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BBenenue

CortacHO 0JJHOMY 13 OCHOBOIIOJIO?KHITKOB MATEMATHIECKOI0 MOIETUPOBAHNST, aKa-
nemuky A.A. Camapckomy, (eMm., Hampumep, [1])

«... MaTeMaTndecKast MOJEJb - 9TO SKBUBAJIEHT 00beKTa, OTparKalolinii B Ma-
TeMaTHIecKoil (bopMe BarKHENIIe ero CBOMCTBA - 3aKOHbI, KOTOPBIM OH 10/~
HSIETCsI, CBSI3M, IPUCYIIIE COCTAB/IAIONIMM €ro 4acTsiM, U T. J.» |1], npuuem «...
caMa IOCTaHOBKA 3aJ1a91 O MaTeMaTUIeCKOM MOJICJINPOBAHIE KAKOTO - JINOO 00b-
eKTa IOPOXKJIAaeT JYeTKUil 1iaH jeiicTBuii. Ero MoXKHO ycji0BHO pasOUTh Ha TPH
yTala; MOJIe/h -aropuTM-tiporpamMma (cm. Puc. Puc..1).

Moge s

Puc..1 Tpuana maremarudeckoro mojgesupopanist A.A.
Camapckoro (n3 kamrim [1]).



OrtaBiienne

Ha niepsom statie BeiGupaercst (Wim cTpoutest) “9KBUBAIEHT’ 00beKTa, OTpa-
JKAIoNMii B MaTeMaTudecKoil (popMe BazKHeEIne ero CBOMCTBa - 3aKOHBI, KO-
TOPBIM OH IIOAYUHSIETCs, CBSI3U IIPHUCYIHE COCTABJISIIONIMM €ro 9acTsIM U T.JI..
Maremarnueckas Mojie/b (1 ee (PparMeHThl) UCCIEYeTCsl TeOPeTUuIeCKIUMNU
METOJIaMH, UTO II03BOJISIET IIOJIYUUTh BaKHbIE IIpeIBapUTEIbHbIE 3HAHUS 00 00b-
eKTe.

Bropoit sram - BiO0p (mm paspaboTKa) aJropuTMma Jjist Peau3anun Mojie-
Jin Ha Komibiorepe. Mopenb npejcrapisiercsa B bopMe, YIOOHON JJIsi IIPUMEHEe-
HUsI 9UCJIEHHBIX METO/IOB, OIPEJIeIAeTCs 10C/IeI0BATEIbHOCTD BhITUCIUTEIbHBIX
1 JIOTUYECKNX OIepalliii, KOTOpble HYKHO.ITPOU3BECTU, YTOOBI HANTH MCKOMBIE
BEJINUNHBI € 33J]@aHHON TOYHOCTHIO. BhramcimTessbHble aJropuTMbl JOJIZKHBI HE
HCKayKaTh OCHOBHBIE CBOIMCTBa MOJIEN U, CJIEJIOBATEIBLHO, MCXOJHOIO 00bEKTa,
OBITb YKOHOMUYHBIMU 1 aJIAIITUPYIOMUMUICSI K OCOOEHHOCTSIM PeIllaeMbIX 33184 1
HCIIOJIb3YEMbIX KOMITBIOTEPOB.

Ha TperbeM srTame co3jaroTcs mporpaMMbl, “TepeBOAdIIe’ MOJe b U aJIro-
PUTM Ha JIOCTYIIHBIN KOMIIBIOTEPY sI3bIK. K HUM TakyKe IPebsBJIsIOTCI Tpe-
OOBaHISI SKOHOMUYHOCTH U aJIallTUBHOCTU. VX MOXKHO HA3BATh ‘‘9JIEKTPOHHBIM
9KBUBAJEHTOM H3y4aeMOro o0beKTa, yKe IPUTOJHBIM JIJIsi HEIIOCPEICTBEHHOIO
UCIBITAHUS Ha “9KCIIepUMEHTAIbHON yeTaHoBKe - KoMIiibiorepe. Co31aB TpUaLy
“MOJIeJIb - aJICOPUTM - IIporpamMma’, HMccjeoBare/b MoJaydaeT B PyKH YHUBEP-
CaJIbHBIN, THOKNIT U HEJO0POroil MHCTPYMEHT, KOTOPBII BHaJYaJje OTJIaKUBaCTCs,
TeCTUpyeTcd B “TIPOOHBIX  BBIYUCIUTEIBHBIX SKcnepuMenTax. [locie Toro kak
aJIEKBATHOCTD (JI0CTATOYHOE COOTBETCTBIE) TPUAJIbI HCXOJIHOMY OObEKTY YI0CTO-
BepeHa, ¢ MOJIE/IbIO IIPOBOIATCS pa3HOOOpa3Hble 1 I0IPOOHbIE “OIBITHI , JAIOIINe
BCce Tpebyemble KadeCTBEHHbIE U KOJMYECTBEHHbIE CBOHCTBA 1 XapaKTePUCTUKU
obbekTa. llporecc MogeTMpoOBaHMS COMPOBOKIAETCS YIyUIlIeHneM W yTOYHEHU-
eM, 110 Mepe HeoOXOMMOCTH, BCEX 3BEHbEB TPUAJIHI...».

Taxum obpasom, akagemnk A.A. Camapckuii jaj 9eTkoe, cTaBlee KJIacCh-
YecKUM, OllpejiesieHrne 00beKTa MaTeMaTHIecKOro MOJEJIUPOBAHUS U OCHOBHBIX
3aJ1a9 MaTeMaTHICCKOTIO MOJICTUPOBAHNUS.

YHEKaJbHbIE IpaduiecKrie BO3MOXKHOCTU CHUCTEMbBI KOMITLIOTEPHOI MaTeMa-
tukn (CKM) Maple, B 9acTHOCTH, BO3SMOKHOCTH CO3JIAHISA TPEXMEDHBIX aHUMAa~
IIMOHHBIX MOJIeJIeil, XOPOIIIO IIPOpadOTaHHbIE TPOrPAMMHBIE IPOIE/LyPhI YH1C/IeH-
HOI'O MHTEI'PUPOBAHUSI CUCTeM OOBIKHOBEHHBIX g DepeHInaabHbIX YpaBHEeHMil
(O1Y), cnaitnosoit n B - critaiinoBoit mHTEpHOISINT DYHKITII TTO3BOJISIFOT Pac-
cmarpuBatb CKM Maple B KauecTBe MOIITHOIO COBPEMEHHOI'0 MHCTPYMEHTa Ma-
TEMATHYeCKOrO MO/JIe/TMPOBaHUsT 0ObEKTOB MEXaHUKH U pojcTBeHHbIX uM [9] [7].
B Hactosiiiee BpeMsi MeTOJIbl MaTeMaTu4deckoro mojennpobanust B CKM naua-
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OraBiieHne

Jn 3PPEKTUBHO MPUMEHATHCS B UCCJIEIOBAHIAX MATEMATUICCKIX MOJIe/Iell Kak
dynaMenTaIbHbIX (DU3MIECKUX sABJICHUI, TaK W MPUKJIQJIHBIX 33/ad. B yacTHO-
cru, mororpacdun [1.I1. Tomockokoa [4, 5| 1eIMKOM MOCBSIITIEHBI TIPOGIEMAM Ma-
teMaTnydeckoro mojesnuposanust B CKM Maple oobekToB MmaTemaTudeckoit ¢u-
3UKN — (PU3NIECKUX TOJIeH, THIPOJINHAMIYIECKIX TPOIECCOB, POIECCOB TEILIO-
nepenoca n jauddysun; B dhyHmamertaabHoiit MoHorpaduu B.I1. [Issxkorosa [6]
obmmpHast riiaBa nocesiena npumenennio CKM Maple B maremarmdaeckom Mo-
JIETUPOBAHUN, B YACTHOCTH, MOJCJIUPOBAHUY 3JIEKTPOHHBIX CXeM U U3MEPUTE b
HbIX cucreM Ha ocHoBe sddekra [lommiepa; monorpadun M.H. Kupcanosa [7]
COJIEPZKUT MaTepuaJbl 110 MPUMEHEHNIO0 I'padOoB B MATEMATHIECKOM MOIEIHPO-
BaHUU U MaTeMaTHIECKOMY MOJICJIMPOBAHUIO CJIOYKHBIX MEXaAHUYECKIX CUCTEM CO
CBSI3SIMU ¥ BU3YaJIM3AIN MaTeMaTHIecKuX Mojesieii 91ux cucreM [8]. B paborax
FO.I'. Urnarbesa ¢ coasropamu [19] - [27] MeTonbl MaTeMATHIECKOTO MOJICIHPO-
Banust ¢ nomoibio CKM Maple ycrenno npuMeHsIoTes JIJIsl PelieHnsi BechMa,
CJIOYKHBIX 33J1a9 PEJSITUBUCTCKON KUHETUKU, TEOPUH I'PABUTAIIME U KOCMOJIOIUH
panneit Bcenennoii. B nocneanee Bpemst CKM Maple, ocobenHo ee mpuiiozke-
nue Maplet, craja mpuMeHATHCS 71 KOMIILIOTEPHOTO MOJIETNPOBAHMNS ITPOIECCa,
00ydeHusi, B 9ACTHOCTH, JIJI CO3JIaHUs CHCTEMbI aHAJIUTHIECKOrO TeCTHPOBAHUS
saanuit [28, 29, 30]. Baxubim mpemmvymecrsom CKM Maple siBisiercss u Bos-
MOXKHOCTB mHTerparun 371oii cucrembl ¢ CKM MatLab, koTopast npucrnocob.iena
K MOJICJTUPOBAHUIO 9JIEKTPOHHBIX CUCTEM U TEXHOJIOI'MIECKUX ITPOIECCOB.



I'maBa 1

Cucrema KOMIILIOTEPHOII MaTeMaTUKNI

Maple

I.1 CucreMbl KOMHbIOTepHOﬁ MaTeEMaTUKN N1 NX BO3MO22K-
HOCTN AJIAd MaTeMaTHUn4d1e€CKOro Mo/Jde/JIMpoBaHNA

[lepBbie makeThl MpOrpamMM aHAJUTHICCKUX BBIYUCICHUN MOSBUINCH B 60-X —
70-x rojjax XX - ro crosierus. IlepBonada/ibHO Takue maKkeThl BBITOJIHAIN Y3KO-
npodeccnona/bHbIe 3a/1a9i U ObLIN MTpeTHAa3HaYeHbl /I pean3aiin Ha 00JTb-
mux 9BM. B owiBmiem CCCP 6oJibinoit BKja/i B pa3sBUTHE CUCTEM CUMBOJILHOI
MaTeMaTHKHN BHeC/Ia MKoJa akajemuka [urymkosa B.M. B konne 70-x rojoB Obl-
JI co3JaHbl MaJjible nHkeHepHble 9BM kiacca «Mups, crocodOHbIE BBIITOIHATE
aHAJINTUYECKUE BBIUMCJICHHS Jlayke Ha, allapaTHOM YpoBHe. BbL1 paszpaboran u
VCIIETITHO TIPUMEHSIJICS sI3bIK CHMBOJIbHBIX BBIYHCICHN «AHammuTuK» [38]. D1n
paboThl OTYACTU IPEIBOCXUTUIN PA3BUTHE CUCTEM CHUMBOJILHON MaTeMaTUKH.

Ho nepsble cucreMbl CHMBOJILHON MaTeMATUKHU, PUTOIHLIC JJisd paboThl Ha
9BM u paccunTanHble Ha MIIPOKOIO MOJL30BATE/Is, HOABUINCL B 80-X Tojax.
3a nporegmue 20-25 JIeT 9TH CUCTEMbl ObLIM 3HAYUTEJHHO PA3BUTDI, CPEJIH
HIX TOSABUJIMCH HPU3HAHHDBIE JINJEPhI, pasBUjach NpodecChoHa bHas TePMIHO-
norusi. B konre 80-X TOJIOB TaKue CHCTEMbBI HA3BIBAJINCH CUCTEMAMU KOMNBIO-
mephoti anseebpu (cM., varpumep, [39], [40],[41]). B Hacrosiiee Bpemsi Takue cu-
CTeMbI IPUHSITO HA3BIBATH CucCmemamu komnvromeprot mamemamury (CKM)
(em., manpumep, [42], [43]). B Hacrosiiiiee BpeMsi MOYKHO BBIJEIUTH HECKOJBKO
ocaoBHBIX JinepoB CKM (cm. Tabsmiy Ha 2.) — 910 Derive, MathCAD, Maple,
Mathematica, MatLAB.

Haubosee nomyastproit mporpammoii cunraercs MathCAD, HO oHa MTPHUCIIOCOO-
JIeHa, CKOpee BCETO, JIJIs MHXKEHEPHBIX PAcYeToB, a TaKzKe JIJIs 3a/1ad 00pa3oBa-
nus. Cpenn, JeiCTBUTE/IHHO, MOIIHBIX CUCTEM, MpeIHA3HAYEHHDbIX JIJIs Tpodec-
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I.1. Cucrembl KOMIIBIOTEPHOH MAaTeMATHKH H MaTEMaTHIECKOe MOIETHPOBAHHIE

CUOHAJIbHBIX, HAYYHbIX I1eJieil MOXKHO BbIJIeJUTh 3: Maple, Mathematica, MatLAB.
Cucrema MatLAB mmeeT MOIIHBIE BCTPOEHHBIE METOJIbI UNCIEHHOI'O MHTErPUPO-
BaHUA JJIg MOJEJMPOBAHNUSA KOHKPETHBIX CUCTEM, HO €€ HEJIOCTATKOM ABJIAI0TCA
OrpaHUYeHHbIE BO3MOXKHOCTUA CUMBOJIBHBIX BBIYUCJICHUII U BbICOKAs CTOUMOCTH
nmakera (mopsijka 80 Toicsa pyoOsteit). Cucrembl Mathematica u Maple, B mpuH-
[UIIe COIIOCTABUMBI 110 CBOMM BO3MOXKHOCTAM, OJIHAKO, makeT Mathematica 0
CUX IIOp MMeeT 3HAYUTE/IbHO MEeHbIlIee 110 CpaBHEHHUIO ¢ cucTteMoil Maple BcTpo-
eHHbIx pyHkiumit. [Ipumepom MokeT ABUTHCA BechbMa HeoOXoanMas HaM (PyHK-
1[1¢l TIOCTPOEHUS CILIatHOB, KOTOpas B cucTteMe Maple cyiectByeT ¢ Hadasa 90-x
rojios, a B cucreme Mathematica ona nogsujach TOJIBKO B IIOCJIeIHEl BepCcuu.
Hwunamuaeckasi rpaduka, 0COOEHHO TpexMepHast, CTOJIb HeoOXouMast JIjs 1esiei
KOMIIBIOTEPHOI'O MOJICJINPOBaHNA, TOPa3/i0 paHblile NodBuaach B cucreme Maple
U JIy4llle B HEM IIPOIUCAHA.

B oredecTBeHHOI Hay4HON U y4eOHOIT JTUTEpaType 9TH OCHOBHbIE MaTeMaTH-
JecKUe IaKeThl JIOCTaTOYHO XOPOIIo onucanbl. B gacTHocTn, Hambosiee mopodbHo
ormcan naker MatCAD B paborax B.Il. pskonosa [43] — [48], JI.B. Edpemosa
|49, 50|, B.A. Oxopauna [51]-[53], P. Usanosckoro [54|, B.B. ®pucka [55], . I'yp-
ckoro [56], .B. Kupesnosa [57], [58|, [1.C. Iopmuesa u U.C. Benenkopoii [59]
n 11p.. Cncrema Mathematica ommcana B Tpyaax B.IL. psaxonosa [60, 61], [64] -
[66], T.B. Kamycrunoit [62], A.M. [Torosko [67], 51.K. HImuackoro [68] u ap. Cu-
crema MathLAB ommcana B Tpyaax B.I1. JIbsikonosa [69]-|72|, cucrema Derive —
B Tpyaax B.I1. [Ibskonosa |73, 74, 75, 76|. Hakoner, u3 nHaubojiee paHHUX OTeUe-
ctBeHHBIX KHUT 110 CKM Maple moxkno BuiieuTh kauru B.H. T'osopyxuna B.H.
u B.I". Hubymuua |77, B.IL. Ipskonosa |78], mocssimienubie makery Maple V, 3a-

TeM IUTHpOBaHHbIe Bbile MoHorpadun A.B. Marpocosa 9], M.H. Kupcanosa
[7], B.IL. dpsikonosa |79] - [82]. M.H.

Ilepeitem Terepb K paboTaM MO MaTeMaTHIeCKOMY MOJICTHPOBAHUIO B CUCTE-
Max KommbioTepHoit MaTemaruku. CKM ¢ camoro madasa obpaTwim BHUMaHNE
nccjejoBaTesieil Kak MOIIHOE CPEJICTBO KOMITBIOTEPHOTO MOJIEINPOBaHUS 00b-
€KTOB, CBONCTB 1, 0COOEHHO, TTPOIECCOB. B HacTosIee BpeMs TPYIHO TIPeIcTa-
BUTH PA3BUTHE COBPEMEHHOI TeopeTndeckoil (hu3nku, (pu3nKN BLICOKIX IHEPIHIl,
dyHIaMeHTaIbHBIX 110JIeil, acTPOMU3NKN 1 KOCMOJIOTHH 663 CUCTEM KOMITbIOTEp-
Hoii martemaruku. Heobxonumo ormeruth, uro CKM Kak pas u ObLIn cO3/1aHbI
B Jraboparopusx (pU3MKN BBICOKUX Hepruii. Kak HU cTpaHHO, HO OJHUMHU U3
MEPBLIX MOHOTpadmii, MOCBAIMIEHHBIX cucTeMaTndeckomy mnpumenennio CKM B
MaTeMaTHIecKoM MojiempoBanin 661t Mororpadun Anbdpena ['past [83], [84],
IOCBAIIEHHBIE TTIPUMEHEHNIO MakeTa Mathematica k npobsemam juddepeHiu-
AJILHOI T€OMETPUN U TEOPUU OOBIKHOBEHHBIX UM QepeHIna bHbIX YPABHEHHI.
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I'maBa I. Cucrema romnbroreproii maremaruku MAPLE

Hautee ciaenayer ormerutb MoHorpaduio B.I1. IbsikoHOBa, IOCBSIIIIEHHYIO MO/I€/11-
POBAHMIO HAYTHO - TEXHUIECKNX 34181 C [OMOIIBIO IakeTa Mathematica 4 [85],
monorpaduio Y.I'. Dasapyca u 1.9, Tlernn [86], mocesimernyo Mojie IMpOBAHITIO
KpaeBbIX 3a/1a4 B makeTe Mathematica, nurupoBaHHblie Bhilie MoHOrpaduio A.B.
Matpocosa [9], mocBsiieHHY0 MaTEMATHIECKOMY MOJIEJINPOBAHIIO 3a/1ad MeXa-
auku, Monorpadun JI.I1. TomockokoBa |4, 5|, TOCBsIIEHHBIE MATEMATHIECKOMY
MO/JIEJINPOBAHIIO 33/1a4 MaTeMaTHIecKoil husuke B nakere Maple, u japyrue [87]-
[96]. Ciieryer 3ameTuThb, 9TO MAKET KOMIbIOTEPHOIT MaTeMaTnku Maple, HadunHast
y7Ke C caMbIX PAHHUX BePCHil nMeeT HeCOMHEHHbIE IIpenMyIiecTBa B obyiactu 3D-
rpaduKi, 0COOEHHO, NHTEPAKTUBHON 1 JIMHAMUYIECKOIT, 110 CPABHEHUIO C IIAKETOM
«Mathematica», u 1mo3BoJisier NporpaMMHBIMU CPEJICTBAMU PEIIUTH yKa3aHHbIE
3ajaun’. DTa KHUTa NOCBANeHa pa3paboTKe MIPOrPaMMHBIX HPOIEIYD MaTeMa-
THUYECKOI'0 MOJICJIMPOBaHNA UMEHHO B IakeTe «Maples.

1.2 Ilaker Maple u npuHIIMOBI TIPOTPAMMUPOBAHNA B HEM

ObpaTuM BHEMaHIE Ha HEKOTOPbIe 0COOEHHOCTH IakeTa Maple, KOTOpBIE JIe/1af0
9TOT TAKET ONMTUMAJIBLHBIM JIJIT HAIMUX 3a74a4. BO-1epBhIX, — 9TO HEIPEB30ii1eH-
Hble BO3MOYKHOCTH MHTEPAKTUBHOI TI'padnKu, B YACTHOCTU, BO3MOXKHOCTU IIO-
KaJIPOBOI'O CO3JIaHUA 3-X MEPHOI JUHAMUYIECKONH MHTEPaKTUBHOI rpaduku. Bo-
BTOPBIX, 9TO BeCbMa YJIO0OHDIN i 1moJib3oBaTend Maple-ga3bIK mporpaMMupoBa-
HUS, UMEIONUI YeTKYIO JIOTUKY, JOCTYITHYIO He TPodecCnoHaIbHOMY MPOTpaM-
MUCTY. B-TpeTbux, — 370 BO3MOXKHOCTD IIPOCTBHIMU CITOCODAMU CO3/1aBATDH TAKETHI
IPUKJIQJIHBIX TPOTPAMM U BCTpanuBaTh X B cuctemy Maple. Kparko onuriem stu
0COOEHHOCTH.

1.2.1 Bo3moxkHocTn AMHAMUYECKOoil mHTepaKTuBHOI 3d-rpadmnknu mna-
Keta Maple

['paduaeckne BO3MOXKHOCTH TIOC/IEHUX Bepcuil makera Maple J0CTATOYHO TIO-
JApobHO onncanbl B pyHpaMenTaibHoit monorpadun B.I1. [Ibsakonosa [6]. B sToii
MOHOI'paU BO3MOYKHOCTSAM U TEXHUKE BU3YaJU3AINN BBIYUCICHUII B TaKeTe
Maple mocBsmena obmupHas riasa. [lomrmmo crangapTHBIX rpaduaecKux mpo-
IpaMMHBIX TIPOIEAYD sdjipa IakeTa Maple, OTBETCTBEHHBIX 3a 2-MEPHYIO U 3-
Mepnyio rpaduky, plot () u plot3d u umeromux okoJo H0-Tu HEOOAZATETHLHBIX
OIIINIi, KOTOPBIMU MOYKHO PEryJnpoBaTh W300parkeHuneM, nakerT Maple mmeer
HECKOJIBKO CIeMaJIn3uPOBAHHBIX Ipaduiecknx 6nodmorek, — plots,

1O cpasruTembHLIX XapakTepucTHKax cuctem «Mathematica» m «Maple» cu., mampmmep, [13, 15].
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12, Ilaker MAPLE n npuHIMIIBI IPOrPAMMUDPOBAHUS B HEM

PlottingGuide, plottools u jip., 3HAUUTEJHHO PACHIUPAIONINX T'paduiecKne
BO3MOYKHOCTH TMakeTa. Oina TosibKo 6ubmoreka plots cojepxkut 60 rpaduye-
CKUX ITPOrPAMMHBIX HPOIETY].

st Hamux meseii 0coOeHHO BayKHbI BO3MOYKHOCTH ITOKAIPOBOTO CTPOUTEIb-
CTBa, JIMTHAMIIECKOI rpaduK ¢ TOMOIIIBIO poIeyphl display oubsimorekn plots,
II03BOJIsIIONIE!l co3/1aBaTh rpaduyecKre 0CaeI0BaATeIbHOCTH U3 JIIOObIX 00bEK-
TOB, B TOM YHCJIe, HCII0JIb30BaTh B KaueCcTBe 00bEKTOB CTPOKOBBIE IIepEMEHHBIE.
[Tocnenaee 0OCTOATENIHCTBO MO3BOJIAET CO3AaBAaTh IMUQPPOBOE OCHAICHUE JIMHA-
MITYeCcKOil rpaduke.

[1.2.2 Ilpuanunsl nporpaMMupoBaHud B 1makete Maple

[Tocennue Bepcun CKM Maple cogep:kat okosio 4000 dynkimuit, — B 3T0OM 00U-
Jiun QyHKITHH OTHO U3 TJIABHBIX JocTonHCTB Maple. OjiHaKO, IPOrpaMMHbBIE BO3-
MOKHOCTU Maple MO3BOJISIIOT 3HAYUTEILHO PACHINPUTHL U ITOT OOraThiil accop-
tuMeHT. [yt Hac OyayT BaxKHBI JiBa (popMaTa 3ajiaHust (DYHKINN 0IH30BATEISI.
B neppom, nHanbosiee 6/im3KOM K si3bIKy TurboPascal yHKIUS I0JIB30BATEIS
3AIICHIBACTCS B BUJIE IIPOIIEYPHhI:

>name:=proc(x1,x2,...,xn)
local y1,y2,...,ym:
yl:=f1;y2:=£2:

end proc
IJle name — UMs IpoLeayphl; x1,x2, ... — HapamMerpbl IPOLEJAYPhbl, - BHEIIHUEe
nepeMeHHble; y1,y2, . . . — JIOKaJIbHbBIE IIepeMeHHble. BTopoil, yrporeHHsblii, gpop-

MaT PYHKIUHI I0JIB30BATEsSI IMEET B
>name:=(x1,x2,...,xn)->f(x1,x2,...,xn):

As3pik mporpammupoBanus Maple nMeeT cTaHapTHBIE YIIPABJIAIONIIE CTPYKTY PhI
B BHU/JI€ YCJOBHDBIX BBIPAyKeHUI W IUKJIOB. B 9acTHOCTH, yCJOBHbIE BbIparKeHUsI
FIMEIOT CTPYKTYDY:>

if <ycnoBue cpaBHeHUA> then <sjIeMeHTH>:
elif <ycmoBue cpaBHeHUA>
then <smeMeHnTH>: else <siaeMeHTH>: end 1if:

Haubosiee 1ojipodHO ocHOBHBIE HPUHITUITLI TporpammupoBanns B CKM Maple
ONMCAHBI B MITHPOBAHHBIX Bbie Kanrax A.B. Marpocosa [9] u B.I1. [Ipsxonosa

6].

2B Gosee pannnx Bepcusx Maple yciioBHOe BhIparkKeHHe OKAHYHBAJIOCH 3HAaKOM fi BMecto end if.
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I'maBa I. Cucrema romnbroreproii maremaruku MAPLE
I.3 Co3panue nojab30BaTe/IbCKIUX OMOJIMOTEK B ITakeTe Maple

Hamnbostee mpocThiM €IIOCOOOM CO3JaHUs TOJIH30BATEIbCKON OMOJINOTEKN TTPO-
I'PaMMHBIX I1POIIE/LyP, IIPU KOTOPOM OHa He BCTpamBaeTcs B cuctemy Maple, HO
BCerjia MOYKET ObITh BbI3BaHA, siBJIsieTcsl ciejytorast [6).

e Daiin, comepxkamuii 6udMoTeKy Name, ciiejlyeT HauaTh ¢ 0Opa30BaHUd I1y-

CTOI TAOJINIDL:

>restart:
Name :=table():

e CosaBaeMble mporeaypbl Com_i OMOIMOTEKN HOJIKHBI UMETh CJIEJIY IO
dopmar:

>Name [Com_i] :=proc(x,y,..) ... end proc:

e bubsmoreka coxpansieTcs B Bujie daiisia ¢ uMeneMm File.m ¢ OMOIIBIO MTPO-
ey PhI:

>save (Name, ‘Path/File.m‘):

[Tocsie 3amycka nmporpaMMbl oHa TeHepupyeT File.m mo ajpecy Path. Ykazan-
HbIfl paill He OTKPBIBAETCI B TEKCTOBOI MOJE, U TOITOMY COJIEPKUMOE €ro He
JIOCTYITHO JIJIs1 TIPOCMOTpa. Bbr3os oubmorekn Name mTpon3BOUTCA TPOIETY POt

>restart:
read "YuDifEquat.m";

OrmeTuM clie/IyroNii HeMaJIOBayKHbI 3aMedeHHbI (hakT: obpalleHrne K IIpo-
IpaMMHOI TIpoIie/lype B OMOINOTEKe 3a9aCTYIO BLITIOJIHAETCS ObIcTpee, YeM Hero-
CpeJICTBEHHOE ODpallleHre K 3TOil »Ke NMPOorpaMMHOIl mporeaype B daiiie. 9ToT
3P deKT, 10 - BUIUMOMY, BbI3BAH TE€M OOCTOSITEILCTBOM, YTO TOIIOJOIMS CUCTE-
MbI Maple ycTpoena TakuM 00pa3oM, 9To obpalieHne K BHyTPEHHUM IIPOIIe/ Iy pam
[aKeTa IIPOU3BOIUTCs OBICTpEe, UeM BHEIIHee OOpallleHIe.

I.4 Ilpunouibl co3JaHudg OCHAIEHHONI JUHAMUYECKOIl BU-
3yaJin3alluil MaTeMaTndecKnuX MojeJjieili B cucreMe KOM-
nbloTepHOll MmaTeMaTruku «Maple»

Cucrempr Komibiotepaoii Maremarukn (CKM) obsanaioT 6orarbivMu u 10 cux 1mop
elle MaJjlo OLCHEHHBbIMU I'PapUIecKUMI BO3MOZKHOCTSIMU, O3BOJIAIONINMUI CO3/1a-
BaTb MHOT'OIIApaAMETPUUCCKIe IpaduiIecKue MOJEIN KaK eOMeTPUIECKNX, TaK 1
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1.4. Ocnamennast quaamudeckast rpacpuka 8 CKM MAPLE

dusngecknx 00bekToB. OcobeHHO GoraTbIMU BO3MOXKHOCTSIMI TPEXMEPHOI I'pa-
dbukn obsnagaer naker Maple®, mpepocTaBiisonuil M0Ib30BATEII0 BO3MOXKHOCTD
NHTEPAKTUBHOI'O B3aMMO/JICCTBHSI ¢ TPEXMEpPHOil IpapuiecKoil cpeoii, 4To OT-
KPbIBaeT YHUKAJIbHBIE BO3MOXKHOCTU M3YUEHUs CBOHCTB TPeXMepHBbIX rpadute-
ckux mozesieit. Ilpu aToM ciieyer oTMeTUTh, U4TO HPsIMOE UCIIOIb30BAHIE CTaH-
JIAPTHBIX I'padUIecKnX MMPOoIe/Iyp KOMIIbIOTEPHOI MaTeMaTHKI HE TTO3BOJISET CO-
3/1aBaTh JOCTATOYHO CJIOYKHBIE Ipaduieckne MOJIEH, - JIJIsl CO3/IaHUsT 1X He0OX0-
JINMO CO3/1aBaTh COOCTBEHHBIE CIEIUAIN3NPOBAHHBIE OUOJINOTEKN TPOIPAMMHBIX
rpacdudeckux mpoueayp. st co3ganmst STUX Ipoleayp B Halleil padore IpuMe-
HSIIOTCsl PACHIpEeHHbBIe oIuu mporeyp sapa Maple n 6ubmorekn plots. Huxe
GOPMYIUPYIOTCsT OCHOBHBIE NPUHIUIIBI CO3/aHUsT IIPOrPAMMHBIX I'DadUIECKIX
nporneyp B CKM.

Cucrembl komibioTepHoit Marematuku (CKM) Maple, obsiaator 6orarbivm u
JIO CUX TIOp ellle MaJio OIEeHEHHbIMU IpaduuecKuMu BO3MOXKHOCTSIMU, ITO3BOJIS-
IONIUMHU CO3/laBaTh MHOrOMapaMeTpuiecKre rpadpudeckue MoJIe/n KaK I'eoMeT-
pUUecKux, Tak 1 Gpusndeckux oobeKToB. OcobeHHO 60oraThbIMU BO3MOXKHOCTSIMU
TpexMepHoii rpaduku odagaeT naker Maple, rnpegocTaBisiioniuil mob30BaTe-
JIIO BOBMOYKHOCTbH MHTEPAKTUBHOI'O B3aUMOJIEHCTBUSI C TPeXMepHOil rpaduaeckoit
CPeJIoii, YTO OTKPhIBAET YHUKAJIbHbIE BOZMOXKHOCTH U3YUYEHUsI CBOICTB TpexXMep-
HBIX rpadudyeckux mojeseit. [Ipu sToMm ciieyeT oTMETUTh, YTO IPSIMOE HUCIIOJIb-
30BaHNE CTAHJIAPTHHIX I'PaUIeCKUX MPOIEIyp KOMIILIOTEPHON MaTeMaTHKN He
[I03BOJISIET CO3/aBaTh JIOCTATOYHO CJIOYKHBIE IpapuiecKe MOJIEIN, - JIJIsi CO3/a-
HIST X HEOOXOIMMO CO3/1aBaTh COOCTBEHHBIE CIIEINAIN3UPOBAHHBIE OUO/IMOTEKN
IPOTrPaMMHBIX IpadudecKnx mnporeayp. s co3aanms STuxX nporeayp B Halleil
paboTe MPUMEHAIOTCS PaclIIipeHHble ONIuN Mporneayp sjapa Maple n 6ubimore-
ku plots. Huzke bopmyinpyroTcest OCHOBHBIE HPUHITUIIBI CO3AAHMIS IIPOIPAMMHBIX
rpacduyeckux mporeayp B CKM.

1.4.1 Metoapl co3manns aHUMAIIMOHHOTO Ka/Ipa 1 yIIpaBJjieHne Iapa-
MeTpaMyu aHUMAIIN

unnamnyeckyio rpaduky B cucreMe Maple MOXKHO €O3/1aTh JBYMs CIIOCOOAMMU.
[lepBbiit 13 HUX 3aKJII0YAETCS B UCIOJIb30BAHIH ITPSAMBIX KOMaH/ aHIMAInn O1o-
suotexn plots. Vx Bcero 4:

e animate(f(x,t),x=a..b,t=t0..t1,options) - aHUMAaIUd MJIOCKIX KPU-
BBIX, (DOPMAT UCIIOIB30BAHUS IIPOIEAYPhI IPAKTUIECKU IIOBTOPsieT popMaT
IPOIIE/TyPhI IBYMepHOit Tpadukn plot;

3em., mampamep, [9, 10, 11, 13].
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I'maBa I. Cucrema xommbioreproii maremaruku MAPLE

e animate3d(f(x,t),x=a..b,y=c..d,t=t0..tl,options) - anumaIug mo-
BepxHOCTEil, (hopMaT NCHOJIB30BAHUS HPOIEYPhl IPAKTHIECKH TOBTOPSIET
dopmat mporeypbl TpexMepHoil rpacdukn plot3d;

e animatecurve(f(x,t),x=a..b,t=a..b,options) - aHUMAIUs TPOCTPAH-
CTBEHHBIX KPUBBIX, (POPMAT MCIOJIH30BAHUS MPOIETYPhl MTPAKTHIECKN TI0-
BTOpsET (bopMaT MpOTeypbl TPEXMEPHOIT KPUBOil spacecurve;

— B 9THUX TpoIeaypax napamerp t urpaeT poJib Bpemenu. /lobaBisiss B 9TU mpo-
ey phl HeoOsA3aTeIbHbIN TapameTp frames=N, Mbl TOJIydaeM BO3MOXKHOCTDH pe-
I'yJINpOBaTh YUCJIO0 KaJIPOB aHUMAINN. BO3MOKHOCTH YKa3aHHBIX MTPOTPAMMHBIX
IPOIIE/Lyp OrpaHuveHbI. {151 co3/1aHns CI0KHBIX aHUMAaIMOHHBIX MOjIeJieil Heob-
XOJIUMO TTPUMEHATH BTOPOil cltocod aHMMAINN Ha OCHOBE MPOTPAMMHOI TTPOTIe Ty -
pbl Oubsmorekn plots display ¢ HeoOs13aTe/IbHOI OlIell insequence = true.
[Ipumenenne 3Toit porie/Iyphl 0€3 yKa3aHHoil OMITUN CO3/1aeT KOMOMHAITNIO T'Pa-
Ppudecknx 06BHEKTOB, yKa3aHHBIX B Tesie Koman bl display. [losTomy cioxnbie
AHNMAIMOHHBIE CTPYKTYPhI MOYKHO CO3/IaBaTh U3 OTJACTbHBIX IPADUICCKIX 00b-
eKTOB, coOMpas X ¢ TMOMOIILIO MPOTEAYPHI B PA3/JINIHbIE CTPYKTYPbI, KOTOPbIE
CHOBa MOYKHO MHTerpupoBaTh pyHkImeit display. [Ipu asTom Ha10 3aMEeTUTD, YTO
OTJIEJIHBIMU T'paduiIecKIMI 00beKTaMI, coOMpaeMbIMU TIporeypoit display
MOTYT OBITH U AHUMAIIMOHHBIE 0OBLEKTDI, CO3/IaBaeMble YKA3AHHBIME BBIIIE CIIO-
cobamu. Huzke 1mokasaH mpuMep CTPOUTEIbCTBA TAKOIO rpadriaecKoro o0beKTa:

>rr:=plots[animate] ([r*cos(t),r*sin(t),r=0..1],t=0..2%Pi) :rr;
rb:=plots[animate] ([r*cos(t),-r*sin(t),r=0..1],t=0..2%Pi,color=BLUE):
plots[display] (rr,rb, insequence=true);

OOr1miast 1J1€0JIOTHIO TIOCTPOEHUST AHUMAIMOHHBIX MOjIe/Iell MpejicTaBieHa Ha
cxeme Prc.V.56 n mogpobno paspabareiBaiack B paborax [147], [148]. Caemnyer
3aMETUTh, YTO ITaKeT KOMITbIOTepHOI MaTemaTukn Maple, HaunHast y2Ke ¢ caMbIxX
PAHHUX BepCUil MMeeT HeCOMHEHHBIE ITPEUMYTIecTBa B o01acTu 3D-rpaduku, oco-
OEHHO, MHTEPAKTUBHOI U JIMHAMIYIECKOIT, 110 cpaBHeHMO ¢ TakeToM «Mathematicay,
11 TI03BOJIAET ITPOrPAMMHBIMHE CPEJICTBAMH PEITATh yKa3aHHble 3a1a49n’. JTa cTa-
Thsl HOCBSIIIEHA PAa3pabOTKe MPOrPAMMHBIX IIPOIe/yp B nakere «Maples, mo3Bo-
JISTIOTIIUX OCYHIECTBJIATH YIPAB/ISIEMYIO, OCHAICHHYIO JTUHAMUYECKYIO BU3YA/IN-
3aITMIO OCHOBHBIX 3a/1a4 InbdepeHIna bHol reOMeTPUN KPUBDLIX.

I1o0 ynpasasemoti, ocnauennoti duramuveckol susyaisusayueti 30ecv u danee
ML MOHUMAEM BU3YAAU3AUUNO MHO2ONAPAMEMPULECKOT MAMEMAMULECKOT MO-
deau, usmemnenue ceolicms Komopot ModHCHO HabA0damb 60 8peMENHOT NocAe-
dosamenvrocmu 6 2padudeckots opme, conposoAHcAaeMots USMEHAOWETCA CO
BPEMEHEM YUCA0B0T UAU 2PAPUECKOT UHPOPMAUUET, C B0ZMOAHCHOCTNDIO USME-
HEHUA NONB30BAMENEM NAPAMEMPOS MOJEA.

40 cpaBEETEILHBIX XapaKTepucTuKax cucteM «Mathematica»  «Maple» cm., mampumep, [13, 15].
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1.4. Ocnamennast quaamudeckast rpacpuka 8 CKM MAPLE

MeToabl ocHalleHHON JIMHAMUYECKON BH3yan3alluil MaTeMaTHIeCKUX Moeseil
paspabatsiBatorcs B rpymie FO.I. Urnarsesa ¢ 2004 roga [16]. Otmernm, ato
podeccopom M.H. Kupcanosbim (MockoBekuit sHepreTndeckuii yHuBepCcuTer)
paspadaTbIBAIOTCS METO/bI JUHAMUYECKON BU3yaIN3aINN CJI0XKHBIX, JIarDaHKe-
BBIX MexaHmueckux cucrem [18]. B padorax [97, 98, 99, 100] koHCTpyHpyIOTCS Ma-
TeMaTHYECKNE 1 KOMITbIOTEPHBIE MOJIE/IN HEAUHEUHBLT 0000ULEHHO-MEXAHUYECKUT
CUCMEM, OTIICBIBAEMbBIX CHCTEMOIT HeJIMHEITHBIX OOBIKHOBEHHBIX TU(depeHInab-
HBIX YpaBHEHUIl [IPOU3BOJILHOIO IOPSIJIKA C IIOMOIIBIO METO/IOB CILIAHOBOI MH-
TePIOJISIINK YUCJIEHHBIX pelieHuil quddepennnaabHbIX ypaBHEHUI.

\ display(an1,an2,..anky) )
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display(all,al2,..,alk,)

Puc.1.2 Cxema coznanns gunavmdeckoii rpagpuxu. CBeTiibie KBaJpaThbl
- IPOCThIE TpagmiecKne 00bHLEKTHI, TEMHBIE - CJIOKHDBIE, BKIIOYAIONIHE B
cebsT HeCKOJIBKO TTPOCTBIX, M, BO3MOXKHO, aHUMHPOBAHHBIE CTPYKTYPBI.
Ilnpper B npaBoii 4actn pucyHKa - HOMepa KaJpoB aHuMmarmn. Hems-
MEHSIIOIINECS CJIeBa KBaJpPaThl - Irpapudeckas CTPYKTYpa poHa — 5TH
9JIEMEHTHI JIOJKHBI IPUCYTCTBOBATH B KaXKJIOM KaJIPe.
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I'maBa I. Cucrema xommbioreproii maremaruku MAPLE

Texnomorust co3gaHmst OCHAIIEHHON YIpPaBJIAeMOl JTUHAMHYIECKON MOJEIN B
CKM Maple zaksouaercst B caemyiormem [97, 101] (em. Puc.V.56). Cravana c
IIOMOIIBIO CTaHIAPTHBIX Hporieyp Maple mim nporpaMMupoBaHust B AKETe CO-
3Ja10TCsl rpadudeckue 00beKThl a_ik. 9T 00beKThl MOI'YT ObITH KaK CTaTHde-
CKUMHI I'pauiecKuMu 00beKTaMU, TaK U CJIOXKHBIMU, aHIMAIIMOHHBIMEI, CO3/aH-
HBIMH C ITOMOIIBIO BCTpoeHHBIX B Maple rponetyp annmanun. [Ipocreie rpadute-
ckue 00bEKTHI IpeJicTaB/IeHbl Ha Puc. V.56 mpamMoyrobHIKaMi ¢ TOPU30HTAILHO-
I'PaJIMeHTHON 3a/IMBKOM, CJI0}KHBIE - IIPSIMOYTOJIbHUKAMEI C BePTUKAJIbLHBIMHI CEK-
IUSIMI 1 BEPTUKAJIBLHOI IpaiueHTHO 3a/uBKoii. [losyuenHble rpadudeckne 00b-
eKThl O0bEJINHSIIOTCS B I-ThIil KaJip aHnMalun, frame_i, ¢ IOMOIIbIO BCTPOEHHOIT
nporeypsl plots[display](a_il,a_i2,...,a_ini), ¢ nupucBoenueM MMeHU
A[i]. Hakonern, Bce KaJpbl aHUMAINN O0bEJIMHSIIOTCS B AHIMAIIMOHHYIO I10CJIe-
JIOBATEJIbHOCTD C IIOMOIIBIO TOI K€ IIPOIELYyPhl, HO C JJ0OABOYHOI ONIUEL:
plots[display] ([A[1],A[2],.. ,A[n]], insequence=true):

B pesynbraTe moJsrydaeTcs, BOOOIIE TOBOPs, TpeXMepHast, THTEPAKTUBHASA aHU-
MallMOHHAsl KapTHUHA, COCTOsIAsd M3 N KaJpoB. [MCKpeTHOI BpeMeHHOI Iepe-
MEHHOIT t TIpu 9TOM SABJIsIeTCsT HOMEP KaJpa i, JUINTEIbHOCTHIO aHIMAITMH, KaK 1
CTEIeHbIO ee HEMPEPBIBHOCTH, YIIPABJSET IapaMeTp N - YuCI0 KaJapoB. [Ipu co-
3JIAaHIU aHUMAaIUI HeOOXOIMMO BBIOMPATH 30JI0TYIO CEPEINHY MEXK/y KaueCTBOM
arnManuy (6OJIbIIIE 3HAUEHNS N) U CKOPOCTBIO €e 3arpy3Ku (Masible 3HATCHIsI
n). YipasjeHre CKOPOCTHIO aHMMAINH, ee HaIPpABICHHEM, KaK U MepPexX0OM B
PEKNM TTOKAIPOBOTO MTPOCMOTPA, MOXKHO OCYIIECTBUTH HEITOCPEJICTBEHHO U3 I'Pa-
dugeckoro Mmeno okHa Maple rocse BblieeHns: rpadudeckoro oobekTa. Jlst
yIpaBJIeHus »Ke IapaMeTpaMy KOMIIbIOTEPHON MOJEIN 3TU MapaMeTpPhl JIOJIK-
HbI OBITH BBEJIEHBI B IIPOIPAMMHBIE IIPOIEIyPhI I'paduiecknx 00bLeKToB. Takumu
napaMeTpamMu MOTYT ObITh, HAIIPUMED, YPABHEHUS JIMHIH, CITOCOD ee IIpejicTaBie-
HUsI, THII €e OCHAIIEHU, KOJNIEeCTBO KaJPOB aHUMAINH, IIpeJie/IbHbIe 3HAUCHUSI
napamMeTpoB KPUBOI U T.II.

JnHaMuyeckoe oCHaIlleHne KPUBO, KaK ¥ JIPYrux rpaduueckux o00bEeKTOB,
MOXKeT OBbITh TPEX THUIIOB:

1. I'pacbudeckoe ocHalleHue - OCHAIEHNUE C ITOMOIIBIO JIONOJHUTE/ILHBIX I'Pa-
dpuaecknx 00bEKTOB: N300parKeHNEM TOYEK, KacaTe/JbHBIX U APYTUX BEKTO-
POB, IJIOCKOCTE U T.II.;

2. TekcToBoe ocHalleHnEe - OCHAIIIEHHUE C IIOMOIIBIO JIMHAMUYECKIX TEKCTOBBIX
BCTaBOK,;

3. Iludposoe ocHalleHne - OCHAIIEHNE ¢ IIOMOIIBIO JMHAMUYIECKIX HI(MPOBBHIX
BCTaBOK.
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L4. Ocnamennast quaamudeckast rpacpuka B CKM MAPLE

Puc.1.3. Cxema cosznanms guHaMi-
qeckoii rpacgpuxu. Cper/ible KBaJjpa-
TBHI - IPOCTHIE T'pagudecKkne 00bHEK-
TBI, TEMHBIE - CJIOXKHBIE, BKIIOTAIONIIE
B cebsI HECKOJIbKO MPOCTBIX, H, BO3-
MO>KHO, aHHMHPOBAHHbBIE CTPYKTYPBI.
Ilugper B mpaBoii yacTu pHCYHKa -
HoMmepa KaJIpoB annMaluu. Hensmens-
forruecst cjieBa KBaJIpaThl - rpaude-
cKasi CTPYKTypa poHa — 3TH 3JIeMeH-
TBI JOJDKHBI IIPUCYTCTBOBATD B KaXK-
JIOM KaJIpe.

[Ipy >TOM mepBble ;Ba TUIla JIUHA-

MIYECKOI'O OoCHallleHud - JOCTUIraroTCA

MPOCTHIM  JIoOaBJIEHIEM T'papuyuecKnux
UM TEKCTOBBIX OOBLEKTOB B KaKJIbIi
KaJl[p C BBeJEHHEM WX (QYHKINOHAb-
HOIl 3aBUCHUMOCTH OT HOMepa KaJpa,
display.
BCTaBKH

i, ¢ IHOMOIILIO IIPOIELYPbl
[udpoBble  AuHAMIYECKIE
BEJIMYNHBL S JIOCTUTAIOTCS T00ABICHITEM
B KayKJblii Kajp HPOIELyPbl BbIUUC-
JIeHUsT TON BejmduHbl, S(i), KOTOPYIO
IpeABAPUTEILHO  HEOOXOJUMO KOHBEP-
THPOBaThb B CTPOKOBYIO IIEPEMEHHYIO:
convert(s=S(i),string). Ilpu »sToMm
JaHHasl BeJIMdrHa Oyaer oTodparKaThb-
ct B dopme s=SD(i), rme SD(i) -
IMHAMUYECKH  OOHOBJIsIIoIIeecs:  1ud-
poBoe 3Hadenue. Jljis JIMHAMUYECKOrO
BLIBOJIA  YIIOPSIJIOUEHHOIO  CIIMCKA  Be-
s-SD(i).q—QD(i).p—PD(i)|
MOYKHO HCIIOJIb30BaTh dopmar
convert([s=S(i),q=Q(i),p=P(i)|,string).
[Ipu 3TOM HEOOXOAMMO MOMHUTEL O TOM,

JIMYNH

9T0 B HPUOJMKEHHBIX BBIUYHCJICHUSIX
¢ momornbio dyukiun  evalf(S) Maple
o ymoJidaHuto BbIBoguT 10 3Hava-
mux 1udp. [losromy 0 npumMeHeHus
CTPOKOBYIO  IT€-
OIPEJIEJTNTD
bopMaT BBIBOJIA YHMCIOBBIX 3HAYEHHIA.

KOHBEPTUPOBaHUA B

PEMEHHYIO  HEOOXOIMMO

O61ast 1JI€0JIOIMIO TIOCTPOCHUS AHUMAIMOHHBIX MOJe/Iell IpejcTaBieHa Ha
cxemax Puc.V.56, Puc.l.3 u nmogpobuo paspabarbiBasiack B paborax 97|, [101],
a 3areM Oblaa IpUMEHeHa P CO3JaHNU OCHAIICHHBIX JUHAMUYCCKIX MOJleJIeil

HeJIUHeHbIX 06001eHHO- InHaMITdecKuX cucre [98, 99, 100].
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I'maBa I. Cucrema romnbroreproii maremaruku MAPLE
I.5 VYnpapJjienue nBeToM, JMHaAMMUYecKas packKpacka

I.5.1 BekrtopHas Moaesb IIBETOBOIO KpPyra

st yupaB/ieHnsl IIBETOM B CTaHJIAPTHBIX rpadudeckunx komanjax Maple Tu-
na plot, plot3d um jJp. cymiecTByeT HeoOsA3aTeIbHas OMIUs color=parametr.
B kaudecTBe mapamerpa MOXKET OBITH HCIIOJIHL30BAHO Ha3BaHHE OJHOI'O U3 CTaH-
JMAPTHBIX 1BETOB: white,yellow,orange,red u T.7. OnHako s 0OoJiee TOH-
KOI'0 yIIpaBJIeHUs I[BETOM MOXKHO HCIIOJIb30BATh I[BETOBOII IapaMeTp B hopma-
Te: color=COLOR(RGB,r,g,b), r11e r,g,b — necarudnble 1pobu Ha WHTEpBaJe
[0,1]. Jlyist moHMMaHMS IIPOIecca yIpapjeHus BeToM B RGB - cxeme HeoOXo/1u-
MO UMETDH TpejcTaBIeHne o ysemosom kpyze Puc.1.4.

Puc.1.4 Mosgenn 1iBeToBoro Kpyra B IIBETOBOIR
cxeme RGB.

B Bexropmoit Mojesn RGB 1BETOBOTO KpyTra KasKJIblil I[BET MPE/ICTABIISETCS
JIBYMEPHBIM BEKTOPOM, HPHYEM €r0 MHTEHCHBHOCTD OMPEIEJISeTCA ero JUIHHOIL.
Ha, ¢/IMHITIHOM 1BETOBOM KpyTe 3a1aHbl 3 GA3NCHBIX OpTa, 7, §, b, COOTBETCTBY-
foITye 3-M YHCTBIM OCHOBHBIM IiBeTaM: KpacHomy (R), 3esenomy (G) u rosrybomy
(B). Cymma 91X GasHCHBIX BEKTOPOB pasHa 0

F+g+b=0. (L1)
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L.5. VYnpaienne nperoM, uHaMuIecKast pacKpacKa

0-BEKTOp COOTBETCTBYET I[BETOHEUTPATHLHON KOMOWHAITMH, T.€., COOTBETCTBYIO-
it 0-BeKTOPY I[BET MOYKET U3MEHSIThCSI OT O€JI0I0 JI0 YePHOT0, Yepe3 pas3IndHbIe
rpajamnun ceporo. Tak, manpumep, Bektop (1,1,1) coorBercTByeT OGE/IOMY HBETY,
(0,0,0) — wepromy, (0.5,0.5,0.5) — cepomy 1Bery.

Takum 00pa3zoM, KaxKablil IBET onpeae/idercs (popMyJIoii:

7= aF 4 yg + 2b, (1.2)

e
z,y,z € [0,1]. (1.3)

HpI/I 9TOM MHTCHCHUBHOCTDL IIBETa OIIpeaeJIAeTC A BEJINYUHOINA:
I =max{z,y,2}, 1€0,1] (14)

— n Takske u3mensiercst Ha unarepsase or 0 1o 1 (100%).

1.5.2 Ilpumep: ocHalieHHas JUHAMIYECKasi MO/eJb IIBETOBOTO Kpyra

Coszia/iuM IMHAMUYECKYIO MOJIETh IIBETOBOrO Kpyra. [j1s aToro pasjmemnm eju-
HUYHYIO OKPYKHOCTb Ha N CErMeHTOB, B KaKJOM U3 KOTOPBIX, 1-TOM, 3a/1a/11M
dyHKIIM 11BETOB I'T, gg,bb ¢ TOMOIIBIO MOJIETNPOBAHIS X KYCOYHO 3a/JaHHBIMU
pyHKITUAMU:

treug0:=proc(i,N) local f, M:
f:=(1)->2%Pi/N*i:
M:=(i)->[sin(f(i-1)),cos(f(i-1))]:
plots[polygonplot] ([[0,0],M(i) ,M(i+1)]):
end proc:

treug0(7,24):

treug:=proc(i,N) local f,M,rr,gg,bb,xx:
f:=(1)->2*%Pi/Nxi:
M:=(i)->[sin(f(i-1)),cos(f(i-1))]:
rr:=(xx)->evalf (piecewise (xx>=0 and
xx<2*Pi/3,1-3xxx/(2*P1i) ,xx>=2%P1i/3

and xx<4*Pi/3,0,xx>=4*Pi/3 and xx<2*Pi,-2+3/(2*Pi)*xx)):
gg:=(xx)->evalf (piecewise (xx>=0 and
xx<2*Pi/3,3*xx/(2%Pi) ,xx>=2%Pi/3

and xx<4*Pi/3,2-3*xx/(2*P1i),

xx>=4*Pi/3 and xx<2*Pi,0)):
bb:=(xx)->evalf (piecewise(xx>=0 and
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I'maBa I. Cucrema kommbiotepHoit matemarukn MAPLE

xx<2%Pi/3,0,xx>=2%P1i/3

and xx<4*Pi/3,-1+3*xx/(2*P1i),

xx>=4xPi/3 and xx<2*Pi,3-3/(2%Pi)*xx)):
plots[polygonplot] ([[0,0],M(i),M
(i+1)1,color=COLOR(RGB,rr (£ (i)),gg(f(i)),bb(£(i)))):
end proc:

Wcronnenne KoMaH bl
>treug(8,24);

npescTaBaeno Ha Puc.l.5.

1 02 03 04 035 06 07 O 09

-1 4

=02 1

-0.3 4

044

-5

Puc.1.5 8-if cexTop n3 24-1BeTHOTO IBETOBOI'O «KpyTas.

C 1moMmoIbio CO34AaHHOM IIPOLEAYyPbl IOCTPOUM CTATUIECKYIO IpadriecKyro
Mojesb N-TIBETHOTO KpyTa:

>color_circle:=(N)->
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L5, Ynpasienne rnerom, quHaMudecKass pacKpacka

plots[display] (seq(treug(i,N),
i=0..N) ,axes=NONE) :

>color_circle(24);

Puc.1.6 24-nBeTHprit 1BeTOBOI «KPYT».

I 3aTeM, OIIATh UCIOJbL3Yyd KOMaHy display, co3aaj uM IIponeaypy IOCTPO-
eHtsl K-ceKTopoB 11BeTOBOIO Kpyra. IIpu 9ToM Mbl KOHBEPTUPYEM HOMED CEKTOPa,
k B cTpokoByio 1epeMeHHYyI0 1 BCTaBUM €ro B 3aIr0JIOBOK PHUCYHKA!

color_part:=(k,N)->plots[display] (seq(treug(i,N),
i=0..k) ,axes=NONE, scaling=CONSTRAINED, title=[i=convert (k,string)]):

Wcnosmrenne 3Toit mpore1ypsbl mokasano Ha Puc..7

>color_part (15,24);
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I'maBa I. Cucrema kommbiotepHoit matemarukn MAPLE

i="15"

Puc.1.7 15-1b cermeHTOB 24-1IBETHOIO I[BETOBOI'O <KDY~
ra.

Hakomnern, o0beaunss ere pa3 moJiydennble rpaduieckne CTPYKTYPHI C I0-
MOIIBI0 KOMaHIbl display ¢ HeoOsA3aTe/IbHBIM MTapaMeTpoM insequence=true,
MOJIYINM HYKHYIO JIMHAMIYIECKYIO MOJIETh, OCHAIIEHHYIO JMHAMUYeCKOi nudop-
Malueit o Homepe cermenta Puc.l.8.

Anim_color:=(N)->
plots[display] (seq(color_part(k,N),k=0..N),insequence=true):

>Anim_color(36);
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L6. Nudopmarmonnsie Texaosiorun obydenns Ha ocaope CKM

Text Math Drawing Plot m
[4 @ [ p[ CurentFrame |23 '—J— [ » & »Frs: | 10 g e, ﬂ'l’] By v

B An:'l_m_c:olor:=(N:l ==
plots[display] (seq(cclor part(k,N),k=0..N),insequence=true):

_> Anim color(36) ;

1= 17"

Puc.1.8 Bus oxkna Maple 17 ¢ aHuMAIIMOHHON MOJIE/IBIO IIBETOBOI'O
«kpyray. [lokazan 28-it kajp n3 36-kapoBoro puabMa.

I.6 HMuadopmanmonable TEXHOJOTUN N3ydeHnust PU3NKO - Ma-
TeMaTU4eCKNX KypPCcOB HA OCHOBE MaTeMaTU4e€CKOIo Mo-
JeJIMPOBaHUS B CUCTEME KOMIIbIOTEPHOI MaTeMaTUuKU

[.6.1 HeobxoammMocTh BHeJIpeHUS MHMOPMAIMOHHBIX TEXHOJIOTUII B
CTPYKTYPY (DU3UKO - MaTeMaTUIeCKOTO 00pa30BaHMs

CyiecTByeT psii BeCbMa BECKHX IMPUYUH HEOOXOJIMMOCTU BHEIPEHHUsT HHQOP-
MAIMOHHBIX TEXHOJIOTUIl B CTPYKTYPY (PU3MKO - MaTeMaTHIeCKOro oOpa3oBa-
HUsl. DTH IPUYIUHBI, B OCHOBHOM, MMEIOT BHEIIHHUI 110 OTHOIIEHNIO K (DU3UKO-
MaTeMaTHIecKoMy 00pa30BaHIIO XapaKTep U BbI3BaHbI IVI00AJbHBIMI N3MEHEHN!-

23



I'maBa I. Cucrema xommbioreproii maremaruku MAPLE

sSIMII B CTPYKType 00IIecTBa, 0OIIECTBEHHOIO CO3HAHMS I NMHTEHCUBHBIM IIPOIIEC-
coMm nHMopMaTuzauu odiecTsa. Cpeau 3TUX TPUINH:

1. HeIpepbIBHO 1 OBICTPO pacTyIue IOTOKKU HH(MOPMAINI U OBICTPOE ee yCTa-
peBaHue;

2. COKpallleHne yq€6Hle YaCOB Ha N3y4YeHUue beH,ZLaMeHTaJIbeIX JANCIAIIJINH C
OJHOBPEMEHHBLIM PaCIINPEHUEM CIIMCKa N3yY9aC€MbIX BOIIPOCOB;

3. IIEPEHOC LNEHTPa TAZKECTU y‘le6HOI’O IIponecca Ha CaMOCTOATE/IbHYIO pa60Ty
CTYAEHTOB U YYallUXCd;

4. mejocraTouHoe (puHAHCUPOBAHME (PYHIAMEHTAJLHBIX HAIPABJICHUN HayKH
1 COOTBETCTBYIOIINX UM HAIPABJIECHUI BBICIIIETO0 00PA30BAHNS;

5. MHTerpalus pasJmIHbIX 00/1acTeil 3HAHUIT 1 ITOsIBJIEHIE HOBBIX HallpaB/IeHUI
HayKI U TEXHOJIOI'UII;

6. yBeJIMueHue Yuc/ia clieliajibHOCTel IpU OJIHOBPEMEHHOM YMEHbIIIEeHUN YHUC-
Jla CTYJICHTOB;

7. JeMopaJim3aliusg o0IecTBa, MPUTSKEHNe MOJIOJIEKN K Macc-Meua, HapKOo-
TUKaM, THTEPHET-3aBUCUMOCTH, BBLIXOJIAIINBAHNE CUCTEMBbI TIEHHOCTEI.

Ho moMumo 9Tux npudmH, Ha HaIl B3TJI/I, CYIIECTBYIOT U BHyTPEHHUE TPUIIMHBI
NMEHHO POCCUICKOIO MaTeMaTHIecKOro 00pa3oBaHmsd, TPUBOIAIINE B MTOC/IE/IHEE
BpeMsi K €ro 3acToio U Hu3Koii apdexrusnoctu. Cpejin STUX IPUIIH:

1. dbopmam30BaHnbIil XapaKTep MaTeMaTHIecKoro o0pa3oBaHus;

2. yTpara cBg3eil MaTeMaTHniecKoro o0pa3oBaHns ¢ COBPEMEHHBIMI 3a/1a9aMI,
KaK PUKJIAHBIX, TaK 1 (PYHIaAMEHTAJIBHBIX HAYK;

3. HeperpyKeHHOCTh MaTeMaTHYeCKHX KypCOB aOCTPaKTHBIM TEOPETUIECKUM
MaTepuasoM B yiepOd pemeHni0 KOHKPETHBIX 3a/a4, HCTOPUIECKH SIBJISFO-
HUXCS 1eJIEBBIMU JI/1s1 JIAHHBIX KYPCOB;

4. OTOPBAHHOCTL MaTeMaTHYECKNX KYPCOB OT COBPEMEHHDLIX KOMITBIOTEPHBIX
TEXHOJIOTUIA.

AHaJjiornasble mpodJeMbl CBOICTBEHHBI 1 MHOI'IM COBPEMEHHBIM POCCUICKIM Ha-
VUIHBIM MaTeMaTHYeCKUM IIKoJiaM. V3BecTHBI, HAIIPUMED, ITOTPEOHOCTH MHOI'MX
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1.6. Nugopmarmonusie TexHosorun obydenus: Ha ocaoBe CKM

obstacTell, Kak pyHJIaMEHTAJbHBIX, TAK U NPUKJIATHBIX HAYK, B CO3JAHUN METO-
JIOB MCCJIEJIOBAHUS HEJMHENHBIX KOHTUHYAJbLHBIX CHUCTEM, OIMCHIBAEMbIX HEJI-
HeftHbIME g DepeHInaIbHBIMI U HHTETPO - JuddepeHnnalbHbIMI ypaBHEHN-
sIMI € 9aCTHBIME MTPOU3BOAHBbIMU. OJTHAKO, MOJIABJISIONIEe OOIBINNHCTBO KAH I1-
JATCKUX U JIOKTOPCKUX JUCCEPTAIUil IO 9TOI CHEIUaJbHOCTH MTOCBSAIIEHO METO-
JIaM peleHne JIMHeRHbIX T depeHnna babIX 1 THTerPAJTbHBIX YPABHEHWIT, TpH-
geM 3a4aCTYI0 NCCJIeI0BAHIST 3aBEPINAIOTCs JJOKA3aTe/IbCTBOM CYyIIIeCTBOBAHUS 1
eJIMHCTBEHHOCTH penieHust. Ha Hal B3T/Isi/1, TPEoI0/IeTh yKa3aHHble ITPOTUBOPE-
YU MEXKJIy 3allpocaMi COBPEMEHHBIX HAyKN W TEXHOJOTHUil, ¢ OJIHOI CTOPOHHI,
1 TIOTEHITUAJIOM POCCHIICKOTO MATEeMaTUIYEeCKOTO 00pa30BaHusl, ¢ JPYIroil CTOPO-
HbI, BO3MOXKHO Ha ITyTH HWHTEHCHBHOTO IIPUMEHEHIST METOI0B MATEMATUICCKOTO U
KOMITHIOTEPHOTO MOJCTMPOBAHUS TPU N3YYEHUN BCeX 0A30BbIX KYPCOB MaTeMaTH-
KU C TIOC/IE Ty IONTIM MHTETPUPOBAHUEM TIEJIEBBIX 3a/1ad STUX KYPCOB C 3ajadaMu
dyHIaMEHTATBHBIX U IIPUKJIAIHBIX HAYK. [Ip1 9TOM KOMIIbIOTEPHOE MO TUPOBAa-
HUE cJlejlyeT OCYIIECTB/ISATD B cpejie cucreM KoMibioTepHoii Mmaremaruku (CKM),
a COOTBETCTBYIOIINE KypChl (hOPMUPOBATDH, KaK MCCIeI0BATEIHLCKIE, HAIPpaB/IEeH-
HbIe Ha [TOCTPOeHne MaTeMaTHIeCKUX W KOMITLIOTEPHBIX Mo/Iesieil, B Xo/ie co3/1a-
HUsI KOTOPBIX CTY/IEHTHI OY/IyT OBJIaIeBaTh HEOOXOMMBIMU (DYHIaMEHTAJbLHBIMU
3HAHUSAMU MPEJIMETOB U YUUTBHCA UX ITpakTrudeckoMmy npumenenuto. Cieryer 06-
paTUTL BHUMaHWE Ha TOT (PaKT, I9TO MOCTPOECHNE MaTeMaTUuIecKOil MOJe/n n eé
KOMITbIOTE€pPHAs peai3alisi BOCIUTHIBAIOT CTPOTOCTh MATEMATHIECKOIO MbIIILIe-
HUsI, €ro KyJIbTypy M TeXHOJOIMIHOCTh. I[locTpoeHue n ncciegoBaHne KOMIThIO-
TEPHOI MOJIE/IN, KpOME BCETO ITPOUETo, BOCIUTHIBAECT TPY/10/TI001e, aKKYPATHOCTH
1 JJ0OPOCOBECTHOCTL — KAUeCTBa, KOTOPBIX TaK HE XBaTAeT IMOCTCOBETCKUM TeHe-
paImsM MoJIoJIeyKu. KpoMme BCero mpodvero, 3TOT My Th sBjIsgeTcd Hanbosee 3pdek-
TUBHBIM CIIOCOOOM BOBJICUCHUST MOJIOJECKI B COBPEMEHHYIO HAYKY U MHYKCHEPHIO.

1.6.2 OcHoBHag maes BHeApeHUs MHMOPMAIMOHHBIX TEXHOJIOTHUII B
CTPYKTYPY (PM3UKO - MaTEMaTUYIECKOro 00pa30BaHUs HAa OCHOBE
cuCTeM KOMIbIOTEPHOII MaTeMaTUuKN

Cor1acHO OHOMY U3 OCHOBOIIOJIOZKHIKOB MaTeMaTHIeCKOI0 MOJIEINPOBAHNS, aKar-
nemuky A.A. Camapckomy, (cm., Hampumep, [1]) «... MaTemMarndeckas MoJe/b —
9TO HKBHUBAJIEHT 00beKTa, OTPaXKalolinii B MareMaTndecKoii hopMe BazKHeilie
€ro CBOICTBa — 3aKOHDLI, KOTOPLIM OH HOJYNHACTCA, CBA3U, IIPUCYIIINE COCTABJIAIO-
UM €ero 4acTdaM, U T.JI., IIPUYEeM ... caMa II0OCTAHOBKa 3a/1a4i O MaTEeMaTUIeCKOM
MOJIEJIUPOBAHIN KAKOI0-IM00 00bEeKTa HOPOKIaeT YeTKuil miaH jgeicrsuii. Ero
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I'maBa I. Cucrema xommbioreproii maremaruku MAPLE

MOYKHO yCJIOBHO PasONTh Ha TPHU 3Talla: MOJeIb > aJdropUT™ > rmporpamma’. Ha
IIEPBOM 3Talie BbIOUpaercst (MM CTPOUTCS) «IKBUBAJIEHT» OOBEKTA, OTPAZKAIO-
Uil B MareMaTn4deckoii popMe BarkKHEMIe ero cBOMCTBa — 3aKOHBI, KOTOPBIM
OH TOINHSAETCS, CBA3U MPUCYIINE COCTABJISIONIUM €ro dacTaM u T.71.. MaremaTn-
dqeckas Mojiesib (mm ee (pparMeHThl) MCCIe/yeTCsl TeOPeTHIECKUME MEeTOIaMU,
YTO TIO3BOJIAET MOJYUNTH BayKHbIE TPeIBapUTeIbHble 3HAHNs 00 00bekTe. Bro-
poii 9Tarn - BbIOOP (MM paspaboTKa) ajropuTMa Jyisi peaju3aiui MOJEeJN Ha
kKoMmIbioTepe. Mojens npejcrasisgercd B (popMe, yao0HOM s TPUMEHEHUsT q1C-
JIEHHBIX METOJIOB, OTIPeIeISIeTCs MOCIeT0BATETbHOCTD BRITUCIUTEIHHBIX U JIOTH-
YeCKUX Olepaliiii, KoTopble HY?KHO TTPOU3BECTH, YTOOBI HAMTH MCKOMbIE BEJINYN-
HBI C 38/IJAaHHON TOYHOCTDHIO. BhIraucmTe/IbHbIe aJITOPUTMBI JTOJIZKHBI He NCKAXKaTh
OCHOBHBIE CBOMCTBA MOJIEN U, CJIEJIOBATEIHLHO, HCXOTHOIO 00HEKTA, ObITH SKOHO-
MUYHBIMI U aJalTHPYIOMINMICT K OCOOEHHOCTSIM peIaeMbIX 3a/1ad U UCIIOIb3Ye-
MBIX KOMITbIOTepOB. Ha TpeTbhem sTare co3j1aloTcs MpOrpaMMBbl, «I1€PEBOJISIIIE»
MOJIe/Tb U &JITOPUTM Ha JIOCTYIHBIN KOMITBIOTEPY S3bIK. K HIM TaKzKe TP TbaBIIs-
I0TC TpeOOBaHNs SKOHOMUYIHOCTH U aJalTHUBHOCTH. . . CO3/1aB TPHUAy «MOJE/b
> aJICOPUTM > IIPOTPaMMas, UCCJe0BaTeNb TOJIydaeT B PYKN YHUBEPCAJIbHBIM,
ruOKMit 1 HeJJ0pOroit MHCTPYMEHT,KOTOPbIi BHAYAJIE OTIayKUBAETCs, TECTUPYETCS
B «ITPOOHBIX» BBIYMCJIUTEIBHBIX 9KcIIepuMenTax. [locsie Toro, Kak ajgeKBaTHOCTD
(mocTaToYHOE COOTBETCTBHUE)TPHUA/IHI HCXOJAHOMY OOBEKTY YIOCTOBEPEHA, € MOJIe-
JIBIO TIPOBOJIATCA pa3HOOOpa3HbIe U IOJIPOOHBIE «OIBITBI», JAIOIINe BCe TPedy-
eMble KadeCTBeHHbIE 1 KOJIMYECTBEHHBIE CBONCTBA M XapaKTEPUCTUKU OOBHEKTA.
[Iporiecc MmomemmpoBanms COMMPOBOXKTAETCS YIYUIIEeHNEeM U yTOUYHEHNEM, TI0 Mepe
HEOOXOMMOCTH, BCEX 3BEHBEB TPHUAJIDI. .. ».

Ha mam B3rigj, sTta Tpuaja MaTeMaTUIecKoro MOJETUPOBAHUS U JIOJIZKHA
OBITH IOJIO?KEHA B OCHOBY MaTeMaTH4iecKoro odpasoBanusd. g BHeIpeHUs MH-
dopMaIMOHHBIX TEXHOJIOIUN B CTPYKTYPY (DU3UKO-MaTeMaTHIeCKOro obpa3oBa-
HUsT HEOOXO/IMMO PENIUTH CJIEAYIONIIEe HayIHO- METOIMIECKUe 38,/ 1auin:

1. Cosnarb nndopmalmontoe obeciedernne yaeOHOro MpoIecca:

(a) cosgaTh 9JIEKTPOHHBIE YIEOHUKH;
(b) cosmarh rerepaTOpbl NHANBULYAJIbHBIX 38/ IaHUIl;

(C) CO3/1aTh aBTOMATU3NPOBAHHYIO CUCTEMY IIPOBEPKU NHINBUYAJbHBIX 3a-
JaHNIA;

(d) cosmarh 37eKTPOHHBIE OUOIHOTEK.

5 Cm. Pue..1
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2. Co3aTh JEeMOHCTPAIIMOHHOE COIPOBOZKICHNE JICKIIUIT N MPAKTUIECKUX 3a-
HATNAN:

(a) cosmaTh mHTEpaKTUBHBIE 3D WILTIOCTpAIHiT TEOMETPUIECKUX 1 (PU3MTIe-
CKUX 00bEKTOB;

(b) cozmarb MHTEpAKTHUBHbBIE BIJICOMATEPUATBI, COPOBOXKIAIOIINE BBITNC-
JICHU

(c) cozmarb aHUMAIIMOHHBIE MATEMATHIECKIE MOJIEIN O0HEKTOB U sIBJIEHUIL.

3. BerpouTh KOMIBIOTEpHBIE BBIUKUC/ICHUS B CTPYKTYPY HPaKTUUECKUX 3aHsI-
TAN:

(a) co3maTh KIACCH! [IsT KOMIIJIEKCHBIX YIE€OHBIX 3aHATHI O BCeM (DU3UKO
- MaTeMaTUYeCKUM IIPeJIMeTaM;

(b) BCTpOUTH MapaJIebHOE COMPOBOKICHNE MPAKTHIECKUX 3aHITHI CTY-
JIEHTOB KOMITBIOTEPHBIMU BbIYUCJICHUSIMU;

(C) CO3JaTb IIpOIrpaMMbl aHaAJUTUYICCKOI'O TECTUPOBaHUA U CaMOTECTHUPOBa-
HHUA yHalIUXCed.

4. BeTponTh KOMIIBIOTEPHBIE BBITUCIECHIA B CTPYKTYPY CHEIIKYPCOB, KYPCOBBIX
1 BBIITYCKHBIX KBaJIM(PUKAITMOHHBIX paboT:

(a) cmesaTh MOCTPOEHHE KOMIIBIOTEPHBIX MATEMATHIECKUX MOJE/IeH ydar-
HIMMUCS OCHOBOII ClleNUa/IbHBIX KYPCOB;

(b) cmenarh cosznabne ydaluMUICsS aBTOPCKUX MPOTPAMMHBIX U HAYIHBIX
IIPOJYKTOB, & TaK»Ke NHTEPAKTUBHBIX YUEOHBIX II0COOUIT 00si3aTe IbHBIM
9JIEMEHTOM BBIITYCKHBIX KBaJIM(MUKAINIOHHBIX padoT.

[Ipu 5TOM OCHOBHOII 1jieeit BHeIpeHne NHMOPMAITMOHHBIX TEXHOJIOTUI B CTPYK-
TYpy (PU3MKO-MATEMATUIECKOTO 00pa30BaHus SBIAETCA KOMIILIOTEpHOE MOJIe-
JIMpOBaHNe B CHCTeMaxX KOMIbIoTepHOit MatemaTnku Ha Puc.l.9. Muorouncien-
HbIE UCCJICIOBAHNS, TPOBEJCHHDBIC PA3INIHBIME aBTopaMu (cM., Hampumep, [97],
[102], [12] [112], [107],[16]), moKa3BIBAIOT, YTO CPEJU HW3BECTHBIX CHUCTEM KOM-
nbioTeproit Mmatrematukn Maple gaBigerca nanbosiee mpuemaeMoit 1ad (HU3NKO-
MaTeMaTudeckoro oopazopanns CKM, kak 1Mo cTomMOCTH, TaK W IO ITPOCTOTE
nHTepdeiica, a TakzKe COOTBETCTBHUIO S3bIKA MTPOTPAMMUPOBAHUS CTAHIAPTHOMY
MaTeMaTHIECKOMY S3BIKY.
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Puc.1.9 Oprannzarus yaebrnoro nporecca 1o (pusnko-MaTeMaTHIeCKIM
JcruiimaaM Ha ocHoBe CKM.

[IpencraBiennas na Puc.l.9 cxema ydaebnoro mporiecca rpejiro/iaraeT pereHme
CJIEJTYIONNX YUeOHO-HAYIHBIX 3a/1a4:

1. (a) cosmanme KOMIBIOTEPHBIX MOJIe/Iell N3yuaeMbIX sIBJICHU{T, PUBJIEICHIe
nHMOPMAIMOHHBIX TEXHOJIOIMH B IIPOIECC IIPEIOAaBaHUsl IIPeIMeTa;

(b) cozmanme MHTEPAKTUBHBIX YUEOHBIX MOCOOUIT U CHCTEM AHAJUTHIECKOTO
TECTHPOBAHNS;

(c) mpuBJIeYEHNE METOJIOB CUMBOJILHON MATEMATHKU JIJIs OIMUCAHUS CJIOK-
HbIX ABJICHUII,
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(d) 3amena akaJeMIIeCKOrO METOJIA TPEoIaBaHIsi UHTEPAKTUBHBIM C HC-
110/Ib30BaHieM NH(MOPMAIMOHHBIX T€XHOJIOIHII;

(G) HCIIOJIb30BaHne KOMIIBIOTEPHBIX TEXHOJIOTUIA JJId IIepeopueHTallul UH-
TEPECOB MOJIOJE2KHN K HAYIYHOMY TBOPYECTBY,

[.6.3 Meroanmdyeckoe nu mporpaMMHOe obeclieueHe BHeapeHnus nadop-
MAaIMOHHBIX TE€XHOJIOTUiI B CTPYKTYPY (PU3UKO - MareMaTud4e-
CKOTo oOpa30BaHUHA

Opranunzaiisi BbIIIEYKa3aHHOIO yIEOHOTO IUKJA € TJIyOOKIM HCIIOJIb30BAHIEM
nH@OPMAIMOHHBIX TexHojoruit Ha ocioBe CKM Tpebyer 0OJIbIINX HAYKOEMKIX
BJIOYKEHUI, KaK Ha CTA MK 3alycKa yIeOHOro Mporiecca, Tak U Ha BCEX ero Ja/lb-
HEHINX CTaIugX. Y2Ke Ha IEePBBbIX CTaIUsIX y4eOHOro Ipoliecca Tpedyercs: Ha-
Jindaue OOJIBIIOro KOJIMIECTBa 3apaHee pa3pabOTaHHBIX KOMIIbIOTEPHBIX MOjiesiei
n3yJaeMbIX O0HEKTOB, KaK JIJI JIEKIIMOHHBIX JJEMOHCTPAIN, TaK U JIJIsT CeMITHAD-
CKIX U CAMOCTOATE/ILHBIX 3aHATHIl cTy/IeHTOB. PazpabarbiBaeMble /11t obeciiede-
HUsI y4eOHOTO IPoIecca KOMIIbIOTEPHBIE MOJIEIN JIOJ2KHBI YIOBIETBOPSATD Psily
00s3aTeIbHBIX TPEOOBAHMIA:

1. OHU JIOJI2KHBI ObITH HAIJISIITHBIMII;
2. OHM JIOJIZKHBI 0TOOparkaTh BCEe OCHOBHBIE CBOIMCTBA MCCJIEyeMOi MOJIEIH;

3. OHH JIOJI2KHBI ObITh MHTEPAKTUBHBIMHU, T.€., [I03BOJISITh 110JIb30BATE 10 MAHM-
IyJINPOBATH UMU C MOMOIIBIO BHEIITHUX YCTPOWCTB;

4. oHn JOJIZKHDBI OBITD MHOI'OIIapaME€TpUYI€eCKUMM IJIA obecriedeHnst BO3MOYKHO-
CTH IIPOBEJCHNA YUCJICHHDBIX 9KCIIEPUMEHTOB.

[Ipobiiema obecriedeHust HATJIATHOCTH MaTeMaTHIeCKIX CTPYKTYP UI'PaeT Bark-
HYIO POJIb B BBICIIEM 0Opa30BaHUM, TaK KaK ycBoeHue (pyH/aMeHTabHbBIX TI'eo-
METPUYECKUX MOHATHI TOroTaBIuBaeT QpyHgaMenT Jijisd MOHUMaHUs ITPOTEecca
MaTeMaTUIEeCKOTO MOJIEJMPOBAHUS U OBJIQJICHUSI METOJaMU KOMIIBIOTEPHOI'O MO-
JICJINPOBaHUA, YTO B CBOIO OY€PE/ib, CO3/IaeT IMPEAIOCBIIKH M1 MHHOBAITMOHHOTO
pPa3BUTHUsI COBPEMEHHOro 0oOpas3oBaHmsl. 3aMETHM, YTO MHOIONapaMeTpPUIHOCTD
cO3/l1aBaeMbIX KOMIIbIOTEPHBIX MOjeseil sBjsieTcs BaKHeHmM (paKTopoM KOM-
IBIOTEPHBIX MO/Ies1ell, TO3BOJISIONINM YIIPABAATh MaTEMATUIE€CKOI MOJIEJIBIO, T.€.,
IIPOBOJINTH KOMITBIOTEPHOE MOJIe/INpOoBaHne. B ¢BA3M ¢ 9TUM BaXKHYIO POJIb UT'Da-
eT KOMIIbIOTepHAasl BU3YaJIU3AINA MaTeMaTUIeCKX MoJiesieil, a 0COOeHHO, 0CHa-
WEHHAA QUHAMUYECKAA 8U3YAAUAUUA, OCHOBHBIE IIPUHIIUIILI KOTOPOil pa3pabo-
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Tanbl B paborax [97], [101], [105], [107],[17]. Cosnanue Takux CI0KHBIX KOMITBIO-
TEPHBIX MOJIe/Iell BO3MOYKHO hopMaTe He3aBUCHMBIX MAKEeTOB Iporpamm (6mo-
JIMOTEK MPOTPAMM ), KOTOPBIE MOT'YT HCIOJIb30BAHbBI, KAK MPEIOIABATEIAME, TaK
U CTYJIEHTAMU BBI30BOM COOTBETCTBYIONINX OMOJMOTEK U COJEPIKAIIMXCS B HUX
MHOTOTIAPAMETPUIECKIX KOMAH/T, UMEIOIUX [TPOCTO CUHTAKCUC (CM., HATIPIMED,
98], [99], [108],[16]). Heobxomumo mofuepKHyTh, 9TO yBeJUYeHNe CTEleHN Ha-
[JISITHOCTU ¥ UHTEPAKTUBHOCTU YUeOHLIX MaTepHaJsioB, CO3JaHHBIX CPEJICTBaMU
UT, TpebyeT BIOYKeHUS OOJTBINX UHTELIEKTYAJILHBIX 3aTPaT M BBICOKOI cTere-
HU TTpodeccuonaIn3Ma MpernojiaBaTeiei.

Permerie 11po0JjieMbl KOMIIBIOTEPHO# peajin3anuu 00beKTOB JIMHEHHO ajred-
pPbl U AHAJIUTHYECKON NeOMeTpUM U CO3JIaHMA HAIVISJIHBIX NeOMETPUUECKUX 00-
pa3oB (nHTEpIpeTanuii) 00bLEKTOB, CTPYKTYP U CBOICTB MPENo/IaraeT perieHne
TpeX OCHOBHBIX 3aJ1aH:

1. mocTpoeHne MaTeMaTHYeCKUX Mojiejiell OCHOBHBIX ajredpamdecKux CTPYK-
TYyp, OObEKTOB U CBOICTB;

2. NIOCTPOEHNE UX T'€OMETPUYECKUX HHTEpIIpeTalyii, T.e., COIOCTaBJEHUE UM
reOMEeTPUIECKUX MOJICJICI;

3. MOCTPOEHHE MHOIOIapaMeTPHIECKIX KOMIIBIOTEPHBIX Mo/1e el TpaduIecKIx
00pa30B 00LEKTOB.

3aMeTuM, 4TO MHOIOIAPAMETPUIHOCTH CO3/[aBAEMbIX KOMIIBIOTEPHBIX MOjIe-
Jleft aBJIgeTcd BaXKHEHM (haKTOPOM KOMIBIOTEPHBIX MOJIEEl, TTO3BOIAIONTIM
YIPaBIATbH MaTeMaTHIeCKON MOJIETbIO, T.€., MPOBOJINTH KOMITHIOTEPHOE MOJIE -
poanue. Hanbosiee acpdpekTBHOE perieHne 3TuX 3ajiad BO3MOXKHO B CHUCTEMax
komibtoreproii Maremaruku (CKM), cpenn Koropbix jyist 1ieseil obpasoBaHusi
HanOosiee yjnoona cucrema Maple. OCHOBHBIMU JIOCTOMHCTBAME 3TOH CHUCTEMBI
MPUMEHUTE/IHLHO K 3ajJadaM 00pa30BaHUs SBJISAIOTCS: OTHOCUTEIHHO HEBBICOKAS
cronmocTh (1o cpasuennio ¢ MatLab u Mathematica), qpy»kecTBeHHbI 1 HHTED-
AKTUBHBII mHTEpdEiic, BeJnKoJIenHble rpaduieckiue BOSMOXKHOCTH, B YaCTHOCTH,
MHTEpaKTHBHAS TpeXMepHas rpaduka i AuHaMudeckas (anumaius ). B 9roit cra-
The MBI pACCMOTPHUM OCHOBHBIE MPUHIIAITHI MAaTEMATUIE€CKOTO U KOMITHIOTEPHOTO
MOJIE/INPOBaHNS OOBEKTOB JINHENHHOM aJiredpbl U aHAJUTUIECKON IeOMeTpun B
CKM Maple. 3ameTnm, 49TO JjIs8 pacCMOTPEHHBIX 3JIeCh MPOTPAMMHBIX ITPOIIe-
Iyp KOHKpeTHas Bepcusd Maple, naunnag ¢ Bepcun 6, He nMeeT 3HAUCHUS.

HeobxonmMo 110 19epKHYTh, 9TO yBeJIUUYEHHE CTEIeHN HAlJISIHOCTA 1 UHTep-
AKTUBHOCTH Y4eOHBIX MaTepuaJjoB, co3gaHHbIX cpejctBamu UT, Tpebyer Bio-
JKeHUsT OOJIbINX WHTEIEKTYa bHbIX 3aTPAT W BBICOKOH cTerneHn mpodeccuo-
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HaJIM3Ma IIpenojasaresieii. B nepsyo odepenb, CKazaHHOE KacaeTcsl IIPEIMETOB
(buBHKO-MaTEMATHYCCKOIO HUKJ/IA. 3/16Ch HEHTPAILHON 1jieell CO31annst BLICOKO-
KAYCCTBEHHBIX 3JICKTPOHHBIX yYeOHBIX MATEPUAJIOB SIBIACTCHA MATEMATHUCCKOE
MOJICJINPOBAHNE M3y9aeMbIX O0O0beKTOB 1 apjenuii. Cozpanne MaTeMaTHYecKoi
MOJICJIN U3Y4aeMOro 00bLeKTa BO MHOIOM OIIPEIesdeT HAIVIAJHOCTL U CTEeIIeHb
YCBOEHUSI N3y4aeMoro Marepuasia. [103roMy 0cHOBHBIMU 00pa30BaTe/ILHBLIMEI TPE-
OOBaHMAMU K MATEMATHYECKONH MOJIeJIN JIOJZKHBI OBITh: €e MHOroInapaMeTpud-
HOCTb, BO3MOXKHOCTL IpadUuecKoil TPeXMEpPHO pean3aini, HHTePAKTUBHOCTD,
BO3MOKHOCTD [OCTPOEHHsT AHUMAIIMOHHBIX (IpadUIecKiX INHAMIIECKIX ) TPe/I-
CTaBJICHUI.

Cucrembl kommbioreproit maremarukun (CKM), B mepsyio odepenbr Maple,
IIPEJIOCTABIIAIOT YHUKAJBHBIC IIPOrPAMMHBIC U IpadUyecKne BO3MOKHOCTH I
peasmsanuu 31oit wiaen [97]. OnHAKO, HOMBITKA MPSIMOTO IPUMEHEHUsT CTAHIAPT-
ubix nporeayp CKM najieko He Bcerja JaeT kejaemblil pesynabrar. st mosry-
YeHNsl KA9eCTBEHHBIX IpadpUyeCKuX 1 aHNMAIMOHHBLIX MOJIe/Iei OCHOBHBIX MaTe-
MATHYECKIX CTPYKTYD aHam3a GpyHKINI IPUXOJANTCS CO31aBATE HOIb30BATE b-
CKUe MHOroIIapaMeTpUYecKue IIPOrPAMMHLIC POIEILYPhI, IPOCTLIC /I HEHCKY-
IIEHHOI'O B IIPOrPAMMUPOBAHUE II0JIb30BATE/IsI, KOTOPbLIE YI0OHO O0bEUHAThL B
cliela/n3npoBatHble OUOIMOTEKN 0JIb30BATEILCKUX 1potieayp [16].

[.6.4 TexHoJsiOTHS COBMECTHOT'O N3yY€eHUS MaTEeMATUKN U KOMIIbIOTEP-
HOT'O MOJIeJINPOBAaHUS

OCHOBHBIMHI METOJIAMI peaIn3alui e HHGOpMaTU3aIun IPeJIMeTOB (PU3UKO
- MaTeMaTHIecKOro MIKJ/a Ha OCHOBE MaTeMaTHIeCKOI'0 I KOMIIBLIOTEPHOIO MOJIe-
JINPOBaHUsI CPeJie KOMIILIOTEPHON MaTeMaTHKU ABJISIIOTCA CJIeIyIoIne:

1. mpoduabHas HAIPABJIEHHOCTh KyPCOB MAaTEMATUKI;

2. UCIOJIb30BaHUE METOJa MaTeMaTU4YC€CKOIro MOJe/JIMPOBaHNA KaK OCHOBHOTI'O
METO/Ja N3ydeHUA CIICIIUaJIbHBIX IIPEAMETOB;

3. BbBICTpanBaHUE BCEl CUCTEMBI I[IOATOTOBKHU CIIENUAJINCTOB BOKPYT DEIICHUA
HayIHO-TEXHUYICCKHUX HpO6.HeM 1 IIOATrOTOBKH AUIIJIOMHOI'O IIPOECKTaA;

4. BCTpanBaHNE KOMIIBIOTEPHOI'O MOJEJIMPOBaHMA BO BCE CIIENUAJIbHBIE KYPCDI;

5. OpraHm3allysl 3aHATUI 110 CIIeNUaJbLHBIM IIpejiMeTaM B dopme JadbopaTop-
HBIX KOMILJIEKCHBIX HayJIHbIX UCCISIOBAHMI ¢ IpUMEHEeHIeM KOMIIbIOTePHOI
marematuku u UT;
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6.

IJIABHBIM KPUTEPUEM JIJId 101y YeHUs] JIUILIOMa HeOOXOMMMO CINTATh KBAJIH-
puKaInoOHHYIO PAdOTY ¢ 00A3aTE/IbHBIM IPUMEHEHUEM METOJI0B KOMITbIOTEP-
HOI'O MOJIEJINPOBAHNS U BO3MOZKHOCTBIO HAY IHOI IyOInKanm Judo psMoro
HCIIOJIb30BaHUS B yIeOHOM IIpoIecce.

HeobxoauMbIMI OpraHU3aIMOHHBIMI MEPOIPUATUSIMHI J1JIsI MATEPUATILHOIO 00eC-

neveHusi BHEAPEHUsT NH(MOPMAIMOHHBIX TEXHOJIOTHI B CTPYKTYPY (PU3BMKO - Ma-
TEeMATUIECKOr0 00Pa30BaHUs SIBJISIIOTCSI:

1.
2.
3.

[mepecMoTpeTb yqe6Hb1e IIporpaMMbl ClIEeHMaJIbHBIX IIPEJIMETORB,
CO31aThb yqe6HO—M€TOILI/I‘l€CKO€ obecriegyenne ClienraJIbHBIX KYPCOB;

OpraHu30BaTh MEPENOJArOTOBKY IIperoiaBaTe/ieil B 00J1aCTH KOMIIBIOTEPHOI'O
mostetmpoBannsg u T

00OpYI0BaTh COBpEMEHHbIe KOMITbIoTepHbIE jJTabopaTopun UT;

obecrieunThb 9TU JabopaTopun JuleH3nonabiMu nakeramu Mathematica, Maple,

MatLab, CorelDraw, Delfi, WinEdt, MicrosoftOffice u gpyrumu;

Hepeo60pyﬂ0BaTb KJIaCCbl 110l CEMHHAPCKHE 3aHATHA B KJIaCCbhbl JJIgd KOM-
[IJIEKCHBIX 3aHATUI C IMpuUMEHECHUEM KOMIIBIOTEPOB,

OpraHn30BaTb CUCTEMY JICTHNX HayYHbIX IIKOJI IJIA CTYJICHTOB 1 aCIIMPaHTOB
IO MaTEMATUNYICCKOMY N KOMIILIOTEPHOMY MOJCJIUPOBaHUIO.

Ha Puc.I.10 nmokazan BO3MOXKHBII BapwmaHT TaKOTO KOMITHLIOTEPHOTO KJIACCA,

cocTaBjennoro m3 Mojyseit Puc.l.11, mozBosgronux mpoBOAUTH KOMIILJIEKCHDBIE

3aHATUIA C IIpuMeHeHneM KOMIIBIOTEPOB.
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Puc.1.10 Kommbrorepubrit Kjracc Jiist

KOMILJIEKCHOI'O H3YYEHHsI IPEIMETOB

¢puznko-maremarnieckoro nuksa: 1 - Puc.l.11 Pabouee mecto Jijist cTyIeH-
MoLyJIi; 2 - CTOJI IPerojiaBareis;3 - TOB (MOJIYJ/Ib) JIJIsl KOMILJIEKCHBIX 3aHSsI-
KOMIIbIOTED IIperojaBareis; 4 - HH- THif ¢ IPUMEHEeHHeM KOMIIbIOTepaA.
TepaKTHUBHAsI JOCKA; b - JHCKYCCHOH-

HBIH cTOJI; 6 — >KaJito3u; 7 — IIPOEKTOP.

33



I'maBa 11

MoaenupoBanne o0bEKTOB aJaredpbl 1
AHAJIMTUYECKON IreOMeTPpUN un
MaTeMaTim4ieckoro anajnsa B Maple

II.1 IIporpammubie IIpoleaypbl pellleHns CHUCTeM JIMHEel-
HBIX aJjiredpamviecKnx ypaBHEHUIi

11.1.1 Bsenenue

Y4aeOHbIIT MOJTY/Ib BBICIIEN aareOpbl sABISIeTCS COCTaBHON 1 6a30BOI YacThIO Kyp-
ca BbICIIeHl MaTeMaTUKN JIJIsi HeMaTeMaTudecKux ¢gaky/abreros. OcHOBHAS 11e/Th
9TOTO MOJYJS — U3YUeHrne TeOpUN JUHEHHBIX aaredpamdecKux ypaBHeHuil, Heob-
XOJIUMOIl, KaK B JIDYTUX MOJYJISIX Kypca BbICIIE MaTeMaTUK U MIpeJIMeTax ecre-
CTBEHHO - HAYYHOI'O UK/, TaK 1 UMeIOIIell caMOCTOATE/IbHYIO IIEHHOCTD JIJIs Pe-
IeHN s MHOTOUNCJIEHHBIX MPUKJIIHBIX 33/a49. Kpome Toro, B 9TOT MOJTY/Tb BKJTIO-
JaeTcs N3ydeHne OCHOB MATPUIHOTO NCIUCTICHIS U TEOPUN OllpeJieTuTe e, Heob-
XOJIUMBIX JIJIsT U3yUeHUs] TEOPUN CUCTEM JINHEHHBIX ajredpanvdeckux ypaBHEHUIl
(CJIAY) u rakzke UMEMOIINX MHOIOYNC/IEHHbIE TPUJIOKEHUS B JIPYTUX MOJLYJISIX
Kypca BBICIIEN MaTeMaTHKN W UMEIOINX CaMOCTOATETbHYIO MeHHOCTh. [ToaTomy
nHMOPMATU3AINS 3TOT0 MOJYJIs UMeEeT OOJIBbITIoe 3HaveHne JjId N3YIeHns Kypca,
BBICIIIEll MaTeMaTUKN.

B pa6ore [151] 61 paccMOTPEHbI OCHOBHBIE IIPUHIIUAIBI MATEMATHIECKOTO I
KOMITBIOTEPHOTO MOJIEJITPOBaHNs 00HEKTOB JIMHEWHOM aJreOphl 1 aHAJTUTIIECKOiT
reomMeTpun B cucreme KomibiorepHoit maremaruku (CKM) Maple. B uacrrocru,
B YKa3aHHOII paboTe ObLIa IMpejcTaB/ena MporpaMMa aBTOMATH3UPOBAHHOTO pe-
IIeHIs CUCTEeMBbI JInHEHHbIX ajreOpandeckux ypasuenuit B CKM Maple ¢ BbiBo-
JIOM peleHuit B crangapTaoit s Poccuiickoit cuctembl obpazoBanust (opme.
Onnaxko, onmcanHas B [151] mporpaMMuasi mporie/ypa, 0baaer CyIecTBeHHbIM
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HEJIOCTATKOM: MPU HAJIMYUU HYJIEBBIX KOI(MMUIMEHTOB Mepe] Hen3BECTHBIMUI STH
nepeMeHHble He CYUTHIBAIOTCS M COOTBETCTBYIOIIUE HYJIU HE TONaJaloT B pac-
MIUPEHHYIO MaTPUIly cucTeMbl. Kpome Toro, BCTpOEHHBbIE TPOrpaMMHBIE IIPOIIe-
nypbl Maple we cosepkaT mporpaMMbl HAXOXKjieHust (byHIaMeHTaJIbHBIX pele-
ruit CJIAY, umeromux O0JIbITYIO TIEHHOCTb B MHOTOYUC/ICHHBIX TPUJIOXKEHUAX 1
COCTABJISIONIINX OCHOBY MaTeMaTUYeCKO# Ky/bTypbhl. PellieHne yka3aHHBIX JIBYX
3aJ1ad nporpammubiMu criocobamu B CKM Maple norpeboBajio 3Ha9nTE IbHOTO
YCJIOYKHEHWS TIPOTPAMMHBIX MPOTIE/YP. 3JIeCh CJeJyeT OTMETUTHL 00Iee MpaB-
JIO CO3JIaHMS MPOTPAMMHBIX MPOJIYKTOB: UeM MeHee MPohecCnOHATLHBIM SIBJIsA-
eTCsl T10J1b30BaTE b ITPOIPAMMHOIO POJIYKTa, TeM 00JIbIlas CTEIeHb [TPOrPaMM-
HOI'O cepBHCca TPeOYeTCss OT TOTO MPOJYKTa, a, 3HAUYUT, U OOJiee CJIOXKHDbIE CO-
OTBETCTBYIOIIIE TPOrpaMMHBIe Hpomeyphl. Hurke MbI yKaKeM IIyTH peIleHust
9TUX 3aJ1a9 U ONUIeM OUOJINOTEKY COOTBETCTBYIOIIMX MPOrPAMMHBIX ITPOTIE/LYP
Algebra, [152]. YkazaHuble HIZKe KOJIbI OlMcaHbl B porpamue [153].1

I11.1.2 MaremaTudeckas MoO/eJib TEOPUU JIMHENHBIX aJreopamdecKux
yYpaBHEHUI1

Mrak, pacCMOTPUM CHCTEMY aJiredparndecKnX JIMHEHHBIX YPaBHEHU U3 m ypaB-
HEHUIl OTHOCUTEJILHO 7 HEU3BECTHBIX:

n
AX =B = Zakixi =by; (k=1,m), (IL.1)
i=1
rjgeA -ocHOBHasi MaTpuia cucrembl, B - marpuia-crosber; cBOOOJIHBIX YJIEHOB,
X — MaTpuIa-cTober Hem3BeCTHIX:

ar ... QAip bl 1
A=\ ... .. .. |; B= s X=1 ] (I1.2)
am1 - Amn bm Tn

[Tonb3oBaTe/ b BBOJUT yKaszaHHyio cucremy B Maple ne B marpuvHnoii, a B cra-
JapTHON popMe yIOpsiIOYEeHHOTO CITICKa YPaBHEHUI:

Sys:=[a1*xx+asxy+---+a,*xu=>by,frxx+Poxy+---+ B *u=by,
ey 01 % T+ Ogky + - -+ 0 ku = by,

(IL.3)
rie o, Bi, ..., 0;, bj - Koabduipenter ypasuenuit (V.5), T.e., KOHKPETHbIE YHCIIA,
a T,1,...,Uu — UMeHa IIePEeMeHHbIX, KOTOPbIe B KOHKPETHOM 33 JIaHUN MOI'YT OBbITh

Tpu ucnonszosanun 6ubmmorekn mporpaMm Algebra ceblika Ha Hee 06A3aTeIbHA.
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pom3BOIbHBIME. [loaTOMY TTepBoit 3a/1adeil ABsIeTCd KOMIILIOTEPHOE PACITO3HA-
sarue cucrembl (I11.3) u npusenenue eé x crangapraomy Buay (V.5), a Takxke
HaXO2KIICHUE paCIHHpeHHOﬁ MaTpPpUIbI CUCTEMDI:

aip Qa2 -+ Qp by

~ ag Qg -+ Qg by

A= " (11.4)
Am1 Am2 - Amn bm

Uraxk, onmiem 6ubmoTeKy Algebra aBTOMATH3NPOBAHHOIO PEIeHNsT CUCTEM JIN-
HeHHDBIX airedpandecKnX ypapaenuit. /[y co3janmst OndImoTeKn BBOJIMM IIyCTYIO
TaOJIUILY C YKA3aHHBIM HAUMEHOBAHUEM.

>restart:
Algebra:=table():

I1.1.3 IlIpomeaypsl pacrio3HaBaHUsS CUCTEMbI JIMHEHBIX ajredpande-
CKUX ypaBHEHUA

st pacriosnaBanust cucteMbl (V.5) 6ubmoreka Algebra uMeeT MpOrpaMMHYTO
nporietypy Algebra[InfoEq], KkoTopas mpeocTaBisgeT MHOOPMAINIO O OITHOY-
HOM JINHETHOM YpaBHEHHH B BUJIE YIIOPSIIOUEHHOIO CIIICKA, [IEPBBI 9/1IeMEeHT KO-
TOPOT'O €CTh YIOPsIOYEHHBII CIIMCOK UMEH IIepeMeHHbIX YPaBHEeHUsI, BTOPOIi 3JIe-
MEHT - YIIOPSAJIOYEHHBI CIICOK KOI(MDMUIINEHTOB IIPU 9TUX II€PEMEHHBIX, TPEeTHil
9JIEMEHT - IPaBYIO 9aCTh yPaBHEHUSI:

> Algebra[InfoEq] :=proc(Eq) local n,i,xxx:
n:=Algebra[number_members] (Eq) :
xxx:=(1i)->Algebralcoef_var] (Eq,1i):
[[seq(xxx(i)[2],i=1..n)], [seq(xxx (i) [1],i=1..n)],
rhs(Eq)] :end proc:

3J1ech UCMOIb30BaHa Mpolie/lypa number_coef, KoTopas HaXOUT KOIhDUIu-
eHT y i-TOil TIepeMeHHoil, TpudIeM ec/in KodpUIUEHT paBeH 1, T.e., MHOKUTEb
1epej1 epeMeHHoOl OTCYTCTBYET, TO Pe3yJibTaT JAefiCTBUs IIPOrpaMMbl OyaeT «1»,
B JIPYTMX HEHYJIEBBIX CIydasix Pe3yJibTaT PaBeH «2»:

Hpou‘eﬂypa number_members HaXOUT KOJINYECTBO IIEPEMEHHLIX B JIEBOH JacTu YpaBHEHU A

> Algebra[number_members] :=(Eq) ->nops(1hs(Eq)) :

[Tpumep. KonmdecTBo nepemenHbix ypaBaerust x+2%y-3*z=7 pasuo 3: (X,y,2)

[IpogemoncTpupyem jeiicTBre TOM MPOIELYyPhI:
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> Algebra[number_members] (x+2*y-3%z=7) ;
3
[Ipornierypa number_coef omnpejernsier dpakTop KoddduimenTa y i - Toit nepeMeHHO’, Tpu-
yeM, ecyi KO3 @UIMEHT He 3alliCaH B YUCJIEHHON (hopMe, TO mporpamMma jjaeT 3HadeHue 1, B
JIPYIUX HEHYJIEBBIX CJIydasiX paBeH (paKTop paBeH 2
> Algebra[number_coef]:=(Eq,i)->
> nops([op(lop(lhs(Eq))1)]1[i]):

[Tpumepsr:

> Algebra[number_coef] (x+2*y-3*z=7,1) ;
1

[Ipornierypa coef _var co3jaer ynopsiiodeHHslii cincok |k,z| mis i-roit mepemerHoi B ypas-
nennu, rie k-koaddurmenT nepe/t i-Toil mepeMeHHoil B ypaBHEHUN, Z-UMd 3TOM ITepeMeHHOIl

> Algebral[coef_var] :=proc(Eq,i) local xx,xxX:

> xx:=[op(Lop([op(lhs(Eq))1)]1[i1)]:

> 1if Algebra[number_coef] (Eq,i)=2 then xxx:=xX:

> else xxx:=[1,op(xx)]:end if:xxx:end proc:

[Tpumep

> Algebralcoef_var] (x+2*y-3%z=7,2) ;
2, 9]

> Algebralcoef_var] (x+2*y-3%z=7,1) ;
1, 2]

[Iponerypa InfoEq npejicraBisger nHMOOPMAIIUIO O €IMHUIHOM JTUHEHHOM ypaBHEHUH B BU-
Jie YIOPsIJIOYEHHOTO CIIMCKA, IIEPBBI 3/IeMEHT KOTOPOT'O TPEJICTaB/IAeT OO0 yIOPS 0UeHHbIII
CIIICOK MMEH TIePEMEHHBIX yPAaBHEHMs, BTOPOIl 3JIEMEHT - YIIOPSI0YeHHbIH clucoK Ko3bdurin-
€HTOB IIPU ITUX NePeMEeHHbBIX, TPETHIT SJIEMEHT - MIPABYIO YacThb yPaBHEHU, T.e., PaKTUIeCKN
3allUChbIBACT CTPOKY PACIIMPEHHONU MaTpPUIlbl, COOTBETCTBYIONIECH 3TOMY ypPaBHEHUIO.

> Algebra[InfoEq] :=proc(Eq) local n,i,xxx:
> n:=Algebra[number_members] (Eq) :
>  xxx:=(i)->Algebralcoef_var] (Eq,i):

> [[seq(xxx(i)[2],i=1..n)], [seq(xxx(i)[1],i=1..n)],rhs(Eq)]:end
proc:

[Tpumep:
> Algebra[InfoEq] (x+2*y-3%z=7) ;
HSIZ, Y, Z]? [17 27 _3]7 7]
IIpouenypa associate HaxoauT oObEeAMHEHNE OAMHOMXKECTB X, IPEJACTABICHHBIX B BHUJIE
x={{a_1,.,a r}{b 1b 2,..b s}.. {c_1,.,c m}}. KoHeanoe MHOXKECTBO 3aIIIICHIBAECT B
BUJIE YIIOPSIIOYEHHOTO

CIIMCKa
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Algebralassociate] :=proc(x) local elem,u:
u:=x[1]:

for elem in x do

u:=u union elem:

end do: [op(u)]: end proc:

vV V. V V V

[Tpumep:
> Algebralassociate] ([{x,y,z},{y,u,z},{y,t,w}r,{r,u,s}1);
[Ta S, tn u,w,y, =z, X]

I1.1.4 dPopmupoBaHuMe cucTeMbl YPpaBHEHUII B CTAHIAPTHOM BH/JIE

[Iponierypa StandartSys npejicTaBiseT CUCTEMY JIMHEMHBIX YPaBHEHUI B CTAHIAPTHOM BUJIE
¢ YHUPUITPOBAaHHBIMU UMEeHaMU IePEMEHHBIX X, TJe 1 U3MeHseTcsd B Ipejiesax oT 1 10 nnn —

YHUCJIa HEU3BECTHDBIX:

> Algebra[StandartSys] :=proc(Egs)

> local nn,Eq,i,vars,Vars,nnn,k,SB,

> EQS:

> nn:=nops(Egs):

> Eq:=(i)->Eqgs[i]:

> vars:=(i)->{op(Algebral[InfoEq] (Eq(i)) [1])}:
> Vars:=Algebralassociate] ({seq(vars(i),i=1..nn)}):
> nnn:=nops(Vars):

> SB:={seq(Vars[k]=X[k],k=1..nnn)}:

> EQS:=subs(SB,Egs):

> EQS:

> end proc:

[Tpumep:

> Algebra[StandartSys] ([x+2*y-z=5,\
> x+y-3%z=7,5%x-3%y+2%z=9 , x+y+z=1]) ;

>[X[1]+2xX[2]-X[3] = 5, X[1]+X[2]-3*X[3] = 7,
5xX[1]-3*xX[2]+2%X[3] = 9,

X[1]+X[2]+X[3] = 1]}LIX_{{1}}+2+X_{{2}}-X_{{3}}=5,

XL +X {233 -3«X_{{3}}=7, 5+X_{{1}}-3«xX_{{2}F+2xX_{{3}}=9,
X_ {1 X _{{23 +X_{{3}}=1]]

[Iponienypa Algebra[MatrSys] co3maeT ynopsIo9eHHbIit CIINCOK, COCTOSIITIIT
U3 JIBYX MaTpPUIl - OCHOBHOII MaTPUIIbl CUCTEMbI U PACIIMPEHHOII:

Algebra[MatrSys] :=proc(Eqgs) local nn,Eq,i,vars,JJ,Vars,nnn,k,SB,
EQS,aa,bb,AA,AB,AAA,BBB:
nn:=nops (Egs) :
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1. rpaMMHBIE II, bl PEIICHUA CACTEM JIMHEHHBIX aJIr HYCCKUX BHCHUIT
II.1. Ilporpa e IIpoIle errre cucre e ebpanyec aBHE

Eq:=(i)->Eqs[i]:
vars:=(i)->{op(Algebral[InfoEq] (Eq(i)) [1])}:
Vars:=Algebralassociate] ({seq(vars(i),i=1..nn)}):
nnn:=nops (Vars) :

SB:={seq(Vars[k]=X[k] ,k=1..nnn)}:
EQS:=subs(SB,Eqgs):

aa:=(1i,k)->coeff (1hs(EQS[i]) ,X[k]):
bb:=(i)->rhs(EQS[i]):
AA:=[seq([seq(aa(i,k),k=1..nnn)],i=1..nn)]:
AB:=[seq([seq(aa(i,k),k=1..nnn),bb(i)],i=1..nn)]:
JJ:=[convert (AA, matrix),convert(AB,matrix)]:

JJ:
end:
Tpmiep:
> Algebra[MatrSys] ([x+2*y-z=5, y-3%z=7,65%x-3*y+2*z=9]) ;
1 2 -1 1 2 —-15
[0 1 =3],]0 1 =3 7/]
5 =3 2 5 =3 2 9

OnuireM cHavaJia HEKOTOPbBIE ITPOMEXKYTOUHbBIE, IIPOCThIE, YI0OHbIE JIJIs 1101
3oBaTest Iporeayphl. [Iporpammuasi nponenypa Matrconverb (XX) KoHBepTH-
pyer cuucok XX B mMaTpuily XX:

>Algebra[Matrconverb] :=proc(XX) local nn,mm,AAM,MMM:
nn :=nops (XX) :

mm: =nops (XX [1]):

MMM:=array(1l..nn,1..mm,XX):
AAM:=convert (MMM, matrix) :

end:

ITporpammuas nporenypa convert_vec (YY) npeobpasyer oJiHOMEPHbBIil CIIu-
cok YY B marpuny (matrix):

>Algebralconvert_vec] :=proc(YY) local ZZ,nn:
nn:=nops (YY) :

ZZ:=array(1l..nn,YY):

convert(ZZ,matrix) :

end proc:
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Caenyroriue jiBe IPoLeLypbl KOHBEPTUPYIOT CIIUCKUA B BEKTOPHI.

>Matrlinalgg(X,Y)

Algebra[Matrlinalgg] :=proc(X,Y) local XX,YY:
XX:=Algebra[Matrconverb] (X) :
YY:=Algebra[convert_vec] (Y):
linalg[linsolve] (XX,YY,’_t[]’,S):

end proc:

>Algebra[Matrlinalg] :=proc(X,Y) local XX,YY,ZZ:
XX:=Algebra[Matrconverb] (X) :
YY:=convert(Y,vector):

ZZ:=linalg[linsolve] (XX,YY,’_t[]’,S):

convert (ZZ,matrix) :

end proc:

11.1.5 Iloxydenune obmiero pemtenusi C/IAY B ctraHgapTHOM BHIE

[Tporpammvuas nporenypa Algebra[SolLinGen] naxoauT o0liee pelieHue CH-

CTEeMbI JIMHEHHBIX ajredpandecKux ypaBHEHUI, NMpUYeM 3HAUYEHUs I1apaMeTpa

t=matr cOOTBETCTBYET BBIBO/I PEIlIeHUs CUCTEMbI B MATPUYHOM BUJIE, B KOTOPOM
IIPOU3BOJIbHBIE KOHCTAHTBI BBIBOJATCA B popmate C; , Tjie i HOMEp CTPOKH, CO-
JieprKalieii ToJIbKO 9Ty KOHCTaHTY ¢ Kodddurmentom 1. B ciydae, ecyin cucrema

HE COBMECTHa, TO BMECTO pPEIIEeHNsA KOMaH/Ja BbIBOANUT COO6HL€HI/I€ O HECOBMECTHO-

cTH cucteMbl ypauenuit. [Ipu mobom apyrom 3navennn mapameTpa t, HallpuMmep,

123a, - pelenne BBIBOJUTCA B CIIUCOYHOM BuJe: x=x1, y=yl,....:

\begin{maplegroup}

\begin{mapleinput}
\mapleinline{active}{1d}{Algebra[SolLinGen] :=proc(Egs,t)
local nn,Eq,i,vars,Vars,nnn,k,SB,
EQS,aa,bb,AA,AB,r1,r2,BB,5SS,C,RRR:

nn:=nops (Egs) :

Eq:=(i)->Eqs[i]:
vars:=(i)->\{op(Algebral[InfoEq] (Eq(i)) [1])\}:
Vars:=Algebralassociate] (\{seq(vars(i),i=1..nn)\}):
nnn:=nops (Vars) :

SB:=\{seq(Vars[k]=X[k] ,k=1..nnn)\}:
EQS:=subs(SB,Eqgs):
aa:=(i,k)->coeff(1hs(EQS[i]) ,X[k]):
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II.1. Ilporpa e IIpoIle errre cucre e ebpanyec aBHE

bb:=(i)->rhs(EQS[i]):
AA:=convert([seq([seq(aa(i,k),k=1..nnn)],i=1..nn)],Matrix):
AB:=convert ([seq([seq(aa(i,k),k=1..nnn),bb(i)],i=1..nn)],Matrix):
BB:=Vector([seq(bb(i),i=1..nn)]):
rl:=1linalg[rank] (AA) :r2:=1inalg[rank] (AB):

if r1=r2 then
SSS:=LinearAlgebra[LinearSolve] (AA,BB,free=‘S):
RRR:=seq(Vars[i]=SSS[i],i=1..nnn):

else

("Cuctema He coBMecTHA")

end if:

if t=matr then SB,convert(SSS,Matrix):

else RRR:end if:

end proc:

[Tpumep 1:

>  Eql:=[x+2%y-z=b, x+y-3%z=7,5*x-3*y+2%z=0,y+2xz=-2];
Fql =[x +2y—2=5,x4+y—32="70x—-3y+2z2=9,y+2z= -2

> Algebra[SolLinGen] (Eql,matr);

N
Ne)

—_
—_

{r = X1,y =Xy, 2= X3}, 5

—
e e
s

> Eql1l:=[x+y=0, 2*y+z=0,z=0];
FEqi1l == [z+y=0,2y+2=0,2=0]

> Algebra[SolLinGen] (Eq111,matr);

0
{x:th:XQ;Z:X?)}) 0

0

[Tpumep 2:

>  Eq2:=[x-3*y+10*z-t+u=1,x+y+3*z-t-u=3,x-2%y+2*t+2*%u=1] ;

Fq2 = [x—3y+10z—t+u=1lx4+y+3z—t—u=3,x—2y+2t+2u=1]

> SSEq2:=Algebral[SolLinGen] (Eq2,matr);
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[ 1/3 - S, +9/255 ]
—1425,—7/285;

SSEq2 = {t=Xj,u=Xo, o0 = X3,y =Xy, 2= X5}, 7/3 —28S5

Sy

S5

> Algebra[SolLinGen] (Eq2,1);
t= 1/3—S4+9/255, U = —1—|—2S4—7/255, T = 7/3—255, Yy = S4, Z = 55

> SSEq2Matr:=SSEq2[2];

T 1/3—5,4+9/285 T
—14285,—-7/2855

SSEq2Matr = 7/3—285

St

Ss

> subs({S[3]=1,8[5]=0},SSEq2Matr) ;
[ 1/3— 54 ]
—-1+285,
7/3
Sy
0

> SSEg2Vec:=convert (SSEq2Matr,Vector) ;

[ 1/3—S4+9/285
—14285,—-7/2855

SSEq2Vec = 7/3—2585

Sy

S5
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I1.1.6 IlIpomeaypsl HaxOKaAeHUsI PYHIAMEHTAJIHLHOTO PeIlieHns CucTe-
MbI JJUHEWHBIX aJiredOpanvdecKnX ypaBHEHUIA

Ormerum, uro xotst B CKM Maple nmeercsi MHOYKECTBO KOMAaH,I JIJIsT PEIeHIs
CUCTEM JIMHEHHBIX ajredpamdecKux ypaBHEHUil, HO B Hefl 110 KaKoii-TO Hero-
HATHON NPUYMHE OTCYTCTBYIOT HPOIEYyPhl HAXOXKIeHnsd (PyHIaMEHTATHLHOI
cucteMbl perniennii. Huzke Mbl BOCIIOJTHUM 3TOT TPOOET.

> Algebra[Find] :=proc(X,Y) local XX,XY:

> XY:=op(convert(linalg[transpose] (X),1list));
> 1f Y in XY then XX:=1:

> else XX:=0: end if:

> end proc:

[Ipumep:

> Algebra[Find] ([s,h,F[77],5,9,C[2],3] ,F[77]);
> Algebra[Find] ([s,h,F[77],5,9,C[2],3],F[76]);

1
0

[Iponenypa Finder (s,a) OTBICKHBAET 9JIEMEHT & B CIIUCKE S U OIIPEJIE/ISIeT €ro MOJIOYKEHHE;
B CJIydae, €CJI 9JIEMEHT a He COJIEPYKUTCA B CIIUCKE S, KOMaH/1a BBIBOJIUT IIycTOM criucok. Hato
3aMeTuTh, UT0 Finder - ouenv ydobHas Komanda, oHG HATOOUM BCE, YMO MONHCHO, ECAU HCE
UCKOMO20 INEMENA HEM, NUWEM NYycmyro ckobky ||.

> Algebra[Finder]:= proc(s,a) local ss,i,j,aa:

> aa:=convert(a,symbol):

> ss:=[]:

> for i from 1 to LinearAlgebra[RowDimension] (s) do
> for j from 1 to LinearAlgebra[ColumnDimension] (s) do
> if(convert(s[i,j],symbol)=aa) then

> ss:=[op(ss), [1,j]1]:

> end if:

> end do:

> end do:

> ss:

> end proc:

[Tpumep:

> ssss0:=Algebra[Finder] (SSEq2Matr,S[5]) :ssss0;

[[5,1]]
> ssss:=AlgebralFinder] (SSEq2Matr,S[3]) :ssss;

[

> ssssl:=Algebra[Finder] (SSEq2Matr,S[6]) :ssssi;
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> delta:=(i,k)->if i=k then 1:else 0O:end if:

> delta(4,3);delta(12,12);
0
1

[Iporeypa List_Num ompejiesisieT MOJIOKEHUE JIEMEHTOB B MATPHUIIE-CTOJIONE U 3alllChl-

Ba€T 9TO II0JIO2KEHUE B BUJIEC YIIOPAJOYECHHOI'O CIIMCKa:

Algebra[List_Num] :=proc(A) local i,ss,nn:
nn:=nops(A):

ss:=[]:

for i from 1 to nn do

if A[i]=1 then

ss:=[op(ss),i]:

end if:

end do:

Ss:

end proc:

vV V.V V V V V V VYV

[Tpumep:

> f4:=[0,1,0,0,1,1,0,1];
4 :=10,1,0,0,1,1,0,1]

> Algebra[List_Num] (f4);
2,5,6,8]

> Algebra[List_Num] (SSEq2Vec) ;

[Iporpammuas mporenaypa Algebra[SolLinBasic] nHaxoauT gyHIaMeHTAJbHOE peIleHue
CUCTEMbI JIMHENHBIX ajrebpandeckux ypaBHEHUil, B MATPUIHOM Bujie. B cirydae, eciu cucrema
HE COBMECTHA, TO BMECTO pelleHnsl KOMaH 18 BBIBOJIUT COODINEHNE O HECOBMECTHOCTU CUCTEMBI

YPaBHEHUA.
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vV VVVVVVVVVVVVVVVVVVVYVVVYVVVVYVVVYVVVYV

Algebra[SolLinBasic] :=

proc(Egs) local nn,Eq,i,vars,Vars,nnn,k,SB,
EQS,aa,bb,AA,AB,r1,r2,BB,SSS,S,RRR, SSSM,
nFC,NC,mmm, j,1ii,FSJ,FS:

nn:=nops (Egs) :

Eq:=(i)->Eqs[il:
vars:=(i)->{op(Algebral[InfoEq] (Eq(i)) [1])}:
Vars:=Algebralassociate] ({seq(vars(i),i=1..nn)}):
nnn:=nops (Vars) :

SB:={seq(Vars[k]=X[k] ,k=1..nnn) }:
EQS:=subs(SB,Eqgs):

aa:=(1i,k)->coeff (1hs(EQS[i]) ,X[k]):
bb:=(i)->rhs(EQS[i]):
AA:=convert([seq([seq(aa(i,k),k=1..nnn)],i=1..nn)],
Matrix):
AB:=convert([seq([seq(aa(i,k),k=1..nnn),bb(i)],i=1..nn)],
Matrix):

BB:=Vector([seq(bb(i),i=1..nn)]):
rl:=1linalg[rank] (AA) :r2:=1inalg[rank] (AB):

if ri1=r2 then

SSS:=LinearAlgebra[LinearSolve] (AA,BB,free=‘S¢):
SSSM:=convert (SSS,Matrix) :
nFC:=[seq(nops(Algebra[Finder] (SSSM,S[i])),i=1..nnn)]:
NC:=Algebra[List_Num] (nFC) :

mmm : =nops (NC) :

ii:=(j)->NC[j]:
FSJ:=(j)->subs({seq(S[ii(k)]=delta(k,j),k=1. .mmm)},
SSSM) :

FS:=convert([seq(FSJ(j),j=1..mmm)] ,Matrix):

else

("CucTemMa He coBMecTHA')

end 1if:

FS:

end proc:

[Ipumep:

>

Algebra[SolLinBasic] (Eq2) ;

—-2/3 2
1 —9/2
7/3  1/3
10
L 0 1 -
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[Tpumep:
> Eq3:=[x+2%y-3*z+u-6*t+8*n=1,x-y+2*z-t-n=0, 2xx+y-z+3*u-t=1] ;
> Eq3S:=Algebral[SolLinBasic] (Eq3);

10 _12 367
9 19 19
_ 18 14 42
19 19 19
1 0 O
Eq3S = 8 7 4
19 19 19
0 1 0
0 0 1
> Eq3S[4,2];
T
19
> [seq([seq(Eq3S[i,k],i=1..6)],k=1..3)]1;
10 18 28 12 14 7 36 42 40
i P S 20—l 10,222 0,=0,1
! 19" 1977 19’070L[ 19’ 19’0’ 19’ ’OL[19’1970’19’07 !
> hl2];
12 14 7
| W |
| 19’ 19’0’ 19’ 0

[Ipomerypa Algebra[SolLinBasic] BeIBoaUT (DyHIaMeHTAIbLHOE PEIIEHNE B BHJIE MaTpPU-

ObI, Ka}K,ZLbIIL/'I CTOJI66H KOTOpOfI IpeacraBJidaeT JUHENHO He3aBUCUMOE pemenue:

> Algebra[SolLinBasics] :=proc(Eqs) local mmm,nnn,i,k,SSSS:
> S8SSS:=Algebra[SolLinBasic] (Egs):
> mmm:=LinearAlgebra[RowDimension] (SSSS):
> nnn:=LinearAlgebra[ColumnDimension] (SSSS):
> [seq([seq(SSSS[i,k],i=1..mmm)],k=1..nnn)]:
> end proc:
[Ipumep:
> Algebra[SolLinBasics] (Eq3);
10 18 28 12 14 7 36 42 40
- —1,——0,0,|-——,——,0,——,1,0|, [—, —,0,—,0,1
! 197 1977 197 b 197 1977 1977 ]’[19’19’ 1977 !

Haxkownerr, coxpanum oubmoreky «Algebras B daitie «SolLin.m».
> save(Algebra, ‘SolLin.m‘):

CozanHas 6ubIMoTEKa MPOIEYP IPUCIIOCcObIeHa JIJIs CTYJACHTOB HeMaTeMa-
Tudeckux Gaky/JabTeToB, yA00Ha 1 1pocTta B pabore. OHA MOMKET OBITH HCIIOJIb-
30BaHa U IMPEIOIaBATEISIMU JIJIsl IIPOBEPKU PAOOT CTYJIEHTOB, a TaKKe JjIsI I'eHe-
pamun 3ajannii. Kpome toro, 6ubmoreka MOKeT ObITh HCIIOJIL30BaHA U HCCJIe-
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JIoBaTe/IsIMI HEMATeMaTHIeCKOTo IPOMUIIs JIJIs IPOBEIeHIs ICCIe0BaTeIbCKIX
pabor.

I1.2 MaremaTundeckoe MoJeJIMPOBaHNE TPEXMEPHbBIX JIMHET-
HBbIX O0ObEKTOB

I1.2.1 Ausarebpamveckuii 3Tan MOJAEJINPOBAHUS

Kax m3BecTHO, JinHeliHas ajredpa 1 aHAJINTHIECKAs NeOMETPHUsT TPaJUIIHOHHO
TECHO CBsI3aHbI MEXKJIY COOOM, UTO BBI3BAHO, KAK UCTOPUIECKUMU KOPHSIMU 3TUX
pas/ieJIoB MaTeMaTUKU, TaK U ONPEJC/ISIONell 3aBUCHMOCTBIO CTPYKTYP aHaJII-
TUYECKOIl reOMeTpur CTPYKTYPaMu U MeTOJaMU JIMHEHHO ajredpbl. OcobeHHO
TECHOII 9Ta CBsI3b IPOSIBJSIETCsI B 00JIaCTH BEKTOpHOI ajrebpnl. B cBoio ode-
pejib, BCe HaIISIIHbIE MHTEPIIpeTalui ajredpamdeckoil CTpyKTYphbl BEKTOPHbBIX
POCTPAHCTB, (PaKTUIECKH, ABJISIOTCA reoMeTpudeckumMu. [Ipobiema obecrieve-
HUST HAIJISIAHOCTI 9TUX CTPYKTYP UI'PAET BayKHYIO POJIb B BBICIIEM 00pa30BaHNM,
TaK KakK ycBoeHue (pyHIaMEHTAJIbHBIX IeOMeTPUIECKUX ITOHSITHH 0 r0TaB/INnBa-
eT (byHJAMEHT JiJIsi IOHUMaHUs IMPOIecca MaTeMaTHuuecKoro MOJICTMPOBAHUs U
OBJIQJICHUSI METOJIaMU KOMIIBIOTEPHOI'O MOJIEJINPOBAaHUSI, YTO B CBOIO O4Yepe/ib,
COBJIaeT MPEIIOCHIIKI JIJI MHHOBAIIMOHHOI'O PA3BUTHUSI COBPEMEHHOI0 00pa30Ba-
Hust. Perenne npo6/ieMbl KOMIIBIOTEPHON peajin3alini 00beKTOB JIUHEHHON aJi-
reOpbl 1 aHAJUTUYECKON I'eOMEeTPUU U CO3JaHUS HAIVISIIHBIX I'€OMeTPUYECKUX
00pa30B (MHTepIpeTaIyii) 00bEKTOB, CTPYKTYD U CBOWCTB MPENoIaraeT pere-
HUE TPeX OCHOBHBIX 3a/1a4:

1. mocTrpoeHne MaTeMaTHYeCKUX Mojiejieli OCHOBHBIX aJiredpamdecKux CTPYK-
TYyp, OObEKTOB U CBOICTB;

2. IOCTpOeHne WX I'eOMEeTPUYUEeCKNX HHTepIpeTaluii, T.e., COIMOCTaBJIEHNE UM
reoMeTpUYeCcKux MoJieJeit;

3. MOCTPOEHNEe MHOTOIIAPpAMETPUIECKIX KOMITBIOTEPHBIX MOJIeIell rpadnaecKnx
00pa30B 00LEKTOB.

3aMeTuM, 4TO MHOTOTAPAMETPUIHOCTE CO3/IaBAEMbBIX KOMITBIOTEPHBIX MOJIe-
JIelt siBJIsSIeTCsT BayKHEHIIM (haKTOPOM KOMITBIOTEPHBIX MOJIEIEH, TTO3BOJIAIONTIM
YIPaBJIATh MaTeMaTUIeCKONl MOJIC/IbIO, T.€., IIPOBOJUTHL KOMIILIOTEPHOE MO/JIC/IN-
poBaHUeE.
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CucreMbl JTMHEAHBIX ajJredpandecKux ypaBHeHuii nMeeT aJeKBaTHYIO0 NeOMeT-
pUYeCKyI0 MHTepIpeTanuio (cM., Hanpumep, [154]): kaxgoe jmHeitHoe anrebpa-
MYECKOe yPABHEHUE B N-MEPHOM IIPOCTPAHCTBE OLPEIE/ISeT THIEPILIOCKOCTD, a
crucTeMa JIMHEHHBIX aaredpandecKix ypaBHeHU olpeiesisieT B3auMHOe Pacioio-
JKeHKe 9TUX rumepiiockocreil. Ecin cucrema ypaBHeHuii He uMeeT pelieHus, TO
IUIEPILIOCKOCTH HE TIEPECEKAIOTCH, T.€., HapalIe/bHbl; B CJIydae CylleCTBOBAHNS
pEeIIeHUs THIEPIIOCKOCTH MEPECEKAIOTCs 110 K-MEPHBIM ILJIOCKOCTAM, BKJIIOYAST
l-mepabie (psivbie) u O-MepHble (ToUKN). B ciydae TpexXMEpHBIX POCTPAHCTB,
KOTOpPbIe, (DAKTUYECKH, U BasKHBI /I OOINEro CpejHero U HeMaTeMaTHIecKo-
IO BBICIIErO 0OPA30BAHUS, YUCJIO PA3IMYHBLIX TUIIOB B3AUMHOIO PACIOJIOZKECHUST
IJIOCKOCTEH MM HPSIMBIX 3HAUYUTEILHO COKPAIACTCSI.

Kak usBecTHO, IpsiMast B €BKJIMJIOBOM IIPOCTPAHCTBE F3 OIpPeIe/IsteTcs: Oop-
HOIT TOUYKOM ( U HEHYJEBBIM HANPAGAAIOULUM BEKTOPOM ¢ # 0 Kak reoMerpude-
CKOEe MeCTO ToueK Fjs:

d(Mo,Q) = {M i~ E3

Ha 6cem muootcecmee deticmsumenvrouir wucena R. ITiaockocTs B €BKJINJI0BOM IIPO-

TR
MyM = >\C]} , 20de napamemp A NPUHUMAEM 3HAYEHU

CTPAHCTBE TAKZKE OIPEIE/ISICTCI ONOPHOI TOYKON o U HEHYJIEBBIM HOPMAADHBLM
BeKkTOpoM N # 0, KaK reoMeTpuIeckoe MecTo Touek Hi:
—

I1( Mo, N) = {M € B )(N M0M> _ 0} .

CoOTBETCTBEHHO 3TUM ONPEICICHUAM, DU 3aJaHHOM JEKAPTOBOM pelepe
R{O,e1,es,e3} , 116 €; — BEKTOPbI OPTOHOPMUPOBAHHOIO Oasuca: (e;,er) =
Oik; (z’, k=1, 3) , ipsimast d(M0,q) onucbiBaeTcst mapaMeTprUIecKuMI (I Ka-
HOHUYECKIMHE) YPaBHEHUSIMU:

. T __ 0 1, -
d(My,q): =" =z{+ A5 (i=1,3), (IL5)
rjie xy, q', " - KOOpAUHATHI OIOPHON TOYKU MO, manpaBigroIero BeKTopa q,
n Tekyleilr Touku npgamoit M, coorBercTBenHO. Il10CKOCTDH Ke B €BKIUJIOBOM

npocrpanctee 3 onucbiBaercst obmmM ypauennem: [I(My, N) : (r—rg, N) =
0=

Ai(z" —2) =0 = Az — 29) + By —y0) + C(z — 2) = 0, (I1.6)

rie A; — koopaumaaThl HopMasibHoro Bekropa N = (A, B, C).

[Tpu mocTpoernn MareMaTHYeCKUX MOJe/Iel JIMHEHHBIX 00bEKTOB B TPexXMep-
HOM €BKJIMJIOBOM IIPOCTPAHCTBE HMPUHIUIINAILHO BayKHBIMU SIBJISIOTCS TPH TEO-
pembl (cM. [154] u 6ostee mopobHO [155]):

Teopema 1. /e npamwie, d(My,q1) u d(My,qy), 6 eskaudosom npocmpancmee
Egi
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1. nepecekatoTcst B € IMHCTBEHHOI TOYKe IIPU YCJIOBUU:

(a1, a2, My Ms) # 0; (I1.7)

2. I[TapaJijieJIbHBI 11PN YCJIOBUAX:

(a1, g2, My M), (I1.8)

(a1, d2] = a1 x gz # 0; (I1.9)

3. coBmajatoT npu ycaosusx (V.8) u:
[d1, q2] = q1 X g2 = 0; (IT.10)

4. WM CKPENUBAIOTCS TIPU YCJIOBUHL:

(a1, a2, M M3) = 0. (IL.11)

Teopema 2. /[ée naockocmu, I11(1,N1) u Iy(9, No), 6 eskaudosom npocmpar-
cmee Es:

1. nepecekatoTcs 10 € IMHCTBEHHOM MPSAMOIl IPU YCJIOBUU:

a1, a2] # 0; (I1.12)

2. mapaJiie/ibHbl TPU YCJIOBUSX:
g1, ¢2] = 0, (I1.13)
My ¢ IIy (M7, Ny); (11.14)

3. mm coBmaaaoT npn yeaopusx (V.13) u:

My € T (My, Ny). (IL.15)

Teopema 3. I[Ipamas d(My,q) u naockocmw 11(1,N) 6 esraudosom npo-
cmparcmee Ey:

1. IHepeceKkaroTCdA B 6,[LI/IHCTB€HHOI71 TOYKE IIpU YyCJIOBUM:

(¢, N) #0; (11.16)

2. napaJuiesibHbI [IPU YCJIOBUSIX:
(a0, N) =0, (11.17)
My ¢ TI(M;, N); (I1.18)
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3. u coBnagaor npn yeaopusx (11.17) u:

M, € II(M;, N). (11.19)

Dakrnaeckn ypasuenus (V.6), (I1.6)  mepeuncieHnbie Tp TeOPEMBI ¢ ared-
PANIECKON TOYKHI 3PEHUS TTOJHOCTBIO OMHCHIBAIOT 38189y O B3AUMHOM PACIIOJIO-
JKCHUN JIMHEHBIX 00bEeKTOB?. O1HaKO, ¢ TEOMETPUIECKON TOUKN 3PEeHUsI 3a,/1a19a
O B3AMMHOM DACIIOJIOKEHIN JIMHEHHBIX 00HEKTOB ellle JIAJIeKO He 3aBepliena.

I1.2.2 T'eomerpumdyecKuii 3Tan MojIeJIMPOBAHUN

[Ipu mosryvuennn oTBeTa 0 peaanu3allii OJHOTO U3 TePEeInC/JIeHHbIX THIIOB B3anM-
HOTO PACIOJIOYKEHUsI JIMHEHBIX 00bEKTOB B TeopemMax 1-3 (4 Tura Jjisi mpsiMbIX,
3 - JIs TIOCKOCTEl U 3 — JJIsT ILJIOCKOCTEHH U TIPSIMBIX ) HEOOXOIMMO JIaJiee PEINTh
KOHKPETHYIO T€OMeTPUUIECKYIO 3a/1ady. TakKnMu 3aadaMu SBIAIOTCS:

1. HaxoxKjeHue KOOpJMHAT TOUYKU MepecedeHns MPsIMbIX;
BbIUUCJIEHUE yIJIa MEXKLy TPAMBIMU;

BbIYMCJICHIE PACCTOAHUA MEXKJLy HapaJlIeJIbHbIMU IIPAMBIMHA;
HaxOXK/IeHUue yIJjia MezK/y CKPeIUBAIOIIUMUCH TPAMbBIMU;
HaXOXK/ICHNEe MIPAMOI IepecedeHnsl IJI0CKOCTEI;

BbIYMCJICHUE YIJIa MEZK/Y IIJIOCKOCTAMU;

BBIYNCJICHIE PACCTOAHUS MEZK/Y HapaJslyIeJbHBIMUA ILJIOCKOCTAMU;

HaXO0KAEHNE KOOpAUHaT TOYKHU IIEPpECEICHM A HpHMOﬁ 1 IIJIOCKOCTH,

© o N o Ok W

BbIYUCJICHUE YTJla MEXKIY HpﬁMOfI " IIJIOCKOCTDLBIO;

—_
<

BBIYHNCJICHUE PACCTOAHNA MEKAY IlapaJijie/IbHbIMN HpHMOI'/JI 1 ITJIOCKOCTDBIO.

Pemmenne kaxk1oit 13 mepevdncaeHnbIX BBIITE CTAHIAPTHBIX MeOMETPUIECKNX 3a-
Jlad 00ecreunBaeTCs psiJIOM OIpeIeJIeHN U aJrOPUTMOB, KOTOPbBIE JTOMOJTHAIOT
MaTEeMaTUIECKYI0 MOJIE/Ib U TTO3BOJIAIOT JIATh €if YeTKYI0 NeOMETPUIECKYI0 HHTEP-
nperaruio. [IpuBegem rnpumep MojieMpoBaHus B3aUMHOIO PACIIOJIOKEHN TTPsi-
MO#i U IIJIOCKOCTH B IPOCTPAHCTBE B CJIydae MX B3ANMHOTO nepecedenns (Puc.
1). Ha sToM pucyHKe moKa3aHO OIpeje/eHre yIyia o MeXKy mpsiMoii d u 1mroc-
kocThio II kKak yrta Mexty npsiMmoit d m ee oproroHajbHoOil mpoekueit d1 na

2 Tlon smHeiHBIME OGLEKTAMHI TTIOHUMAIOTCS (DUTYDPDI, OIUCHIBAECMBIE CHCTEMAME JHHEHHBIX yPABHEHMIA.

20



I1.2. Maremarnieckoe MoJje IMPOBaHIE TPEXMEPHBIX JIMHEHHBIX 0O0bEKTOB

IJI0CKOCTD [1. 1Ipm 9TOM 4mcaeHHOE 3HAUCHHE YTJIa OIPEIE/IACTCS BhIPayKEHIEM:
: (gN)
Sin @ = =4 .
lq|| N

Puc. 1. Onpenenenne yria o Mex Ty mpsmoit d u mioc-

KoCcThIO 11.

11.2.3 rtam KOMIObIOTEPHOIO MOJAEJINPOBAHMSI

[Tociie 3aBepHICHUA dTalla MaTeMaTUICCKOI'O MOAECJIMPOBaHMs IIEPEXOJINM K KOM-
IBIOTEPHOMY MOIEJIMPOBAHUIO B ITaKETE Maple.

KOMHI:)IOTepHOQ MoAade/JIMpoBaHEe B3aMMHOI'O PAacCIIOJIO2KeHUn A ILJIOCKOCTEI

3aMeTnM, 4TO HECMOTPsl Ha BHEIIHIOI MPOCTOTY PaCCMOTPEHHBLIX BBIIIE MaTe-
MATUIECKIX MOJIeJIeil, UX KOMIILIOTEPHOE MOJICJIMPOBAHIE JIOCTATOYHO CJIOXKHO,
MOCKOJILKY OCHOBHBIM TpebOBAHIEM K ITPOIPAMMHBIM ITPOAYKTaM, UCIIOIb3yEMbIM
B y4eOHOM IIPOIECcce WM B HAYIHON JIesiTe/IbHOCTH HElPO(heCCHOHAIBHBIMU Ma-
TeMaTHUKaMH, SIBJISIETCS BBICOKAsl CTEIEeHb HAIVISIHOCTH W HPOCTOTHI UX HPUMe-
Henus. pyrumu cioBamu, obecriedenue cepBrcHoro oocayxkuBanus 110 cozmaer
qale ropasjo 0oJible MpobJeM, deM IPUHININAJIBHOE AJIrOPUTMHIYECKOe pe-
mrenue mpodsieMbl. CozjauMm porpaMmMuyio nporeaypy EqLine3(Eqgs,t) mnoji-
HOI'O HCCJIeJ0BaHUSI U T'E€OMETPUYIECKOr0 MOJIE/MPOBAHNS B3aMMHOIO PACIIOJIO-
JKEHUs JIBYX TJIOCKOCTEl, 3aJIaHHbIX OOIMMU ypaBHeHusMU Eqs B 6ubmoreke
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Anal_Geom (cM. [156], [157]), MO3BOJIAIONIYIO OMPEIETUTD B3AUMHO PACIIOJIOKE-
HUE IJIOCKOCTel B MpocTpaHcThe

>restart:
AnalGeo:=table():

>AnalGeo[EqLine3] :=proc(Egs,t)

local n,m,A,B1,B,F,k1,k2,55,SST,EQS,M0,M1,q,N1,N2,Q1,
Q2,M2,M3,M4,M5,GP1,GP2,GL,z1,22,P1,P2, W1, W2:
n:=LinearAlgebra[ColumnDimension] (convert (Eqs,Matrix)) :
A:=convert([seq([coeffs(lhs(Egs[i]))],i=1..n)],Matrix):
m:=LinearAlgebra[RowDimension] (A) :
Bl:=seq(rhs(Eqgs[i]),i=1..n):

B:=Vector([B1]):
F:=convert([seq([coeffs(1lhs(Eqs[i])),rhs(Eqs[i])],i=1..n)],
Matrix) :

k1:=1inalg[rank] (A):

k2:=linalg[rank] (F):

if k1=2 and k2=2 then

SS:=LinearAlgebra[LinearSolve] (A,B,free="C’):

if

SS[1]=C[1] then SST:=subs(C[1]=t,SS):

elif SS[2]=C[2] then SST:=subs(C[2]=t,SS):

elif SS[3]=C[3] then SST:=subs(C[3]=t,SS):

end if:

EQS:=[SST[1],SST[2],SST[3]]:

MO :=convert (subs (t=0,SST),list):
M1:=convert (subs (t=2,SST),list):
N1:=convert(linalg[row] (A,1),Vector):
N2:=convert(linalg[row] (A,2),Vector):
q:=convert (coeff (SST,t),Vector):
Ql:=convert(linalg[crossprod] (q,N1),1list):
Q2:=convert(linalg[crossprod] (q,N2),1list):
M2:=convert(linalg[matadd] (MO,Q1,1,1),list):
M3:=convert(linalg[matadd] (M1,Q1,1,1),list):

M4 :=convert(linalg[matadd] (M0O,Q2,1,1),1list):
M5:=convert(linalg[matadd] (M1,Q2,1,1),1ist):
GL:=plots[spacecurve] (EQS,t=0..2,color=red,thickness=2):

3[Ipu ncnonb3oBannn Gubmoreku nporpaMM Anal_Geom CChLIKA Ha Hee 0bs3aTe/IbHA.
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GP1:=plots[polygonplot3d] ([MO,M2,M3,M1]):
GP2:=plots[polygonplot3d] ([MO,M4,M5,M1]):

plots[display] (GL,GP1,GP2,axes=BOXED,

title="IlmTOCKOCTU II€peCeKalnTCA II0 KpPaCHOH mpsamoi') :

elif kl=1 and k2=1 then

("IlnmockocTu coBnazawT')

else

zl:=LinearAlgebra[LinearSolve] (Matrix([[linalg[row] (A,1)],
[linalg[row] (A,1)]1]),Vector ([B[1],B[1]]) ,free=¢Z):
z2:=LinearAlgebra[LinearSolve] (Matrix([[linalg[row] (A,2)],
[linalg[row] (A,2)]1]1),Vector([B[2],B[2]]),free=‘U¢):
P1:=subs({Z[1]=0,Z[2]=0,Z[3]=0},z1):
P2:=subs({U[1]=0,U[2]=0,U[3]=0},22) :

if

z1[1]=Z[1] and z1[2]=Z[2] then Wl:=subs({Z[1]=u,Z[2]=v},z1[3]):
GP1:=plot3d([u,v,W1],u=0..2,v=0..2,color=green) :

W2:=subs ({U[1]=u,U[2]=v},z2[3]): GP2:=plot3d([u,v,W2],
u=0..2,v=0..2,color=red):

elif

z1[1]=Z[1] and z1[3]=Z[3] then Wl:=subs({Z[1]=u,Z[3]=v},z1[3]):
GP1:=plot3d([u,Wl,v],u=0..2,v=0..2,color=green):

W2:=subs ({U[1]=u,U[3]=v},z2[3]): GP2:=plot3d([u,W2,v],u=0..2,
v=0..2,color=red) :

else

Wi:=subs({Z[2]=u,Z[3]=v},z1[1]): GP1:=plot3d([W1,u,v],u=0..2,
v=0..2,color=green):

W2:=subs ({U[2]=u,U[3]=v},z2[1]): GP2:=plot3d([W2,u,v],u=0..2,
v=0..2,color=red):

end if:

plots[display] (GP1,GP2,axes=BOXED, title="IlnockocTu mapamnenbHH") :
end 1if:

end proc:
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IIpumepsnl
City4gail mepecekamoIuxcs IJIOCKOCTel

[Tokazkem npuMep BBOJIA STOM IPOrpaMMHOIT IPOIEIyPhI IS UCCIeIOBAHUS B3a-
MMHOI'O PACIIOJIOXKEHUS JIBYX IIJIOCKOCTEl, 3a/JaHHBIX 1apoii 00X YpaBHEHMIT:

{2%x—2xy+2=21,x4+2xy—2z=—-9}:

>EqLine3 ([2*x-2%y+z=21,x+2xy-z=-9] ,t) ; u ee ucnoynenus (Puc. Puc.I1.13).
Kax BUJHO M3 9TOro puUCyHKa HUCIOJIHEHNE KOMaHJbI JaeT n300parkKeHue JIBYX
ILJIOCKOCTEl, JIMHUIO MX IlepecedeHnsl U Ha3BaHIe PUCYHKa, cojeprkaliee nH(Op-
MAIIIIO O B3aMMHOM PACIIOJIOXKEHNN IJIOCKOCTE. 3aMeTuM TaKzKe, YTO B Pe3yilb-
TaTe HCIOJIHEHUsI KOMAaH/Ibl oOpasyercs WHTEePaKTUBHBIN 3D-00bekT, KOTOpbIil
MOXKHO JIETKO IIOBEPTETh U PACCMOTPETh B Pa3/IMUIHBbIX pakypcax. Takxke 3ame-
tuM, 9T0 3D-rpacduka B B Bepcun Maplel7 npocto BesmkosenHa.

TlnockocTH RepeceKa T o KpacHoii npmmoii

Puc.I1.12 Ucnonuenne komanibl Eqline3([2*x-2%y+72=21 x+2*y-z=-9| t).
[1y1ockocTH repeceKkaroTcst Mo KPaAcHOM TPsSIMOii.

Ciry4gail napaJjieJIbHbIX ILJIOCKOCTE

EqLine3([x-2%y-3*2=0,x-2%y-3%*z=4] t);
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TIno CKOCTH NapaemsHE:

Puc.I1.13 Ucnonuaenne xkomamist EqLined([x-2%y-3*z=0,x-2%y-3%z=4],t).
[LrockocTn mapaJsijieTbubl.

Ciy4aii cCOBIaIAIONINX IIJIOCKOCTEMN

>EqLine3 ( [x+2*xy+z=0,x+2*xy+z=0] ,t) ;

"ILmockocTn cosnajaor"

KOMHI)IOTepHoe Mode/JIMpoBaHEe B3aMMHOI'O PacCIIOJIO2KEeHUd IIPpAMbIX B IIPOCTpPaH-
CTBe

Cozpaaum Terepb B 6ubmoreke Anal_Geom IporpaMMHYIO IPOIEIYPY
graph3D(M1,q1,M2,92,a,b,A,B,cl,c2,c3) TOJHOTO UCC/IEIOBAHUSA 1 T€OMET-
PUUECKOr0 MOJIEINPOBAHUS B3AUMHOIO PACIIOIOXKEHHSI IBYX HPSIMbIX, 38 IaHHbIX
mapoit onopubix Touek My, My n mapoii HampaBJIsIFOIIUX BEKTOPOB (1, ds (a,b
- ko3 bunmenTer, A,B — obo3HaueHne NPsIMbIX, c¢1,Cc2,c3 — LIBETOBBIE OIINN
IPSMBIX ¥ UX OOIIEro MepreHjinKyJ/isipa, il TaKOBOH CYIeCTBYeT):

>AnalGeo [d] :=proc(M,q,t)local ddd:
ddd:=linalg[matadd] (M,q,1,t): end proc:
AnalGeo[dAB] :=proc(A,B,t) local AB:
AB:=linalg[matadd] (A,B,-1,1):

linalg[matadd] (A,AB,1,t) :end proc:
AnalGeol[graph_d] :=proc(M,q,a,b,c) local dd,t:
dd:=(t)->d(M,q,t):

plots[spacecurve] (dd(t),t=a..b,thickness=2,

95



I'masa II. MoxgenupoBanue o6bekToB Bbiciueii marematuku B MAPLE

color=c,scaling=CONSTRAINED) :
end proc:

>AnalGeo [TT] :=proc(M1,ql,t1,M2,92,t2) local delta_d,Eql,Eq2:
delta_d:=linalg[matadd] (d(M1,q1,t1),d(M2,q92,t2),1,-1):
Eql:=linalg[innerprod] (q1,delta_d):
Eq2:=1linalg[innerprod] (q2,delta_d):
solve({Eql,Eq2},{t1,t2}) :end proc:

>AnalGeo [M1_M2] :=proc(M1,ql,M2,q2)

local t1,t2,delta_d,Eql,Eq2,t1t2:
delta_d:=linalg[matadd] (d(M1,q1,t1),d(M2,92,t2),1,-1):
Eql:=linalg[innerprod] (ql,delta_d):
Eq2:=linalg[innerprod] (q2,delta_d):
t1t2:=solve({Eql,Eq2},{t1,t2}):
[subs(t1t2,d(M1,q1,t1)),subs(t1t2,d(M2,92,t2))]:

end proc:

>AnalGeo[d_cross] :=proc(M1,q1,M2,q92,t) local A,B:
A:=M1_M2(M1,q1,M2,q92) [1]:
B:=M1_M2(M1,q1,M2,q2) [2]:

dAB(A,B,t) :end proc:

>AnalGeo[cross_par] :=proc(M1,q1,M2,92) local a,b:
a:=M1_M2(M1,q1,M2,q92) [1]:
b:=M1_M2(M1,q1,M2,q2) [2]:

[M1_M2(M1,q1,M2,q92) [1] ,M1_M2(M1,ql1,M2,q2) [2],
linalg[matadd] (a,b,-1,1)]:

end proc:

>AnalGeo[lincomb] :=proc(a,b,lambda,mu) local n,i:
n:=nops(a):

[seq(lambda*a[i]+mu*b[i] ,i=1..n)]:

end proc:

>AnalGeo[scalar_prod] :=proc(a,b)local n,i:
n:=nops(a):

simplify(sum(alil*b[i],i=1..n)):

end proc:
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>AnalGeo [graph3D] :=proc(M1,ql1,M2,92,a,b,A,B,cl,c2,c3)

local gdil,gd2,
M3,MM3,m3,GM3,q3,gdcr ,M4,MM4 ,m4,GM4 ,GM5,GM6,Ral,Ra2,Rb1,Rb2,
X_min,X_max,y_min,y_max,zZ_min,Z_max:
Ral:=lincomb(M1,ql,1,a):
Ra2:=lincomb(M2,q92,1,a):
Rbl:=lincomb(M1,ql,1,b):
Rb2:=1lincomb(M2,q2,1,b):
x_min:=min(Ral([1] ,Ra2[1],Rb1[1],Rb2[1]):
y_min:=min(Ral[2],Ra2[2],Rb1[2],Rb2[2]):
z_min:=min(Ral[3],Ra2[3],Rb1[3],Rb2[3]):
x_max:=max(Ral[1] ,Ra2[1],Rb1[1],Rb2[1]):
y_max:=max(Ral[2] ,Ra2[2],Rb1[2],Rb2[2]):
z_max:=max (Ral[3] ,Ra2[3],Rb1[3],Rb2[3]):
gdl:=graph_d(M1,ql,a,b,cl):
gd2:=graph_d(M2,q92,a,b,c2):
M3:=cross_par(M1l,q1,M2,q2) [1]:
M4:=cross_par (M1,ql1,M2,q2) [2]:
MM3:=convert (M3,list):

MM4 :=convert(M4,1list):

m3:=convert (M(op(MM3) ) ,name) :

m4 :=convert (N(op(MM4) ) ,name) :
q3:=cross_par(M1,ql,M2,q92) [3]:
gdcr:=graph_d(M3,q93,0,1,c3):
GM3:=plots[textplot3d] ([op(MM3) ,m3],align
color=NAVY,font=[TIMES,ROMAN,8]);
GM4:=plots[textplot3d] ([op(MM4) ,m4],align
color=NAVY,font=[TIMES,ROMAN,8]);
GM5:=plots[textplot3d] ([M1[1]+0.2,M1[2]+0.2,M1[3]+0.2, ‘A‘],
align = {ABOVE,LEFT},color=cl,font=[TIMES,ROMAN,10]);
GM6:=plots[textplot3d] ([M2[1]+0.2,M2[2]+0.2,M2[3]+0.2, ‘B‘],
align = {BELOW,RIGHT},color=c2,font=[TIMES,ROMAN,10]);
plots[display] (gdl,gd2,gdcr,GM3,GM4,GM5,GM6 , axes=BOXED,
labels=[X,Y,Z] ,title=

‘CkpemuBanmuecs IpsSMeeEe a ¥ b;

{ABOVE,RIGHT},

{ABOVE,RIGHT},

npsiMast MN - kpaTyalimuii DepreHIuKyIsp‘,
view=[x_min..x_max,y_min..y_max,z_min..z_max]):
end proc:
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[IpuBeieM mpuMep BBOJA ¥ UCIIOJHEHNST IPOTPAMMBL HCCJICIOBAHUS B3ANMHO-
r0 pacroJiozkeHust aByX npsambix (Puc. Puc.Il.14):

> graphSD([O,l,—Q] ) [—2,0,1] ) [_1,_1,2] 5 [1;2:_1] :_2:2’a)b:
blue,COLOR(RGB,0,0.5,0.5) ,black);

Crpetyusmotyneca HpaMsle g u b,
rpmaman MN - xpamyaiiuul nepren Sump

Puc. Puc.11.14. cnosiHenne KoMaH bl
graph3D([0,1,-2],[-2,0,1|,[-1,-1,2[,|1,2,-1],-2,2,a,b,
blue, COLOR(RGB,0,0.5,0.5),black)

Kax BujiHO, mporpaMMHast IIpoIeypa n300pazkaeT MpsIMble ¢ UX Ha3BAHUSIMI,
HAXO/IUT KpaTdailnnii HeprHeHIuKy/Isap U TOUKKU ero IepecedeHus ¢ JaHHBIMU
upsiMbIMi. C nmomompbio onnun COLOR(RGB,0,0.5,0.5) MbI npujgain IpsMoit b
I[BET MOPCKOIl BOJIHBI, IIPUYEM CJIeJIaIl ero 00J1ee HACHIIEHHBIM.

I1.3 IlpuBenenue ypaBHeHHIi KPUBbIX BTOPOT'0 HOPsSAKa K
KAHOHNYECKOMY BULY

I1.3.1 Maremarudyeckas MO/iejib TEOPUU KPUBBIX BTOPOTO TMOPSIKA

OO611ee ypaBHeHNE KPUBOI BTOPOTO MOPsJKA U KJjaccuuKanusg KPUBbIX BTOPOTrO
nopsaka

MaremaTndeckyto TEOPUIO KPUBBIX BTOPOI'O MOPSIIKa MOXKHO HANTH MPAKTUICCKH
B JIIOOBIX YUIeOHWKAX 10 aHAJIUTHIECKON T€OMETPHH.
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Onpenenenune OIL.1. Jlunus, onpedessemas 6 npamoy20avHOU CUCTNEME KO-
opouHam YpasHeHUeM

Az® 4+ 2Bxy + Cy? +2Dx +2Ey + F = 0, (11.20)

2de A, B,C' odnospemento He obpau,aromcesa 6 Hyab, HA3b6AeMes Kpusoti 6mo-
poeo nopadka, a ypasuenue (11.20) — ee obwum ypasrenuem.

CoBepIleHHo 04eBH/IHO, YTO Besikad oKpyzKHocTh (2 —a)?+ (y—b)? = R? ectb
Kpusast Broporo nopska (11.20) mpu A = C, B = 0, Tak Kak 1ocjie BO3Be/CHUs
B KBaJIpaT umeeM: 2 4 y? — 2ax — 2by + a® + b> — R?> = 0.

O6parno, ecim B (11.20)

A=C, B=0, 1 < 0, o (I1.20) ectb ypaBHeHHe OKpyzKHOCTH. B camom Jieiie,
ymuoxkus (11.20) na — IOy THM ypaBHeHHe:
D E F
2 2
Tty axr Yy —C (a 1 1 c - ) ,

KOTOPOE MOZKET OBITH 3alliCaHo B BUJIE
(x—a)*+ (y —b)?* =c+a® +b°.

Harmeit 1iesibio sABJIsieTcst BIOOP TaKOi HOBOI MPSIMOYTOJIBHOM CUCTEMBI KOOP-
JIIHAT
R{O:7', 7, i’ }, orHocuTeIbHO KOTOPO#i ypashenue kpupoil (I1.20) mmeer Haw-
MeHbIIlee YHUCJIO0 YUCIOBBIX TapaMeTpoB (KaHoHWYecKoe ypasHernue). Ilepexos
OCYIIECTBJISIETCS 110 (hOPMYJIaM JIBUZKEHUS

A A A
T =1 CosS ysmaJra}' (11.21)

y=2a'sina+ vy cosa+b
[ToncraBus BMecto x 1 y B (11.20) ux Beipaxkenus (I11.21), mosryanwm
A2’ ?cos® a + ¢ ?sin? a + a* — 229/ cos acsin v + 2a2’ cos a — 2ay sin o)+

+2B(z'? cos asin a+a'y cos® a+ba’ cos a—x'y sin® a—y'  sin o cos a—by’ sin a+

+az’ sin a+ay’ cos a+ab)+C(x' *sin® a+y' ? cos® a+b*+2x"y cos asin a+2bx’ sin a+

+2by cos ) + 2D (2’ cosa — i sina + a) + 2E (2’ sina + 3 cosa +b) + F = 0.

[IpuBest 110/100HBIE WIEHBI, TMeEeM
Ax'? 4+ 2B 2y + C'y' 2+ 2D'a' + 2E'y + F' = 0, (11.22)
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rJie HOBbIe KO DUITUEHTHI BhIPAYKAIOTCs CJICTYIONINM 00Pa30M:

A’ = Acos’a+ 2B cosasina + C'sin®
1

B’ = Bcos2a + §(C—A) sin 2«

C' = Asin?a — 2Bsinacos o + C cos® a |

D' =a(Acosa+ Bsina) + b(Bcosa+ Csina) + D cosa + Esina

E' =a(bcosa — Asina) + b(C' cosaw — Bsina) — Dsina + E cos a
F' = Ad® + 2Bab+ Cb* + 2Da + 2Eb + F

(1.23)

Ormerum ciepyrommuit haxt:

A B
B C

IIDM BTOPOii CTElleHN eCTh MHBAPHAHT OTHOCHTEJILHO 11peobpa3oBa-
rnit koopaunar (11.21).

Onpejenurenb A = , COCTABJICHHBIN 13 KO DUINEHTOB

B camom gene, nogctasus B Beipakenue A’ = A'C' — B'? snauenua A, B, C'
n3 (11.23), mosyunm

A' = A'C'-B'? = (AC—B?)sin a+(AC—B?) cos* a+2(AC—B?) sin® a cos® a =

= (AC — B?)(sin* a + cos? a)? = A. (11.24)

Ecmu B ypasuenun B # 0, To B npeobpazosanusx (I11.21) yron « mogbepem
TakuM, 9T00bl KO3 durment B’ B (11.22) obparuicst B Hysib. s aToro mocra-
TOYHO, UTOObI

1
B cos2a + 5(0 — A)sin2a = 0,

T.€.
1
2B

Pacrniopsiiumcst ceffgac BBIOOPOM TapaMeTpoB a U b JjIsd YIPOIIEHUS YypaB-

ctg2a = —(A—-0C). (I1.25)

wenusi (11.22), rne B” = 0. C 910ii 1e/1bI0 JajibHeliee paccCMOTPEHNE Pa3o-
ObeM Ha JiBa CJydas B 3aBUCHMOCTU OT TOIO, OTJIMYEH OT HYJIS OLPEIC/IUTEIDb
A = AC — B? B ypasnennu (11.20) uin on pasen HyJIo.

(A) Tyers A = AC' — B? # 0. 3amerus, 4To ONpPEJIeJUTeb, COCTABICHHDII
3 koadurmentos nipu a u b s D' u E' B (11.23)

Acosa+ Bsina Bcosa 4+ Csina
Bcosa— Asina Ccosa — Bsina

= AC — B* #0, (11.26)
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BoIOepeM a 1 b TakumM obpasoM, utobbl D' = 0 u E' = 0. [lus sroro, corjacio
(I1.23), HEOBXOMMO pEIUThL CHCTEMY YPABHEHUIT OTHOCHTEJLHO HEM3BECTHBIX a4
u b (3Hadenue o pukcuposano paserctsom (11.25))

a(Acosa+ Bsina) + b(Bcosa+ Csina) = —Dcosa — Esina
a(Bcosa — Asina) + b(C cosa — Bsina) = Dsina — E cos a '

B cuy (I1.26) mist a u b mo popmysnam Kpamepa nmMeeM eIMHCTBEHHOE pelleHne.

[TojcraBus Haiijgennbie 3Hadenus o, a, b, 8 A, C', F' uz (11.23), Mbl nojtyaum
B IITPUXOBAHHOI cucreme KoopauHaT ¢ HadajgoMm B Touke O(a;b) ciemyroriee
ypaBHEHMe:

pr' P4 qy? = (11.27)

[Tokaxkem, qro Hadaso koopgauHat O'(a;b) siBjsieTcsi MEHTPOM CHMMETDHN
kpusoit (I[.27), a mrpuxoBaHHbIe OCH KOOpJAMHAT — OCSIMH cHUMMeTpuu. B ca-
MOM JieJie, ecin B ypasuennu (11.27) Bmecro koopaunate! &' nojicraBurb —x’, TO
ypaBHeH#e He u3MeHuTcs. He msmenurcst ono u mocie 3amennl 3y Ha —1y'. 910
saadnT, 910 Touka O (mepeceuenne oceit O’z u O'y') ectb HeHTp cuMMeTpHn
kpusoit (I11.27). JIuauio Broporo mopsijika, NMEIOIILy0 eJIMHCTBEHHbII IIEHTD CUM-
METPUU HA3BLIBAIOT [[EHTPAJIBLHOI, OCTAILHBIC HOCAT HA3BAHUE HELEHTPAJIbHDIX.

Ecin r # 0, To nenTpasibias KpuBasi Ha3bIBAETCsI HEBBIPOK JeHHOH, ipu 1 = ()
— BBIPOZKJICHHOIA.

(A.1) Hesbipoxkernbie riearpasibabie kpusbie.llpeacrasus ypasuenue (11.27)
B BHJIE

372 y2

6 )

(pa,ZLI/I ylupoumeHnnd 3alluCu IMTPUXN y IIePpEMEHHDBIX OH}/CTI/IM) u O6OBH8HI/IB
T r
—=ead’, —=e&b® (a,b>0, eE1, e ==1),
p q

=1

IOJTY IIM
2 2
X )
—s +—5 =1 (I1.28)
2 2
€10 €9b
IIpn €1 = 1, €2 = 1 uMeem KaHOHHYIECKOE ypaBHEHHE 3JITHIICA
72 ., "
a> b
Korna a = b, suuic npejcrapisger coboit oKpyKHOCTb. Ilpn ¢ = 1, €9 = —1

= 1. (I1.29)

nMeeM KaHOHHYeCKOe ypaBHEHHE I'HIIepOOJIbI

2 yQ
a’ b

= 1. (I1.30)
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[Ipu € = —1, ¢ = 1 onaTh UMeeM ypaBHeHHe TuiepboJibl, B KOTOPOM IO CpaB-
Henuto ¢ I1.30 posib nepeMeHHOl & UrpaeT y U HA0OOPOT. DTOT CJiydail IPUHIIN-
[IUAJBHO HE OTJIMIAETCs OT IPeJIbIIyIIero.

[Ipu € = —1, €2 = —1 BeleCTBEHHBIX TOYEK HE CYIIeCTBYeT (MHUMBIH 2J1-
Jiric). O9eBUIHO, 9TO TEPBbIil U YeTBePThIii c/Iydail COOTBETCTBYIOT CHTYAITNH,
korga A > 0, Bropoit n Tperuii, korga A < 0.

(A.2) Boipoxgennbie nenrpasbabie kpusbie. [lpu r = 0 ypasuenne 11.27 3a-
IIICBIBAETCS B BUJIE

2 2
£ Y o 1 p 1
61—a2 + 62—b2 =0 (qa = 5, €ob” = 5) . (I1.31)

[Ipu ¢ = 1, e = 1 (A > 0) mmeem oxny Touxky O'(0,0). Ilpu € = 1, €5 =
—1 (A < 0) neBas gacts 11.31 pacnagaercs Ha JBa COMHOKUTEA

(D G-9-0

HOSTOMY nMeeM ITapy IeEpeCcEKalOMNXCA ITPAMbIX

royY roy
—+ =0, ——2=0 (I1.32)
[Ipu ¢ = —1, 6o = 1(A < 0) curyarusi Ta )Ke camas. ITOT Caydail HUIEM
IPUHIUIUHATLHBIM OT HPEILILYIIEro He OTIMYAeTCs,
Haxowner, mpu ¢ = —1, € = —1 (A > 0) Bo3Bpaimaemcs K MepBoii CUTyaInH.
(B). IIyctb A = AC — B> =0. Bzss a = 0, b = 0 5 (IL.31), noce BuiGo-
pa yriaa nosopora oceit, «, B Buje (I1.25) mbr mosyunm, aro B = 0. U3 - 3a
naBapuanTHoctn A mveem A’ = A'CY = 0. Ilyers A" = 0 (ecom C" = 0, To

BCE PACCy’K/IeHUs TTOBTOPSIIOTCS OYKBAJBHO, TOJIBKO POJIb T OYJIeT UrPaTh y), I,

caemoBaresibio, C' # 0. Ypasuenue (11.22) npunnmvaer mocsie yMHOXKEHUS Ha Yol

CJICJIYIONINIT BU/I;

y' %+ 2pr’ 4+ 2y + 1 = 0. (I1.33)
[Tocsie mepenoca nadasia KoopJinHaT B TOUKY
2 2
O// <q2 T)_q) x//:x/_‘_/r q ’ yl/:y/+q
P 2p

(ciyuait p = 0 OyzeT pacCMOTPEH HIZKe) UMeeM
o' = 2pa’. (I1.34)

[Tonyunnu kKaHoHHmYecKOe ypaBHEHHEe HEI[eHTPaJbHOIH HEBBIPOXKIEHHOH KPUBOIl
BTOPOTO TMOPsAJIKA — HapaboJIbl.
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Ecmu B (I1.33) p = 0, To nocsie meperoca Hadasia koopanaar B Touky O”(0; —q) :

2 =2,y =y +q umeem kanonmyeckoe ypapHenne BLIpOXKICHHOI HeleHTPAaIb-

HOH KPHUBOI BTOPOI'O MOPsJIKA

(") =ea® (ea®* =¢* —r, e ==%1). (11.35)
Ilpu € = 1 ypasuenne (I1.25) onmceiBaer napy mapajieabHbIX TPAMbBIX (MIpy
a = 0 cmBmnxcs), npu € = —1 — napy MHUMBIX HAPAJLIETBHBIX TPSIMBIX.

Ha sTom kiraccudukaliusi Bcex BOBMOXKHBIX aJiredpandecKnX JIMHUI BTOPOro
HOpsi/IKa 3aKOHYEHA.

11.3.2 HccaenmoBanue bopMbl 1 CBOMCTB 3JLJIMIICA

[TepeiiieM K paccMOTpeHHIO CBOHCTB U ycraHoBjieHuto gopmbl snmmmca (11.29).
[Ipu sToMm MBI Oyzem mpejmnoaratb, 9to b < a (mpu b > a posin mepeMeHHbIX
X ¥ Y MEHSIIOTCSI MECTaMHU), U HA3bIBATh 4 — OOJIBIION HOJIYOCHIO SJLINICA, b —
MaJIOH I0JIyOChIO DJLIHTICA.

> = a® — b*, u pac-

Beesiem mapamerp ¢ > 0, olpeJieiuB ero U3 paBeHCTBA ¢
cmorpuM Ha ocn Ox gBe Toukn Fi(—c;0) u Fy(c; 0) Tak, 9T0 HAYATIO KOODIUHAT
JesnT orpe3ok FiFh nonostam. Beraucsnm ceifac paccTOSTHUS 11 U I'y OT TOYEK
Fy u Fy 510 upoussosibioit Toukn sinca M(z;y) : m1 = /(z + )2 + y2, ro =
V(z —¢)? +y2. Us ypasnenns (11.29), noxcrasus Byecto b® ero BblpazKerne

b’ = a® — ¢?, nosydanm

2

c
y2:a2—c2—x2+—2x2
a
1 BHECEM €r0 I10J, KOPHH JJIsd 71 U 79
5 ) c \?2 c
re=1\/2cr+a*+ <17 = a+-z| =la+ —=x
a a a
) c c \?2 &
ro =\ —2cr +a° + —r° = a——-x| =|a——x
a a a
c
N3 ypasuenus (11.29) ciaenyer, uro |z| < a, n Tak Kak ¢ < a, 10 |—x| < a.
a
c c
Taxum obpazom, a + —x > 0 mw a — —x > 0. IlosTomy st 71 U 79 OKOHYATETIBHO
a a
nMeeM
rn=a+ex, T9=a— ez, (I1.36)

c
rje napamerp € = — < 1 HazbIBalOT 3KcIeHTpucuTeToM 3jaunca. CKiiajbiBas
a

paserctBa (I1.36), mosyaum, ato
r1+ 719 = 2a
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JUUIst JIFOOOI TOUKHM JLIUIICA. DTO CBOMCTBO ITO3BOJISIET OIPEIE/INTD JJLIUIIC TAKIM
obpazoM:

DJUIAIIC — 9TO NEOMETPUIECKOe MECTO TOUYeK ILJIOCKOCTH, CYyMMa
PACCTOSIHUIT OT KOTOPBIX JIO JIBYX JAHHBIX ToYek [ u Fh (Ha3biBa-
eMbIX (bOKycaMi 3JITHIICA) eCTh BeJMInHa MOCTOsiHHAs (OOJIbIas
geM pPacCTOsTHIE MeK Ty (DOKycaMn).

Yucsa r u ry u3 (11.36) gacTo HA3BIBAIOT (DOKAJIBHBIMI PAJIIYCAMH JJUTAICA.

Uccnemyem dopmy s/umica 1o ero KaHOHUYeCKOMy ypashenuto. Hamu yaxe

YCTAHOBJICHO, YTO OCH KOODJMHAT ABJIAIOTCA OCAMU CHUMMETDUH, & HAYaJI0 KO-
2 2

z Y
opjaunar — nearpom cummerpun. Ilockonbky — < 1 un = < 1, 10 smmic

pacroJiozKen B npsamoyrossinke x| < a, |y| < b.
Hotst nceeroannst hopMbI JIHIICA B CHJLY CHMMETPHH JIOCTATOUHO PACCMOT-
PEThb TY €ro 9acTb, UTO JIEKUT B HEPBOH KOOPIMHATHON TETBEPTH:

St

a

[Tonyaus rpaduk 3Toil JIMHIK U JOCTPOUB €€ CUMMETPUUYHO B OCTAJIbHBIX deT-
BEpTSIX, MOy InM Jjinanio sjutuica ( Puc.I1.15)

Puc.I11.15 Suic.

[Ipu usyueHun sJjummIca 0codOyi0 poJib UIPAIOT JBE IpsMble, IePIeHINKYJIsIp-

a
uele K ocu Ox, ¢ ypapuerusmu x = +— ( Puc.Il.15) — gupektprcer smmmrca.
e
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st symmtca

a

e <1, — > a, u, caegoBaTeJbHO, IUPEKTPUCH PACIIONIOXKEHBI BHE Junmca. Jljs
e

JINPEKTPUC UMeeT MECTO TeopeMa, KOTOPYIO0 MOYKHO B34Th 3a HOBOE OIIpejie/IeHIe

JLIUIICA.

Teopema TIL.1. Ommnowenue paccmoarus om 10600 Mowky aasunca 0o do-
Kyca K paccmosnuo ee do coomeememsyowet QupPeKmpucs. eCms 6eAUNUHA NO0-
CMOANHAA, PABHAA IKCUEHMPUCUMEMY IAIUNCA.

JlokazaTeJIbLCTBO: << HeitcrBurensho, ycts M (x;y) — Touka sjmrca, dy

1 dy — PACCTOSIHUS JIO COOTBETCTBYIONIMX JUPPEKTPUCHL. B cuiy cuMmerpun

JIOCTATOYHO JIOKA3aTh TeOPEMy JIjisl OJIHOrO 13 hOKyCoB (Hampumep, jijis Fy).
Touka M’ umeer koopaunare! (x;0), a Dy — (g; O). [Tostomy dy = |M'D5| =

a
— — x. [lockonbky 19 = a — ex, TO
€

ry  (a—ex)e
—=—"=c.
do a— ex

)

B zakiouennn ocTaHOBUMCS Ha IHapaMeTpuiI€eCKOM YpPpaBHEHUU 3SJIJIUIICA. C

9TOll 1e/IbI0 PACCMOTPUM OKpyzKHOCTh 22 + 4% = @ u 1poussesieM TOYeUHOE

CzKaTue IIJIOCKOCTU BJIOJIbL OpANHaT TOYEK

a
r=X y= EY (I1.37)
[ToncraBuB B ypaBHEeHIE OKPY>KHOCTH, IIOJIYIUM YpaBHEHNE 3JLINIICA
X% y?
— 4+ — =1.
a’ b

[TycTh OKPYKHOCTD 3ajlaHa B apaMeTpudeckoit opme:
r=acost, y=asint, (te€]0,2n]).
b
s (11.37) naxopum X = acost, Y = —y = bceost (t € [0,27]). [Tosromy napa-
a
METPUYIECKOEe YPABHEHIE SJITUICA C TIOIYOCAME ¢ U b UMEIOT BU/T

iigsciisf (0 <t<2m). (I1.38)

B cienyromeM pasjese Mbl U3yUUM IHIIEPOOJY U HAapadoJIy.
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I1.3.3 WccaenoBanue popMbI M CBOICTB TAIIEPOOITHI

[lepeiiieM K paccMOTPEHUIO TEOMETPUIECKIX CBOHCTB M (DOPMBI THIIEPOOJIHI

x Y

a2 b

Beenem mapamerp ¢ > 0 ¢ TOMOIIBIO PaBEHCTBA C

2 2
=1 (a,b>0). (I1.39)

2 = @? 4 b%, Tak 49TO C > a,

u paccmorpuM Ha ocu Ox jgse touku Fi(—c;0) u Fy(c;0), KoTOopble HazoBEM
JIEBBIM U IPABBIM (POKycaMi Turepoosibl. BerancinM ¢oKasbHble DACCTOSHUS
|FyM |, |FoM| no mpomssosbuoit Touxn rumepbomst M(z;y) : |FIM| = r =
V(T +e)?+ 12, \FQ—]\>ﬂ =1y = /(z — )2+ y2. Uz (I1.39) naxoaum
2
R N - .

CL2

" II0ACTaBJIdeM B BbIpazKeHHUe AJId 771 U T'9. Nmeem

c N2
r = <a+—x> = |a + ez

a

L £ (I1.40)
Ty = <a——m> = |a — ex]|

a

C
rgme € = — — lapaMeTp, Ha3bIBACMbIIi IKCLHEHTPHUCHUTETOM FHH€p60.HbI. BaMeTI/IM7
a

qTO JJIs1 Tuiepobosibl € > 1, Tak Kak ¢ > a.

Uccneayem pasamdHbie BOSMOKHOCTH, IpejicTa/isiemble pasercTeamu (11.40).
2

x
U3 (I1.39) crexyer, uto — > 1, T.e. |z| > a. IlosTomy B 3aBHCHMOCTH OT TOTO,
a

nexkur ju M(z;y) B npaBoii nosymiockoctu (x > 0), uau B jeBoit (z < 0)
Boipazkerns 1tst (11.40) pazmmanbre.

Ecmax >0, toa+er >0unma—exr <0, Tak Kak, e > 1, x > a, ex > a.
[TosTomy B mpaBoii HOJIYIIOCKOCTH BBIOJHEHO

r=a+ex, T9=—a-+ ez. (I1.41)

Ecmu x < 0, To a 4+ ex < 0, tak kak, |ex| > a u a — ex > 0. [losromy B B JieBoii
[OJIYIIJIOCKOCTH BBIIIOJIHEHO

r=—a—er, Try=a—er. (I1.42)

13 5Tux paccyzKjeHuil BEITEKAET, 9YTO TUIepbosia COCTONT U3 JBYX CUMMETPHY-
HBIX BETBell, PACIOJIOKEHHBIX COOTBETCTBEHHO B MPABOIl ¥ JICBOH MOJIYILIOCKO-
crax. U3 (11.41) u (11.42) mag obenx BeTBeil BHIBOANM MHBAPHAHTHOE PABEHCTBO

|r1 — 1] = 2a. (11.43)

66



I1.3. IlpuBemenne ypaBHeHHI KPHUBBIX BTOPOI'O MOPS/IKa K KAHOHHIECKOMY BHJTY

Ha ocuoBanun (I1.43) MOKHO JIaTh HOBOE OIIpejie/ieHIe TUIepOOJIbL:

['umepboJsia ecTh reoMeTPUIecKoe MeCTO TOYEK IJIOCKOCTH, MOJLYJIb
PA3HOCTU PACCTOSTHUIT OT KOTOPBIX JI0 JBYX (DUKCUPOBAHHBIX TOUYEK
Fy, F5, HazbiBaeMbIX (poKycaMu rUrepOoJibl €CTh BEJIUINHA, TTOCTO-
siHHAs (He paBHAsI HYJIIO 1 MEHbIIIasi DACCTOSHUST MKy (DOKyCaMu )

[Ipu ycranoBiaeruu (popMbl rutiepobosibl orMeTuM, uto ocu Ox u Oy SABJISI0TCS

OCSIMU CHMMETPHH, a WX TepecedeHne — I[eHTPOM CHMMeTpHH (IeHTp Turepbo-
2

T
ne1). Iockonbky — > 1 (|| > a), To BeTBu rumepboIbI 1eKaT Ha IIOCKOCTH BHE
a
noJsiockl —a < = < a. Toukn nepecedenus Berseii ¢ ocvio Ox (y = 0, A1(—a;0))
HA3BIBAIOTCST BepHIMHAMI TUepOosibl. [l rumepbosibl, 3aaHHON ypaBHEHTEM
(I1.39) ocb Ox maswpiBaeTCA JeHCTBATEIBHON 0ChI0 TUIIEPOOIILI, & 0ch Oy — MHH-
. Y
MOIT 0cbIo THIIEPOOJIB! (IlepeceueHns HeT U3 - 3a paBeHcTBa —-5 = 1). B cn-
JIy CHMMETDPHI JIOCTATOTHO HCCIe0BaTh (hOpMY THIIEPOOJIbI B IEPBOii YeTBepTH,
y = —V 2% — a?, a 3aTeM PACIpPOCTPAHUTD Ha BCIO IJIOCKOCTh. Hapsiity ¢ ykasan-
a

HOI1 BETBBIO THIIEPOOJIbI 11e71ec000pa3HO PACCMOTPET JIyY, UCXOIAIINI 13 Hada 1,

KOOpJINHAT, ¢ ypaBHeHneM Y = —x.
a/ LX) (X) (X]
[Tycts M — Touka runepboinl ¢ abenuccoit x, N — Touka, yKazaHHOI TPsSaMOoii

¢ TOit ke abciuccoit. st pa3HOCTH OpJIMHAT UMeeM
b 2 2
Y —y=—(x—Va2—a?).
a

HpI/I HEOI'paHNY€HHOM BO3paCTaHUN T JaHHad PaSsHOCTb MOHOTOHHO CTPEMMHTCA
K HYJIIO, TaK KaK

b b 2 .2 2
lim (Y —y) = — lim (z — V22 — a?) = — lim vovta = 0.

T—00 a T—00 a T—00 ($ + $2 _ a2)

HOSTOMy [IpgAMbIE Y = +—x gBIAI0TCA aCUMIITOTAMI FI/IHep60.HbI
a

\V]

T 2

CL2

J1s1 mocTpoeHnst acCUMIITOT CTPOUM IPAMOYTOJBHAK CO CTOPOHAMU & = *a, iy =

= 1.

S

+b. AcuMITOTBEI — IpsIMBIE, COjlepZKalliie JHATOHAN TPAMOyToabHIKA. [pH mo-
CTPOEHUN THIEPOOJIBI YI0OHO MOCTPOUTH CHAYAJA ACHMIITOTHI, & 3aTe€M BETBHU
runep6osst ( Puc.I1.16).
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N
/

Puc.I1.16 ['umepbo.ia.

st rutiepOoJIbl BBOJISITCST JIBE HIPSIMbIE, TIePIEHINKYIsipHbIe K ocn O, ¢ ypaB-
a

HEHUSIMI T = +—, U Ha3bIBaeMble JIUpEKTpUcaMu runepbosibl. B cuty HepaBeH-
e
cTBa € > 1 NUPEeKTPUCHI JIeKAT MeXKJTy BepIimuHaMu Tunepbosibl. Tak ke, Kak U

JUUIsl SJUIAIICA, UMEET MeCTO YTBEDIKJCHUE:
1 T2
—_— = — = e
ddy
rje di n do — paccTosiHUsl OT TOYKHM I'MIIEPOOJIBI JI0 COOTBETCTBYIOIINX JIUPEK-
tpuc ( Puc.I.16). /lokazaTeqbcTBO COBEPIIEHHO AHAIOTUTHO TOMY, ITO IPOBE-
JIEHO JIJIsl SJIMIICA, W II09TOMY MbI IPUBOJUTHL ero He OyiaeM. IIpusemem jmiib
GOPMYINPOBKY TeOpeMbl, KOTOpas sIBJisieTcsl (DaKTUIECKH ellle OJHUM OIIpe/ieie-
HUEM THIEPOOJIBI.

Teopema TIIL.2. Omuowenue paccmosnus om 110000 mouku 2unepbosv, Ao
doxyca x paccmosruro ee do coomsememayrouLets JUPEKMPUCH, ECMB BEAUMUNG
NOCMOAHHAA, PABHAA IKCUEHMPUCUMEMY 2unepboav, e > 1.

Ormerum, uTo runepbosia

[\

yQ
b2

@w| S

(@)
co
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HA3BIBACTCSI CONPSKEHHOI 110 oTHOMeHnio K runepboste (11.39). eficTBurensHoit
OCBIO COIPSAKEHHOI IunepoosIbl sBIdeTcs ocb Y, aCHMITOTEl OCTAIOTCS IIPEXK-
HIMI.

11.3.4 MHccaenoBanue ¢bopMbl 1 CBOMCTB I1apadOJIbl

[lepeiiieM K yCTaHOBJIEHUIO M€OMETPHYECKIX CBONMCTB U Bujia (DOPMbI 11apaboIbl
y? =2px  (p>0). (11.44)

[Tpexk e Bcero OTMeTHM, 9TO KpUBAast JIEKUT B TIPABOil moJtyIiockoctn (z > 0)
1 IPOXOJUT vepe3 Hada o KoopauHaT. PaccMoTrpum Touky F' (g, 0), Ha3bIBae-
MYI0 (POKyCcOM napaboJibl, N TPSAMYIO, MepIeHnKysipuyio K ocu Ox, ¢ ypaBHe-
HUEM T = 5 Ha3bIBAEMYTO JHpeKTprcoii mapaboJbl. Ilycts M (x;y) — mpouns-

BOJIbHasl TOYKa apadoJibl. BeraucanM paccrosinue

— 2
Pl =r = /(a5

nojcrasus Y2 u3 coornomenns (11.44). Tlomyunm

- 1’—’)2 —|o+L| =2+ 11.45

r (x + 5 x + 5| =2 + 5 (I1.45)
__»b p

Paccrosuue d or M 710 TUpeKTpuchl r = —5 TakzKe paBHO T + 5 [TosTomy st

r
11apadoJIbl 7= 1. Takum obpazom:

[Tapabosa ecTb reoMeTprmvyecKoe MeCTO TOUeK, JJIT KOTOPBIX Pac-
crostaue j10 bukcnpoBarHoil Touknu F (okyca mapabosibl) paBHO
PACCTOSTHUIO JI0 (PUKCUPOBAHHOIT IPSIMOIT (IMPEKTPHCHI TTapabOJIbl ).

r

Tak kak JJI 9JIJINIICA 11 FI/IHep6OHbI oTHOIIEeHNEe E €CTb IIOCTOAHHOE Y1 CJIO, paBHOE
r

€ — BJKCHEHTPUCUTETY, TO U OJIA Hapa60ﬂbl oTHOIIICeHUEe a = € — Ha3blBaloT

SKCIIEHTPUCUTETOM, T.€. JiJIsi 1apaboJibl € = 1.
13 npuBeIeHHOTO pacCyKJICHUSI CJIeJIyeT, UTO JINIIC, ruiepbosia 1 mapadosia,
00J1a/1a10T OOIIHM T€OMETPUIECKUM CBOHCTBOM:

69



I'masa II. MoxgenupoBanue o6bekToB Bbiciueii marematuku B MAPLE

OrHomlenne paccToguus r oT Jiro0oil Toukn M Kakjoil u3 9Tux
KPUBBIX 710 POKyca K paccTodHuio d ot 3roit Toukun M 10 cooTBeT-
CTBYIOIIEH JUPEKTPUCHI €CTh BeJMINHA MTOCTOTHHAA, paBHasS dKC-
LIEHTPUCUTETY € KPUBOIL.

//

Puc.I1.17 Ilapab6o.ia.

Dopma apaboJIbl JIETKO YCTaHABIMBAETCS C NCHOIB30BAHNEM CHMMETPUN OT-
HOCUTEIbHO ocu O 1T MOHOTOHHOTO Bo3pacTanus GyHKimn y = /2pzx (( Puc.I1.17))

11.3.5 Ilonsipuble ypaBHeHUsI KPUBBIX BTOPOTO MOPSJIKa

J11s1 BBIBO/IA €JIMHOIO YpaBHEHUs SJIJIMIICA, TUIIEPOOJIbl U apadosIbl B I10ISIPHO
cucTeMe KOOPJHUHAT BOCIIOJIb3YEeMCs YCTAHOBJIEHHBIM €JIMHBIM JIJISI 9TUX KPUBBIX
r

CBOMICTBOM c_i = e.

[TycTb 3a1aHa Kakas - JIMOO U3 TIePeInCIeHHbIX KPUBBIX. [loMecTrM 110JTI0C 110~
JISIPHOIT cuCTEeMbl KOOPMHAT B (poKyc F', a TOJISIpHYIO OCh — 110 IEePIIEeH UK YJISAPY
ot JgupekTpuchl K Gokycy (Puc.Il.17).
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[Iycts B — Tovka nepecevdennsi KpUBOil ¢ MEPHEHNKYIAPOM K TTOJISIPHOIT ocH,
nucxoJdamuM 13 gokyca F', a p — jymHa BekTopa ['B, HazbiBaeMast (poKabHbIM
r

napamerpom. CorjiacHO CBOMCTBY o= € mMeeM, 9TO

p _= p = €
CB| |BF
[TosTomy ‘ﬁ ‘ = ]—), a TaKKe
e
d= ‘DM = ’EN = ‘ﬁ‘ +7rcosp = ]—9+7“cosgo.
€

r
HO,B;CT&BJIHH JdaHHO€ BbIpazK€HNe B OTHOIIEeHUE EZ = €, [IOJIy49UM

T
= €.

]—9+7’cosg0
e

OTKYJIa CJICJyeT IOJIAPHOE YPABHEHUE JJIsl PACCMATPUBACMBIX KPUBBIX BTOPOI'O
nopsiyika (e < 1 — synrce, e > 1 — rumepbosta, e = 1 — mapabosia):

p

= — 11.46
1 —ecosp ( )

r

OrmernM, uro npu € > 1 u3 - 3a yeaosusg r > (0 ypasuenue (11.46) onncoizaer
TOJIBKO OJIHY BETBb I'MIIEPOO0JIbI, BHYTPU KOTOPOIl J1e2KUT (POKYC.

DJLuric, rurepOoIy U 1apadoJy Ha3bIBAIOT KOHHUYECKHMH CEYCHUSIMH, TTIOTO-
My 9TO HUX MOYKHO IOJIYUUTH IIyTE€M CEUYEeHUs IIJIOCKOCTSIMI KPYI'OBOI'O KOHYCA.
Ecan 1m1ockocTh nepecekaeT TOJBKO OJIHY TOJIOCTh KOHYca U TapaJiie/bHa O/l-
HOIT 13 00pa3yoINX KOHyca, TO MoJyduM rapabosy. Ecim cexyimast 1I10CKOCTb
nepecekaeT TOJbKO OJIHY TOJIOCTh KOHYCa U He TapaJijie/ibHa HU OJTHONH 00pas3ylo-
1ieit KoHyca, To KOHI4IecKoe cevuenue OyaeT sjincoM. Kora cekyinasi mi0cKocThb
HePIEeHINKY/ISIPHA OCH KOHYCa, I10JIy4aeM OKPYKHOCTb.

Hakowner, eciin cekyliasi IJIOCKOCTh HE TPOXOJUT Yepe3 BEPIIMHY U IapaJi-
JIeJIbHa OCH KOHYCA, TO MOJYIUM IUIIEPOOITY.

1.4 KomMmmbioTepHoe MoAgeJdnpoOBaHNEe TeOPUU KPUBBLIX BTO-
poro IopgaaKa

> restart:
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> AnalGeo:=table():

I1.4.1 W300pakeHne KOOPAMHATHBIX OCeil

>AnalGeo [Axesl] :=proc(X,Y,alpha,X0)

local ttr,x_max,y_max,xXx_min,
y_min,x_end,y_end,XY,XX,YY,TXT,xx,yy,xx1,
yyl,ddx,ddy,ddd,ii,xgr,ygr:

x_min:=floor(X[1]):

x_max:=ceil (X[2]):

ddx:=x_max-x_min:

y_min:=floor(Y[1]):

y_max:=ceil(Y[2]):

ddy:=y_max-y_min:

ddd:=max([ddx,ddy]) :

ttr:=(xx1,yyl) ->[xx1*cos(alpha)-yyl*sin(alpha)+X0[1],
xx1*sin(alpha)+yyl*cos(alpha)+X0[2]]:
XX:=plot([lop(ttr(xx1,0)),xx1=x_min..x_min+ddd],
thickness=1,color=black):
YY:=plot([op(ttr(0,yyl)),yyl=y_min..y_min+ddd],
thickness=1,color=black):

xgr:=plots[display] (plot([op(ttr(x_min,xx)),xx=0..0.015%ddd],
color=black,thickness=1),
seq(plot([op(ttr(x_min+ii,xx)),xx=0..0.015*%ddd],color=black,
thickness=1),ii=1..ddd)):
ygr:=plots[display] (plot ([op(ttr(xx,y_min)) ,xx=0..0.015%ddd],
color=black,thickness=1),

seq(plot([op(ttr(xx,y_min+ii)) ,xx=0..0.015*ddd],color=black,
thickness=1),1i=0..ddd)):

x_end:=x_min+ddd:y_end:=y_min+ddd:
TXT:=plots[textplot] ({ [op(ttr(0.015%ddd,-0.015*ddd)), ‘0‘],
[op(ttr(x_end,-0.02xddd)), ‘x‘],

Lop(ttr(0.05*%ddd,y_end)), ‘y‘]1},align={below,right}):
plots[display] (XX,YY,xgr,ygr,TXT,axes=NONE, scaling=CONSTRAINED) :
end proc:

AnalGeo[Axes0] :=proc(X,Y,alpha,X0) local ttr,XY,XX,
YY,TXT,xx,yy,xx1,yyl,ddx,ddy,ddd:
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ttr:=(xx1,yyl)->[xx1*cos(alpha)-yyl*sin(alpha)+X0[1],
xx1*sin(alpha)+yyl*cos(alpha)+X0[2]]:
XX:=plot([lop(ttr(xx1,0)),xx1=X[1]..X[2]],thickness=1,color=black):
YY:=plot ([op(ttr(0,yyl)),yy1=Y[1]..Y[2]],thickness=1,color=black):
ddx:=(X[2]-X[11):

ddy:=(Y[2]-Y[1]):

ddd:=max([ddx,ddy]) :
TXT:=plots[textplot] ({ [op(ttr(0.015%ddd,-0.015%ddd)), ‘01°‘],
lop(ttr(X[2],-0.0156%ddd)), ‘x1],

Lop(ttr(0.015%ddd,Y[2])), ‘y1‘]},align={below,right}):
plots[display] (XX,YY,TXT,axes=NONE, scaling=CONSTRAINED) :
end proc:

11.4.2 W3o06pakeHne nap MpAMbIX Ha KOOPJIUHATHON MJIOCKOCTH

>AnalGeo [CrossDir] :=proc(a,b,alpha,X0,cl,c2)

local X,t,Eql,Eq2,ttr,Eql_1,Eq2_1,gdl,gd2,M1_1,
M1_2,M2_1,M2_2,X_min,X_max,Y_min,Y_max,CRD,CRD1:
ttr:=(X)->[X[1]*cos(alpha)-X[2]*sin(alpha)+XO0[1],
X[1]*sin(alpha)+X[2]*cos(alpha)+X0[2]]:
Eql:=(a,b,t)->[b*xt,a*xt]: Eq2:=(a,b,t)->[bxt,-axt]:
Eql_1:=(a,b,t,alpha,X0)->ttr(Eql(a,b,t)):
Eq2_1:=(a,b,t,alpha,X0)->ttr(Eq2(a,b,t)):
M1_1:=Eql_1(a,b,-1,alpha,X0):
M1_2:=Eql_1(a,b,1,alpha,X0):
M2_1:=Eqg2_1(a,b,-1,alpha,X0):
M2_2:=Eq2_1(a,b,1,alpha,X0):

X_min:=min(0,X0[1] ,M1_1[1],M1_2[1],M2_1[1],M2_2[1]):
X_max:=max(0,X0[1] ,M1_1[1],M1_2[1],M2_1[1],M2_2[1]):
Y_min:=min(0,X0[2],M1_1[2],M1_2[2],M2_1[2],M2_2[2]):
Y_max:=max(0,X0[2] ,M1_1[2],M1_2[2],M2_1[2] ,M2_2[2]):
CRD:=AnalGeo[Axes1] ([X_min,X_max], [Y_min,Y_max],0,[0,0]):
CRD1:=AnalGeo[Axes0] ([X_min-X0[1],X_max-X0[1]],
[Y_min-X0[2],Y_max-X0[2]],alpha,X0):
gdl:=(a,b,alpha,X0)->plot([op(Eql_1(a,b,t,alpha,X0)),
t=-1..1] ,thickness=1,color=cl):
gd2:=(a,b,alpha,X0)->plot([op(Eg2_1(a,b,t,alpha,X0)),
t=-1..1],thickness=1,color=c2):
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plots[display] (gdi(a,b,alpha,X0),gd2(a,b,alpha,X0),
CRD,CRD1) :
end proc:

>AnalGeo [ParalDir] :=proc(a,alpha,X0,cl,c2)

local X,t,Eql,Eq2,ttr,Eql_1,Eq2_1,gdl,gd2,M1_1,
M1_2,M2_1,M2_2,X_min,X_max,Y_min,Y_max,CRD,CRD1:
ttr:=(X)->[X[1]*cos(alpha)-X[2] *sin(alpha)+X0[1],
X[1]*sin(alpha)+X[2]*cos(alpha)+X0[2]]:
Eql:=(a,t)->[t,al: Eq2:=(a,t)->[t,-a]:
Eql_1:=(a,t,alpha,X0)->ttr(Eql(a,t)):
Eq2_1:=(a,t,alpha,X0)->ttr(Eq2(a,t)):
M1_1:=Eql_1(a,-1,alpha,X0):

M1_2:=Eql_1(a,1,alpha,X0):

M2_1:=Eq2_1(a,-1,alpha,X0) :

M2_2:=Eg2_1(a,1,alpha,X0):

X_min:=min(0,X0[1] ,M1_1[1],M1_2[1],M2_1[1],M2_2[1]):
X_max:=max(0,X0[1] ,M1_1[1],M1_2[1],M2_1[1],M2_2[1]):
Y_min:=min(0,X0[2] ,M1_1[2],M1_2[2],M2_1[2],M2_2[2]):
Y_max:=max(0,X0[2] ,M1_1[2],M1_2[2],M2_1[2],M2_2[2]):
CRD:=AnalGeo[Axes1] ([X_min,X_max], [Y_min,Y_max],0,[0,0]):
CRD1:=AnalGeo [AxesO] ([X_min-X0[1] ,X_max-X0[1]],
[Y_min-X0[2],Y_max-X0[2]],alpha,X0):
gdl:=(a,alpha,X0)->plot([op(Eql_1(a,t,alpha,X0)),
t=-1..1],thickness=1,color=cl):
gd2:=(a,alpha,X0)->plot([op(Eq2_1(a,t,alpha,X0)),
t=-1..1],thickness=1,color=c2):

plots[display] (gdi(a,alpha,X0),gd2(a,alpha,X0),CRD,CRD1):
end proc:

AnalGeo[Point] :=proc(alpha,X0,cl)local X,ttr,X_min,
X_max,Y_min,Y_max,CRD,CRD1,gp:
ttr:=(X)->[X[1]*cos(alpha)-X[2] *sin(alpha)+X0[1],
X[1]*sin(alpha)+X[2]*cos(alpha)+X0[2]]:
X_min:=min(0,X0[1],-X0[1]):

X_max:=max(0,X0[1],-X0[1]):

Y_min:=min(0,X0[2],-X0[2]):

Y_max:=max(0,X0[2],-X0[2]):

CRD:=AnalGeo [Axes1] ([X_min,X_max], [Y_min,Y_max],0, [0,0]):
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CRD1:=AnalGeo[Axes0] ([X_min,X_max], [Y_min,Y_max],alpha,X0):
gp:=plots[pointplot] (X0,color=cl,symbol=circle,symbolsize=16):
plots[display] (CRD,CRD1,gp):
end proc:

11.4.3 W 3o06pakenne puryp BTOPOTO IOPSAIKA

>AnalGeo[E11] :=proc(a,b,alpha,X0,cl,c2)
local pp,ee,t,cc,eq2,eq21,X,ttr,
F1,F2,AA1,AA2,BB1,BB2,ells,DD1,DD2,AA12,
BB12,X0A1,X0A2,XO0B1,X0B2,
dd,LX,LY,PP,TT,dd1,dd2,gddl,gdd2:

H#HH#H

ttr:=(X)->[X[1]*cos(alpha)-X[2] *sin(alpha)+X0[1],
X[1]*sin(alpha)+X[2]*cos(alpha)+X0[2]]:
if a®2>b~2 then
pp:=b~2/a:ee:=sqrt(a~2-b~2)/a:
cc:=sqrt(a~2-b~2):dd:=evalf(a~2/cc):
else

pp:=a~2/b:ee:=sqrt(b~2-a~2)/b:
cc:=sqrt(b~2-a"2):dd:=evalf(b~2/cc):

end if:

if a®2>b~2 then
Fl:=ttr([-cc,0]):F2:=ttr([cc,0]):

else

Fl:=ttr([0,-cc]) :F2:=ttr([0,cc]):

end if:
AA1:=ttr([-a,0]):AA2:=ttr([a,0]):
BB1:=ttr([0,-b]) :BB2:=ttr([0,b]):
AA12:=[AA2[1]-AA1[1],AA2[2]-AAL[2]]:
BB12:=[BB2[1]-BB1[1] ,BB2[2]-BB1[2]]:

if a®2>b~2 then

DD1:=ttr([-dd,0]) :DD2:=ttr([dd,0]):
else

DD1:=ttr([0,-dd]) :DD2:=ttr([0,dd]) :

end if:
#LX:=AnalGeo [Axes0] ([-a,a], [-dd,dd] ,alpha,X0):
#LY:=AnalGeo [Axes0] ([0,0], [-b,b] ,alpha,X0):
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if a®2>b~2 then
LX:=AnalGeo[AxesO] ([-dd,dd], [-b,b] ,alpha,X0):
#LY:=AnalGeo[Axes1] ([-0.2*xBB2[1]+1.2*BB1[1],
-0.2xBB1[1]+1.2%BB2[1]], [-0.2*AA2[1]+1.2*AA1[1],
-0.2xAA1[1]+1.2*%AA2[1]],alpha,X0):

else

LX:=AnalGeo[AxesO] ([-a,al, [-dd,dd],alpha,X0):
#LY:=AnalGeo[Axes1] ([-0.2*xAA2[1]+1.2xAA1[1],
-0.2xAA1[1]+1.2%AA2[1]],[-0.2«BB2[1]+1.2*BB1[1],
-0.2xBB1[1]+1.2xBB2[1]],alpha,X0):

end if:
LY:=AnalGeo[Axes1] ([-dd,dd], [-dd,dd],0,[0,0]):

if a~2>b~2 then
eq2:=(pp,ee,t)->[ppxcos(t)/(1-eexcos(t))-cc,
pp*sin(t)/(1-eexcos(t))]:
dd1:=(t)->[DD1[1]+BB12[1]*t,DD1[2]+BB12[2]*t]:
dd2:=(t)->[DD2[1]+BB12[1]*t,DD2[2]+BB12[2]*t] :
else

eq2:=(pp,ee,t)->[pp*sin(t)/(1-eexcos(t)),
pp*cos(t)/(1-eexcos(t))-ccl:
dd1l:=(t)->[DD1[1]+AA12[1]*t,DD1[2]+AA12[2]*t]:
dd2:=(t)->[DD2[1]+AA12[1]*t,DD2[2]+AA12[2] *t] :

end if:
eq21:=(pp,ee,t,alpha,X0)->ttr(eq2(pp,ee,t)):
ells:=plot([op(eq21(pp,ee,t,alpha,X0)),t=0..2%Pi],
color=cl,thickness=2,scaling=CONSTRAINED,
numpoints=500, axes=normal,scaling=CONSTRAINED) :
gddl:=plot([op(dd1(t)),t=-1/2..1/2],thickness=1,
color=black):

gdd2:=plot ([op(dd2(t)),t=-1/2..1/2] ,thickness=1,
color=black) :

TT:=plots[textplot] ([[F1[1]+0.5,F1[2],"F1"],
[F2[1]+0.5,F2[2],"F2"],

[AA1[1]+0.3,AA1[2],"A1"], [AA2[1]+0.3,AA2[2],"A2"],
[BB1[1]+0.3,BB1[2],"B1"], [BB2[1]-0.3,BB2[2],"B2"],
[DD1[1]+0.4,DD1[2],"d1"], [DD2[1]+0.4,DD2[2],"d2"]],
title="3 1 1 U II C",font=[TIMES,ROMAN, 10],color=c2):
PP:=plots[pointplot] ([F1,F2,AA1,AA2,BB1,BB2,X0,DD1,DD2],
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color=black,symbol=circle,symbolsize=14,color=c2):
plots[display] (LX,LY,ells,gddl,gdd2,TT,PP,scaling=CONSTRAINED) :
end proc:

AnalGeo [Hyp] :=proc(a,b,q,alpha,X0,cl,c2,d)

local pp,ee,t,cc,eq2,eq21,X,ttr,
F1,F2,AA1,AA2,BB1,BB2,DD1,DD2,AA12,
BB12,X0A1,X0A2,X0B1,X0B2,
X_min,x_max,y_min,y_max,l_x,l_y,f,f_k,
TTXY,dd,LX,LY,PP,TT,dd1,dd2,gddl,gdd2,
eql,hypb,eq22,g21,g22,M1,M2,M3,M4,p1,p2,
p3,p4,xtl,xt2,asimpl,asimp2,ppg,PPG,TTit:
ttr:=(X)->[X[1]*cos(alpha)-X[2] *sin(alpha)+
X0[1],X[1]*sin(alpha)+X[2]*cos(alpha)+X0[2]]:
Ml:=ttr([-a,-b]) :M2:=ttr([a,-b]): :M3:=ttr([a,b]):
M4:=ttr([-a,b]l):

ppg:=plots[polygonplot] ([M1,M2,M3,M4],
color=COLOR(RGB,0.75,0.75,0.75) ,scaling=CONSTRAINED) :
PPG:=plots[textplot] ([[M1[1]+0.2,M1[2]+0.2,"M1"],
[M2[1]+0.2,M2[2]+0.2,"M2"],
[M3[1]+0.2,M3[2]+0.2,"M3"],
(M4[1]+0.2,M4[2]+0.2,"M4"]] ,font=[TIMES,ROMAN, 10],
color=c2,scaling=CONSTRAINED) :

if g=1 then

pp:=b~2/a:ee:=sqrt(a~2+b~2)/a:
cc:=sqrt(a~2+b~2):dd:=a"2/cc:

else

pp:=a~2/b:ee:=sqrt(b~2+a~2) /b:
cc:=sqrt(b~2+a~2):dd:=b"2/cc:

end if:

if g=1 then

Fl:=ttr([-cc,0]):F2:=ttr([cc,0]):

else

F1:=ttr([0,-cc]):F2:=ttr([0,cc]):

end 1if:

pl:=ttr([-(1+d)*cc,-cc*xbx(1+d)/al):
p2:=ttr([(1+d) *cc,ccxb*x(1+d) /al):
p3:=ttr([(1+d)*cc,-ccxb*x(1+d)/al):
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p4:=ttr([-(1+d)*cc,ccxb*x(1+d)/al):
xtl:=ttr([ccx(1+d),0]) [1]:
xt2:=ttr([-ccx(1+d),0]) [1]:
asimpl:=plot ([p1[1]1+(p2[1]1-p1[1])*t,
pl[2]+(p2[2]-p1[2])*t,t=0..1],
style=point,symbol=point,color=black,
scaling=CONSTRAINED) :

asimp2:=plot ([p3[1]+(p4[1]-p3[1])*t,
p3[2]+(p4[2]-p3[2])*t,t=0..1],
style=point,symbol=point,color=black,
scaling=CONSTRAINED) :
AAL:=ttr([-a,0]) :AA2:=ttr([a,0]):
BB1:=ttr([0,-b]):BB2:=ttr([0,b]):
AA12:=[AA2[1]-AA1[1],AA2[2]-AAL[2]]:
BB12:=[BB2[1]-BB1[1],BB2[2]-BB1[2]]:
x_min:=min(F1[1] ,F2[1],AA1[1],AA2([1],
BB1[1],BB2[1]):
x_max:=max (F1[1] ,F2[1],AA1[1],AA2[1],
BB1[1],BB2[1]):

1_x:=x_max-x_min:
y_min:=min(F1[2],F2[2],AA1[2],AA2[2],
BB1[2],BB2[2]):

y_max:=max (F1[2] ,F2[2] ,AA1[2] ,AA2[2],
BB1[2],BB2[2]):1_y:=y_max-y_min:
TTXY:=plots[textplot] ([[2*(x_max+1_x*0.1),
-2x(1_y*0.05),"x"], [-2*x(1_x*0.05) ,
2x(1_y*0.1+y_max),"y"]],color=black,
font=[TIMES,ROMAN,10]):

if g=1 then

DD1:=ttr([-dd,0]) :DD2:=ttr([dd,0]):
else

DD1:=ttr([0,-dd]) :DD2:=ttr([0,dd]):
end if:

#/l306paxeHue HOBHX OCeU KOOpPAUHAT

LX:=plot ([(F2[1]-F1[1])*t+F1[1], (F2[2]-F1[2])*t+F1[2],
t=-0.2..1.2],color=black):

if g=1 then

LY:=plot ([(BB2[1]-BB1[1])*t+BB1[1], (BB2[2]-BB1[2])*t+BB1[2],
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t=-1..2],color=black):

else

LY:=plot ([(AA2[1]-AA1[1])*t+AA1[1], (AA2[2]-AA1[2])*t+AAL[2],
t=-1..2],color=black):

end if:
if g=1 then
H o

#InaBHas ocp OX
#YpaBueHusa neBoii(eql) um mpasoii(eq2) BeTBei
#7runepboJitl B IOJAPHHX KOOpPAUHATAX

eql:=(pp,ee,t)->[-pp*cos(t)/(1-ee*xcos(t))-cc,
pp*sin(t)/(1-eexcos(t))]:
eq2:=(pp,ee,t)->[ppxcos(t)/(1-eexcos(t))+cc,
pp*sin(t)/(1-eexcos(t))]:

dd1:=(t)->[DD1[1]+BB12[1]*t,DD1[2]+BB12[2] *t]:
dd2:=(t)->[DD2[1]+BB12[1]*t,DD2[2]+BB12[2]*t]:
else

#lnaBrHas ocp (0Y

#YpaBuenusa Huxzeit(eql) u Bepxueli(eq2) BeTBel
#rumepbosisl B HIOJIAPHHX KOOpIAUHATAX
eql:=(pp,ee,t)->[ppxsin(t)/(1-ee*xcos(t)),
-pp*cos(t)/(1-eexcos(t))-ccl:
eq2:=(pp,ee,t)->[pp*sin(t)/(1-eexcos(t)),
ppxcos(t)/(1-eexcos(t))+cc]:

#YpaBHeHUA OUPEKTPUCC Ijd ciaydas riaBHoir ocu 0Y
dd1:=(t)->[DD1[1]1+AA12[1]*t,DD1[2]+AA12[2]*t]:
dd2:=(t)->[DD2[1]+AA12[1]*t,DD2[2] +AA12[2] *t]:
end if:

#llpeobpas3oBanHEle ypaBHeHUs JeBoi/HuxHel (eq21)
#u mpaBoii/BepxHeii(eq22) BeTBeil runepboI
eq21:=(pp,ee,t,alpha,X0)->ttr(eq2(pp,ee,t)):
eq22:=(pp,ee,t,alpha,X0)->ttr(eql(pp,ee,t)):
f:=evalf(arctan(b/a) ,4):
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if g=1 then

f_k:=evalf (arctan(b*sqrt(cc~2*x(1+d)~2-a"2)/(axcc*d))):
else

f_k:=evalf (arctan(a*xsqrt(cc~2*(1+d)~2-b~2)/(b*cc*xd))):
end 1if:
g21:=plot([op(eq21(pp,ee,t,alpha,X0)),t=f_k..2%Pi-f k],
color=cl,thickness=2,

scaling=CONSTRAINED,

numpoints=500, axes=Normal) :

g22:=plot ([op(eq22(pp,ee,t,alpha,X0)),t=f_k..2*Pi-f_k],
color=cl,thickness=2,

scaling=CONSTRAINED,

numpoints=500, axes=Normal) :

hypb:=plots[display] (g21,g22):

TT:=plots[textplot] ([[F1[1]+0.5,F1[2],"F1"],
[F2[1]+0.5,F2[2],"F2"],

[X0[1]+0.3,X0[2],"01"],
[XO[1]+(AA2[1]-X0[1])*1.2+0.3,X0[2]+(AA2[2]-X0[2])*1.2,"x1"],
[X0[1]1+(BB2[1]-X0[1])*1.2+0.3,X0[2]+
(BB2[2]-X0[2])%1.2+0.3,"y1"],

[AA1[1]+0.3,AA1[2],"A1"], [AA2[1]+0.3,AA2[2],"A2"],
[BB1[1]+0.3,BB1[2],"B1"], [BB2[1]-0.3,BB2[2],"B2"],
(DD1[1]+0.4,DD1[2],"d1"], [DD2[1]+0.4,DD2[2],"d2"]],
title="THUIEPBOJIA" ,font=[TIMES,ROMAN, 10] ,color=c2):
PP:=plots[pointplot] ([F1,F2,AA1,AA2,BB1,BB2,X0,DD1,DD2],
color=black,symbol=circle,symbolsize=14,color=c2):
gddl:=plot([dd1(t) [1],dd1(t) [2],t=-1..1],thickness=1,
color=COLOR(RGB,0,0,0),style=line):

gdd2:=plot ([op(dd2(t)),t=-1..1],thickness=1,
color=COLOR(RGB,0,0,0)):

plots[display] (LX,LY,PP,TT,TTXY, ppg,PPG,
hypb,asimpl,asimp2,gddl,gdd?2,
scaling=CONSTRAINED,labels=["",""]):

#PPG:

#[M1,M2,M3,M4] :

#[x1,y1],ee,cc,tl,t2,f _k:

end proc:

80



I1.4. KowmmbroTepHOe MOJeJIHPOBaHIEe TEOPHH KPHUBBIX BTOPOI'O IMOPSIIKA,

>AnalGeo [Parbol] :=proc(p,q,alpha,X0,cl,c2)
local pp,ee,t,cc,eq,eq21,X,ttr,
F1,01,ells,DD1,BB1,BB2,CC1,CC2,DF,BB12,PP1,PP2,PP3,
PP4,X0A1,X0A2,X0B1,X0B2,
X_min,x_max,y_min,y_max,l_x,l_y,TTXY,dd,LX,LY,PP,TT,
dd1,dd2,gddl,prb,rho:
ttr:=(X)->[X[1]*cos(alpha)-X[2]*sin(alpha)+X0[1],
X[1]*sin(alpha)+X[2]*cos(alpha)+X0[2]]:
dd:=-p/2:

if g=1 then

Fl:=ttr([p/2,0]):

DD1:=ttr([dd,0]):

BB1:=ttr([p,0]):

BB2:=ttr([3/2*p,0]):
CC1l:=ttr([3/2%*p,-sqrt(3)*p]l):
CC2:=ttr([3/2*p,sqrt(3)*pl):
PP1:=ttr([-p/2,-sqrt(3)*pl):
PP2:=ttr([-p/2,sqrt(3)*pl):
PP3:=ttr([0,-sqrt(3)*p]l):
PP4:=ttr([0,sqrt(3)*pl):

else

Fl:=ttr([0,p/2]):

DD1:=ttr([0,dd]):

BB1:=ttr([0,p]):

BB2:=ttr ([0,3/2*p]):
CCl:=ttr([-sqrt(3)*p,3/2*p]l):
CC2:=ttr([sqrt(3)*p,3/2xp]):
PP1:=ttr([-sqrt(3)*p,-p/2]):

PP2:=ttr ([sqrt(3)*p,-p/2]1):
PP3:=ttr([-sqrt(3)*p,0]):
PP4:=ttr([sqrt(3)*p,0]):

end if:

rho:=evalf (sqrt ((CC2[1]-CC1[1])\symbol{94}2+
(CC2[2]-CC1[2])\symbol{94}2)) :

01:=ttr([0,0]):
DF:=[F1[1]-DD1[1],F1[2]-DD1[2]]:
x_min:=min(CC1[1],CC2[1],DD1[1],PP1[1],PP2[1]):
x_max:=max(CC1[1],CC2[1],DD1[1],PP1[1],PP2[1]):
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1_x:=x_max-x_min:
y_min:=min(CC1[2],CC2[2],DD1[2],PP1[2],PP2[2]):
y_max:=max(CC1[2],CC2[2],DD1[2],PP1[2],PP2[2]):
l_y:=y_max-y_min:
TTXY:=plots[textplot] ([ [x_max+l_x*0.01,-1_y*0.05,"x"],
[-1_x*0.05,1_y*0.01+y_max,"y"]],color=black,
font=[TIMES,ROMAN,10] ,align=\{left,above\}):
LX:=plot ([(DD1[1]-BB1[1])*t+DD1[1],
(DD1[2]-BB1[2])*t+DD1[2],t=-1.5..1],
color=black):

LY:=plot([(CC2[1]-CC1[1])*t+01[1],
(cc2[2]-cC1[2])*t+01[2],t=-0.5..0.5],
color=black):

if g=1 then
eq:=(p,t)->[p*xcos(t)/(1-cos(t))+p/2,p*sin(t)/(1-cos(t))]:
dd1l:=(t)->ttr([-p/2,t]):

else
eq:=(p,t)->[p*sin(t)/(1-cos(t)),pxcos(t)/(1-cos(t))+p/2]:
dd1l:=(t)->ttr([t,-p/2]):

end if:

eq21:=(p,t,alpha,X0)->ttr(eq(p,t)):
prb:=plot([op(eq21(p,t,alpha,X0)),
t=Pi/3..2%Pi-Pi/3],color=cl,thickness=2,
scaling=CONSTRAINED,

numpoints=500, axes=normal,scaling=CONSTRAINED) :
gddl:=plot([dd1(t) [1],dd1(t) [2],t=-rho/2..rho/2],
thickness=1,color=black):

if g=1 then

TT:=plots[textplot] ([[F1[1]+0.1,F1[2],"F1"],
(01[1]+0.1,01[2],"01"], [BB2[1]+0.1,BB2[2],"x1"],
[PP4[1]+0.1,PP4[2],"y1"],
[DD1[1]+0.1,DD1[2],"d1"]],title="TIAPABONA",
font=[TIMES,ROMAN,10],color=c2,
align=\{right,above\}): else

TT:=plots[textplot] ([[F1[1]+0.1,F1[2],"F1"],
[01[1]+0.1,01[2],"01"], [BB2[1]+0.1,BB2[2],"x1"],
[PP3[1]+0.1,PP3[2],"y1"],
[DD1[1]1+0.1,DD1[2],"d1"]],title="TIAPABOJIA",
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font=[TIMES,ROMAN,10],color=c2,
align=\{right,above\}): end if:
PP:=plots[pointplot] ([F1,01,X0,DD1],color=black,
symbol=circle,symbolsize=14,

color=c2):

plots[display] (LX,TTXY,LY,prb,gdd1,TT,PP,
scaling=CONSTRAINED) :

#[DD1,dd1(t)]:

#eq2(pp,ee,t):

#eq21(p,t,alpha,X0):

end proc:

>AnalGeo [Axes11] :=proc(X,Y,alpha,X0) local ttr,x_max,
y_max,x_min,y_min,XY,XX,YY,TXT,xx,yy,xx1,
yyl,ddx,ddy,ddd,ii,xgr,ygr:
x_min:=floor (X[1]) :x_max:=ceil (X[2]):
ddx:=x_max-x_min:y_min:=floor(Y[1]):

y_max:=ceil(Y[2]) :ddy:=y_max-y_min:

ddd:=max([ddx,ddy]) :

ttr:=(xx1,yyl) ->[xx1*cos(alpha)-yyl*sin(alpha)+X0[1],
xx1*sin(alpha)+yyl*cos(alpha)+X0[2]]:
XX:=plot([op(ttr(xx1,0)),xx1l=x_min..x_min+ddd],
thickness=1,color=black):
YY:=plot([op(ttr(0,yyl)),yyl=y_min..y_min+ddd],
thickness=1,color=black):
xgr:=plots[display] (plot ([op(ttr(x_min,xx)),xx=0..0.015%ddd],
color=black,thickness=1),
seq(plot([op(ttr(x_min+ii,xx)),xx=0..0.015*%ddd],color=black,
thickness=1),ii=1..ddd)):
ygr:=plots[display] (plot ([op(ttr(xx,y_min)) ,xx=0..0.015%ddd],
color=black,thickness=1),

seq(plot ([op(ttr(xx,y_min+ii)) ,xx=0..0.0156%ddd],color=black,
thickness=1),1i=0..ddd)):

TXT:=plots[textplot] (\{[op(ttr(0.015%ddd,-0.015%ddd)), ‘0],
[op (ttr (X[2],-0.015%ddd)), ‘x‘]1,

Lop(ttr(0.015%ddd,Y[2])), ‘y‘I\},align=\{below,right\}):
plots[display] (XX,YY,xgr,ygr,TXT,axes=NONE, scaling=CONSTRAINED) :
end proc:
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>AnalGeo [Axes01] :=proc(X,Y,cosa,sina,X0)

local ttr,XY,XX,YY,TXT,xx,yy,xx1,yyl,ddx,ddy,ddd:
ttr:=(xx1,yyl) ->[xx1*evalf (cosa)-yyl*evalf (sina)+
X0[1] ,xx1*evalf (sina)+yyl*evalf (cosa)+X0[2]]:
XX:=plot([lop(ttr(xx1,0)),xx1=X[1]..X[2]],thickness=1,color=black):
YY:=plot([lop(ttr(0,yyl)),yyl=Y[1]..Y[2]],thickness=1,color=black):
ddx:=(X[2]-X[1]):

ddy:=(Y[2]-Y[1]):

ddd:=max([ddx,ddy]) :

TXT:=plots[textplot] (\{[op(ttr(0.015*ddd,-0.015%ddd)), ‘01°¢],
[op(ttr(X[2],-0.015%ddd)), ‘x1‘],

Lop(ttr(0.0156%ddd,Y[2])), ‘y1‘]\},align=\{below,right\}):
plots[display] (XX,YY,TXT,axes=NONE, scaling=CONSTRAINED) :

end proc:

>AnalGeo[E111] :=proc(a,b,cosa,sina,X0,cl,c2)
local pp,ee,t,cc,eq2,eq21,X,ttr,
F1,F2,AA1,AA2,BB1,BB2,ells,DD1,DD2,AA12,BB12,01,
X0A1,X0A2,X0B1,X0B2,
dd,LX,LY,PP,TT,dd1,dd2,gddl,gdd2:
ttr:=(X)->[X[1]*cosa-X[2] *sina+X0[1] ,X[1]*sina+
X[2]*cosa+X0[2]]:

if evalf(a~2)>evalf(b~2) then
pp:=b~2/a:ee:=sqrt(a~2-b~2)/a:
cc:=sqrt(a~2-b"2):dd:=a"2/cc:

else

pp:=a~2/b:ee:=sqrt(b~2-a~2)/b:
cc:=sqrt(b~2-a"2):dd:=b"2/cc:

end if:

if evalf(a~2)>evalf(b~2) then
F1l:=ttr([-cc,0]):F2:=ttr([cc,0]):

else

Fl:=ttr([0,-cc]) :F2:=ttr([0,cc]):

end if:

AAL:=ttr([-a,0]) :AA2:=ttr([a,0]):
BB1:=ttr([0,-b]) :BB2:=ttr([0,b]):
01:=ttr([0,0]):
AA12:=[AA2[1]-AA1[1],AA2[2]-AAL[2]]:
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BB12:=[BB2[1]-BB1[1] ,BB2[2]-BB1[2]]:

if evalf(a~2)>evalf(b~2) then

DD1:=ttr([-dd,0]) :DD2:=ttr([dd,0]):

else

DD1:=ttr([0,-dd]) :DD2:=ttr([0,dd]):

end 1if:

if evalf(a~2)>evalf(b~2) then
LX:=AnalGeo[Axes01] ([-dd,dd], [-b,b],cosa,sina,X0):

else

LX:=AnalGeo[Axes01] ([-a,a], [-dd,dd],cosa,sina,X0):
#LY:=AnalGeo[Axes1] ([-0.2%AA2[1]+1.2%AA1[1],-0.2%xAA1[1]+
1.2%AA2[1]],[-0.2+«BB2[1]+1.2%BB1[1],-0.2*BB1[1]+
1.2«BB2[1]],alpha,X0):

end if:

LY:=AnalGeo[Axes11] ([-dd,dd], [-b,b],1,0,[0,0]):

if evalf(a~2)>evalf(b~2) then
eq2:=(pp,ee,t)->[ppxcos(t)/(1-ee*xcos(t))-cc,
pp*sin(t)/(1-ee*xcos(t))]:
dd1:=(t)->[DD1[1]+BB12[1]*t,DD1[2]+BB12[2]*t]:
dd2:=(t)->[DD2[1]+BB12[1]*t,DD2[2]+BB12[2]*t] :

else

eq2:=(pp,ee,t)->[pp*sin(t)/(1-ee*xcos(t)),
pp*cos(t)/(1-eexcos(t))-ccl:
dd1:=(t)->[DD1[1]+AA12[1]*t,DD1[2] +AA12[2] *t]:
dd2:=(t)->[DD2[1]+AA12[1]*t,DD2[2]+AA12[2] *t] :

end if:

eq21:=(pp,ee,t,cosa,sina,X0)->ttr(eq2(pp,ee,t)):
ells:=plot([op(eq21(pp,ee,t,cosa,sina,X0)),t=0..2%Pi],
color=cl,thickness=2,scaling=CONSTRAINED,
numpoints=500,axes=normal,scaling=CONSTRAINED) :
gddl:=plot([op(ddi(t)),t=-1/2..1/2],thickness=1,
color=black) :

gdd2:=plot ([op(dd2(t)),t=-1/2..1/2] ,thickness=1,
color=black) :

TT:=plots[textplot] ([[F1[1],F1[2],"F1"], [F2[1],F2[2],"F2"],
[AA1[1],AA1[2],"A1"], [AA2[1] ,AA2[2],"A2"],[BB1[1],BB1[2],"B1"],
(BB2[1],BB2[2],"B2"], [DD1[1],DD1[2],"d1"], [DD2[1],DD2[2],"d2"]],
title="7? ? ? ? 7 ?",font=[TIMES,ROMAN, 10],color=c2):
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PP:=plots[pointplot] ([F1,F2,AA1,AA2,BB1,BB2,X0,DD1,DD2],
color=black,symbol=circle,symbolsize=14,color=c2):
plots[display] (LX,LY,ells,gddl,gdd2,TT,PP,scaling=CONSTRAINED) :
end proc:

11.4.4 Komanga n3odparkeHusi TuiepooJIbl

>AnalGeo[Axes11] :=proc(X,Y,cosa,sina,X0)

local ttr,x_max,y_max,x_min,y_min,XY,XX,YY,
TXT,xx,yy,xx1,yyl,ddx,ddy,ddd,ii,xgr,ygr:
x_min:=floor(X[1]) :x_max:=ceil (X[2]):
ddx:=x_max-x_min:y_min:=floor(Y[1]):
y_max:=ceil(Y[2]) :ddy:=y_max-y_min:
ddd:=max([ddx,ddy]) :

ttr:=(xx1,yyl) ->[xxl*cosa-yyl*sina+X0[1],
xx1*sinatyyl*cosa+X0[2]]:
XX:=plot([lop(ttr(xx1,0)),xx1l=x_min..x_min+ddd],
thickness=1,color=black):
YY:=plot([op(ttr(0,yyl)),yyl=y_min..y_min+ddd],
thickness=1,color=black):
xgr:=plots[display] (plot ([op(ttr (x_min,xx)),
xx=0..0.015*ddd] , color=black,thickness=1),
seq(plot([op(ttr(x_min+ii,xx)) ,xx=0..0.015%ddd],
color=black,thickness=0),ii=1..ddd)):
ygr:=plots[display] (plot ([op(ttr(xx,y_min)),
xx=0..0.015*ddd] , color=black,thickness=1),
seq(plot([op(ttr(xx,y_min+ii)) ,xx=0..0.015%ddd],
color=black,thickness=0),1ii=0..ddd)):
TXT:=plots[textplot] ({[op(ttr(0.015%ddd,-0.015%ddd)), ‘0¢],
lop(ttr(X[2],-0.015%ddd)), ‘x‘],
Lop(ttr(0.015%ddd,Y[2])), ‘y‘]1},align={below,right}):
plots[display] (XX,YY,xgr,ygr,TXT, axes=NONE,
scaling=CONSTRAINED) :

end proc:

>AnalGeo [Axes01] :=proc(X,Y,cosa,sina,X0)
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local ttr,XY,XX,YY,TXT,xx,yy,xx1,yyl,ddx,ddy,ddd:
ttr:=(xx1,yyl) ->[xx1*evalf (cosa)-yyl*evalf (sina)+X0[1],
xx1*evalf (sina)+yyl*evalf (cosa)+X0[2]]:
XX:=plot([lop(ttr(xx1,0)),xx1=X[1]..X[2]],thickness=1,
color=black) :
YY:=plot([lop(ttr(0,yyl)),yyl=Y[1]..Y[2]],thickness=1,
color=black) :

ddx:=(X[2]-X[1]) :ddy:=(Y[2]-Y[1]):

ddd:=max([ddx,ddy]) :

TXT:=plots[textplot] ({[op(ttr(0.015%ddd,-0.015%ddd)), ‘01‘],
[op(ttr(X[2],-0.015%ddd)), ‘x1‘],
Lop(ttr(0.015%ddd,Y[2])), ‘y1‘]1},align={below,right}):
plots[display] (XX,YY,TXT,axes=NONE, scaling=CONSTRAINED) :
end proc:

>AnalGeo [Hyp1l] :=proc(a,b,q,cosa,sina,X0,cl,c2,d)
local pp,ee,t,cc,eq2,eq21,X,xx,ttr,F1,F2,AAL,
AA2,BB1,BB2,DD1,DD2,AA12,BB12,X0A1,X0A2,X0B1,X0B2,
x_min,x_max,y_min,y_max,l_x,1_y,f,f_k,TTXY,dd,
coord0O,coordl,PP,TT,dd1,dd2,gdd1l,gdd2,
eql,hypb,eq22,g21,g22 ,M1,M2,M3,M4,asimpl,
asimp2,ppg,PPG,TTit:
ttr:=(X)->[X[1]*cosa-X[2]*sina+X0[1],X[1]*
sina+X[2]*cosa+X0[2]]:

M1:=ttr([-a,-bl): M2:=ttr([a,-b]l): M3:=ttr([a,b]):
M4:=ttr([-a,b]l):

ppg:=plots[polygonplot] ([M1,M2,M3,M4],
color=COLOR(RGB,0.75,0.75,0.75) ,scaling=CONSTRAINED) :
PPG:=plots[textplot] ([[M1[1]+0.2,M1[2]+0.2,"M1"],
[M2[1]+0.2,M2[2]+0.2,"M2"],
[M3[1]+0.2,M3[2]+0.2,"M3"],
[M4[1]+0.2,M4[2]+0.2,"M4"]] ,font=[TIMES,ROMAN, 10],
color=c2,scaling=CONSTRAINED) :

if g=1 then

pp:=b~2/a:ee:=sqrt(a~2+b"~2)/a:
cc:=sqrt(a~2+b~2):dd:=a"2/cc:

else

pp:=a~2/b:ee:=sqrt(b~2+a~2)/b:
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cc:=sqrt(b~2+a~2):dd:=b"2/cc:

end if:

if g=1 then

Fl:=ttr([-cc,0]) :F2:=ttr([cc,0]):

else

Fl1:=ttr([0,-cc]):F2:=ttr([0,cc]):

end if:

if g=1 then

asimpl:=plot ([op(ttr([xx,b*xx/al)) ,xx=-(1+d)*cc..(1+d)*cc],
style=point,symbol=point,color=black,scaling=CONSTRAINED) :
asimp2:=plot ([lop(ttr([xx,-b*xx/al)) ,xx=-(1+d)*cc..(1+d)*cc],
style=point,symbol=point,color=black,scaling=CONSTRAINED) :
else

asimpl:=plot ([op(ttr([a/b*xx,xx])) ,xx=-(1+d)*cc..(1+d)*cc],
style=point,symbol=point,color=black,scaling=CONSTRAINED) :
asimp2:=plot ([op(ttr([-a/b*xx,xx])) ,xx=-(1+d)*cc..(1+d)*cc],
style=point,symbol=point,color=black,scaling=CONSTRAINED) :
end if:

AALl:=ttr([-a,0]):

AA2:=ttr([a,0]):

BB1:=ttr([0,-b]):

BB2:=ttr([0,b]):

AA12:=[AA2[1]-AA1[1] ,AA2[2]-AAL[2]]:
BB12:=[BB2[1]-BB1[1],BB2[2]-BB1[2]]:
x_min:=min(F1[1],F2[1],AA1[1],AA2([1],BB1[1],BB2[1]):
x_max:=max(F1[1] ,F2[1],AA1[1],AA2[1],BB1[1],BB2[1]):
1_x:=x_max-x_min:
y_min:=min(F1[2],F2[2],AA1[2],AA2[2],BB1[2],BB2[2]):
y_max:=max (F1[2],F2[2],AA1[2],AA2[2],BB1[2],BB2[2]):
l_y:=y_max-y_min:

if g=1 then

DD1:=ttr([-dd,0]):

DD2:=ttr([dd,0]):

else

DD1:=ttr([0,-dd]):

DD2:=ttr([0,dd]):

end if:

#/l30bpaxeHue HOBHX OCell KOOpPAWHAT
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if g=1 then
coordl:=AnalGeo[Axes11] ([-(1+d)*cc, (1+d)*cc], [-b/axccx(1+d),
b/axcc*x(1+d)],1,0,[0,0]):

coord0:=AnalGeo [Axes01] ([-(1+d)*cc, (1+d)*cc], [-b/a*xcc*x(1+d) ,
b/a*ccx(1+d)],cosa,sina,X0):

#LY:=plot ([(BB2[1]-BB1[1])*t+BB1[1], (BB2[2]-BB1[2])*t+BB1[2],
t=-1..2],color=black):

else

coordl:=AnalGeo[Axes11] ([-a/bxccx(1+d),a/b*ccx(1+d)],

[-(1+d) *cc, (1+d) *cc],1,0,[0,0]):
coord0:=AnalGeo [Axes01] ([-a/b*ccx(1+d) ,a/b*cc*x(1+d)],

[- (1+d) *cc, (1+d) *cc],cosa,sina,X0):

#LY:=plot ([(AA2[1]-AA1[1])*t+AAL1[1], (AA2[2]-AA1[2])*t+AAL[2],
t=-1..2],color=black):

end if:
#LX:=AnalGeo[Axes11] ([-(1+4d)*cc, (1+d) *cc], [-b,b],0,[0,0]):

if g=1 then

#I'naBrasa ocp 0X
#YpaBueHus neBoii(eql) um npasoii(eq2) BeTBeil rumepboiE B
#IIONAPHEX KOOPAUHATAX

eql:=(pp,ee,t)->[-pp*cos(t)/(1-ee*xcos(t))-cc,
pp*sin(t)/(1-ee*xcos(t))]:
eq2:=(pp,ee,t)->[ppxcos(t)/(1-eexcos(t))+cc,
pp*sin(t)/(1-eexcos(t))]:

#YpaBHeHUA OUPEKTPUCC Ind ciaydasd riaaBHOM ocu O0X
dd1:=(t)->[DD1[1]1+BB12[1]*t ,DD1[2]+BB12[2]*t] :
dd2:=(t)->[DD2[1]+BB12[1]*t,DD2[2]+BB12[2] *t]:
else

#I'naBrasa ocp 0Y
#YpaBueHus Huxuel(eql) um BepxHei(eq2)
#BeTBell runepbosbl B INOJAPHBX KOOPIUHATAX

eql:=(pp,ee,t)->[pp*sin(t)/(1-eexcos(t)),
-pp*cos(t)/(1-ee*xcos(t))-ccl:
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eq2:=(pp,ee,t)->[pp*sin(t)/(1-eexcos(t)),
pp*xcos(t)/(1-eexcos(t))+cc]:

dd1:=(t)->[DD1[1]+AA12[1]*t,DD1[2]+AA12[2]*t]:
dd2:=(t)->[DD2[1]+AA12[1]*t,DD2[2]+AA12[2] *t]:

#

end 1if:

#llpeobpas3oBanHEe ypaBHeHU: JeBoi/Huxuel(eq2l) u
#npaBoii/BepxHueit(eq22) BeTBelt rumepboI
eq21:=(pp,ee,t,cosa,sina,X0)->ttr(eq2(pp,ee,t)):
eq22:=(pp,ee,t,cosa,sina,X0)->ttr(eql(pp,ee,t)):
f:=evalf(arctan(b/a) ,4):

if g=1 then

f_k:=evalf (arctan(b*sqrt(cc~2*x(1+d)~2-a"2)/(axcc*d))):
else

f_k:=evalf (arctan(a*sqrt(cc~2x(1+d) ~2-b~2)/ (b*cc*d)) ) :
end if:
g21:=plot([op(eq21(pp,ee,t,cosa,sina,X0)),t=f_k..2«Pi-f_k],
color=cl,thickness=2,

scaling=CONSTRAINED,

numpoints=500,axes=Normal) :
g22:=plot([op(eq22(pp,ee,t,cosa,sina,X0)),t=f_k..2%Pi-f_Kk],
color=cl,thickness=2,

scaling=CONSTRAINED,

numpoints=500, axes=Normal) :

hypb:=plots[display] (g21,g22):

TT:=plots[textplot] ([[F1[1]+0.5,F1[2],"F1"],
[F2[1]+0.5,F2[2] ,"F2"],

[AA1[1]+0.3,AA1[2],"A1"], [AA2[1]+0.3,AA2[2],"A2"],
(BB1[1]+0.3,BB1[2],"B1"], [BB2[1]-0.3,BB2[2],"B2"],
(DD1([1]+0.4,DD1[2],"d1"], [DD2[1]+0.4,DD2[2],"d2"]],
title="TUIEPBOJIA",font=[TIMES,ROMAN, 10] ,color=c2):
PP:=plots[pointplot] ([F1,F2,AA1,AA2,BB1,BB2,X0,DD1,DD2],
color=black,symbol=circle,symbolsize=14,color=c2):
gddl:=plot([dd1(t) [1],dd1(t) [2],t=-1..1],thickness=1,
color=COLOR(RGB,0,0,0),style=1line):
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gdd2:=plot ([op(dd2(t)),t=-1..1],thickness=1,
color=COLOR(RGB,0,0,0)):
plots[display] (coord0, coordl,PP,TT, ppg,PPG,hypb,
asimpl,asimp2,gddl,gdd2,

scaling=CONSTRAINED) :

end proc:

Komana m3o6pazkenns: ocu

>AnalGeo [Axes11] :=proc(X,Y,cosa,sina,X0)

local ttr,x_max,y_max,x_min,y_min,XY,XX,YY,TXT,
XX,yy,xx1,yyl,ddx,ddy,ddd,ii,xgr,ygr,x_end,y_end:
x_min:=floor(X[1]) :x_max:=ceil (X[2]):
ddx:=x_max-x_min:y_min:=floor(Y[1]):
y_max:=ceil(Y[2]) :ddy:=y_max-y_min:
ddd:=max([ddx,ddy]) :ttr:=(xx1,yyl)->
[xx1*cosa-yyl*sina+X0[1] ,xx1*sina+yyl*cosa+X0[2]]:
XX:=plot([lop(ttr(xx1,0)),xx1l=x_min..x_min+ddd],
thickness=1,color=black):
YY:=plot([op(ttr(0,yyl)),yyl=y_min..y_min+ddd],
thickness=1,color=black):
xgr:=plots[display] (plot ([op(ttr (x_min,xx)),
xx=0..0.015%ddd] ,color=black,thickness=1),

seq(plot ([op(ttr(x_min+ii,xx)),xx=0..0.015%ddd],
color=black,thickness=0),ii=1..ddd)):
ygr:=plots[display] (plot ([op(ttr(xx,y_min)),
xx=0..0.015%ddd] ,color=black,thickness=1),

seq(plot ([op(ttr(xx,y_min+ii)) ,xx=0..0.015%ddd],
color=black,thickness=0),1i=0..ddd)):
x_end:=x_min+ddd:y_end:=y_min+ddd:
TXT:=plots[textplot] ({ [op(ttr(0.015*%ddd,-0.015%ddd)), ‘0],
[op(ttr(x_end,-0.02xddd)), ‘x‘],
Lop(ttr(0.05%ddd,y_end)), ‘y‘1},align={below,right}):
plots[display] (XX,YY,xgr,ygr,TXT,axes=NONE, scaling=CONSTRAINED) :
end proc:

>AnalGeo [Axes01] :=proc(X,Y,cosa,sina,X0)
local ttr,XY,XX,YY,TXT,xx,yy,xx1,yyl,ddx,ddy,ddd:
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ttr:=(xx1,yyl)->[xx1*evalf (cosa)-yyl*evalf (sina)+X0[1],

xx1*evalf (sina)+yyl*evalf (cosa)+X0[2]]:
XX:=plot([lop(ttr(xx1,0)),xx1=X[1]..X[2]],thickness=1,color=black):
YY:=plot ([op(ttr(0,yyl)),yy1=Y[1]..Y[2]],thickness=1,color=black):
ddx:=(X[2]-X[11):

ddy:=(Y[2]-Y[1]):

ddd:=max([ddx,ddy]) :
TXT:=plots[textplot] ({ [op(ttr(0.015%ddd,-0.015%ddd)), ‘01°¢],
lop(ttr(X[2],-0.0156%ddd)), ‘x1],

Lop(ttr(0.015%ddd,Y[2])), ‘y1‘]},align={below,right}):
plots[display] (XX,YY,TXT,axes=NONE, scaling=CONSTRAINED) :

end proc:

Komana n3obpazkenusi mapaboJibl

>AnalGeo [Parboll] :=proc(p,q,cosa,sina,X0,cl,c2)

local pp,ee,t,cc,eq,eq21,X,ttr,F1,01,ells,
DD1,BB1,BB2,CC1,CC2,DF,BB12,PP1,PP2,PP3,PP4,X0A1,X0A2,X0B1,X0B2,
dd, coord0O,coordl,PP,TT,dd1,dd2,gddl,prb,rho:
ttr:=(X)->[X[1]*cosa-X[2] *sina+X0[1] ,X[1]*sina+X[2]*cosa+X0[2]]:
dd:=-p/2:

if g=1 then

Fl:=ttr([p/2,0]):DD1:=ttr([dd,0]):

BB1:=ttr([p,0]) :BB2:=ttr([3/2%p,0]):
CC1l:=ttr([3/2%p,-sqrt(3)*p]) :CC2:=ttr([3/2*p,sqrt(3)*p]l):
PP1:=ttr([-p/2,-sqrt(3)*p]l) :PP2:=ttr([-p/2,sqrt(3)*pl):
PP3:=ttr([0,-sqrt(3)*pl) :PP4:=ttr([0,sqrt(3)*pl):

else

Fi:=ttr([0,p/2]):DD1:=ttr([0,dd]):

BB1:=ttr([0,p]) :BB2:=ttr([0,3/2*p]):
CCl:=ttr([-sqrt(3)*p,3/2*p]) :CC2:=ttr([sqrt(3)*p,3/2*p]):
PP1:=ttr([-sqrt(3)*p,-p/2]) :PP2:=ttr([sqrt(3)*p,-p/2]):
PP3:=ttr([-sqrt(3)*p,0]) :PP4:=ttr([sqrt(3)*p,0]):

end if:

rho:=evalf (sqrt ((CC2[1]-CC1[1])~2+(CC2[2]-CC1[2])~2)):
01:=ttr([0,0]):

DF:=[F1[1]-DD1[1],F1[2]-DD1[2]]:

if p>=0 then
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coordl:=AnalGeo[Axes11] ([-3/2*p,3/2*p],
[-sqrt(3)*p,sqrt(3)*p]l,1,0,[0,0]):
coord0:=AnalGeo [Axes01] ([-3/2*p,3/2xp],
[-sqrt(3)*p,sqrt(3)*pl,cosa,sina,X0):

else

coordl:=AnalGeo [Axes11] ([3/2*p,-3/2*p],
[sqrt(3)*p,-sqrt(3)*pl,1,0,[0,0]):

coord0:=AnalGeo[Axes01] ([3/2xp,-3/2*p],

[sqrt (3) *p,-sqrt(3)*p],cosa,sina,X0):

end 1if:

#LX:=plot ([(DD1[1]-BB1[1])*t+DD1[1],

(DD1[2]-BB1[2])*t+DD1[2] ,t=-1.5..1],color=black):

if g=1 then
eq:=(p,t)->[p*cos(t)/(1-cos(t))+p/2,p*sin(t)/(1-cos(t))]:
dd1l:=(t)->ttr([-p/2,t]):

else

eq:=(p,t)->[p*sin(t)/(1-cos(t)),pxcos(t)/(1-cos(t))+p/2]:
ddil:=(t)->ttr([t,-p/2]):

end if:

eq21l:=(p,t,cosa,sina,X0)->ttr(eq(p,t)):
prb:=plot([lop(eq21(p,t,cosa,sina,X0)),t=Pi/3..2%xPi-Pi/3],
color=cl,thickness=2,scaling=CONSTRAINED,
numpoints=500,axes=normal,scaling=CONSTRAINED) :
gddl:=plot([dd1(t) [1],dd1(t) [2],t=-rho/2..rho/2],
thickness=1,color=black):

if g=1 then

TT:=plots [textplot] ([[F1[1]+0.1,F1[2],"F1"],
[DD1[1]+0.1,DD1[2],"d1"]],title="TIAPABOJIA",font=[TIMES,ROMAN, 10],
color=c2,align={right,above}): else

TT:=plots[textplot] ([[F1[1]+0.1,F1[2],"F1"],
[(DD1[1]+0.1,DD1[2],"d1"]],title="TIAPABOJIA",font=[TIMES,ROMAN, 10],
color=c2,align={right,above}): end if:

PP:=plots[pointplot] ([F1,01,X0,DD1],color=black,symbol=circle,
symbolsize=14,color=c2):

plots[display] (coordl,coord0,prb,gddl,TT,PP,scaling=CONSTRAINED) :
end proc:

Komania n3o6pazkenue nepecekalonmuxcs MpsiMbIX
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>AnalGeo [CrossDirl] :=proc(a,b,cosa,sina,X0,cl,c2)
local X,t,Eql,Eq2,ttr,Eql_1,Eq2_1,gdl,gd2,M1_1,
M1_2,M2_1,M2_2,X_min,X_max,Y_min,Y_max,CRD,CRD1,TT:
ttr:=(X)->[X[1] *cosa-X[2]*sina+X0[1],X[1]*sina+X[2]*cosa+X0[2]]:
Eql:=(a,b,t)->[b*xt,a*xt]: Eq2:=(a,b,t)->[bxt,-axt]:
Eql_1:=(a,b,t,cosa,sina,X0)->ttr(Eql(a,b,t)):
Eq2_1:=(a,b,t,cosa,sina,X0) ->ttr(Eq2(a,b,t)):
M1_1:=Eql_1(a,b,-1,cosa,sina,X0):
M1_2:=Eql_1(a,b,1,cosa,sina,X0):
M2_1:=Eq2_1(a,b,-1,cosa,sina,X0):
M2_2:=Eq2_1(a,b,1,cosa,sina,X0):

X_min:=min(0,X0[1] ,M1_1[1],M1_2[1],M2_1[1],M2_2[1]):
X_max:=max(0,X0[1] ,M1_1[1],M1_2[1],M2_1[1],M2_2[1]):
Y_min:=min(0,X0[2] ,M1_1[2] ,M1_2[2],M2_1[2],M2_2[2]):
Y_max:=max(0,X0[2] ,M1_1[2],M1_2[2],M2_1[2],M2_2[2]):
CRD:=AnalGeo[Axes11] ([X_min,X_max], [Y_min,Y_max],1,0,[0,0]):
CRD1:=AnalGeo[Axes01] ([X_min-XO0[1],X_max-X0[1]], [Y_min-X0[2],
Y_max-X0[2]],cosa,sina,X0):
gdl:=(a,b,cosa,sina,X0)->plot([op(Eql_1(a,b,t,cosa,sina,X0)),
t=-1..1],color=cl,thickness=1):
gd2:=(a,b,cosa,sina,X0)->plot([op(Eg2_1(a,b,t,cosa,sina,X0)),
t=-1..1],color=c2,thickness=1):

TT:=plots [textplot] ([[M1_1[1],M1_1[2],"d1"],
[M2_1[1],M2_1[2],"d2"]],

title="TAPA NEPECEKAKRNLUXCSH TOPJMEH X",
font=[TIMES,ROMAN, 10],color=c2,align=above) :

plots[display] (gdi(a,b,cosa,sina,X0),
gd2(a,b,cosa,sina,X0),CRD,CRD1,TT) :

end proc:

Komania m306pazkenust mapasiieIbHbIX TPAMbIX

>AnalGeo[ParalDirl] :=proc(a,cosa,sina,X0,x,cl,c2)
local X,t,Eql,Eq2,ttr,Eql_1,Eq2_1,gdl,gd2,M1_1,
M1_2,M2_1,M2_2,X_min,X_max,Y_min,Y_max,CRD,CRD1,TT:
ttr:=(X)->[X[1]*cosa-X[2] *sina+X0[1] ,X[1]*sina+X[2]*cosa+X0[2]]:
if x=1 then

Eql:=(a,t)->[t,al: Eq2:=(a,t)->[t,-al:
Eql_1:=(a,t,cosa,sina,X0)->ttr(Eql(a,t)):
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Eq2_1:=(a,t,cosa,sina,X0)->ttr(Eq2(a,t)):
M1_1:=Eql_1(a,-1,cosa,sina,X0):
M1_2:=Eql_1(a,1,cosa,sina,X0):
M2_1:=Eq2_1(a,-1,cosa,sina,X0):
M2_2:=Eq2_1(a,1,cosa,sina,X0):

else

Eql:=(a,t)->[a,t]: Eg2:=(a,t)->[-a,t]:
Eql_1:=(a,t,cosa,sina,X0)->ttr(Eql(a,t)):
Eq2_1:=(a,t,cosa,sina,X0)->ttr(Eq2(a,t)):
M1_1:=Eql_1(-1,a,cosa,sina,X0):
M1_2:=Eql_1(1,a,cosa,sina,X0):
M2_1:=Eq2_1(-1,a,cosa,sina,X0):
M2_2:=Eq2_1(1,a,cosa,sina,X0):

end if:

X_min:=min(0,X0[1] ,M1_1[1],M1_2[1],M2_1[1],M2_2[1]):
X_max:=max(0,X0[1] ,M1_1[1],M1_2[1],M2_1[1],M2_2[1]):
Y_min:=min(0,X0[2],M1_1[2],M1_2[2],M2_1[2],M2_2[2]):
Y_max:=max(0,X0[2] ,M1_1[2],M1_2[2],M2_1[2],M2_2[2]):
CRD:=AnalGeo[Axes11] ([X_min,X_max], [Y_min,Y_max],1,0,[0,0]):
CRD1:=AnalGeo[Axes01] ([X_min-X0[1],X_max-X0[1]], [Y_min-X0[2],
Y_max-X0[2]],cosa,sina,X0):
gdl:=(a,cosa,sina,X0)->plot([op(Eql_1(a,t,cosa,sina,X0)),
t=-1..1],thickness=1,color=cl):
gd2:=(a,cosa,sina,X0)->plot([op(Eq2_1(a,t,cosa,sina,X0)),
t=-1..1] ,thickness=1,color=c2):

TT:=plots[textplot] ([[M1_1[1],M1_1[2],"d1"],
[M2_1[1],M2_1[2],"d2"]],

title="l APA NMAPAJITEIBHHX OPAdMEHX",
font=[TIMES,ROMAN, 10],color=c2,align=above) :
plots[display] (gdl(a,cosa,sina,X0),
gd2(a,cosa,sina,X0),CRD,CRD1,TT):

end proc:

Komamnna nzobpaxenne Toukn (X=0,Y=0)

>AnalGeo [Point1] :=proc(cosa,sina,X0,cl)

local X,ttr,X_min,X_max,Y_min,Y_max,CRD,CRD1,gp:
ttr:=(X)->[X[1]*cosa-X[2]*sina+X0[1] ,X[1]*sina+X[2]*cosa+X0[2]]:
if X0[1]<>0 and X0[2]<>0 then
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X_min:=min(0,X0[1],-X0[1]):

X_max:=max(0,X0[1],-X0[1],1):

Y_min:=min(0,X0[2],-X0[2]):

Y_max:=max(0,X0[2],-X0[2],1):

elif

X0[1]=0 and X0[2]<>0 then
X_min:=-1:X_max:=1:Y_min:=min(0,X0[2],-X0[2]):
Y_max:=max(0,X0[2],-X0[2],1):

elif

X0[1]1<>0 and X0[2]=0 then

X_min:=min(0,-1,X0[1],-X0[1]):

X_max:=max(0,X0[1],-X0[1],1):

Y_min:=min(0,-1,X0[2],-X0[2]) :Y_max:=max(0,X0[2],-X0[2],1):
elif

X0[1]=0 and X0[2]=0 then

X_min:=-1:

X_max:=1:

Y_min:=-1:Y_max:=1:

end if:
CRD:=AnalGeo[Axes11] ([X_min,X_max], [Y_min,Y_max],1,0,[0,0]):
CRD1:=AnalGeo[Axes01] ([X_min,X_max], [Y_min,Y_max], cosa,sina,X0):
gp:=plots[pointplot] (X0, color=cl,symbol=circle,symbolsize=16,
title="T 0 Y K A (X=0,Y=0)",font=[TIMES,ROMAN,10],color=cl):
plots[display] (CRD,CRD1,gp) :

end proc:

Komania m3006pazkeHusi mycToro MHOXKECTBa,

>AnalGeo[nullSet] :=proc(cosa,sina,X0,c1)local CRD,CRD1:
CRD:=AnalGeo[Axes11] ([-1,1],[-1,1],1,0,[0,0]):
CRD1:=AnalGeo[Axes01] ([-1,1],[-1,1],cosa,sina,X0):
plots[display] (CRD,CRD1,title="IIYCTOE MHOXECTBO",
font=[TIMES,ROMAN,10]):

end proc:
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I1.4.5 Omnpenenenne Ko3dPUIIMEHTOB 00ITIETO ypaBHEHUA BTOPOTO I10-
psJIKa HA TJIOCKOCTU

>AnalGeo [Coeffs2] :=proc(Eq,X)

local Q,xx,yy,a_11,a_12,a_22,AA,b_1,b_2,cc,dd,02,LQ,BB:
Q:=1hs(Eq):

xx:=X[1]:yy:=X[2]:
a_1l:=coeff(Q,xx"2):a_22:=coeff(Q,yy~2):
dd:=1/2%coeff (Q,yy) :a_12:=coeff(dd,xx):
AA:=Matrix([[a_11,a_12],[a_12,a_22]1]):
Q2:=a_11x*xxx"2+2*%a_12*xxx*yy+a_22*%yy~2:
LQ:=simplify(Q-Q2):
b_1:=coeff (LQ,xx) :b_2:=coeff (LQ,yy):
BB:=Vector([b_1,b_2]):

cc:=simplify (LQ-b_1*xx-b_2%yy):
[AA,BB,cc]:

end proc:

I1.4.6 IIpeobpa3oBaHme KBaJIPHUKH C IMIOMOINbIO JABU>KEHUS

>AnalGeo [Trans2] :=proc(Eq,X,X1,s,p)

local xx,yy,xx1,yy1,Q,AA,BB,cc,a_11,a_12,a_22,b_1,b_2,Q2,LQ,LQ1,TR1,
Q21,aa_11,aa_12,aa_22,AA_11,AA_12 ,AA_22,BB_1,BB_2:

xx:=X[1] :yy:=X[2] :xx1:=X1[1] :yy1l:=X1[2]:

Q:=1hs(Eq) : AA:=AnalGeo[Coeffs2] (Eq,X) [1]:

BB:=AnalGeo [Coeffs2] (Eq,X) [2]:

cc:=AnalGeo [Coeffs2] (Eq,X) [3]:
a_11:=AA[1,1]:a_12:=AA[1,2]:a_22:=AA[2,2]:b_1:=BB[1]:b_2:=BB[2]:
Q2:=a_11x*xxx"2+2*xa_12*xxx*yy+a_22*yy~2:

LQ:=b_1l*xxx+b_2x*yy:

TR1:=(s,p) ->{xx=xx1*cos(s) -pxyyl*sin(s) ,yy=xx1*sin(s)+p*yyl*cos(s)}:
Q21:=(s,p)->collect(collect (subs(TR1(s,p),Q2) ,xx1),yyl"2):
AA_11:=(s,p)->coeff(Q21(s,p),xx1"2):
AA_12:=(s,p)->simplify(1/2*coeff (coeff(Q21(s,p),yyl) ,xx1)):
AA_22:=(s,p)->coeff(Q21(s,p),yyl~2):
LQ1l:=(s,p)->collect(collect(subs(TR1(s,p),LQ) ,xx1),yyl):
AA:=(s,p)->Matrix([[AA_11(s,p),AA_12(s,p)], [AA_12(s,p) ,AA_22(s,p)]1]):
BB_1:=(s,p)->simplify(coeff(LQ1(s,p),xx1)):
BB_2:=(s,p)->simplify(coeff(LQ1(s,p),yyl)):
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BB:=(s,p)->[BB_1(s,p),BB_2(s,p)]:
[AA(s,p) ,BB(s,p),ccl:
end proc:

11.4.7 Omnpenenenne sin 1 cos yrjia IIOBOPOTAa

>AnalGeo [Angle2] :=proc(Eq,X,s)

local Q,xx,yy,dd,a_11,a_12,a_22,AA,b_1,b_2,cc,Q2,LQ,BB,sss:
Q:=1hs(Eq):

xx:=X[1]:yy:=X[2]:

dd:=1/2*coeff (Q,yy):
a_1l:=coeff(Q,xx"2):a_22:=coeff(Q,yy~2):a_12:=coeff(dd,xx):
if a_12<>0 then
sss:=[cos(s)=1/sqrt(2)*sqrt(1+abs(a_11-a_22)
/sqrt((a_11-a_22)~2+4%a_12"2)),
sin(s)=sign((a_11-a_22)*a_12)/sqrt(2)*
sqrt(1-abs(a_11-a_22)/sqrt((a_11-a_22)"2+4*a_12"2))]:

elif a_12=0 then

sss:=[cos(s)=1,sin(s)=0]:

end if:

sss:

end proc:

>AnalGeo[Trans3] :=proc(Eq,X,X1,s):
simplify(combine (subs(\{op(AnalGeo[Angle2] (Eq,X,s)),p=1\},
AnalGeo[Trans?2] (Eq,X,X1,s,p)))) :end proc:

I1.4.8 Kanonuveckue ypaBHeHUS (pUTYPHI

>AnalGeo [CanonF] :=proc(Eq,X,X1,s)

local TR3,QQ2,LQ1,lambdal,lambda2,bl,
b2,cl1,c2,Ang,cosa,sina,QQ3,ttr,xx,yy,xx1,yyl, txt,
EqF,GF,aa,bb,aaal,bbbl,aa2,bb2,aaf,bbf,cosaf,sinaf,
pp,ppf,txtt,cc,cc2,ee,dd,acc,x0,y0,AAA:
TR3:=AnalGeo[Trans3] (Eq,X,X1,s):

QQ2:=TR3[1] :LQ1:=TR3[2]:c1:=TR3[3]:
lambdal:=QQ2[1,1] :1lambda2:=QQ2[2,2] :
b1l:=LQ1[1]:b2:=LQ1[2]:
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Ang:=AnalGeo [Angle2] (Eq,X,s):
cosa:=rhs(Ang[1]) :sina:=rhs(Ang[2]):
xx:=X[1] :yy:=X[2] :xx1:=X1[1] :yy1l:=X1[2]:

c2:=simplify(combine(c1-b1~2/(4*1lambdal)-b2~2/(4*lambda2))) :
QQ3:=lambdal*X1[1]~2+lambda2*X1[2] ~2+c2:
ttr:=[xx=xx1*cosa-yyl*sina-simplify(combine(bl/(2*lambdal))),
yy=xx1l*sinat+yyl*cosa-simplify(combine(b2/(2*lambda2)))]:
x0:=-simplify(combine(bl/(2*lambdal))):
yO:=simplify(combine (b2/(2*1lambda2))):

Hommmmmmme - ciydall HeHyJeBHXx lambda

if evalf(lambdal*lambda2)<0 and c2=0

then txt:=print("llapa mepecexawmuxcs IPsSMbX") :
EqF:=lambdal*X1[1]~2+lambda2*X1[2]~2=0:
aa:=NULL:bb:=NULL:cc:=NULL:ee:=NULL:

dd:=NULL:pp:=NULL:

aaal:=sqrt(abs(lambdal)):

bbb1l:=sqrt (abs(lambda2)) :

GF:=AnalGeo[CrossDirl] (aaal,bbbl,cosa,sina, [x0,y0],red,blue):
elif evalf(lambdal*lambda2)<0 and evalf(lambdal*c2)<0
then

aa:=simplify(sqrt(abs(c2/lambdal))) :
bb:=simplify(sqrt(abs(c2/lambda2))):
EqQF:=X1[1]"2/aa~2-X1[2]~2/bb"2=1:

txt:=print ("Tunepbona c rmaBHO# ockb 0X"):
cc:=simplify(sqrt(aa~2+bb~2)):

ee:=simplify(cc/aa):

dd:=simplify(aa/ee):

pp:=NULL:

GF :=AnalGeo[Hypl] (aa,bb,1,cosa,sina, [x0,y0] ,red,blue,0.5):
elif evalf(lambdal*lambda2<0) and evalf (lambdal*c2)>0
then

aa:=simplify(sqrt(abs(c2/lambdal))):
bb:=simplify(sqrt(abs(c2/lambda2))) :
EqF:=-X1[1]"2/aa~2+X1[2]~2/bb~2=1:

txt:=print ("Tunepbona c rmaBHO# ockb 0Y"):

99



I'masa II. MoxgenupoBanue o6bekToB Bbiciueii marematuku B MAPLE

cc:=simplify(sqrt(aa~2+bb~2)):

ee:=simplify(cc/aa):

dd:=simplify(sqrt(aa/ee)):

pp:=NULL:

GF :=AnalGeo[Hyp1] (aa,bb,-1,cosa,sina, [x0,y0] ,red,blue,0.5):
elif evalf(lambdal*lambda2)>0 and c2=0 then

aa:=NULL:bb:=NULL:cc:=NULL:ee:=NULL:dd:=NULL:pp:=NULL:
GF:=AnalGeo[Point1] (cosa,sina, [x0,y0],red):

elif evalf(lambdal*lambda2)>0 and evalf (lambdal*c2)<0
then

aa2:=evalf (abs(c2/lambdal)):

bb2:=evalf (abs(c2/lambda2)) :
cc2:=simplify(aa~2-bb~2):

aa:=sqrt(abs(c2/lambdal)):
bb:=sqrt(abs(c2/lambda2)) :

aaf :=evalf (aa) :bbf:=evalf (bb):
cc:=simplify(sqrt(aa~2-bb~2)):

ee:=simplify(cc/aa):

dd:=simplify(aa/ee):

pp:=NULL:

EqF:=X1[1]"2/aa~2+X1[2]~2/bb"2=1:

if evalf(aa~2)>evalf(bb~2) then

txt:=print ("9manmunc ¢ riaBHOK ocbio 0X"):

else txt:=print("9mmunc c rmaBeO# ockib 0Y"):
cc:=simplify(sqrt(bb~2-aa~2)):

ee:=simplify(cc/aa):

dd:=simplify(aa/ee):

pp:=NULL:

end if:

GF:=AnalGeo[El11l1] (aa,bb,cosa,sina, [x0,y0] ,blue,red):

Fommm - KOHelI] IIoAcay4Yasd HeHyJeBHX lambda
elif evalf(lambdal)=0 and evalf(lambda2)<>0 then
c2:=simplify(combine(c1-b2"2/(4*1lambda2))):

if b1=0 then
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QQ3:=lambda2*X1[2] ~2+c2:
ttr:=[xx=xx1*cosa-yyl*sina,yy=xxl*sina+yyl*cosa+
simplify(combine (b2/(2*1lambda2)))]:

x0:=0:

yO:=simplify(combine (b2/(2x1lambda2))):

if evalf(c2*lambda2)>0 then txt:=

print ("llycToe MHOXecTBO"):
aa:=NULL:bb:=NULL:cc:=NULL:ee:=NULL:
dd:=NULL:pp:=NULL:EqF:=NULL:
GF:=AnalGeo[nullSet] (cosa,sina, [x0,y0] ,red):

elif evalf(c2xlambda2)<0 then txt:=

print ("[lapa mapasyenbHHX OpPsIMEX') :
aa:=NULL:bb:=NULL:cc:=NULL:ee:=NULL:dd:=NULL:pp:=NULL:
aaal:=sqrt(-c2/lambda?) :

EqF:=[X1[2]=sqrt(-c2/lambda?2) ,X1[2]=-sqrt(-c2/lambda2)] :
GF:=AnalGeo[ParalDirl] (aaal,cosa,sina, [x0,y0],1,blue,red) :end if:
##konen ciuyvad bl1=0----------------
elif evalf(bl)<>0 then

QQ3:=bl*xx1+lambda2x*yyl1~2:

x0:=simplify(combine(c2/b1)):
yO:=simplify(combine(b2/(2*lambda2))) :
ttr:=[xx=xx1*cosa-yyl*sina+x0,yy=xxl*sina+yyl*cosa+y0]:
txt:=print ("Mlapabona c rnaBHO# ocwkho 0X1"):
aa:=NULL:bb:=NULL:cc:=NULL:ee:=1:

pp:=-bl/(2*lambda2) :dd:=-pp/2:
EqF:=X1[2]~2=-b1*X1[1]/lambda2:

GF :=AnalGeo[Parboll] (pp,1,cosa,sina, [x0,y0] ,blue,red):
end if:

elif evalf(lambdal)<>0 and evalf(lambda2)=0 then
c2:=simplify(combine(c1-b1~2/(4*1lambdal))):

if b2=0 then

QQ3:=lambdal*X1[1]~2+c2:
ttr:=[xx=xx1*cosa-yyl*sina-simplify(combine(bl/(2%lambdal))),
yy=xx1*sina+yyl*cosa]l:
x0:=-simplify(combine(bl/(2*lambdal))):
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y0:=0:

if evalf(c2xlambdal)>0 then txt:=print("llycToe MHOXecTBO"):
aa:=NULL:bb:=NULL:cc:=NULL:ee:=NULL:dd:=NULL:pp:=NULL:

EqF :=NULL:

GF:=AnalGeo[nullSet] (cosa,sina, [x0,y0] ,red):

elif evalf(c2*lambdal)<0 then txt:=print("llapa mapanizenbHEX IPAMHX") :
aaal:=sqrt(-c2/lambdal) :

EqF:=[X1[1]=sqrt(-c2/lambdal) ,X1[1]=-sqrt(-c2/lambdal)]:
GF:=AnalGeo[ParalDirl] (aaal,cosa,sina, [x0,y0],2,blue,red):
end 1if:

elif evalf(b2)<>0 then

QQ3:=b2*yyl+lambdal*xx1~2:
ttr:=[xx=xx1*cosa-yyl*sina+simplify(combine(bl/(2*lambdal))),
yy=xxl*sina+yyl*cosa+

simplify(combine(c2/b2))]:
x0:=simplify(combine(bl/(2*lambdal))):
y0:=simplify(combine(c2/b2)):

txt:=print ("Mapabona c rmnaBHO# ocwkb 0Y1"):

aa:=NULL:bb:=NULL:

ee:=1:pp:=-b2/(2*lambdal) :

ppf :=evalf (-b2/(2*1lambdal)):

dd:=-pp/2:cc:=NULL:

EqF:=X1[1]~2=-b2%X1[2] /lambdal:

GF :=AnalGeo[Parboll] (ppf,-1,cosa,sina, [x0,y0],blue,red):

end if:

end 1if:

AAA:=array(1..8,1..3,sparse):

AAA[1,1] :=[1lambda[1],lambdal2]]:

AAAT1,2] :==“:AAA[1,3] :=[1lambdal,lambda?] :
AAA[2,1] :=‘YpaBuenue‘ :AAA[2,2] :=¢:¢:

AAA[2,3] :=EqF:AAA[3,1]:=‘x"¢:

AAA[3,2] :==“:AAA[3,3] :=rhs(ttr[1]):
AAAT4,1]:=“y> ‘1 AAA[4,2] :=‘=¢:

AAA[4,3] :=rhs(ttr[2]) :AAA[5,1] :=[c,epsilon,d]:
AAA[5,2] :=‘=“:AAA[5,3] :=[cc,ee,dd] :
AAA[6,1]:=[‘a‘, ‘b, ‘p‘]:AAA[6,2] :=‘=¢:
AAA[6,3] :=[aa,bb,pp] :AAA[7,1] :=[cos(alpha),sin(alpha)]:

102



I1.4. KowmmbroTepHOe MOJeJIHPOBaHIEe TEOPHH KPHUBBIX BTOPOI'O IMOPSIIKA,

AAA[T7,2] :==“:AAA[7,3] :=[cosa,sina] :
AAA[8,1] :=[x[0],y[0]]:AAA[8,2] :=“=":
AAA[8,3]:=[x0,y0] :print (AAA) ,GF:

end proc:

11.4.9 Ilpumepnl

> AnalGeo [CanonF] (4*x~2+\
> 9%y~2-32%x-54*%y+109=0, [x,y], [xi,etal ,alpha);

ox"
[ D = [4,9] _
YpaBHeHuE c1/9€82 +1/4n2 =1
z’ = E+4
Y = 341
(¢, €, d] = [v/5,1/35,9/5/5]
[a, b, p] = 3,2]
[cos () ,sin ()] = [1,0]
[0, o] - 4, =3 1

> AnalGeo [CanonF] (4xx~2-25%y~2-24*x+50%y-\
> 89=0, [x,y], [xi,eta] ,alpha);
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Ve

o0Xx"
D] - 4, 23]
VpaBHeHHuE 1/256* —1/4n* =1
' = §+3
y' = L+7
¢, €,d] = [v29,1/5v29,2

[a, b, p] = 15,2]

[cos () ,sin (a)] = [1,0]
i [0, o] - 3, —1]

> AnalGeo [CanonF] (x~2-6*x*y+9%y~2-2%x+\

>  6xy-3=0, [x,y], [xi,etal] ,alpha);

2
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e 0. 10]
YpaBHeHUE : [n=1/5v10,7 = —1/5/10]
r’ = 3/106V2v/5 —1/10 V25
y' = 1/10£v2V5 +3/101 V25 + 1/10 /10
[, €, d] = [
wbs - u
[cos (o) ,sin (a)] = [3/10/2v/5,1/10 v/2v/5]
i [0, Yo] = 0,1/10/10]

MAPATNNAPAITJIEJIBRHBX IIPAMEB X
=

> QQQ19:=x*y+2xx-y-2=0;
Q19 ‘= xy+2x—y—2=0

> AnalGeo [CanonF] (QQQ19, [x,y], [xi,eta] ,alpha);

2
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D] - 1/2,-1/2)
YpaBHeHue : 1/262—-1/2n*=0
' = 1/26v/2—-1/20V2 —1/22
y' = 1/26V2+1/2nv2—3/2V/2
[, €, d] = [
abp] - n
[cos (), sin (a)] = [1/21/2,1/2/2]
[0, yo] = [~1/2v/2,3/2V?2]

IAPAINEPECEKANONMHEXCAIPAMEB X
o

xd

=

> QQQ20:=x"2+4xy~2=0;
QQQ20 = z* +4y* =0

> AnalGeo [CanonF] (QQQ20, [x,y], [xi,eta] ,alpha);
(X =0,Y = 0)"
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[ (A1, Aa] = [1,4] ]
YpaBHeHue . EqF
z’ = £
Y =
[, €, d] =
[a, b, p] =
[cos (), sin ()] = [1,0]
[0, Yo = [0,0] |

> AnalGeo[CanonF] (x~2+9%y~2+3=0, [x,y], [xi,etal ,alpha);

(A1, Ao] = (1,9]
YpaBHeHHe : EqF
- ¢
Yy = n
[e,€,d] = e, ee, dd]
[a, b, p] = [aa, bb, pp]
cos(a),sin(@)] = [1,0
[0, Yol = [0,0]
GF

> qqqqql :=9*x"2-3*x*xy+4*xy~2-54*x-32*y+109=0;
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qqqqql = 92> —3xy+4y* —5dx — 32y +109 =0
> AnalGeo [CanonF] (9%x~2-3*x*y+4*y~2-54%x-32%y+\
> 109=0, [x,y], [xi,etal] ,alpha);

OY//
A1, A2 = [13/2 +1/2/34,13/2 — 1/2/34]
Ypapuerue : (751 + 3335 V34) € + ({55 — 3533 V34) ° =11
- 271/578+85 /34—161/578—85 /34
z’ = & EV2VI1156 4170 V34 + g5 nv/2V/1156 — 170v/34 + 1/17 e
_ 16 /578+85 /34-+27 \/578—85 /34
y' = —5EV2V1156 — 170 V34 + 551 V/2V/1156 + 170 /34 — 1/17 e
¢, €,d] = [£ V1261/34,1/45 V/34/151/26 4 2 /34, & v??isiy4]
7b7 - 2/15 1891 18915
0,5, 2/ /+r 2/15 0|
cos (a) , sin (a = i\f\/1156—|—170 ——\[\/1156—170\/374
(55 68
20, o] _ /17 2 /578485 /34—16 1/578—85 /31 /1718 /578485 v/34+27 \/578—85 \/ﬂ}

13++v34 —13+v34

SAAHIC
-

> qqql :=5%x"2+4*xky+8*xy~2+8*x+14*y+5=0;
qqql = 52* +4ay+8y* +8x+14y+5=0

> qQqqqq:=5*x"2-10*x*y+9*xy~2+2*x-45=0;
qqqqq = 52> — 102y + 99> + 22 —45=0
> AnalGeo[CanonF] (qqqqq, [x,y], [xi,eta] ,alpha);
OX//
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i (A1, A2 = [7—\/277+\ﬁ]
YpaBnerne : (506 — s00 V29) € + (09 + g05 V29) * =1
= 1 _ 1 — 1 1/1682+116/29
a’ 55§ V2V841 + 58 V29 — 551 V2841 — 58 /29 + 55 Yo
- 1682—116 /29
Y = V2 841—58\/E+§n\/§\/841+58 29+5—1BT
eed = [3V202929,1/10V2Y29VEVT - Va9, - VITL/
b - 3/10 —505_ 3/10 505
.5, 2) 3/ V729’ / vqiii]
[cos (a) ,sin (a)] = [25 V2V/841 + 58 /29, & v/21/841 — 58 v/29)
(20, v0] _ L V1682411629 1 1/1682—116 \/E]
L 0, Yo 58 _74v29 0 38 74vD

>  evalf (45%x29~(1/2));
242.3324163

> qql5:=25%x"2+16%y~2-40*x-400=0;
qql5 = 252 +16y* — 402 — 400 =0

> AnalGeo[CanonF] (qq15, [x,y], [xi,etal ,alpha);
OY//
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Do - 25,1
YpaBHeHUe : £%§§2%-1/267f =1
' = E+4/5
Y = 1
[c, €, d] = [3/51/26,3/4, 1% v/26]
[a, b, p] = [4/5v26,v26]
[cos (), sin (a)] = [1,0]
i [0, Yol - [4/5,0]

> AnalGeo [CanonF] (5xx~2+4*x*y+\
> 8*y~2+8xx+14xy+5=0, [x,y], [xi,eta],alpha);

OXI/
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D - 4,9]
YpaBHeHUE : %§§2-+11n2:: 1
x’ = 1/56+/2V1041/101v/2v/10 — 1/20/5
% = —1/106V/2vV10+1/57v2v/10 — 2/5/5
[c, €, d] = [1/4+/5,1/3V/5, 2 /5]
aby - 3/4,1/2
[cos (a) ,sin (a)] = [1/5+/2v/10, —1/10v/21/10]
i [0, Yo] = [~1/20v/5,2/5 /5]

SAJAHIIC
=

> Q981 :=9*%x"2-6*xx*y-16*y~2-14=0;
qq81 = 92> —6ay — 169> —14 =0

> AnalGeo[CanonF] (qq81, [x,y], [xi,etal ,alpha);
OX//
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THIOEPEOJLA
%,

> qQqQqQqq:=3*x"2+5*x*y-y~2-4*x-8%y=0;
4999qq = 32> +5zy —y? —4dx —8y =0

> AnalGeo[CanonF] (qqqqqq, [x,y], [xi,etal] ,alpha);
OY”

THIIEPEOJLA

[Ipumep u3 yuebnuka ['ycak A.A. ¢.80
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> QQ5:=x*y-2*x-y+6=0;
QRS = xy—2x—y+6=0

> AnalGeo[CanonF] (QQ5, [x,y], [xi,etal ,alpha);

oYy"”
(A1, Ao = [1/2,-1/2]
YpaBHeHue : —1/8¢%+1/8n* =1
z = 1/26V2—1/20V2+3/2V/2
Y/ = 1/26V2+1/2nV2+1/2V2
ced - 4,V2,V3
Wb - 23,2V3
[cos () ,sin (a)] = [1/2V/2,1/2/2]
[0, o] = 3/2v2,-1/2?2]

> QQ6:=x"2+y " 2+4*x*xy-8*xx-4*xy+1=0;
QQ6 = 2* +day+y* —8x—4y+1=0

> AnalGeo[CanonF] (QQ6, [x,y], [xi,etal ,alpha);
OXI/
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(A1, Ag] = 3, —1]
YpaBHeHue £2-1/3n=1
x! = 1/26V2—-1/2nV2+ V2
y' = 1/26V2+1/2nV2+ V2
¢, €,d] = 2,2,1/2]
[a, b, p] = 1,V3]
[cos () ,sin (a)] = [1/2V/2,1/2/2]
I [0, Yol = V2, —V2]

> QQ6:=4*%x"2-4xx*xy+y~2-2%x-14*xy+7=0;
QQ6 = 42> —day+y* — 22— 14y +7=0

> AnalGeo[CanonF] (QQ6, [x,y], [xi,etal ,alpha);

oy1”
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(A1, Aol = [5,0]
YpaBHeHUe : €2 =6/5+/5m

z = 1/56v2V10+1/10nv2V10+1/55
% = —1/106v2vV10+1/57v2v/10 - 1/5/5

[, €,d] = [1,—3/10 /5]

la, b, p] = [3/5 /5]

[cos () ,sin (a)] = [1/5+/2v/10, —1/10 v/21/10]
[0, Yo] = [1/5v/5,~1/5/5]

> ql:=x"2-6*xx*xy+9*y~2-2*x+6%y-3=0;
ql = 2> —6a2y+9y*—22+6y—3=0

> Zaml1222:=AnalGeo[Angle2] (q1, [x,y],alpha);

Zam1222 = [cos (o) = 3/10V2V/5,sin () = 1/10 v2V/3]

\

AnalGeo [CanonF] (x~2-6*x*y+\
O%xy~2-2%x+6*xy-3=0, [x,y], [xi,etal ,alpha);

2

\%
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e 0. 10]
YpaBHeHUE : [n=1/5v10,7 = —1/5/10]
r’ = 3/106V2v/5 —1/10 V25
y' = 1/10£v2V5 +3/101 V25 + 1/10 /10
[, €, d] = [
wbs - u
[cos (o) ,sin (a)] = [3/10/2v/5,1/10 v/2v/5]
i [0, Yo] = 0,1/10/10]

MAPATNNAPAITJIEJIBRHBX IIPAMEB X
=

> QQQ19:=x*y+2xx-y-2=0;
Q19 ‘= xy+2x—y—2=0

> AnalGeo [CanonF] (QQQ19, [x,y], [xi,eta] ,alpha);

2
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D] - 1/2,-1/2)
YpaBHeHue : 1/262—-1/2n*=0
' = 1/26v/2—-1/20V2 —1/22
y' = 1/26V2+1/2nv2—3/2V/2
[, €, d] = [
abp] - n
[cos (), sin (a)] = [1/21/2,1/2/2]
[0, yo] = [~1/2v/2,3/2V?2]

IAPAINEPECEKANONMHEXCAIPAMEB X
o

xd

=

> QQQ22:=x"2+2*x-6*y+7=0;
QRQO22 = 2> +22x—6y+T7=0

> AnalGeo[CanonF] (QQQ22, [x,y], [xi,eta] ,alpha);
oY1
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(A1, Ag] = [LO] ]
YpaBHeHUE £ =67
T’ = ¢£+1
Y = —1+
e, €,d] = [1,-3/2]
[a, b, p] = B3
[cos (a) ,sin ()] = [1,0]
[0, 0] = (L -1

_ ITAPABOJLA
o

EE »d

xd

>

>

QQQ23: =y 2+3%x+7=0;

QQQ23 == y*+3x+7=0

o0Xx1"
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I1.4. KowmmbroTepHOe MOJeJIHPOBaHIEe TEOPHH KPHUBBIX BTOPOI'O IMOPSIIKA,

i (A1, Ao = [0,1]
YpaBHeHUE : n?= -3¢
z’ = £+47/3
Y = U
¢, €,d] = [1,3/4]
[a, b, p] = [=3/2]
[cos (o) ,sin ()] = [1,0]
s [0, Yol = [7/3,0]

> QQ7:=x"2+2*x-6*xy+7=0;
QQ7 = > +2x—6y+7=0

> AnalGeo[CanonF] (QQ7, [x,y], [xi,etal ,alpha);
oY1
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[ [A1, Ag] - [1,0] ]

YpaBHeHUE . 2 =61

T’ = ¢£+1

Y = —1+
e, €,d] = [1,-3/2]

[a, b, p] = [3]

[cos (a) ,sin ()] = [1,0]

[0, 0] = [1,-1]

_ ITAPABOJLA
o

EE »d

o4 xd

>  QQQ233:=25%x"2-120%x*y+144*y~2-T8*x+10%*y-8=0;
QQQ233 = 25x* — 1202y + 1449y* — 718x 4+ 10y —8 =10

> AnalGeo [CanonF] (QQQ233, [x,y], [xi,eta] ,alpha);
ox1”
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[ (A1, Ao = [0, 169] ]
YpaBHeHUE : n2::§%%
z’ = B~ 37+ tome
Y - Bf*‘gﬁ*‘%&
[c, €, d] - 1, - ﬁil]
[a,bp] = [3157)
[cos (a) ,sin ()] = 5 3]
[0, Yol - [iﬁgﬁéﬁ%%%] -

[IAPABOILA
=

> (233 :=x"2+2*xx+6*y-2=0;
Q233 == 2> +2x+6y—2=0

> AnalGeo [CanonF] (Q233, [x,y], [xi,etal ,alpha);
oY1
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[ (A1, Ag] - [1,0] 7
YpaBHeHUE : &= -6
z’ = ¢£+1
y' = —1/2+4n
¢, €,d] = [1,3/2]
[a, b, p] = [=3]
[cos (o) ,sin ()] = [1,0]
! [0, Yol = [1,-1/2] |

_ [MAPABOJIA
oE

> AnalGeo[E11](3,4,Pi/6,[2,1],blue,red);
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2IITHIIC

¥

> AnalGeo[El11](4,3,Pi/6,[2,1],blue,red);

D2IAJAHIIC

> AnalGeo [CanonF] (4*xx~2+\
> 9%y~2-40%x+36%y+100=0, [x,y], [xi,etal] ,alpha);

OXI/
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B = 4,9] _
YpaBHeHuE L 1/982+1/4n2 =1
z’ = £+ 5
y' = —2+7
c, e, d] = [v5,1/3+/5,9/5/5]
la, b, p] = 3,2]
[cos () ,sin (a)] = [1,0]
i [0, o] - [5,2] 1

D2IAIAHIIC

N

> save(AnalGeo,"Geom.m"):

I1.5 Co3panue mnporeaypbl MHTErpUpoBaHUA C rpadude-
CKIM COIPOBOXKJIeHIEM

B kuure B.IL. /psikonosa [80] mpusejeH mpuMep aHUMAINE TPOIELYPHI TIPH-
OJIN?KEHHOI'0 BBIUMCJICHUSI OIIPeJIe/IeHHONO MHTerpaJia dacTHoro Buja. Mbl pac-
CMOTPUM HHUKE MHOIOIIAPAMETPHIECKYIO POy PY, TO3BOJIAIONLYIO JIeMOHCTPH-
pPOBATh BBIYHC/IEHUE OIIPEJIEJIeHHOIO MHTerpaJja OT INPOU3BOJIbHON (DYHKIIMH Ha
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I1.5. Cosznanne nporerypbl HHTEIPUPOBAHHUS ¢ TPDAPUIECKHM COIMPOBOXKICHUEM

IIPOU3BOJILHOM OTPE3Ke C IIPOM3BOJIbLHBIM UKCJIOM pas3ouenns N.

I1.5.1 Bprunciienne nHTErpaJbHON cymMmbl Jlapoy

[Hoakrounm 6udanoreky Maple student:

> restart:
> with(student):

Onpenenm mHTErpaabHYI0 cyMMY apOy /1s1 Ipon3BOJILHOM 1T0Ka, (DYyHKIINN
¢ oMotk koMan s middlesum sroit 6ubmoTeKN:

> Sigma:=(n,f,x,a,b)->middlesum(f,x=a..b,n);

(b—a) Y f

Y = (n,f,x,a,b) —
> Sigma(n,x"3,x,0,1);

. 3
OM»—'
N
_|_
—_
\
[\D

EhﬂqMQHMM,HaHpMMEp,HpeﬂenCymmﬂﬂ,ﬂap6y'np71—%»oo:

>Limit(Sigma(n,sin(x)/x,x,0,2%Pi),
n=infinity)=1limit(Sigma(n,sin(x)/x,x,0,2*Pi),
n=infinity);

lim 27721/2sm( ’“/2) )n(i+1/2)_17r_1n_1 = Si(2n)

n—oo

Borancimm TEIlEpb TOYHOE 3HA4YCHNE COOTBETCTBYIOMICI'O OIIpEACJIEHHOI'O MH-

TerpaJias:
2

sin &
dx -
T

0

> int(sin(x)/x,x=0..2*P1i);
Si(2m)

Taxkum 00pazoM, ToOUHOE 3HaUYeHHe nHTerpasta pasuo Si(27), rae Si(z) —
uHTerpabHbli cuayc. C nomoribio koMan bl middlebox 6ubmoTekn student
1300pas3nuM Terephb MPOIECC NTEPAINN COOTBETCTBYIOIIEr0 HHTEIPaJIa METOI0M
PSIMOYTOJIBHIKOB IIPH pas3bueHnn orpeska Ha 20 paBHBIX dacTeii:
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> middlebox(sin(x)/x,x=0..2%Pi,20);

2.<

NERAN
S

Puc.I1.18 Busyasmzamumss nHTerpajbHOH CyM-
mbl apby mist pyrkimn sin(x)/x Ha orpeske
0, 27] mpu N = 20.

I1.5.2 Anumanusa mporeaypbl BLIUUCIEHUS OIIPeaeJIEHHOTO NHTEerpa-
Ja

Cosnaum mporietypy urepaiuii yukunu f(x) Ha orpeske [a, b], pasbusas ero
Ha N 4YacTell MeTOJOM IPAMOYTOJbHUKOB, IPUYEM BBICOTY MPAMOYTOJLHUKOB
olpejiesIsieT JeBoe 3HadeHne (YHKINN Ha KaxKJ0M 13 NHTEPBaJIOB:

>AA:=(f,x,a,b,n,d)->
middlebox(f,x=a..b,n,title=d,titlefont=[TIMES,BOLD,14]):
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I1.5. Cosznanne nporerypbl HHTEIPUPOBAHHUS ¢ TPDAPUIECKHM COIMPOBOXKICHUEM

[IpuBenem npumep:
> AA(sin(x)/x,x,0,2%Pi,10, ‘Pucynox) ;

Pucynor

of |\
06 \\

D T T T T T T
. 7 3n k Sm 3n 7A’f
1 3 3 :

FE
. L~

SE]
I\.Jl,_-|

-
\*’|=\

Puc.I1.19 Busyasmzaiuss naTErpaJjbHON CyM-
mbl apOy sist pyrknun sin(x)/x Ha orpeske
0,27] mpu N = 10 ¢ BbIBoJOM Ha3BaHUS pH-
cyHka «Prcyrnoks.

Komania middlesum BeIYUCISIET CPEIHIO CYMMY JIJIsl 38/ 1aHHOI0 pa30ueHns,
KOTOpasi allllpOKCUMUPYET OIpeJIe/IeHHBIII MHTerpaJl OT 3aJlaHHOil (DYHKIIUKM Ha
38JJaHHOM IIPOMEXKYTKeE:

> LS:=(f,x,a,b,n)->middlesum(f,x=a..b,n);
> LS(f,x,a,b,n);

n—1
LS = U}x¢ubﬂwk+(b_%U3:iof
(b—a)>i) f
n
> evalf(LS(sin(x)/x,x,0,2*Pi,5));

evalf (LS(sin(x)/x,x,0,2%Pi,10));
> evalf(LS(sin(x)/x,x,0,2%Pi,100));

\%
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1.407258804
1.415507839
1.418125394

- TaKuM 00pa30oM, MblI BCe TOUHEe U TOUYHee OYIeM BBIUNC/ISATH yKa3aHHBIN
HHTerpaJs, yBeJnduBast 9ucjo n. Kouseprupyem Ternepb MOJyIeHHYIO0 BeJIHINHY
UHTerpa/bHOIl CYMMBbI B CTPOKOBYIO IIePEMEHHYIO JIJIsI €€ JUHAMUIECKOI'O OTOD-
pakeHUsI B HA3BAHNN PUCYHKA ¥ CO3IaIMM KOMAHIy Kajpa anumarun, Cadr:

> LSN:=(f,x,a,b,n)->convert (evalf (LS(f,x,a,b,n)),string);

LSN = (f,xz,a,b,n) — “(b—1.%a)/n* Sum(f,i=0.n—1)"
> LSN(sin(x)/x,x,0,2%Pi,10);
“1.415507839"

> Cadr:=(f,x,a,b,n)->AA(f,x,a,b,n,LSN(f,x,a,b,n));
> Cadr(sin(x)/x,x,0,2%Pi,12);

[TokazkeM HpuMep IpUMEHEHHs 3TOi IIPOLeIyPhl JIJIs YKa3aHHO# cyMmMbl dap-
Oy Ipu pa3dMeHn OTpe3Ka Ha 12 MHTEepPBaJIOB:

1.416321137

031 \
SRR

0 " T T T
Poror AfE| E BpT
X \ /
-02
Puc.I1.20 IIpumenenne IIPOIIEJIY Dbl

Cadr(sin(x)/x,x,0,2*Pi,12).
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I1.5. Cosznanne nporerypbl HHTEIPUPOBAHHUS ¢ TPDAPUIECKHM COIMPOBOXKICHUEM

Coza/iuM oC/Ie/10BaTE/IbHOCTD ¢ MOMOIIBIO KOMAH/Ibl Seq 9TUX MHTerpaJib-
HBIX CYMM, 33J[aB B KadecTBe 3aroJI0OBKa 3HAYEHHEe dTOI CyMMbI IPU 3aJIaHHOM
qucJie pa3oueHnii:

> S:=(f,x,a,b,N)->seq(Cadr(f,x,a,b,n),n=1..N);

n CO3JaduM OKOHYaTE/IbHO aHMMalMIO IIPOLECCa BbIYMCJ/IIEHUA OIIPEae/ICHHO-

b
ro MHTerpaJia: J'::b/ifdx pu JieJIeHN TPOMeKyTKa WHTerpupoBannsd Ha N
a

yacTel:

> GS:=(f,x,a,b,N)->plots[display] (S(f,x,a,b,N),insequence=true):

11.5.3 Ilpumepnl

1. Beruucanm mHTErpaJ

/ %Sinx(w)dx (I1.47)

JleJIeHeM TIpoMerKyTKa uHTerpuposannsd Ha 100 gacTteii:

> Int(sin(x)/x,x = 0 .. 2*Pi)=int(sin(x)/x,x = 0 .. 2*Pi);

/O%Sin () 40 = i (2m)

X

Ero HpI/I6JH/I}KeHHOe SHA4Y€HUEC PaBHO:

> Int(sin(x)/x,x = 0 .. 2*Pi)=evalf(int(sin(x)/x,x = 0 .. 2*Pi));

27 .
/ SIN(T) 1 418151576
0 X

> GS(sin(x)/x,x,0,2%Pi,100);

129



I'maBa II. MozgemnpoBanne obbekToB Boicineii MmaremMatuku B MAPLE

1.417556611

oo || IN
A

04

0z

m|;|
%)
el
A
=
()
=
=
(%)
=

e
|
]

i
=

-02

Puc.I1.21 21-ii kajgp aHuManuu 1porecca BbI-
qucsenns unrerpasa (11.47).

2. Bprunciaum mHTErpaJi

3
j[ ° —42* +x — 1dr (I1.48)
~1
pasbuBasi MpoMexKyToK mHTerpupoBanus Ha 100 gacreii: Ero Tounoe 3navyeHune
paBHO:
> Int(x"3-4*x"2+x-1,x = -1 .. 3)=int(x~3-4*x"2+x-1,x = -1 .. 3);
’ 3 2 52
/a:—&c+x—wx:——
. 3
1 TPUOJINKEHHOE -
> Int(x~3-4*xx"2+x-1,x = -1 .. 3)=evalf(int(x~3-4*x"2+x-1,x = -1
. 3));

3
/ 22 —42% + 1 — 1dr = —17.33333333
—1
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I1.6. Cosmanne nporieaypbl aHIMAIIHH BbIYHCICHHS IPEJEa CYyMMBI

> GS(x"3-4*x~2+x-1,x%,-1,3,100);

_1732812500

Puc.I1.22 32-ii kagp annmvarnum mporecca BbI-
qucstennst narerpaja (11.48).

II.6 Co3pganue nporieaypbl AaHUMAINA BbIYNCJIEHUS IIpe/ie-
JiIa CyMMBbI

Coza M pore/ypy BbIYUCICHI YACTUIHOM CyMMBI PSIJIA I Jisi
IIPOU3BOJILHOI ITOKa MOCJEI0BATEIBHOCTH

f(n)c momormpio mporeayper PartSum:

> AnimLimit[PartSum]:=proc(f,i,n) local F:
> F:=(k)->subs(i=k,f): sum(F(k),k=1..n):end proc:

IIpoBepum feiicTBHe MPOIELYPHI:
> AnimLimit[PartSum] ((-1)~1i,1,101);
—1
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Beraucmmm Ternepb ¢ MOMOIIBIO OJIYIEHHO TPOIe Iy phl IpeIel
[I0CJICIOBATEILHOCTH:

> Limit(AnimLimit[PartSum] (1/i~2,i,n),

> n=infinity)=limit(AnimLimit[PartSum] (1/i~2,i,n),n=infinity);

2 7T2

: T

lim —V(l,n+1)+—=—
loroBopumcst gaJiee rpaduieck 0ToOparkaTh YaCTUIHYIO0 CyMMY 1l IIEPBBIX
YJICHOB PgJia C MOMOIIBIO IIPAMOYTOJbHUKA €JIMHUYIHOIO OCHOBAaHUS, BBICOTOI,
paBHOII, 9TOI1 YACTUYHOI cyMMe, U MO3UIIMOHUPOBAHHBIM KOOP/IMHATOI 1 Ha ocH

adcrmcc. CozaauM JuarpaMMy 9acTUYHBIX CYMM psija oT n=1 10 n=N:

>AnimLimit [GraphSum] :=proc(f,i,n0,N,c) local
F,k,n,Sn,Sgn,j,S,S0,5G,Sj:
F:=(k)->subs(i=k,f) :Sn:=(n0,n) ->evalf (sum(F (k) ,k=n0..n)):
S:=(n0)->evalf (1imit(Sn(n0,n) ,n=infinity)):
S0:=(n0)->1imit (sum(F (k) ,k=n0..n) ,n=infinity):
SG:=plot ([t,S(n0),t=n0..N],color=red,thickness=2):
#Sj:=evalf (subs(n=N,Sn)):
Sgn:=seq(plots[polygonplot] ([[j,0],[j+1,0],
#[j+1,evalf (subs(n=j,Sn))],

#[j,subs(n=j,Sn)]

[j+1,Sn(n0,j)], [j,Sn(n0,j)]1],color=c,
titlefont=[TIMES,ROMAN, 14] ,title=

convert ([n=N,Sn(n0,N),Lim=S0(n0)],string)
),j=n0..N):

plots[display] (Sgn,SG):

end proc:

CozmaM aHUMAIIMOHHYIO MPOIEYPY, MPEIBAPUTEBHO BbIBE/S MHMOpPMAa-
IIUIO O IIPEJICTaBJIEHHOM IIPOIlecce, a 3aTeM co3jaBasl 110C/Ie/J0BATeJIbHOCTh BCEX
Ka/IpOB aHUMAINN 1 00be TS UX B Ipotierype display ¢ ornmnumeii insequence=true:
AnimLimit [AnimSum] :=proc(f,i,n0,N1,c) local N,F,k,prtext:
F:=(k)->subs(i=k,f):
prtext:=print (‘llpomecc BHUKCIEHUS Npemeyia CYMMH®,

Sum(F (k) ,k=n0. .infinity)=sum(F (k) ,k=n0..infinity)):
prtext,

plots[display] (seq(AnimLimit [GraphSum] (f,i,n0,N,c),
N=n0+1..N1),insequence=true):

end proc:

V V.V V V V V V
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I1.7. Coszmanne nporeypbl aHUMAIIHMA BBITHCICHHUS TIPEJEIa MOCIET0BATEIBHOCTH

> save(AnimLimit, ‘AnimLimit.m¢);

I1.7 Co3panue nporieaypbl AaHUMAINNT BbIYNCJIEHUS IIpe/ie-
JIa I10CJIeJOBATEJIbHOCTHI

[Iycrs f(n) - ancioBasi mocsie0BATEIBHOCTD, TOTIA €€ TPEIENT, eCI OH
CYIIECTBYET, paBeH:

> AnimLimit[Lim]:=proc(f,n) local F,k:
> F:=subs(n=k,f): limit(F,k=infinity):end proc:

Hanpumep, paccMoTpuM MepBbIil 3aMedaTeTbHBIN TTpeIet:

> AnimLimit [Lim] (n*sin(1/n),n);
1

CoznaimM Terephb n-if Kajap aHuMAIMOHHOTO (hUIbMa, COCTOSIINI U3 ABYX
psAMO yrobHUKOB BbicoToit h1=f(n) u Boicoroit h2=limit(f(n),n=infinity),
puydeM HUXKHeMY npuajum 1ser ¢, Bepxuemy - (RGB,0.5,0.8,0.8).

Hastee momecTuM nHMOOPMAIIIIO O HOMepPe Kajapa N, IPUOINKeHHOM 3HAYEHUN
110CJIeIOBATE/ILHOCTHU JIJIsl 9TOTO 3HAUEHUsI NI 1 TOUHOEe 3HAUYEHUe IIPejIesia
[I0CJICIOBATEILHOCT.

> AnimLimit[Cadr] :=proc(f,n,i,c)
local F,k,Fi,Fn,lim,limf,pr,p0,ttx:
F:=(k)->eval (subs(n=k,f)):
Fn:=evalf (F(1)):
lim:=1limit (F(k) ,k=infinity):
limf:=evalf (limit (F(k),k=infinity)):
pr:=plots[polygonplot] ([[0,0],[1,0],[1,Fn], [0,Fn]],color=c):
p0:=plots[polygonplot] ([[0,Fn],[1,Fn],[1,1imf], [0,1limf]],
color=COLOR(RGB,0.5,0.8,0.8)):
ttx:=plots[textplot] ([1.5,Fn,convert([n=1i,f=evalf(Fn)],
string)],color=c,font=[TIMES,ROMAN, 12],align=ABOVE) :
plots[display] (pr,p0,ttx,axes=FRA
ME,titlefont=[TIMES,ROMAN,12] ,title=convert([n=1i,f=Fn,
Limit(f)=1im],string)) :end proc:

vV V.V V V V V V VYV V VYV

CozauM aHUMAIMOHHYIO IMIPOLEYPY, MPEJIBAPUTE/ILHO BbIBEId MH(OpPMa-
[AIO O IIPEJICTaB/IEHHOM IIpollecce, a 3aTeM co3JlaBas I10CJIe/I0BATEIbHOCTh BCEX

KaJIpOB aHUMAaIllnl 1 o0beInHAd UX B mporeaype display ¢ omnmueii insequence

= true:
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>AnimlLimit [Anim_Seq] :=proc(f,n,N,c)

local prtext:

prtext:=print (‘IIpomecc BHUUCIEHUS Ipezeyia IOCIeLOBaTENIbHOCTH®,
Limit(f,n=infinity)=1imit(f,n=infinity)):

plots[display] (seq(AnimLimit [Cadr] (f,n,i,c),i=1..N),
insequence=true) :

end proc:

I1.8 Co3pganne nponeaypbl AaHIMAIIUN BBIYMCJIEHIS Ipeae-
Jia CyMMBbI

CozaiuM POy Py BHIYUCICHUS YaCMuyHot CYMMbL PAJQ I TTPON3BOIBLHOM
MOKa, [OC/Ie/I0BATEILHOCTH f(n) ¢ MOMOIIBIO TIpoIe/ypbl PartSum:

> AnimLimit[PartSum] :=
> proc(f,i,n) local F:
> F:=(k)->subs(i=k,f): sum(F(k),k=1..n):end proc:

IIpoBepum jeiicTBIE POy PHI:
> AnimLimit[PartSum] ((-1)~1i,1i,101);
—1
BreraucuM Tenepb ¢ IOMOIIBIO TOJIYYeHHO HPOIeyPhl IIpejiesi 0CjIeI0Ba-

TEJBLHOCTHU:
> Limit(AnimLimit[PartSum] (1/i"2,1i,n),
> n=infinity)=1limit(AnimLimit [PartS
> um] (1/1°2,1i,n),n=infinity);
2 2

s
li —Y(1 1 -
lim —¥(1,n+1)+- =+

HoroBopumMcs jasiee rpadudeck 0ToOpakaTh YaCTUIHYIO CYMMY N ITEPBBIX
YIEHOB DPgjia € IIOMOIIBIO IIPSAMOYTOJIBHUKA €JUHIYHOIO OCHOBaHU:A, BBICOTOII,
paBHOIi, 9TOIl YaCTUYHOIl cyMMe, U HMO3UIMOHUPOBAHHON KOOpJANHATON 1 Ha OCU
abcrcc. Co3aa/iuM JuarpaMMy JacTUYHBIX CYMM psija oT n—=1 g0 n=N:

>AnimLimit [GraphSum] :=proc(f,i,n0,N,c) local
F,k,n,Sn,Sgn,j,s5,50,5G,S5j:
F:=(k)->subs(i=k,f) :Sn:=(n0,n) ->evalf (sum(F(k) ,k=n0..n)):
S:=(n0)->evalf (1imit(Sn(n0,n) ,n=infinity)):

S0:=(n0) ->1imit (sum(F (k) ,k=n0..n) ,n=infinity):

SG:=plot ([t,S(n0),t=n0..N],color=red,thickness=2):
Sgn:=seq(plots[polygonplot] ([[j,0],[j+1,0],
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[j+1,Sn(n0,j)],[j,Sn(n0,j)]1],color=c,
titlefont=[TIMES,ROMAN, 14] ,title=
convert ([n=N,Sn(n0,N),Lim=S0(n0)],
string)),j=n0..N):

plots[display] (Sgn,SG):

end proc:

COBAaﬂMM AHUMAIIMOHHYIO HPOoLEeypPy, IpeABapUTe/IbHO BbIBE/ Mdenmma—
[UIO O IpeJCcTaB/IEHHOM IIpollecce, a 3aTeM co3/iaBasl I10CJIeI0BATeJIbHOCTh BCEX
KangBznﬂnwaumﬂll06$eﬂHHﬂﬂ;MXI3Hpouegy;madisplay(jonumeﬁiinsequence
= true:

AnimLimit [AnimSum] :=

proc(f,i,n0,N1,c) local N,F,k,prtext:

F:=(k)->subs(i=k,f):

prtext:=print (‘Ilpomecc BHUKUCIEHUS NOpemeyia CYMMH®,

Sum(F (k) ,k=n0. .infinity)=sum(F (k) ,k=n0..infinity)):

prtext,

plots[display] (seq(AnimLimit [GraphSum] (f,i,n0,N,c) ,N=n0+1..N1),
insequence=true) :

end proc:

vV V.V V V V V VYV

CoxpaHuM Ternepb CO3IaHHBIE MPOIeAypbl B OubOanmoreke «AnimLimity ¢
OJIHOMMEHHBIM HazBaHueM daiiia «AnimLimit.m»

> save(AnimLimit, ‘AnimLimit.m¢);

I1.9 Ilpumepbl aHMMAaIUM MPOIECCA BbIYUCJEHUS Mpeae-
JIOB CyMM U I10CJI€/IOBATEJIbHOCTEM

3arpysum co3JlaHHy10 OMOIMOTEKY:

>restart:
read "AnimLimit.m";
with(AnimLimit) ;
[AnimSum, Anim_Seq, Cadr, GraphSum, Lim, PartSum]

[IpuBeem npuMep mpolecca BHIUYACICHN 3aMeUaTeIbHOTO MIpeesa;
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I1.9.1 BeruucjieHue nepBoro 3amMedyaTeJbHOTO Mpeaesaa

[IpuBenem nmpumMep ucmoHeHUs TPOIEAYPhl Anim_Seq BLIYNCIEHUS TEPBOTO 3a-
MedaTeJIbHOr0 Ipejiesia JJld MOCIeI0BATeIbHOCTI
1

f(n) =nsin — )= 1,

roJiarasi 9Yucjio kKaapos paBHbIM 100, a BT BHIYUCISIEMOT0 3JIEMEeHTa, - KPACHDBIM:

> AnimLimit[Anim_Seq] (n*sin(1/n),n,100,red) ;

> Anj_mLimit[Anj_m_Seq] {n*sin{1/n) ,n,100,red) ;

N - s 1!
Tpoyece syrHuctenua npedena nocnedosameTsHocmy, lim nsm[ —|=1
= n

n—e

[n=2, n*sin{lin) = 9585510772, Limitin*sin{l/n)) = 1]

[n=2, n*sin(1/n) = 9588510772]

Puc.I1.23 2-ii kajgp anumalmn Iporjecca BbIYHC/ICHUS

npejena lim nsinl/n.
n—oo

11.9.2 Ilpumep BbIYUCJIEHUS IIpeesia CyMMbl 3HAKOIIOCTOSTHHOTO Ps-
aa

Borancinm CYMMY 3HaKOIIOCTOAHHOI'O psia:

oo

lim - =2.
n=00 4 9
=0

> AnimLimit [AnimSum] (1/2°1,1,0,100,green) ;
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I1.9. Ilpumeprr annmarmm mporiecca BbIYUCIEHUS TTPEJEJIOB CYMM U II0CJIE0BATETHHOCTEH

[y “vann L v u o

! il
[4 @ [ Pp[ currentFrame |35 '—J— I v = »FPs: l 10 g @ o

> AnimLimit [AnimSum] (1/2“i,i,0,100,green] H
>

(]
IIpoyecc suINLUCTEHUR MPEOand CYMMEL, Z Lﬂ =2
k=02

[n.= 35, 2.000000000, Lim =2]

0.5

1]

0 in 40 [} &0 100

= n
E’HCCMOIPHM Il OBa NPHMEPa AHHMAITHH PO eCcCa ERMHCICHHA NP edena CYMMEI - OJIA 3HAKOIIOCMTOAHHOT 0 pAOE -

> AnimLimit[AnimSum] ( (2/10) *i,i,0,100,green) ;

Puc.I1.24 35-it kajgp anmmanuu mporecca BbIYUCTEHUS CYMMBI
100

2
1=0

3aMeTuM, UTO CO3JIaHHbIE ITPOrPpaMMHbBIE ITPOIE/LY PhI IIPEZK/Ie BBIBOJIA 00bEKTa
JIMHAMIIECKO TpadUKN BBIBOJIAT UCCTICIYEMYIO (DOPMYJTY ITpeJiesia U €ro TOTHOe
3HAYEHUeE.

11.9.3 Eme oamH mmpuMep BBIYMUCJIEHUS IIpejiesia CyMMbI 3HAKOIIOCTO-
STHHOT'O PSA/JIa

Brraucsmm CYMMY 3HaKOIIOCTOAHHOI'O pdAda:

=9
h_m 0
n=00 4 5

1=

= 10.

>AnimLimit [AnimSum] ((9/10)"~i,1i,0,100,green);
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_> AnimLimit[AnimSum] ((9/10)%4i,41,0,100 ,green) ;
Hpoyece suHucIeHUR NPedena CyVMMsL, Z [ W] =10
k=0

[n=127 9476652367, Lim = 10]

40 a0 a0 100

Puc.I1.25 27-it kajjp anmmaiuu mporiecca BbIYUCJICHHUS CYMMBI
100

> (&)

=0

11.9.4 Ilpumep BbIYHCIEHUdA IIPeJiesia CyMMbI 3HAKOIIEPEMEHHOT'O Psi-
aa

Boraucanum CYMMY 3HaKOIIEPEMCHHOI'O pAlas:

>AnimlLimit [AnimSum] ((-9/10)"~i,1,0,100,COLOR(RGB,0.4,1,1));
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I1.10. IlocTpoenne anuMaImOHHON MPOIEYPbl HAXOXKICHUS IIPOU3BOJHON (DYHKITHH

> AnimLimit [AnimSum] ((-9/10)%i,i,0,100,COLOR(RGE,0.4,1,1));

o -
S S [ 9 V% 10
IIpoyece suqucneHus Mpadana CyMWEL, —— | —
Sl ) T

[n=42, 5319869509, Lim =10/19]

0s

0a

0.4

0z

Puc.11.26 42-if kaap anummalnmm Hpoljecca BBIYACTICHHUS CYMMBI
100

> (—5)"

1=0

I1.10 TIlocTpoenue aHMMAaIIMOHHOI NpoIEeypbl HaXO0XKJe-
HUsI IIPOU3BOAHON (hbyHKIIINI

CrauaJta ompeiesinM Iporeypy Bbrancienus nuddepenimana dyaknnn f(x) B
Touke X1 1o dopmyure:

dr = 22 — xl;dy = y(22) — y(x1).
dif:=proc(x,f,x1,x2) local
dX,yl,y2,dY:dX:=x2-x1:
y1:=subs(x=x1,f) :y2:=subs(x=x2,f):
dY:=y2-y1:[dX,dY] :end proc:

Beraucimm ¢ moMoIpio 9Toii npoueaypbl guddepenimar GyHKImum X~ 3 B TOY-

vV V. V V

ke x1=1, eciim x2=3:
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> dif(x,x°3,1,3);
2, 26]

CozaauM npoIeaypy MOCTPOEHUs SIBHOI'O YpaBHEHUs CEKYIIel, IPOoXoIsi-
meit yepes Touku rpaduka ¢ abcruccamu x1 n x2:

eqline:=proc(x,f,x1,x2)

local dX,y1,y2,dY,x0:
dX:=x2-x1: yl:=subs(x=x1,f):
y2:=subs(x=x2,f):

dY:=y2-yl: x0:=x1-dX/dY¥*y1l:
[x0, [dX,dY],y1+dY/dX*(x-x1)]:
end proc:

vV V.V V V V V

[TocTpouM ¢ TOMOIIBIO 9TOI TPOIEYPHI ABHOE ypaBHEHUE CEKYIell K KPpUBOii
y=a3mpnxl =1,22 = 3:

> QQ:=eqline(x,x73,1,3);
12
QQ = [1—3, 2, 26], —12 + 13 z]
[TokazkeM, Kak C IIOMOIIBIO 9TOM HPOIEeyPhl HATH 3HAYEHUs: IIPUOJINZKEHHO-
ro 3HaUEHUs! IIPOU3BOAHON, nuddepeHnnagos KOOpAUHAT, JIEBOl YacTu ypaBHe-

HUS CEKYIIeit:

> QQL3];
—12+ 13z
> QQ[2];
2, 26]
> QQ[2,1];
2
> QQ[1];
12
13

[TocTponm, HaKOHEI, aHUMAIIMOHHYIO IIPOIEIYPY BBIYUC/IEHNs HMpeaesa JIIsl
npon3BoJbHON dyHKImN f(x) B Touke x1. Touka x9 BEIOHPAETCS MPOU3BOIBHBIM
00pa3oM, KaK HEKOTOpas 3aTPaBOvHasi. 3aTeM IPOMCXOIUT JeIeHIe TPOMEXKYTKa,
To — X1 Ha 2, 3,.., N YacTeil, B pe3yJibTare 3TOr0 MPOIecca TOUKa Tj COMMKACTCS
¢ HadajoM naTepsaa: xk=x1*(x2-x1)/n*k.
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graph_n:=proc(x,f,x1,x2,n,cl,c2)

local DF,x0,d,dxn,
xn,yl,y2,yn,Q,dyn,dify,difyn,fdifyn,
X_min,xX_max,1,yy_min,y_min,yy_max,y_max,xd,
X_min,X_max,yd,Y_min,Y_max,EQ,t:
y1:=subs(x=x1,f) :y2:=subs(x=x2,f):

DF :=subs(x=x1,diff (f,x)):

if DF=0 then x0:=x1:

else x0:=x1-y1/DF:

end if:

x_min:=min(x0,x1,x2):

x_max:=max (x0,x1,x2):

xd:=(x_max-x_min) :

d:=(x_max-x_min)/n:

Q:=seq(evalf (subs(x=x_min+ixd,f)),i=0..n):
yy_min:=min(0,Q):

yy_max:=max(0,Q) :
y_min:=min(yl,y2,yy_min):
y_max:=max(yl,y2,yy_max) :
yd:=(y_max-y_min) :

X_min:=evalf (x_min-0.1%*xd):

X_max:=evalf (x_max+0.1*xd) :

Y_min:=evalf (y_min-0.1x%yd):

Y_max:=evalf (y_max+0.1*yd) :

dxn:=evalf ((x2-x1)/n,4):

#dxn:=evalf ((x2-x1)/(1.2"n-0.2),4):
xn:=x1+dxn: yn:=subs(x=xn,f):
dyn:=yn-yl:difyn:=dyn/dxn:

fdifyn:=evalf (difyn,4):
EQ:=yl+difyn*(x-x1):
plot([[x1,t,t=0..y1], [xn,t,t=0..yn],f,EQ,0],
x=X_min..X_max,y=Y_min..Y_max,
color=[blue,blue,cl,c2,black],axes=FRAME,
title=convert ([N=n,dx=dxn,dy/dx=fdifyn,
Dy/dx=evalf (DF,4)],string) ,numpoints=200
):

end proc:

vV VVVVVVVVVVVVVVVVVVYVVVVVVVVVYVVVVYVYVYVYVYV

Taxum oOpa3oM, MOJIyInM 1 OIpodyeM oI yPy MOCTPOeHUs N-T0 rpaduka:

> graph_n(x,x~3,1,3,1,red,blue);
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[N =1, dx =2.142. dy/dx = 14.01, Dy/dx = 3]

10

1 &

05 B = A T

laa

Puc.I1.27 [lepsbrii Kajip aHuMalmud 1poIjecca 110CTpoe-

HIS KacaTeJbHoil K rpauxy Gynkmmm y = .

Ha pucynke moxkasaH 1epBblil ar BeIunc/ieHns npon3poaHoil. ['pacduk hyHk-
1uu 1300parkeH KpacHbIM LIBeTOM, cekyireil - cuaum. Cobupast 1ocje0oBaTeb-
HOCTb TakuxX rpacdukon B rnpoueaype display c omnmmeil insequence=true, 1moJry-
JaeM MCKOMYIO aHUMAIMOHHYIO IIPOIIEyPy HPOIECca BHIYUCICHIS TPON3BOIHOII.
TanreHc yria HaKJIOHA CEKYINEH Ha KaxKJIOM Iare jgaeT Npud/ImKeHHOe 3HaYeHNe
IIPOM3BOIHON Ha 9TOM TOM IIare, KOTopoe oTobparkaeTcst B TUTpax rpaduka

> Anim:= proc(x,f,x1,x2,N,cl,c2) local SS,i:

> 8S:=seq(graph_n(x,f,x1,x2,i,cl,c2),i=1..N):
> plots[display] (SS,insequence=true) :end proc:

> Anim(x,x~3,1,Pi,200,red,blue);

142



I1.10. IlocTpoenne anuMaImOHHON MPOIEYPbl HAXOXKICHUS IIPOU3BOJHON (DYHKITHH

[ Pl current Frame 200 7J [P+ = »Fps: | 10 é @ @ D '\t -

> Anim(x,x”3,1,P1i,200,red,blue);

[N =200, d = 1071e-1, dyidz = 3,032, Dyfdz = 3.]

3n

a0

0.5 1 1.5 2 25 3

Puc.I1.28 200-it kajp anumaliuy mporiecca 1IoCTPOCHUST KacaTe Ib-

HO#T K rpa¢puKy pyHKIum y = °.
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I'maBa 111

MojenupoBanune o0ObEKTOB
anddepeniinajibHoil reomerpunn B Maple

III.1 AganTmpoBanHbIi periep KpuBoii n guddepeHimaib-
Hble MTHBAPUAHTBHI KPUBOI B ITPOCTPAHCTBE

111.1.1 Benenue

Huddepenimaibias reoMeTpusi TPaJIUIMOHHO CUUTAETCS OJHUM U3 HamboJiee
TPY/IHBIX IIPEJIMETOB Ha MaTeMaTHIecKnX (hakyibTerax By30B. B Heil nuHTerpn-
PYIOTCSI 3HAHUSI, MOJIyUEeHHbIE CTYJIeHTAMI Ha Kypcax ajreOphl, aHAJIUTHIECKOIT
reOMeTpUN, MATEMATUICCKOTO aHAJN3a OJHOM U HECKOJIbKIX TePeMEHHbBIX, JTId-
depeHnmaIbHbIX ypaBHeHuii. Kpome Toro, reomerpudeckue o0pasbl, a TaK:Ke CO-
OTBETCTBYIOIIIE BHIUNCANTE/IHHBIE ITPOIIE/LY PhI, COITPOBOXK IAIOIIIE 9TOT KYPC, SIB-
JISTIOTCST UPE3BbIYAITHO CJIOYKHBIMU 1 TPOMO3JIKMMEU. Bce 3T0 jiesiaeT yka3aHHbIM
KyPC MaJIO HAIJISHBIM 1 CJIOKHBIM JIJIS YCBOEGHUS, HECMOTPsI Ha IPe3BblUailHy 0
IIPOCTOTY ¥ IIPO3PAdHOCTh OCHOBHBIX mjeil juddepenimaibioii reomerpun. C
JIPYTOit CTOPOHBI, METO/BI JnddepeHInaj bHO TeOMETPUN KPUBBIX 1 ITOBEPXHO-
cTeil HaxXoAT OIPOMHOE KOJIMIECTBO PUJIOKEHIIT B CAMBIX PA3/IMIHBIX 00JIaCTAX
HPUKJIAIHON MaTeMaTUKN, TEOPUN TI0JIsA, MEXaHUKH, OINTUKK U T.11. [losTomy, 3a-
Jlada MMOBBIIIEHIS HATJISIIHOCTH 9TOr0 Kypca CTAaHOBUTCS UPE3BbIUATHO BarKHOI.
OTa 3ajlada MOXKeT ObITh perieHa rpadudecKuMI CPEJICTBAMEI KOMIIHIOTEPHOI
MaTeMaTUKHI, B 9aCTHOCTH, makeTa Maple.

K cranpaprabiM 3aja4qaMm 1uddepeHinajibHoll TeOMeTPUN CIeAyeT OTHECTH
3aJ1a491, MOJIHOCTHIO MMOCTPOEHHBbIE Ha amiapaTe BeKTOPHOI aaredpnl n audde-
PEHINATBLHOTO HCIncIernst (PyHKINiT oHoil (auddepernnaabaas reoMeTpust Kpu-
BBIX) U JBYX (anddepeHimaibHas reoOMeTpust OBepXHOCTeil) mepeMeHHbix. K
TAKOBBIM 3a/a9aM OTHOCSITCS: TTOCTPOEHUE aJIallTUPOBAHHOIO perepa KPUBOii, Bbl-
quC/IeHne KPUBU3HBI U KPYJeHHUsI KPUBOIi, HAXOXK/IeHUEe 11epBOil 1 BTOPOIl KBa/I-
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paTUYIHBIX (POPM MOBEPXHOCTEH, ee BEKTOPHON OCHACTKH, T'€0JIe3UUIECKOil, HOp-
MaJILHOM, TJIaBHBIX KPUBHU3H MOBepxXHOCTel. VIMeHnHo 9Tn 3agaum m m3ydaroTcs
B CTaHJIaPTHBIX Kypcax juddepennnaibioii reomerpuu. K 3ajia1aM 1MOBBIIIIEH-
HOIl CJIO?KHOCTH, KOTOPbIE 3a PEJIKUM UCKJIIOUEHUEM MPAKTUYEeCKU HE U3YYatoTCs
B CTaHJIAPTHBIX Kypcax auddepeHinajibHoil reoMeTpr OTHOCATCA TaKue, Kak
BOCCTaHOBJIEHIE KPUBOII 110 €€ HATYPaJbHBIM YPABHEHUSAM U HAXOXKJICHUE JIMHUI
[JIABHBIX HaIIPaB/ICHUIT KPUBU3H W I'€OJE3MYECKUX Ha IOBEPXHOCTHAX. 3ameda-
TeJILHBIM SIBJISETCA TOT (DAKT, UTO KaK pa3 Ha pelennsd 9TUX 3a/a4, KaK OCHOB-
HBIX, W HallpaBJIeHbl CTaHJIapTHBIE Kypchl Juddepennnaibioii reomerpun. He
pelialoTes Ke 9TU 3asBJIeHHble U OYeHb [MOYYUTE/bHbIE 3a/la4ll B CTaH/IapPTHBIX
Kypcax JuddepennuajbHoil reOMEeTPUI UMEHHO MTOTOMY, UTO 3aJladil 3TU CB-
3aHbBI C PeIlleHNeM CUCTeMbl OObIKHOBEHHBIX CYUECMBEHHO HeauHelnvx audde-
peHIaIbHBIX YPpaBHEHHUII, JIJIsT KOTOPBIX HE CYIIECTBYeT O0Ieil Teopun MHTErpu-
pOBaHUs, 38 UCKJIIOUYEHUEM HEKOTOPbIX KAa4eCTBEHHBIX METOJI0B MCCJIeJOBAHUSI.
OTH 3aJladn TaKzKe MOI'YT ObITh PelIeHbl CPEJICTBAMI KOMITBLIOTEPHOI MaTema-
tukn. B 90-x romax A. ['psit mocBaTmI crenua bHyi0 MOHOTPA(UIO N3T0ZKEHIIO
JnddepeHnajlbHO TeOMETPUN € ITOMOIIBIO TTaKeTa KOMITBIOTEPHOI MaTeMaTH-
ku «Mathematica 2» [83]. Ojnako, B 910l KHUTE HE OTpazKeHbl BOIPOCHI, KaK
JIMHAMUYECKOI BU3yam3alun 00beKToB JinddepeHIuajibHoi TeOMeTpUn, Tak 1
BOIIPOCHI, CBSI3aHHbBIE C MHTErPaJIbHBIMU HEJIMHEHHBIMI 3agadaMu 1uddepeHIin-
aJIbHOII TeOMeTpU.

I11.1.2 MaremaTundecKkas Mojeab AnddepeHImaabHOil TreoMeTpun
KPUBBIX

Kak yke 0bL10 cKazaHo, auddepeHiuaibHas reoMeTpusi KPUBLIX OCHOBaHa Ha
IPUMEHEHIH MeTOJI0B MaTeMaTHdYeCKOIr'o aHajn3a (PYHKIMH OJHON IepeMeHHOil
K CTPYKType aHaJuTudeckoil reomerpun. OCHOBHBIM 00bEKTOM JAuddepeHIn-
AJIbHOI reoMeTPHH KPUBBIX SIBJISIETCS TJIaJKasl ITapaMeTpU30BaHHAsd KPHUBas 7y
B TPeXMEPHOM €BKJINJIOBOM IIpOCTpaHCTBe F3, ompejessieMast OTHOCUTEILHO Jie-

KapTOBOT'O PEIepa BEKTOPHBIME YPaBHEHHIAMI: !

r =r(t), (II1.1)

rje r = r — paJuyc-BeKTOp TOYKHM KPUBOIi, 3aJaHHbII YIIOPSI0UYeHHBIM HAO0POM
HEIPEPLIBHBIX, ABazK/Ibl 1M dEpeHINPYeMbIX JTeKAPTOBLIX KOOPJANHAT TOYKN
2(t),y(t), z(t)?. C noMoIIbIO IIPOU3BOAHLIX 1O HAPAMETDPY PaJuyca BeKTOPA,

LOmmcanne MaTemaTHaeckoit MosIesIM aIAIITHPOBAHHOTO Periepa MOYKHO HaliTh, Harpumep, B Kaure [126].
2 Cwm., mampuvep, [126].
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(1), ¥(t) B KaxK10if TOUKE KPUBOii OIPEeJISIIOTCsT BEKTOPBbI OPTOHOPMUPOBAHHOTO
6asuca {e}, = {r,v, B}*

S B i W i (1112

7] [, 7]] (7 [ 7]
— eIMHUYHBbIE BEKTOPHI KacaTeJbHON, OMHOpMAaJIl U HOPMAaJIM, COOTBETCTBEHHO;
|a,b] — 3HaK BekTOpHOrO TpOM3BEJIeHNsT BEKTOPOB a, b. Ilpucoenunenne K Te-
Kyteit Toukn KpuBoit M(t) opronopmuposannoro 6asuca (V.6) maer Ham Tak
Ha3bIBAEMbIil alanTupoBanublil perep, Ry(M(t);7(t), v(t), B(t)), — upaBblii mpsi-
MOYTOJIbHBII JIEKAPTOB periep, CKOJb3AIINUN B/I0JIb TapaMeTPU30BaAHHON KPUBOU U
ABJIAIONINIICS OCHOBHBIM MHCTPYMEHTOM MCCJICJIOBAHUS €€ NeOMEeTPUU He TOJIBKO
B TPEXMEPHOM €BKJIMJIOBOM, HO, BOOOIIE I'OBOPsi, I B PUMAHOBOM IIPOCTPAHCTBE
IIPON3BOJILHON pasMepHOCTU. B ¢BA3M ¢ 9TUM HMOHATHE aJIallTHPOBAHHOIO perepa
SIBJISIETCS IPE3BBIYAITHO BayKHBIM JJId JuddepennnaabHoil rTeOMeTpun 1 Tpedy-
eT HaIJISIJTHOTO MPEJICTABICHUS B Kypce JuddepeHinaabHoil reOMeTpMH4. Harnee,
JIJIST TJIJIKOM KPUBOIA 7Y BBOJAUTCY €€ HATypPaJIbHBIN HapaMerp, S, Kak JJINHA 3TOM
KPUBOIL:

t
s(t) = / ()| dt, (111.3)
to
SIBJISTIOIIUIICS MOHOTOHHO Bo3pacTatoleil pyHkuueii napamerpa t. PazjioxkeHune

IIPOUBBOJHBIX 110 HATYPaJbHOMY IlapaMeTpy OT BEKTOpPOB 6a3|ca 110 BeKTOpaM
xe {e}, npencrasisercs Gopmynamu Ppene-Ceppe:

T =kv; V' =—kt+rB3; B =—kv, (IIL.4)

rJle MITPUX o3HavaeT JuddepeHImpoBanme M0 HATyPaJbHOMY TapaMeTpy a JIBa
cKaJispa:

k=Fk(s); k=r(s), (IIL.5)
— KPUBHU3HA U KPYYeHHe KPUBOii, COOTBETCTBEHHO, OMPEAETAIOTCS (DOPMYJIAMIE:
[, 7]] (7,7, 7)
k== k=5 (IH~6>
[7[? [, 7] ]2

3 MpI npuIep:KuBaeMcs KIACCHIeCKOr0 0DO3HAMEHI BeKTOPOB AJAlTHPOBAHHOTO perepa, CM., HaITpuMep,
[126].

4 3nech ciremyeT OTMETHTL, YTO B COBETCKON CHCTeMe BBICIIEro obpasoBaHmsa Kypc ruddepeHmanbaoit
FEOMETPHH COTTPOBOXKTAJICS OOJIBIITUM KOJMYECTBOM HAIVISTHBIX YI€OHBIX 1mocobuit. B wacTHOCTH, TOHATUAS CO-
[IPUKOCHOBEHUS KPUBBIX U AJalTUPOBAHHOIO (HATYDAJIBHOrO) perepa KPUBBIX JEMOHCTPUPOBAJIUCH HA CIICIHU-
AJIbHBIX MPUOOpaxX, CHAOXKEHHBIMU MTOJIBUKHON KAPETKO, CKOIB3SIIEH BIOJIb MaKeTa KPUBOil, BBIIIOJIHEHHOTO
U3 IIPOBOJIOKU.

146



II1.1. AnmanrupoBanHBIi penep u gugpepeHinaabHble HHBAPHAHTHI KPUBOH

(a,b.c) — 3HAK cMerTaHHOTO POM3BE/IcHNsT BEKTOPOB a,b.c. Coornomenns (V.8)
Ha3bIBAIOTCA HATYPaAJLHBIMI YPaBHEHNAMI KPUBoil. Teopema 0 KOHIPYIHTHOCTH
JIBYX KPUBBIX C OJIMHAKOBBIMU HATYPAJbHBIMUA YPABHEHUAMU IIPUBOIUT K TOMY,
4TO 3HAHUE B KazKJI0 TOYKe KPUBOI ee KPpUBU3HLI U KPYy4YeHU ITOJIHOCTBIO OlIpe-
JleJisieT BHYTPEHHIOI reoMeTpuio 3Toil Kpusoit. B muddepeninaibaoii reomer-
pPUM KPUBBIX MOYKHO Pa3/IMYUTh JIBE 3aJiladu, — HpsMyIo 1 obpaTHyto. B npsmoii
3aj1a4e, KOTOPYIO TOJILKO OOBIMHO 1 PEIIaloT B CTaHIaPTHLIX Kypcax Juddepen-
UAJIbLHON reoMeTpun, TpedyeTcs ompeaeuTh HATypaIblible ypaBHEeHus KPUBOil
110 3aJIAaHHOMY ee IIapaMeTpUYeckKoMy ypaBHeHHio. B oOpaTHOil 3aja4de HEOOXO-
JIUMO OIIPEJICJINTh ¢ TOYHOCTBIO JI0 JABUXKEHU ee ITapaMeTpuyecKoe ypaBHeHUe.
[Iporpammuoii peaju3anm BTOPOil 3a/1a49u JIjIs MPOU3BOJILHON KPUBOH MBI 10~
CBATUM CJIeIyIONuil pasnea. B aTom ke paszzesie Mbl PACCMOTPUM IIPOrPaMMHBIE
[IPOIEAYPhl peaan3aliui IpaMoil 3a1a4u.

I11.1.3 Busyajsuzaiusa HaTypaJibHbIX YpaBHEHUII KPUBOii

Bajiava Busyan3alul HATYPaJbHBIX YpaBHEHHUI IPOM3BOJILHOI KPHUBOIl pelia-
ercst sBisteTcs mpoctoit — coracao (V.8)—(V.9) g 9Toro HEOOXOAMMO JIMIIH
BBIUUCIUTH 3aBucumocTn (V.8) B KaxKJI0i TOUKe KPUBOH 1M M300pasnuTh WX HAa
coBMecTHOM rpacduke. B co3mannoM HaMU aKeTe POrPAMMHBIX IIPOIELY D
YuDifGeo 3Ta 3aja4a peniaercd ¢ HOMOIIbBI0 KOMaH I

GraphicNatural Curvature(Line,param,param0,max_param,cc),
YuDifGeo(Line, param,param0,max_param,cC) u
GraphicNaturalEquations (Line,param,param0,max_param,ccl,cc2),

rje Line — napaMerpudeckue ypaBHeHUsI KPUBOIL, 3a/[aBaeMble B CIIMCOTHOM BU/IE
[x(t),y(t),z(t)]; param, param0 — mmMsa mapamerpa KpPUBOH U HaJaIbLHOE
3HaUYEHUe TapaMeTpa, max param — MaKCHMaJIbHOe 3HaYeHHe IapameTpa, CcC,
ccl, cc2 — upera m300parkeHusi KpUBLIX. [Ipu 5TOM 11epBhIe 1Be KOMAHIbI H300Pa-
JKAIOT KPUBU3HY U KPyUYeHUs] KPUBOIl Ha OT/Ie/IbHOM I'paduKe, TPeThsl KOMaH I
coBMelaeT 3Tu n3obpazkenus. [IpuBenem pparMeHT nporpamMmbl

>YuDifGeo [GraphicNaturalCurvature] :=
proc(Line,param,paramO,max\_param,cc) local paraml:
plot ([YuDifGeo[CurvaturelLine] (Line,param,paraml),
YuDifGeo[LengthLine] (Line,param,param0,paraml),
paraml=param0..max\_param],color=cc,
labelfont=[TIMES,ROMAN,12],

labels=[‘s‘,“‘]):end:
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YKa3aHHble POrPAMMHBIE TPOIEYPhI HCIOJIB3YIOT BHYTPEHHUE MPOIE/LY Db
nakera — Curvatureline, TorsionLine u LengthLine, oTBercTBeHHbBIC 3& BbI-
YUCJIEHNE JIJIMHDL Iy KPUBOIi, €6 KPUBU3HDBI 1 KPYYeHHsl, COOTBETCTBEHHO. [1po-
JIEMOHCTPUPYEM BBINOJTHEHUE TIPOTIEyPhl N300pazkeHusl HATYPaJIbHBIX YpaBHe-
HIfi KOHMYeCcKoi BHHTOBOf smnnn r = (tcos(t),tsin(t),t) na orpeske [0,47 |,
npudeM rpaduK KpUBU3HBI H300PAyKAeTCsl CHHUM TIBETOM, KPYIEHUsT — KPACHDBIM:
>YuDifGeo|GraphicNaturalEquations|([t*cos(t),t*sin(t),t],t,0,4*Pi,blue,red);

I11.1.4 OcHaleHHass JUHAMUYeCKasl BU3yaJIn3alis aJalTHPOBaHHO-
ro penepa IIPoOU3BOJIbHOI IMapaMeTPU30BaHHOII KPUBOIi

Anasiormanasi 3a/1a4a HaX0XKICHIS HATYPAJbHBIX YPaBHEHII KPUBBIX 1 X BU3Y-
aymsainun B cucreme Mathematica2 npuBenena n B MUTUPOBAHHON MOHOTpadUH
['past [83]. Ilepeiimem Tenepsb K perieHno ropasaio 6oJee CI0KHON 3aadi — T10-
CTPOEHUIO OCHAIICHHON JIMHAMIYECKON BU3yaJIM3alui aJIallTHPOBAHHOIO perepa
IIPOU3BOJILHON TTapaMeTpu30BaHHOi KpuBoit. OTMeTnM, 9TO 3a/a4a MOCTPOEHUS
n300parkeHus aJJAllTHPOBAHHOTO perepa KPUBOH TakyKe periaeTcs JOCTATOTHO
IPOCTO:

>YuDifGeo [NaturalReper] :=
proc(Line,param,param0,tl,ccl,cc2,cc3)

local rtl,rt2,rt3,tt,bb,nn,xi,zeta,chi:
tt:=YuDifGeo [NormTangentLine] (Line,param,param0) :
rtl:=YuDifGeo [ParamLine] (subs(param=paramO,Line),
tt,xi,tl,ccl,scaling=CONSTRAINED) :
bb:=YuDifGeo[BinormLine] (Line,param,param0) :
rt2:=YuDifGeo [ParamLine] (subs (param=paramO,Line),
bb,zeta,tl,cc2,scaling=CONSTRAINED) :
nn:=YuDifGeo[MainNormLine] (Line,param, param0) :
rt3:=YuDifGeo[ParamLine] (subs(param=param0,Line),
nn,chi,tl,cc3,scaling=CONSTRAINED) :
plots[display] (rtl,rt2,rt3) :end:

Kak BujiHO, 3/1€Ch MCIIOJIB30BaH PsAJl BHYTPEHHUX ITPOIEAYP IaKeTa, OTBET-
CTBEHHBIX 3a N300parkKeHue OTJIEeJIbHBIX 3JIEMEHTOB pellepa KPUBOIl B ee TOUKe,
COOTBETCTBYIOIIEI 3HaueHnto apamerpa tl.

SHaunTebHO 60JIee CJIOXKHO pellaeTcs 3ajiada OCTPOeHNsT OCHAIIEHHOM -
HAMIIECKOI MOJIE/IN aJIallTUPOBAHHOTO peliepa KpuBoil. dra 3ajiada pelaercs B
CO3/IaHHOM ITaKeTe IIPOTrpaMMHON ITPOIEYPOil
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YuDifGeo[AnimNatural Reper] (Line,param,mini,maxi,c,N,p),

rjle KpoOMe y»Ke BBEJICHHBIX IlapaMeTpoB Mmini — MUHUMAaJIbHOE 3HAUYEHUE Iapa-
MeTpa t KpuBOil, maxi — MakcuMaJibHOe, ¢ — IBET n300parkeHust Kpuboil, N —
YUCI0 KaIPOB JMHAMIYIECKO Mojesn. [lapaMerp p MOXKeT HIPUHIMATH 3HAUEHUE
1 wian Jjioboe aApyroe, B ToM 4ucie u OyksenHoe. [Ipu p=1 B 3arojioBoK pHCYyH-
Ka BBIHOCSTCS JIMHAMWYECKHE 3HAUYEHUs] KPUBU3HBI, KPYyUYeHUs] U JIIUHBI JIyTH.
[Ipu s060M APYroM 3HAYEHUH STOrO IIapamMerpa KPHUBHU3HA, KpydeHue 1 JIjId-
Ha JIyIU KPUBOH OTOOparKarTcs JIUHAMUYECKUIMU OObEMHBIMU T'ECTOIDAMMAMU
C NPUJIOYKEHHBIMU K HUM JUHAMUYIECKI OOHOBJISIEMbIMI 3HAUEHUSIME YKA3aHHBIX
ckaJisipoB. [lj1st aBroMaTm3annm mpoIecca IOCTPOEHNsT ONTUMAJILHON JuHAMIIe-
CKOIl MOJIe/In HeOOXOUMO OBbLIO JaTh OLpEeJe/eHus Py I'paduIecKux napa-
MEeTPOB OCHAIIEeHHOI I'padUKU, 3aBUCSIIINX 0T KOHKPETHOI'O ypaBHEHUs] KPHUBOIl
U 338/IaHHBIX I'PAHUIL e BOCIIpOU3BeieHns. [1jist pereHust 3Toil 3a1a9i UCII0JIB30-
BaJICS CJIE/IYIOMINiT ajaropuT™M. B Karxk1oM KaJipe OlpeIe/sinch MIUHIMAJIbLHbIE I
MaKCHMAaJIbHbIE 3HAUEHIS KOOPJMHAT JIJIsI BCEX 3JIeMEHTOB (DUIYPHI ¢ IIOMOIIBIO
BCTPOEHHO MPOIEypPbl Min ¥ mMax, 3aTeM COCTABJIAICS CIHCOK MUHIMAJIbHbBIX
1 MaKCHMaJIbHBIX 3HAYEHMIT KOOPJMHAT (PUTYD 110 BCEM KaJipaM U HaXOJIUJINCh
MaKCHMaJIbHbIe M MUHUMAJIbHBIE KOODJIMHATHI 110 BCEHl JUHAMUYECKON MOJIEJIN.
Taxum 0O6pa3oM, MOXKHO OBLIO OIPEJIEINTh MAKCUMAJIbHbIE Pa3Mepbl JUHaAMUIe-
CKOI'O 0O'bEKTa I10 BCEM U3MEPEHUSM, 9TO IO3BOIIIO OINTUMI3UPOBATE PA3MEPHI
ero Jo0aBodHBLIX 3jieMeHTOoB. Ha Puc. 3 mokazam oauH KaJp MCIOJIHEHUs STOil
HPOTPAMMHOI IIPOIE/LY PHI.

I11.2 KomnbiorepHoe MoOe/IMpoBaHle aJalTHPOBAHHOIO
periepa MpoCTPAHCTBEHHO KPUBOM

Nrak, Oynem 3a/1aBaTh HapaMeTPU30BAHHYIO KPUBYIO IIPABOH 4aCTbIO ee IIa-
paMeTpUIecKux ypaBHeHwuil, T.e., pajauycom-Bekropom [f(t),g(t),h(t)], Line -
OyJileT ee yCJIOBHOE HMs, param - ee rapamerp. 3aJiajuM Jiid yI00CTBa B
JaJsIbHefieM KOMaH Ty BbIYuUC/IeHnsI JInHbl BeKTopa, ModVector(x) n koMaH-
7y HOpMEpoBaHus BekTopa, NormVector(x):

> restart:

YuDifGeo:=table():

YuDifGeo [ModVector] :=proc(x):
simplify(sqrt(linalglinnerprod] (x,x))) :end:

YuDifGeo [NormVector] :=proc(x) :
simplify(linalg[scalarmul] (x,1/YuDifGeo [ModVector] (x))) :end:

vV V. V. V V

149



I'masa III. MosgenpoBanne obbeKkTOB Juchgepernnaibaoii reomerpun 8 MAPLE

[IpoBepum, Kak 9T0 paboraer:

>  YuDifGeo[NormVector] ([sin(t),cos(t),1]);

[ 1/2+/2sin(t) 1/2v/2cos(t) 1/2v2 ]
OmnpejiesinM KOMaH Iy BBIYUC/IEHUS KACATEIHLHOIO BEKTOPA K KPUBON B TOUKE
¢ mapaMeTpom paramo:
> YuDifGeo[TangentLine] :=proc(Line,param,param0) :
> eval(subs(param=paramO,diff(Line,param))) :end:
> YuDifGeo[TangentLine] ([a*cos(t),a*sin(t),b*t],t,0);
0, a,b]
OmnpejiesinM KOMaH Ty BbIYUCEHUs JJIMHBI YT KPUBOIL:
> YuDifGeo[LengthLine] :=proc(Line,param,param0,paraml)

> local t:

> simplify(int(YuDifGeo[ModVector] (YuDifGeo

> [TangentLine] (Line,param,tl)),

> tl=param0O..paraml)) :end:

> YuDifGeo[LengthLine] ([a*cos(t),a*sin(t),b*t],t,0,t);

vV a? + bt

OmnpesesinM KOMaH/y BBIYUC/IEHUS €JMHIIHOIO KACATEJIHHOIO BEKTOpa KpPU-
BOi1 tau B Touke ¢ mapamerpom parami:
YuDifGeo [NormTangentLine] : =
proc(Line,param,param0) :
YuDifGeo [NormVector] (YuDifGeo [TangentLine] (#
Line,param,param0)) :
end:

vV V.V V V

V

YuDifGeo [NormTangentLine] ([a*cos(t) ,a*xsin(t) ,b*t],t,t);
[ __asin(t)  acos(t) b
Va2+b?  Va?+b>  Va?+b?
OmnpejiesinM KOMaH Iy HAXOXKJIEHUs €JIMHUIHOIO BEKTOPa OMHOPMAJIN:
beta=[r’,r’]1/|[r’,r’]:|
YuDifGeo[BinormLine] :=
proc(Line,param,param0) :
YuDifGeo [NormVector] (1inalg[crossprod] (eval (subs(param=
paramO,diff (Line,param))),
eval (subs (param=param0,diff (Line,param$2))))):
end:

vV V.V V V V

V

YuDifGeo [BinormLine] ([a*cos(t) ,a*sin(t) ,b*t],t,t);
[ ba sin(t) ___bacos(t) a2

\/m \/aQ(a2+b2) \/a2(a2+b2)
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OnpegenM KOMaHIy HaXOKIEHNs eJUHIIHONO BEKTOpa IJIABHOI HOpMAJIH
n—[tau,betal:
> YuDifGeo[MainNormLine] :=

> proc(Line,param,param0) :

> simplify(linalg[crossprod] (#

> YuDifGeo[NormTangentLine] (Line,param,param0),

> YuDifGeo[BinormLine] (Line,param,param0O))) :end:

> YuDifGeo[MainNormLine] ([a*cos(t) ,a*sin(t) ,b*t],t,t);

[acos(t)\/m asin(t)va2+b2 0}
\/a2(a2—|—b2) \/aQ(aQ—i—bz)

OmnpesiesiuM KOMaH Iy BbIMUCIEHUs] KPUBU3HBI KPUBOH B TOUKe paramo:
YuDifGeo [CurvatureLine] :=proc(Line,param, param0)

local T1,N1:

T1:=subs(param=param0,diff (Line,param)) :
N1:=subs(param=paramO,diff (Line,param$2)) :
simplify(YuDifGeo[ModVector] (1inalg[crossprod] (T1,N1))/
YuDifGeo [ModVector] (T1)~3):

end:

YuDifGeo [CurvatureLine] ([a*xcos(t) ,a*sin(t) ,b*xt],t,tau);
a? (a® + b?)

(a2 + b2)%?
Omnpejie/inM KOMaH Iy CMEIIaHHOIO IIPOU3BEJIEHUs TPEX BEKTOPOB:
> YuDifGeo [CombProd] :=proc(x,y,z):
> simplify(linalglinnerprod] (x,linalg[crossprod] (y,z))):
> end proc:
> YuDifGeo [CombProd] (#
> [x,y,2],[1,2,3],[4,5,6]);

—3rz+6y—3=2

OmnpesiesinM KOMaH/ Ty BBIUNCTIEHNs KPyUueHUs KPuBoil B Touke param{:
YuDifGeo[TorsionLine] :=
proc(Line,param,param0) local T1,T2,T3,TTT:
T1:=subs(param=param0,diff (Line,param)):
T2:=subs(param=param0,diff (Line,param$2)):
T3:=subs (param=param0,diff (Line,param$3)) :
TTT:=
simplify(YuDifGeo [ModVector] (1inalg[crossprod] (T1,T2))):
simplify(YuDifGeo [CombProd] (T1,T2,T3)/TTT"2) :end:

[TocmoTpuM, Kak 310 paboraer:
> YuDifGeo[TorsionLine] ([a*xcos(t),a*sin(t),b*xt],t,tau);
b
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I11.2.1 Komanabl n3obpakeHusi B Teopun AnddepeHImaabHoil reo-
MeTPUN KPUBBIX

Komanja nzobparkeHnst HaTypaJbHBIX YPaBHEHUN KPUBBIX

k = k(s); kappa = kappa(s) :

YuDifGeo [GraphicNaturalCurvature] :=
proc(Line,param,param0,max_param, cc)

local paraml:

plot ([YuDifGeo [CurvatureLine] (Line,param,paraml),
YuDifGeo[LengthLine] (Line,param,param0,paraml),
paraml=param0..max_param] ,color=cc
,labelfont=[TIMES,ROMAN,12] ,labels=[‘s‘,‘]) :end:
YuDifGeo [GraphicNaturalTorsion] :=
proc(Line,param,param0,max_param,cc)

local paraml:

plot ([YuDifGeo[TorsionLine] (Line,param,paraml),
YuDifGeo[LengthLine] (Line,param,param0,paraml),
paraml=param0..max_param] ,color=cc
,labelfont=[TIMES,ROMAN, 12] ,labels=[‘s‘,‘‘]) :end:
#

YuDifGeo [GraphicNaturalTorsion] ([t*cos(t),t*sin(t),t],\
t,0,8%Pi,red);

vV VV VV VYV VYV VYV YV VYV YVVYV

[
LA
|

10

Lh
|

fose ]
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>YuDifGeo [GraphicNaturalEquations]:=
proc(Line,param,param0,max_param,ccl,cc2)
local paraml:
plot ([[YuDifGeo [CurvatureLine] (Line,param,paraml),
YuDifGeo[LengthLine] (Line,param,paramO,paraml),
paraml=param0..max_param],
[YuDifGeo[TorsionLine] (Line,param,paraml),
YuDifGeo[LengthLine] (Line,param,paramO,paraml),
paraml=param0..max_param]],color=[ccl,cc2],
labelfont=[TIMES,ROMAN,12] ,labels=[‘s‘, ‘],
legend=[‘k(s) ¢, ‘kappa(s) ‘],
titlefont=[TIMES,ROMAN,BOLD],
title=‘Natural Equations of Curve®):end:
> YuDifGeo [GraphicNaturalEquations] ([t*cos(t),
> t*sin(t),t],t,0,4*Pi,blue,red);

Natural Eguations af Curve
30

Komana nzobpakeHuss orpe3ka

Fois) Foappals)

YuDifGeo [ParamLine] :=proc(X,q,param,tl,c) local EQ:
EQ:=linalg[matadd] (X,linalg[scalarmul] (q,param),1,1):
plots[spacecurve] (EQ,param=0..t1,thickness=2,
color=c,scaling=CONSTRAINED) :

end:

YuDifGeo[ParamLine] ([1,2,3],[1,4,1],xi,2,red);

vV V. V V V

\
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I11.2.2 KomaHapl n300parkeHus aJJalTUPOBAHHOIO perepa ¢ HavaJioM

vV V.V V V V V VYV YV V VYV

\%

B TouKe t0

YuDifGeo [NaturalReper] :=
proc(Line,param,param0,tl,ccl,cc2,cc3)

local rtl,rt2,rt3,tt,bb,nn,xi,zeta,chi:
tt:=YuDifGeo [NormTangentLine] (Line,param,param0) :
rt1:=YuDifGeo [ParamLine] (subs(param=paramO,Line),
tt,xi,tl,ccl,scaling=CONSTRAINED) :
bb:=YuDifGeo[BinormLine] (Line,param,param0) :
rt2:=YuDifGeo[ParamLine] (subs(param=param0,Line),
bb,zeta,tl,cc2,scaling=CONSTRAINED) :
nn:=YuDifGeo[MainNormLine] (Line,param, param0) :
rt3:=YuDifGeo [ParamLine] (subs(param=paramO,Line),
nn,chi,tl,cc3,scaling=CONSTRAINED) :
plots[display] (rt1,rt2,rt3) :end:

YuDifGeo [NaturalReper] ([cos(t),sin(t),t],\
t,Pi/2,2,red,blue,black);
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Frim i b
ol ke

»
3

Komanna annManum HaTypaabHOTO perepa KPUBOIi:

CHaana BbIYUCJIEM JJIAHY JIMHUA

> 8S:=(Line,param,mini,maxi,i)->

> evalf(YuDifGeo[LengthLine] (Line,param,mini,\

> (maxi-mini)/71%1i),6):

> SS([cos(t),sin(t),0.2*t],t,0,8*Pi,10);
3.60991

Crpounm nporeaypy AHHAMIYECKON BU3yaIn3allin HATypaIbHOTO perepa Kpu-
BOil. 3ajlaeM mapaMerphnl perepa

>YuDifGeo [AnimNaturalReper] :=
proc(Line,param,mini,maxi,c,N,p) local
LINE,T,GL,TTT,S,kk, KKK, XXX,
X_min,x_max,y_min,y_max,z_min,z_max,l_x,l_y,l_z,
SS,al,a2,i,tl,s_max,s_norm,k_max,k_min,k_norm,
K_max,K_min,K_norm,CC,SSS,TTS,kkk,KKKK,TTk,TTK:
LINE:=(T)->subs(param=T,Line):
GL:=plots[spacecurve] (LINE(param) ,param=mini..maxi,thickness=1,
color=navy,scaling=CONSTRAINED,numpoints=1000) :
#BruuCcnIgeM 3HAYEHUe

H#IOJIVHL JTUHUU

SS:=(1)->
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evalf (YuDifGeo[LengthLine] (Line,param,mini,
mini+(maxi-mini)/N*xi),6):

#KPUBU3HY JIMHUU

kk:=(1)->

evalf (YuDifGeo [CurvatureLine] (Line,param, (maxi-mini) /N*i) ,6):
#KpydeHUE JIMHUU

KKK:=(1)->

evalf (YuDifGeo[TorsionLine] (Line,param, (maxi-mini)/N*i) ,6):
#cTpouM rpadux

TTT:=(1)->

plots[textplot3d] ([0,0,0,convert(SS(i),string)],\\
color=c,align=LEFT):

XXX:=(1)->

evalf (LINE(mini+i*(maxi-mini)/N)):

#BHYNCIVM MUHUMAJbHbE ¥ MaKCHUMAJIbHHE X, V, Z
x_min:=min(seq(XXX(i) [1],i=0..N)):
x_max:=max (seq (XXX (i) [1],i=0..N)):
y_min:=min(seq(XXX(i) [2],i=0..N)):
y_max:=max (seq(XXX (i) [2],i=0..N)):
z_min:=min(seq (XXX (i) [3],i=0..N)):
z_max:=max (seq (XXX (i) [3],i=0..N)):

#3aTeM BHYUCISEM OIUHH BEKTOPOB IO X,V,Z

1l _x:=x_max-xX_min:

l_y:=y_max-y_min:

1l _z:=z_max-z_min:

#3amaeM BelUYMHY pelepa IO OTHOMEHW K PUCYHKY
t1:=0.1*max(1_x,1_y,1_z):

HHH#

s_max:=YuDifGeo[LengthLine] (Line,param,mini,maxi):
s_norm:=(i)->evalf (SS(i)/s_max*1_z):
k_max:=max(seq(kk(i),i=0..N)):
k_min:=min(seq(kk(i),i=0..N)):
k_norm:=(i)->evalf(kk(i)/(k_max-k_min)*1_z):
K_max:=max(seq(KKK(i),i=0..N)):
K_min:=min(seq(KKK(i),i=0..N)):

K_norm:=(i)->evalf (KKK(i)/(K_max-K_min)*1_z):
CC:=[x_min+l_x/2,y_min+l_y/2,z_min]:
SSS:=(i)->plot3d(s_norm(i)+0.01,x=x_min-1.2*t1l..x_min-1.2*t1+t1,
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y=y_min-1.2%tl..y_min-1.2*%t1+tl,filled=true,
color=red,grid=[2,2],scaling=CONSTRAINED) :
TTS:=(i)->plots[textplot3d] ([x_min-1.2x%t1,y_min-1.2%t1,
z_min+s_norm(i+1)+tl,convert(s=SS(i),string)],
align=above,color=NAVY,font=[TIMES,ROMAN,12]):
kkk:=(i)->plot3d(z_min+k_norm(i),

x=x_max+1.2*tl. .x_max+1.2xt1+t1,
y=y_min-1.2%t1l..y_min-1.2*%t1+tl,filled=true,color=green,
grid=[2,2],scaling=CONSTRAINED) :
TTk:=(i)->plots[textplot3d] ([x_max+1.2*tl,y_min-1.2%t1,
z_min+k_norm(i)+tl,convert(k=kk(i),string)],
align=above,color=NAVY,font=[TIMES,ROMAN,12]):
KKKK:=(i)->plot3d(z_min+K_norm(i+1),
x=x_max+1.2*tl..x_max+1.2xt1+t1,
y=y_max+1.2%tl..y_max+1.2*tl1+tl,filled=true,color=blue,
grid=[2,2],scaling=CONSTRAINED) :
TTK:=(i)->plots[textplot3d] ([x_max+1.2%*t1,
y_max+1.2%t1l,z_min+K_norm(i+1)+tl,convert (k=KKK(i),string)],
align=above,color=NAVY,font=[SYMBOL,12]):

#CTpouM rpaduk IVHAMUYECKON BU3yalu3aluy pernepa KpUBOH
if p=1 then

S:=(i)->plots[display] (

YuDifGeo [NaturalReper] (Line,param,mini+

(maxi-mini) /N*i,t1,black,blue,red),
GL,title=convert([s=SS(i) ,k=kk(i),
kappa=KKK(i)],string)):

else
S:=(i)->plots[display] (YuDifGeo [NaturalReper] (Line,
param,mini+(maxi-mini)/N*i,t1,black,blue,red),
GL,SSS(i),TTS(i),kkk(i),TTk(i) ,KKKK(i),TTK(i)):

end if:

plots[display] (seq(S(i),i=0..N),insequence=true,
scaling=CONSTRAINED) :

#[seq([s_norm(i)],i=1..N),1_z] :#k_norm(2):

end proc:

> YuDifGeo[AnimNaturalReper] ([t*cos(t),t*sin(t),0.015%t"2],
> t,0,16%Pi,red,24,xxx);
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> YuDifGeo[AnimNaturalReper] ([t*cos(t) ,t*sin(t),t],
> t,-8%Pi,8%Pi,red,32,0.1);

-30
-20

20
30

30
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> YuDifGeo[AnimNaturalReper] ([cos(t)*cos(-Pi/2+t/16),
sin(t)*cos(-Pi/2+t/16) ,sin(-Pi/2+t/16)],\
> 1£,0.1,16%Pi-0.1,red,64,xxx) ;

\%

> save(YuDifGeo, ‘DifGeo.m‘);
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e tener 1) - Mer's T .
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| end proc:

> YuDifGeo [AnimNaturalReper] ([t*cos(t) ,t*=sin(t) ,0.015*t*2],t,0,16*Pi,red,24,Elina) ;

A WilMadSCMiT

II11.3 BoccraHoBJjieHUe KPUBOIi 110 ee HATYpPaJbHBIM
ypaBHEHUSAM

nBapuanTaMu TPOM3BOJIBHON KPUBOI sIBJISETCS ee JIMHA JIYTH, KPUBU3HA U
Kpydenne. Ecin kKpuBasg oTHeceHa K HATypaJbHOMY HapaMeTpy, TO ee KpUBU3HA
1 KpydeHue gB/siioTcd MYHKIUSIMEI 9TOr0 IapaMeTpa

k=k(s); = x(s). (II1.7)

CucreMa 3THUX JIByX COOTHOIIEHUN HAa3bIBACTCS HATYPaJbHBIMHU YPaBHCHHUSIMU
KpuBoii. Tak Kak HaTypaJibHOE ypaBHEHUE CBs3bIBACT MHBAPUAHTHI KPUBOIi, TO
OHO He MEeHsIeTCsl IIPU IIPeodPa30BaHui KOOPIMHAT UK IIPU IIepeMeleHinn KPUBOil
OTHOCHUTEJILHO 3TOil cucTeMbl. OCHOBHOE 3HAUEHNE HATYpPaJbHBIX YPaBHEHUI CO-
CTOUT B TOM, 4TO 3a/iaHue UX BIIOJIHE XapakTepusyer (hopMy KpPUBOIii, TaKk 4TO dee
Kpusvie ¢ 00UHAKOBHLMU HAMYPAALHOLMU YPAGHEHUAMYU HEOOTOOUMO COBNAJAIOM,
no ceoetl hopme U Mo2Ym OMAUNAMBCA MOALKO NONOHCEHUEM NPOCTPAHCMEA,
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m.e., AGAAOMCA Konepysnmuvimu dueypamu’. C Ipyroif cTOPOHDLI, KPUBU3HA I
Kpy4deHHe KPUBOIL, sBJISIIOTCS ee JIBYMsl JIOKAJIbHO U3MEPSIEMbIMU XapaKTePUCTH-
KaMIH, [IOJTHOCTBIO OMUCHIBAIONIIMI CBONCTBa KPUBOIi: KpUBH3Ha, k(s), coBIaaer
¢ abCoJTIOTHOI BEJTMYNHON CKOPOCTH ITOBOPOTa KacaTeJbHON K KPUBOM, a abco-
JIIOTHAS BeJIMUNHA KPYYEHUs, ¢, — ¢ aOCOIOTHOM BEJTMINHON CKOPOCTHU TIOBOPOTA
OMHOpPMAJIN KPUBOIi. DTH JiBe (DU3NUECKN U3MepsieMble XapaKTePUCTUKI KPUBOil
SIBJISTIOTCSI OCHOBOII JIJ1s1 OpUEHTAINN Ha MECTHOCTHU W 00eCIIeYnBaI0T MI'HOBEHHYTO
MPUBA3KY K MECTHOCTU MOOWJIBHBIX TeXHUYIECKUX cpelcTB. DakTmieckoe nsMe-
peHne 3TUX CKaJsIpOB OCYIIECTBISETCS C MOMOIIbI0 TupocucteM. MaTtemaTntde-
CKHU BOIIPOC IIPUBLA3KHU IIepeMeIaeMoro 10 HeKOTOPOil IPOCTPAHCTBEHHOII KPUBOl
7 = 7(t) 0ObeKTa 3aK/II0UALTCS B PA3PEIIeHUN HATYPAJIbHBIX YPaBHEeHUIT KPUBOIl
OTHOCHUTEJIHLHO PaJInyca-BeKTopa mepeMmertaeMoii Toukn. Ha mepBblit B3I Ka-
JKETCsI, ITO HEBO3MOXKHO OJIHO3HAYHO BOCCTAHOBUTH BEKTOPHYIO (QyHKIHIO 7(t)
o cucTeMe JIByX Harypaabubix ypasuennit (I11.7). Ograko, 9570 BO3MOXKHO ¢ie-
JlaTh TIpU 3aJIaHUU HavdaJbHOU TOYKU M HAYaJbHOIO HallpaBJIeHUs — KakK pas3
BCJIEJICTBUE YKA3aHHOI'O CBOMCTBA KOHI'PYIHTHOCTH.

KpuBusna u kpydenune KpuBOil, 3aJJaHHOIl CBOUM ITapaMeTPUUeCKUM ypaBHe-
HUEM, OIICBIBAIOTCs (hopMysiamu (cM., Harpumep, [125]):

B ]1’“><'1‘|.

k(t) = T (I11.8)
(t) = (‘Z:;—:P) (1TL.9)

TakumM 00pazoM, 3aja4a BOCCTAHOBJIEHNS KPUBOH (C TOYHOCTBHIO JIO TPOCTPAH-
CTBEHHOI'O JIBUYKEHUST) CBOJUTCS K PEIIeHNI0 CUCTEMBI JIBYX OOBIKHOBEHHBIX, CY-
IMECTBEHHO HesmHetHbIxX quddepenimanbabix ypasaenuit (111.8), (111.9):

k(s) = % (I11.10)
o (5 )
»(s) X (IIL.11)

C OlIpe/JIe/IeHIeM CBSI3H MPOU3BOJIHBIX [0 HATYPAJBLHOMY TapaMeTpy< s, (JiHe)
1 BpeMeHeM, t:

(111.12)

5Cwm., manpumep, [35]
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I11.3.1 3apnanme KpuBoOii W BBIYHCJIEHNE KPUBU3HBLI U KPYYeHHUS II0
HaTypaJIbHOMY MapaMeTpy

[Ipenmonokmm, 9TO HAM M3BECTHBI TapaMeTpUYecKue ypaBHEHUs KPUBOIl B Ha-
TypaJIbHOI TTapaMeTPU3AIIH, T.€., 33/JaHbl TPU (DYHKITIH:

r=X(s); y=Y(s); z=Z(s) : (II1.13)

SajiaauM 3Ty orepaluio B Maple:
> restart:
> R(s):=[X(s),Y(s),Z(s)];
R(s) == [X(s), Y(s), Z(s)]

ITpousBosiHibIE IEPBOTO MOPSAIKA:
> tau_1(s):=[diff (X(s),s),diff(Y(s),s),diff(Z(s),s)];
o [d d d
tau_1(s) := [ X(s), = Y(s), 3= Z(s)]
[Ipumerum reneps ciepytomuii mpuem FO.I. Urnareesa [126]. Varem, urto
BEKTODP 77 UMeeT €INHNYINYIO JITHHY:

71| = 1. (111.14)

BenteicrBre 3T0oro Kak pas u mcdesaeT JIUIIHSIS CTelleHb CBOOOIbI, ITOITOMY KO-
OPJIMHATHI 9TOIO BEKTOPa MOYKHO TTapaMeTpU30BaTh JIBYyMsi epeMeHHbIMIE, P($)
1 O(s) (aHasorndHbIM cHEPUIECKIM KOO/ IMHATAM ):

dX awy . az .
o= cos @ cos O; o= sin @ cos O; il sin © : (III.15)

{ d%X(s) = cos(P(s)) cos(O(s)) ; d%Y(s) = sin(P(s)) cos(O(s)) ;
27(s) = sin(0(s) |

riae P(s) , O(s) - mpousBoJibHBIE TTOKa (DYHKIINNA HATYPATBHOIO [ApAMeTpa.

C,ZLGJI&GM YKa3aHHbIC IIOACTaHOBKH M BbIYMCJ/INM 3aTeM IIPOM3BOAHYIO PaldulycCa

BEKTOPa B HOBBIX II€PEMEHHBIX:
> DR:=
{diff (X(s),s)=cos(Phi(s))*cos(Theta(s)),diff(Y(s),s)
=sin(Phi(s))*cos(Theta(s)), diff(Z(s),s)=sin(Theta(s))};

DR := {%X(s) = cos(P(s)) cos(O(s)),
d%Y(S) — sin(@(s)) cos(6(s)), = Z(s) = sin(6(s))}
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3anuiiem IPOU3BOIHYIO Pajinyca BeKTOpa, T(S), ¢ MOMOIIBI0 HOBBIX Mepe-

MEHHBIX:
> tau(s) :=subs(DR,tau_1(s));
> u(s):=tau(s) [1];v(s) :=tau(s) [2] ;w(s) :=tau(s) [3];

7(s) := [cos(P(s)) cos(O(s)), sin(P(s)) cos(O(s)), sin(O(s))]
u(s) := cos(P(s)) cos(O(s))
v(s) = sin(®(s)) cos(O(s))
w(s) := sin(O(s))

IIpousBoaHbIE BTOPOro MOPSIKA:
> R2(s):= [diff(u(s),s),diff(v(s),s),diff(w(s),s)];

HpOI/I3BO,ZLHbIe TPpEeTbero nmopdakKa:

> R3(s):= [diff(u(s),s$2),diff(v(s),s$2),diff(w(s),s$2)];

ds
sin(®(s)) (L &(s)) cos(O(s))
+ 2sin(P(s)) (% O (s))sin(O(s)) (% O(s))—

)
+ cos(P(s)) (jT d(s) )—
2 cos(®(s)) (£ (s)) sin(O(s)) (4 O(s))
— sin(®(s)) cos(O(s)) (& O(s))? — sin(®(s)) sin(O(s)) (2 O(s)),
) ‘¢

I11.3.2 BpeiuucieHne KpuBU3HbI U KPyYeHUs KPUBOIi

[Ipeanonarast, Temepb, YTO MapaMeTpUUECKue ypaBHeHusl Kpupoii I' mssect-
HBI, BBIYUCJINM €€ KPUBU3HY M KPy4eHUe 10 CTaHJapTHLIM (opMmy/iaM jud-
dbepennmasbroit reomerpun (I11.8), (I11.9). ITpu sTOM CKAJSIPHOE U BEKTOP-
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HOe TTPOU3BEJIeHNs] BEKTOPOB a W b OyjeM BBIUUCIATH € ITOMOIIBIO KOMAH/I
innerprod(a,b) wu crossprod(a,b) 6ubmmmorexkn 1inalg, COOTBETCTBEHHO:

> k(s):=sqrt(simplify(linalglinnerprod] (R2(s),R2(s))));

k(s) 1= /(£ B(5))2 cos(6(s))? + (& O(5))?

C nmomornpio komauabl scallarmul (a,alpha 6ubsmorexkn linalg nmpons-
BOJIEM yMHOKeHHe BekTopa r”(s) Ha 9uC/I0 (v — TeM CaMbIM TIOJIydaeM eJii-
HUYHBINA BEKTOP I COIPOBOZK/IAIONIETO TPEXI'PAHHUKA KPUBOIi:.

> nu(s):=linalg[scalarmul] (R2(s),1/k(s));

—sin(P(s)) (% D (s)) cos(O(s)) — cos(P(s))sin(O(s)) (% O(s))
V%1

%1 := (L d(s))* cos(O(s))? + (&£ O(s))?
YoeauMces B TOM, 9TO TIepBast 1 BTOpast TPOU3BO/IHbIE PaJInyca-BEKTOPa Op-

TOTOHAJIBHBI (TaK KaK BTOPast IPOU3BOJIHAS €CTh IPOU3BOIHAST OT €JANHITHOTO
BEKTODA T).

> simplify(linalg[innerprod] (tau(s),nu(s)));
0

Borancimnm BEKTOPHOE IIPOU3BEJICHUEC 9TUX 2KE BEKTOPOB!

> V_DR_D2R(s):=1linalglcrossprod] (tau(s),R2(s));

164



I11.3. Boccranosjienne KpuBOIf IO ee HATYPAJIbHBIM yDaBHEHUSIM

sin(®(s)) sin(O(s)) ),
sin(O(s)) (—sin(®(s)) (55 P(s)) cos(O(s))—
cos(P(s) (4

¢ (cos(®(s)) (£ B(s)) cos((s))
—sin(®(s)) sin(O(s)) (& O(s))) — sin(®(s)) cos(O(s))
(—sin(@(s)) (£ B(s)) cos(O(s)) — cos(®(s)) sin(O(s)) (£ O(s)))

C MoMOITBIO CKAJISTPHOIO YMHOYKEHNUST TIOJTy9€HHOTO pe3yJibTaTa U BEKTOpa
TpeTbeil IPON3BOIHOI Oy InM KpyJeHre KPUBoii: £(S):

> kappa(s):=

> simplify(linalg[innerprod] (V_DR_D2R(s),R3(s))/k(s)"2);

(s) = (sin(O(s)) (; ©(s))’ cos(O(s))* + 2sin(O(s)) ( O(s))” (F; ©(s))

— (£ 0(5)) (i D(5)) cos(O(s)) + (& () cos(O(s)) (45 O(5))) /(

w(s) = (5 B(s)) cos(O(s)) (4 O(5)) — (4 O(s)) (4 P(s)) cos(O(s))
+25in(0(s)) (1 ©(s))? (75 D(s)) + sin(O(s)) (5 B(s))? cos(O(s))?) /(

I11.3.3 dPopmupoBanme cucrtembl AuddepeHInaIbHbIX YPaBHEHUI

HamomumMm, uTo HaTypaJibible ypaBHEHUsST KPUBOIl — 9TO IMTapa ypaBHEHMIl:

k= k(s); (I11.16)
Kk = Kk(S), (I1.17)

rie k(s) n k(s) B mpaBbIX YacTsiX 3ajaHbl Kak (DYHKIMH HATYPAJbHOTO Mapa-
MeTpa S. [IpaBble gacTn 3TUX ypaBHEHHUI Mbl OyjieM 3a/laBaTh, a JieBble YacTH
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9TUX yPaBHEHUI OTpeesstiorest auddepeHnnaabHbIMUI BbIPAsKEHUAMI, KOTOPbIC
MBI HOJIyIUJIN Bblie. TakuM o06pa3oM, MbI HOJY9IaeM CHCTEMY JBYX OOBIKHO-
BeHHBIX i DEPEHITNATBHBIX YPABHEHUT BTOPOrO MOPSIJIKA OTHOCUTEIBHO JIBYX
Hem3BecTHBIX dyHKImit — P(s) m O(s).

J11st 9UCIIeHHOrO MHTErPUPOBAHNUST STOH CHCTEeMbI HEOOXOMMO IIPHBECTH €€ K
HOpMaJILHOMY BuJLY, T.c., K cucreme OV 1-ro mopsijika, pasperieHHbX OTHOCH-
TEJBHO MPOU3BOHBIX. [l 9TOr0 0603HAUNM TIEpBBIE TTPOU3BOIHBIE OT MCKOMBIX
dbyuknnit ¢ nomormpio HoBLIX dyukmnit, Pg(s) m Og(s):

dq;is) = Dy(s): (IIL.18)
d(zis) — Og(s) : (IIL.19)

D1:=diff (Phi(s),s)=Phi[S](s);D2:=diff(Theta(s),s)=Thetal[S](s);

Cucrema O/Y permraercst ¢ MOMOIIBIO KOMaHIbI

>dsolve(cuctema OIIY union HavambHie ycioBus, type=numeric,
method=classical, output=listprocedure):

— IIpU 9TOM II0JIy4aeM YUCJICHHbIC PEHICHUs KJIACCUYCCKUM METOJOM, KOTOPLIA
siBJIsieTcsl KoMOuHalueil MeTonoB ditepa, Xeiina, Pynare - Kymgara n Agamca -
Bamdopa, mprdeM perneHNs BBIBOAATCA B BUJIE CICKa. Kak MOKa3bIBAIOT BbI-
YUCJIEHNS, 9TOT KOMOMHIPOBAHHBII METO/ JTaeT JIydIline Pe3yIbTaThl, YeM CTaH-
naptublit Metos Pynre - Kyjara B cirydasx, Korjia KpuBasi UMeeT MHOTO U3IHO0B.

> Sol[1]:= dsolve(Systeml union Inits,
{X(s),Y(s),Z(s),Phi(s),Theta(s),Phi[S] (s),ThetalS](s)},
type=numeric, method=classical,output=listprocedure);
Sol[2]:= dsolve(System2 union Inits, {X(s),Y(s),Z(s),
Phi(s),Theta(s),Phi[S] (s),ThetalS](s)},
type=numeric,method=classical, output=listprocedure);
Sol[3]:= dsolve(System3 union Inits,
{X(s),Y(s),Z(s),Phi(s),Theta(s) ,Phi[S] (s),ThetalS](s)},
type=numeric,method=classical, output=listprocedure);
Sol[4]:= dsolve(System4 union Inits, {X(s),Y(s),Z(s),
Phi(s),Theta(s),Phi[S] (s),ThetalS] (s)},
type=numeric,method=classical, output=listprocedure);
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I11.3.4 KomMnbioTepHOe MO/IeJIMPOBAaHNE HATYPAJIbHBIX ypPaBHEHU
KPUBOI

[TojcraBiisst Tenephb B IPaByIo 4acTh HATYPaJbHBIX YPABHEHUIT KPUBOIT 10Ty 4eH-
Hble BBIDAYKEHUsI JIJIsT KPUBU3HBI 1 KPYUEHUs, a B JIeBble — 3aJlaHHble (DYHKIUNI
mapamMerpa S, MOJIydUM CUCTEMY JIByX HEJIMHEHHBIX OOBIKHOBEHHBIX juddepeH-
MUATBHBIX YPaBHEHUIT 3-TO IMOpsijika OTHOCHTEIbHO JBYX yriioB P(s) u O(s).
Kak Mbl oTMeYa/n BbIlle, TOYKA Hadaja KPUBOI U ee HadaslbHOE HAIPABJIEHHE
MOTYT OBITH 3a/[aHbl TPON3BOJILHO. COOTBETCTBEHHO STOMY MPOU3BOJIY 3818 1M
HavYaJIbHBIE YCJIOBUS B BHJIE:

>InitConditions:={X(0)=0,Y(0)=0,Z(0)=0,Phi(0)=0,
Theta(0)=0,Phi[S] (0)=1,Theta[S] (0)=0};

3a/1a/iuM Terepb KOHKPeTHbIEe HATypa/IbHbIe yPaBHEHUsI KPUBOIi, T.€., KOHKPe-
tusupyeM byHKImn (s) u x(s).Paccmorpum Heckobko mpumepos. Ha mocite-
JVIONIIX PUCYHKAX [PEICTABICHBI PE3YJIBTATH KOMIIBIOTEPHOIO BOCCTAHOBJIEHHUSI
KPUBLIX 110 UX HATYPAJILHBLIM YPABHEHUSIM.

Kpusas 1:

k(s) =1,(s) =0. (I11.20)

OTa KpuBasg, KaK MOHSITHO U3 Ne€OMETPUIECKOI0 CMbICIa KPUBU3HBI U KPYJeHUsI,
SIBJISIETCSI € [IMHIIHON OKPY?KHOCTHIO. O IHOBPEMEHHO — 9TO XOPOIIIHil IIpUMe]p J1J1s1
IIPOBEPKHU PabOThI KOMILIEKCA IIPOIPAMM.
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Puc.I11.29. Boccranosienune Kpusoit 1 1o ee HaTypabHbIM ypaBHEHU-
sv (I11.20). Kpusasi ' - equHntHas OKPY’KHOCTB B IIPOCTPAHCTBE, KAK
u cieayer u3 teopun [125].

Kpusas 2:

(I11.21)

Puc.I11.30. BoccranoBienne KpuBoit 2 1o ee HATypaJbHBIM ypaBHEHNU-
su (I11.21). Kpusas I' - uckaykennast BAHTOBAST JIMHISI.

3 pucyHKa BHIHO, 9TO 3Ty KPHUBYIO MOYKHO OXapaKTepn30BaTh Kak Jedop-
MHUPOBaHHYIO BUHTOBYIO JIMHUIO C IIEPEMEHHbBIM I1aroM U HaKJOHHOI OChIO.

Kpusag 3:

k(s) = coss; »(s) = sins. (II1.22)

Harypasibabie ypasuenust 9toit kpusoit npusejensl B kaure A.I1. Hopuena [125].
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Puc.I11.31. Boccranosienne KpuBoit 3 1o ee HATYypabHBIM ypaBHEHU-
s (111.22).
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I'maBa 1V

MoaeaupoBaHue reojie3m4ecKnx JIMHIIA

IV.1 MaremarnyeckKad MOJeJIb I'e0e3NYeCKNX JIMHUMI

C mzaraemoii 3jiechb MaTeMaTHYeCKOil Teopueil reoje3nIecKux JIMHII MOYKHO
O3HaKOMHTbLCsI B yueOHUKax 10 juddepeHImabHoil 1 pUMaHOBOI reoMeTpuH,
Harpumep, [126].

IV.1.1 T'eone3smyeckassi KpUBU3HA U reojie3nvecKue JINHUN

OHpeﬂeJIeHI/Ie FeOI[GBquCKOﬁ KPHUBU3HbI

Onpenenenne OIV.1. [eodesuueckoti xpu-
susnot kg aunuu I' na noseprrocmu 6 rnexomo-
POt ee MOYKe HA3VIBAECNCA AOCONOMHAA GEAU-
YWUHG NPOEKUUL 8Mopoti npoudeodnoti paduyca-
seXMOpa Mot Kpusotl Ha KACAMEALHYIO NAOC-
KOCTD!

kg = |Hpmc. n/L.F” ‘ (IV.1)

[ToyauMm BbIparkenue JiJisi Te0/Ie3nIeCKOil Kpu-
BU3HBI JINTHAN

U 7=7r(u(t),v(t)) (IV.2)

Puc.IV.32. Teonesnyeckast

n HOpMaJibHasd KpHBU3HA JIN- g, 110BepXHOCTH .. HopMaJbHBI BEeKTOp K
HHH Ha IIOBEPXHOCTH IIOBEPXHOCTH BBIPAXKaeTcsl 4uepe3 KacaTeJbHbIe
BEKTOPLI K KOOPINHATHLIM JIMHIUSIM:
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N = [Fu 7, } (IV.3)

HopMmabnasa mpoeknus BeKTopa YyCKOpPeHUs paBHA:

(F” . N)
7;»// o .

o 7 =T,

Taxkum obpaszom, coryiacHo onpepenennto IV.1 o Teopeme IIudaropa moiry-
YIM:

N2

2 2 (F” ' N) L (=0 =) 2

=2 = (N —(F”-N)
g ‘N‘Q N2

HpI/IMeHHH 31€Ch TOXKAECCTBO HanaH}Ka:

— =

o7 2 2
a262:[ab]+(ab),
OJIy4IrM OoJjiee yiI00HOe BbIparkKeHue JjIsl Ne0Ie3NIeCKOl KPUBU3HbBI JIMHIN:

k21

o —// ]\7’2 jA— 1
g—ﬁ[r . }:>g——_,

[NV

[F” - N] ‘ . (IV.4)

Ucnonbzyst IV.3 u 3areM — popMysy pacKpbITHSI JBOITHOTO BEKTOPHOI'O MTPOU3-
BeJIEHUA:

- = L o= - —

[a [b c]] :b(a c)—E(a b),
[OJIYIUM C YIEeTOM OIpejeseHns KO3(DPUIMenToB IepBoil KBagpaTuaHoil ¢pop-
MBI

1 2 2
K=o B(r - w ) —2F (77 ) (7w )+ G )
(IV.5)

3aMeTnM, 9TO MOCKOJBKY Treojie3ndeckas KPUBU3HA ONpeIeIsdeTcs TPOeKITn-
efi BEKTOpa YCKOPEHUd Ha KacaTeJbHYIO IIOCKOCTb, TO OHA JOJKHA ITOJHOCTBIO
OIpeIeIAThCA Ko duimenTaMn mepBoil KBaIpaTuIHOl (POPMbI U X TTPOU3BO/I-
HBIMH', TAaKIM 00Pa30M, reojie3ndeckas KPUBU3HA MOBEPXHOCTH He M3MEeHseTCH

Ipyu U3rHOAHUMN.

1B srom daxTe MBI yOeIHIMCS HIKE.
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IV.1.2 Teoae3uveckue JUHUU U YPaBHEHUS TI'e0/Ie3MYUECKUX JIUHUN

Onpenenenune OIV.2. Jlunusa I’ noseprrocmu X nasvieaemesn eeodeauneckotl,
ecal ee 2€00e3UMECKAA KPUBUIHG 60 BCEX MOYKAT PAGHG HYAI0.

Takum obpaszom, corstacuo IV.4 st reojie3ndecKoil JIMHUN:
—// N7
‘ [7“ - N ] ‘ = 0.
Ho BekTOp HYyJI€BOI JIIMHBI UMEET U HYyJIEBble KOOD/IMHATHI, CJIe/I0BATE/IHHO:
—// N7 ~
[r -IV] ~ 0. (IV.6)
[Ipumengsa 3mech oOpMyJly YIHPOIIEHUs JIBOIHOTO BEKTOPHOI'O IIPOM3BEJICHMUSI,
Hai1eM:
— —// — — —// — g
ru<r 'TU>—7“U(T -ru):O.

[Tocko/bKy BEKTOpPHI 7, 1 T, B HEOCOOBIX TOUYKAX IMOBEPXHOCTU HEKOJLIMHEAPHBI,
TO B IIOCJIEJTHEM BbIPAKEHUU JIOJIZKHBI 00pallaThbCsl B HYJIb CKaJIAPHbIE TIPOU3BE-
nenns. Taxum oOpasoM, HMOJIYIHM JJIsI Te0Ae3nYeCcKOil JTMHIN yPaBHeHNSsI:

(77 ) =0 (IV.7)
(77 ) =0. (IV.8)

Boraucistst ckasgpHble MPOU3BEICHUS, IOy IUM, HallpUMeD:

(7 n)-
(P - 7 Y 2 2( P - 7 Yl (T 7o )0 2 720 (7 7 o
Takum 06pas3oM MOJTydaeM CHCTEMY JABYX ypaBHCHMIL:
%%Eu' 2+ 0,Buv + (Fm} C T )v’ LB+ Fv =0, (IV.9)
%&Gv' 24 0,Guv + <Fuu C Ty )u' 4+ Fu + G =0. (IV.10)
aJjiee iponssejieM Ipeodpa30BaHUs:

(Fvv'Fu>:av<Fv'Fu>_<Fv'Fuv>:>
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1
(Fm, 7, ) = 0,F = 50,G. (IV.11)

Anajornyuo: .
(fw .7, ) = OuF — 50,E. (IV.12)

Ucnonwaysa coornomenus V.11, IV.12 B ypaBuennax IV.9, IV.11, npusemem
1OCJIeTHIE K BUJLY:

1 1
§8uEu’ 2+ 0,Buv + <8UF - 5@@) V' 4 Eu' + v = 0;(IV.13)

1 1
§8UG1/ 24 9,Gu'v + ((%F — §6vE) u' 2+ Fu” + Gu" = 0.(IV.14)

Beejiem Tereph Tak HasbIBaeMble cumeoavt Kpucmodppenrs I-20 poda:

1
Lijr = §(f9¢gjk + +0igik — Orgij)- (IV.15)

[To ompenenenuio cumBosibl Kpucrodpdens I-ro pojga cuMmmeTpudnst 1o mnep-
BBIM JIBYM WHJIEKCAM:

Liji = Djig. (IV.16)

Taxmm obpazoM, BBIYUCIALA, HalljeM:

1 1
g = EauE; 10 =0,F — §3UE; o1 =T 1 = 0,E;

1 1
I'igo =192 = §8uG; [ogq = O F — §8UG. (IV.17)
Cpasnaubas [V.17 ¢ ypaBuenusivu V.13, V.14, npusejieM 1oc/ieIHIE K BULY:
. d?x” N .da:l dz*
I g2 T s s

ITycrb g - KosdbduimenTr! MaTpuisl G, 06paTHOI K MaTpuIle IepBoil KBa,I-
paTuIHO (POPMHBI:

=0, (jk1=T1,2). (IV.18)

9" grj = dik. (IV.19)

MozkHo 1mokazaTh, UTo BeJNInHBI ¢ 00pa3yioT KOOPAMHATHI CUMMETPUIHOTO
KOHTPBAPUAHTHOT'O TEH30pa BTOPOIl BAJICHTHOCTH.
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YuuoxuM ypasaenna 1V.18 na ¢ u npocymMMupyeM pesyabTaT M0 HHIEKCY
J, B pe3yJabTaTre MOJyYnM YPaBHEHUS:

ds? Hods ds

IJie BBEJICHBI TaK Ha3biBaeMble cumeoavt Kpucmogpenrs II-20 poda:

0, (i=1,2), (IV.20)

= 9"Thij, (IV.21)

TaKyKe CUMMETPUIHBIE 110 ABYM HUXKHUM HHIEKCAM.

Ypapaenust [V.21 Ha3bIBAIOTCA YpasHEHUAMU 2€00€3UMECKUT AUHUL, OHU SIB-
JIIOTCA CUCTEMOIT OOBIKHOBEHHBIX JIN(bdepeHInabHbIX YpaBHEHIT BTOPOTO T10-
PAJIKA, OTHOCHTEILHO KOOPAMHAT X' (8) TOYKH Ieoe3uIecKoil JTMHIY.

Tax kak kpuBasg [' mapamerpmsoBaHa HaTypaJbHBIM MTapaMeTpoM t = S, TO
JTOJTIZKHBI BBITTOJTHATHCS YCJIOBUA:

7] = 1; (IV.22)
(F’ L ) — 0. (IV.23)

PacmmcpiBast coornomenne [V.22, morydnM Tak Ha3bIBaeMOe COOMMHOWEHUE HOP-
MUDPOBKU:

da’ da®
ds ds
Onnako, BestesicTBre ypapHeHuit reogesndeckux [V.7, IV.8 coornomenne V.23,

Eu' 24 2Fuv + GV 2 = 1 = gy = 1. (IV.24)

siBJIstioneecs: AuddepeHimaabHbIM CJIeJICTBIEM COOTHOLIEHMSI HOPpMUPOBKH [V .22,
BBITIOJTHSICTCS TOYKJIECTBEHHO. TaKnM o0pa3oM, MOXKHO YTBEPXKIAThb, 9TO HMHTE-
rpaJjoM ypaBHenuii reojieandeckux V.21 apasgercs:

dz' dx’

9ij—

Tds ds

9TO0 03HAYAET, YTO COOTHOIIIEHNE HOPMUPOBKHY [V .24 TUIb yTOUHsIET 3HaYCHHE

= Const . (IV.25)

9TOI TIOCTOSAHHO, 1, CJIeJIOBATE/ILHO, OJHO U3 3TUX YPaBHEHUI TeojIe3MIeCKIX
MOZKET ObITH 3aMEHEHO COOTHOIICHIEM HOPMUPOBKHU.

B zak/iouennn pazjesia 3aMeTUM, 9TO yPaBHEHUs Te0Ie3NIeCKIX MOJTHOCTHIO
OIIPEIC/IAIOTC KO3 UImeHTaMin epBoil KBaIpaTUIHON (DOPMBI 1 UX TIEPBBIMU
YACTHBIMI ITPOU3BOJIHLIMU. TakuM oOpaszoM, MCCIe0BAHUE TeOJe3MIECKUX T10-
BEPXHOCTH SBJIETCs 3a/iadeil BHyTpeHHell reoMeTPpUH TTOBEPXHOCTN.
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IV.1.3 Teone3uveckas JuHUS KaK KpaTdaiiiias

[TycTs v — BemecTBeHHas KpUBasl IOBEPXHOCTH X, 3a/laHHad YPABHEHUAMI T =
fi(t), riie o' - BHYTpeHHMe KOOPAMHATHI IIOBEPXHOCTH, ¢ — BellecTBeHHbII Tapa-
MeTp, u nycTbh A u B — JiBe TOUYKHU 3TOI KPUBOil, COOTBETCTBYIOIINE 3HAUCHISIM
napametpa to u ty. [lycts nasee

ds* = gipda'da® (IV.26)

— IepBad KBaJpaTudHas popMa MOBEpXHOCTH. Torja JimHa 3TOM KPUBOIL, 3a-
KJIFOYeHHasd MexK1y Toukamu A u B paBHa:

(IV.27)

YpaBHeHUS

T ="+ edx’,

rige € — OECKOHETHO MaJiasd Be€JIMYMHa, a (5:[?Z - beHKLLI/H/I oT £L’i, TakKnue, 4To
ox' =0 HpI/It = to, t1 (IV28)

ompeie/isieT HOBYIO0 KpUBYIO C, GJINBKYIO K Y U IPOXOJIAIILYIO Yepe3 Te JKe TOUKI
An B.

Paccmorpum uHTErpad

151
1:/ o', ... 2" &t 2", (IV.29)
t

0

. dz’ —
e & = —, a ¢ — aHaJUTHYecKue (PYHKIUU OT 21 aprymeHToB. FKemm [ —

dt
COOTBETCTBYIONUI uHTerpas jyisg Kpuoit C', To pazjaras (QPyHKIUIO @ B Psi

Teityopa, moxyanM:

tl . .
7—]:6/ [a—gp.éati—k%éﬂ]dt—l—...,
t

, Loz '
. oz’ . "
rae 533 = ]Q’f , a HEHallMCaHHbIE 4YJIeHbl MME€IOT BTOPOU U 6OJI€e BbBICOKUU
T
IHOPAAOK OTHOCUTEJILHO €. ECHI/I MbI 3allilieM, 9TO
to ox oz
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TO, UHTErPUPYsT BTOPOE TOJINHTErPAIBLHOE ClaracMoe 110 YacTsIMU UCIIOIB3YsT (hop-
mysty V.28, moxyamm

ty
5T = e/ [890. _d (830.)] Sxidt. (IV.31)
to ox' dt oz’

O06 uHTerpaJje roBopsT, 9TO OH CMAUUOHAPEH, & COOTBETCTBYIONIAS €My KPHUBas

[' nazbiBaeTcst akcmpemanvlo, ecyiu 1epsas Bapuaryusd 0/ paBHa HYJIIO JIJIsl JIIO-
6oit cucrembl GyHKIWi dx', yaosaerBopsomux yeiaopuam [V.28. M3 dopmyiibl
[V.31 cnemyet, 9T0, HEOOXOUMBIM U JIOCTATOUHBIM JIJI 9TOTO yCJIOBUEM Oyier

4 (a‘.‘)) _% (IV.32)
t\oi') ox

9T0 ycJ0BHE U3BECTHO I10JI Ha3BaHUEM ypaBHeHuit Juaepa. IIpumenum sToT 00-

pPaBEHCTBO

muit pesyabrar K unrerpasiay IV.27: B stom ciydae

Op gyt gy’ dp 1 gy
VI dt dt
[ToncraBus 3T 3Havennd B ypauenne V.32, momyanm

d2

09gij 10g;p . At®

il 4 gk - Z 2 gk A — .
G+ pgk ozt 2 0r' — I s
dt

[Ipumensiss cumBosbl Kpucrodderns, cocraiennble s dopmbl [V.26, MoykHO
9TUM YpaBHEHUAM TTPUJIATH BU]T

d23
d*a dz? da* da? g2
i A T i — g — V.33
i gz TR g “ g ds (IV.33)
dt
YMHOXKas Ha g” U CyMMUDYs 110 2, HafijileM, 4To
d?s
A2t de’ da®  dxt P
e, i _ g V.34
T L T T ds ( )
dt
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IV.1. Maremarudeckass MOJe/Ib Ie0Je3nNIeCKUX JTMHHH

Ecu BMecTo mpou3BOIBLHOTO ITapaMeTpa t NCIoIb30BaTh JIUHY JYyTH S, TO yPaB-
nenng V.34 npuamMmaior Bu

d*c" . da? da”

ds ds ds
Taxum obpaszom, sKcTpeMassiMu narerpasa IV.27, B Koropom nmapamerp t 1npe/i-
CTaBJISIET JITUHY JYTH S, SIBISIOTCS MHTErPaJIbHbIe KPUBBIE CUCTEMBI 72 OOBIKHO-
BEeHHBIX JuddepennuaibibX ypauennit [V.35.

YuvuoxkuMm ypasuenus V.35 na

. dar’!
gil dS

1 IIPOCYMMUPYEM pe3yabTar. [Ipm 9ToM Ha0 ydecTb, 4TO BCJACJICTBUE CUMMET-
PUYHOCTU KBaJIpATUIHONH (POPMBI

da’ da!
I s ds ds
de' ' _1d da'  da' da' dgy
I s ds? = 9ds9"ds ~ ds ds ds
Takum 0Opa3oM, IMOJIYIUM TOKIECTBO:
do' d®s'  1d do' do’ da' da™
2 = 7 - am 0) . IV36
s a5z~ 2ds”"ds ™" ds ds ds (1V.36)
YdareMm TakKe, 9TO
1
gill%y. = Dy = 2(ajgkl + Okgji — O19;k)-
Taxum obpaszom, mosyanm u3 1V.35:
d ( da'da\ .
ds \9ds ds )
dz' dx’
= IV.
Gij g as = Const . (IV.37)
DTO O3HAYAET, UTO BEJINUNHA:
_, drtdy!
X =i ds ds
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SIBJISIETCS UHMe2pasom YPaBHEHUI Teole3nIecKuX JTUHNI. TakuMm odpaszoM cooT-
HOIIIEHE HOPMUPOBKH:
de' da’ ]
Yilgs ds —
BO3HUKalOIIIEe IIPH HATYpaJabHOI ITapaMeTpu3ali KPUBOi 1 o3Hadaioee haxT
HOPMHUPOBKI BEKTOPa KacaTeJIbHOI, He NPOTHUBOPEYUT ypPaBHEHUsIM IeoJe31tde-
CKOM JINHUM, & JINIIIb YTOYHSIET 3HAaUeHUe MOCTOsIHHOM B popmyste [V.37.
B kauecTBe mpumMepa pacCMOTPUM Ieoe3ndecKre JJMHIN €BKJINI0BOM I1JI0CKO-
cTU 1 Kpyroporo muinsapa. Ilepsast kBajparumdaHas (popMa eBKJIII0BOM I1LJI0CKO-
CTU €CTh:

ds® = dx* + dy?, (IV.38)

cJIe/I0BaTe/IbHO, MaTPUIa MTEPBOI KBaIpATHIHON POPMbI €/IMHNYHAS U TOCTOSTH-
Hag. BeisencrBrue sToro cuMBoJibl Kpucroddenss kak mepBoro, Tak U BTOPOTO
POJia eBKJIMJIOBOI IIJIOCKOCTU 6 deKapmosur koopdunamar pasubl nyio. Ho To-
IJ1a ypaBHEHUS Te0de3ndecKnX JIMHUI eBKJINIOBON TIJIOCKOCTH MTPUHUMAIOT BUJT:

A’z _ o de B
ds> 7 ds®

Kaxk n3BecTHo n3 MaTeMaTHuIecKoro aHaJIn3a, HeO6XOﬂMMbIM 1 10CTaTOYHBIM YCJIO-

0. (IV.39)

BIIEM PaBEeHCTBa, HYJIIO BTOPOI IIPOM3BOIHON (PYHKIIMN Ha OTPE3KE SIBJIAETCS JIN-
HEITHOCTDb 9TOM (PYHKINH, T.€:

T = as+ xo; y = Bs + yo, (IV.40)

rjie «, (3, xg, Yo - IpousBoJibHbIe KoHCTaHThl. Ho ypasuenus [V.40 oTrHOoCHTE B
HO JIEKAPTOBLIX KOOPAWHAT ABJISIIOTC apaMeTPUIeCKUMI YPAaBHEHUSAMU MTPAMOit
JINHUK Ha IIJIOCKOCTH.

Taxmm obpaszoM, cIpaBe/I/InBa TeopeMa.:

Teopema TIV.1. [eodesuueckumu sunuamu e6xAud060T NAOC-
KOCTNU ABAAIOMCA NPAMDLE SUHUL U MOABKO OHAL.

PaccmoTpum Terneph reofe3mvueckne JUHAN Ha KPYTOBOM IMUJINHAPE PaJIIYCa,
@, METpUKa KOTOPOro B IMUJINHAPUYECKNX KOOPJMHATAX UMEET BUJL:

ds® = a*dp? + d2°. (IV.41)
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[Tocko/IbKY MaTpuila IepBoil KBaIpaTUuIHON (POPMBbI IIUINH/IPA IIOCTOSIHHA, TO U
B 9TOM cJiydae cuMBOJIbI Kpucrodderist odpalliaroTest B HyJIb, a, CJIeJ0BaTebHO,
peleHnsiMI yPaBHEHMIT reo/1e3ndecKnx OyIyT JuHeiiHbIe OYyHKIINN:

w0 = as + Q; z = s+ 2, (IV.42)
Uckmodas oTciojla HATYypaabHBII TapaMeTp, Oy IIM:
2 =09+ 2. (IV.43)

Bospparmasgch K TUINHAPUIECKIM KOOPAUHaTaM B IIPOCTPAHCTBE, HaliIeM Iapa-
MeTpuiecKne ypaBHeHUS I'e0e3nYeCKUX MUJINHIPa;

T = acosy;
y = asing; , (IV.44)
zZ = 0p—+ 2

T.€., TIOJIYIUM ypaBHEHUs] BUHTOBON MUJINHIPUIECKON JINHIH.
Taxum obpaszoM, cIpaBe//IiBa TeopeMa:

Teopema TIV.2. [eodesuueckumu AUHUAMU KPY206020 UUAUH-
opa, ABAANMCA BUHMOBHLE NUHUL U MOALKO OHAL.

IV.2 TIlocTtpoenme reoge3myeckoii cetu Ha mnceBaocdepe
cpeacrBamu Maple

B kauecTBe npuMepa J0CTATOMHO I10POOHO PACCMOTPHM IIPOIE/LYPY MOCTPOEHHUS
reoJIe3nIecKoil cetn Ha ncejocdepe (em. [126]).

IV.2.1 3amanme nceBjocdepsl 1 BbIYNCJIEHNE IIPON3BOAHBIX Paalyca-
BEKTOpPa

Baﬂaﬂ;I/IM IHapaMe€TpHUI€CKNE ypaBHEHUA BerHefI HJacCTHu HCGB,D;OCCbepr, JJIA 9e-

ro BeejieM byukun X(t, ¢), y(t, @), z(t, ¢) nByx napamerpos ( t, ¢), KOTO-
pble IPUHUMAIOT CJICAYIONE 3HAUCHMS Ha BEpXHEH MOJIOBHHE ICeBIOChEpDI:

t=0.3,¢0=0.2m:

> restart:with(linalg) :with(tensor):
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> x:=(t,phi)->sin(t)*cos(phi);
> y:=(t,phi)->sin(t)*sin(phi);
> z:=(t,phi)->-(cos(t)+1ln(tan(t/2)));

Warning, the protected names norm and trace have been redefined and
unprotected

x = (t, ¢) — sin(t) cos(¢)
y = (t, ¢) — sin(t) sin(¢)

z = (t, ¢) = —cos(t) — ln(tan(% t))

3aJ1a/[uM Terepb Panyc-BeKTOp T IPOM3BOJILHON TOUKHU TICEBI0ChEPDI B BH/IE
VIOPSIOUCHHOTO MHOZKECTBA (DYHKIAI U BBITUCIIM OT HETO YaCTHBIE TIPOU3BO/I-
ubie ¢ nomotipio Koman g diff(r( ¢, ¢),t) u diff(r( ¢, ¢), ¢):

> r:=(t,phi)->[x(t,phi),y(t,phi),z(t,phi)];

> r_t:=diff(r(t,phi),t);

> r_phi:=diff(r(t,phi),phi);

r = (t, ¢) — [X(t, ¢)7 Y(ta ¢)7 Z(t7 ¢)]

L + 1tan(z)2

r_t:= |cos(t)cos(¢), cos(t)sin(¢), sin(t) — 22 (t) :
tan(—

2
r_phi = [—sin(t) sin(¢), sin(t) cos(¢), 0]
r.= (ta ¢) — [X(t7 ¢)7 Y(tv ¢)7 Z(tv (b)]
1 1 1
— + —tan(= t)?

r_t:= |cos(t) cos(¢), cos(t)sin(¢p), sin(t) — 22 1 :
tan(§ t)

r_phi = [—sin(t) sin(¢), sin(t) cos(¢), 0]

IV.2.2 HaxoxxaeHne MaTpuiibl II€EPBOii KBaAPATUIHON (POPMBI IICEB-
nocdepbl

Cdhopmupyem Terepb CAMMETPUIHYIO MATPUILY [1€PBOil KBaIpaTUIHONH (DOPMBI 1

BBIUHC/IIM €€ OIPeJeINTe b,

> G:=array(l..2,1..2,symmetric,sparse);
G := array(symmetric, sparse, 1.2, 1.2, [])
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Saja M Ko OUIUEHTH MATPUILI IEPBOI KBaPATHIHONH (POPMBI TICEBIO-
cdepst G, € TOMOIIBIO CKAIAPHBIX IIPOM3BEICHUIT TPOM3BOIHBIX DAy Ca-BeKTOPa,
(73 7)), BBITHCIIEMBIX € TOMOIIBIO KOMaH, 16 innerprod(a,b) 6ubinorekn linalg,
rje a u b - BEKTOPHI.

> G[1,1]:=simplify(innerprod(r_t,r_t));
> G[1,2] :=innerprod(r_t,r_phi);
> G[2,2] :=simplify(innerprod(r_phi,r_phi));
cos(t)?
L1= 9
sin(t)
GLQ =0
Ga,9 =1 — cos(t)?
Boraucinm ornpesiesinresib matputibl G:
> DetG:=simplify(det(G));
DetG := cos(t)?
1 OIIPEJICTUM METPHIECKUN TEH30D i MCeBIoChephr:
> g:=create([-1,-1],eval(®));
cos(t)?
— 3 0 :
g := table([compts = | sin(t) , index _char = [—1, —1]])
0 1 — cos(t)?

IV.2.3 Boruancienue cumBosioB Kpucroddems nceBaocdepbl

OmnpesiesinM BHyTpeHHNE KOOPAUHATHI TIceBI0ChepPbl KaK YIIOPs09eHHYTO TTOCIe-
JIOBATEJILHOCTD
> coord:=[t,phil]:

Teneps ¢ momornpio koman sl dlmetric{ G,coord) 6ubamorexn tensor Boi-
GUCNM TIepBbIe YacTHbIC Mpon3BoaHble, dG, METPHYECKOTO TEH30pa, a TaKiKe
BBIIHCJIIM KOODJIMHATBI KOHTPBAPHAHTHOIO METPUIECKOr0 TeH30pa g 1 (BasieHT-
woctu [+1,+1]), 06parHOro K MeTpuYecKoMy TEH30pY & € HOMOIIBIO KOMAH/IbI
invert(G,’detG’) 6ubsimorekn tensor:

> dg:=dlmetric(g,coord);

> g_l:=invert(g,’detG’);
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dg = table([compts = array(cfI, 1.2, 1.2, 1.2 |

2 cos(t)
(1.1,1) sin(t)3
(1,1,2) =0
(1,2,1) =0
(1,2,2)=0
(2,1,1) =0
(2,1,2) =0
(2,2, 1) = 2cos(t) sin(t)
(2,2,2)=0

D,
index _char = [—1, =1, —1]

)

sin(t)?
O
g 1 :=table([compts = co8 ] , index _char = [1, 1]])
0 -
sin(t)?

C noMoIIpIo HallJIeHHBIX 3HAYEHUI TIePBBIX YACTHBIX TPOM3BOIHBIX BBITHC/INM
Tenepb cuMBoJibl Kpucrodderst I-ro poua, Cfl, npumensst Komauy
Christoffell(dG) 6ubsmoreku tensor:

> CR1l:=tensor[Christoffell] (dg):

Ha ocHoBe moJiyueHHBIX 3HaUYeHM Jijisi cuMBoJsioB Kpucroddens I-ro poja
Haitjgem cumBoJibl Kpucroddess II-ro poma, Cf2, ¢ momoibio KoMaH bl
Christoffel2(g 1,Cf1) 6ubsmorexn tensor:

> CR2:=tensor[Christoffel2] (g_1,CR1);
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CR2 := table([compts = array(cf2, 1..2, 1.2, 1.2, |

1
L) == o)
(1,1,2) =0
(1,2,1)=0

_sin(lf)3
(1,2,2) = cos(t)
(2,1,1)=0
21,2 =50
221 - 50
(2,2,2) =

D),
index _char =[1, —1, —1]

)

Hakowrer, ¢ momonipio komamniel geodesic eqn(coord,c,Cf2) 6ubmorexkn
Oy YUM YPABHEHUs [CO/I€3NICCKUX:

> Geo:= tensor[geodesic_eqns] (coord, s, CR2 );

D FY AN (7 t(s)?  sin(t)’ (5 6(s))°
Geo = {(dSZt( ) sin(t) cos(t) cos(t) 0,
cos(t) (L t(s)) (L ¢(s
o 2B D o >>}

IV.2.4 IlpuBenenue ypaBHEHUII reojie3ndeCcKX K HOPMaJILHO cucTe-

me O Y

O603Ha49MM 1IepBbIe IPOU3BOJIHDIEC 110 HATYPAJLHOMY [apaMeTpPy OT BHYTPEHHUX
KOODJIMHAT TiceBIocdephl 3a HOBbIe mepeMennbie, T(s) u $(s):

> EQT:=diff(t(s),s)=T(s);

> EQP:=diff (phi(s),s)=Phi(s);

EQT := Lt(s) = T(s)
EQP := 1L ¢(s) = ®(s)

HO,ZLCT&BI/IM 9TH BE€JIMYUHDBI B YpaBHEHNA I'COAESNIECKUX:
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> GEOT:=subs ({EQT,EQP,t=t(s)},Geo[1]);

> GEOP:=subs ({EQT,EQP,t=t(s)},Geo[2]);
T(s)? sin(t(s))? ®(s)?
sin(t(s)) cos(t(s)) cos(t(s))
2 cos(t(s)) T(s) P(s)
GEOP := (L ® —
@ 26D+ =0 (5))

[Tpu 5TOM MBI TOJIy YN HOPMAJILHYIO crcTeMy IuddepeHnnaibHbIX ypaBHe-
HUI, T.e., cucremy jguddepeHnmaIbHbIX ypaBHeHuit [-ro mopsijika
(EQT,EQP,GEOT,GEOP), paspeliieHHbIX OTHOCUTEIHHO MPOU3BOJIHBIX:

i t(s)
L 0(s) s £ T(s), g P(s).

Bammirem TCIIEPb 3TN YpaBHCHNA B BUJIC CUCTEMbI ypaBHeHI/IﬁI

=0

GEOT := (L T(s)) —

> GEO:={EQT,EQP,GEQT,GEQP};

T(s)? B sin(t(s))3 ®(s)?
sin(t(s)) cos(t(s)) cos(t(s))

=0,

sin(t(s))

IV.2.5 Bsoa rpymnimbl Ha4YaJbHBIX yCJIOBUI

a). JIuaun "O"

- 3/1eCh U3MEHSIOTCST TOJIbKO 3HadeHus t(0), mpu 9TOM BEKTOD KacaTesbHOl
HallpaBJIeH B/I0JIb IlapaJiieseii:

> In[PO]:={t(0)=0.1,T(0)=0,phi(0)=0,Phi(0)=1};

> In[P1]:={t(0)=0.2,T(0)=0,phi(0)=0,Phi(0)=1};

> In[P2]:={t(0)=0.3,T(0)=0,phi(0)=0,Phi(0)=1};

> In[P3]:={t(0)=0.4,T(0)=0,phi(0)=0, Phi(O)—l};
Inps == {(0) = 0, T(0) = 0, ®(0) = 1, t(0) = 0.1}
Inp; == {¢(0) = 0, T(0) =0, my:1um_a%
Inps == {$(0) = 0, T(0) = 0, ®(0) = 1, 1(0) = 0.3}
Inps == {$(0) = 0, T(0) = 0, ®(0) = 1, t(0) = 0.4}

0). Jluaun "® 1 37ech TakyKe M3MEHSIIOTCS TOJBKO 3HadeHus t(0), HO mpu
9TOM BEKTOP KacaTeJIbHOI HallpaBJjieH B IIPOTHBOIOJIOKHYIO CTOPOHY BJIOJIb I1a-
paJiesiei:
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In[P_0]:={t(0)=0.1,T(0)=0,phi(0)=0,Phi(0)=-1};
In[P_1]:={t(0)=0.2,T(0)=0,phi(0)=0,Phi(0)=-1};
In[P_2]:={t(0)=0.3,T(0)=0,phi(0)=0,Phi(0)=-1};
In[P_3]:={t(0)=0.4,T(0)=0,phi(0)=0,Phi(0)=-1};

vV V. V V

Inp o :={¢(0) =0, T(0) =0, t(0) =0.1, &(0) = -1}

Inp ;1 :={¢(0) =0, T(0) =0, ®(0) = —1, t(0) = 0.2}

Inp 5= {6(0) =0, T(0) = 0, (0) = —1, £(0) = 0.3}

Inp g :={¢(0) =0, T(0) =0, ®(0) = —1, t(0) = 0.4}
B). JIuaun “T”

- 3J1ech U3MeHsATCs Juib 3HaueHns ¢(0), Ipu 9TOM BEKTOP KacaTesbHOl
HallpaBJICH BJIOJIb MEPUIMAHOB!

> In[TO0]:={t(0)=Pi/12,T(0)=1,phi(0)=0,Phi(0)=0};

> In[T1]:={t(0)=Pi/12,T(0)=1,phi(0)=Pi/3,Phi(0)=03};

> In[T2]:={t(0)=Pi/12,T(0)=1,phi(0)=2%Pi/3,Phi(0)=0};

> In[T3]:={t(0)=Pi/12,T(0)=1,phi(0)=Pi,Phi(0)=0};

> In[T4]:={t(0)=Pi/12,T(0)=1,phi(0)=4*Pi/3,Phi(0)=0};

> In[T5]:={t(0)=Pi/12,T(0)=1,phi(0)=5%Pi/3,Phi(0)=0};
Ingy == {$(0) = 0, T(0) = 1, ®(0) = 0, t(0) = 1”—2
Inpy == {T(0) = 1, ®(0) = 0, t(0) = 1”—2 $(0) = %}

2

Ings = {T(0) = L, ®(0) = 0, £(0) = 72, 6(0) = -}

Ings == {T(0) = 1, 9(0) = 0, t(0) = . 6(0) = 7}

Ingy = {T(0) = 1, 8(0) = 0, 1(0) = 7= 6(0) = =)

gz == {T(0) = 1, ®(0) =0, 1(0) = ==, 6(0) = ")

IV.2.6 N3o00pakeHune BepxHeil MOJIOBUHKI IIceBAocdePhI U JIMHUI HA-
YaJIbHbIX YCJIOBUM

3006paszum napaJsiien u MepuIuaHbl, COOTBETCTBYIOININE 38 JaHII0 HAY aJbHbBIX
YCJIOBHII, ¢ TIOMOIIBIO KOMaH, Ikl spacecurve oubmorekn plots. [Tapasienu, co-
OTBETCTBYIOIIE OOJIbIINM 3HAYEHHUSIM IIapaMeTpa t HAXOIATCA HUXKe, a HapaJi-
JIeJIN ¢ MEHBbIINM 3HadeHueM IapamMerpa t - BbIIIe:
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> Ps[u] :=plot3d(r(t,phi),t=0..Pi/2,phi=0..2%Pi,style=PATCH,color=white,
> thickness=0): cir_1:=plots[spacecurve] (r(Pi/12,phi),phi=0..2*Pi,

> color=black,thickness=2):

> cir_2:=plots[spacecurve] (r(Pi/8,phi) ,phi=0..2%Pi,

> color=black,thickness=2):

> cir_3:=plots[spacecurve] (r(Pi/4,phi),phi=0..2%Pi,

> color=black,thickness=2):

> cir_4:=plots[spacecurve] (r(Pi/3,phi) ,phi=0..2%Pi,

> color=black,thickness=2):

> mer_1:=plots[spacecurve] (r(t,0),t=0..Pi/2,color=black,thickness=2):

> mer_2:=plots[spacecurve] (r(t,Pi/3),t=0..Pi/2,color=black,thickness=2):
> mer_3:=plots[spacecurve] (r(t,2%Pi/3),t=0..Pi/2,color=black,thickness=2
> ):

> mer_4:=plots[spacecurve] (r(t,Pi),t=0..Pi/2,color=black,thickness=2):

> mer_5:=plots[spacecurve] (r(t,4%Pi/3),t=0..Pi/2,color=black,thickness=2
> )

> mer_6:=plots[spacecurve] (r(t,5*%Pi/3),t=0..Pi/2,color=black,thickness=2
> ):

> plots[display] (cir_1,cir_2,cir_3,cir_4,mer_1,mer_2,mer_3,mer_4,mer_5,
> mer_6,axes=FRAME, labels=[x,y,z],labelfont=

> [TIMES,BOLD, 14] ,thickness=0,color=white,titlefont=

> [TIMES,BOLD,12])

Mapaiieln u MepUdLUAHEl HA Ncesdochepe

Puc.1V.33 Ilapaiienmn u mepujnanbl Ha 1CEB-
Jrocepe.
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IV.2.7 Ilporneaypbl 4YUCJIEHHOTO MHTErPUPOBAHUSA HOPMAJIbHOI Cu-
crembr O/1Y

3J1ech M3JI02KEeHne UJIET 10 crenunaabHoil MeTouKe npodeccopa Nraarsesa FO.T'
pemienusi cucrembl OY unciennbiMu MeTojgamu B Maple. HucsieHHBIE peleHust
HOPMAaJIBLHOI cucTeMbl JuddepeHInaIbHbIX YPaBHEHNI 10Ty YaI0TCs ¢ TTOMOIIBIO
KOMAH,/Tbl

dsolve(CucTemMa union Hauwanwuble YcmoBusi, {llepeMenHbe}, type=numeric,
method= classical,output=listprocedure).

[Ipn sTOM co3zpaeTcs Ipole/lypa YUCJIEHHOIO pelleHns HOPMaJIbHOM CHCTEMBI
T depennnaibHbIX ypaBHEeHN KIACCUIECKIM METO/I0M, KOMOMHUPYIOINM 13-
BECTHBIE OCHOBHBIE METO/IbI YUCJCHHOTO PEeIIeHs HOPMAJILHBIX cucTeM judde-
PEHIMAJIbHBIX YPaBHEHUIT ¢ IOCJIEeAYIONUM BbIBOJIOM PE3yJIbTaTOB UHTErPUPOBa-
HUSI B BUJIe CIIMCKOB: a. Pemmenust ajist auHMin “P”

Sol0[Phi]:=

dsolve(GEQ union In[PO],{t(s),phi(s),T(s),Phi(s)},
type=numeric,method=classical,output=1listprocedure);
So0l1[Phi] := dsolve(GEQO union In[P1],

{t(s),phi(s),T(s),Phi(s)},
type=numeric,method=classical,output=listprocedure);
So0l2[Phi] := dsolve(GEO union In[P2],

{t(s),phi(s),T(s),Phi(s)},
type=numeric,method=classical,output=listprocedure);
Sol3[Phi] := dsolve(GEO union In[P3], {t(s),phi(s),T(s),Phi(s)},

6). Pemenns quist uamit ¢ 1"
Sol_O0[Phi] := dsolve(GEQ union In[P_0],{t(s),phi(s),T(s),Phi(s)},
B). Pemenns s nuawmit «T»

>S0l0[T] := dsolve(GEO union In[TO],{t(s),phi(s),T(s),Phi(s)},
type=numeric,method=classical,output=listprocedure);
type=numeric,method=classical,output=listprocedure);
type=numeric,method=classical,output=listprocedure);
type=numeric,method=classical,output=listprocedure);
Sol4[T]:= dsolve(GEQO union In[T4], {t(s),phi(s),T(s),Phi(s)},
type=numeric,method=classical,output=listprocedure);
type=numeric,method=classical,output=listprocedure);
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3amuch penreHnii 1 IMpoBepKa pelneHnin
3aluch pereHuit OCyecTBISIeTCs ¢ MOMOIIBIO ITOJCTAHOBKH PEIICHUS B COOT-
BETCTBYIONIYIO BEJININHY:

t_P0O:=subs(S0l0[Phi] ,t(s)):
phi_PO:=subs(S0l0[Phi],phi(s)):
t_P1:=subs(Sol1[Phi],t(s)):
phi_P1:=subs(Soll[Phi],phi(s)):
t_P2:=subs(Sol2[Phi],t(s)):
phi_P2:=subs(S0l2[Phi],phi(s)):
t_P3:=subs(S0l3[Phil,t(s)):
phi_P3:=subs(S0l3[Phi],phi(s)):

> t_P_0:=subs(Sol_O[Phi],t(s)): phi_P_0:=subs(Sol_O[Phi],phi(s)):
> t_P_1:=subs(Sol_1[Phi],t(s)):
> phi_P_1:=subs(Sol_1[Phi],phi(s)):
> t_P_2:=subs(Sol_2[Phi],t(s)): phi_P_2:=subs(Sol_2[Phi],phi(s)):
> t_P_3:=subs(Sol_3[Phi],t(s)): phi_P_3:=subs(Sol_3[Phi],phi(s)):
> t_P_3(0.5);t_P_2(1);phi_P_2(1);phi_P_2(2);
0.407972228887300558
0.313565954681080339
—0.972274405931570329
—1.79692851570137124
> t_TO:=subs(S0l0[T],t(s)) :phi_TO:=subs(Sol0[T],phi(s)):
> t_T1:=subs(Sol1[T],t(s)):phi_T1:=subs(Sol1[T],phi(s)):
>  t_T2:=subs(S0l2[T],t(s)) :phi_T2:=subs(So0l2[T],phi(s)):
> t_T3:=subs(Sol3[T],t(s)) :phi_T3:=subs(Sol3[T],phi(s)):
> t_T4:=subs(S0l4[T],t(s)) :phi_T4:=subs(So0l4[T],phi(s)):
> t_T5:=subs(S0l5[T],t(s)) :phi_T5:=subs(Sol5[T],phi(s)):
> t_T0(0.1);t_T0(O. 2) t_T0(0.3);t_T0(0.35) ;phi_T0(0.1);
> £_T3(0.1);t_T3(0.2);t_T3(0.3);t_T5(0.35) ;phi_T3(0.1);

0.383780149720260311
0.571777403808498619
0.893618550265845024
1.19269837961553014
0.
0.383780149720260311
0.571777403808498619
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0.893618550265845024
1.19269837961553014
3.14159265358980022

COB,Z[aHI/Ie HOCJIG,Z[OBaTeJIbHOCTeﬁ IIOJIY4Y€HHbIX peIJ_IeHI/Iﬁ

[TocsietoBaTesIbHOCTH perennii cozaaeM ¢ moMonbio KoMare! seq(]],):

r_TO:=[seq([x(t_TO0(i/40),phi_T0(i/40)),y(t_T0(i/40),phi_T0(i/40)),z(t
_T0(i/40) ,phi_TO(i/40))], i=0..15)]:
r_T1:=[seq([x(t_T1(i/40),phi_T1(i/40)),y(t_T1(i/40) ,phi_T1(i/40)),z(t_
T1(i/40),phi_T1(i/40))]1, i=0..15)]:
r_T2:=[seq([x(t_T2(i/40),phi_T2(i/40)),y(t_T2(i/40) ,phi_T2(i/40)),z(t_
T2(i/40) ,phi_T2(i/40))], i=0..15)]:
r_T3:=[seq([x(t_T3(i/40),phi_T3(i/40)),y(t_T3(i/40) ,phi_T3(i/40)),z(t_
T3(i/40) ,phi_T3(i/40))], i=0..15)]:
r_T4:=[seq([x(t_T4(i/40),phi_T4(i/40)),y(t_T4(i/40) ,phi_T4(i/40)),z(t_
T4(i/40) ,phi_T4(i/40))], i=0..15)]:
r_T5:=[seq([x(t_T5(i/40),phi_T5(i/40)),y(t_T5(i/40) ,phi_T5(i/40)),z(t_
T5(i/40) ,phi_T5(i/40))], i=0..15)]1:

VVVVVVYVVYVVVYV

Coszaganne rpadukoB T-reoge3amieckux

st cozpanust rpadukos T-reomesnyecknx 3a/aeM UX € IOMOIIbI0 KOMaH/IbI
spacecurve a 3aTeM COBMeIIaeM HX ¢ IOMOIIbIo KoMaH bl display:

TO:=plots[spacecurve] (r_TO,color=red,thickness=3):
T1:=plots[spacecurve] (r_T1,color=red,thickness=3):
T2:=plots[spacecurve] (r_T2,color=red,thickness=3):
T3:=plots[spacecurve] (r_T3,color=red,thickness=3):
T4:=plots[spacecurve] (r_T4,color=red,thickness=3):
T5:=plots[spacecurve] (r_T5,color=red,thickness=3):

vV V.V V VYV

> plots[display] (TO,T1,T2,T3,T4,T5,Ps[u],axes=FRAME,labels=[x,y,z],labe
> 1font= [TIMES,BOLD, 14],titlefont= [TIMES,BOLD,14] ,orientation=[-120,45]);
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Mepuduanst - 3mo zeodezusecr e ncesdocepsi

Iralri]

+q

e :
!ll!}ﬂlilrrJrilhri]

=y

Puc.IV.34 Mepuiuansr - 910 reoiesndecKue 1mceBIoCQEPBHI.

Takum 0O6pa3oMm, B pe3ysbTare JHC/JIeHHOIO WHTEIPUPOBAHUS YOEXKIaeMCs B
TOM, YTO MEPUIMAHBI TICEBIOCHEPHI SIBJISIOTCH €€ M0 Ie3NIECKIMEI. DTO ABJIAET-
cst obM pesysibraroM Jyist osepxHocreit Bparenns (A Il.Hopaen, «/Iudde-
PEHIIATBHAS TCOMETPHST ).

Cospanue (® , ® ; )- cern

CozauM ceThb ¢ IIOMOIIbIO T'e0Ie3MYeCKIX, HallpaB/JIeHHbIX B HAUaIbHBIX TOU-
Kax IapaJijie/IbHO HapasljieisiM IIceB1ocdepbl, COOTBETCTBEHHO BJIOJIb HUX U IIPO-
TUBOIIOJIO?KHO WM

r_PO:=[seq([x(t_P0(i/20),phi_P0(i/20)),y(t_P0(i/20),phi_P0(i/20)),z(t
_P0(i/20),phi_P0(i/20))], i=0..600)]:
r_P1:=[seq([x(t_P1(i/20),phi_P1(i/20)),y(t_P1(i/20) ,phi_P1(i/20)),z(t_
P1(i/20),phi_P1(i/20))], i=0..220)]:
r_P2:=[seq([x(t_P2(i/20),phi_P2(i/20)),y(t_P2(i/20) ,phi_P2(i/20)),z(t_
P2(i/20) ,phi_P2(i/20))], i=0..120)]:
r_P3:=[seq([x(t_P3(i/20),phi_P3(i/20)),y(t_P3(i/20),phi_P3(i/20)),z(t_
P3(i/20),phi_P3(i/20))], i=0..80)1:

VvV VVVVYVYVYV
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VVVV VVVV VVVV VVVVVYVYVYV

Ilocrpoernne reonesmaeckori ceru Ha nceppocgepe cpeacrsamu MAPLE

r_P_0:=[seq([x(t_P_0(i/20),phi_P_0(i/20)),y(t_P_0(i/20) ,phi_P_0(i/20)
), z(t_P_0(i/20),phi_P_0(i/20))], i=0..600)]:
r_P_1:=[seq([x(t_P_1(i/20),phi_P_1(i/20)),y(t_P_1(i/20),phi_P_1(i/20))
, z(t_P_1(i/20),phi_P_1(i/20))1, i=0..220)]:
r_P_2:=[seq([x(t_P_2(i/20),phi_P_2(i/20)),y(t_P_2(i/20),phi_P_2(i/20))
, z(t_P_2(1/20),phi_P_2(i/20))], i=0..120)]:
r_P_3:=[seq([x(t_P_3(i/20),phi_P_3(i/20)),y(t_P_3(i/20),phi_P_3(i/20))
, z(t_P_3(i/20),phi_P_3(i/20))], i=0..80)]:

PO:=plots[spacecurve] (r_P0,color=black,thickness=3):
P1:=plots[spacecurve] (r_P1,color=black,thickness=3):
P2:=plots[spacecurve] (r_P2,color=black,thickness=3):
P3:=plots[spacecurve] (r_P3,color=black,thickness=3):

P_0:=plots[spacecurve] (r_P_0,color=black,thickness=3):
P_1:=plots[spacecurve] (r_P_1,color=black,thickness=3):
P_2:=plots[spacecurve] (r_P_2,color=black,thickness=3):
P_3:=plots[spacecurve] (r_P_3,color=black,thickness=3):

plots([display] (PO,P1,P2,P3,P_0,P_1,P_2,P_3,Ps[u],

axes=FRAME, labels=[x,y,z],labelfont= [TIMES,BOLD,14],titlefont=
[TIMES,BOLD, 14],

title=‘Teome3uyeckas ceThb Ha IceBrochepe‘,orientation=[20,60]);

Teodesuvecnan cems Ha ncesdocghepe

(2] _
FFIIJ?AFIJJJ:[QJ'IJI'

JII||||J’I

=
in

l‘\lr.l'ulﬂj'

Puc.IV.35 [eonesndeckast ceTb Ha 1ceBiocgepe.
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IV.3 Ilaker nporpamm Geodesic_lines

YKazaHHbIE [IPOrPaAMMHBIE IIPOIETYPbl MOYKHO 3HAYUTE/IHLHO YCOBEPIIEHCTBOBATD
1 IPAKTUYECKHN IMOJHOCTHIO aBTOMATU3UPOBATDH IIPOIIECC ITOCTPOCHUA TeoIe3nve-
CKOIl JIMHUU, ITPOXOJAIIEHl 4epe3 MPOU3BOJILHYIO TOYKY IIPOU3BOJILHON IJIa KO
IIOBEPXHOCTH B IIPOU3BOJILHOM Harpasienuu [110]°.

EnnacTBeHHAs1 9-n1apaMeTpuyeckas Mporeaypa 3Toil OndmoTexkn
Geodesic(Coord,S,S1,P,NewCoord,Inits,N,m,gr) npu COOTBETCTBYIOIIEM BbI-
Oope mapaMeTpoB MOXKET CO3/laBaTh caMble pa3HoOOpas3Hble 3d-MoIe reone3u-
YeCcKUX, BKJIOYas JuHAMU4YeckKue mojesn. 3jech Coord - CIUCOK BHYTPEHHUX
KOODJMHAT MOBEPXHOCTH M IIEPHUOJl U3MEHEHHsI KarKJI0i M3 3TUX KOOPIUHAT; S
- KaHOHMYEeCKHUil mapamMerp Kpusoil; S1 - mHTepBaJ U3MEHEeHHsI I1apamMerpa S B
dbopmare [a,b]; P - merpuka; NewCoord - cimcok HOBBIX KOOpJAMHAT, Inits - Ko-
opJHATHI HadatbHoit Toukn MO reosmesmdeckoil 1 nHalnpasJsioniero Bekropa V0
reoJIe3NMYecKoli B 9Toi Touke, N - 941c/10 KaJIpOB aHUMAIIIH, I - TapaMeTp, IPUHH-
Marorunii 3Hadenns: 1 - (B 9TOM cjryuae reojie3ndeckasi OKAaHINBAETCsT Ha 3a/1aH-
HOI TpaHuIle noBepxuocTH, onpeaensemoii Coord), 0 - reosesndeckasi BBIXOAUT
3a TPeJIe/Ibl TOBEPXHOCTH) I - MapaMerp, MPUHUMAIOIINT 3HadeHusT: graphic -
JUIA BbIBOJIA rpaduka, animate - Jijisi BBIBOJA aHUMAIIIH.

IIpogemorCcTpUpyeM BO3ZMOXKHOCTH ITAKETA.
IIpumep 1. I'eome3nveckast Ha Tope:

BekTopnble mapaMeTpuiecKne ypaBHeHUs TOPa UMEIOT BUI;

7= [(2 + cos(v)) * cos(u), (2 + cos(v)) * sin(u), sin(v)].

gl:=(2+cos(v))*cos(u), (2+cos(v))*sin(u),sin(v):
A:=Geodesic_lines[Geodesic] ([[u,v], [0,2%Pi],
[0,2%Pi]],s,50, [gl], [U,V],[[2,2],[1,0]],150,1,graphic):
Al4];

2[Ipu MCHOIB30BAHNM ABTOPCKUX IIPOIPAMMHBIX IIPOIEILYP CCHLIKA Ha HUX 00sS3aTe/IbHa.
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Puc.IV.36 I[Ipumenenne mporenypbl Geodesic_lines[Geodesic] (
[[u,v], [0,2%Pi], [0,2*Pi]], s, 50, [gl],
[u,vi,[[2,2],[1,0]],150,1,graphic) B rpaguieckom ¢opma-
Te: reojie3udeckasi Ha TOpe.

IIpumep 2. I'eome3mvyecKkasi Ha OJHOIIOJIOCTHOM THIEpPOOJIONIe Bpalie-
HUS:
BekTopHble mapaMeTpuieckKue ypaBHEHHISI TOPa UMEIOT BUJI;

7 = [2 % cosh(u) * cos(v), 2 * cosh(u) * sin(v), 2 % sinh(u)].

> g2:=2%cosh(u)*cos(v),2*cosh(u)*sin(v) ,2*sinh(u):
B:=Geodesic_lines[Geodesic] ([[u,v],[-1.1,1.1],[0,2%Pi]],
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s, 10, [g2], [U,v], [[0,1/2],[Pi/32,1]],100,0,graphic):
> B[4];

Puc.IV.37 IIpumenenne mporeypbl Geodesic_lines[Geodesic] (
[[u,v], [-1.1,1.1], [0,2*Pi]], s,10, [g2],[U,V], [[0,1/2],
[Pi/32,1]] ,100,0, graphic) B rpacpuieckoM opmaTte: reoje3mde-
cKasi Ha rurepooJionie BpaleHus. B janHoM ciydae napaverp m=(0 —
reoJie3nIeCcKasl BbIIILIA 38 IPEJEbl 38 JaHHOH ITOBePXHOCTH.

IIpumep 3. I'eogesunveckas Ha cdepe:
BekTopHble mapaMerpuiecKie ypaBHeHus cdepbl pajiuyca 2 UMeoT BU/I:

7= [2 % cos(u) * cos(v), 2 * cos(u) * sin(v), 2 * sin(u)].
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> g3:=2%cos(u)*cos(v),2*xcos(u)*sin(v) ,2*sin(u):
C:=Geodesic_lines[Geodesic] ([[u,v], [0,2*Pi], [0,2*Pi]],s,12.6, [g3], [U,V],
> C[4];

= —
L — i
||||||1|||.r||||

!Illl

ka
=

1

f =

— I.T-.
N

1
L

l|_|_|_|__|_||1||!|||

Puc.IV.38 IIpumenenne nponenaypol Geodesic_lines[Geodesic] (
[[u,v], [0,2%Pi], [0,2*Pi]], s,12.6, [g3], [U,V],[[2,2],
[0,1]], 150,1,graphic) B rpaguieckom ¢popMaTe:reogesniecKas Ha
cepe — O60JIbIIIAST OKPYKHOCTD.

3aMeTnM, 9TO MbI BCIO/Iy HCIOJIH30BaIN TOJBLKO 4-10 OMIUIO MPOTrPaMMHOIL
nporeaypbl Geodesic_lines — MMEHHO OHa OTBETCTBEHHA 3a BBLIBOJI I'padude-
ckoit mojienu. [IpuMenenne Apyrux OmNIMii O3BOJISET, HAIIPUMED, BBIIUCATL B
ABHOM BH/IC YPaBHEHU I'CONe3NYCCKUX JIMHUIA.
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I'masa IV. MozgenmupoBanue reoJe3ndeCKUX JIMHUH

IV.4 Maremarndyeckasg Moejib TeOMETPUYECKO OIITUKN

IV.4.1 ®ysKIUA 311KOHAJTA U I'eOMETPO-ONTUYEeCKUl Ipeiest

DJIEKTPOMaTrHUTHbBIE BOJIHBI B CPEJIE OIUCHIBAIOTCS CAMOCO2A0CO8AHMHOT CUCTEMOT
ypaBHEHUIl, cocTodIeil n3 ypapHennit Makcpesiia n ypaBHEeHUN IBUKEHUS MaTe-
praLHOM cpejibl B 1oJIe 9JIEKTPOMArHUTHOTO u3jiydenud. [o stum, nocseanmm,
YPaBHEHULAM OIPEICIAIOTCA BEKTOP ILJIOTHOCTA TOKA U IJIOTHOCTHU 3apdA/0B, WH-
JYIMPOBAHHBIX B MaTepUaJIbHOI cpeje 3JICKTpOMarHuTHOI BoJiHoM. Haitnennbre
13 I0CJeHUX yPaBHEHUI TOKU KaK (PYHKIIMH 3JEKTPOMArHUTHOIO IOJIST I10/I-
CTaBJIAIOTCS 3aTeM B ypaBHeHUs MakcBesiia, KOTOpble PelaioTes TeM WU WHBIM
c1r1ocoOoM. B 9ToM 1 cocTOnT caMOCOrIacoOBAHHBIIN MTOIXO0, B TEOPUN SJIEKTPOIIHA~
MUKH MaTepHaJIbHbIX cpejl. B o0IneM ciydae 1moJiydaroTcsl HeJInHeiHble NHTerpo
- mudpdepeHnaabHble ypaBHEHU, C TPYJIOM IOJIatonuecd aHaan3y. Mbl orpa-
HUYUUMCS 371€Ch AUHETHOT 2AeKMPOOUHaMUK0T cpedvl, KOrIa 3JIEKTPOMArHUTHDLIE
BOJIHBI HACTOJILKO CJIAOBI, UTO HE U3MEHSIOT CYyIIECTBEHHO XapPaKTEPUCTUK CPEJIbI
(TeMIiepaTypbl, CTPYKTYpHI U T.I1.). Ho 1ayke n B 9TOM CJIydae caMoCOrJIacoBaH-
HblC ypaBHEHUA SJICKTPOJMHAMUKNA CPE/bl, CTAHOBACH JINHEHHBIMU, COXPAHAIOT
UHTErpo - jauddepeHnuaibHblil XapakTep 1 TPeOyIOT CIIeNNaJILHOIO UCCIeI0Ba~
HUsl. 3HAUYUTE/]IbHOE YIIPOIIEHNEe UX JIOCTUTAETCA JIUIIb B IIPEJese 2E0MEMPUe-
cKkol onmuKu, KOrja XapaKTepHbIE pa3Mepbl UCCIEYeMOIl cpe/ibl, B TOM YUCJE U
XapaKTePHbII MacTad HEOJHOPOJIHOCTU, 3HAYUTE/ILHO IIPEBBIIIAIOT JJIMHY BOJI-
HbI MCCJIeyeMOr0 CBeTa.

OrnuireMm B caMbIX OOIIUX YepTax MJIed NeOMeTPUIEeCKOil ONTHUKU. Y paBHEHU
MaxcBesiia cpejie NMeoT BUIL:

(VE) = 47TQ, [VE] + Ea = 0,
o~ 10E  dr- oo

—

IJIe ¢ - CKOPOCTDb CBETa B BAKyyMe, 0 U j - IJIOTHOCTHU 3aPsI0B U TOKOB, MH/LY ITIPO-
BaHHbIE B MaTepHaJILHON cpejie 3JIEKTPOMArHUTHO BOJIHOIA; EuFE - HAIIPSAZKEH-
HOCTb 3JIEKTPUYECKOIrO I0JIsI ¥ MarHuTHasg nHaAyKius. CiencTBueM ypaBHEHHt
Maksvella siBiisiercst 3aKOH cOXpaHeHUsI 3apsijia, KOTOPbII JIJIs COOTBETCTBYFOIIIX
IIJIOTHOCTEH MMEET JIOKAJBHBIH BUJ YPAGHEHUA HENPEPBLEHOCTIU:

3IIpescTaB/ieHHBI B 3TOM pazjiesie MaTepuaJl YaCTUIHO MOYKHO HaiiTu B Knure [31], vactuuno B kuure [32].
Teomerpudeckuii aciekT 3Toro Bopoca ocserien B kuure [33]. Boobiue ke roBopsi, OCHOBHAS YaCTh U3JIarae-
MOTO 3/leChb MaTepuraJia UMeeT OPUTMHAJIbHBINA XapaKTep.
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IV.4. Maremaruieckass Mo/1e/Ib T€OMETPHIECKOH OMTUKH

- = 8@
(Vi)+= =0. (IV.46)

ot
B ypasrenusx (IV.45), (IV.46) V - sumeiinbiii auddepenmuaibpiii onepa-
TOp, KOTOPBIil B JIEKaPTOBLIX KOOPJINHATAX €BKJIMJI0Ba IIPOCTPAHCTBA UMEET B

= o 0 0

B KPUBOJIMHENHBIX K€ KOOpJMHATaX 3TOT OllepaTop COBHAJAET C OlEpaTOpPOM

KOBapHaHTHOrO JnddepeHupoBatns. 3aMeTuM, 9YTO B KPUBOJMHEHHBIX KOOD-
JINHATaX BEKTOPHOE MPOU3Be/IeHNe TOHUMAETCS CJIEIYIONINM 00pa3oM:

— = ‘
lab] = nira’b”, (IV.48)

7

IIC 1ijk - KOGAPUAHTNHO NOCMOAHHYLL C)UC%pUMUHGJHmeLQj men3op:

1
Nijk = E&jk,

a €ijk - AMHUYIHDII a0COMIOTHO aHTUCUMMETPUYHBI MEeH30D Nepecmano6ox.

(IV.49)

BBG,ZLGM HOBYIO BEKTOPHYIO BEJIMYNHY:

t

—

B(F.4) = B(7 ) + dn / a7 1), (IV 50)
—00
Ha3LIBAEMYIO 6EKMOPOM IACKMPUMECKOTE UHOYKUUL.

C BBejsienneM 91oit Besmaunbl ypasaenust (1V.45) ¢ yaeTom ypaBHeHUs Helpe-
peiBHOCTH (IV.46) mpuHIMAaOT 60JIee CUMMETPIYIHBIN BU/T:

A - = 18§
(VD)=0; [VE] —5 =0
[35]—18—1):0; (%E):o. (IV.51)

Ec/m Mbl PElIUM OTHOCHTENLHO BEKTOPa E HEKOTODBIE ypABHEH s [IBIZKCHHs!
CPeJIbl B 9JIEKTPOMATHUTHOM II0JIe, TO CMOYKEM YCTAHOBUTH HEKOTODPYIO (hyik-
WUOHAALHYIO CBSI3b MEZKLy BEKTOPOM ILIOTHOCTH TOKA, ] I HAIDSIKEHHOCTBIO
seKTpraeckoro 1o/, E. Torja Mbl CMOZKEM, B IPHHIIE, [IPEICTABUTE COOT-
nommenue (IV.57) B Buse:
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t
D=F+ / (Bt (1V 52)
—0o0
DynknnonaabHoe cooTHoterue (1V.52) Ha3bIBAIOTCS MAMEPUAALHIM YPAEHEHU-
em noad. OTMETHM, YTO HaXOXKJEeHHe MaTepHabHOTO ypaBHEHHUS caMo 10 cebe
IpeJICTaB/IseT CI0XKHYI0 IPobJieMy TeopeTHiecKoil (pu3nku.
OrparnunBasich pacCMOTPEHUEM PACIPOCTPAHEHHS B Cpejie CIabbIX 3JIEKTPO-
MAaTHUTHBIX BOJIH, MBI MOYKEM ToJiarath GyHKInoHagabHoe coorHomienue (IV.52)
JrHelHbIM. B 9ToM ciyuae matepuasbroe ypasuerue (IV.52) npuaumaer Bu:

t
D;(7,t) = / dt’ / &'y (7,7, V) Ei (7 1), (IV.53)

rjie BBeJleH men3op dusaexmpuyeckoll npornuyaemocmu cpedvl, ;5. B nanbueii-
meM OyjieM ToJiaraTh ONTUYECKYIO CPely CMayuonapHoti, T.e., CINTaTh, YTO BCE
ee XapaKTEePUCTUKHA B OTCYTCTBUE 3JEKTPOMATHUTHON BOJHBI HE 3aBUCIT OT BpPe-
MeHHn. PaccMoTpuM MoHoxpomamuyeckyro SJeKTPOMATHUTHYIO BOJIHY, T.€.:

E(7,t) = E(F,w)e ™", (IV.54)
rie
w—w+10; o— +0,

- 4aCcmoma SJIEKTPOMAIHUTHON BOJIHDBI, MUMEIoNas OECKOHEUHO MAJIyIo OTPHIA-
TeJbHYI0 MHUMYIO 9aCTh, TaK ITOOLI E(F,t — —o0) — 0. Ilpeamosnaras ana-
JIOPMYHYIO 3aBUCHMOCTD OT BPEMEHU BCEX BEKTOPOB 3JIEKTPOMAIHUTHOIO MOJISI U
nojicraBisst ux B ypasHenust Maxcsesuia (IV.51), npusemem mnociejinie K BUjLy:

VBl =—-—D; (VB)=0. (IV.55)
c
Bripazkast BeKTOp MarHuTHOW uHAyKiuu, B, u3 Broporo ypasuenns (IV.55) u
MOJICTABJIASA PE3YILTAT B TPEThE yPaBHEHNE C YIETOM ITPABUJIA BHIYICIEHUS JIBO-
HOI'O BEKTOPHOTO TTPOU3BEJICHUS

- ==

'V [VE]]=V(VE) - (VV)E =

gl <

— — —
=V(VE)-AE,
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IV.4. Maremaruieckass Mo/1e/Ib T€OMETPHIECKOH OMTUKH

TIOJTY UMM

— — = — —
V(VE)—-AE==D, (IV.56)

rie A - oneparop Jlamiacca, KOTOpbIil B KpUBOJMHEHHBIX KOOPJANHATAX SBJIACTCA
oreparopom Besbrpamu Il-ro poma (em, nanpumep, [34]) u umeer Bu:

AE' = g* E'. (IV.57)

BaMeTIHM, ITO [O/ICTAHOBKA BeKTOpa B 113 BTOporo ypapHeHmsl (IV.55) B ueTBep-
Toe oOpallaeT Mocje/Hee ypaBHeHne B TOXK/IECTBO BCJIEJICTBUE KOMMYTAIIMOHHBIX
coorHorenuit (77).

Taxmm obpaszom:

B cranuonapHoii aHu30TpONHOI cpelie ypaBHenus Makcsesiia, s
MOHOXPOMATUICCKON 3JIEKTPOMArHUTHON BOJHBI [PH U3BECTHOM
MATEPUAJILHOM YPABHEHUHU IOJIST CBOAATCA K JBYM YPABHEHUSIM:
nepBoMy ypasaennto u3 cucrembl (IV.55) u ypasuenuto (IV.56) or-
HoCHTebHO BekTopos E u D.

Jasee mpejictaBiM KOODJMHATHI TPEXMEPHBIX BeKTOPOB F;(7,w), D;(T,w) B
BUJIE:

Ei(7,w) = &(T, w)eiU(F), (IV.58)

IJie COIVIACHO IIpoliejlype HPUOINZKCHU PeOMETPUIECKOil OIITUKN BEKTOPBI TUIIA
&i noJlararoTcst MeJJIEHHO MEeHSAIOMUMUCS (DyHKINSIMUA KOODJIMHAT, a CKasIspHasI
dbynknnga U(T) momaraercss GOJBINON BEIUTUHON BMECTE CO CBOMMHE IEPBBIMN
IIPOM3BOJ/IHBIME; BTOPBIE K€ [IPOU3BOJHBIE STOH (DYHKIINN 110J1araloTcst MajIbIMN
esunHaMu. Ilyers nasee: L - xapakTepHblil pa3Mep HEOHOPOJHOCTH CUCTEMBI,

A - JUIMHA 3JIeKTPOMAIHUTHON BOJIHBL. Byjem mosarath oTHolmeHne \/L = €
MaJIBIM IIaPAMETPOM, TaK 4YTO:
E U U
0, E~—; oU~—; 0;U~—. IV.59
' L ! A K AL ( )

Oyuknuio U(F) B gasbheiimem OyeM Ha3bIBATh (GyHKkuuet JUKOHaAa, UL NPO-
cmo — atikonanom. JacTHBIE TPOU3BOIHBIE 9TOH (DYHKINN SIBJISIIOTCS KOMIIOHEH-
TaMII KOBAPMAHTHOIO BEKTOPa; OyJIeM Ha3bIBATH 9TOT BEKTOP BOAHOBbILM 6EKIMO-
pom: k;(7) = 0;U. Bekropsl ke Tuna & OyjeM Ha3bBATb aMNAUMYOAMU FJIEK-
TPOMArHUTHON BOJIHBI.
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Cornacuo (IV.54) u (IV.58) noseprrnocmo nocmoannot gasv. asexmpomae-
HUMHOL 60AHbI OIUCHIBACTCA YPABHEHUEM:

U(r) —wt = Const . (IV.60)

Boeraucstss nuddepeniia oT 00enx gacTeil 9Toro ypaBHEHUsI, Oy IIM:

kdx' — wdt = 0.
Taxum obpaszoM, Haiigem: .
k' = w, (IV.61)
rjie .
,dx’
v = —
dt

- TaK HA3bIBAEMbIT 6eKmop (haso601 ckopocmu asekmpomaznummoti 6oanv. Ecim
10JI02KUTh, Hanpumep, dr' = (dzt,0,0), To nomyunm:

rje k - ajuHa BOJHOBOTO BekTopa. OObldHO hazoBasi CKOPOCTH BOJIHBI 0OJIb-
e wim paBHa ckopoctu cBera. OjHako, haszoBasi CKOPOCTh 3JIEKTPOMATrHUTHOI
BOJIHBI HE SIBJISIETCSI PeaJibHOI pU3NIecKoil XapaKTepuCTUKON CKOPOCTH BOJIHBI.
Takoii XapaKTepUCTUKON ABJISIETCA 2PYNnocas CKoOpoCmd GONHDL:

Ow
ok’

- IMEHHO C IPYIIIOBOII CKOPOCTBIO IMTEPEHOCUTCSI SHEPTUS JIEKTPOMATrHUTHOM BOJI-

u =

(IV.63)

HbI, C 9TOH K€ CKOPOCTBHIO B OITUYECKOI cpejie JIBUKETCA U KBAHT dJeKTpoMar-
HUTHBIX KOJIe0aHUIl - (homoH, KOTOPBI B IIpejie/ie FeOMeTPUIECKON OITUKI MOK-
HO IPEJACTABUTH KaK JIeMEHTAPHYIO YaCTUILY, IBUZKYIILYIOCH 110 CBETOBOMY JIY4YY.

Bo/1HoBoil BEKTOp 3JIEKTPOMATHUTHON BOJIHBI k;T° BBIJIEISIET B KarKI0i TOUKe
M (7) cpejibl eIMHUYIHOE HAIIPABJICHUE:

ki B 3
n;(r) = o K2 () = g"kik;. (IV.64)

[Tonoxkum JaJiee B COOTBETCTBUE C HpI/I6ﬂI/I}KeHI/IeM F@OMeTqueCKOﬁ OIITUKN
MaTeEpuaJibHOE YpaBHCHUE II0JIA IJIAd aMIIJIATYI EB BUJIC:

D; = eqp(w, k(7); 7)EF. (IV.65)
Paspemas (IV.65) oTHOCHTEIBHO BEKTOpA D, naiijiem:
& = &in(w, k(7); 7D, (IV.66)
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IV.4. Maremaruieckass Mo/1e/Ib T€OMETPHIECKOH OMTUKH

rJie ;5 -T€H30D, OOPATHBIN K TEH30DY £k
é”é‘jk = 5;{:

YaursiBast Ipud/InzKeHre reomerpuyeckoit ontuku A/ L — 0 u onenku (I1V.59),
MOJIyYUM B II€PBOM HPHOIMZKEHNN TeOMETPUIECKOl ONTHKN U3 TIEPBOTO ypaBHe-

must (IV.55) u (IV.56):

— =
(kD) =0; (IV.67)
2
(H@-H@ﬁw—%wozyza (IV.68)

—

BcestesicTBre B3auMHOI OPTOIOHAJIBHOCTH BEKTOPOB k 1 D BBIOJIHACTCS TOXK/Ie-
CTBO:

DE(@—?%>W. (IV.69)
[IpescraBumM 06paTHBIH TEH30D JAMIIEKTPUIECKOIT TPOHUIIAEMOCTH B BHIE:
g9 = §Y 4 6eY. (IV.70)
Torma ¢ yaerom (IV.67) ypasuenus (IV.68) moxkmo 3amnmcars B BUje:
w2 . . , ,
((H—~3>5”+55W(H&W—Mm@>zy:o. (IV.71)
c

Ypasuenusi (IV.71) npejcraBisiior coboii cucreMy OJHOPOHBIX JTUHEHHBIX aJl-
reOpanyecKX ypaBHeHHI oTHOCHTe/IbHO BeKTopa D;. Kak ussectno us ajuredpol,
TSl IX HETPUBUAJIHHON PA3PEITIMOCTH HEOOXOINMO 1 JIOCTATOYHO PABEHCTBA, HY-
JIIO OIIPEJIENTE/IST CUCTEMBL:

2
w . . . .
@t(ﬁ—ga5”+&mg%;—wmgzﬂy (IV.72)
Ypasrerne (IV.72) MoxkHO paccMaTpuBaTh Kak ajaredpamieckoe ypaBHEHHe OT-
HOCHUTEIbHO BOJIHOBOTO BeKTOPa, k(7). Ero Bo3MOXKHBIE pelleHns: UMeT BIUI:

k = k(7 w) (IV.73)

1 OIMCBIBAIOT BOZMOYKHBIE MOJIbI 3JIEKTPOMArHUTHBIX BOJIH B AHIM30TPOITHOM cpe-
Jie. DTO ypaBHEHUE HA3BIBACTCH JUCNEPCUOHHBIM Ypasrenuem. TlocTaBisss Hai-
JIEHHBIE U3 JINCTIEPCHOHHOIO yYpaBHeHus pertiernsi B ypashenus (IV.71), coorBer-
CTBYIOIIINE KarKJI0# Moje KojebaHuit (byHaMeHTaIbHbIe PelleHns, B KOTOPbIX
HE3aBUCHUMBIX KayK/IbIil pa3 OyJeT He OoJiee JIBYX, COOTBETCTBYIOIINX JIBYM pas-
JIMIHBIM COCMOAHUA NOAAPUIAUUL INEKIMPOMALHUMHOT BONHDL.
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IV.4.2 Ilpunuun Pepma
[IycTs mapameTpuyeckne ypaBHEeHUS JIBUKeHNUs POTOHA MMEIOT BU/I:
F=7t) = 2" = 2'(t), (IV.74)

rjie mapamerp t ecthb Bpemsi. Beckoneuno Masiasi onmuveckas JJMHa MyTH GoTo-
Ha, dT, B aHU30TPOITHON ONTHYECKON Cpejie ¢ MEH3OPOM NPEAOMAEHUA M), OTIPEe-
Jiesisiercst pOpMYJIOii:

dr? = nida’da”, (IV.75)

rie dif = (da!, do?, dz3) - BexTop Geckoneuno Majoro cMemenus (orona. A6co-
JIOTHAs 7K€ BEJMUMHA CKOPOCTH (POTOHA B Cpeje, v, B HalpaBaeHun di onpeje-

JIdeTCd COOTHOIIEHUEM:
v =\/nga 'z (IV.76)

IV.5 DBrbiBoa ypaBHeHUii cBeTOBBIX Jiyueii u3 npuHnuna Pep-
Ma

Nrak, 3amamum Gynknuio Jlarpanzka cBETOBOTO Jiyda B BH/IE:
L = /ngdxidz”. (IV.77)

Hubdepentupyst (IV.74) mo BpeMeHn, 0Ty nM:

de’ = @'dt
rje: _
., dz’

r = —.
dt

Taxum obpazoMm, PyHKIIMOHAJ JAEHCTBUS JIJI CBETOBBIX JIyUeil IPUHUMACT BU/I:

2
S = / Vnagdikdt . (IV.78)
1

CpaBHuBasi (hOpMyJIbl 3TOTO pazjiesia ¢ COOTBETCTBYIOIMIMU (DOPMYyJIaMU TTPEIbI-
aytiero paszena, a takxke (1V.1.3): (IV.78), (IV.75) u T.x1., 3amedaem, 910 11pn
[I0JICTAHOBKAX COOTBETCTBYIOIINX BbIPAYKEHMIL:

T — 8, N — Gik (IV.79)
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IV.5. BbIBos ypaBHEHWUIT CBETOBBIX JIydert

3a/1a4a 0 HaXOXKJIeHNN TpaeKTopun (OTOHA B AHU30TPOITHON U HEOTHOPO/IHOI OT1-
TUYECKOil cpejie HudYeM (popMasibHO He OTJIMYAeTCs OT 3aJadl O I'e0/Ie3MIecKoil
JINTHUU B PUMAHOBOM IIpocTpancTBe. Tak, MOXKHO cjiesiaTh CJie/lyioniee yTBep-
JKJIeHue:

B npenesie reomerputeckoit ontukn Tpaekropus GoroHa (JIyd cBe-
Ta) B OIITUYECKU IPO3PAYHOIl AaHN30TPOITHOI 1 HEOTHOPOHON cpejie
C TEH30POM TIPEJIOMJIEHUST M) () COBIAIAET C IO Ie3NIeCKOl JINHI-
el B pUMaHOBOM IIPOCTPAHCTBE € METPUIECKUM TEH30POM gk () =

Taxum 06pa3oM ycTaHABIMBACTCS MaKCUMAJILHO TeCHAs CBA3b MEXK LY TE€OMET-
PUYECKOIl ONITUKOI 1 PUMAHOBOIl T€OMETPUEHA.
B cBsi3u ¢ cylecTBoBaHNEM YKa3aHHOIO 63AUMMO 00HO3HAYHO20 COOMBEM-
i
cmeus BBejieM 00beKThl {25, u %), MHyINPOBAHHBIE TEH30POM IIPEJIOMIICHHS,
KaK METPUKOIL, -

1
Qijr = 2 (Oimjk + Ojnir, — Oknij) ; (IV.80)
Q;k = nﬂﬂjk’l, <1V81)

/e KOHTpaBapuaHTHBII TeH30p N1’ ! apiisiercs OOpaTHBIM K TE€H30PY IPETOMJIEHN
Nk, T.€.:

n'lng = 67, (IV.82)

O6bexTs! (251, 1 Q;-k, MH/IyIIPOBaHHbIE TEH30POM IIpEJIOMJIeHUsI, OyIeM B Jla/lb-
HeffIIIeM JIJIst IPOCTOThI HA3BIBATH ONIMUYECKUMU cumoramu Kpucmoppensn I-20
u II-20 poda, COOTBETCTBEHHO.

Ormerum ciieayromiee BazkHoe 00cTosATe/NbCTBO. CaMu 3T 0O0bEKThI, KaK I
cumBOJIbI Kpucroddes, He siBisiioTcst TeH30pHBIME 00bekTamu. OIHAKO, ¢ Ipy-
roif CTOPOHBI XOPOIIIO M3BECTHO, YTO Pa3HOCMb COOMBEMCMEYOWUT CUMBON0E
Kpucmogdenrn, undyuuposannvlr pasisuvHuMu mempuramu, 6 oduiets xkoopou-
Hayuu npedcmasasem mensop Ill-20 panea. Tax Kax camo dusnaeckoe mpo-
CTPAHCTBO, B KOTOPOM HaXOJIUTCSI U OITUYECKAs CPejla, sIBJISIeTCSI eBKJIAJIOBBIM,
TO B JIEKAPTOBBIX KoopianHaTax * cumposibl Kpucroddesst 3Toro npocrpancrsa
obpalnalTcss B HYJIb. B KPUBOJMHENHBIX »Ke KOOpAMHATaX CUMBOJIBLI Kpucrod-
ests esrimoBa npocrpancrsa, I'y;p 1 Fé-k, BOOOIIE TOBOPSI, OTJIMIHBI OT HYJISI.
Paznoctn ke

0 = Qijr — Tijay 0y = Qfy — Ty (IV.83)

4A 6osee Touno, B abdUHHBIX KOOPIAMHATAX.
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SIBJISIIOTCS KOMIIOHEHTaMH TEH30POB 1 OIMMCHIBAIOT IIO9TOMY TEH30PHBIE CBOIICTBA
ONTUYECKON CPeJIbI.

Taxum 06pazoM, BOCIOJIB30BABIINCH pesysbratamu paszena (IV.1.3), Mbl cpa-
3y MOYKEM BBLIIIICATD YPABHEHUA PACTPOCMPAHEHUA CEEMA 6 ONMUUECKU NPO3PG -
HOT HEOOHOPOOHOT U aru3omponHot cpede, KOTOPhIe, KaK ObLIO YKa3aHO BHIIIIE,
SIBJISIFOTCSL YPABHEHUSIME Teojie3ndecKux juauii B Merpuke (IV.75):

d*a’ o da? da”

dr dr dr
BamerumM, 4To AuddepeHnnpoBaHie B 9TUX yPABHEHUIX OCYIIECTBIISIETCS He 110
mapaMeTpy BpeMeHH, t, a 1o onrtudeckoil jymue mytu, 7. Bemencrsue (IV.75)
BBITIOJIHSECTCS COOMHOULEHUE HOPMUPOBKU:

el Y, (IV.85)

J1ts1 periennst cucreMbl OOBIKHOBEHHBIX TibbepeHnaabHbX ypasHenuii (1V.84),
KaK M3BECTHO, HEOOXOINMMO 33/1aTh HadaJbHbIE YCJIOBUS B HEKOTOPOI TOUKe
M(.CU()) = Moi .
: : dx’ dx’ :
(3 (3 (3
r'(10) = T)); —(19) = —| =u IV.86
()=l )= | =, (1V 86)

riae u' - eIUHNIHLIIT B CMbBICTIE METPUKH N 1 KacaTeJbHbII K CBETOBOU TpaeK-
TOPUU BEKTOP:

- da!
U= —. IV.87
dr ( )
Coornomtenne HopMupoBKu (IV.85) M0/KHO BBITOJHATHCS B JII000i TOUKE CBe-

TOBOTO JIyda, B TOM 9YHCJIE, I B HATAJBHOI:

na(zo)uhul = 1. (IV.88)
[Ipu “mc/eHHOM peIIeHnn 3a1a9u yI00Hee BCEro BOCIIONB30BATHCS COOTHOIICHT-
em (IV.88), BbIpazkas ojiHy U3 KOMIOHEHT BeKTOpa uf depes jse jpyrue. [Ipu
9TOM COIVIACHO Teopnu reojesntdeckux Jjunmit (pasmesn (IV.1.3)) coornormenne

HopmupoBku (IV.85) apromarmaecku Oy/ieT BHIIOJIHITHCA B KazKJ0# TOYKE CBe-
TOBOW KPUBOIL.

IV.5.1 CBsBoiicTBa TeH30pa IIpPeIOMJICHUS

Hapsiy ¢ kBagparnanoit dpopmoit onrudeckoii cpejnt (IV.75) Moo pacemor-
peTh I KBaIPaTHIHYIO (POPMY IIyCTOrO PUMAHOBA IPOCTPAHCTBA’:
ds® = gir(x)dz'dx”, (IV.89)

SKoTopoe B paccMaTpHUBAEMOM HAMH CIIyUae SBJISETCS eBKINIOBBIM.
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rie ||gik|| = G - HeBBIpOXKEHHAST MaTpHUIla, MpHUYeM KBaJparudHas (opma
(IV.89) mostoykuTesibHO OlpeiesieHa, BCJIECTBIE Yero:

g =det |G| > 0. (IV.90)

Taxum obpaszoM, B Kaxkoil Touke M (x') MuoxecTBa ToueKk M uMeeM napy
kBasipaTaHbx dopm, (IV.75) u (IV.89), onpeessieMbix CHUMMETPHIHBIMU TEH-
30paMu 2-To paHra ni; 1 gi. ° CornacHo Teopnu KBaJIpaTHUHBIX opM’ Hapy
KBaIpATUIHBLIX POPM, U3 KOTOPBIX OJHA MOJOKUTEJIHLHO OIpe/ie/leHa, HEBBIPOK-
JIEHHBIMH 11peo0pa30BaHUAMI KOOPJIUHAT B KaxKJI0il IIPOM3BOJILHOI, (BUKCHPO-
BaHHOIT TOuKe My MOXKHO 00HOBpeMeHHO IPUBECTH K KAHOHUYIECKOMY BHJLY:

1 00 N(l) 0 0
Go=[010]; No=| 0 ng 0 |, (IV.91)
001 0 0 ng

rjie n; - cCOOCTBEHHbIE 3HAUYEHUS MaTpuilbl [V, ompejessieMble XapaKTepucThuIe-
CKMM YpaBHEHUEM:

det |N — nG|| = 0. (IV.92)

CobcTBeHHbIE YK€ BEKTOPHI, (k;)l; a = 1, 3, onpejiesisieMble yPaBHEHUSAMMU:
«

(N —nG)K = 0= (nij — nwgij) k’=0, (IV.93)

(0%

6y,HGM Ha3bIBaTb onmu4YeCcrumu OCAMU cpedba.

IV.6 Ilaker optica

JlJ1s1 TIOCTpOeHNsT CBETOBBLIX Jiydeil m ux TpyOOK cO3/aHa IIaKeT MNPOrpaMMHBIX
npore/lyp optica [110]8. [TokaxkeM HEKOTOpbIe KOJbI ITPOTPAMMHBIX ITPOIIETYP.
Beejiem mapaMeTpbl IPOLELyphI:

optica(Coord,S,S1,G,M0,V0,Init,N,a,graf): Coord - clucok KOOp/UHAT, S
- KaHOHMYECKUIl IapaMerp — OITHYecKas JJIMHA IIyTH, S1- [Meproj; N3MeHeHUsI
nmapaMerpa S (uncio maros, T.e. S=0..51), G - Merpuka (TeH30p IPEJOMJICHNS,
CBSI3aHHBIN C TEH30POM JAUIIEKTPUICCKOil mponutaemoctn), MO - KoopanHaTh
neHTpasibHoit Toukn MO reojesudeckoit Tpyoku, V0 -KOpPAUHATHI HAYAJIbHOI'O

SHamoMHIM, UTO MATPHUIA KBAIPATHIHON (DOPMBI BCEIIa CHMMETPUYIHA.
"Cwr., mampumep, [35]
8IIpu MCIOIBL30BAHMM STOTO AKETa, CCHLIKA Ha HEro 00s3aTe/IbHa,
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I'nasa IV. MoznenmupoBanue reofe3ndeCKUX JIMHU

HanpasJgioniero sekropa KO tpyoku, Init- onpegenser MakcuMaJibHbIe 1 MUHM-
MaJIbHbIE KOOPJMHATHI, B IIpejiesiax KOTOPbIX I'paduk OyjgeT oTodparkKaTbCs Ha
skpane, A=[xmin..xmax|, B=|ymin..ymax|, C=[zmin..zmax| gaer nose o630pa
MO/ Ty9aeMoro n3o0pakenns; N - KOJUIecTBO KaJpOB aHUMAIlNN; a - HadabHBIII
paﬂHyCpr6KHIEOAGSHHGCKHXJHHHHﬁ(ﬂyq€ﬁ>,graf—n&paMeTp,HpMHHMaHHHHﬁ
s3HaveHnd graphic - i mocTpoenust rpaduka, animate - jjsi TOCTPOSHUST aHU-
MaIIN.

> restart:

> with(tensor):

> Optic:=table():

> Opticloptical :=proc(Coord,S,S1,G,M0,V0,Init,N,a,graf)
local nn,i,xx,GG,j,g,GG_1,g_1,dg,Cf1,Cf2,Geod,XX,U,dU,u,
du,v,dc,Geo,GEO,norm,dd,Geodl,Geod2,Norm,GEOD,Geodesic, XV,
Point,K0,k,K,KK,kk0,V,VV,Inits0,SS,XVS,M,kk, Inits,A,B,C,D,E,
Sol,points,STR,gr,vpoints, STV, grf,SumGSS, GeoUO,u_UO,L,
GSS,r,XV1l,ss,kol,nnn,ssk,t,S_k,num,Points,SSK,kl,Points1,
gr1,T,11,J,1ii,GeoUL:

nn: =nops (Coord) :

for 1 from 1 to nn do:

xx||i:=Coord[i]:

end do:

GG:=array(l..nn,1..nn,symmetric,sparse):

for 1 from 1 to nn do:

for j from 1 to nn do:

GG[i,j]:=G[1,j]:

end do:end do:

g:=create([-1,-1],eval(GG)):

GG_1:=linalg[inverse] (GG) :

g_l:=create([1,1],eval(GG_1)):

dg:=dimetric(g,Coord):

Cf1:=Christoffell(dg):

Cf2:=Christoffel2(g_1,Cf1):
Geod:=geodesic_eqns(Coord,S,Cf2):

XX (8) :=subs(seq(Coord[i]=Coord[i] (S),i=1..nn),Coord) :
U(S) :=diff (XX(8),S):

du(8) :=diff (U(S),8):

u:=create([1],array(1..nn,U(S))):
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IV.6. Ilaker OPTICA

du:=create([1],array(1..nn,dU(S))):
v:=create([1] ,array(1l..nn, [seq(v[i](S),i=1..nn)]1)):
dc:=get_compts (prod(prod(Cf2,u, [2,1]),u, [2,1])):
Geo:=linalg[matadd] (dU(S) ,dc):
GEO:=[seq(Geo[i]=0,i=1..nn)]:

norm:=get_compts (prod(prod(g,u, [1,1]),u, [1,1]))=1:
dd:=get_compts(prod(prod(Cf2,v,[2,1]),v,[2,1])):
Geodl:=[seq(diff (XX(S) [i],S)=v[i](S),i=1..nn)]:
Geod2:=[seq(diff(v[i](8),S8)=-dd[i],i=1..nn)]:
Norm:=get_compts (prod(prod(g,v,[1,1]),v,[1,1]))=1:
GEOD:=subs (seq(Coord[i]=Coord[i] (S),i=1..nn),Geod?2) :
Geodesic:=[op(Geodl) ,op(GEQOD)] :

XV:=seq(Coord[i] (8),i=1..nn),seq(v[i] (S),i=1..nn):
XV1:=seq(Coord[i] (8),i=1..nn):

Point:=seq(Coord[i] (0)=MO[i],i=1..nn):
KO:=seq(k[i]=VO[i],i=1..nn):

K:=array(l..nn, [seq(k[i],i=1..nn)]):
k:=create([1],eval(K)):

KK:=eval (subs (S=0, subs (seq(Coord[i]=Coord[i] (S),
i=1..nn),get_compts(prod(prod(g,k, [1,1]),k,[1,1]1))))):
kkO:=eval (subs(Point ,KK) ) :
V:=linalg[scalarmul] (K, 1/sqrt (kk0)):
VV:=subs (KO0, op(V)):

Inits0:={Point,seq(v[i] (0)=VV[i],i=1..nn)}:
SS:=dsolve({op(Geodesic)} union InitsO,{XV},
type=numeric,output=listprocedure) :

XVS:=subs(SS, [XV]):

A:=XVS(1):

for 1 from 0 to 7 do M(i):=x1(0)=rhs(Point[1])+a,
x2(0)=rhs(Point [2])+i*Pi/4,Point[3]: od:
kk:=(i)->eval (subs(M(1),KK)):
V:=(i)->linalg[scalarmul] (K,1/sqrt(kk(i))):
VV:=(1)->subs(KO,V(i)): VV(3):
Inits:=(i)->[M(i),v[1] (0)=VV(i) [1],v[2] (0)=VV (i) [2],
v[3](0)=VVv (i) [3]]:

B:=Inits(3):

for i from 0 to 7 do SS:=(i)->dsolve({op(Geodesic)}
union {op(Inits(i))},{XV},type=numeric,output=listprocedure) :
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XVS:=(1i)->subs(SS(i), [XV]): od:

C:=XVS(1)(3):

nnn:=proc(S) local SS,SSS:

SSK:=floor(S):

SSS:=floor(S*5):

25+piecewise (SSK<10 or SSK=10,20,SSK>10,SSS):

end proc:

num:=nnn(S1):

S_k:=(kl)->evalf (k1*S1/num) :

points:={seq([rhs(M(i) [1])*cos(rhs(M(i) [2])),

rhs (M(i) [1]) *sin(rhs (M(i) [2])),

cos(rhs(M(i) [1]))*cos(rhs(M(i)[3]))],1i=0..7)}:
STR:=plots[pointplot3d] (points, color=BLUE,

symbol=CIRCLE, symbolsize=24,axes=BOXED): STR:

if graf=graphic then

for i from 0 to 7 do
Points:=(i)->[seq([evalf (XVS(i) (S_k(k1)) [1]*

cos(XVS(i) (S_k(kl)) [2]1).,4),

evalf (XVS(i) (S_k(k1l)) [1]1*sin(XVS(i) (S_k(k1))[2]),4),

evalf (cos(XVS(i) (S_k(k1)) [1])*cos(XVS(i) (S_k(k1))[3]),4)],
k1=0..num)]:

gr:=(i)->plots[pointplot3d] (Points(i),style=line,color=black);
od:

D:=plots[display] (gr(0),gr(1),gr(2),gr(3),gr(4),
gr(5),gr(6),gr(7),STR):

elif graf=animate then

#ssk(K) - BhHCYUMTHBAET YUCJIO WATroB, HeObXOmUMoOe IJd BHBOIA BCEIrO
#uHTepBaja W3MEHEHUH IIapaMeTpa aHUMaIuu t

#roe S msMenserca oT [0,S1], N - KoiImuecTBO WAroB aHUMAIlUHU
ssk:=(K)->evalf (S1/N*K,4): ssk(4):

for i from 0 to 7 do

#L(1,S_k) - BHBOOUM IIOCIELOBATENHHOCTH TOYEK -

#pemeHu# I8 KaxOoX 1-TOM reole3UdeCKou
L:=(i,11)->[seq([evalf (XVS(i) (S_k(k1)) [1]*

cos (XVS(i) (S_k (k1)) [2]),4),

evalf (XVS(i) (S_k(k1l)) [1]*sin(XVS(i) (S_k(k1l))[2]),4),

evalf (cos(XVS (i) (S_k(k1l)) [1])*cos(XVS(i)(S_k(k1))I[31),4)],
k1=0..11)]:
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gr:=(i,11)->plots[pointplot3d] (L(i,11),style=line,

color=black) ;
od:

GeoUL:=(11)->plots[display] ([seq(gr(i,11),i=0..7),STR]):
GeoUO:=plots[display] (seq(GeoUL(11),11=0..N),
insequence=true,title=convert (t=ssk(N),string));

end if:
end proc:

Puc.IV.39. Ilpumenenue  mpoiie-
Jaypel  optica( [x1,x2,x3], s,30
, ggl, [0.1,0,0], [0,-1,0],
[[-1.6,1.6], [-1.6,1.6],
[0,1]], 50, 1, graphic) B
rpacguiyeckoM  opmMmare:siyd  CBETa
BpAII[aeTCsI B ONTHYECKOIH cpejie.

Bsenem MeTpuky:

ITposieMoHCTpUpPYEM HCIHOJIHEHUE IIPO-
I'PAMMHOII T1poIe/lypbl. BBeieM MeTpuky

ggl=

2 smcg(c)i;—;i)s rl 0 0

0 sinz1 0

0 0 1
n  uzobpasuMm  rpaduk  Ieojesn-
YeCcKUX TPyOOK 110 CreHepUupo-
BaHHBIM HavaJIbHBIM yCJIOBH-
AM: > AA:=optica([x1,x2,x3],

s,30,gg1,[0.1,0,0],[0,-1,0],
[[-1.6,1.6],
[-1.6,1.6],[0,1]1],50,1, graphic):
>AA[8]

— (moJtyYeHHbBIE Ie0/Ie3nUeCKUe B JIAHHOM
cllydae COBMEIIQIOTCA Ha OJIHOM Ipa-
dbuke, npuueM HadaJbHbIE I10JIOXKEHUS
reo/Ie3NICCKIX

OTMEYar0TCA CUHUMUI

KPYKOUKAMI):

> ggd:=[[sin(x1)/(2*cos(x1)~2+1),0,0], [0,sin(x1),0], [0,0,1]]:

Bresem mapaMmeTphbl MpoIe Iy phl:
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>AA:=optica([x1,x2,x3],s,30,gg4,[0.1,0,0],[0,-1,0],
[[-2.2,2.2],[-2.2,2.2],[-0.5,0.5]1,50,1,graphic) :

> AA[8];

|
(5]

Puc.I1V.40 H3zo06pasnm rpapuk reojesmieckux TpyOOK
[0 CreHEepUPOBAHHBIM HAYAJIbHBIM YCJIOBHSIM (IIOJIYY€H-
HbIe T'e0JIe3MIeCKHe COBMENIAIOTCS Ha OJIHOM TIpacpuke,
prIeM IMOJIOXKEHHST Te0JIe3BUIECKIX OTMEIAtOTCsT CHHUMUI
KDY>KOUKAMH).

Bsenem meTpuky:

> gg3:=[[1,0,0], [0,x1"2*cos(x3)~2,0],[0,0,x1"2]]:
> AA:=optica([x1,x2,x3],s,10,gg3,[0.1,0,0],
(0,-1,01,[[-1.6,1.6],[-1.6,1.6],[0,1]11,50,1,graphic):

[ToctpouMm rpaduk reoge3mdecKkux TPyOOK 110 CreHEPUPOBAHHBIM HavaIbHBIM
YCJIOBULAM:

> AA[8];
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WESEPES

-10

Puc.I1V.41 H3zo06paszum rpaguk reojesndecKkux TpyooK IO CreHe-
PUPOBAHHBIM HAaYaJbHBIM YCJIOBUSM (IIOJIyI€HHBIE Ie0Ie3MICCKIe
COBMEIIAIOTCSI Ha, OJHOM I'pacghuke, IpHIeM I10JI0XKEeHHST Ie0[e3nde-
CKHX OTMEYAIOTCS CHHUMH KDPYXKOIKAMI ).

HOCTpOI/IM AMHaMIYECKYI0 BU3YyaJIN3allI0 I'€OAEe3NICCKUX Tp}/'6OK 110 crenepu-
POBaHHBIM HaYaJIbHBIM YCJIOBUAM:

>AA:=optica([x1,x2,x3],s,10,gg3,[0.1,0,0],
(0,-1,0],[[-1.6,1.6],[-1.6,1.6],[0,1]1],50,1,animate) [8]:AA;
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1 ext Math Lrawin 'l Piot

04 @ [+ Pl CurentFrame |33

b v vres:| 1 _E,Sj ay

_HOCTIJOHM rpad¥K reoJe3Ndeckux TpYO0K [0 CreHEPUPOEAHHEIM HAaYAMBHEIM VCTOBHAM
> AA:—optica ([x1,x2,x3],=,10,993,[0.1,0,0],00,-1,0]1,[[-1.6,1.6],[-1.6,1.6],[0,1]].50,1,animate) [8]:AA;
t="7.200
0.8
0.6— T f
0.4— i :
0.2— ‘ )
00— ?.1 ’4‘
-0 'l'. /
-0.4— |
-0.6—]
-0.8—
10 -10
0 0

Puc.IV.42 Oxkno Maple 17 ¢ 38-m KaJjpoM aHUMAIIMN JIBHXKEHISI CBETOBBIX
JIVYEH.

Bsenem mMeTpuky:

> ggd:=[[1/(1+x1~2),0,0], [0,cos(x3)~2/(1+x1"2),0],[0,0,x1~2]]:
> AA:=optica([x1,x2,x3],s,7,gg4,[0.1,0,0],[0,-1,0],
([-1.6,1.6],[-1.6,1.6],[0,1]]1,50,1,graphic):

[TocTponm rpaduk reoje3mdeckux TpyooK 10 CreHepUPOBAHHBIM HaYabHBIM
YCJIOBUSIM:

> AA[8];
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-0.5

Puc.IV.43 Tpybku ceroBbIx Jiydeil B MeTpuke gg4.

Hucniepcust — pacxokjieHne CBETOBBIX Jiydell ¢ PasjudHoil JIMHHONR BOJHDBI
(qacToToit).

> g:=[[exp(-omega),0,0], [0,x1"2*cos(x3)"~2/(1+omega~2),0],
[0,0,x1"2%exp(-omega)]]:
> dispersion([x1,x2,x3],s,10,g,[1,3,0],[0,1,-11,0);
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Puc.IV.44 /lucriepcus cBeToBbIX Jiydeil B METPHKE g.

IV.7 Teonesudeckne JUHUN B I'PABUTAINNOHHBLIX IIOJISIX

[Ipobuble YacTuIbl, KaK U JIydd CBeTa, JABUXKYTCA B I'DABUTAIIMOHHOM IIOJIE IO
reo/1e3NIeCKNM JIMHUSIM [ICeBIOPUMaHOBa IIPOCTPAHCTBA, METPUKa KOTOPOIo, ¢k,
orpeJieisieTcss ypaBHeHUAME JffHiTreiina. B MaTeMaTndeckoil Moge/ I, TaKimM
obpaszoM, go0aBJseTcs, BO-TIEPBBIX, 4-X MEPHOCTH, BO-BTOPBIX, IICEBJIOPUMAHO-
BOCTH ITPOCTPAHCTBA U, B TPETHbUX, (DAKTOP MACChl YACTUIIbI: MaCCUBHBIE YaCTU-
bl JIBUKYTCA TIO BPEMEHUIIOIOOHBIM Te0/Ie3NIeCKNM, 0e3MaccoBble — 10 U30-
TpOmHBIM. [I09TOMY BO3MOXKHO M300pa3UTh JIUIIL 2-MEPHYIO WJIN TPEXMEpPHYIO
ITPOEKIINIO T'e0Ie3MIEeCKON JTUHUU. DTO MO3BOJISIET C¢/IeJIaTh KOMAaH/Ia YKa3aHHOTO
naxkera geodesic4d, KoTopas TakxKe MOXKeT ObITH peajin30BaHa, Kak B rpadudie-
CKOI1, TaK U B AUHAMUYCCKON MOJIE.

[IpuBesiem npuMep peasu3anii 3Toil KOMaH bl Jiid MeTpukn [IBaprmmmisia
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(eMm., Hampumep, [32]):

2 dr?
ds? = (1 — ﬁ) dt* — ; r% — r*(sin® 0dp? + db?)
T — 29

Urak, BBejieM MeTpuky IIBapiimmiib/ia, BbIOUpas CUCTEMY €JIMHNIL, B KOTOPOIi
ry = 1:

> gg=[[_1/(1_2/r) ,O:O:O] ) [O:_rA2>O:O] )
[0,0,-r"2*sin(theta)~2,0],[0,0,0,1-2/r]]:

BejieM napaMeTpbl IPOIE/Lyph:

> Al:=geodesic4d([r,theta,phi,t],s,gg, [R,Theta,Phi,T],
(40,0,0,0],[0,0,0,1],4,5,38,1,0):

1 ucrnoJHuM >Al;

40

Puc.IV.45 /lpmkenune wmaccuBHOI dYacTHIIBI B IOJIE
IIBapmmibma. IlorydaeTcs «po3eTkas — CMeEIeHHe IIe-
PUTCJTHS T1JIAHETHI.
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Y100BI TTOJIYyUNUTh Teo/1e3ndecKyio TPYOKY, HEOOXOAMMO NPUMEHUTH CJIETYIO-
it popMaT KOMAHIbL:
A11:=geodesic4d([r,theta,phi,t],s,gg, [R,Theta,Phi,T],
(40,0,0,0],[0,0,0,1],4,5,38,1,1):
Al1;

B pesyibTare moiyduM CJ1eLyIouii pUCyHOK.

Puc.I1V.46 /[Buxenune TpyOKn n3 6-TM MacCHUBHBIX 4a-
cruil B nioJie Ilpapmmibga. Bugno, uro BOIM3u rpaBuTa-
IMOHHOT'O PaJIHyca I'eOJe3HnIeCKIe CI'VIIAIOTCSI U IIeperry-
THIBAIOTCS.

[IpuBejieMm erre oIMH HpUMeP IOCTPOEHUsT MOJIe/IN JBIKeHus B 1ojie IIBapir-
b IA:
A22:=geodesic4d([r,theta,phi,t],s,gg, [R,Theta,Phi,T],
[40,0,0,0],[0,0,0,1]1,6,5,28,1,1):
A22;
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B pesysibTate moydnM Caeayoninii pucyHox.

Wl

il RN

Puc.IV.47 /lsmxenne Tpyokn n3 6-TM MacCHUBHBIX Ya-
crui; B noJie LlBapmminiga. V3 #Hero takke BHIHO, 9TO
BOJIN3U IPABUTAI[HOHHOTO PaJIIyCa reoJle3UIeCKHe CryIIa-
FOTCSI U MTEePEITy ThIBAIOTCSI.
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I'maBa V

MoaeanpoBaHue JUHAMUYECKIX CUCTEM B

Maple

V.1 DBanaucruka: apTujLiepuiickuii TpeHakep

V.1.1 VYpaBHeHUus JABUKEHUHA

[IpogemoncTpupyeM OCHOBHBIE TTPUHITUIIA TOCTPOCHUSA CJIOYKHBIX TUHAMIICCKUX
cTpyKTyp. IlocKo/IbKY B 9TOM pa3zjesie HAC He MHTEPECYIOT MpobJieMbl HHTEIPU-
poBaHug ypaBHEHUl, B Ka4eCTBe IIpUMepa CO3/laHuygd OCHAIICHHON JIMHAMUYECKOI
rpaduyueckoii MoJIe/In PACCMOTPHUM IIPOCTYIO MOJIEJIb JIBUYKEHUSI TeJia B OJIHOPO/I-
HOM I10JI€ TATOTEHUA C JIMHEHHON CUJION COIIPOTUBJICHUS CPEIbL:

&7

rjie m - Macca Teja, k - Koa@uImenT JNHEeHHOrO TPEeHns, § - MOCTOSTHHBI BEK-
TOP YCKOPEHUsI CBOOOIHOTO majeHust. PereHne 9Tux ypaBHeHN ¢ HaUaIbHBIMU

YCIIOBUSAMU: .
70)=0; #(0) =1 (V.2)

U3BECTHO:
i —mUO]:OS& (1 — eﬁf) : (V.3)
y = _mkgt N m(mg +k1;0k sin o) (1 B elﬁ) | (V.A)

Haitjilem Bpemst B CeKyH/JIaX, COOTBETCTBYIOIEe HAMBBICIIEH TOYKH IOJIETA
> T_h:=proc(v,alpha,m,k,g):
> diff(Y(t,v,alpha,m,k,g),t):
> solve(%,t):end proc:
> T_h(100,Pi/3,1,0.1,10);
6.238107164
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V.1. Bammicrnka: apTAJIIEpAHCKAN TpeHaKep

Haiijiem Tak»ke pajimyc-BeKToOp Tejia KakK (DYHKINIO BpeMeH! U IIapaMeTpoB
JIBUZKCH UL

> R:=(tau,v,a,M,K,G)->

> [evalf (X(tau,v,a,M,K,G)) ,evalf(Y(tau,v,a,M,K,G))]:

> evalf(R(5,100,0.45,1,0.1,10));
[354.2983274, 64.6149421]

Haiiiem pajmyc-BeKTOp TOYKHU TPAEKTOPHUHN, COOTBETCTBYIONEH MaKCUMaJIbHOM
BbICOTE:

> R_h:=(v,alpha,m,k,g)->R(T_h(v,alpha,m,k,g),v,alpha,m,k,g):

> R_h(100,Pi/3,1,0.1,10);

[232.0508077, 242.2146873]

Haiinem MmaxcumMaJ ibHYIO BBICOTY II0JIETA:

> %l2];

242.2146873

[TocTponMm rpacduk TpaeKTOpUM I0JIeTa TeJa;

> plot([X(t,100,0.45,1,0.1,10),
Y(t,100,0.45,1,0.01,10),t=0..9],
labels=[‘x, meTpoB‘, ‘y, MeTpoB‘],
labeldirections=[HORIZONTAL,VERTICAL],
titlefont=[TIMES,ROMAN,12],
title=‘Trajectory:
alpha=0,45;v0=100;m=1;k=0,1. ¢,
color=BLACK,thickness=2) ;

Trajectory:
alpha=045v0=100m=1I=0 1

801

[=4]
L=]
N

¥, Mempos
e
=1
:

X, Mempos

100 200 300 400 jﬁu\

Puc.V.48. Tpaekropud noJieta Tejia B MOJIE TAXKECTH.

bBespasmepnas nepeMeHHasd MaJIeHusT KaMHs:
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I'maBa V. MonemupoBanne guHavmudeckux cucreM B MAPLE

[1]

_ kt
T m

V.1.2 IIporpammubie Iporieaypbl

CozajiumM 1pore/ypy NpUOJMKEHHOI'O BBIUKUC/IEHUsI BPEMEHU I0JIeTa Teia,
T.e., TAKOI'O BpeMeHu, npu kotopoM y = 0.

> T_max:=(v0,alpha,g)->2*vO*sin(alpha)/g:

> T_max(100,0.5,10);

Brorancimm sTo Bpems: 9.588510772

> Xil:=(v0,alpha,m,k,g)->

> fsolve(xi=(1+k*vO*sin(alpha)/(m*g))*(1-exp(-xi)),xi,0..
> 1+k*vO*sin(alpha)/(m*g)):

> Xi1(100,0.5,1,0.1,10);

0.8420497943

exp(-Xi1(100,0.5,1,0.1,10));
0.4308265120

Bpems B cekyHnjax roJjiera Tena: MakcuMaabHO BO3MOXKHOE, IPHU OTCYT-

Vv

CTBHH COIIPpOTUBJIECHUAD:

> T_max(300,0.5,10);
28.76553232

Peanbnoe:
> T1:=(v0,alpha,m,k,g)->Xil1(v0,alpha,m,k,g)*m/k:
T1(300,0.5,1,0.1,10);

21.55937352

X max-peajibHas KOOpAUHATA X HaJeHUsT CHAPSJIA - JaJIbHOCTD CTPEILODL:
> X_max:=(v0,alpha,m,k,g)->
X0(v0,alpha,m,k)*(1-exp(-Xi1(v0,alpha,m,k,g))):
X0(600,Pi/3,10,0.2);

X_max(600,Pi/3,10,0.2,10);

15000.00000

12107.83296

[TocTponm yrpaBiseMyio HMpONeaypy BLIYUCICHUSA PaJyca-BeKTOpa Teja B
3aBUCUMOCTHU OT BPEMEHH, roJiaras, 9ro mnocje najerns (y=0) Tejo JexuT Ha

3EMJIE.
> RR:=(t,v0,alpha,m,k,g)->piecewise(t<T1(v0,alpha,m,k,g),
evalf (R(t,v0,alpha,m,k,g)),t>=T1(v0,alpha,m,k,g), [evalf (X_max(v0,alpha
,m,k,g)),0]):

DT0T BaKT MBI yUJIU C TIOMOIIBIO KYCOYHO 33 aHHo0i dyHKnnun piecewise. [Iposepum
paboTy IPOIE yPhI:
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V.1. Bammicrnka: apTAJIIEpAHCKAN TpeHaKep

> RR(10,300,0.5,1,0.1,10);
[1664.213938, 541.2847770]

> RR(100,300,0.5,1,0.1,10);
[2327.889722, 0]

> op(RR(100,300,0.5,1,0.1,10));
2327.889722, 0
[IpoBepum ucnoJiHeHne rpaduaecKoil MpoueIyphl:

> plot([RR(t,300,0.5,1,0.1,10)[1],RR(t,300,0.5,1,0.1,10) [2],t=0..10]);
5004
4004
3004
2004

100

0

T T T T T T T L, T T T K T L, T
0 200 400 600 80D 1000 1200 1400 1600

Puc.V.49. Tpaekropus mnoJieta Teja B IIOJIE TAXKECTH.

V.1.3 Co3nanme ocHaIleHHOI YITpaBJISE€MOIl aHWMMAIMOHHOM ITIpoIie-
Aypbl ToJieTa Imapa

3arpysum 6momoTeKy plottools g oTobpazkeHns Kpyra, UMHTHDYIONIETO
TeJIO.

> with(plots):

> with(plottools):

Warning, the name changecoords has been redefined

Warning, the name arrow has been redefined

> display(plot(x~2,x=0..3,color=blue,thickness=3,scaling=CONSTRAINED),
disk([2,3],1,color=red));

CozaauM mporeaypy noctpoeHus rpaduka 1moJera siapa pajuyca d.
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I'maBa V. MonemupoBanne guHavmudeckux cucreM B MAPLE

> Yadro:=proc(t,v0,alpha,m,k,g,d,c) local 1,L,h,H:

1l:=evalf (-2x*d):

h:=evalf (-2%*d):

L:=evalf (X_max(v0,alpha,m,k,g)+2*d):

H:=evalf (R_h(v0,alpha,m,k,g) [2]+2xd) :
display(disk(RR(t,v0,alpha,m,k,g),d,color=c),

plot ([RR(tau,v0,alpha,m,k,g) [1] ,RR(tau,v0,alpha,m,k,g) [2],tau=0..t],co
lor=c,scaling=CONSTRAINED,view=[1..L,

h..H])): end proc:

> Yadro(50,100,0.5,1,0.1,10,10,red);
[IpoBepum mcmoiHEHNE TTPOIETY PHI.

1804
140 ]
100
50

100 200 300 400

Puc.V.50. Iloner gapa B 1oJie TIKECTH.

Coza M 110C/IeI0BaTe/IbHOCTh BPpeMeH I10JIeTa;
> tt:=(i,v0,alpha,m,k,g)->evalf(T1(v0,alpha,m,k,g)*i/100):
tt(10,100,0.5,1,0.1,10);

0.8420497943

[TpoBepum mpubmmKenHoe oOHy/IeHNE BHICOTHI B «MOMEHT BpeMenny 1=100,
SIBHO TIPEBBIMIAIONINI BpeMs MOJIeTa d/1pa

> evalf(Y(£t(100,100,0.5,1,0.1,10),100,0.5,1,0.1,10));
—0.410°

CosmainM 110¢/1e10BaTe/IbHOCTD I'padUKOB IIOJIeTa sijipa.
> Jadro:=(i,v0,alpha,m,k,g,d,c)->Yadro(tt(i,v0,alpha,m,k,g),
v0,alpha,m,k,g,d,c):
Jadro(58,100,0.8,1,0.1,10,5,red) ;
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V.1. Bammicrnka: apTAJIIEpAHCKAN TpeHaKep

90 —§
30
20

T T T T T
100 200 300 400 300

=

Puc.V.51. Ucnonnenne nporneaypsl Yadro.

CozpaaumM erie ogHy mnporeaypy Yadro2.

> Yadro2:=proc(t,v0,alpha,m,k,g,d,c)

local 1,L,h,H:

1:=evalf(-0.1*X_max(v0,alpha,m,k,g)):
h:=evalf(-0.1*R_h(v0,alpha,m,k,g) [2]):

L:=evalf (1.1*X_max(v0,alpha,m,k,g)):
H:=evalf(1.1*R_h(v0,alpha,m,k,g) [2]):
display(disk(RR(t,v0,alpha,m,k,g),d,color=c),

plot ([RR(tau,v0,alpha,m,k,g) [1] ,RR(tau,v0,alpha,m,k,g) [2],tau=0..t],co
lor=c,scaling=CONSTRAINED,view=[1..L,h..H])):end proc:

> Yadro2(5,100,0.5,1,0.1,10,10,red);

%0 =
30
20

3

Puc.V.52. [IpoBepka ucno/inenus npoieypbl Yadro2.

Cozmaaum Tenepb mporeaypy Yadrol, ocHaIeHHYIO JIOKaJIbHON mHMOpMa-
el o BpeMeHu 110J1eTa, BbIYUCIAEMOro B 3alylaBUi JIOKYMEHTa € ITOMOIIbIO
CTPOKOBOW MMEepPEeMEeHHOI1:
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I'maBa V. MonemupoBanne guHavmudeckux cucreM B MAPLE

> Yadrol:=proc(t,v0,alpha,m,k,g,d,c)

local 1,L,h,H,ttt,T:

l:=evalf (-0.1*X_max(v0,alpha,m,k,g)):
h:=evalf(-0.1*R_h(v0,alpha,m,k,g) [2]):

L:=evalf (1.1*X_max(v0,alpha,m,k,g)):
H:=evalf(1.1*R_h(v0,alpha,m,k,g) [2]):

T:=T1(v0,alpha,m,k,g):

ttt:=piecewise(t<T,t,t>=T,T):
display(disk(RR(t,v0,alpha,m,k,g),d,color=c),

plot ([RR(tau,v0,alpha,m,k,g) [1] ,RR(tau,v0,alpha,m,k,g) [2],tau=0..t],co
lor=c,scaling=CONSTRAINED,title=convert (evalf (ttt,4),string)),
view=[1..L,h..H]):end proc:

[IpoBepum ucmoIHEHNE ITOM TPOIEIYPhI:
> Yadro1(5,100,0.5,1,0.1,10,10,red);

100
50
20

20 100 200 300 400 500

Puc.V.53. [IpoBepka ucnosinenus nporeaypol Yadrol. B
TUTYJIE 0TOOpazKaeTcsl JJOKaJIbLHOE BpeMsl 11oJieTa b CeKyH/I.

Cozpagaum Terepsb mnponeaypy Yadro3, B KOTOPOIL ¢ IIOMOIIBIO CTPOKOBOI IIepe-
MEHHOI1, 3aHeCeHHOl B TOUKY ¢ KOOPJIUHATON Z(t) Tesia 0ToOpazkaeTcss BpeMs
I10JIeTa.

> Yadro3:=proc(t,v0,alpha,m,k,g,d,c)

local 1,L,h,H,T,ttt:

1l:=evalf (-2xd):

h:=evalf (-2x*d):

L:=evalf (X_max(v0,alpha,m,k,g)+2*d):

H:=evalf (R_h(v0,alpha,m,k,g) [2]+2xd) :

T:=T1(v0,alpha,m,k,g):

ttt:=piecewise(t<T,t,t>=T,T):

display(disk(RR(t,v0,alpha,m,k,g),d,color=c),

plot ([RR(tau,v0,alpha,m,k,g) [1] ,RR(tau,v0,alpha,m,k,g) [2],tau=0..t],co

lor=c,scaling=CONSTRAINED,view=[1..L,h..H]),

plots[textplot] ([X_max(v0,alpha,m,k,g),2*d,convert(evalf (ttt,4),string

)] ,color=c,align=LEFT)) :end proc:
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V.1. Bammicrnka: apTAJIIEpAHCKAN TpeHaKep

[IpoBepum mcHo/HEHNE STOI TPOTETYPHI:
> Yadro3(7,100,0.5,1,0.1,10,10,red);

600

300
100
-100 500 1000 1500 2000

Puc.V.54. Ilposepka ucnonanenus: nponeaypbl Yadro3.
Psyom ¢ nsobpazkeHueM Tejia 0TOOparKaeTcs JIOKaJIbHOe
BpeMs T10JIeTa 7 CEeKYyH/I.

C nowmoripio Koman bl display ¢ omrueii insequence=true co3/a/ M MPOIieLy-
py aHUMAIUN I10JIeTa TeJia;

> Yadro_fly:=(v0,alpha,m,k,g,d,c)->display(seq(Jadro(i,v0,alpha,m,k,g,d
,€),1=1..100),insequence=true,scaling=CONSTRAINED) :

> Yadro_f1y(300,0.5,1,0.1,10,50,red);

3000
2000

1000

0 T T T T T : . T
0 1000 2000 3000 4000 5000 6000 7000 3000

Puc.V.55. [IpoBepka  mcmoHEHUA POy Phl
Yadro_fly.

225



I'maBa V. MonemupoBanne guHavmudeckux cucreM B MAPLE

[ToceoBaTeTbHO MMOBTOPSAS TAKWE AU, Mbl TTOCTPOUM OKOHUYATETHHYIO YIIpaB-
JISIEMYIO TIPONEJYyPY JUHAMUYECKON I'paduKu, MO3BOJIAIONIYIO ITPOU3BOIUTH
cpasy 3 BBICTpesa ¢ pa3HbIMU HAYaJLHBIMU YCJIOBUSAMU U ITapaMeTpaMu. Ta-
KM 00pas3oM, yjaeTcs co3/1aTh TpeHaxKep, Ha KOTOPOM MOXKHO M3y4aTh CBOIi-
CTBa TPAEKTOPUU JBUXKYIIETOCd B I0OJIE TSAXKECTHU TeJla.

> Fly_3Yadro(SS1,S852,S83);

>Fly_3Yadro:=proc(S1,52,S3)

local L1,L2,L3,L,H1,H2,H3,H,T,T_1,T_2,T_3,ttt_1,ttt_2,ttt_3,d,1,
Yal_i,Ya2_i,Ya3_i,cl,c2,c3,d1,d2,d3,s1,s2,s3,tau,t_1,G_1,Hm,Lm:
s1:=S1[1],81[2],S1[3],51[4],81[5]:
s2:=82[1],82[2],82[3],S2[4],sS2[5]:
s3:=83[1],83[2],83[3],83[4],S3[5]:
d1:=S1[6]:c1:=S1[7]:d2:=S2[6]:c2:=82[7]:d3:=83[6] :c3:=S3[7]:
d:=evalf(1l.2*max(d1,d2,d3)):

Hil:=evalf(R_h(s1)[2]):

Ll:=evalf (X_max(sl)):

H2:=evalf (R_h(s2) [2]):

L2:=evalf (X_max(s2)):

H3:=evalf (R_h(s3)[2]):

L3:=evalf (X_max(s3)):

H:=max(H1,H2,H3): L:=max(L1,L2,L3):
Hm:=evalf (H+2*d) :Lm:=evalf (L+2*d) :
T_1:=T1(s1):T_2:=T1(s2):T_3:=T1(s3):

T:=max(T_1,T_2,T_3):

plots[display] (Yadro4_fly(T,op(S1),L,H),
Yadro4_£f1y(T,op(S2),L,H),Yadro5_£f1y(T,op(S3),L,H)) :end proc:

V.1.4 YwucaeHHbIe 3KCIIEPUMEHTHI HA OCHOBE MHOTIoapaMeTpuviecKoii
MOJIeJI

Urak, B coszmanHoil mporpammuoii mporeaype Yadro fly(v0,alpha,m kg d.c) -
nepBbiit mapamerp, v0, - ckopocThb B M/cek, alpha - yroj1 BblieTa B paJuanax, m
- Macca Teja B KT, K - Koo GUImenT Tpernst B Kr/ceK, g - YCKOpeHne cBOOOTHOTO
najienus B M/%, d - pajuyc sapa B M, ¢- IBeT siipa.
3aBUCUMOCTb TPAEKTOPUU OT yTIJjia OpocaHm4:
Beiycrum 3 chapsiia o pasubivu yrotamu Pi/6, Pi/4, Pi/3 u npounmvu ojnna-
KOBBIMI XapaKTEPUCTUKAMU
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V.2. KowmmbrorepHasi MO/I€/Ib JIUHEHHBIX KOJTOAHHIT

>SS1:=[1000,Pi/4,1,0.1,10,50,blue];
Ss2:=[1000,Pi/6,1,0.1,10,50,black];
Ss3:=[1000,Pi/3,1,0.1,10,50,red];
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Puc.V.56. Okno Maple 17 ¢ jemoncrpaiueii paboTh
TpeHaxkepa 10 U3YyYEHWIO JIBUKEHUs TeJla B IOJIe TsKe-
ctu. [lokazan 61-it kajgp n3 100-kapoBoJiro puibma.

V.2 KowmnbioTepHasg MOJeJb JUHENHBIX KOoJeOaHmit

> restart:
> CompMod:=Table():

Saja/ M ypaBHeHNe JIHHEHHBIX KoJle0aHuil ¢ JINHeHOW CUJION TpeHust:
d*z

dx
prE) + mﬁoa + mng = f(t),

rjie M — Macca rpysa, Sy — KoddPuinenT JTuHeiiHOro TpeHus, wy — COOCTBEHHASsI
vacrora Kojiebanuit (omegad = k/m, rae k - kosddurnuent yupyrocru, f(t)
- BHEIITHsIsT (BBIHYZK/IAMOIIAsT CUIA.).
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> CompMod[EgqOscillations]:=

> proc(x,t,f,omegal,betald) local X,F,T,dX,d2X:

> X:=(T)->subs(t=T,x(t)):

> F:=(T)->subs(t=T,f):

> dX:=(T)->subs(t=T,diff (x(t),t)):

> d2X:=(T)->subs (t=T,diff (x(t),t$2)):

> d2X(t)+beta0*dX (t)+omega0~2*X (t)=F(t):

> end proc:

> CompMod [EqOscillations] (xi,tau,exp(-tau)*cos(tau),3,0.1);

2

() 0.0 (1) 496 () = ¢ T cos (1)

dr

z (t0) = 20, v (t0) = v0
Ba1a 1M HadaIbHbIE YCI0BUs B CTAHIAPTHOM BHJIE:
> CompMod[Inits]:=proc(x,t,InVal) local X,T,dX:
X:=(T)->subs (t=T,x(t)):
dX:=subs(t=InVal[1],D(x) (t)):
[X(InVal[1])=InVal([2],dX=InVall[3]]:
end proc:

CompMod [Inits] (xi,tau, [1,2,3]);
[€(1)=2,D(§) (1) =3

CosnmauM Iporielypy TOYHOTO pellierns (B KBajpaTypax) ypaBHEeHUsT KOJie-

vV V. V V

\%

Oanmit t — crmcox Bujia [t,t1], rue t — obosnadenue nepemenuoii, t1 — 3HaueHnme,
IIPY KOTOPOM BBLIUNC/ISIETCSI PEHICHIE:

> CompMod[SolveOscillations] :=
proc(x,t,f,omegal,betal,InVal)

local X,dX,F,T,T1,IN,S1,S2,SS1,SS2,T2:

T2:=t[2]:

X:=(T)->subs(t[1]=T,x(t[1])):

dX:=(T)->subs (£t [1]=T,diff (x(t[1]),t[1]1)):
F:=(T)->subs(t[1]=T,f):

IN:=(T)->subs (t[1]=T,CompMod [Inits] (x,t[1],InVal)):
S1:=(T)->dsolve({CompMod[EqOscillations] (X,T,F(T),
omegal,beta0) ,op (IN(T))},X(T)):
S2:=(T1)->subs(T=T1,simplify (diff (S1(T),T))):
SS1:=(T2)->subs(T=T2,81(T)):
SS2:=(T2) ->subs (T=T2,S82(T)) :
[rhs(8S1(T2)),rhs(SS2(T2))]:

end proc:

vV V.V V V V V VYV YV VV VYV

B sroit mporierype: x — HemsBecTHas QyHKIMsT (KOOPJANHATA TOUYKH MACChI),
t=[t,t1] — t — mepemennas t, t1 — ee 3HaUEHHUe, IPH KOTOPOM HAXOJUTCS Pelile-
rne, f(t)=F(t)/m — BoiHy>K1al01ast BHEIIHSAS CHJIa, TOTHEee — yeKopenue, omegal
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— YyacToTa cOOCTBEHHBIX KoJsiebanuii, betal) — kosddurmeHT JIMHEHHOTO TPeHuUs,
InVal=[x0,v0] — HavaibHBIC 3HAYCHUST KOOPANHATBI U CKOPOCTH Macchl. [Ipu arom
pelieHne BBIBOJUTCST B CIIICOTHOM hopmare [x(t1),v(t1)].

IIpumep 1.PaccMorpum npuMep pe3oHaHCA

> S88S:=(t1)->
> CompMod[SolveOscillations] (xi, [tau,t1],cos(tau),1,0.1,[1,0,2]):

> 8SS(1):

> plot(SSS(t) [1],t=0..30*Pi,numpoints=1000,
color=black,labels=[t, ‘x(t) ‘],
> title=‘KosebaHus B yCJOBUSX pe30OHaHCA');

V

Fonebaniua § VOIoSUAX PeIoRaicd

xft)

4T S 13 1gm 20w 24m 28m
Loy

IIpumep 2. PaccMoTpuM npuMep JIBYXKPaTHON 9acTOThI BBIHY K IAIOIIEH cu-

JIBL:
> 8SS1:=(t1)->CompMod [SolveOscillations] (xi,
> [tau,tl],cos(2*tau),1,0.1,[1,0,2]);
> plot(SSS1(t)[1],t=0..20%Pi,numpoints=1000,

> color=black,labels=[t, ‘x(t) ‘],
title=‘Konebanus B yCIOBUAX KPATHEX YacTOT‘);

V
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Forebanus 8 Volosumax KpamiH sD0 Y acmiont

| MMA ﬂ(\/\/\/\
™ \w\/

xdt)

> plot(SSS1(t)[1]1°2/2,t=0..20%Pi,numpoints=1000,
color=black,labels=[t, ‘E(t)/m‘],
> title=‘DHeprus kosebaHuW#i B yCIOBUIAX KPATHHX HaCTOT');

V

Dreponn NomStar Wi & VOTOS WAX KPaii sl S asmom

Eytym

RAA U\M /\f\ J ;JV\ lenlMhond

1"'r 16*1' "U't
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V.3 Illporpamma TpeHaxkepa JIMHEITHBIX KoJie0aHmii

Co3z1a/inM HHCTPYMEHTBI JIJIsi TPeHazkepa.

V.3.1 Ilpyxuna

Cozaa M KOMaH/Iy MPY>KUHBI JJIUHHON |, pajanyca r, KOJMIeCTBOM BUTKOB 1,
I[BeTa C ¢ onmuaMu h wian v - h- ropm3onTanbHas, vV - BEpTUKAJILHAA:

> plot([cos(tt),10-sin(tt)-10/(2xPi*10)*tt,
> tt=0..2%Pi*10],color=red);

035 1

CompMod [Spring] :=proc(l,r,n,c,d)

local VV,EQ,EQ_opora,tt,GG,opora,u,EQ_Shar,v,Shar:
if d=h then

EQ:=[1/(2xPi*n)*tt,r*cos(tt) ,r*sin(tt)]:
EQ_opora:=[0,u*cos(tt) ,uxsin(tt)]:
EQ_Shar:=[1+r*sin(v) ,r*cos(u)*cos(v) ,r*sin(u)*cos(v)]:
elif

d=v then

EQ:=[r*cos(tt) ,r*sin(tt),1-1/(2*Pi*xn)*tt] :
EQ_opora:=[u*xcos(tt) ,uxsin(tt),1]:
EQ_Shar:=[r*cos(u)*cos(v) ,r*sin(u)*cos(v) ,r*sin(v)]:
end if:

opora:=plot3d(EQ_opora,tt=0..2%Pi,
u=0..1.5%r,scaling=CONSTRAINED, color=gray) :
GG:=plots[spacecurve] (EQ,tt=0..2%Pi*n,
color=c,scaling=CONSTRAINED,numpoints=100%*n) :
Shar:=plot3d(EQ_Shar,u=0..2%Pi,
v=—Pi/2..Pi/2,style=PATCHNOGRID,
shading=ZGRAYSCALE, scaling=CONSTRAINED) :
plots[display] (opora,GG,Shar) :

end proc:

VvV V.V VVVVYVVVVVVVVVYVYVVVYV
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> CompMod [Spring] (5,2,10,red,h);

V.4 KowmnbioTepHad MOJeJb HeJIMHEMHBIX KoJie0aHmii

Bagaﬂmmiienepb [OTEHIMAJ B BUJE IMOJUHOMA YETBEPTOrO IOPIAJIKA YETHLIX
cTerne”Hein 1o x:

> U:=(x,k,b)->b~2/2%x(x~2-k/(2*¥b~2))"2;
1\ 2
U = @gk@b)%+1/2b2<x2——1/255>
Torna dyuknns cuisl, F(x) = —dU/dx pasna:
> F:=(x,k,b)->-diff (U(x,k,b) ,x);
k
F = (z,k,b) — —2b° (xQ——l/Q ) T

b
k
—2b° (x2 —1/2 §> T

Cua gBjisieTcst He4eTHOM 110 X (DYHKIIMEl 1 OIKIChIBAeTCsI IIOJIMHOMOM TPe-

> F(x,k,b);

THEIro TOPsiJIKA. JTO IMPOCTEHIIII BUJ| HeJIMHETHOM cuJIbl yrpyrocTu. Takoit
BIJI CUJIbI IIPUBOJIUT K PA3JIMYHLIM HEJMHEHHBIM dABJICHUAM, B TOM YUCJE K
CHOHTAHHOMY HApPYHIICHUIO CUMMETPUN, 3aKJIIOYAIOIIErocsd B HAPYIIICHUN CUM-
MeTPHUH KojiebaTe/IbHOI CUCTEMbI B pe3yJsIbTaTe JAeificTBUS JINCCUITATHBHBIX CHJI.

> plot(U(x,1,1),x=-1.1..1.1);
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023 A

> Eq_n:=(m,k,b,betal)->diff (x(t),t$2)-
> subs(x=x(t),F(x,k,b)/m)+betal*diff (x(t),t)=0:

> Eq_n(m,k,b,betal);
d2

dt

IC == z(0)=0,D(z)(0) =1

> S1:=dsolve({Eq_n(1,1,1,0.1),IC},x(t),
> type=numeric,output=listprocedure) :

> S1.1_1_0_1:=subs(S1,x(t));
S1 1 1 0 1 :=proc(t).. endproc

> S1.1.1.0_1(1);

1.01231042063906

> plot(S1_1_1_0_1(t),t=0..100,numpoints=5000) ;
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> V1_1_1_0_1:=subs(S1,diff(x(t),t));
> Vi_1_1_0_1(1);

Vi 1 1 0 _1:=proc(t)...endproc
0.877150673964212

> plot(V1i_1_1_0_1(t),t=0..100,numpoints=5000) ;

1]

0.8

A

, jﬂ\/ﬂu{\vﬂvf}vﬂuﬂvﬂw P

> E1:=V1_1_1_0_1(t)"2/2;
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>

Kowmmprorepraast MoJiesib HeJTHHEHHBIX KOJIeOAHMIT

El :=1/2(V1 1 1 0 1)

plot (E1(t),t=0..100,numpoints=5000) ;

0.5

0.4

& , Aﬂﬂﬂﬂﬂﬂﬂnn

1 ! T ! T T T
o 20 40 60 30

1C2:=x(0)=0,D(x) (0)=10;
IC2 = z(0) =0, D (z) (0) = 10

S2:=dsolve({Eq_n(1,1,1,0.1),IC2},x(t),
type=numeric,output=listprocedure) ;
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()
(=]
IS
(=]
L=
2
]
=1
-

Gl:=plot([S1_1_1_0_1(t),S2_1_1_1_0_1(t)],
t=0..100,numpoints=5000,thickness=[2,1],color=black,
labels=[‘¢, ‘Amplitude of oscillation‘],
labeldirections=[HORIZONTAL,VERTICAL] ,title=

‘Spontane Broken of Symmetry‘):

vV V. V V V

> Txt:=plots[textplot] ([90,0.2, ‘Time‘],font=[TIMES,ROMAN,14]):

> plots[display] (G1,Txt);
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Sportarie Broden of Svmimety

Amplitude of escillation

k Time

> plots[animate] (S2_1_1_1_0_1(x*t),x=0..100,t=0..1,style=POINT,
> numpoints=
> 5000, frames=32) ;

3 -3

BB E B AAL,
PRIy T
i PR

[2%)

o ,-r'u i
o% wtite
BOHHH000N

o
86

ggagw

> GS:=(T)->plot(S2_1_1_1_0_1(t),t=0..T,color=black);

> GS(10);
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AN
VY

> plots[display] (seq(GS(i),i=1..100),insequence=true);

[4 @ [ p[ CurrentFrame |54 ——— — v -res:| w0 ; A G

> plots [display] (seq(Gs (i) ,i=1..100) , insequence=true) ;

3

0 ; ; ; . ; . ; .
2 a0 a0 20 100
f
_1 —
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V.5 Co3ganue nponeayp aHUMAaONM A JeMOHCTPAINIii

> UG:=plot(U(x,2,1),x=-2..2,filled=true,color=red):

> UG;

> IC3:=x(0)=0,D(x)(0)=1;
IC3 = 2(0)=0,D(x)(0) =1
> 83:=dsolve({Eq_n(1,2,1,0.02),IC3},x(t),
> type=numeric,output=listprocedure);
S3 1 2 0 _02:=proc(t)...endproc

> S3.1.2_0_02(1);

1.20632747147795
> plot(S3_1_2_0_02(t),t=0..200,numpoints=5000) ;
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1555

T T T T T T T T T T T T T T
50 100 150 200

> V:=subs(S3,diff (x(t),t));
V := proc (t) ... endproc

> E:=(t)->V(t)"2/2+U(S3_1_2_0_02(t),2,1);

B =t 1/2 (V) 412 ((S9_1_2_0_02(1)) - 1)2

> E(1);
0.970469914859435

> GG:=(T)->plot([S3_1_2_0_02(t),E(t),t=0..T],

> color=black,thickness=2);

> GG(20);

240



V.5. Cozmanne nporenyp aHUMAIIHH JJIsT JJEMOHCTDAITHIT

>  GGG:=(t)->plots[display] (UG,GG(t));

>  GGG(10);

> plots[display] ([seq(GGG(i),i=1..100)],insequence=true);
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Text Math Drawing Plot

[4 @ [» Pl CurentFrame |24 —Ji b~ = vres: [ 10 é@ @ e -
> plots[display] ([seq(GGG(1) ,1=1..100)] ,insequence=true) ;

Memory: 118.91M Time: 76.47s

V.6 Maremarndeckoe MoJieJITPOBaHNe HeJMHENHbIX 0000-
IIIEHHO - MEeXaHWYeCKNX CHCTeM B CHUCTeMe KOMIIbIO-
TepHOii Mmaremaruku Maple

V.6.1 Bseaenue

YHUKaJIbHBIE TpadUIecKue BO3MOXKHOCTH CUCTEMBI KOMITHLIOTEPHOI MaTeMaTH-
ku (CKM) Maple, B 9acTHOCTH, BO3SMOXKHOCTH CO3JIAHUSI TPEXMEPHBIX aHUMA-
IIIOHHBIX MOJIeJIell, XOPOIIo MpopadoTaHHbIE TPOTPaMMHbBIE TTPOIE/ Ty PhI IHC/IeH-
HOTO MHTEIPUPOBAHUS CUCTEM OOBIKHOBEHHBIX HU(DepeHInaIbHbIX YpaBHEHMT
(O1Y), cnaitnosoit u B - cruiaiinoBoit uaTeprossinun GyHKIII TT03BOJISIIOT Pac-
cmatpuBatb CKM Maple B kauecTBe MOIIHOTO COBPEMEHHOI'O MHCTPYMEHTa Ma-
Temarudeckoro mojesmposanus |9], [4], [6], [8]. B macrostiiee Bpemst MmeTo b Ma-
teMaTndeckoro mojenuposanus B CKM nmavain 3¢dpdeKTuBHO NPUMEHATHCT B
HCCJICJIOBAHISAX MAaTEMATUICCKIX Mojieiell KaK (hyHIaMeHTAIbLHBIX (OU3UIeCKIX
sIBJIEHNI, TaK 1 HPUKJIAJIHBIX 3aja4d. B ugactaocru, monorpadus .II. T'omoc-
KOKOBa [4]| MeJMKOM MOCBsIIeHa pobeMaM MaTeMaTHIeCKOTO MOJIETIHPOBAHIS
B CKM Maple o0bekToB MaTemMaTudyeckoit pusnkn — pu3ndecKux ImoJeit, ru/i-
POIMHAMMYECKHIX IIPOIECCOB, IIPOIECCOB TelionepeHoca u auddy3un; B PpyH-
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namenTabHoil Monorpadun B.I1. [Ibsikonosa [6] obummprasi ryiaBa mocesiieHa
npumenennto CKM Maple B mMaremaTndeckoM MOJIEJIUPOBAHUU, B YaCTHOCTH,
MOJIC/TUPOBAHNIO 3JIEKTPOHHBIX CXEM U HU3MEPHUTEJbHBIX CUCTEM Ha OCHOBE (-
dekra [ornepa; monorpadgus M.H. Kupcanosa [8] comepxkur marepuajbl 1mo
MaTeMaTHIecKOMY MOJIe/IMPOBAHUIO CJIOKHBIX MEXaQHUYECKNX CUCTEM CO CBA3S-
MII W BU3YATH3AIMN MaTeMaTHIecKux Mojeseil stux cucrem. B [20], [22], [23],
[24], |26] — meToubr MaremaTudeckoro mojenuposatusi ¢ nomoibio CKM Maple
YCITEITHO MPUMEHSIOTCs JIJIsi PEIIeHNs BeChbMa CJIOXKHBIX 3aJ1ad PeJIsITUBUCTCKOMN
KHHETUKHU, TEOPUN I'PABUTAIINN 1 KOCMOJIOIMN PaHHell BcejieHHoi. BayKHbIM 11pe-
umytectsom CKM Maple siBjisiercst 1 BO3MOYXKHOCTD HHTEIPAIUT 9TOM CUCTEMBI €
CKM MatLab, koTopast ipuciiocod/ieHa K MOJIeJIMPOBAHUIO 3JIEKTPOHHBIX CUCTEM
1 TEXHOJIOINYECKUX IIPOIIECCOB.

O0BbeKTOM HCCIe0BAaHNIA 9TOI0 pa3Jjiesia siBISeTCs MaTeMaTHIeCcKoe MO~
poBaHue HeJinHeiHbIX 0000menHo-Mexannaeckux cucrem, (HOMC), B cpejie Kom-
nbtorepHoii Matemaruku Maple [98, 99, 100]. Takue cucremsl B HauboJsee ob1EeM
cJIydae OIUChIBAIOTCs cucTteMmoit HesinHeitHbx O LY, paspelieHHbIX OTHOCUTEIbHO
CTApIINX TTPOU3BOIHBIX (BYHKIHI ; (1), BUIA:

Y = Fi(Y1, s YN, YLy oo Yo Yls ooor Y - Y™ 0, 1); (=1, N), (V.5)

riae y(n) =dnf/dtn — obosHauenne n-roit mpoussoHoOi dyHKIWN f M0 He3a-
BUCUMOI IlepeMeHHoil t, — Bpemenu, a Fi — nenpepoiso-nuddepennupyemble
bYHKINN CBOMX IIepeMeHHbIX. B GoJIbIIMHCTBe cydaes =2, 0JHaKO, HAIpUMep,
IPU PACCMOTPEHUN JIBUYKCHUS PEIATUBUCTCKON 3apzKeHHO 4aCTUIbI B MAIHUT-
HOM II0JI€ C yUeTOM MAIHUTO-TOPMO3HOTO U3/ydeHust n=3 (cM., Hampumep, [32]);
a B psIIe CJAYYaeB NI MOXKET JocTUraTh u sHadenud 4. K cayuaio n—=3 cBogures,
HALIPUMED, U BaykKHad 3aJ1a49a I'e0/Ie3UH OPUEHTUPOBAHNS HA MECTHOCTH - 33J1a-
4a, 0 BOCCTAHOBJICHUN KPHUBOIl 110 ee HATYPAJIbLHBIM YPABHEHUSIM, T.€., 110 3a/1aH-
HBIM (DYHKIINSM KPUBU3HBI U KpydeHus (cm., Hampumep, [35]). B mambreiiniem
K 0000IIeHHO-MEeXaHMIeCKIM CHCTeMaM MbI OyJieM OTHOCUTDL B JaJIbHeHIeM JIro-
Oble cUCTeMbl, KOTOpPbIe HOJHOCTBIO OMMChIBaloTCs ypapHeHusMu sua (V.5)1 K
TAKHMM CHCTEMAaM MOT'YT OTHOCHTLCS, B YACTHOCTH, U T€OMETPO - OITHYCCKUE CH-
CTEMBI, B KOTOPBLIX (POTOH MOXKET pacCMaTpPUBATLCA KaK MaTephasibHas TOYKA,
JIBUZKYINASICS 110 TPACKTOPUH, CJIOXKHBIC 3JICKTPOHHDBIC CXEMbI U 3JICKTPUYCCKIE
CeTH, HefipOHHBIC CeTH, TOMOTEHHbBIC XUMUICCKNe CHCTEMBI, B KOTOPBIX IIPOTeKa-
IOT XUMUYECKNE PEAKIMK 1 T.I1. ByjeM B gasbHeiineM moaraTh BbIIOTHEHHBIME
HavajbHbIe YCJI0BUs JiJisd cucteMbl (V.5):

1B ;Laanef/'ImeM TaKHe€ CUCTEMBI IJIsA IIPOCTOTHI 6yﬂeM TaK2>Ke Ha3bIBaThb MEXaHUYCCKUMU.
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yB@y)  =cF; (k=T,m—1; i=1,N), (V.6)
t=to

cooTBeTcTRyIONMe cTaniapTHoil 3ajade Komm, rie CF- nauaibible sHadeHus
MPOM3BOJHBIX K-T0 mopsinika dyHKImiA yi(t).

Kak m3BecTHO, J0CTaTOIHO 9(DPEKTUBHBIX U OOIIUX METOJIOB aHATUTHIECKOTO
nceaenosanus nosenennst HOMC, ommeniBaembix 3asateit Kormu (V.5)-(V.6), me
cymecrByeT. [Ipumenenne mMeTo0B KadecTBeHHON Teopun jnddepeHnajibHbIX
ypaBHeHuit TpedyeT, BO-1ePBbIX, AaBTOHOMHOCTL cucteMbl(V.5), a, BO-BTOPBIX, C
yBeJIMYEHNeM Ync/ia cTereHeit ¢cBobobl, S, cucreMbl (V.5):

S = Zf\il n; (I11.3) cI0:KHOCTD HCCIeOBAHMUS C TIOMOIIBIO KATeCTBEHHOI Teo-
pun uddepeHnaIbHbIX YPaBHEHUH, a TeM 0oJiee, UX BU3YyaJIM3allil, PE3KO BO3-
pactaer pn S>2 2. GaKTHYCCKN, ¢JIMHCTBEHHBIM HAEZKHBIM METOIOM HCCIIEI0-
BaHWs HEJTMHENHBIX MEXaHIIECKIX CUCTEM SIBJISETCS IUC/ICHHOE PEIleHre 3a/1adu
Kormi, KoTopoe ¢BouTCsi 00BIMHO K IUCICHHOMY UHTEIPUPOBAHIIO HOPMAJbHOI
cucrempr O, coorsercryiomieit cucreme (V.5) ¢ COOTBETCTBYIONIMI HATAIb-
HBIMI yesioBusAME, nosydentabiMi u3 (V.6). Heobxomummocts mpeBapuTeibHOro
npeobpasoBanust cucreMbl (V.5) K HOpMaJIbHOMY BHJLy BBI3BAHO BBICOKOII CTere-
HBIO pa3pabOTAHHOCTH TEOPUHU U YUCJEHHBIX METOJIOB UMEHHO JIJIsT HOPMAJIbHBIX
cucrem OJIY. HeobxonumocTh IPUMEHEHUS JOCTATOYHO CJIOYKHBIX YUCIEHHBIX
METOJIOB, CBSI3aHHAs C 9THUM OOCTOATE/ILCTBOM HEOOXOIMMOCTH IPO(ECCUOHA b
HOT'O TIPOTPAMMUPOBAHMS, CJIOKHOCTh MAHUITYJIAIUI ¢ TUCICHHBIMU PEITEHUSIMI,
B YACTHOCTH, CJIOYKHOCTH BU3ya/IU3AIlUN JIMHAMUKU HEJTUHEHHBIX MEXAHUICCKIX
CHCTEM SIBJIAIOTCSA COBOKYITHBIM (DAKTOPOM, PE3KO OIPAHIIUBAIONIUM 00JIACTb UC-
CJIEJlyeMbIX HEeJIMHEHHBIX MEXaHHICCKUX CUCTEM, KaK MaTeMaTHKaM, TakK U CIie-
[IAJTICTAM B IPUJIOXKEHISIX MATEMATUKH, HE SIBJIAIONINXCST IPOMECCHOHATBLHBIMI
porpammucTaMu. CHCTeMbl KOMITBIOTEPHO MATEMATHKU, B IIPUHITUIIE, 3aMETHO
HPUOJINKAIOT TAKUX CIHENUaIICTOB K IPUMEHEHIIO METOI0B KOMITBIOTEPHOI'O MO-
JIeJIMPOBaHIS, HO BCE JKe 1 3/1eCh IPUMEHUTEIBHO K UCC/ICOBAHUIO CUCTEM HEJTH-
uerinbrx OJIY 1t TakKuX CHENUaINCTOB COXPAHSIETCsT 3aMeTHast JUCIPOIOPITHs
MEK/1ly 3aTpPavdeHHbIMU YCUJIUAMU U HOJIyUeHneM pesyJsibrara. Kpome Toro, mpu
IPsIMOM TIpUMeHeHuu nporpamMmubix mporenyp CKM, mo-npexknemy, ocraiorcs
cJIabBIMI BO3MOXKHOCTHU MTPOBEJICHUsT KOMITBIOTEPHOTO MOJIETUPOBAHUST CUCTEM C
OOJIBIIIUM YUCJIOM CTeIeHeil ¢BOOOJIbI U TTapaMeTpoB.

[lesibro HAIETO WCCIEIOBAHUS SIBJISIETCST Pa3pabOTKa aJrOPUTMOB 1 [TAKETOB
(komrutekca) mporpamm B CKM Maple 17151 KOMITBIOTEPHOTO UCCTIEI0BAHUS HEJTU-
HeTHBIX 000DIEHHO-MEeXaHUIeCKNX CHCTEeM H IIOCTPOEHHUST MHOTrOIapaMeTpude-

2 cm., mampumep, [36], [37].
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CKUX IIPOTPAMMHBIX IPOLEAYP BU3yaJIU3allnl MaTeMaTHICCKUX Moeaeil 9Tux
CHCTEM, B TOM YHCJIe, U TIPOIELYP JMHAMITYECKO BU3ya n3aini (QHIMAIII) Ma-
remarudeckux mojeneit HOMC. Tlpu srom craBuinch 3ajaqu: 1). J10CTHAKEHIs
MaKCUMaJIbHOI BHEIIHEHl IIPOCTOTHI IMPOrPaMMHBIX IIPOLEAYP s Herpodecch-
OHAJIbHBIX B MPOIPAMMEIDOBAHUN MOJIb30BATEIEl; 2). MPeIOCTABICHUsT TOJIb30-
BATEJIO0 BO3MOYKHOCTH YIIPABJIEHUsT [TPOIIECCOM IHUCIEHHOIO MHTEIPUPOBAHUST; 3).
BO3MOYKHOCTH BbIBO/Ia, YUCIEHHBIX PEIIeHUI 1 MaHUITY/ISIIUT UMU B (popMax, HaM-
bostee GJIMBKUX K (DYHKINOHAJIBHBIM, 4). JIOCTHKEHNS MAKCUMAJIBHON CKOPOCTH
BBITICJICHNIT TIPU COXPAHEHUN WX TOYHOCTH; 5). pazpabOTKH METOJI0OB U HHCTPY-
MEHTOB BU3yaJu3alun u anuMannn Maremarndeckux mojesteit HOMC. B pamkax
JIAHHOI'O paszjesia OyJIeT OIMCAHO PEIIeHUe IIEPBBhIX YeThIpex 3ajiad, - PEIIeHUIO
ISITOM 3aJ1a4ui IOCBSIIIEeHbI JApyrue pasjeabl. OTMeTnM, 9To BayKHOI mjeeil 1o-
CTPOEHUS IIaKeTa, MPOorpaMM sIBUJIach HJies MCIOJIb30BaHUs cIiaiiHoBoil u B -
CILIAfiHOBOI MHTEPIOJISIINN (DYHKITUI, T03BOJIMBIIEH CO3/IaTh aBTOMATU3UPOBAH-
HbI{T BBIBOJL uncjieHHBIX perienuit OV B dpopme KycouHno-3aaHHbIX (DYHKIIHIL.

V.6.2 DbBuok-cxema KOMILIEKCAa IPOrpaMM

st obecrieyernsi ruOKoil pabOThI ¢ YKMCJIEHHBIMU PEIIeHUsSMHU OBbLIN CO3/aHbl
creluabHble BHYTPEHHUE [TPOrPAMMHBIE ITPOIIE/IYPhI, MTO3BOJIAIONIIE TPOBOIUTD
cTaHJapPTHBIE Ollepallliil aHaJM3a (DYHKIMN OJIHON IIepEeMEHHOl cO cIlafiHaMu, a
TaK»Ke KOHBEPTUPOBATb UX B KyCOUHO-33JlaHHbIe (pyHKINU. B pesynbrare ObLT
MOJIyUeH TIPOrPAMMHBIN anmapar aHAJUTHIeCKOro (IPUOJINZKEHHOTO) HUCCIIe0-
parnss HOMC B CKM Maple [113]%. BaskubIM JI0CTOMHCTBOM pa3paboTaHHOro
KOMILJIEKCA [IPOTrPAMM SIBJISIETCSI €r0 He3aBUCUMOCTh OT Bepcun Maple, naunnas
¢ Bepcun 1997 roma Mapled.5 u konuas Bepcueit 2013 roga Maple 17. [Ipencras-
JIEHHBIIT KOMILJIEKC IIPOrPpaMM COCTOUT U3 JIBYX HE3aBUCHUMBIX ITAKETOB IIPOI'PAMM.

[Taker mporpamm DifEq cogepkut mporpaMMbl PacIiO3HABAHIS BBEICHHDBIX
cucrembl JiuddepeHIalbHbIX YpaBHEH!IT 1 HaYa lbHBIX YCJIOBHIL (&), Iporpam-
MbI aBTOMATHYECKOI'0 IIPeodpa30BaHmsl BBEIEHHBIX JAaHHBIX B 3ajady Ko s
HOPMAJILHOI CHCTEeMBI OTHOCHTEIBHO YHIUDHUITUPOBAHHBIX TTepeMeHHbIX, (b), mpo-
IrpaMMbl 9UCJIEHHOTO peleHnst 3a1a4n Kol Ha 3a/[aHHOM HHTepBaJie ¢ BO3MOK-
HOCTBIO KOHTPOJISI ¥ MEPEKJIOUEHNsT METO/Ia YHCJIEHHOTO MHTEIPUPOBAHUS TIPU
3aJIAaHHOM 3HAUEHNN He3aBHCHMOi mepementoii, (c¢). Ilaker mporpamm Splines
COJIEPYKUT IIPOrPaMMbl I'eHEpaIui PABHOMEPHBIX KyOMUYeCKHUX CILIaiiHOB 1 B-
CILTAHOB MO 3aaHHON (DYHKINKN Ha 3aJaHHOM nHTepBase, (d.f), mporpammb
KOHBEPTHUPOBaHUs CILIAHOB 1 B-cIl1aifHOB B KyCOYHO-HEelpepbIBHbIE (DYHKIINH 1

3[Ipu MCHOIB30BAHMM TPOrPAMMHOIO KOMILIEKCA CCBLIKA Ha aBTOPCTBO O0S3aTe/IbHA.
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obparHbie orepaiui, (e,g), mporpammMbl onepaiuii HaJl citaiinamu (h). Onepa-
MU YKA3aHHBIX [IAKETOB MHTErPUPYIOTCA B MPOTPAMME KOHBEPTHPOBAHUA UKC-
JIEHHBIX pellleHuil B KycouHo-3ajianuble (pyuxiwn, (i).Huxke Mbl onuiem ocHOB-
HBIE AJIFOPUTMBI Pa3paboTAHHOIO KOMILIEKCA IIPOrPAMM U IIPOIEMOHCTPUPYEM Ha

puMepax UCIIOJIHEHUE TTPOTPAMMHBIX ITPOIELY].

Beoa cucrembi

Iporpammel
npeobpasoBanns

[porpammel
KOHBEPTHPO-
BaHHS
HHC/IEHHBIX
pemenmii

B KYCOUHO-
3a1aHHbIe
hyukumn

no 3a1annoii
ynkunn

BHApPAMETPHYECKH-
KYCOYHO-3a/1aHHbIe
pynkunn

[laket Splines

)
1
L}
1

OAY (1) —= K 3anaue Kown ' b
- - 'PO' pa\'m.a A1 HOPMAJILHOI !
biok BBO21A pacnosnasanns =P cycremp O1Y 1
cucremsl (1)-(2) '
Beon nauaabubix * |
yeaosuii (2) !
Mporpammel Ynce- 1
JeHHOTO pewenns | |
c sanaun Kown n )
. BbIBO/A PeleHns 1
[laker leEq B opmare sBHoii :

Gynkunn _F)'
d e 1
_________________________________________ -,

"p(}l-pa““a refe- "[‘I()l'pﬂ“\llsl B3au- ! l

paumnn cnjaiinos > MHOI0 KOHBEPTHPO1 > Iporpammui 1
1o 3a1aHHoii BaHUS CAlHOB B onepaunii naa .
dymkunm KYCOMHO-3a/1aHHble cnnaitHammn :
ynkunn "
1
™~ 1
f IMporpammsi B3an- h -
Mporpammei rene- MHOTO KOHBEPTHPO{ o :
paunn B-cnaaiinos —> sBanus B-cnaaiinos 1
1
1
1
L}
1

T I T N T T T T Y Y Y " """ ""“‘“"Y7YY/Y7Yr’/U%/m’7/Ym’/mi ™Yy

Puc.V.57 Biok-cxema KoMmILiekca 1mporpamMM HCCJIE0BAHHUS HeJINHET-

HBIX 0000II[CHHO MEeXaHUICCKUX CHCTEM.

V.7 llaker mporpamMM mpeoOpa3oBaHUs CHCTEMbl ypaBHe-

HIUiI 1 penieHud 3ajgadn Komm

i

V.7.1 PacnoznaBanune nadopmarmu 06 OLY (60K a)

Pacemorpum OY n-ro mopsijika, paspenieHHoro OTHOCUTEILHO cTaplieil mpons-

BOJIHO# (DyHKINN y(X):
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y"=F (a:yy’ ---,y(”‘1)> y"=F (x v,y ---,y(”‘”> . (V)

Jlnst samarust n-Toit mpousBojHOil dyHknnu y(x) mo mepemennoit x 8 CKM
Maple cymiectyior jBe anbreprarushbie nporeaypbt: diff(y(x),x$n) u
(D@Q@n)(y)(x). Bropast n3 stux mporeayp mpejycMaTpuBaeT BOSMOKHOCTD Bbl-
YHUCJIEHNsI [POM3BOIHON B 3aJIaHHOIl TOYKE, UTO BechbMa YI0OHO JIJIsI 3a/aHusI
HavdasbHbIX yesoBuit. Cozmaanm nporpavmuyto mportieypy DifEq[DiffOp)|, nos-
BOJISTIONIYIO U3BJICYb TOJHYIO0 MHMOPMAIUIO O cTapliieil MPOU3BOIHON B IIPaBoil
vactn ypasnenus (V.7)%:

[> DifEq|DiffOp|:=proc(X) local var,si,ss,ff tt:

if op(0,X)=diff then: var:=op(X)|2];s:=op(X)[1];

for i from 1 do

if(nops(s)=1) then

ff:=(op(0,s)); tt:=(op(1,s)); break:

else s:=op(s)[1]; end if; end do:

|diff,i,ff,tt]:

elif op(1,0p(0,0p(0,X)))=D then

[D,0p(2,0p(0,0p(0,X))),

Op(—l,Op(O,X)),Op(—l,X)]i

elif op(0,0p(0,X))=D then

ID,1,0p(-1 0p(1.0p(0,X))) 0p(-1,X)]

else ff:= op(0,X):tt:=op(-1,X): [0, tt]:

end if:end proc:

[TpojiemoncTpUpyeM HCIIOJTHEHNE 9TO MpOIeIyphl Ha ABYX IPUMepax:

[> DifEq|DiffOp|((D@@4)(F)(tau));

D, 4, F, 7|

|> DifEq|DiffOp|(diff(Sigma(zeta),zeta));

[diff, 1, %, ]

Takum obpazom, 1pu JeiiCTBIN Ha TPOU3BOJIHYIO JIaHHAS IIPOTPAMMHAsT TTPO-
eIy pa Co34aeT YIOPSIIOUEHHBIH CIIIMCOK - THII OIlepaTopa IPOM3BOIHOI, MOPSIIOK
IIPOU3BOHOMN, UM HEN3BECTHON (PYHKIINN U UMsl HE3aBUCUMON ITepEeMEHHO. ITO
II03BOJIFET IIePeiTH B JajIbHelileM oT 0003HaYeHHl 110JIb30BaTe g K HEKOTOPBIM
YHIDUITIPOBAHHBIM BHYTPEHHIM HMEHAM 3aBUCHMBIX U HE3aBHCHMBIX [T€PEMEH-
HBIX, 9TO IO3BOJISIET aBTOMATU3UPOBATE IIPOIECCHI pabOThl ¢ yPABHEHUSIMI.

4 Unero sroro amropurma noackazan A.B. Marpocos, koropomy FO.I. ruaThes BeIpasKaeT MPH3HATEIb-
HOCTb.
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V.7.2 IlpuBenenue 3agaqn Komu ais cucremsr O/1Y mmpou3BoibHOTO
nopsgaka K 3agade Kommm aas HopMaJbHoO cuctembl OJLY ¢
yHUDUIMPOBAHHBIMU MMEHAMHU TTepeMeHHbIX (6JI0K b)

Biiok (b) BKJIIOUaeT Tpu mporpamMMHbIE MPOIELYPbI, OCYIIECTBIISIIOININE O TAll-
noe KonpeprupoBanne cucreMbl OY (V.5) ¢ mavampupiMu yemosusavu (V.6) K
zajtade Komn st HopmadsibHoit cuctembl OJ1Y ¢ yHUPUIIMPOBAHHBIMI UMEHAMUI
epeMeHHbIX. 3HaHne nHbopMaIu o crapiieil mpousBojaHoil ypasuenns (V.7)
MI03BOJISIET KOHBEPTUPOBATH 9TO ypaBHEHNE K HopMaJibHOl cucreme O/LY ¢ yHu-
pUIUpPOBaHHBIMU 0003HAUYEHUAMU, YTO O0DECIIEUNBACT aBTOMATU3AIMIO MAHUITY-
JISIIUI ¢ 9TUMI ypaBHEHUSIMU. JJoroBOPUMCST O CJIe/IyIONIeM HOPsiJIKe ITPUCBOCHUS
YHUPUIIMPOBAHHBIX UMEH 3aBUCUMBIX IIEPEMEHHBIX. J[JIs1 9TOT0 paccMOTPUM YIIO-
pstiodennsiii ciimcok DifEq[MatAlf] uz Boceymu mven: [X,Y,Z,U,V,W Phi, Theta],
KOTOPBII, KOHEYHO, MOXKHO ITPOJIOJIZKUTH, HO JIJIsi 9TOIN0 HET HUKAKUX IPUIIH
IIpaKkTUIecKoro xapakrepa. O0OO3HAYNM IIEPEMEHHYIO, BBEJIECHHYIO I10JIb30BaTe-
JIEM, TIOCPEJICTBOM X, €€ IIEPBYIO IPOU3BOIHYIO — Y, BTOPYIO IPOU3BOMHYIO - 7, 1
T.JI., & HE3aBUCUMYIO IIepeMeHHyo ocpeacTBoM t. [Tomyuennas cucrema u Oyjer
SIBJIATHCSA MCKOMOI HOpMaJsibHOI cuctemoii OJIY ¢ yHudummpoBaHHBIMI HUMEHA-
MU TIePEMEHHbIX:

dX;} dX? dx; ! —
L= X2 L—X3 .. = —F (i=1,N V.8
a0 Tar U T  G=LN) V-8
rie F = F(t, X}, ..., X3/) u nis kparkocru nosoxeno X = DifEq[MatAlf], —
X' = X, X? =Y,.... u cucreMoii Ha9aJbHBIX YCJOBHIl /I 3THX YPaBHEHMII,
COOTBETCTBYOIINX HAada bHbIM yeioBusam (V.6) :
XFty)=CFy (k=T,n;—1; i=1,N), (V.9)

V.7.3 llpuBenenmne O/1Y nmpou3BoJIbLHOIO HOPSAKA K HOPMAJILHOM CH-
creme O/1Y c yHnduimmpoBaHHbIMIA NMEHAMU IIePeMEHHbBIX

[lepBhIit U3 yKa3aHHBIX aJArOpUTMOB — ajroputM upusegerust O1Y mpounsBosib-
HOT'O mopsjKa K HopMaJjbHOil cucreme OJIY OJLY 1npousBOJILHONO IOPsijiKa K

HopMaJtkHOIT cucteMe O/1Y peasnzyeTcst MporpaMMHOIT TTPOTIE Ty POii
DifEq|Oden  ConvNorm]:

[> DifEq[Diff0p] :=proc(X) local var,s,i,ss,ff,tt:
if op(0,X)=diff then: var:=op(X) [2];s:=0op(X) [1];
for 1 from 1 do
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if (nops(s)=1) then

ff:=(op(0,s)); tt:=(op(1,s)); break:
else s:=op(s)[1]; end if; end do:
[diff,i,ff,tt]:

elif op(1,0p(0,0p(0,X)))=D then
[D,op(2,0p(0,0p(0,X))),
op(-1,0p(0,X)),op(-1,X)]:

elif op(0,op(0,X))=D then
[D,1,0op(-1,0p(1,0p(0,X))),0op(-1,X)]:
else ff:= op(0,X):tt:=op(-1,X): [0,ff,tt]:
end if:

end proc:

Kax sBuno, nporeaypa DifEq|Oden  ConvNorm| ucrosbsyer jBe mpomexy-
rounbie nporeaypsl, DifEq|DiffOp| u DifEq[MatAlf|. Pacemorpum ucrnosinenune
STOI POILEAYPhI Ha IPUMEPE YPaBHEHUs B 0003HAUEHUAX [OJIH30BATEIA:

STV (&) = (S"1(€))” S3(€) + 5'(€) + sin €. (V.10)
[Tonb30BaTe/Ib MOYKET BBECTH 9TO YpaBHEHHUE B TaKoil, Harpumep, opme:
[>Eql:=(DQ@4)(S)(xi)=((DQ@3)(S)(xi))"2*S(xi) "3+ D(S)(xi) + sin(xi);
PesynbraT npumenenns Harieit HpoueﬂyprK:ypaBHeHMH)(\110)HOﬂyqaeTCH
CJIeTYIOIINM:

[>DifEq[0den_ConvNorm] :=proc(EQ,k)

local 1sd,rsd,ls,dd,nn,ff,xx,zz,1,sbs:

1sd:=1hs(EQ) :rsd:=rhs(EQ) :1s:=DifEq[Diff0p] (1sd);
dd:=op(1,1s) :nn:=o0p(2,1s) :ff:=0p(3,1s) :xx:=0p(4,1s):
zz:=op(nn,DifEq[MatAlf]):

if dd=D then
sbs:=(t)->[ff (xx)=X[k] (t),seq((ddeei) (ff) (xx)=
(DifEq[MatAlf] [i+1]) [k] (t),i=1..nn-1) ,xx=t]:

elif dd=diff then
sbs:=(t,k)->[ff(xx)=X[k] (t),seq(diff (ff (xx) ,xx$i)=
op(i,DifEq[MatAlf]) [k] (t),i=1..nn-1),xx=t]:

end if:

[[nn,ff,xx,dd], [seq(op(i,DifEq[MatAlf]) [k],i=1..nn)],
sbs(t,k), [seq(diff ((DifEq[MatAlf] [i]) [k] (t),t)=
(DifEq[MatAlf] [i+1]) [k] (t),i=1..nn-1),

diff(zz[k] (t),t)=subs(sbs(t,k),rsd)]]:
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end proc:

- OH COCTOWT U3 yIOPsIOUYEHHOTO CIINCKA YeThIPeX YIOPSA0UYEeHHBIX CIINCKOB:
MEPBBINl - CONEPYKUT: |[MOPSIOK YPABHEHNUSI, MCKOMYTO (DYHKIIUIO, HE3ABUCUMYTO
repeMeHHy0, Tull [udGepeHIajIbHOT0 OllepaTopal, BBEJIEHHBIE M0Ib30BATEIEM.
BTopoiil crmcok coJep»KUT YIOPsJI0UeHHYIO CUCTeMYy HOBBIX (byHKIwmil. Tpermnii
CIINCOK COJIEPKUT IMPaBUJa 3aMeHbl epeMeHHbIX B OJ1Y, 4eTBepThlii CIIMCOK CO-
JIEPKUT yHOpsiaoueHHyo HopMasbhyio cuctemy OJY. Kak Bumno, mporeiypa
DifEq[Oden_ ConvNorm| comepkut jiBa 00si3aTe/IbHBIX [apaMerpa, MepBblil —
nnddepennaibHOe ypaBHEHNe, a BTOpOil, kK, — Jjitoboe nMst Wi 9uc/io, HeoOXo-
JINMOE JIJIsT IOMETKH ypPaBHEHUsI U BXOJAIINX B HETO 1epeMeHHbIX. COOTBETCTBY-
[oIIasi METKa IMOMEeIAeTCsl KaK HUKHUI MHIEKC Y COOTBETCTBYIONINX BEJIMIIH.
B paccmorpennoMm npumepe k=2. B wacTHOCTH, €C/in MBI XOTUM OTKA3aThCs OT
MHJIEKCUPOBaHUsT (DYHKIINIT, JJOCTATOYHO BMECTO UHJIEKCA BBECTH * - JIBa aIllOCTPO-

da.

V.7.4 llpuBenenme cucrembl OJ1Y Ipou3BOJHLHOIO HNOPSIKA K HOP-
MaJsibHOIl cucteme OJ1Y ¢ yHudunmpoBaHHBIMU MMEHAMU IIe-
PEeMEeHHBIX

AHAJIOrTIHO BBOJIUTCS W OJHOIIAPAMeTPUIecKas MPOIe/ypa MPUBeIeHIs CUcTe-

mbl Q1Y (V.5) k vopmasbhoii cucreme OJLY DifEq[SysOden  ConvNorm]|

> DifEq[SysOden_ConvNorm] :=proc(SysEq)

local NN,i,k,FF,EQI,ParEq,nn,NP,ff,fff,XX,xx,zz,dd,sbs,SBS:
EQI:=(i)->SysEql[il]:

z:=(i,XX)->(DifEq[MatAlf] [nn(i)]) [i] (XX):
dd:=ParEq(1,1) [4]:

if dd=D then
sbs:=(i,t)->[fff(i,xx)=X[1](t),seq((DEQk) (ff(i)) (xx)=
FF(i,k+1,t),k=1..nn(i)-1)]:

elif dd=diff then
sbs:=(1,t)->[fff(i,xx)=X[i] (t),seq(diff (fff(i,xx),xx%k)=
FF(i,k+1,t),k=1..nn(i)-1)]:

end if:

SBS:=(t)->[seq(op(sbs(i,t)),i=1..NN),xx=t]:
NP:=DifEq[summ] ([seq(nn(i),i=1..NN)]):

[NP,SBS(t), [seq(seq(diff ((#

DifEq[MatAlf] [k]) [i]1(t),t)=

250



V.7. Ilaker nmporpamm 1npeobpa3zoBaHusi CHCTeMbl ypaBHEHHI U perneHus 3aja4u Korrn

(DifEq[MatAlf] [k+1]) [1] (t) ,k=1..nn(i)-1),i=1..NN),
seq(diff(zz(i,t),t)=subs(SBS(t),rhs(EQI(i))),i=1..NN)1]:
end proc:

Pesynbrar npuMmenenus 9Toil MpoIeyphl, KOTOPDII 1T KPATKOCTH MBI He TPHU-
BOJINM, IPEJCTAB/IAECTCSI B BHJIE TPEX YIIOPSJIOYCHHBIX CIHICKOB: B IIEPBOM CO-
JEPAKUTCST OJIMH HJIEMEHT S - YUCJI0 YpPABHEHUIT HOPMAJIbHOI CHCTEeMBI (duCsIio
crereneit cobogpr HOMC); Bo Bropom — mpeobpasoBaHust MOJIb30BATEIbCKIX
yHKIMI K yHUDUIUPOBAHHBIM (DYHKIIUSIM HOPMaJIbHON CUCTEMbI; TPETUIl CIIN-
COK - €CTh yTOpsJIoUeHHAsd HOpMaJibHas CUCTeMa OOBIKHOBEHHBIX JuddepeHIin-
aJIbHBIX YpaBHEHU, mpudeM 1epBbie S-N ypaBHEHUIT MpeJICTaBIAIOT coboil pe-
3yJIbTAT CTaHJIAPTHOI 3aMeHbl IIepEMEHHBIX BUIA Y =Z.

V.7.5 IlpuBenenue 3amgaan Kommu (V.5)-(V.6) k 3amade Komm mis
HopMaJsibHOii cucrembl O/1Y ¢ yHuduImpoBaHHBIMI UMEHAMU
IePEMEHHBIX

Ha ocuoBe mporpamm pacrosuaBanus cucreMbl OJIY (610K «a») 1 mporpaMm
upusesiennst OJIY K HOpMaJIbHOMY BHJIy CTPOUTCSI ABYXIIapaMeTpUUIecKasl Ipo-
rpamMMHast mpoIe1ypa

DifEq|SysCauchy ConvNorm|(System ODE, Inits Conditions)

npuseiennst cucreMbl O/1Y mpousBoib-toro nopsaka (V.5) ¢ Haga bHBIMI YCI0-
susivmu (V.6) k 3agade Kommm st mopmasibhoii cucrembr OJIY oTHOCHTEIBHO
yHubuuposanubx nepemennbix XF(¢) ( 5) ¢ nauambubivu yeosusamu (V.9),
T.e., K 3a1ade Kommn g HopMmasbHoii cucrembl OJIY. Pesyinbrar nprumeHeHust
HPOTIEYPhI BBIBOJIUT YIIOPSIOUEHHBIN CIUCOK U3 MIECTH yIOPSsI0UYEHHbIX CITHC-
KOB: B IIEPBOM COJIEPXKUTCSI JIBa YKCJa: S5 - YUCJA0 YpaBHEHUN HOpMaJIbHOI cu-
crembl 1 M=max(nl,..,nN) - MakCUMAJbHbI{ TOPSJIOK YPABHEHUH B MCXOIHOI
cucTeMe ypaBHEHUIl, BO BTOPOM - YIIOPsI0UEHHbIE CITMCKU HOBBIX II€PEMEHHBIX, -
YUCJIO 3TUX CIUCKOB paBHO M, BHIOPAHHBIX I10 CJIEYIONIEMY TPUHIIAITY - B I1ep-
BOM CITHCKE COJIEPYKATCs HOBbIe TlepeMeHHble, X[if, Moty deHHbe 13 He3aBUCUMBIX
¢yHKIM 110JIb30BaTe I, BO BTOPOM - II€PBbIE MIPOU3BOIHBIE OT THUX IE€PEMEH-
HbIX, Y/if, eciiu BTOpbIe TIPOU3BOIHBIE OT ITUX EPEMEHHBIX COJIEPKATCS B CHCTE-
ve OJLY, u T.x., - 1o M-1-ro ciucka. Takum o6pa3oM, KOJIMIECTBO BHYTPEHHIX
CIINCKOB He3aBUCUMbIX (DYHKIINIT COBIAIAET C MAKCHMAJIbHBIM IIOPSIJIKOM YpaBHE-
HIiT ncxoqHoit cucrembl, M. Tpernit crimcok comepKuT npeodpasoBaHusI I0JIB30-
BaTeJILCKUX (PYHKIUN K YHUMUINPOBAHHBIM (PYHKIIMAM HOPMAJbHON CUCTEMBI,
YETBEPTHIN CINUCOK - €CTh YIOPsAj0ueHHas HopMaJibHas CUCTeMa OOBIKHOBEHHBIX
nnddepeHnaibHbIX YpaBHeHuil, puueM repsbie S-N ypaBHEHUIl IpeicTaBis-
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10T co0Oil pe3y/bTaT CTaHAapTHON 3aMeHbI IIepeMeHHbIX Bujia i '=z, B ISATOM -
HavasbHBIE YCJIOBUS JJTd HopMasibHOil cuctembl OJLY B dopme (V.9), B mectom
- OJIUH 3JIEMEHT - HaJdajbHOe 3HaueHue He3aBUCUMON nepemenHoii. Co3jiaHHas
nporeaypa yao0Ha i U3BJIeUeHNd Pa3ImIHol nndopMainnm 00 UCXOIHON cu-
creMe JuddepeHnnaJibHbIX YpaBHEHII 1 HadaJIbHBIX YCJIOBUIL.

V.7.6 Ilporpammubie mporieaypbl YUCJIEHHOTO penieHus 3aja4u Ko-
i ajs cucremsl (V.5) (610K c)

Biok «c» comep:KuT JiBe HMporpaMMHBIE HPOIEeAyPhl YUCICHHOTO PEeIIeHUs CHU-
crembl OJIY (V.5) ¢ maganpubivu yeaoBusimu (V.6), - TpexmapaMeTpuaecKyto
IIPOTPAMMHYIO TTPOIIETYPY

DifEq[NumDsolve|(System ODE, Inits Conditions, Method)

U ISTUTTAPAMETPIIECKYIO ITPOIELYPY

DifEq|ReNumDsolve|(System ODE, Inits Conditions, Method1,x1,Method2).
IlepBasi KomaH 18 co3jaeT Hpoueaypy perierust cucrembl OLY ¢ momorpo Me-
tona Method, BcTpoennoro B maker Maple; 3HadeHne 3Toro mapamerpa 49 co-
orBeTCcTBYeT MeToy Pynre-Kyrra 4-5 mopsakos, 78 — metony Pynre-Kyrra 7-8
opsAiKoB, rosenbrock — merony PoszenOpoka, stiff — merouny stiff unrerpupo-
BAHUSI YKECTKUX YPaBHEHU{l, classic — KIacCuIecKoMy MeTojy (M0 yMOJTIAHIIO
MeToj oM Ditepa), taylor — MeTos0M pas3sioykeHust B psijibl Teitsopa (cM., HAIPH-
mep [17,18] ). TIpu arom Boisoj perienuii ocyiecrBiisieTcst B Bijie YOS I0YeH-
HOTI'O CITMCKa B BJIOXKEHHBIMU B Hero M ymnopsijloueHHbIMU crinckaMiu. [Ipu sTom
HEPBBII YIIOPSIOYEHHBII CIINCOK COMAEPXKUT YHC/IeHHbIe 3HadeHusi N MCKOMBIX
dbyuxrmit: [X[1](t),.. X[N]|(t)], mopsigok 3anucn 3nadenuit GyHKuii B Crmucke coB-
naJlaeT ¢ HopsiJIKOM 3amucu JuddepeHialbHbIX ypaBHeHni ciucTeMbl. BTopoii
VIOPSAIOUEHHBIN CIIMCOK COJAEPKUT 3HAUEHUs IIePBbIX IIPOU3BOIHBIX TeX (PYHK-
Ui, ITPOU3BOJIHBIE KOTOPHIX HE HUZKE BTOPOI'O IMOPSAJIKA COJIEPIKATCA B CUCTEME
OZV. Iopsijiok 3ammcu 3HAUEHUI IePBBIX TPOU3BOIHBIX (PYHKIINN B CIIICKE COB-
1aJlaeT ¢ MopsiJIKOM 3arucu JuddepeHnnaabHbIX YPaBHEHUIT CUCTEMbI - TP 9TOM
IIPOIIYCKAIOTCSI 3HAYEHUST ITPOM3BOIHBIX TeX (PYHKIU, IIPOU3BOIHBIE BhIIIIE I1ep-
BOI'O ITOPSJIKa KOTOPBIX He copepxKkarcs B cucreme OJLY. Tperuit yrmopsiodeHHbIi
CITCOK COJEP:KUT 3HAUYEHUs IIEPBLIX IIPOU3BOJIHBIX TeX (DYHKIHI, IIPON3BOJIHBIE
KOTOPBLIX HE HUXKEe TPeThero rnopsyjka cojepxkarcad B cucreme OJY. Iopsiiok
3aIIMCH 3HAYEHHUII BTOPBIX ITPOU3BOIHBIX (DYHKIINI B CIIMCKE COBIIAQJIAET C IOPS/I-
KoM 3arucu guddepeHnnaabHbIX YPABHEHUI CICTEMBI - IIPH 9TOM HPOITYCKAIOTCS
3HAYEHUST BTOPBIX MIPOU3BOJIHBIX TeX (DYHKIINI, ITPOU3BOIHBIE BbIIIE BTOPOTO I10-
psiJiKa KOTOPBIX He cojepxKarcs B cucreme OJIY, u T.1..
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Jns iemoncTpanuu gopMaTa BBOJA CUCTEMb U BHIBOJIA PEICHUI pacCMOTPIM
NPUMEDP UHMELPUPOSAHUA CYWeCMEeHHo Heaunetinot cucmemvr OJY ¢ MakcH-
MaJILHBIM 3-M HOPAIKOM ITPOU3BOIHBIX:

PP PL L, dd
de?2 dx?’ dxd "odr
C HaYaJIbHBIMU YCJIOBUSMU:

F? =sinx (V.11)

F(r)=1, Fl(m)=0; Z(n)=1; Z'(x)=-1; Z"'(x)=-1/3; ®(n)=0.
(V.12)

Cucremy (V.11) nojb3oBaTesib MOXKET BBECTH, HalIPUMeD, TAKIM CIIOCOOOM:

>0DE1:=[(D@@2) (F) (x)=Phi (x)*(D@O2) (Z) (%), (DEE3) (Z) (x)=
-F(x)\"{}2,D(Phi) (x) = F(x)\"{}3+sin(x)];

a HadabHbIe yeaoBus (V.12) 1ist 970l cucTeMbl BBOJSITCSI CJIEIYIOMNM 00pa-
30M:

> Initsl:=[F(Pi)=1,D(F)(Pi)=0,Z(Pi)=1,D(Z) (Pi)=-1,
(De@2) (Z) (Pi)=1/3,Phi(Pi)=0];

[Tponestypa perienust cucrembr (V.11) ¢ magaapabivu yegousivu (V.12) me-
Toj0M Po3eHbOpoka ocyIiecTBisieTcss KOMaH 100

>SS:=DifEq[NumDsolve] (Egs,Initsl,rosenbrock) ;

— IIPU 3TOM PEHICHUIO MBI IIPOM3BOJILHO HMpUcBOWIN uMd SS. Hncsennoe pe-
IeHne BhIBOAUTC byHKImen SS(xX):

>SS\eqref{GrindEQ__1_}%};

[[-1.56150852237610560,5.32544568814217101,-2.15254989920542972] ,
[3.95149696118901738,-3.48591778864530966] , [1.81299087038185602] ]

B jgaHHOM ciIyuae CIMCOK pemieHnii COCTOUT M3 TPeX BHYTPEHHUX CIHCKOB
(M=3), B iepBoM U3 HEUX cojiepKuTcst 3 aucsa (N=3) — 9710 3HadeHus HyHKIMiT
[F(V.5),Z(V.5),®(V.5)], BO BTOpOM CITHCKE COJEPAKUTCS JIBa UHCIIA, MOCKOJIBKY
B cucreme (V.11) comepzkarcs JMIb JBe MPOM3-BOJHBIE HE HUYKE 2-TO TOPSIIKA,
- 9T0 3HaueHust 1epBbix nponssoaabx [F'(V.5),72’(V.5)|, nakonern, Tperuit crm-
COK COJIEP?KUT JINIIIb OJIHO YMCJIO — 9TO 3HAYEeHHe BTOPOil IPON3BOAHON (DyHKITHH
Z”(V.5). lns BBIBOIA OJIHOTO U3 9TUX CIIUCKOB, i-I'0, JOCTATOYHO TPUMEHUTH PO~

nezypy SS(V.5)[il:

5 ypaBHeHI/IH BBOIATCA YIIOPAIOICHHBIM CIIMCKOM.
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>SS\eqref{GrindEQ__1_}[1];

[-1.56150852237610560, 5.32544568814217101, -2.15254989920542972]

['paduk TpaekTopnn cucreMbl B KOHGUTYpaIMoHHOM mpocTpancTse Fs : { X =
F, Xy = Z, X3 = ®} MoxKHO TOJIyunTh 1IpocTOil KoManoi Maple, kak u st
TpeXMEpPHOro rpaduka oObIMHON (DYHKITIH:

>plots[spacecurve] (SS[1](t),t=0..10,color=black,axes=BOXED,
labels=[‘X[1]¢, ‘X[2]°¢, ‘X[3]1‘1);

Fongusypayuorn an mpaexmopus OV

X[1J=F X[2]=ZX[3]=

- 107

-1

14

T =40 -30 -20 -10 0 10 20
¥rij

§ 9 :
Xfif

Puc.V.58 TpexmepHasi KoHQpUIY-
paIfoHHAasl ~ TPAEKTOPHSI ~ CHCTEMbI

rpaextopust cucrempl  (V.11)-(V.12)
(V.I)-(V-12) [F(),2(6) ()] npu [F’(t),Z°(t)] npm wusmenennu <«Bpeme-

mi» Ha narepsade [0,10].

Puc.V.59  JIBymepnas  ¢a3zoBas

H3MEHCHHNH <«BpPEMCHH» Ha HHTepBaJie

[0,10]

Kommentupyst rpadukn (Puc.V.58, Puc.V.59), 3amMerum, 910 U3JI0MbI TPAEK-
TOPUU HA HUX — KayKyIluiics 3pdekT MacmTadoB rpadukoB — Mpu yBEJINICHUN
MaciiTaba n3J0MbBI TpoTaaioT. Jlatee, mporpaMMHas Mporerypa
DifEq[ReNumDsolve] (Eqs, Inits, Methodl,x1, Method2) nocrpoena Ha oc-
HOBE PAaCCMOTPEHHBII BBIIIE MPOIIE/LY Pl
DifEq[NumDsolve] u BcTpoennoit B Maple nmporpaMMHOIl Tporie/ Ly pbl
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piecewise(x>=x0 and x<x1,f1l, x>x1,f2) Kyco4HO - 3aJIaHHOI (DYHKIUHU, TAK
aro Ha unTepnase |x0,x1| npn duciernom naTerpupoBarnu cucrembl OJIY mpu-
mensiercst Mmetos; Methodl, a na uarepsase (x1,...) — meron Method2. ITpu arom
HAYaIbHBIMU YCJIOBUSIMU JIJI YHCJIEHHOTO MHTerpupoBaHms Meromom Method2
SIBJISTIOTCSI Pe3yJIbTaThl YNCIeHHOro nHrerpupoanus cucrembl OJIY B Touke X1,
nosrydertbie MerogoM Method2. YkasaHHBIN MeTO MOXKHO HA3BATh MEMOJOM
UHME2PUPOBAHUA € NEPE3a2PY3KOT HAYAALHOIT YeA06ul. JaHHbIi MeTO cieTy-
eT MPUMEHSTb B TeX CJIydasx, KOrja Ha HEKOTOPOM OTpe3Ke CTaHIapTHLIE Me-
TOJIbI MHTETPUPOBAHUSI HE JTAI0T XOPOIINX pe3yabTaroB. Cjemryer OTMETHTD, ITO
nporpammubie mporietypbl DifEg|NumDsolve| u DifEq|ReNumDsolve| #e Tpeby-
IOT BBINOJTHEHUS TIOJIH30BATEIEM MPEJIBAPUTEIHLHBIX ONEparnii 1Mo MpUBeIeHNIO
cucrembl OJIY K HOpMaJIbLHOMY BH/LY, TaK KaK 9TH OHNEPAINN SIBJISTFOTCST BCTPOEH-
HBIMI TIPOTIE/LypaMil B YKa3aHHble, — HopMuposaHnue crcrembl O/IY u n3Biedenune
Beell HeoOXOoAMMOi HHMOPMAIUE TPOU3BOAUTCS ABTOMATHIECKIL.

V.7.7 To4yHOCTHh M CKOPOCTHh BbIYNCJIEHUI

st recrupoBanust naxkera rnporpamm DifEq Ha TogHOCTD BhIUMC/ICHUIT, & TaKXKe
BBISICHEHNS HEMAJIOBAXKHOTO JIJIs1 33/1a9 KOMITBIOTEPHOTO MO/JIE/INPOBaHUs BOIIPO-
ca 0 CKOPOCTH BBIYUCJEHUN pa3TNnIHbIMI YNCIEHHBIMU MEeTO/IaMU MOYKHO ITPOBe-
CTU YUCJICHHOE WHTErPUPOBAHNE PA3JINUHbIX TOTHO PelaeMbIX HeJTUHEHHbIX Ch-
crem OJ1Y pazimaabiME MeTOAaMHI ¢ TOMOTIBIO iporpamMMubix DifEEq|NumDsolve]
u DifEq|ReNumDsolve|. IIpu arom peasibroe Bpemsi, HEOOXOIUMOE JIJIsi UHTErPH-
pOBaHUs CUCTEMBl U TIPEJICTABJICHUST YNCICHHBIX PE3YJIbTATOB B I'paUICCKOM
BIJIE MOYKHO BBIYHC/IUTH C OMOIIBIO BeTpoeHHOi B Maple dyukun time(), Ko-
TOpas Olpe/Jie/isieT TOYHOE BPeMs B CEKYH/IaX 110 BCTPOEHHOMY B KOMITBIOTED Tali-
Mepy. TOYHOCTD U CKOPOCTH BBIYUCIEHN TECTUPOBAJINCH 110 1EJIOMY PsIJTy TOUYHO
perraeMbIX HeanHeitubx cucreM O/LY, mpuMepbl KOTOPBIX MOYKHO HAHTH, BO MHO-
rux yueOHuKax 1o jJuddepeHnnalbHbIM YpaBHEHIAM. PacCMOTPIM CJ1e Ty FOTITil
npumep 3agaun Ko i wejmneiinoit cucrembr OJLY [129):

dy_y dz_ Y (V.13)

de x dx z
C HavaJIbHBIMU YCJIOBUSMU:

yl=)==; z(=)] = (V.14)

Ykazannag 3ajiada Komm Todno pernraercs:
y(x) =x; z(x)=+1-—2% (z>0), (V.15)
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Tak uTo 22 + y?> = 1, T.e. KOHPUIYPAIMOHHO} TPaeKTOPHeil CHCTeMbI ABJIACT-
csl OKPYKHOCTH €JIMHNYHOTO pajuyca. XoTsd HalliJleHHOe TOUHOe pellenne 3a1a9u
Ko mmeeT BecbMa IPOCTOi BHJI, ¢ TOYKU 3PEHUsT IPUMEHEHNsT IICJIEHHBIX Me-
TOJIOB MHTerpupoBanus cucrema (V.13) siBjsiercsi OCTATOYHO HEYI0OHOI: OHA
HE sIBJIAE€TCs aBTOHOMHON 1 mMmeeT ocobble Toukn mpu x=0, z=0. [losTomy cu-
crema OJIY (V.13) u mojobubIe eii yI00HBI JIJisT TECTUPOBAHUST YUCJICHHBIX Me-
tosioB pemienust OJIY. Pacemorpum npumep ducjieHHOrO perienns 3aja4qu Korru
(V.14)-(V.15) u manumyssinuu ¢ STuMu pernernsimMu. Cpasy OroBOPUMCs, UTO JIJIst
COBJIAHHOIO KOMILTEKCa mporpamm ncesepoBanne cucremsl (V.14)-(V.15) apis-
eTcs dJeMeHTapHO 3ajadeil, HO Mbl IIPOJEMOHCTPUPYEM Ha 9TOH 3ajadm BCe
0COOEHHOCTH NPUMEHEHHsI TTaKeTa IIPOrpaMM, 9TOObI He 3arPOMOXKIAThH M3JI0XKe-
HUe TPOMO3JKNMU Bbipakenusmu. lamee, xors cucrema (V.14) yxke siBisiercs
HOpMAaJIbHOI, TeM mHTepecHee Oy/ieT MPOBEPUTD JIJId STOTO CJIydas UCIOJHeHne
IIpOIIeIyp IIpeobpa3oBaHus ee K 3ajade Ko Jijisi HopMaJibHOI CUCTEMBI ¢ YHU-
puUIUpPOBaHHBIMU UMEHAMHU TIEPEMEHHBIX:

>DifEq[SysCauchy\_ConvNorm] ([diff (y(x),x)=y(x)/x,
sqrt\eqref{GrindEQ__3_}/2]);

Cirenyer 3aMeTUTD, UTO JaHHAas KOMAaH/a He siBJIsSIeTCs 00sI3aTeIbHOM JIJIsI periie-
HUSI CHCTEMBbI YPaBHEHNII, HO OHA XOPOIIO JIEMOHCTPUPYET CTPYKTYpPY BHYTpEH-
HUX ITPOrpaMMHBIX Tporeayp. CaMo 4dncjieHHOe pelleHre, HallpuMep, MeTOJI0M
Pozenbpoka cpasy jJocTuraeTcst KOMaHI0ii:

>3S1:=DifEq[NumDsolve] ([diff (y(x),x)=y(x)/x,
diff(z(x) ,x)=-y(x)/z(x)],
[y(1/2)=1/2,z(1/2)=sqrt\eqref{GrindEQ__3_3}/2],
rosenbrock) ;

U BBIBOAUTCH B (DYHKIMOHAJLHOM CIIHCOYHOM BH/JIE, COOTBETCTBYIOIIEM BEKTOD-
HOit (byHKINN cKaasgpHoOro aprymenta. [Ipomemoncrpupyem nocrpoenne kongu-
eypayuorrots mpaekmopuu cucrembl (V.14)-(V.15)

r=ly(z), 2(x)] = [X:i(t), Xa(t)]

256



V.7. Ilaker nmporpamm 1npeobpa3zoBaHusi CHCTeMbl ypaBHEHHI U perneHus 3aja4u Korrn

pu UHTEerpupoBanny mMetosoM PosenOpoka. IlocTpoenue TpaeKTopun JIOCTUTA-
eTcst IPOCToil cTanapTHOM KoMaH10it Maple, B KoTopoii Mbl yKa3aJju JiBe HeoOsi-
saresphble omun: scaling = CONSTRAINED — gis coxpanenust macinraba, n
color=Dblack, s onpeenenns 1BeTa KPUBOIL:

>plot ([SS4(t) [1,1],S84(t) [1,2],t=-1..1],
scaling=CONSTRAINED, color=black);

-4

=
LA
[

Puc.V.60 Koudurypalimonnass TpaeKTOpHUsl CHUCTEMbI
(V.14) - (V.15) [X1(t),X2(t)] npm m3menennn «BpeMeHH»
t ma nureppase [-1,1].

3aMeTHM, ITO BU3YaIbHO n3MeHeHre (ha30BbIX TPACKTOPUH B 3aBUCUMOCTH OT
IIPUMEHSIEMBIX U3 TIePEIICICHHBIX BBIIE METOIOB UMCICHHOTO HHTErPHPOBAHIS
0OHAPYKUTH He yaaeTcd. i BISCHEHHsT BOIPOCA O TOYHOCTH METOJOB MHTE-
IPUPOBaHUsT OYIeM BBIUHUCJATD JOrapudM MOJYJIsS Pa3HOCTH IHCJIeHHOrO, Z(t),
1 Tounoro, Z0(t), permennii (V.15):

L(t) = 1g|Z(t) — Z0(t). (V.16)

Bpemsa T - pacdeTa U MOCTpoennsl KOHPUTYPAITMOHHBIX TUarpaMM TUIIa
Puc.V.61 MOXKHO BBIYHC/IUTD C TIOMOIIBIO BeTpoeHHoit B Maple koman il time ().
Ha rucrorpamme Puc.V.64 nokazana 3aBUCUMOCTb BPEMEHH BbIITOJTHEHUS JIAHHO
OTIEPAITH OT METOJIa YHCJICHHOro narerpuposanus (cum. [98] — [100]).
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Boruncienns nposoamnck Ha komibiorepe AMD Athlon”™ 64 x2 Dual Core
Processor 4200+ 2.2 I'T'y 2,00 I'B O3VY. [danuble 0 CKOPOCTH BBIYUCICHUI Me-
TOJIOM pa3jioKenus B psajabl Teitaopa, taylor, He mpuBe/ieHbl Ha THUCTOTpaMMe
Puc.V.64, mocKobKy 9TO BpeMsi HeCOTIOCTaBUMO BEJIMKO 110 CPABHEHUIO C JIPYTHU-

M MeTOJdaMMU.

Hekoropbie pesynbTaThbl onpejiesieHus TOUYHOCTH PEIIeHUs CO3IaHHBIX IPO-
I'PAMMHBIX TIpoIeyp Ipejcrapienbl Ha Puc.V.61, Puc.V.62. CpaBuureibHas
TOYHOCTH METOJIOB YMCJIEHHOIO MHTEIPUPOBaHUs ITOKA3aHbl Ha, THCTOIPAMME

Puc.V.63.

Bceroy na rucrorpammax — rk4d — metos Pynre — KyTra 4-5 nopsiikos, Tk78 —
meto Pynre-Kyrra 7-8 nopsiikos, Rosn — meton Pozenbpoka, Stif — merog stiff,
Tayl — meroj pasznoxkennit Teitiopa, Clas — KjilaccmaecKuii MeToI,

1
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Puc.V.61 Jlorapugpm abcomornoit Puc.V.62 Jlorapupm abcosroTHOH
TOYHOCTH YHCJIEHHOTO HHTETPUPOBA- TOYHOCTH YHCJIEHHOI'O HHTEIPHPOBa-
mmst cucrembr (V.14)-(V.15) meromom  mus cucrembr (V.14)-(V.15) merogom
Pynre-Kyrra 4-5 nopsi/ikos. Pynre-Kyrra 7-8 10psiIKOB.
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Iy

rkd5 rk78 Rosn Stif Tayl Clas

Puc.V.63 3aBucumocts cpegnero Jjiorapucma abcoroT-
HoIT orperHocTH, (L), MeToja 9uC/IeHHOTO PEIIeHUsT 3a-
Jsaun Ko,

Tax, manpumep, BpeMs, 3aTpaduBaeMoOe Ha BBIYHUCIEHUS C MTOMOIIBIO METO]1a
Pynre-KyTta coctapnser mnaa pacemorpennoro npumepa nopsjika 0,062 cex, B
TO BpeMsl, KaK 3Ta Ke Ollepallls, BBIIOJHEHHAs ¢ MOMONIBI0 MeToda Teftmopa,
zanuMaer 66,2 cek, T.e., B 1000 pas3 6osbire. Kiaccuaecknii MeTol gaeT CJIMII-
KOM TIJIOXHE pe3yabTaThl Jiisd HemHeiHbix cucrem OJLY. Takum obpaszom, onTu-
MaJIbHBIMI METOJIAME BBIYHUCIEHIH (JI0CTATOYHO XOPOIasi TOYHOCTh TIPU BBICO-
KOl CKOPOCTH BBIYNCJICHUIT MOYKHO IIpU3HATh MeTo bl Pozenbpoka u stiff-meros,
a METOJIOM, JAIOITUM HANOO/IbINYI0 TOYHOCTD IPU CPEeIHEil CKOPOCTU BIYUCICHMI
MOXKHO TIpu3HaTh MeTos Pynare-KyTra 7-8 mopsiikos.
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0,45-
0,4-
0,35-
0,3-
0,25-
0,2-
0,15-
0,1-
0,05+

rk45 rk78 Stif Rosn

Puc.V.64 3asucumocts cpejgnero Bpemenn, T (B CeKyH-
Jlax), pacdera W ITOCTPOEHUS KOHMHTYDAI[HOHHON Jiia-
rpammbl st ciucrembr (V.14)-(V.15) or merona dnciieH-
Horo perrreanst 3aa4u Komm: rk45 — meron Pynre-KyTra
4-5 nopsiikoB, rk78 — meron Pynre-Kyrra 7-8 mopsiikoB,
Rosn- merox Posenbpoka, Stif — meros stiff, Clas — kitac-
CUYECKUH METOJ.

V.8 IllIporpamMMHBIE IpoLEeayphbl CILIATHOBOII MHTEPIIOJIs-
1y PyHKIII

V.8.1 Cmaiiabl

OrnuireM Ternepb aJaropuTMbl U IIPOrPpAMMHBIE IIPOIEYPhI HaKeTa IIPOrPaMM

Splines, 1mo3BoJIsIIONIE aBTOMATUYIECKU II0JIy4YaTh pelleHne 3ajadn Ko st
HesmHelHoi cuctembl O/LY pou3BOIBLHOIO MOPsiKa B pOpMe paBHOMEDHBIX KY-
Oomueckux ciuiaiinos u B-crutaitnos. s co3qanust ammapara aHAJIMTIIECKOrO 1C-
cJeJI0OBaHMSI pelnennii HeymHeiiHoit cucrembl O/LY u mpoBeeHne KOMIIbLIOTEPHO-
I'0 MOJIEJINPOBAHUS HeJIMHEHHBIX 0000IIeHHO-MeXaHUNIeCKUX CUCTeM ObLIN CO3/a-
HBI CIIeNa/JIN3UPOBaHHbIE ITPOrPaMMHBIE IIPOIEYPhI, TO3BOJISIIONINE BBITOIHITH
HaJI CILJIaifHAMK aJiredpandecKre W MHTerpo-auddepeHnnaababie OlepaIun, a
TaK»Ke ollepaliil B3auMOOOPATHOIO KOHBEPTUPOBAHMS CILIaiiHOB 1 B-cruiaitHoB
B KYCOYHO- U KYCOUYHO-IIapaMeTpUIecKr- 3ajjaHabie GpyHKIuu. Takum odpaszom,
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VJAJI0CH JOOUTHCSI BazKHOTO PE3yJIbTaTa — CO3J4aTh KOMILICKC IPOrPaMM, II03B0-
JISTIOLIUI IPOBOJINTD AHAJIMTHYECKOE KOMIILIOTEPHOE MCC/IeI0BAHIE HeJIMHEeHbIX
0000IIIEHHO-MEXAHUYECKIX CUCTEM.

Ja M HEeKOTOpbIe HeOOXOMMBIE B JaIbHelineM onpee/eHid 1 MOHATHS Teo-
pun citaiinos (cM., Hanpumep, [130], [128]).

Onpenenenune OV.1. [lycmv nexomopas dynwrkyus f(x) zadana na ompeske
[a,b], u nycmo daa nexomopoeo yeaozo n € 7 0rs BHYMPEHHUT MOYEK OMPEIKA
[a,b] evinoaneno ycaosue:

T < T < Ty < Tpog < Ty, (xog=a,x,=Dh).

Kybuueckum cnaatinom omuocumenvho gynruun f(x) na ompesxe [a,b] na-
aueaemcs Pynryua S(x), YyoosaemsopAOWaA MPEM YCAOBUAM:

1. wa waosrcdom ompeske [x;_1,z;] (i = 1,n) S(x) asasemca muozourerom
mpemueti Cmenexu,;

2. S(x) asasemea dynryuets kaacca C3 na ecem ompesrke [a,bf;

3. 6 mouxax i (i = 0,n)ewnosnsemca pasencmeo S(x;) = f(x;), (i =0,n).
(14)Onpedesenue 2. Hamypasvhom KyOUMeckuMm Cnaainom Ha3vieaemcs
KYyouueckuti cnaatin, YyoosAemeopaousul MakiHce 2paHuNHLM YCAOGUAM 6U-

da:
S"(a) = S"(b) = 0.

Jl1st HaTypaIbHBIX KyOMYeCKUX CILIaiiHOB cliipaBe/iinBa Teopema [llenbepra —
YuTHu:

Teopema TV.1. /s w060l dynkyuu f(x) u arobozo pasbuenus ompeska [a,b]
cywecmayem 00ur U MoAbKO 00UH HAMYPaIoHLl cnaatin S(T).

Onpedeserue 3. PaBHOMEPHBIM CILIAHOM Ha3bIBAETCSA KyOMYECKUil CILIaiiH,
IOJTy 9€HHBIH PABHOMEPHBIM pas30ueHneM oTpe3ka |a,bl:

vi—xia =4, (Vieln).

Crutaiin mopsijKa 1N IpeICTAB/ISIeTCS MHOIOUJIEHOM N-T'0 MOPSIIKA Ha KayKIOM
orpeske. Takum obpazom, criaita n-ro nopsiiaka, S(x, p), MOKHO pacCMaTPUBATH
KaK KyCOUHO-3a/IaHHYIO Ha OTpe3Ke [a, b] PyHKIMIO, MpeICTaBIeHHY 0 MHOTOUIe
HOM P-TO MTOPSIIKA Ha KazKJI0M OTpe3Ke, ¢ KO3 puimenTaM TaKuMm, 9To0bI 00ec-
IeYNBATH PUHA/IEKHOCTE S(x, p) dyHKImsM Kiacca C) Ha BceM oTpe3Ke [a, b].
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B nakere CurveFitting cucrembl Maple nmeroTcsi BCTpoeHHBIE TTPOIIETY P
MOCTPOEHMUs CILIaiiHoBoil naTepnoamun Spline (cMm., Hampumep, [3]), KoTopbie
MoryT umeThb hopmar Spline(xydata, v, dgr, endpts) mwin Spline(xdata, ydata,
v, dgr, endpts), rje xydata - JByMepHbIi MaccuB Buja |...,[xiyi|,...|, xdata,
ydata — oJHOMEpHBIE MACCUBBI BUJIA |. .. Xi,..|, ... ,yi,...]|; v — nums HesaBucmmoit
nepeMenHoit, dgr — HeoOA3aTEbHLIN MapaMerp, 3ajaHne KOTOPOTO OCYIeCTB-
nsgercsd B dopme degree=p, Tjie p € Z — HauWBBICIIAZ CTEIEHb WHTEPIIOJIAIN-
OHHBIX TNOJMHOMOB. [lo ymomuanuio p=3, U mojydaercsd KyOWdecKuil criiaiim.
Haxkomner, endpts — Heobg3aTe/ILHBIN MapaMeTp, YIPaBJSIONIII THIIOM CILIaii-
Ha, Hanpumep, endpoints='natural’ maer marypasbnblii cruiaitn. [Ipumenenune
npoie/lypbl Spline K JByMEpHOMY WJIM JIBYM OJIHOMEPHBIM MAaCCHBaM TI'€HepH-
pyer cruiaita, kotopbiit B CKM Maple, npencrasisiercs, (haKTHIECKN, KyCOTHO-
3aJIaHHON (DYHKIWIT ¢ BepTUKAJIBLHLIM (hOpMATOM BBIBOJIA ee KycKoB. Hecmorps
Ha TO, YTO NPOI'PAMMHBIE TIPOTEAYPHI CILIANHOBON MHTEPHOJIAINT (DYHKIINI CH-
crembl Maple BecbMa JI0CTOBEPHO U HAJIE?KHO OCYIIECTBJISIOT TTOCTPOEHNE CILIali-
HOBOI MHTEPIOJIAIIN YUCIOBBIX 0a3 JAHHLIX YKa3aHHBIX MAaCCHBOB, MTPOTrPaMM-
HBIH anmapar Jefictuit co craiinamn B CKM oTcyTeTByeT, 9TO He TO3BOJISIET
HEIIOCPEJICTBEHHO IIPUMEHSTh Pe3YJIbTAThl CILIAfHOBON HMHTEPIIOJISIINI YUC/IeH-
HBIX pEIIeHUil JIsd aHaJIUTHIECKUX HccaegoBaHnii mojesaeit. Ilosromy mias co-
37anus 3HPEKTUBHOTO anmapaTa KOMILIOTEPHOTO MOJIETNPOBAHNS HEJTMHEITHBIX
obobmenno-mMexannyueckux cucreM B CKM reobxogmmo pazpaboraTh mporpamm-
HOe obecriedyeHne onepaluii HaJl cIliaiiHaMm.

V.8.2 [Ilporieaypbl KOHBEPTUPOBAHUS CIJIAHOB

Vcnonb3ys mporieaypy Spline, co3iamm HeoOX0IMMYIO B JaJIbHeHIIeM TPOMexKY-
TOYHYIO 6-TH IMapaMeTpUYecKyIo 0OpaTHYIo K Spline mpocTyio mporeLypy reHepa-
I PABHOMEPHBIX N-KYCOUYHBIX KyOMUECKUX CILIAHOB OTHOCUTEIHHO (DYHKIUH
f(x), 3amannoit Ha orpeske [a,b], Splines[SplineF|(f,x,a,b,n,z) ¢ nepegaqeit nvenn
7 ee He3aBHCHMOMY apTyMeHTY:

>Splines[SplineF] :=proc(f,x,a,b,n,z) local F,X,Basa:
Basa:=[seq([at+i*(b-a)/n,eval (F(a+i*(b-a)/n))],i=0..n)]:
CurveFitting[Spline] (Basa,z): end proc:

BeeseM npeaBapuTesibHo TPeXIapaMeTpHIeCKyIO MPOLIELyPY

Splines|Conv_ List|(sp,t,z) KouBepTupoBaHus cruiaiina sp GyHKIUN f Ha 3a/aH-
HOM OTPE3KE B YIOPSJIOUEHHDI CIICOK, COCTOSIINI 13 YeTHOrO YUC/Ia 3JIEMEH-
TOB, B KOTOPOM KazKjas Iapa MpejicTaB/serT coboil yIopsi0oueHHblil Habop J1e-
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MEHTOB, IIepPBbIil N3 KOTOPLIX — HEPaABEHCTBO, YCTAHABIUBAIOIEe BEPXHIOIO I'pa-
HUIYy NHTEpBaJja, a BTOPOil — CIJIaiiH Ha JJaHHOM MHTEpBaJe:

>Splines[Conv\_List] :=proc(sp,t,z)

local LSS0,LSS,T,ddd,NNO,NN1,t1,DDD:
LSSO:=convert(sp,list) :LSS:=(T)-> subs(t=T,LSS0):
NNO:=nops (LSS0) :NN1:=(NNO+1)/2:

ddd:=rhs (op(3,L3S(t)))-rhs(op(1,LSS(t))):
t1l:=rhs(op(1,LSS(t)))-ddd:DDD:=t1+NN1x*ddd:
[seq(op(i,LSS(z)),i=1..NNO-1), (z<DDD,op(-1,LSS(z)))]:
end proc:

3aMeTuM, 9To IpoIeypa aBTOMATUIECKN paclio3HaeT mapaMeTpsl ciiaiiaa. Co-
3J1aJIUM TakK:Ke 1 O0OpaTHYIO IPOLEAyPYy KOHBEPTUPOBAHUSI CIIICKA B KYCOYHO-
3aJ1aHny10 (PYHKINIO, piecewise:

>Splines[Conv_Piece] :=proc(Ls,t,z) local T,LS0,LSSO:
LS0:=(T)->subs(t=T,Ls):

LSS0:=(t)->subs (op(-2,LS0(t))=NULL,LS0(t)):
piecewise(op(LSS0(z))):

end proc:

31ech IpuMeHeHa BcTpoeHHas 1poreaypa Maple NULL — KoMmaH1a IIyCTOI0 MHO-
»kectBa . B xadyecTBe npumepoB reHepalinn CIiaifHOB, Ha KOTOPBIX Mbl Oy/eM
JIEMOHCTPHUPOBATH MIPUMEHEHHe 0oJiee CJIOKHBIX ONEPAITil pacCMOTPUM CJIE 1Y IO-
e Tpu:

>PPS6:=(z)->Splines[SplineF] (sin(x) ,x,0,2%Pi,6,z):
PPS12:=(z)->Splines[SplineF] (sin(x),x,0,2%Pi,12,z):
PPS24:=(z)->Splines[SplineF] (sin(x),x,0,2%Pi,24,2):

Bcee Tpu cruraiina co3aHbl 0 OTHOMIEHUIO K (BDYHKINN f(x)=sin(xr) Ha orpeske
[0,27] ¢ umenem HesaBucumoit nepementoii z: citaiin PPS6 comepxut 6 unTep-
BajioB, PPS12 — 12 unreppajioB u PPS24 — 24 unrepsaJja. Pe3yibrar reneparyn
CILTAffHOB MBI HE IPUBOJIUM U3-38 TPOMO3-JIKOCTH Pe3yJibTaTa. 3aMeTHM TOJIbKO,
qT0 yKe 6-Kycounblii ciaiin, PPS6, paer rpaduk, Ko-Tophlil BU3yaJbHO HEBO3-
MOYKHO OTJIMYUTH OT Tpadrka MOpoxKaamoiieil ero dyHkmun sin(x). dbdexTus-
HYTO IMPOBEPKY KOPPEKTHOCTH CO3/IAHHBIX MPOTPAMMHDIX ITPOIEIYP MOXKHO TTPO-
BECTHU, JBaXK/Ibl KOHBEPTUPYSI CIE€HEPUPOBAHHBIN CILIAMH ¢ ITOMOIIBIO IIPOIE/LYP
Splines|Conv_ List| u Splines|Conv_ Piece|. IIposepka 1nokasbiBaeT pe3yibrars,
KOTOpPbIe IpaduIecK HEOTTMINMbI OT OPpUTHHAJIA.
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V.9 IIporpamMmmubie npoleaypbl onepaluii Ha/ cIlJIaiitHaMu’

V.9.1 Ilpouenypa muddepeHnmpoBanns CILJIaiiHOB

Omnepaliysi BBIYUCIEHIS TPOU3BO/IHOI N-T0 MOpsiKa B TOUKe t0 OT cIiIaifHa MOXK-
HO BBECTH IIPOCTOI IIPOIPAMMHOI IIPOIELyPOii ¢ IIOMOIILIO BeTpoeHnoit B Maple
nporpamMmHoit mporerypoii convert(DSP(T),piecewise, T), kouseprupyioreit
CILIAfiH B KyCOUHO-3aaHHYI0 (DYHKIIHUIO:

>Splines[SplineDiff]:=proc(spline,t,t0,n) local F,X,T,DSP,DS:
F:=(X)->subs (t=X,spline) :DSP:=(T) ->subs (X=T,diff (F(X) ,X\n)):
DS:=(T)->convert (DSP(T) ,piecewise,T) :DS(t0):

end proc:

Borancsnm, HapuMep, ¢ HOMOIIBIO TOCTPOEHHOI TTPOIIEyPhI IEPBYIO TIPON3BOJI-
nyto ciuiaitnra PPS6 B Touke 7 /4:

>Splines[SplineDiff] (PPS6(t),t,Pi/4,1);

W13 2 0, 71332003 ~ 0, 7133

IIpsiMoe BeIUmCIenue 3Hadenus sin(7/4) = maer v/2/2 =~ 0,7071, Te., oT/m-
TqaeTCs OT TPEJIBIIYINEro B TpeTheM 3Hake. OIHaKO, yKe TPH YBEJINIeHNH TUC/Ia
MHTEPBAJIOB B JiBa pasa (ciiaiin PPS12) rouHocTh MHTEPIOJSIIINT BO3PACTAET HA
nopsijiok: PPS12(7/4)?70,7072. [Ijst ucro/ib30BaHusi IPOU3BOIHON OT 3a/IaHHOTO

criaiiHa Kak QYHKIIMNI HEOOXOIMMO Telephb IIPOCTO ONPEICUTh 3Ty (DYHKIIUIO:

>F:=(x)->Splines[SplineDiff] (PPS(t),t,x,1):

V.9.2 Ilporeayps! BeiancijieHns (pyHKIN OT CIJIaiiHOB

[Tporeaypsl Haxoxaerust GyHKIwu f(S,t) oT criaiina S MOXKHO CO3aTh JABYMsI
Iy TAMU.

[IepBblii, caMblil TPOCTOIl, OCHOBAH Ha IIePBOHAYAIHLHOM KOHBEPTUPOBAHIH UC-
XOHOM aIlMpPOKCUMAIIN B CIIMCOK U TIOCTPOCHWH Ha OCHOBE €r0 HOBOI Oa3bl J1J1sd
ciutaitna. Bropoii, OoJiee C/I02KHBII, COCTOUT B Ha9aIbHOM KOHBEPTUPOBAHIU HC-
XOJIHOTO CILTaiiia B CIIMCOK, ITpeoOpazoBanue (pyHKINN CIIUCKA 1 KOHBEPTHPOBa-
HUE 9TOr0 CIUCKa B KYyCOUHO-3a/annyio gpynkiumio. [Tomydennas BTOPbIM CIIOCO-
O60M (PYHKIIHS y2Ke He SIBJISETCs, CTPOIro T'OBOPsI, CILIAHOM N-T'0 TIOPsiJIKa, TaK Kak
Ha KazKJIOM MHTEpBaJie IPEJICTABJIAeTCA yzKe He MHOIOYJICHOM N-I'0 IMOpsAJiKa, a
dyukueit or 3Toro MuorouseHa. OHAKO, IIPU STOM COXPAHAETCS MPUHAJIIICHK-
HOCTBh KycouHO-3ajanuoi dyuknuun f(S) kmraccy Cn, eciau cama dbyukius f(z)
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IPUHAJJIEZKUT 3TOMY Kjaccy. IlepBas n3 ykKa3aHHDBIX HPOLEAyp 4-X IapaMeTpu-
deckas nporeaypa Splines[SplineFunctionPoint|umeer But;

>Splines[SplineFunctionPoint] :=proc(sp,t,f,z)

local LS,n,N,t1,d,F,T,k,X,FF,FFF,TT,tN,Basa,LS1:
LS:=(sp,t,z)->Splines[Conv_List] (sp,t,z):
n:=(sp,t,z)->nops(LS(sp,t,z)):
N:=(sp,t,z)->1/2*n(sp,t,z):

d:=(sp,t,z)->rhs(LS(sp,t,z) [3])-rhs(LS(sp,t,z) [1]):
tl:=(sp,t,z)->rhs(LS(sp,t,z) [1]):
TT:=(k,sp,t,z)->t1(sp,t,z)+(k-1)*d(sp,t,z):

tN:=(sp,t,z) ->TT(N(sp,t,z)-1,sp,t,z):
F:=(k,sp,t,z)->subs(z=TT(k,sp,t,z),LS(sp,t,z) [2*%k] ) :
FF:=(sp,X,T,f)->subs ({sp=X,t=T},f):

FFF:=(k,sp,t,z)->eval (FF(sp,F(k,sp,t,z),TT(k,sp,t,z),f)):
Basa:=[seq([TT(k,sp,t,z) ,FFF(k,sp,t,z)],k=1..N(sp,t,z))]:
CurveFitting[Spline] (Basa,z):

end proc:

3/1ech 1EpBBI apaMeTp eCTh CILIaiiH, BTOPOi — ero He3aBHUCHUMasl IlepeMeHHast,
TpeTuit — GyHKINUA OT CIJIaiiHa, YeTBEPTHII — MPUCBOEHHOE HOBOE MM HE3aBUCHU-
Moil lepeMeHHO#l. BTopas n3 ykazaHHBIX MPOIEIYP ¢ TAKIMHI Ke TapaMeTpaMu
nMeeT BUJI:

>Splines[SplineFunction] :=proc(sp,t,f,z)

local LS,n,N,t1,d,F,T,k,X,FF,FFF,TT,tN,SBS,LS1:
LS:=(sp,t,z)->Splines[Conv_List] (sp,t,z):
n:=(sp,t,z)->nops(LS(sp,t,z)): N:=(sp,t,z)->1/2*n(sp,t,z):
d:=(sp,t,z)->rhs(LS(sp,t,z) [3])-rhs(LS(sp,t,z) [1]):
tl:=(sp,t,z)->rhs(LS(sp,t,z) [1]):
TT:=(k,sp,t,z)->t1(sp,t,z)+(k-1)*d(sp,t,z):
tN:=(sp,t,z)->TT(N(sp,t,z)-1,sp,t,z):
F:=(k,sp,t,z)->LS(sp,t,z) [2%k]: FF:=(sp,X,T,f)

->subs (\{sp=X,t=T\},f) :FFF:=(k,sp,t,z)

->eval (FF(sp,F(k,sp,t,2),z,f)):

SBS:={seq(LS(sp,t,z) [2%¥k]=FFF(k,sp,t,z) ,k=1. .N(sp,t,z))}:
LS1:=subs(SBS,LS(sp,t,z)) :Splines[Conv_Piece] (LS1,t,z):
end proc:
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Puc.V.65 Cpasrenne ¢GyHkImii or ciiiaiina
PPS6(z), mnojydenHoii nponejaypoii Splines
[SplineFunctionPoint] (ToHKast jnHIsT), IPO-
nexaypoii Splines[SplineFunction] (>kupHasi
smnns) ¢ gynxiueit vl sin®(z) (toueunas Jn-
HIST).

DTOT pe3y/bTaT, KaK W MHOTHE JIpyTHe, HATJISTHO MOKA3BIBAIOT MPAKTUIECKH
MIOJIHOE COBITAJIeHIE PE3YIbTATOB MHTEPIOIAIIHI (DYHKITUN CILIARHOB C TIOMOIIHIO
nporeypbl Splines[SplineFunction| ¢ dyukiuei-opuruaaiom jgaxe npu HeHO b-
IIIOM Y1CJIe THTEPBAJIOB U 3HAUNTETHHOE PACXOK/IeHNe Pe3YIbTaTOB MIPU TTPUMe-

Hennu 1poneaypbl Splines[SplineFunctionPoint]%.

V.9.3 Ilporneaypa BbluucjaeHus (pyHKIN OT AByX CILJIATHOB

B nanbHeiiiemM HaM MOHaI00ATCA PYHKIINNA OT JBYX CILIAHHOB, S1 1

S2, - £(81,82,t). B wacrnocTu, Takne pyHKIuM OyyT MOJE3HBIMU NPU BbI-
YUCJIEHNN OIPeIeIeHHbIX NHTErPaJioB, Korja mo gopmysne HboTona meobxo -
MO BBIUHC/IUTEL Pa3HOCTH JABYX crtaitnoB. Co3majuM TPOIEIyPY BBIUYNCICHUS

6 3ameTnn, 9TO ¢ yBeMIeHNEM YHcIa MHTepBaIoB mporeaypa Splines[SplineFunctionPoint|raxzke maunnaer
IaBaTh HEIJIOXUE Pe3yJIbTAThI.
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takux (ysknuit. Ipu 3ToM BakHO, 9TOOBI CILIAfHBI COBIAIAIN KAaK BHENIHU-
MI, TaK U BHYTPEHHUMH WHTepBaJaMU. Dyjem mpearnoJaraThb CIUIAWHBI PaBHO-
MepHbIME. /[[J1s1 BBOJIa TPOIEyphl BbIUNC/IEHUA (DYHKIIME OT Maphl CIJIAIHOB,
Splines[BiSplineFunction, ucrnoyib3yeM pacCMOTPEHHBIH BbIIIe BTOPOIT METO,
IIOCTPOEHHSI IIPOIPAMMHOI IIPOIeAyPhl BblUKCIeHNsT PyHKIIU OT ciiaiina. Co-
3J/1aHHast MporpaMMHagd rmporeaypa Splines [BiSplineFunction] (S1,82,t) aB-
TOMATUYECKU PACIIO3HACT BBOJUMbBIE 110J1b30BaTE/IeM CILIaiubl S1, S2 u npu ux
HECOOTBETCTBUM JAPYTY BBIIACT II0JIL30BATE/IIO COOOIIEHIE 00 9TOM U IIpEeKpalacT
BLIIIOJTHEHIE OIePaITii.

>Splines[BiSplineFunction] :=proc(spl,sp2,t,f,z)

local LS_1,LS_2,N1,N2,n1,n2,t1_1,t1_2,d1,d2,d,
t1,N,n,F1,F2,T,k,TT,tN,FF,FFF,SBS,LSS:
LS_1:=(spl,t,z)->Splines[Conv_List] (spl,t,z):
LS_2:=(sp2,t,z)->Splines[Conv_List] (sp2,t,z):
N1:=(spl,t,z)->1/2%nops(LS_1(spl,t,z)):
nl:=(spl,t,z)->nops(LS_1(spl,t,z)):
dl:=(spl,t,z)->rhs(LS_1(spl,t,z) [3])-rhs(LS_1(spl,t,z) [1]):
t1_1:=(spl,t,z)->rhs(LS_2(spl,t,z) [1]):
N2:=(sp2,t,z)->1/2*nops(LS_2(sp2,t,z)):
n2:=(sp2,t,z)->nops(LS_2(sp2,t,z)):
d2:=(sp2,t,z)->rhs(LS_2(sp2,t,z) [3]) -rhs(LS_2(sp2,t,z) [1]):
t1_1:=(spl,t,z)->rhs(LS_1(spl,t,z) [1]):
t1_2:=(sp2,t,z)->rhs(LS_2(sp2,t,z) [1]):

if Ni(spil,t,z)<>N2(sp2,t,z) or

di(spl,t,z)<>d2(sp2,t,z) or tl1_1(spl,t,z)<>t1_2(sp2,t,z)
then print("VHTepBans coia#iHOB He COBIAZALT') :

else

N:=(spl,t,z)->N1(spl,t,z) :n:=(spl,t,z)->nl(spl,t,z):
d:=(spl,t,z)->d1(spl,t,z):tl:=(spl,t,z)->t1_1(spl,t,z):
TT:=(k,spl,t,z)->t1(spl,t,z)+(k-1)*d(spl,t,z):
tN:=(spl,t,z)->TT(N(spl,t,z)-1,spl,t,z):
Fl:=(k,spl,t,z)->LS_1(spl,t,z) [2*k]:
F2:=(k,sp2,t,z)->LS_2(sp2,t,z) [2%k] :
FF:=(sp1,sp2,X,Y,T,f)->subs ({sp1=X,sp2=Y,t=T},f):
FFF:=(k,spl,sp2,t,z)->

eval (FF(spl,sp2,F1(k,spl,t,z) ,F2(k,sp2,t,z),z,f)):
SBS:={seq(LS_1(spl,t,z) [2¥k]=FFF(k,spl,sp2,t,z),
k=1..N(spl,t,z))}:LSS:=subs(SBS,LS_1(spl,t,z)):
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Splines[Conv_Piece] (LSS,t,z):
end if:end proc:

V.9.4 llpouenaypa BbIYHCJIEHUs ONPEAEJeHHOI0 MHTErpaJja or pyHK-
AU CILIATHA

CozaguM Terepb POy Py BbIYUCIEHUSI OLIPe/Ie/IEHHOIO HHTerpaJja oT (PyHK-
b

1y f, 3aJlaHHOI B crtaiinoBoil nnrepnossiiun, Buga [ f(S,t)dt, rae S(t) — pas-
a
HOMEPHBIiT N- KyCOUHBII CILJIaiTH, ONpe/ie/IeHHbII Ha HEKOTOPOM oTpe3ke [t1,tn],

u [a,b] — mpousBoJILHBII BellecTBEHHBII 0Tpe30K. [IpeBapuTenbHo BBEIEM TPO-
1eJIypPy BBIYUC/IEHUs CTYIIeHYaTol (DYHKINM, KOTOpasi B OTJIMYUE OT CTaHIapT-
HbIx Maple-gpyHKImil Xopolo omnpejiesieHa Ha IpaHullaX HHTEPBAJIOB:

>Splines [MyHeaviside] :=(x,a,b)->
piecewise(x<a or x>b,0,x=a,1,x=b,1,x>a and x<b,1):

Ha OCHOBE KOTOpPOil orpejie/inM 4-xX napaMeTpuiecKyto MporpaMMHYIO MPOIIE/Ly-
Py BBIYUCJIEHUST OIPEJIe/IeHHOI0 MHTerpaJja Ha orpe3ke [a,b] or dynxmun f
citaitaa sp(t) .

>Splines[SplineDefInt] :=proc(sp,t,f,a,b) local

#
LS,N,n,t1,tn,ST,d,K1,K2,F,T,k,FG,FGN,FF,FFF,TT,LS1,SP1, NumInt :
LS:=convert(sp,list) :N:=1/2%(nops(LS)+1) :n:=nops(LS)+1:
d:=rhs(LS[3])-rhs(LS[1]) :t1:=rhs(LS[1])-d:tn:=t1+Nx*d:
TT:=(k)->t1+(k-1)*d:ST:=(T)->Splines[MyHeaviside] (T,t1,tn):
Kl:=floor((a-t1)/d) :K2:=ceil((b-t1)/d):

if ST(a)=0 then

print ("Huxuuil nperen WHTETPUPOBAHUA MEHbIIE

HUXHEW TpaHulp uHTepBana',a<tl):

elif ST(b)=0 then

print ("BepxHui#l npenesn HHTETPUPOBAHUS 6GOJble

BepxHe#l rpanuipl uHTepBana",b>tn):

elif ST(a)=1 and ST(b)=1 then

F:=(T,k)->piecewise (k<N,FG(T,k) ,k=N,FGN(T)):
FF:=(sp,X,T,f)->subs (\{sp=X,t=T\},f):

FFF:=(T,k)->eval (FF(sp,F(T,k),T,f)):

FG:=(T,k)->eval (subs(t=T,LS[2x*k])):

FGN:=(T)->eval (subs(t=T,LS[n-1])):
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if K1=K2-1 then NumInt:=Splines[Integral] (a,b,20,6,T,FFF(T,K1+1)):
else

NumInt:=Splines[Integral] (a,TT(K1+1),20,6,T,FFF(T,K1+1))+
Splines[Integrall (TT(K2),b,100,6,T,FFF(T,K2))
+sum(Splines[Integral] (TT(k),TT(k+1),20,6,T,FFF(T,k+1)),
k=K1+1..K2-1):

end if:

end if:

NumInt:

end proc:

CosanHas Ipoleypa aBTOMaTUIeCKH PACIIO3HAET IIapaMeTpPhl CILIaiiHa 1 B CJIy-
qasix, KOTJ/ia I'PaHuIbl OTpe3Ka [a,b] BbIXOIAT 3a rpaHUIlbI OIIPEIe/IeHIsT CILIali-
Ha, BbIJIAET TOJIBL30BATENIO COOOIEHNE U TPEKpAIaeT BLITOJHEHNE ONEpAaIin.
CozpanHas Iporeypa UCIOb3YeT IPOMEXKYTOUHYIO IIPOLELYPY IPUOJIMKEHHO-
0 MHTEIPUPOBAHNST METO/IOM MTPSIMOYTOILHUKOB, Splines [Integral]. PaccmoT-

pUM ITpUMEP UHTErPUPOBAHUs CILIaiiHA, JIJId Yero OyjieM CpaBHUBATDL TOTHOE 3HAa-
21

yenne unrerpaja: [ zsin’(z)dr = 7* &~ 9,869604404 co 3HAUCHUAMHU HHTErDa-
0
Jia, BBIYHCJIEHHOTO HA PACCMOTPEHHBIX Bhbile ciiiaiinax PPS6(x),PPS12(x):

>Splines[SplineDefInt] (PPS6(t),t,t*PPS6(t)\~{}2,0,2*Pi);
9.319671503

>Splines[SplineDefInt] (PPS12(t),t,t*PPS12(t)\"{}2,0,2%Pi);
9.810990839.

Taxum obpa3oM, Ipu yBeJIMYEHUN B 2 pas3a 4ducja NHTEPBAJIOB CILIaiiHa TOY-
HOCTb BBIYNC/IEHUs OIPE/Ie/IEHHOI0 MHTerpaJjia Bo3pocja DoJiee, 9eM Ha TOPsiJIOK,
1 OIIMOKA BLIYUCJIEHUI JIJIsT PACCMOTPEHHOIO IIpuMepa He npesbiiaer 1%.

V.10 IIporpamMMHBIe IIPOIEAyPhI ollepaliuii HaJl,
B - crraitnamn

Onpenenenne OV.2. B-cnaatinom (6a3uchvim cnaatinom) nasvieaiom cniaiin-
PyHKUUI0, UMENULYIO HAUMERDULUL HOCUMEND OAA 3G0AHHOT CMENEHU, NOPAJKG
2Aa0K0CMU U Pa3oueHus 0baacmu onpedeseHus.
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OyHjIaMeHTaIbHAA TeoOpeMa YCTaHABINBACT, YTO JII00ast CIIIaiiH-OyHKITIS JJIs
3aJIaHHOI cTeleHn, IVIaJIKOCTH 1 00JIacTH OIIPeJIe/IeHNsT MOXKeT ObITh IIpe/IcTaBIe-
Ha Kak JInHeiiHast KomOuHalus B-cIiaiiHoB TOl »Ke CTeleHn U IJIaIKOCTH Ha TOi
ke obsracTu onpefenenns (eu., manpumep, [130], [128]). B CKM Maple dbyuxmmns
BoIuncaeHus B-craitnos, BSplineCurve, cojiepxKuTes, Kak U pyHkius Spline,
B nakere CurveFitting. [Iporpammnuas mporeaypa BSplineCurve nmeer ¢dop-
MaT BBOJIa, aHAJIOIMYHBI (bopMaTy BBOA IPOIEAyphl Spline:
BSplineCurve(xydata,v,opts) uiu BSplineCurve(xdata, ydata,v,opts),
rje Ternepb, Heobsi3aTeIbHBIE ITapaMeTpbl UMeT dopmar order=k min knots
=knotlist, a knowlist — cmucok y3j0B. OjHako, ¢popMaT BBIBO/A HPOIELY-
pbl BSplineCurve cymiecTBEHHO OTJIMYAETCd OT (bopMaTa BBIBOJA IPOIETYPhI
Spline — BMeCTO KYCOYHO - 3aJlaHHOil Ha oTpe3ke [a,b] dynkiun
S(x) BSplineCurv BBIBOJUT J[Ba CIUCKA KYCOYHO- 3aJaHHbIX GpyHKInit S(t) u
x (t) B BepTUKaJbHOM popMare, Ijie t — HOBBII TapaMeTp, KOTOPBII IPUHIMAET
3HAUYEHNs Ha HEKOTOpoM umHTepBaJje [k,n] n>k, rie k,n € Z, Ipu 9TOM OTPE30K
[k,n] pasbuBaercst Ha [eJOUNUCTICHHBIE OTPE3KI: |1, i+1], 1 = k,n. QakTHaecK,
dopmaT BbIBOjJla B-cruiaiiHa SKBUBAJICHTEH BBIBOJY KYCOYHO-TIApaMEeTPUIECKHU-
3aJIaHHON (DYHKITNH:

r=ux(t); S=S5(t)=r=[z(t),S(), (V.17)

XOTsI ¥ HE COBITQJIAeT C Hell, 9To co3/1aeT 0OJIbINne HeyI00CTBa JIJIs [0JIH30BaTe/Isl.
s yerpanenns ykasanaoro Hepoctarka CKM Maple BBesiem 6-Tu napamer-

PUUECKYIO IIPOLEAYPY

Splines[BSplineF(f,x,a,b,n,z) renepanun n-kycodnoro B-cmmaiina ma oc-

HOBE 3aJlaHHO Ha uHTepBaJje [a,b] dpyukmun f(x) 1 mocjaeayoIero KoHBep-

TUPOBAHUS II0JIyUYeHHOI0 B-ciuaiiHa B KyCOUYHO — HapaMeTpUUecKn 3aIaHHYI0

dbyuknnio Buga (V.17):

>Splines[BSplineF] :=proc(f,x,a,b,n,z) local
F,X,Basa,BS,BSy,BSx,x\_min,x\_max,Xt,Yt:
F:=(X)->subs(x=X,f):
Basa:=[[a,eval(F(a))],seq([ati*(b-a)/n,

eval (F(ix(b-a)/n))]1,i=0..n),[b,eval(F(b))], [b,eval (F(b))]1]:
BS:=CurveFitting[BSplineCurve] (Basa,X,order=4):
BSy:=(X)->op(-1,BS(X)):

BSx:=(X)->op(-2,BS(X)):

x_min:=min(\rhs (BSy(X)))-1:

x_max :=max (\rhs (BSy(X))) :
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Yt :=evalf (convert (op(subs(X=z,BS)) [2] ,piecewise,z)):
Xt :=evalf (convert (op(subs(X=z,BS)) [1] ,piecewise,z)):
[Xt,Yt,x\_min,x\_max] :

end proc:

Takzke €O3/aJIMM TpeXIapaMeTpiIecKyio IPOIeLypy
Splines[ConvBSpline_Piece] (BS,x,z) kouBeprupoBanus B-cruiaitna BS(x) B
KYCOYHO — TTapaMeTPUYIECKU 3aJlaHHyI0 (DYHKIMIO ¢ UMEHEM 7 TapaMeTpa:

>Splines[ConvBSpline\_Piece] :=proc(BS,x,z)

local X,BBS,BSy,BSx,x\_min,x\_max,Xt,Yt:
BBS:=(X) ->subs (x=X,BS) :

BSy:=(X)->op(-1,BBS(X)):

BSx:=(X)->op(-2,BBS(X)):

x_min:=min (\rhs (BSy(X)))-1:

x_max:=max (\rhs (BSy(X))):

Yt :=evalf (convert (op(subs(X=z,BBS(X))) [2] ,piecewise,z)):
Xt :=evalf (convert (op(subs(X=z,BBS(X))) [1] ,piecewise,z)):
[Xt,Yt,x_min,x_max] :

end proc:

Coziannble TpoIelypbl KOHBEPTUPOBaHUS YCTAHABIMBAIOT CBsI3b MexKiy B
- CIUIAffHOBBIM U CILIAMHOBBIM IIPEJICTABJIECHUSIMU UHTEPIOJIAIMN U [TO3BOJISIOT
HCIIOJIb30BATh MOITHBIN anmnapaT B-ciiaifHoB anasumusayuy Ipolecca YncjieH-
HOI'O MHTEerpupoBaHus HejquHeiiHbx cucrem OV,

V.11 CunaiitHOBOE mpeacTaBJeHNE YNCJIEHHOTO pPelleHns
HeJimHeltHOM cuctembl O/1Y

urerpupyem, HaKOHeI, HPOrPaMMHbBIE IIPOIE/YPhI OIMMCAHHOIO 3JeCh I1aKeTa,
nporpamm Splines ¢ nporpaMmmubiME Tporieypamu naketa DifEq B Gioke «i»
KOHBEPTHUPOBAHUS YNCJIEHHBIX pelieHuil Hejauneiinoit cucrembl OJIY B KycodHO-
sajianible Gyakiyn (cMm. Puc. 1 B pabore [1]). Dror 6JI0K COAEPKUT HdeThbIpe
IIPOrpaMMHBIE TTPOIEIYPbI:

DifEq[ODESpline], DifEq[ODEBSpline],

DifEq[Re0DESpline], DifEq[ReODEBSpline]. IIpormemypa aBTOMaTU3MPOBAH-
HOIl CILIaliHOBOI 00pPabOTKU UKMCJECHHOI'O pelleHus 3ajadu Koy Jiis HeJinHei-
HOI1 cucTeMbl IPon3BoibHOTO dncaa OLY mpoun3BOILHOIO HMOPSIKa,
DifEq[ODESpline] (Egs,Inits,Method,x1,n,1i,k,x) co/lepKUT 8 mapamMeTpoB
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Eqs - ynopsaoudennbiit ciimcok cucrembl OJIY, Inits — ymopsioueHHBIH Crincok
HadaIbHBIX yeaosuit, Method — Merton nnrerpuposanust, X1 — KoHedHas TOYKa,
MHTEepBaJa WHTErPUPOBAHUs, I — YNUCJI0 MHTEPBAJIOB CILIaiiHa, 1 — IMOPSIKOBBIil
HOMEp BBIBOMMON byHKImI', k — TOPSAI0K MPOM3BOMHOI 3TOil QYHKINN, T -
[IprucBanBaeMoe UMy He3aBUCUMOI IepeMeHHO:

>DifEq[ODESpline] :=proc(Egs,Inits,Method,x1,n,i,k,x)
local AAA,NN,XX,nn,nnn,1,x0,Eqsl,Inits1,SS,SD,
SD1,8D11,t,xj,8D1j,XX1ik,SXXik,z1,BS:
AAA:=DifEq[SysCauchy_ConvNorm] (Eqs,Inits):
NN:=AAA[1,1]:XX:=AAA[2] :nn:=nops (XX) :
nnn:=(i)->nops(AAA[2,i]) :x0:=AAA[6]:
xj:=(1)->x0+(x1-x0)*1/n:Eqsl:={op(AAA[4])}:
Initsl:={op(AAA[5])}:

if Method=45 then

SS:=dsolve(Egsl union Initsl,type=numeric,
method=rkf45, output=listprocedure) :

elif Method=78 then

SS:=dsolve(Egsl union Initsl,type=numeric,
method=dverk78,output=listprocedure) :

elif Method=stiff then

SS:=dsolve(Egsl union Initsl,type=numeric,
stiff=true,output=listprocedure) :

elif Method=rosenbrock then

SS:=dsolve(Egsl union Initsl,type=numeric,
method=rosenbrock, output=listprocedure) :

elif Method=taylor then

SS:=dsolve(Egsl union Initsl,type=numeric,
method=taylorseries,output=listprocedure):
elif Method=classic then

SS:=dsolve(Egsl union Initsl,type=numeric,
method=classical,output=listprocedure) :

end if:

SD:=subs(SS,XX) :SD1:=[rhs(SS[1]),SD]:SD1j:=(1)->SD1(xj(1)):
XXik:=(i,k,1)->[SD1j(1) [1],(SD1j (1) [2]) [i,k]]:
SXXik:=(i,k)->[seq(XXik(i,k,1),1=0..n)]:
BS:=(i,k,x)->CurveFitting[Spline] (SXXik(i,k),x):

7 CoBmajiaer ¢ IOPSIKOBBIM HOMEpOM ypasHenus B cucteme OJTY.
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BS(i,k,x):
end proc:

AHAJIOrTYHO CTPOUTCA U 8-MU TTapaMeTpudecKast Mporeypa
DifEq[ODEBSpline], Ho B B Heil ncmoIb30BaHa MpoTeypa
Splines[ConvBSpline_Piece],mo3Boisiomnias aBTOMATHIECKN OCYIIECTBISTD
BBIBO/[ PEIICHUIT B BUJIE KYCOUHO - apaMeTPHIeCKH — 3aaHubix dyHKimii (V.7).
Anajorn4ano crposites u 10-mapaMeTpudeckne mporpaMMHBIE TTPOIETYPhI
DifEq[Re0DESpline] m DifEq[ReODEBSpline] ¢ mepesarpyskoii MeTo a8 WHTE-
I'PUPOBAHUST B TOYKE X2. 3aMeTHM, UTO BCE PACCMOTPEHHBIE B 3TOM pasjiesie
MPOTIETYPHI ABJAIOTCS KOHEUYHBIMEI U HE TPEOYIOT OT MOJIb30BaTe A TPUMEHEHUS
KaKIX-JIM00 JIPYTUX HPOLEYD JJIsl IOy YeHUs PeIeHnii B CUCTeMbl HeJTMHEHbIX
O/LY B dopme crnaitnoB mimm B-cruiaitnoB. Kpome Toro, perennst BbIBOJASATCS B
dopmare anaMTHYECKON (DYHKIINN WM YIIOPSAOUYEHHON aphbl (DYHKINNA B CJTy-
yae B-crnaiina.

V.12 Ilpumep KOMIILIOTEPHOI'O MCCJIEJ0BAHUS CUCTEMbI
HesimHelHbIX OJLY

J1j1s1 jileMOHCTpaIii KOMILIEKCA TIPOrPaAMM PACCMOTPHUM [POCTOl IPUMED HOJTy-
genust pernennst cucrembl OJLY B Buje ciutaiinos. B kadecrse cucrembr OV
paccMOTpPUM HesmHefinyio cucremy oy 1-ro mopska (V.13)-(V.14). Ormernm,
9TO BBIOOD MTPOCTOI CHCTEMBI, & TAKKe MAJ0e KOJINIEeCTBO NHTEPBAJIOB CILIAITHA,
KOTOPOE MbI COOMPAEMCsi BBECTH, IPOIUKTOBAHbI JIUIITh HEOOXOINMOCTBIO KPATKO-
CTH U3JI0yKeHusl. TecTupoBaHme TTOKa3bIBAET BEChMa XOPOIIHE PE3Y/IbTAThL U [P
OOJIBITIOM YHCJIe yPABHEHWH CHCTEMBbI (JeCSTKN), BBICOKOTO MOPsijIKa ypABHEHMI
cucteMbl (/10 6-10) U GOJIBIIOM KOJIMYECTBE HHTEPBAJIOB CILIAHOB (JECATKH).
O/tHaKO0, BBIBOJL TAKIX PE3Y/ILTATOB 3aHIMAET BeCbMa OOJIBITOE MECTO, HE COBME-
crumoe ¢ popMaToM KHUTH. Best omeparius IiCIeHHOTO PEIIeHsT CHCTEMbI C ero
CILTAMTHOBBIM IPECTaBJICHUEM IPOU3BOINUTCA ITPOCTON KOMAH/IOI:

F6:=(xi)->Splines[0DESpline] ([diff (y(x) ,x)=y(x)/x,
diff(z(x) ,x)=-y(x)/z(x)], [y(-1/2)=-1/2,
z(-1/2)=sqrt(3)/2],45,1,12,1,2,xi) :evalf (F6(xi),4);

@opmMaT BbIBOjIa pe3ysibTaTa MHTEIPUPOBAHNUA Mbl TaK:Ke YIPOCTHJIN, COKpa-
THB YLCJIO BBIBOAUMMBIX 3HAYAIINX UMD 10 4:

>F6(xi);
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_> Y:=(xi) ->Splines[ODESpline] ([diff (y(x) , x)=y(x)/x,
diff(z(x),x)=-y(x)/z(x)],[y(-1/2)=-1/2,
z(-1/2)=sqrt(3)/21,45,1,6,1,2,xi) :evalf (Y (xi) ,h 4);

1.102 + 0.4718 & — 1.007 (&Jro.sooo)3 & < -0.2500
1.039 4 0.2830 & — 0.7554 (& + 0.2500)2 +0.5260 (& + 0.2500)3 E<@
1.000 + 0.003925 & — 0.3609 & — 0.6516 & € < 0.2500

0
1.043 —0.2987 & — 0.8496 (& — 0.2500)2 +1.635 (§ — 0.2500)3 € < 0.5000

3

1.074 — 0.4169 & + 0.3768 (& — 0.5000)2 —7.930 (& — 0.5000) € < 0.7500
1.948 — 1.715& — 5.571 (& — 0.7500)% + 7.428 (& — 0.7500)° otherwise
> ¥(1):¥Y(2);
0.000443118947845128
4.32030751792903 )

Puc.V.66 Boisos auciiennoro perernnst 3agaqn Komm (V.13 ) — (V.14)
Ha orpeske [-1/2,1] meromom Pynre-Kyrra 4-5 mnopsiikoB B Buje Ky-
omdeckoro 6-Kyco4HOIro CILIaliHa ¢ Ha3HAYCHHEM HMEHU HE3aBHCHMOI
nepemennoii (. Beipegena ynxims z(x)=X2(C)

Beraue/ i BTOpYIo MPOU3BOJIHYIO OT MOJIyIeHHOTO perienns B Touke (—1/8:
>DifEq[SplineDiff] (F6(t),t,1/8,2);

-1.210034572

Brerauemm onpeie/IeHHbI HHTErpaJsl OT HOJIYIEHHOIO PEeIeHMs] fol sin z(&)d¢:
>DifEq[SplineDefInt] (F6(xi),xi,sin(xi),0,1);

4596988780
['padudeckoe npejicrasjenne perienns narepsase [-1/2,1] uepHbiM 1BeTOM B
JKeCTKOM (popMaTe MpOou3BOJNTC cTaHapTHONH KoMaH ol Maple:

> plot([F6(t),sqrt(1-t~2)],t=-1/2..1,color=black,
style=[line,point],scaling=CONSTRAINED,title=

"Tounoe pemenue (Touku) ¥ uucyeHHoe (IUHUA)

B dopMaTe 6-Tu KycouHoro cmafna",titlefont=[TIMES,ROMAN,12]);
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TouHoe pelerne (ToUEH ) B YHCIEHHoS (THHIS )
E dopuare 6-KycouHOT O CONaiiHa

Puc.V.67 Brios rpacgpuka dHCJIEHHOrO peIIeHHs 3a-
gaun 3agaan Komm (V.13 ) — (V.14) ma orpeske [-
1/2,1] meronom Pynre-Kyrra 4-5 nopsiikos jjist pyHKIIHI
z(x)=X2(t) B Buse Kybmaeckoro 6-Ti KyCOTHOIO CILTAHHA.

> plot([Z(t),sqrt(1-t~2)],t=-1/2..1,color=black,
style=[line,point],scaling=CONSTRAINED,title=

"Touynoe pemenue (Touku) ¥ YucieHHoe (JIUHUSA)

B dopMaTe 48-kycouHoro cmmaira",titlefont=[TIMES,ROMAN,12]);
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TouHoe peleHne (ToUEH ) B YHCIEHHoS (THHIS )
B Qopmare 48-kyvcounoro cniaiina

Puc.V.68 BriBos rpacpuka dHCJIEHHOrO pEIIeHHUs 3a-
gaun 3agaan Komm (V.13 ) — (V.14) ma orpeske [-
1/2,1] meronom Pynre-Kyrra 4-5 nopsiikos jjist pyHKIIHI
z(x)=X2(t) B Buse Kybmieckoro 48-mMm KycoqHoro criaii-
Ha.

> plot(F6(t),t=-1/2..1,color=black,scaling=CONSTRAINED);

HecootBercTBre dpurypnt Ha Puc.V.67 gyre oKpyKHOCTH BBI3BAHO JIMIIL Ma-
JIBIM YUCJIOM WHTEPBAJIOB CILIaiTHA, TPOJNKTOBAHHBIM YKA3aAHHBIMUI BBIITE COO0-
paxkenuamu. Ha Puc.V.68 mpogemoncTpupoBano m3obpazkenne ciijiaiina, aHaJjo-
ruanoro F6(t), no 48-kycodmnoro.
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V.13. KowmmnbiorepHas MOAeIb IBUXKEHUS PEJIITHBACTCKOTO 3apsiia

V.13 KomMmnbioTepHas MO/IeJib JBUXKEHUs PeJIITUBUCTCKO-
ro 3apga B 3JIEKTPOMArHUTHOM II0OJI€ C YYeTOM Mar-
HUTOTOPMO3HOI'O U3JIy4Y€HUS

V.13.1 JIunmamuvecKne ypaBHEHUs JIBUKEHUS

[TocTpoum Ha OCHOBE CO3TAHHBIX MPOrPAMMHBIX TTPOIEYP KOMITHLIOTEPHYIO MO-
JIeJIb JIBUYKEHUST PEJIITUBICTCKOIO 3apsijia B CHJIBHOM 3JIEKTPOMATHUTHOM II0J1€
C Y4eTOM MarHUTOTOPMO3HOIO M3JIydeHust 3apsijia. Takas 3ajiada UMeeT MHOI'O-
YUCJCHHBIE TPUJIOKEHI B TEOPUN JTEKTPOMArHUTHOTO YCKOPEHUA dJIeMeHTap-
HBIX YaCTHIl, PEJIITUBUCTCKOI acTpodu3nKe, Teopun 0dpa30BaHusd KOCMIIECKIX
ayueit. [Tycrb n = Diag(—1,—1,—1,+1) - Tensop MunkoBckoro. 3jech 1 B
JAJIbHEHIIIeM JJaTHHCKIE CUMBOJIbI IPUHUMAIOT 3HAYEHU 1, ], .. = m, rpede-
cxue -a, §,.. = (1,3); 2* = ct, crkopoers cera pasHa eumnne (c=1). YpasHe-
HUSI JIBUKEHUST PEJIITUBUCTCKOTO 3apsijia € B 3JIEKTPOMATHUTHOM I0JI€ C yIEeTOM
MarHuTOTOPMO3HOTO u3Jiydenuns umeor i [10]:

du’

€ i i
rie:
- drt
b= — V.19
u'=— (V.19)

- 4-X MepHBIil BpeMeHUTOA00HbIN e TMHNYIHbBIN BEKTOP CKOPOCTH:

, du’
(u,u) = mpuut =1, =  u— =0. (V.20)

ds
BekTop MarHUTOTOPMO3HOI CHJIBI, BOSHUKAIOIIEH 3a cUeT peakImy Ha, Mar-
HUTOTOPMO3HOE n3Jjydenue, f, B oTsimane or obmenpuHAToi pOpMbI, 3AITUIIIEM B

BILJIE:
fi— 262 . d*uf
k d82 )
rjie Mbl BBEJIM CHMMETPHUYHBIN TEH30P OPTOIOHAJILHOIO IIPOEKTHPOBAHMS Ha
HanpasJenue ui - Pik :

(V.21)

b =0 —u'w; Put=0; PPi=P.. (V.22)
O6bruno ypasHenust jgpuzkenns (V.18) ¢ marauroropmossoii cuioit (V.21) cso-
AT NpUb/IKeHHo K auddepeHaibHbIM YPABHEHUSIM 2-I'0 HOPSIIKa, UCIIOJIb-
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3ysi B KQ4ecTBe HYJIeBOro mpuOJimkenus ypashenus (V.18) 6e3 ydera TopMmozKe-

HIS U TI0JTy4ast, TAKIM 00pa30M, BBIPAsKEHHS JJI BTOPHIX IIPON3BOJIHBIX :

e . du® e d*u e d

fl< =Fhab = me— ~ -Fu" = —— R

c ds ¢ - ds mc ds

MpbI 3TOr0 AeaaThL He OyAeM M IOJIYyYUM MOYHbe JUHAMUYECKHIE yPaBHEHUs
3-ro nopsijika. [ogcrasmsist (V.21) B ypaBaenus jpuzkenus (V.18), 3amuimem nx

(F'pu) (V.23)

B BHUJIE:

2,k 2 7.0
s du 3mc” du —iFi o (V.24)
k 2 9 kY :
ds 2e ds 2e
Benesiersue (V.20) 1 aHTHCHMMETPUTHOCTH TeH30pa MakcBesiia BbITOTHsICT-
csI TOXKJIECTBO:

(G,u) = G’Z’LLZ =0= P];Gk = Gi, (V25)

[Tosromy, cBopaunBasi ypashenust (V.24) ¢ TEH30pOM OPTONOHAJBHOTO MTPOEK-
TUPOBaHU, IPUBE/IEM UX K IKBUBAJECHTHOMY BUJTY:

ieh =0, (V.26)
rae
- d :
= G 2
3 T G (V.27)

Taxkum obpa3oM, 3aj1a4a CBOAUTCS K HAXOXKJICHUIO HETPUBUAJILHBIX pPelleHMil
OJIHOPOJIHOI aJiredpantiecKkoil cucTeMbl JUHEHHbIX ypaBHEHMI (V.26). [TpsambiM
BBIUUCJEHIEM MOYXKHO I10Ka3aTh, YTO BCJIEJCTBUE COOTHOIIEHNUsT HOPMUPOBKU 4-
BEKTOpPa CKOPOCTH OIIpEIe/INTe/Ib MaTpullbl P paBeH HY.JIIO:

det(P%) = 0. (V.28)

[TockoIbKY paHr MaTpUITLI TEH30pa, ABJIAETCS NHBAPUAHTOM, TO BLIOUpAasi CUH-

XPOHHYIO cHcTeMy oTcdera, B Kotopoit ui = (0,0,0,1), moaydaum st marpurisl P
BbIpaKeHNe B 3TOI cucTeMe OTcUeTa:

1 000
[

S O O

1
0
0

o = O
o O O

8 Cwm., mampumep, Kraccmdeckyio kaury J1. /1. JTangay, E.M. Jindbmama [1].
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BcCJIeACTBUEC Y€ero

rank HP’kH = 3. (V.29)

Ho sT10 o3mauaer, 410 CyIecTByeT BCEro OJ[HO HETPHBHAJILHOE DEIeHie CH-
crempr (V.26) . C yaerom (V.22) 570 perieHne JIerko HAXOIUTC:

gi = aul

Takum 00pa30M, MBI [OJTY THM:
ng = au' + G".

st naxozkiennst KoduImenTa o B 9TOM COOTHONIEHUN CBEPHEM €ro ¢ ui,
yauTbiBasg cootHomnienne Hopmuposku (V.24) n (V.28). Torga momyam:

a = npu d;;‘;.

YuaurbiBas Tenepn auddepennnanbHoe CIeJACTBAE COOTHONIEHNST HOPMIPOBKH
(V.24):

Nik (uid;;ék + ‘g%) =0,

HaﬁﬂeM OKOHYaTEJIbHO:

2, i k.1 2 7
d g = nkl—du du u' + Sms du’ _ iFi Lt (V.30)
ds ds ds 2e ds 2e -
[Moncrasmsis B (V.30) omnpenesnenne 4-ckopoctu (V.19), mojgydnM MCKOMBbIE
nuddepennuaabble ypaBHeHIs 3-I'0 HOPAIKa, Pa3pelleHHble OTHOCUTEILHO CTap-
IIUX [TPOU3BOIHBIX 1 OIMUCHIBAIOIINE JIBUKEHIE PEJIITUBUCTCKOTO 3aps/ia B CHJIb-

HbIX 9JIEKTPOMal'HUTHBIX ITIOJIZAX C YH9ETOM MarHUTOTOPMO3HOI'O U3JIYy4YCHMA.

V.13.2 MacmradbupoBanue ypaBHEHU

[TepemenHOE 3JIEKTPOMATrHUTHOE 110J1e OY/IeM 3a/iaBaTh TeH30poM Makcse/Lia [32]9:

0 —-Hs Hy —-E 0 Hs —Hy Fy
| H 0 -H By | ., _|-H 0 H E |
ik = —H2 H1 0 —Eg ’ -k H2 —Hl 0 E3 7

E, E, E; 0 _E, —E, —E3 0

0 —Hy H, E ’
Hy 0 —H E,

“Hy, H, 0 E;

—E1 —E2 —E3 0

Fz'k —

(V.31)

9 3nech HepBBIi HHIEKC — HOMED CTOJIOIA MATPHIILI, BTOPOH — HOMED CTPOKH.
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rie:
By = Eq(r,t); H, = Ha(r,t) (V.32)

- 3-BEKTOPBI HAIIPSAYKEHHOCTH 3JIEKTPUIECKOrO U MArHUTHOIO MOJIsE — IPOU3BOJIb-
uble QYHKIMN pajnyca-BeKTopa I 1 BpeMenn t. Taxum o6pa3oM, BBIIOIHIETCS
M3BECTHOE COOTHOIIEHUe [cM., Hanpumep, [10]]: %FmF k= H? — F?. Bamernu,
BO-1IEPBLIX, YTO 4-BEKTOP CKOPOCTHU Ul B OTJIMYUE OT 3-BEKTOPA CKOPOCTH V(Y

o 1
Y N (—00,+00); u' € [0,+00) (V.33)

Y
N _ v
c2 c2

SIBJISIETCsl Oe3pa3MepPHOil BeJINUMHOM, TaK KaK YeThIpEXMePHbIl HHTEPBAJ S UMeeT
pasmepHocThb JymHbl ds? = (dzt)? — (dr)? > 0. Bo-sropbix, ypasnenust (V.29)

UMEIOT €CTECTBEHHBII MaCIITad — 9TO KJIACCUUYCCKUIT pajInyC SJIEKTPOHA: Ty =

e2

me?
epexo/isd K 6e3pasMepHOMy HHTEPBALY o 1 Oe3pa3pa3sMepHbIM JeThIPEXMEPHDBIM

= 2.81-10"B¢m. B cBaA3M ¢ 3THM Ipon3BeieM epeHOPMIPOBKY MACIITAO0B,

KoopauHaTaM (i:
o= £ =T (V.34)

Beejiem Takzke 6e3pasMepHble HAIPSIZKEHHOCTH 9JIEKTPUIECKOr0, €, I MarHUTHO-
ro, b, moeit:

e3 ek el eH
£ = m2C4E Tomc2, 6 = m2c4H = TO@- (V35)
Taxkum obpaszom:
el = TO/?“E; 8] = 7ao/rHa (V.36)

rje rg,TH - XapaKTepHble PaJuyChl KPUBU3HBI TPACKTOPUN 3apsiia B SJIEKTPI-
YEeCKOM 1 Mal'HUTHOM IIOJIAX:
e|E| e|H|
_ -1 . _ -1

me?’ mec?

Taxum obpasom, ypasuerust (V.29) B 6e3pasMepHbIX MEPEMEHHBIX MPHHUMAIOT
BULT;
a7 Mot dodo T 24 3 tdo

rge @' - Tensop Makcsesuia, olpejiesleHHbI OTHOCUTEILHO HOPMUPOBAHHbBIX

(V.38)

HalpsizkeHHocTell € u b ananorunano tenzopy Maxcsesia (V.30). Uz (V.29) u
(V.37) ciemyer, 4TO IIPH HOCTOAHHBIX 3JIEKTPOMAIHUTHBIX HoJsAX (F = Const)
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IMOPAA0OK PECIATUBUCTCKUX AMHAMWYIECKUX ypaBHeHI/Iﬁ [oHMzKaeTcd Ha 1. 3ame-
THUM TaK2Ke, 9TO PEJIATUBUCTCKU CUJIbHBIMU 3JIEKTPOMaIrHUTHBIMHU ITOJISAMM MOZ2KHO
CHUTATDb IIOJIsA C HOPMUPOBAHHBIMU HaAIIPAXKEHHOCTAMMU ITIOPAIKa 1:

max(|¢], |8]) ~ 1. (V.39)

B rakux mosisx pajimyc KpUBU3HBI TPACKTOPHUH 3aps2KEHHO IaCTUIIbI CPABHIM
¢ ee KaaccnIecknM pajmycoMm r0). DTo — oueHb CHUIIbHBIE TIOJIS, B KOTOPBIX yKa-
3aHHOE BBIIIE 1 00BIYHO HCnob3yeMoe npubsmkenue (V.23) [32] menpuroso.

V.13.3 Pe3yabTaThl mcciieoBaHus JABUXKEHUS PeJISTUBUCTCKOTO 3a-
pdaaa

HpI/IBe,ZLeM pe3yJyibTaThbl HCCJIeJOBaHNA ABU2KEHN A PEJIATHUBUCTCKOI'O 3apdla B CKPeE-
IIEeHHbIX JIEKTPOMAlrHUTHBIX IIOJIAX € YI€TOM MalHUTOTOPMO3HOI'O N3JIy9€HU .

Puc.V.69 'Tpaexkropus 3zapsiia B Puc.V.70 Tpaekropusi 3apsiza B
CHJIBHBIX CKPEI[eHHBIX 3JIEKTPOMAIr- CHJIbHBIX CKDEIIEHHBIX SJIeKTPOMAI-
HUTHBIX 1oJis1x. MarHurHoe 1iojie Ha- HHUTHBIX 110JisX. MarauTHoe 1oJie Ha-
npapJjieHo o ocu OZ. npapJjieHo 1o ocu OZ.
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0.8 h
0.7

’\
: iy
Z0.4 " a’ ’p‘;"{,’wl

[B%]

H -0.6

Puc.V.71 'I'paexkTopuss 3apsja B CHJIbHBIX
CKPEI[eHHBIX 3JeKTPOMArHUTHBIX MoJisix. Mar-
HHUTHOe 1oJie HarpajeHo o ocu OZ. 3amereH
Jpeiic 3apsina B HanpapaeHnn E x H

V.13.4 3akirouyeHue

[ToxBoist pe3ybTaThl, OTMETUM, YTO HAMU CO3JIaH B CHCTEMe KOMIIbIOTEPHOI Ma-
temarukn Maple cucrema ajaropuTMOB U KOMILIEKC IPOI'PAMM aBTOMAaTH3HPO-
BAHHOI'O YMCJIEHHOTO pelreHust 3a1a4qu Ko Jijist HeJTmHetHON crucTeMbl IIpon3-
BOJILHOT'O YKCJ1a OOBIKHOBEHHBIX T depeHnabHbIX ypaBHEHIH TPOM3BOJILHO-
I'0 TIOPsIIKA, pa3pereHHbIX OTHOCUTEILHO CTAPIINX TPOU3BOIHBIX 1 €10 aHA THTH-
YeCKOro IpeJICTaB/IeHNs B BUJIe CILTaiiHOB 1 B-crutaiinoB. O iHOBpEeMEHHO CO3/1aH
KOMILJIEKC ITPOT'PAMM, MTO3BOJISIONIUI OCYIIECTBIATH aHaJIUTHIECKUE ajiredpante-
CKHe U UHTerpo - juddepeHnuajibHble onepalun Haji ciiaiinamu. Takum odpa-
30M, KOMILJIEKC IIPEJICTaBJIEHHBIX IIPOrPaMM MOXKHO PaccMaTpPUBATh KaK MHCTPY-
MEHT YUCJIEHHO-aHAJTUTUIECKOTO UCCIEIOBAHIST MaTeMaTHIECKIX MoJIesIeil Heln-
HEHBIX 0000IeHHO-MeXaHndecKux cucreM. Vcmoib3oBaHne CILIAiHOBOM MHTEP-
MOJISIIIUY IUCICHHBIX PEIIeHH TO3BOJISIET CYIECTBeHHO (Ha MOPSIJIKH) COKPATUTE
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BpeMs CO3/IaHns KOMIIBIOTEPHBIX JuHaMudecKnxX mojeneii. Ha Puc. V.72 npuse-
JIeH TIPUMep JIEMOHCTPAINN TaKOU MOIEH.

Text Math Drawing Plot

4 @ [ [p CurrentFrame |85 —J— [ = & »FPs: | 10
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Puc.V.72 Okxno Maple 17 ¢ juHaMmdeckoii MOJIeJIbIO JBUKEHHST 3apsiia
B CHJIBHBIX CKPEIeHHbIX 3J1eKTPOMarauTHBIX 110J1s1X. Ilokazan 86-if kaap
400-ka1poBOro TPEXMEPHOI'O HHTEPAKTHUBHOI'O (pHIbMA.
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