepBoit cmemanHo# 3anaun (1) —(3). Torma ¢yHkuns u=u;—~u,
npuHagnexxutr C+! (Qr)NC QrUTrUDy), ynosaerBopsier B Qr onHo-
POIHOMY YDAaBHEHHIO :

Lu=u,—div(kV u)+au=0, (1)

Ha I'r—rpannudomy yciaoBuio (3) H Ha Dy— onHOpORHOMY HayaJb-

HOMY YCJ/IOBHIO
Ulog=0. (20)

Ilokaxkem, uto u(x, {) paBHO Hymo B Qr.
Ilpennonoxum, uTo cyumecTByeT Takas Touka (x° £%) &(Qr, uro
u (x% 1% # 0. bynem cuutats, uto u (x% £ >0 (ecam u (x*, %) <O,
TO BMECTO (YHKUMHM 4 DacCMOTPHM (YHKIHIO — 4, 175 Hee BBHIIOJ-
HeHO (lo), (20) ¥ (3) U —u(x% £)>0). '
OGosHauum u (x°, 1% uepes M u paccMoTpHM (YHKUHIO

v, H=u(, f)— g0,
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[Ipexxne Bcero OTMETHM, UTO

Lv=—2 <0 ana Beex (x, ) €Qr. - (15)
Tak kak ve C(Qp), T0 B Qp cyuiecTByer TOuka (x!, £!), B KoTo-
poit ¢yHKuHA v(x, f) HOCTHraeT CBOEro MakKCHMAJIbHOrO 3HAYeHHS;
NpH 3TOM, MHOCKOABKY u(x%, ) =u(x? #)=M, 10 V(x}, )=
=uv(x% =M. -
Touka (x!, ) He MoxkKeT mnpuHaaMexarb MHOXecTBYy I'n |)D,,
M M M
mt—O)=5z—t) <7 n vip,=ulp,+
—l—%'l=%4-. CnenoBaresnbHo, ToukKa (x!, ') 1no/KHA NPHHALJAEKAThb

MHOKeCTBY Qo U D, Ilyctb OHa npunaniexur Q. Torma v, (2, 1) =
=0, vy, (x' )=0 u Ury, (8, #)<<0, i=1, ..., n. To ects
Lo (¥, ) =uv,(xt, £)—Ek(xY)Av (22, )= VEE)Vo(xt, )4 a(x!) X
X v (xt, 1)=0, a 310 nporuBopeunt (15). Ecau ke (x', ') & Du, 10
v x', 1) =0, vy, (¥, 1) =0 M v, (¢, 1) <0, i=1,..., n. To ecTp
cHoBa L (x!, f1)=0. Teopema nokasaHa.

2, CymectBoBanue o06oGmenHoro peuwienns. [lepefinem Tenepn
K J0Ka3aTeJbCTBY CyIlecTBoBaHHA pemenuft 3anau (1)—(3) u (1),
(2), (4). Hna »storo Tak xe, Kak H B TUNepOOIHUECKOM CJyuae,
BOCnOJIb3yeMcsi MetonoM Pypee.

Ilycre v (x) — o6o6iieHHas coGcTBeHHaA (yHKIMA NepBOH Kpaesoi
3ajauH

TaK KaK Ulpp =U|p; —

div (k (x)Vv) —av=hv, = x<D, (16)
U ]aD = 0
uau Tpetbeil (Bropoi npu ¢ =0) KpaeBof 3ajauH
div (& (x)Vv) —av=Av, xeD,

<g—::+c(x)v)lw=0 (17)

(A — cooTBeTcTBYyIOIIEE COGCTBEHHOE 3HAueHHe). 3TO O3HayaeT, YToO
B clyyae nepBOH KpaeBoi 3anaud v npHHamiaexut H' (D) u ynos-
JIETBOPSAET HHTErpajsbHOMY TOXKIECTBY

S (RVoVn+avn) dx+ A S mdx=0
D D
npu Beex v & H' (D), a B cayuae TpeThell (BTOPOH) KpaeBo# 3ajauH
ve H' (D) u ynoBnerBopseT HHTErpajlbHOMY TOXKIECTBY
{ (kVoVn+avm) dx+ § koundS+ 24§ mmde=0
D D D
npu Bcex n < H!' (D).
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PaccMOTpHM OpTOHOPMHDOBaHHYI0 B Lo (D) cHCTeMY Uy, U,
COCTOSILYIO M3 BCeX OGOGCIIEHHRIX COOCTBEHHHX (GYHKNHH 3afayu (16)
Hau coorBeTcTBenHO 3ajayu (17); Ay, Ag ...— HOC/IE10BaTENbHOCTD
COOTBETCTBYIOUIMX COGCTBEHHHIX 3HAyeHHH; M0c/el0BaTe/bHOCTh COG-
CTBEHHBIX 3HAYeHHH, Kak OGLIYHO, CYHTAaeM HeBO3pacTaiolled, NMpHYeM .
Kakj0e COOCTBEHHOe 3HaueHHe MOBTOPSIeTCs B STOH Moc/efoBaTe/b-
HOCTH CTOJNIBKO pa3, KakoBa ero KparHocTb. Kak 6bl0 nokasaHo
B § 1 ra. IV, cucrema v, vy, ... ABJISA€TCA OPTOHOMHPOBAHHBIM
6asucoM B Ly{(D) u Ay—>—co npH k—>oo. B cayuae nepsoii,
tTpethelt npu 6=%=0 Ha 0D u Bropolt npu a==0 B D KpaeBHX
3anay (HanomHuM, 4To a(x)=0 B D u 0(x)=0 Ha dD) nepBoe
co6cTBeHHOe 3HaueHue A, <<0, T. e. 0> M=A=... Eciu a=0
B D, 10 B cayyae BTOpOH KpaeBoH 3anaud O0=M>A=A;>=....

IpennonoxuM, uTo HavanbHass (QYHKUHS @ B (2) NpHHANMEKHT
Ly (D), a ¢yskuus f e L, (Qr). CoraacHo Teopeme Py6unu f(x, f) =
& Ly (D) nna n. B. t= (0, T). Pyukuuio ¢ u dyHkuumo f (x, ) aaa
n. B. 3HaveHu#i {e (0, T) pasnoxum B psansl Pypre no cucreme
Up» Uy ... OGOGIIEHHBIX COGCTBEHHbIX ¢(yHKuMH 3amaun (16), ecsn
paccMaTpuBaerca 3agasa (1), (2), (3), wam 3amaun (17), ecqu
paccMartpuBaercs 3apada (1), (2), (4):

k=1 ' (18)

rie
Qe =(Ps Vo0 Fe )= (x, ), v ()L, 0y (19)

npudeM GQyHKUMH f, (f) npunanaexar L, (0, T). CorsacHo paBeHCTBY
INapceBans — Crek/oBa .

> ok=[olL o (20)
k=1
upran B (0, T)
D=\ P, tydx,
k=1 D
oTKyna
o T
Dinwa=\ P fdcd. (20')
k=10 Qr .
Paccmotpum pas moGoro k=1, 2, ... npuHapnexauyio H*(0, T)
byHKIUI0

Us () = pue’ +§fk<r>e*k" Y dr, (21)
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ynoBJeTBopAlomyo . B. Ha (0, T) ypaBHeHHIO

U= MUr = (22)
u ynosaersopsiomyo (H'(0, T) = C ([0, T]) ycaoBuio
Us (0) = s (22)

Jlerko (kak ¥ B runepGOJHYECKOM clyyae) NpPOBEPHTb, YTO (YHKIHA
e (x, ) =Up(f) vg (%)

AIBJIsIeTCS OGOGIIEHHEIM pellleHHeM NepBof, ecqH v, (x) — cOGCTBEHHAs
¢ynkuua sanaun (16), Wam TpeTbeH (BTOpOH), ecJH Ug (X) — co6-
cTBeHHas ¢yHKuMs 3apaud (17), cMemaHHOH 3anayu AJs ypaBHeHHS

us— div (kVu) 4 au={, (f) vg (x)

C HayaJbHBIM YCJIOBHEM
U lpeo=Ps0g (x).

CnenoBatenbHO, €caM B KauecTBe HayaqbHOH GyHKUMH B (2)
H npaBou 4acTH B ypaBHeHHH (1) B3ATb yacTHUHble CyMMbl PsifoB (18)

Z PpUr (X Z fr ) vp(x), TO OGOGIUEHHHIM pEIIEHHEeM 3afauH

(1) (38) mnmm COOTBeTCTBeHHO 3az[a!m (1), (2), (4) Oyner dyHKUHA
= Z U (&) v (x)
k=1

B uactHocTH, B ciyuae mepBoil cMemaHHo# 3amaun Sy (x, f) ynoBJe-
TBOpSieT MHTErpajbHOMy TOXIECTBY

S (— Syv;+EVSy-Vo+aSyv) dx di =
er

=

N
={ 3 o ()0, g 2 (B)ve (x) v (x, ) dx dt (23)

Do k=1 k=

npu Bcex v M3 H! (QT), YAOBJETBOPSOMMX ycnoBusM (9) u (11),
a B ciaydae TperTbef (BTOpoH) CMeLIaHHOH 3a1ayd — MHTEr PaJbHOMY
TOXKJECTBY :

{ (—Swu+£VSy VotaSyv)dxdt+ § koSyvdSdt=

Qr I‘T

N
=§ X e vlx, 0)dx+§ Z fi () , )y dedt (23)
Do k=1

Qr k=1

npu Beex v u3 H'(Qr), ynOBJETBOPSIOUIMX YC/IOBHIO (9),
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[TokaxeM, uto oGobiennoe pemenue 3agaud (1) —(3) uau 3apaum
(1), (2), (4) sanaerca psjpoMm

=XU . (24)
k=1
rge B cayuae 3agaud (1) —(3) v (x), k=1, 2, , — COGCTBEHHbIE
¢yukuuu 3agaud  (16), a B cayuae 3anaud (1), (2), (4) vp (%),
k=1, 2, ...,— co6cTBeHHble  GyHKI MK 3anaun (17).

Teopema 3. Ecau fL,(Qr) u 9oL, (D), mo xambas u3
cmewannox 3a0aq (1), (2); 3) uau (1), (2), (4) umeem obobwenHoe
pewenue u. 3mo pewenue npedcmagasemca cxodauumcs 8 H'°(Qr)
padom (24). Ilpu smom umeem mecmo Hepasencmso

lelen. 0y <<C e, ®+IFls @n) (25)

8 komopom nocmoannas C>0 we sasucum om ¢ u f.
U3 dopmyaer (21) BeiTeKaer, uro anas Beex (< [0, T

t
U <<| x| € 4§ |fa(v) |27 dr <
0 .

<lgp| ¥ LoD ;j“;l;‘; 'T’ mpr k> 1

U1 @) <|@r|+Calfrle, 0. 1y

rne C,=V T B cayuae BTOpofi cMemaHHON 3ajnauH npu a=0,
B ocTanpHbix cayuasix Cp=1/)/2[A,]. [Nostomy nns Beex ¢ [0, T)]

UL () < 20ke™ + = o ey 0.1 npw &> 1 (26)

Ui () < 291+ 2C3 |1 PLy 0. 1 (26°)

PaccMotpum yacTHuHyto cymmy Sw (x, f) psina (24). [lpu Kaxnom
t < [0, T] ona npuHajgnexUT npoctpancTey H!(D,) B ciyyae nepBoi
CMelllaHHOH 3afaud HJaM 1npocrpanctBy H1(D,) B cayuae Tperneid
(BTOpOJi) cMemaHHOH 3anauH.

[Ipn wuccnenoBanuu 3sapaud (1) —(3) yno6HO BBecTH B IpOCTPaH-

ctBe H1(D,) cKaJsipHOe TMPOH3BeJeHHe
{ (kVuVov+-auv) dx

D,

[Ipu uccaenosanuu 3anauu (1), (2), (4) BBenem B npocrpanctse H! (D,)
CKaAsIpHOe TpOH3BeLeHHE

§ (#VuVut-auv) dx+- § kouv ds,

b, oD,
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ecan win as=0 B D, win 6z£0 Ha 0D, M cKalspHOe POH3BEAEHHE

S (EVuVo - uv) dx,

D,

ecii a=0 B D u o=0 Ha dD. llockonbky B ci1yuae nepBoi u
Tpetheii mpu 0z=0 cMemaHHHIX 3aJaY H B CJayyae BTOPOH CMellaH-
Holt 3ajaun npu a=E0 cuctemul GyHKUME v/} — A1, 0o/V —hs, ...,
OPTOHOPMHPOBAHBl B COOTBETCTBYIOWIMX CKa/SIPHBIX MPOM3BEAEHHSIX,
a B clyyae BTOpOH cMemiaHHo# 3agaun npu a = 0 opToHOpMHpOBaHa
cucreMa dyHkuui v/} 1—hy, vo/V 1 —As, ..., TO 1751 Beex £ [0, T}
Haobeix M u N, |l <M<N, B cuay (26) umeem

N 2
1Sw (6 )= Sw v, Doy = | D) Ushunn)] <
: k=M+1 A (D))
i d 2.t 4
< 3 Ginl< 3 <2ekcpillkl+§fi(t)dt>v
R=M11 k=M+1 b

B c/ydae NEPBOH CMEMIaHHOM 3afauH M B cjyuae BTOPOH HJM TpeThbelt
CMelIaHHHIX 3amay, ecid win a=x0 B D, win o (x)3£0 Ha dD,

N
ISw e )= Su e i 0y= 3 UHO(+IM]) <

N T
< 3 [e™i( i\ RO dl<

k=M1

Y W R
<2l 3 [ 1+M,,l)cpk+§ dt]

k=M1

e a=0 B D u 0=0 Ha aD To ectp B o60ouX Ciyuasx HMeer
MecTo HepaBeHCTBO

“SN xit —‘SM (x, llH‘(D,)é
’ N
<C Y (g™ 1+lMl)+§f () dt),

k=M1

Hapsity ¢ 3TuM HepaBeHcTBOM B cHay (26°) cnpasensuBo mpmu
scex [0, T] u mobeix N =1 n HepaBeHCTBO
2
=
' (Dy)
T

N .
<C, ) (o™ (1412, )+ § f2 () ).

k=1 0

I Sn () Wi (0=

Ulvl"l“ Z U,,v,,
k=2
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Hurerpupys mo { & (0, T) nepaBenctBa (27) u (28), monyuum
N T
ISu—Su oy <Cs 3 (i-kai yat),  (@9)
k=M +1 0 /
' N
[ SN0 <Cs X <q>ii+§ ft @) dt>. (30
= 0

T
B cuny (20) u (20°) psin ¢ obmuM wienoM @f+§ f2(f)dt cxo-
0

autcsi, TlostomMy u3 (29) BeiTeKaer, uToO p;m (24) cxomures B H-°(Q7)
H, CJeloBaTe/]bHO, €ro cyMMa u (x, ¢) npuHaniexur H1 °(Qr) u ynoB-
JIETBOPSIET B CJyyYae MepBOH CMeIIaHHOH 3aayH I'PaHHYHOMY YCJIOBHIO
(3). Tlepexons K npepeny mpu N —co B TOXKIeCTBe (23) B ciyuae
nepBodl sajaud MAHM B TOXAecTBe (23’) B cayuae Tperbeft (BTOpO#)
3ajauu, MOJY4YHM, 4YTO (YHKUMA u (¥, ) YIOBJETBOPSIET TOXKAECTBY
(12) wmm rtoxnectBy (13) coorBercTBeHHO. CnenoBarenbHo, u (X, {) —
o6obiuentoe peutende. HepaBencTBo (25) Beitekaer u3 (30), ecnu
B HeM mnepefiTM K mnpeneny npu N —oco M BOCIHONB30BaTbhCs PaBeH-
crBamu (20) u (20"). Teopema pmokasaHa.

OrMeTuM, 4TO, TaK Xe KaK M B rHnepbOJHuecKOM ciyuae, cylue-
CTBOBaHHEe OGOOIIEHHLIX pelIeHHH paccMaTPHBaeMbIX CMeHIaHHBIX
3ajau MoxkeT OBITb MPOBENEHO C TOMOMIbI Meropa [anépkuua.

3. TaagkocTh 0000WEHHBIX pelieHHH cMewiaHHBIX 3ajay. Cyme-
CTBOBaHHe PellieHMSl M.B. M KjaccHueckoro peitenus. [Ipu wuccneno-
BaHMHU IVIaJIKOCTH OGOGIICHHBIX PEMIEeHHH OTPaHMUHMCS PacCMOTpeHHeM
nepeoft M BTOpOH (B rpaHMYHOM YycJ/OBHH ,(4) 0 =0) cMemmaHHBbIX
3ajay A1S 4yacTHoro ciyvasi ypaBHeHHs (1) — ypaBHeHHs Temsompo-
pogHoctH (B (1) k=1, a=0), xoTs mpH JOCTaTOYHOH TI/IaJKOCTH
KO3(hHIHEHTOB H (byﬂxuuu O TeM e MeTOJIOM yCTaHaBJIPIBaROTCH
aHaJIOrHYHbIE PE3yJbTaTHl M B OOMIeM cJyuae.

IMyctb u (x, {) —oGo6LUIEHHOe pellleHHe NepBOH MJM BTOPOH CMe-
IaHHOH 3ajlaud ISl yPaBHEHHS TEIJIONPOBOJHOCTH:

- Au = fr (31)
Ujg= (32)
H WIH
=0 (33)
B cJyyae IepBOil CMEINIAaHHOH 3ajayH, HJIH
ou '
an lp, — 0 (34)

B CJlyuae BTOPO# CMEINaHHOH 3afaud.

Hanomuum (cM. 1. 4 § 2 ra. 1V), uto ecam rpanuna D obnactu
D npunapiexut Kiaaccy C” npu HeKoTopoMm r==1, 10 oGOGlieHHEe
COGCTBEHHbIE (QYHKUMH v (x), k=1, 2, ..., nepsoit u BTOpOM
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KpaeBbIX 3ajay A/ oneparopa Jlansaca npuHajiexar npocTpPaHCTBaM
H% (D) n Hlr (D) cooTBeTcTBeHHO, T. €. mpiHapnexat H’ (D) u ynos-
neTsopsitor Ha 0D B ciayuae mepBod KpaeBoH 3ajauM rpaHHUHbIM
YCIOBHAM -

r—1

2

vklao =...=A[ ]vk‘ao=0, k=1,2, ceey

a B cayuae BTOpPOH KpaeBoM 3ajaud NpH r>> 1 —rpaHHYHBIM YCJIO-
BUAM

60,,
on

npu r=1 H%(D):HL@(D)=H‘ (D).
OGosHauum yepes H?D’"(QT) npu LejoM /=1 NomnmpocTpaHCTBO

npocrpactea H% ! (Qr) (cm. n. 2 § 7 ri. III), cocrosimee u3 Beex
¢oyuxuuit f us H* 4 (Qr), a1s KOTOPBIX

flep=...=A=f | rp=0;

_ =iA['§]—‘vk[ 0, k=1,2 ..;

op 77 on

oD

nox ‘I:I"_,Z' “Qr) mpu =0 Oymem NOHMMaTb TNPOCTPAaHCTBO L, (Qr):
%0 @) =H"° @)=L, (Qr).
Yepes F2%/(Qr) npu uenom /=1 o603HauMM NOXIPOCTPAHCTBO

npocrpanctea H*.%(Qr), cocrosiee H3 Beex ¢yukuumi fus H%!(Qr),
AJIsl KOTOPBHIX

F| _  _ a5 _o
| = =gl =
nox %} (Qr) mpu [=0 Gypem noHumath mpoctpancTo L, (Qr):

A%°@Qr)=L, (Qr). ‘
Hmeer MecTo ciepyroliee yTBep:KAEHHE,
Teopewma 4. Ilyeme npu wexomopom s==1 D =C* u &

cayuae  nepeolt cmewannolt sadaqu (31) —(33) ¢=H ?5“ (D), fe
e B3~ =Qy), a 6 cayuae smopott cmewannott sadauu (31), (32),

(34) o = H5~ ' (D), fe= H3™ D C=D(Qr). Toeda obobuwernoe peweriue
u(x, t) kxawmdod u3 smux 3a0au nNpPuUHAdAEHUM NPOCMPAHCMEY
H?* 5(Qr) u pad (24) cxodumces « wemy 8 H?s s (Qr). I1pu amom umeem
MECmO Hepasescmao

“ u ”H2S. S (Qp) <C (“(P “H2S—1 (D) +“f“[-12(5— 1), s— I(QT))' (35)

8 KOmopom NOAONCUIMEAbHAA NOCMOAHHAA C we 3asucum om Qu f .
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3ameTHM, 4YTO B YCJIOBHM Teopemb! 4 KpoMe TpeGOBaHMH IJajgKo-
CTH 3ajaHHbIX QYHKUMI mpexrnosaraercs BbOJHEHHE YCJIOBHH

Qlop=...=A5"19l3p =0

fler=...= A% | =0

B C/Jyyae NMepPBOH CMEMIaHHOM 3ajlaud M BLINOJHEHHE YCJOBHH

dp . _ 9 -2 _

ﬁao'—'"_cWAs ¢lop=0
¥

Of | _ 9 as-es _

on e == on A Tl =0

B CJyyae BTOPOH CMeIIaHHOH 3amauM. /IAsi CpaBexiMBOCTH yTBEP-
XKJeHHusl TeopeMbl 4 0 cxoguMocTH psina (24) B H? S (Q;) K 0Go6iueH-
HOMY peIIeHHI0 COOTBETCTBYIOIIEH CMEIIAHHOH 3ajauM 3TH YCJIOBHS
HeoOxoauMbl, ONHAKO ec/iM MHTEPECOBAThbCS TOJIBKO TVIaJKOCThiO 0606-
IEHHOrO pPellleHHs (a He CXOAMMOCTBHIO K Hemy psina ®ypoe), To, Kak
H B CJyyae rumnepGo/MUeCKHX ypaBHEHMH (cM. Teopemy 3 m. 4 § 2
ra. V), 3TH yC/IOBHS MOXHO CYIIECTBEHHO OCNalHTh; KaK M B Ciayuae
runepGo/IMUeCKHX ypaBHEHHH, OHH MOT'YT ObiTb 3aMEHeHbl YCJOBHSIMH
corsiacoBanus ¢yHKuMi @ H f Ha 3D,

HokaszareabcTBo TeopeMnu 4. B cuny nemmul 2 m, 4 § 2
r1. V, oyukuun fi, (¢), k=1, 2, ..., 3aganHsie gopmyJoi (19), npuna-
ajexar npocrpanctsy H5-1(0, T) (u, TeM caMelM, npH $==2—npo-
crpadctBy C*~2([0, T)). CnenoBatenbHo, yz[osJIeTBopmomHe Ha (0, T)
ypasHeHusMm (22) ¢yukuuu Uy (8), k=1, 2, ..., 3aganHble dopmyJioit
(21), npunannexar npocrpaHctsy H¢ (0, T), a 3HauMT, U DpOCTpaH-
crey C*-1([0, T']). Torna B cuny CBOHCTB COGCTBEHHBIX QYHKIMI vy, ()

YaCTHUHBIE CYMMBl Sy (X, ¢ Z Ur (@ ) pana (24) npunannexar

[IPOCTPAHCTBY I:I?D (Q) M npu Beex { = [0 T] npoctpaucrsy Hz (D)
B CJyvyae nepBou, unu npocrpanctey HZ: °(Q) u npu Beex ¢ [0, T
IIpOCTPaHCTBY H%-(D;) B cnyuae BTOpOji cMemaHHOj sagaud. Kpome
orS

—7 TPHHAIVIEXKAT NPOCTPAHCTBY
H26—p).s—2(Q,) u npu seex ¢ [0, T] npocrpanctsy Hy (Dy) B cny-
yae nepBoil MM mpoctpanctBy H-(D,) B ciyyae BTOpOH CMeIIaHHO
3anayH. [lostomy Ha ocHoBaHuM gemmbl 3 m. 5 § 2, ra. IV u opro-
FOHAJMIbHOCTH B L, (D;) co6erBeHHbIX GYHKUME vy, (X) MMeeM INpH BCex
te[0, T), mobeix p=0, ..., s u mobblx M u N, 1 <M <N,

Toro, mpu p==1, ..., s ¢dbyHKIHHA
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HepaBeHCTBA

oPS,, 0PSy
otP ot H2<S—P><D>\

<G

As pEF’(S SM)

LD~

N 2
dru
Y mlr St )

E=M+1 Ly(Dy)
N
dPU,\2
=C; 2 |}"kl2(s_p)(7pk) (36)
k=M1
" Ananornuno, npu seex ¢t [0, T], mobeix p=0, ..., s ¥ J06LIX

N=1

aPS ), |2 dPU,
-——-—-atp H2(s_p)(D)<Cl 2 l}"kl2(s p)( dtp)

B CJyyae nepBOi cMmemlaHHOH 3apauH (A; #~ 0) u

0PSy |07 (U0y) 4 0P (Sy—Sy |2
atp H2(S Py~ | otP 9P H2(S—P>(D,)
deu, 0P (Sy—Sy) ?
<2( dep ) D1 H2(S—P)(D,)+ 2 o H2(s—p)(D)<

<G, ((d:%‘) + 2 | A 26— m(d"Uk))

B CJayyae BTOPOH cMemaHHo#t 3apnaud (A;=0). Takum o6pasom,
B oboux cayuasx npu Beex t<[0, T), p=0, ..., s N=1

N
oPSy 12 doU s py[dPUR\2
H2(s—p)(Dt) (( dtpl) +k21 I}‘rk l2( p)(’qt"p_k') )- (37)

ote

Huterpupys no ¢ = (0, T) u cymmupys mo p, p=0, ..., s, HepaBeH-
crBa (36), monmyuum

N
: s — oy | 4PUs 2
T D LN -
p=0 k=M1
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AxanornuHo M3 HepaBeHCTB (37) mosyyaeM HepaBeHCTBA

L2 (Ov T)

-+ 2 | A= L2 P 7))- (
k=1

Bocnonb3yemcs pasee ciaepyouledt JeMMoi, A0Ka3aTeJabCTBO KOTO-
po#i 6yAeT npHBelEHO NO3[HEeE.
JlemMa 2. [Mycms npu wexomopom g=0 0D < C*+? 8 cayuae

nepeoti cmewantol sadayu (31)— (33) 9= H:;"Dq +1(D), fEI:Igg’- 7 (Qy),
a & caywae emopott cmewannol sadaqy (31), (32), (34) o =H>*+1 (D),
fe H%: 1(Q;). Toeda npu mobom p, 0<<p<<q--1,

[ S [ir2s. son=<C (" d:tlr{1

= dey
kZI [ Mg ]2((“—1-”)[ d,pk ”L © T) “q)“[ﬂv-i"l(p)'l‘uf”y?V 9(Q )) (40)

20e noaoxcumenvran nocmoantas C we 3asucum om ¢ u f.

B cuny srofi Jemmet (npu ¢=s— 1) u3 HepaBeHcTs (38) BriTe-
Kaer, uto psn (24) cxoputcsa B H?: s (Q,). CienoBatesibo, 06061ueH-
Hele pemenHs sapau (31) —(33) u (31), (32), _(34) npunapsexar npo-
ctpancTBy H?s s (Q) (¥ aaxe mpoCTpaHCTBaM H2S' (Q;) nnn H"'s s (@y)

coorBeTcTBeHHO). [lepexona B (39) k npene.ny npu N — 0o, ¢ nomo-
mpio (40) M OYEBHIHBIX HEPABEHCTB “ dtﬂ s T)< const (@i, o) +

+ 1 26 -1. s=19y)» P=0, ..., s, mnoiyuaeM HepaseHcTBO (35).
Teopema noKa3aHa.

TTockonbky npHMHajsexallee npocrpaHcTey H? 1 (Q,) oGobiuenHoe
pelleHHe CMelIaHHOA 3aJaud SIBJAfieTCs pelleHHeM 1. B., TO M3 Teo-
pembl 4 npu s=1 BhITeKaeT

Caepcreue. Illyeme D =C?% fe=L,(Q;), u nycms 8 caywae
nepeoii cmeuwianroll 3adauu (31) — (33) 9= 1 (D), a 6 caywae smopoil
emewannoll 3adayu (31), (32), (34) 9 = H* (D). Toeba pad (24) cxo-
OQumca 6 H>» 1 (Qr) u eeo cymma seasemca peuieriuem n. 8. 3adaqu
(81)— (33) uau coomseemcmeento sadayu (31), (32), (34). IIpu smom
uMeern Mecmo HepaseHcmeo

lule2 1@n <C (@l o)+ laen)s

8 KOmMOpoOM noaoxcumesvras nocmosannas C we sagucum om ¢ u f.

ITpexxae uyeM yCTaHOBHTb CIpaBeNHBOCTb JIEMMbI 2, KOTOPOil MbI
BOCIIOJIb30BAJIMCh NPH J0Ka3aTeJbCTBE TeOpeMbl 4, NOKaxKeM cjepy-
JOLLHE BCIIOMOraTeNbHble yTBepKjIeHHA.
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Jlemma 3. Ecau f(x, )y H" °(Q,), r>1 ag(t)ely, 0, T),
mo ¢hynryua

T
h(x)=§f(x, 1) g (¢) dt

npunadaescum HT (D) u dan moboeo o= (0, ..., @), || <71,

T
D (x)= (D% (x, t)g(¢)dt. (41)
0
Ecau npu smom flp, =0, mo hlop=0, a ecrunpur=2 3 af il =0
Oh T
mo anla =0.

I'Ipexme BCero 3aMeTHM YTO M3 NPHHAAIEKHOCTH QYHKUMH f mpo--
cTpaHCcTBY L, (Q;) BbITeKaer, uto h & L, (D). /lelicTBUTENBHO, TAK KaK
f(x, t)g({) = Ly (Qr), To no Teopeme ®y6unu h < L, (D), a nocKoJbKY,

T
kpome Toro, 12 (x)<<{f(x, £)dt-| gli, 0. 1) TO he Ly (D).
0

Takum ofpasom, GyHKuus h U DYHKUHH

T
ho(x) =\ D2f(x, Hg(t)dt, a=(m, ..., %) |a|<r,
0

npuHanaexar L, (D).

BosbmeM mpoussonbHylo ¢ynknmio 1 (x) w3 €' (D). Tak xak,
oueBHpHO, g ()M (x) = H°(Qr), To aas moboro @, |a|<<r,

;ha(x)"l(x)dx= § D% (x, 1)-m(x) g (t) dx dt =

Qr

= (=1l § f(x, ) D% (x)- g () dxdt =(— 1)*!{ & (x) D=0 (x) dx.
Qr D

CnenoBaTtenbHO, GYHKUHMA /A HMeeT OGOGIIEHHEIE IMPOM3BOAHbLIE
D%h=hy, |a|<r, npunapiexamme L, (D), 1. e. he H" (D).

Ecnu flp, =0, To ans mo6oit ynkuun 1 (x) = C'(D) u mo6oro
i=1,2,...,n

[ A0 dr=§ fo, (v, ) (1) g (8) dx dt =

D Qr

=-—(§f(x: f)-nxi(x)g(f)dxdf=-—§)h-nxldx-
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C npyro#t cToponm, mockonbkKy he H'(D), o NPH TIPOU3BOJIBHON
ne C'(D)

S hymdx= S hnn, dS—S hn, dx,

D E)) D

rae n; (x) — KOOpAMHATHl BeKTOpa BHelIHed HOpmaJu K 0D B Touke X.
ChnepoBartenbHO, TpH J1060# 1 (x) & C (OD)

Sh’r]nde":Oy i=11 ()
3D
OTKy#a (Cp. € AOKasaTesnbcTBOM JieMMmbl 4 n. 4 § 2 rai. V) BuiTekaer,
uto hlep=0.
Ecom r=2 u g{; ‘r =0, T0 (cp. C pOKa3aTeJbCTBOM JieMMbl 4
. T

n 4§ 2 ra V) qas moboit pynxuun 1 e C2(D)
;Ah<x)-n<x)dx=QS Af (x, 10 (x) g () dx dt =

=—{ Vi@, ) ) g () dx dt=—{ VA Vndx.
Qr D

C npyrofi cTOPOHBI, OCKOAbKY A & H?(D), To pad Mo6oi neC! (D)

S Ah-qdx= S 2 nds— SVh-Vndx.
D D D

CllefoBaTeIbHO, A1l VOGO ¢dyukuuu n e C (D)

oh
S 2 nds=o,
oD
oh
T. e 5| —0 JleMMa pokasaHa.

CJIeI[CTBPIe [Tycme (j)ymcquﬂg()eLz(O T), ad;yﬂmuﬂf(x, 7)

npuradaexcum npocmpancmey Hy' 3" " (Qr) uau npocmpancmey A%:"Qr)
npu Hexkomopom r =0, Toeda ¢pynxyua h(x) npunadiexcum npocm-

paxcmsy H?’D’ (D) uau npocmparcmey H (D) coomsemcmeenro. I1pu

amom 04 06020 A= (A, ... , %,), |&|<<2r, umeem mecmo ¢hop-
myara (41).

Jlemma 4. Ilycmo 0D = C? Ecau npu nexomopom q=0 ¢yux-
uyua f(x, t)EH24 7@Qr), mo npu mobom p, p=0, ..., q,gtf,

e B39 =P 9P(Qy). Ecau f = HY *(Qr), monpu /zf060Mp,p=0,...,q,

0pf 2¢ ),
atpEqu £ q— p(QT)-
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[Ipy ¢g=0 u g=1 yrBepxneHHs Jemmnl oueBHaHbl. [Ipu g=2
nepBoe yTBEpIKIEHHE sBJISETCS HENOCPeNCTBEHHEIM CJIENCTBHEM yCTa-
HOBJIGHHOr'O NpH JOKa3areJbcTBe Jemmbl 4 n. 4 § 2 ro. V yTBepxkpe-
uusi: ecau G H*(Qr) u Glr, =0, mo G;|r,=0. Bropoe ytsepxne-
HHE JIEMMHL, oqeaum—xo BbiTeKaeT u3 cienyouero: ecau G & H(Qr)

G _0 an
TaK )Ke, KakK aHaJIomlmoe yTBepxkjeHHe B Jemme 4 . 4 § 2 o, V.
JleficTBUTEIbHO, TaK Kak a—;‘ T—O 1o npu Joboii n<C?(Qr),
N lp,="nlp,=0, uMeem
{ AG mdxdt=—{ AG-mdxdt={ VG-V, dxdt=

Qr Qr Qr

‘—0 3aMeTuM, UYTO OHO JIOKa3bBaerca TOYHO

——S VG, Vn dx dt.
Qr
C npyroii CTOPOHBI,

SAG,-ndxdt= S%‘ﬁf M dS dt — S VG,V dx dt.

Qr Tr Qr
[Tostomy

| o %t 1 dS dt=0
I'r
s moboit M & CHTr), nlop, =N lap, = 0. CiienoBarensHo, 3—% =0
JleMMa fnOKasaHa. !
Jlemma 5. Ilyeme 0D =C?, u nycms npu Hexomopom q¢=0.
f(x,ot) HY 9Qr) uau f(x, ty = HY 7 (Qr). Toeda npu aobom p,
p=0, ..., q,

oo d 9
2 |7‘ 2a- m\ dpt':’k “ L2 (0. T)<Cllfnﬂ27'q(Qr)’ (42)
k=1

20e noaoocumensran nocmosnnas C He 3agucum om f.
Cornacio Jemme 2 1m. 4 § 2 . V npu Jobom p, 0<<p=<gq,

4Pt (¢ oPf (x, ¢
gfp() _ S __fé(tﬁp_)vk (x) dx, mosTomy

D
T

A 227 OS (L) 4=

=M 2 (q—p)S (S apﬁ,(,’f' f) d’gtkp(‘) dt) & (X) dx =

D ‘0

=M¢_p§<géﬂf(x ?) d”fk(t)dt)Aq P, (x)dx.
0

otp dtp
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p .
[To nemme 4 ¢yHKmus 2 gt(ﬁ ) npunagnexur HL9=79-7(Q;) nan

cootBetcrBenHo HZY P 977 (Qr); sHauut, B Cuay CJEICTBHS U3
T

JeMMH 3 ¢yﬂxuuﬂ§api a(;:,’ t)dlgt"p(t) dt npunapnexur Hy' P (D) uau

coorsercreento H3 ™ (D). CnegoBarenHo,

T
dPf, (£)\2
| A 2 w—p>§ <_-£’;p()> dt =

T
=Mg—pS Aq—p(S 9°f dPfy dt) 0, dit =

2 atr “dth
=M"" S po-r 220 P, (x) dx dt =

Qr
T
a , i) ,
=17\ (0755 ) (§ Za e ) o ) dy e =
: D 0 D .

T
=K’Z°"S(Sap$fﬁ"’g< t)dt)vk (9 dx=

DO

T
~ (S 2150 ggz)(t)dt) A 7P vy (x) dx, (43)

D0

aPf (x, t
rae oyuxmusa g () = S AT-? gt(; ).v, (x)dx B culy Jemmbl 2 m. 4
b

§ 2 ra. V npunagaexur Ly (0, 7). PyHruus Aq-”é%g;t)ebz @),
nostoMy mas n. B. t= (0, T) A""’%ﬁeh (D;) u nas m. B.

oPf |8

0. 7) Y (ePO)y=| A5k, 0, - Crenosatensioo,
k=1

2 lgiPHEs o, 7 —”A" ”32’: ”L’ '(Qr)g const|flegaen.  (44)

Tak Kak B cuay JeMMbl 4 M CI€ICTBUA H3 JeMMbl 3 QyHKIHs

of (x, O
g __a fgp D40 () dt npunapaexur H3P (D) uu COOTBETCTBEHHO
0
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H%ﬂ—ﬁ) (D), To u3 (43) umeeM paBeHCTBO

T
| M |2(q—p) S (dpfk @) \? dt =
0

T
=SN”6E%¥%WUM) yw’ﬁw,
D

b

H3 KOTOPOro B cuny (44) HeMej/IeHHO BhITEKaeT (42). Jlemma noKasaHa.

[TepefineM Tenepp K 10KasaTeabcTBY JeMMbl 2. Tak
Kak o¢yukmua fe H?9(Q,) c H1(Q;), T0 QyHKuusa [ (¢), k=
=1, 2, ..., npunajjexar (1emma 2 n. 4 § 2ra. V) H?(0, T). Iloaromy
cornacHo (21) u (22) ¢yukmuu U, (f), k=1, 2, ..., npuHanIexar
H+1(0, T). U3 (22) BuiTekaer, uto npu JioboM p, | <p<
<q-+1,

p—1

drU d’]

= MU+ Yo Sl e, 7).
=0

CrnepoBaresibHO, B CHJy HepaBeHCTBa (42) JemMbl 5 /151 JOKasareb-
cTBa HepaBeHCTB (40) MOCTaTOYHO yCTaHOBUTDb, YTO

2 | A2+ DU 1, 0, 1y << const (| @ [29+1p, - |F 1120, 9 0n) - (45)

YwmuoxuMm (22) Ha U, ¥ NPOHHTErpHPyeM IOJyYeHHOE PaBEeHCTBO
no ¢t (0, T). Toabsysace ycaosueM (22'), nomyuum

T

T
UM =g ok \ Ui d= Lo U0,
0 0

otkyzsa (A, =<0) UMeeM HepaBeHCTBO
|2 [ Uk .o, T)ﬁé @i+ el | Urle. 0, »
H, TeM CaMbIM, HepaBeHCTBO
| A PI2Uk L0, n=<< 5 (Pk”»k REES
+ (M Felee 0 1) (Al Ukl 0, ) < 5

+ %l M % | Felts o, T)Jr'é' | M P42 Uk lita 0, 1y

Takum obpasom,
| A P92 Up L, 0, 7y << @k | M P74 1 A 129 ) Fie iz o, 70
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H, CJIeOBaTe]bHO, HepaBeHCTBO (45) BbiTeKaeT U3 HepaBeHCTBA (4Z)
(npu p=0) u HepaBeHcTBa (Teopema 8 n. 5 § 2 ra. 1V)

D) ok Ay 2t << const | @[ eg+1 ).
=1

Jlemma 2 pokasana.

JlokaxkeM Temepb TEOPEMY O CYIECTBOBAHHH KJAaCCHUECKHX Delle-
Huil 3agau (31)— (33) u (31), (32), (34).

3ameruM, uto ecau f e H> 1 (Q;), T0 onpefieneHHbIe paBeHcTBOM (21)
oyukuuu U, (£), k=1, 2, ..., npunagiexar npocrpaucrsy H2 (0, T),
a cJejfoBarenbHO, H mpoctpaHctBy C! ([0, T').

Ecnn 0D = CLZ1™°, 10 B cuny Teopems 7 n. 4 § 2 ra. IV co6-

CTBEHHble (YHKIUH U, (X) nepBoi HIH BTOPOil KpaeBoH 3afgaud AJs
n

+3
onepatopa "Jlamaca B D npuHajnexar npocrpanctBy HL2)' (D),
a caenoBaTenbHo (TeopeMa 3 nm. 2 § 6 ra, III), u npocTpaHCTBY
C?(D). Torga uwacTHuHHe cyMMbl Sy psga (24) NpHHafTexRar mpo-
crpancty C2 ! (Qr).

Teopema 5. [lyems 0D = C¥*+1, 20e 2so+l>[”]+3 u

nycmb 8 cayude nepsotl CHELLARHOL 3adayu (31)—(33) 9o = Hy 2%+ (D),
feHE"*(Q), as cayuae smopoti cmewannoii 3adauu (31), (32), (34)

P eH25°+‘ (D), |eHE*(Qq). Tozda psd (24) cxodumen e C21(G,)
U €20 cymma SABAAEMCA KAACCUHECKUM peuleHuem nepsoll CMEeWwanHoll

a00ayu (31) —(33) wuau coomsemcmeerno 8mopoll cmewannol 3adaqu
(31), (32), (34). IIpu smom

“ u “C @r) <C (H ¢ ||H250—1 (D) +"f“1—12(so— 1), so—1 (Qr))’ (46)

20e noaoxcumensran nocmosnnas C He zagucum om ¢ u f.
YcraHoBHM CHauala HyxHble HaM oneHkKu ¢yHKuouu U, (£) u ee
npoussogHoii Ui (t), k=1, 2, ... U3 dopmyast (21) nonyuaem, uto

[Ue ()| <<| @e |+ V?IK |“fk“Lz(0 n mpu k>1

[Ur(8) | él(Pll.—i"Cl“flle ©, T)

rie Cy= 1/V9[?»1| B Clyyae nepBodl H C,=VTs cayyae BTOpOH
cMemaHHofl 3ajauH. M3 (22) torga BuiTekaer, uto npu Beex ¢ < [0, T}

[Ur @) | < | M| Ur| F1Fel <[ M| @e| +1|fel+

Vgl
+ V3

Ifel. 0,y mpu k=1.
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[Tosromy pmast Beex e [0, T

Ut <=2ieP+priishon  k>1 @)
U ()< 291+ 2C | Fa Lo, (1)
U () <3Met+5 | Mllflao. n+31HE k=1 48

JlokaxkeM cijenyioillee BCoOMOrare/bHOS YTBEPK1eHHe.

Jlemma 6. Ilycme [ (f) —npoussosvnas ¢ynxyus uz H* (0, T),
+a e—npoussoasroe uucao u3 (0, T]. Toeda 0dra ecex te[0, T]
UMeem Mecmo HepaseHcmso

f* (@) é%"f“’;.w. n+2e|f L, - (49)

OGosHauuMm uepes a cpejHee 3HaueHHe (QyHKUMU [ HA HHTepBale
0, T):

T
a=1 \F@)at,
0

H paccMOTpuM HenpepbiBHYI0O Ha [0, T] QyHKIiHIO

foa®)=F(t) —o.
T
Tak kak S fa (¢) dt =0, 1o cymectByer Takasa Touka £ (0, T), uto

0
fe (22 =0. TMosToMy ansa moboro ¢ [0, T] u moboro € >0

t T T
ro=2\ronoa<t(Roate (o
I o ]

CnegnoBatenbHo, aas Joboro ¢ [0, T] u moboro &, 0<<e=<<T,
HMeeM

T T
P (6) —2af (1) + a2 <%(S P dr—20\ 1) dr+a2r) +
0

0

T T T
te % () dv=t g (1) dute g ey de— 2 o
0 0 . 0 .
< \P@date " @di—a

0 . 0
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O'I‘KyILa BLITEKaeT HepaBeHCTBO
1 2 7
—1F b0, el B n =202 —20f () + () =
(/%L 2 ) 2 ()
(V‘za 5 1) + =57

coBnajaollee ¢ HepaBeHCTBoM (49). JlemMa nokasaHa.

PaccmoTpum HepaBeHcTBO (48) a1 TakMx R, uTo |Ag|= /T,
HaHMeHbIUee U3 3THX R 0603HauuM uepes k,. Torjga B cuay JemMbl 6
LISl BceX k=K, (HamOMHHUM, 4TO INOCTE[OBAaTENLHOCTb |Ag| MOHO-
TOHHO He yGbiBaer)

Ife @) P<<2{Mel|feli, . T)%'ﬁﬂfl’e iz, ©, 7).

[loxcraBasst nocnennee HepaseHCTBO B (48), mpu Bcex = [0, T] u
k =k, nonyuum

4 0. .9 15 o 6 7 il
Ui (1) < 3Me@i+ = | Ml e o, N+ g7 fili.0n<
2 .2 2 1 4
8 (Meh+ 12 Vnltao. m oy b . m)- - (50)
Ha ocHoBanuu Teopemst 3 n. 2 § 6 ra1. 11, semmul 3 0. 5§ 2ra, IV

U HepaBeHCTB (47) u (50) nas Bcex ZE[O T] u Bcex M u N,
ko< M <N, umeem

I Sn = Suler ) +gg (Sw=Sm 5\ <

<C (“ Sn—3Su ”if?s“ + 1(Dt)"l—“a% (Sn—Swm) ”:125“—1(01)) =

N 2
<c2( 3 Us(t) Aoy (x)

k= M | 1 (Dy)
N
> Ui As—'y, (x)[p <
b= M+ 1 f11(Dy)

N
<C, Y (M2 UR@O) +1 M= U () <
h=M+1

N
<Ci D) (@31 Mot 0% ) faltao iy 4+ 22| o 0 1)
E=M-+1

CuiejoBaTteNbHO,

| S~ SM le2 1@ <

<G 2 (03 | M .25°+1+|7»k125°||fkﬂu o, n+ %> il 0. 1) (B

k=M +1
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Ananoruuto, ¢ nomowpio (47') nosyuaem, yro npu Beex ¢ e [0, T']
H Bcex N =1 cnpaBej/uBbpl HepaBeHCTBA

ISvle(3,) < Col Sw l2sn—1(p,) <C; <U1 )+ ZIM[“’S““U/;( ))

<Cs ((Pl \lfl\L,(o n+ 2 (93] Me 125"_1 M7 el o, T)\)

a cJefoBaTeNbHO, H HePaBEeHCTBa
ISl @) <
C9<(P1+[|f1 Iz, 0. ) +Z (92 | Me |25°_1+7»25°_2“fk“2, o, r>)>. (52)

Tak kak ¢)yHKuuﬂ ¢ npuHajlexut npoctpanctey Hzet'(D)
B Cclyuae nepBoli CMewWwaHHOH 3ajaud WM npoctpanctBy H2™'(D)
(o]

B C/yuae BTODOH CMeIIAHHO 3ajaud, TO PAX ) ¢f| Ay |2+ cxo-
k=1
autcs. Kpome Toro, us mpHHajNeXHOCTH QYHKIHH @ NPOCTPaHCTBY

HY~ ' (D ) WIH COOTBETCTBEHHO npoctpancTBy H5*~'(D) BbiTekaer
(reopema 8 m. 5, § 2 ra. 1V), uto

> 0k A P! < const | @ [2s0—1 5y (53)
k=1

Tlocko/bKy B ciyuae nepBoil CMellaHHOM  sanaiu fe HE *@Qy),
a B c/lyuae BTOpOH cmemaﬂﬂoﬁ sajaud [ EH = *(Qr), 10 coraacHo

JleMMe 5 CXOAATCS PSifibl Z M % |feli 0.1 H 2 | A 2= D]f2 [}, 0, 1)

Kpome Toro, u3 npuﬂamemﬂocm QJyHKLum [ npocrpaHcTBy
f3ee= 5~ (Q,) uu cootBeTcTBeHHO npocTpancTBy HY~ =1 (Qy)
¥ HepaBeHCTB (42) JeMMbl 5 HMeeM

31 A P70 e lao, 1y << const | f i 25— sa—1gp*  (54)
k=1

Tlosromy u3s Hepasenct (51) BhiteKaer, uto psifi (24) cxogurcs

B C2'(Q;) u ero cymma u(x, {) npuxagaexur C%1(Q;) u, ciaego-
BaTeJIbHO sIBJsieTcs] KJAaCCHUECKHM DelleHHeM COOTBETCTBYIOWEH cMe-
waHHo# 3ajaun. CnpaBejTHBOCTL OlEHKH (46) BbiTeKaeT H3 Hepa-
BeHcTB (52) — (54). Teopema nokasaHa.
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1. Mycts D-—orpaHuueHHass o6JacTh mpocTpaHcetBa R,, n>2, a x%—Heko-
Topas Touka ua D. Tlycts ¢ymkmua u(x, f) = C* 1({x eD\X, 0<t<<T}),
T >0, yrosnersopsier B {x & D\ % 0<¢{<T} onHOpPOAHOMY ypaBHEHHIO Tell-
JIOTIPOBOJHOCTH, H MycTb paBHoMepHo mo f<= (0, T) u(x, ) (x—x%|"~2— 0 npu
x —> 19, TlokaaaTs, uto TOraa QyHKIHIO u (¥, £) MOXKHO TaK AOOMpeJeNHTL HAa MHO-
xecetBe {x=1x%, O0<C/<CT} uro monydeHHas ¢yHKuust CylAeT mpHHAAJeXaTh
C®°({xeD, 0<t<<Th.

2. Myers ¢yHRUHA d (%, £) npHHagdexur C2 !(#>0) u spaseTca B moay-
mpocTpanctee {f >0} pelueHHeM OAHOPOAHOTO YpaBHEHHS TeMJIONMPOBOJHOCTH, H
nycTh CyluecTBYeT Takas ¢yHkmusa A (x), 4yto npu awo6oMm R >0 paBHOMepHO mO
xe{|x|<R} u(x, ) >A(x) npu {->00. [Hokasarb, 4to ¢yuknusa A (x) rap-
MOHHYHA B R,.

3. Myctb ¢yukunsa @ (x) npunagnexur C(R,) u 119 scex x = R, ynoBjeTBO-

psieT HepaBeHCTBY | (x)|<<Ce¥'*"’ rpe C u a—HeKolTopb!e TIOJIOJKHUTETbHEIe
nocrostiyble. Jlokasate, 4To B moJoce {xe R, 0<t<E} CymecTByeT pelue-
Hue « (x, f) sagaun Koumn

1

uy—Au=0, x&R, 0<i<, -, 0

uli_og =@ (x).

310 pewenne 3amaetcsd c¢opmysolt [TyaccoHa u MpHHAATEKHT KJacCy e€JHHCTBEH-
HOCTH B,.

Ecmu ynkuus @ (x) = C(R,) H ynoBaeTBopsieT YCIOBHIO: AJs JioGoro &€ >0
cyuectByeT Takoe C=C (g) > 0, uTo

| @ (¥) | < Ce®!*™ pns Bcex x =R, @

TO H3 pe3yjbTara 3aaaid 3 BHITEKaeT, 4TO B moaymnpoctpaHctse {¢ > 0} cyite-
CTByeT pelleHHe 3afaud Kowm 119 OAHOPOAHOrO YypaBHEHHs TeIIONPOBOAHOCTH
¢ HaualbHOM GyHKIHeH @ (x), NpHHajTexaulee KJacCy eAHHCTBEHHOCTH B,, NpH-
YeM 3TO pelueHHe 3anaercs ¢opmyJoil [Tyaccona.

4. Mycts ¢yukmus @ (x) = C(R,) u ana mo6oro &>>0 cymecTByer Takas
aocrossuias C=C (e) > 0, uyto uMeer Mecro (2). OGo3anauuM uepes & (x, £) peume-
uue 3ajayd Kown (u3 kaacca By)

u—Au=0, xR, £>0,

®
Ulfmo=0(x).
IIoKaaah caenyioiiee yteepxaenne. Ecmu cymectByer Takas ¢ysknus A (x), 970
ans moboro R > 0 pasHoMepHo mo x & {| x| <R} > ’:)n u®)dg—>A(x)
n
lx—E]<p

npu p >00 (0, — MJIollajb NMOBEPXHOCTH eANHHYHOH cdephl B R,), TO paBHOMEpHO
no x< {| x| <<R} (npu moGom R>0) lim u(x, t)=A (x), npuseM A (x)—rap-
{—oo
MoHHYecKast QYHKIHA.
5. Iycts u (x, f) —npuHaaiekaiee B, pemenne 3afnaun Komww (3), rae ¢ (x)
e B(R,), n nyctb lim u (0, £)=A. Jlokasatb, 4TO TOTAa AJs JIOGOH TOUKH x &
t—0

e R, limu(x, )y=A.
{00
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6. Tlokasath, uto pemwenue u(x, {) 3anasn Kowwu (3), rae g B(R )
ABJISACTCA aHANUTHYeCKOH Mo (x, ) GyHKUuel B monynpocTpaHcTBe {x & R,, ¢{ > 0}.

7. ﬂoxasaTb, YTO KJjacCH4ueCKOe pelleHHe nepsou cMellaHHOH 3ajaud

ut_Au=0> (xr t) S QT={D>< (0’ T)})
u |Do=cp(x)r
u [FT=0

ABJseTC OGOGILEHHBLIM pelleHHeM 3TOH 3ajpaud, ecaum 9D < C2, :

8. JlokazaTh TeOpeMbl CyIIECTBOBAHHS H €IHHCTBEHHOCTH OGOGIIEHHBIX pelue-
HHH TepBOH, BTOPOH M TpeThbell CMeIIAHHBIX 3aAay A/ MapaGoJuYecKOro ypaBHe-
nug (3amay (1) —(3) u (1), (2), (4) w3 n. 1 § 2) Ges mpeanonoxkenus o HeOTPH-
HateJbHOCTH QYHKIUE a (x) u O (x).

9. TMycts QyHkmua u(x, {) npunagtexutr C% ! Q) NC (W), yroemreTBOpSET
B Qr OJHOPOJHOMY YPaBHEHHIO TemsJonpoBoaHocTH (u;—Au=0) u opHOpoAHOMY
HaualbHOMY YyCJOBHIO (U |Do=0’ Do— HMKHee OCHOBaHHe IHJIHHApPA QT). JHoka-

3ath, uTo Torfa u & C® (QrUDy). HokasaTh Takxe, uTO A Ji0600 TOUKH (x, £)
munuaapa {D’ X (0, 7}, rae D’ €Dy, p= inf |x'—x"{>0,

x' 0D’

X' E0D,

p?
e 8T

92a0+al+...+aﬂ+2 ||””c((z,)’

| D% (x, &) | << C(a, T)

) aao-f- .. .+an
rae a=(0y, Oy, +ss, Oy), Da”=_d——&—" a C(a, T)— nonoxurenpHas mo-

0t% ... 0x%n

n

CTOSIHHAs, 3aBHCAUlas JUbL OT BeKTopa o M uncaa T.
10. Tyers ¢yukuns @<= B(R,), a Dy, i=1, 2, ..., —nocienoBare1bHOCTb
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